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Abstract  Topological free involutions on S! x §" are classified up to conjugation.
We prove that this is the same as classifying quotient manifolds up to homeomorphism.
There are exactly four possible homotopy types of such quotients, and surgery theory
is used to classify all manifolds within each homotopy type.
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1 Introduction and statements of the main results

Classification of free (topological or PL) involutions on S”, n > 5, constituted a
natural and important problem in topology of manifolds. Its successful solution (cf.
[3,15,24]) was one of the first impressive applications of surgery theory and was
achieved by (topological, PL) classification of quotient manifolds, i.e. manifolds
homotopy equivalent to the standard RP". A natural generalization is the classifi-
cation of free involutions on S' x §”, but this is considerably more challenging and
difficult. The first indication of this is reflected in the fact that in this case there are
(in each dimension) four distinct homotopy types of quotient manifolds. But there are
also deeper reasons for these difficulties:
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A. Computation of surgery groups for the infinite dihedral group Z/2 x Z/2. This
group is the fundamental group of quotient manifolds in the homotopy type of
the connected sum RP"# RP".

B. Understanding the relation between conjugacy classes of involutions and homeo-
morphism types of quotient manifolds (note that the manifolds S' x $” are not
simply connected).

The problem addressed in A was solved in [5,6] and the classification of manifolds
homotopy equivalent to R P"# R P" was achieved in [2], Theorem 2. (Cf. [11] for a
discussion of the case n = 4).

The purpose of this paper is to give a complete classification of free topological invo-
lutions on S! x §”, n > 3. The simplest involutions have the form « x 8, a product of
involutions on S! and §”, at least one of them free. Examples are: (z, x) — (—t, x),
(t,x) — (—t,r(x)), where r is reflection in a hyperplane, (¢, x) — (¢, —x) and
(¢, x) + (f, —x) with 7 the complex conjugate of t € S I We will refer to these as
the four standard involutions, and it is not difficult to see that every product of lin-
ear involutions is conjugate to one of these. The quotients are S' x §”, S'%S" (the
non—trivial $”—bundle over S'), S! x RP" and R P"1# RP"*!, respectively.

It is known that the four standard involutions on S! x S? represent all involutions up
to conjugacy, see [23, Theorem C]. This result can also be recovered by the methods
of the present paper. For S! x §!, elementary considerations show that there are only
two involutions up to conjugacy; in this case the four standard involutions reduce to
just two—the first and third are conjugate, as are the second and fourth. Hence, we
will concentrate on the case n > 3 in this paper.

Our main goal is to classify all involutions up to topological conjugacy. A weaker,
but still interesting result, and one much easier to state, is the classification up to
homotopical conjugacy: we say that two involutions 71 and 7> on a space X are ho-
motopically conjugate if there exists a homotopy equivalence f : X — X such that
T10f=formn.

Theorem 1.1 Any free involution T on S' x S" is homotopically conjugate to one of
the four standard involutions.

This gives a preliminary classification, and it will be convenient to say that an invo-
lution is of rype S' x 8™, §1% ", S'x RP™ or R P"1# R P"*+! if this is the homotopy
type of its quotient. Note that the type is determined completely by the fundamental
group of the quotient, plus orientability in the case w1 ~ Z. However, two involutions
may be of different types even if they are homotopic as maps—e. g. (¢, x) — (—t, x)
and (t,x) — (f, —x) if n odd. But in some cases the homotopy class does deter-
mine the type: the fourth type is distinguished from the others by the induced action
on Hi(S' x $";7), and in each dimension one of the first two types can also be
distinguished by this action.

The topological classification now proceeds case by case according to type. In fact,
the classification reduces to the classification of quotient manifolds up to homeomor-
phism, by the following result:

Theorem 1.2 Two free involutions on S* x S™ are topologically conjugate if and only
if the two quotients are homeomorphic.
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We use surgery theory to determine all homeomorphism classes of manifolds ho-
motopy equivalent to the four standard quotients. Note that this is valid also forn = 3,
since all fundamental groups are “good” in the sense of [8].

The surgery theory is simplest for the the homotopy types S! x §" and S! % §” with
infinite cyclic fundamental group, and the result is:

Theorem 1.3 Every free involution on S' x §" of type S' x §™ or S' X §" is topolog-
ically conjugate to the standard involution of the same type.

The case RP"™ 1# RP"*! is in many ways the most interesting one, but it was
treated in detail in [2] and [11], so except for a few comments in Sect. 3.2 we refer to
these papers for precise statements.

Our main calculations concern the case S' x R P", and this takes up most of Sect. 3.
Let N be the set of non-negative integers {0, 1, 2, .. .}. The resulting classification for
this type is:

Theorem 1.4 There is a one—one correspondence between the set of conjugacy
classes of free involutions on S' x S" of type S' x RP" and

[ (Z/2)[%]+[n4;2} when n # 3 mod 4
3n—9

N x (Z/2)"%

when n = 3 mod 4.

Our proofs actually allow slightly sharper statements:

Addendum Except for involutions of type RP"1# RP" ! with n = 2 mod 4, the
classification is the same whether we consider conjugation by arbitrary or just orien-
tation preserving homeomorphisms.

The particular form of the classification derives from the algebraic structure of
surgery theory, due to Ranicki [17, Theorem 18.5].

Remark 1.5 Farrell-Hsiang’s splitting theorem [7] implies that all quotient manifolds
in Theorem 1.4 can be described as mapping tori of homeomorphisms of homotopy
projective spaces. Using the algebraic structure mentioned above, they are generated
by mapping tori of two simple types:

e The mapping tori of the identity maps of all fake projective spaces, coming from
involutions of the type idg1 x 7, with T a free involution on $”. In Theorem 1.4
they correspond to the factors

n—1
| (Z/2)[ 2 ] when n # 3 mod 4
N x (Z/2)">  whenn = 3 mod 4.

e The remaining factors in Theorem 1.4 correspond to mapping tori of homeomor-

phisms of the standard R P”, where one needs all concordance classes of homeo-
morphisms of R P". (Orientation preserving if n is odd. See also Remark 1.6.)
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Although this observation says something about the structure of the actual involu-
tions, it does not go very far towards describing them as maps. This is a natural, but
presumably very difficult, open problem.

Remark 1.6 One can apply the results obtained in the proof of Theorem 1.4 to give
a short computation of concordance classes of homeomorphisms of RP", n > 3, cf.
[14]. Namely, the group of concordance classes of homeomorphisms of RP", n > 3,

i.e. mo(Top(RP™)) is given by

‘ )

n—

] when n is even

@l

Y

mo(Top(RP")) =

n

.

(Z7./2) when 7 is odd.

Here is an outline of the organization of the paper. In Sect. 2 we show that the
only homotopy types that occur as quotients of free involutions on §' x S” are the
quotients by the four standard involutions. This is one of the main technical parts of
the paper. The methods belong to standard homotopy theory, but providing all the
necessary details requires a substantial amount of work. Section 2 contains the setup
and all the necessary calculations for n odd. The even case is similar, but the details are
different since the non-orientability gives rise to non-trivial local coefficient systems.
We choose to defer the discussion of this case to an appendix.

Section 3 contains the surgery classification, mainly devoted to the case S' x R P".
The main ingredients are as follows:

e The topological structure set is easily computed, using a splitting result which
reduces to the cases RP" and I x RP".

e The group mo(Aut(S! x RP™)) of homotopy classes of homotopy equivalences
of S! x RP" is determined. To achieve this we calculate 7 (Aut(R P™)), thereby
correcting an incorrect statement in the literature ([25, Erratum, n even]). The main
tool is the Federer—Schultz spectral sequence.

e To pass from homotopy structures to homeomorphism classes of manifold, one
needs to determine the action of the homotopy equivalence group on the structure
set. This has, in general, been a very difficult problem, but using recent results of
Ranicki [18], we completely determine the action of wo(Aut(S I'xx RP™)) on the
topological structure set .7 (S! x RP").

Section 4 completes the argument by addressing the relation between the classifi-
cation of quotients and equivalence classes of involutions. For free actions on simply
connected manifolds there is always a one—one correspondence between homeomor-
phism types of quotients and conjugacy classes of actions, but in the non-simply
connected case this is not necessarily true. (For counterexamples in the two-dimen-
sional case, see [1, Theorems 1.1 and 1.3].) The last ingredient of the proof is to show
that this, never the less, holds in the situation studied here. Hence the classification
of involutions up to conjugacy is the same as the classification of quotient mani-
folds up to homeomorphism. (Theorem 1.2.) A simpler version of the same argument
applied to homotopy equivalences combined with the classification in Sect. 2 gives
Theorem 1.1.
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We would like to thank the referee for a number of very valuable comments and
suggestions.

2 Homotopy classification

Ifr : S' x 8" — S! x §" is a free involution, we let Q = S! x $"/t be the
quotient manifold and p : S' x §" — Q the projection. Q is orientable if and only if
T preserves orientation.

The main result of this section is

Theorem 2.1 Let n > 2 an let T be a free involution on S' x S™. Then the quo-
tient belongs to one of the four homotopy types S' x §", S'xS", S! x RP" and
RP" 4% RP"1 realized by the standard involutions.

We start with the following easy observations:
Lemma 2.2 The Euler characteristic x (Q) is zero.
Proof This is because )((Sl x 8™ = 2x(Q) is zero. O

Lemma 2.3 [fn > 2, the fundamental group of Q is either 7, 7. ® 7./ 2 or the infinite
dihedral group Do = 7./2 % 7./2.

Proof By covering space theory m1(S! x §") = Z is a subgroup of index two in
m1(Q), hence it is also normal. If 771 (Q) is abelian, it is then either Z or Z & Z/2. If
it is nonabelian, it has to be generated by a generator ¢ of Z and an element x not in
7, and we must have xtx~! = =L, It remains to show that x% = 1.

Since x? maps to the identity in Z/2, we have x> = ™, for some integer m. But
then

hence m = 0. o

In general, we cannot assume that t is a product of involutions, but the induced
homomorphism in homology is (n > 2). If 7 is any self-map of §' x S”, the induced
map Ty : Hi(Sl x S") — H,-(S] x 8"), i = 1,n,n + 1 is multiplication by an
integer d;. Then d,,+1 = d1d,, and the Lefschetz number of 7 is

L(t) =1—di + (=1)"dy + (=1)""did, = (1 = d)(1 + (=1)"dy).

If T is a free involution, it follows that d; = 1 or d, = (—1)"T!. Now recall the
transfer homomorphism tr : H, (Q) — H. (S' x S™). It has the property that p, o tris
multiplication by 2 and tr o p, = 1 + 7. It follows that up to elements of order two,
H;(Q) is a direct summand of H;(S' x §"), and nontrivial — hence isomorphic to
Z—if and only if d; = 1.

Example 2.4 In the case m1(Q) = Z/2 % Z/2 we must have d; = —1, and hence
d, = (—1)"*!. Thus Q is orientable if and only if | = d1d, = (—1)",i.e.n is even.
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To prove Theorem 2.1 we consider separately each of the three fundamental groups
given by Lemma 2.3.

Case I m(Q) EZ.

This is the simplest case. Let p : Q — S! be a map inducing an isomorphism on
m1. Then p classifies the universal covering of Q, hence the homotopy fiber is S”.
Thus Q has the homotopy type of the total space of an S”-fibration over S', and there
are only two such homotopy types — S! x " and §' % §".

Case2 mi(Q)=Z®7Z/2.

This time let p : Q — S! be a map  inducing a surjection on 7j. Now p has
homotopy fiber equivalent to the quotient Q of a free involution on R x S”.

Lemma 2.5 Let t be a free involution on a finite dimensional space X which has the
homotopy type of S". Then the quotient space Y = X/t is homotopy equivalent to
RP".

Remark 2.6 This is a generalization of the well-known fact that the quotient of a free
involution on S” has the homotopy type of RP". (See e.g.[16, Theorem IV],[24,
14E].) Thomas and Wall give a proof for n odd [22, Theorem 2.2 and Corollary 2.4].
Note that finite dimensionality is necessary: an example is S x S” with the antipodal
action on the first factor.

Proof of Lemma 2.5 There is a fibration (up to homotopy) X — Y — RP°, and
since X =~ S", the usual argument gives a Gysin sequence

.= Hi(Y) — Hy(RP®) 25 Hi | (RP®, Hy(X)) — Hy_(Y) — --- .

The third term may have twisted coefficients, in which case the homology has a
Z./2 in every even dimension and a zero in every odd dimension. (See Appendix.) Y
has finite dimension m, say, hence it has no homology in degrees above m. It follows
that p; must be an isomorphism for & large. This can only happen if the coefficients
are twisted for n even and untwisted for n odd. It is now easy to see that Y has
the same homology as RP" and that the map ¥ — R P induces the “same” map
in homology as RP" C RP. In fact, uy is cap product with a “Thom class” in
H"-Y(RP>, H"(X)), hence must be an isomorphism whenever k —n — 1 > 0.

Obviously Y and R P" also have isomorphic homotopy groups in all dimensions.

By obstruction theory we see that there is a map R P" i> Y, unique up to homotopy on
R P"~! and inducing an isomorphism on 77;, i < n. All we have to do is to show that
we can choose the map on the top cell of R P" such that f : 7, (RP") - m,(Y) = Z
is an isomorphism.

With chosen generators for the two m,,’s, fi is multiplication by an integer, and
we want to show that we can realize f, = 1. The different choices of extensions of
f from RP"~! to RP" are parametrized by 7, (Y), and an element represented by
h : §™ — Y changes f to the composition

h
rRP" % rprv s Iy
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where v/ pinches the boundary of an embedded n—disk to a point. This has the effect
of adding an even number to f, as is seen from the diagram:

S > §"Ug0,, SO X ST — > X

N

RP" ——>RP'"VS"——> 71,

where the vertical maps are double coverings and the upper horizontal maps are the
unique base-point preserving liftings.

We now finish the proof of Lemma 2.5 by showing that

Jfs : i (RP"Y) — 1, (Y) is always multiplication by an odd number.

In fact, themap Y — R P°° factors (non—uniquely) through R P", since all obstruc-
tions to this lie in vanishing groups (H* (Y, wx_1(5"))). The composite RP"* — Y —
R P" is an isomorphism on 71, and any such self-map of R P" induces multiplication
by an odd number on 7,,. O

It follows that Q must be of the homotopy type of an R P"—fibration over S'. If n is
even, this fibration must be trivial, since o (Aut(RP™)) = 0, where Aut(M) denotes
the space of homotopy self-equivalences of M. If n is odd, mo(Aut(RP™")) has two
elements, represented by the identity and reflection in an RP"~!. Hence Q must be
of the homotopy type of either S' x R P" or a twisted product S' X R P". But it is not
difficult to see that the latter does not have a double covering homotopy equivalent to
S x . In fact, the double coverings are classified by the index two subgroups of
m1(Q) = Z @ Z/2. There are three such subgroups — two isomorphic to Z and one
isomorphic to Z @ Z/2. The first two are mapped to each other by an isomorphism of
1 (Q) induced by a homotopy equivalence of Q. This lifts to a homeomorphism of the
double coverings, which then both have to be S! X S”. The last subgroup corresponds
to the product of the double covering of S! and the identity map of R P".

Case3 m(Q) =Z/2x7)2.

Letp : Q — RP® Vv RP be a rj—isomorphism. The two copies of R P> deter-
mine two generators of 71 (Q) and we let g’ : S' v ' — O be the wedge of maps
representing these two generators.

The groups 77; (Q) are trivial for 1 <i < n,Z fori = nand Z/2 fori = n + 1.
Using the obvious cell structure on RP” v RP" with § L'\ 8! as 1-skeleton, it then
follows by obstruction theory that g’ extends to a map g : RP" v RP" — Q which
is an isomorphism on 7; for i < n. Moreover, g|RP"~' v RP"~! is unique up to
homotopy and p o g is homotopic to the natural inclusion.

We obtain RP"*!# RP"*+! from RP" v RP" by adding an (n + 1)-cell which is
attached by the map S" — S" v §" — RP" v RP". Here the first arrow is the usual
pinch map and the second is the wedge of the two canonical double covers. We want
to show that g can be chosen such that it extends to a map RP"*! v RP™1 — @
which is a homotopy equivalence.

The group 7, (Q) @7, (Q) = Z@Z acts transitively on the set of homotopy classes
of extensions of g|R Py RP" 110 RP" Vv RP". To describe the effect of the action,
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let g1, g» be the restrictions of g to the two RP™’s. Then g;, : m,(RP") — m,(Q) is
multiplication by an integer ;. Case 3 now follows immediately from the following
Lemma:

Lemma 2.7 1. The numbers a; and ay are always odd.

2. g canbe extendedto R P"t'# RP"* ! ifand only if ay +a> = 0, and the extension
is a homotopy equivalence if and only if ay = —ap; = +£1.

3. The action of an element (k1, k2) € m,(Q) & 7, (Q) replaces (a1, a) by (a1 +
2ky, ay + 2k»).

Proof of Lemma 2.7 The proof of (3) is exactly like a similar statement in the discus-
sion of Case 2, applied to each summand. To prove (2), observe that the extension
exists if and only if the composite map

S §"v S" - RP"v RP" L2 o

is trivial. But this composition represents a; + a in 7,(Q). The second part of
(2) follows from the observation that both inclusions RP" < RP"*T!# Rprt!
induce isomorphisms on m,. Therefore aj = —a, = =1 if and only if g, :
7 (RP"1# RP™ 1) — 7,(Q) is iso for i < n, and since both universal coverings
are R x S§”, it must be an isomorphism for all i.

It remains to prove (1). We start with a cohomology calculation. p is trivially
n—connected, hence iso on H;, i < n. This determines the remaining homology of Q
as follows:

If nis even, Q is orientable, and the rest is given by Poincaré duality: H,+((Q) = Z
and H,(Q) = 0. This means that we cannot detect anything using H,,.

If n is odd, however, Q is nonorientable; hence we know that H,+1(Q) = 0
and H,(Q) = Z/2 & a free summand. But the rank of this summand must be 1
since the Euler characteristic is 0. Thus H,(Q) = Z & 7Z/2. Moreover, the map
0« + Hy(Q) = H,(RP*>V R P®)isonto, since the composition H,(RP"V RP") —
H,(Q) - H,(RP*® Vv RP®)is.

We also immediately get the ring structure on the mod 2 cohomology H*(Q, Z/2).
In fact, it follows from the calculations above that both the maps in the composition

H (RP® Vv RP®,7/2) - H'(Q,Z/2) — H' (RP" Vv RP",7/2)

are isomorphisms for all i < n. This fact and Poincaré duality (for the top dimension)
means that the cohomology ring is given as

H*(Q,Z/2) = Z/2[x, y]/(xy, 2" — y"*h). .1
The elements x and y are images under p, of the generators for the mod 2 coho-
mology rings of the two copies of RP*°.

We now finish the proof of Lemma 2.7 (1), and hence also of Theorem 2.1. Assume
first n odd. It turns out that we can get rid of some extraneous torsion by dualizing,
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and this doesn’t change the map we are interested in, g;, : 7, (RP") — m,(Q). So,
let A* = Hom(A, Z), for an abelian group A, and consider the diagram

7 =m,(0) — = 7 (RP" =7,

* *

ho hp

7= Hy Q) — & . H(RPY =2
~ ~ 2.2)
Z=H"(Q) — 5  ~ H'"RPMHZ=TZ

14

(Z)2)? =H™(0.7,)2) —5> H"(RP",Z/2)= 7,)2

where i p and h g are Hurewicz maps and the bottom vertical maps are reductions of
coefficients. We know that £ p is multiplication by 2, so (1) will follow if we can prove

(i) he* is multiplication by an even number, and
(i) g;* o y is surjective.

To prove (i), we go back to hg : 7,(Q) — H,(Q) and compare with the Hurewicz
map for the universal covering R x §":

0 (Q) =<——— 7, (R x S™)

hgl l;

Z®L/2=Hy(Q) <——LH,(Rx SHZZ .

The element p, (1) maps to 0 in H,(RP°° Vv RP*) since p o p factors through
the universal covering of R P%° Vv RP°, which is contractible. But p, : H,(Q) —
H,,(RP®° Vv RP) is surjective, so this means that as an element in Z & Z/2, p.(1)
must have the form (2k, ). (i) follows from this.

(ii) uses the cohomology calculation (1). The image of y must be nontrivial, and
there are just three nontrivial elements in H"(Q, Z/2) — x1"*, x2" and x1" + x".
Since n is odd, Sq! (x1") = Sq!(x2") # 0 and Sq! (x;" + x»") = 0, Hence the image
of y must contain x1" + x,". But g;*(x1" + x2") is the generator of H*(RP",7Z/2)
for both indexes i.

If n is even, we have to use homology with local coefficients. RP*° v R P has
a local coefficient system which is twisted by the nontrivial character on both sum-
mands R P°°, and the other spaces involved come with maps to RP*° v RP* and
hence also with induced coefficient systems. With these coefficient systems the homol-
ogy/cohomology calculations go just as before. For more details, see the Appendix,
Sect. 5. m|
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3 Surgery calculations

To find all manifolds in each of the homotopy types given by Theorem 2.1 we use sur-
gery theory. In fact, all the surgery obstruction groups involved are completely known,
and all the terms in the surgery exact sequences are easily computable. Moreover, all
fundamental groups are “small” in the sense of [8, p. 99], such that topological sur-
gery also works in dimension four. Hence, with modifications which will be explicitly
pointed out, all the results in this section will be valid for n > 3. Note that all the
Whitehead groups involved are trivial, so we will write just L for the surgery groups
LS = L', and write . for the structure set .5 = .%". We recall that the structure set
(M) of a closed topological manifold is defined to be the set of equivalence classes
of “s-triangulations”: simple homotopy equivalences % : (X, 0X) — (M, dM) where
X is a topological manifold, where we require that the restriction 2 : dX — dM to
the boundary is a homeomorphism. We may also assume 7~ (dM) = 9 X.

Two such s-triangulations hy : (X1,0X1) — (M,0M), hy : (X2,0X2) —
(M, 0M) are equivalent if there is a homeomorphism f : (X1, 0X1) — (X2, 0X»)
such that (hy o f)|0X1 = h1|0X1 and k3 o f and h; are homotopic rel 9 X.

Most of this section will be a detailed study of the case m1(Q) = Z x Z/2. The
case 1 (Q) = Z is easy, and for the case 71 (Q) = Dy, we will refer to [2] and [11].

3.1 0~ S!x §"or S1xs”

The relevant part of the surgery exact sequence ([24, Chap. 10]) is

[£(04). G/Top]l S Lusa(Zow) — F(Q) — [0.G/Topl S Lsi(Z. w),

where w : Z — {41} is the orientation character. A case by case check (n =0, 1, 2, 3
mod 4) reveals that 0 is a bijection and 6’ is a surjection for all n > 3. Therefore
Z(Q) has only one element, and Q is unique up to homeomorphism.

3.2 O ~ RP"HigR prtl

This case was considered in [11] and a complete answer appeared in [2, Theorem 2].
Here we only indicate some of the most interesting qualitative results.

For n = 0 or 1 mod 4 there are only finitely many homeomorphism types, all of
which are obtained as connected sums of fake projective spaces. If » = 3 mod 4
there is an infinite number of distinct such connected sums, and when n = 2 or 3
mod 4 there are also infinitely many mutually non—-homeomorphic examples that can
not be split as connected sums. These manifolds exist because of the appearence of
large UN il—groups in these dimensions. For more precise statements and calculations,
see [2]. (Note, however, that surprisingly little is known about the geometry of these
manifolds, in particular for n = 3. See Remarks in [11, p. 251]).
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330 ~S!'x RP"

This will take up the rest of this rather long section, and the aim is to prove the following
result, which after Sect. 4 will turn out to be just another version of Theorem 1.4:

Theorem 3.1 There is a one—one correspondence between the set of homeomorphism

classes of manifolds homotopy equivalent to S' x R P" and

n—1 n—2
(Z/z)[ ] henn £ 3 mod 4
N x (Z/2)F when n = 3 mod 4.

We will make essential use of the fact that the topological surgery sequence has the
structure of a natural sequence of abelian groups if we identify [M™ /oM™, G/Top ]
with i, (M, £), where Z is the surgery spectrum. (Note that if M is non—orientable,
this homology has twisted coefficients.) The geometric meaning of this algebraic
structure is still quite mysterious, but [18] goes a long way towards explaining the
functoriality — at least with respect to homotopy equivalences. The neutral element
of . (M) is represented by the identity map on M.
For S' x RP" the surgery exact sequence is as follows:

> [S(S! X RPY), G/ Top) D Lyir(Z ® 22, )
— (5" x RP") — [S! x RP",G/ToplS Loy (Z@7)2,0) (3.1)

The orientation character w is nontrivial (isomorphism on Z/2) if n is even, and trivial
if n is odd. The L—groups split ([20, Theorem 5.1]) as

L(Z&7Z)2, w) = Li(Z]2, w) X Li1(Z]2, w),
compatibly with splittings
[S! x RP",G/Top] = [SRP",G/Top] x [RP",G/Top]
and
[Z(S' x RP"),,G/Top] = [£?RP",G/Top] x [SRP",G/Top)

of the sets of normal invariants. In fact, these splittings extend to a splitting of the
whole surgery sequence (3.1):

Lemma 3.2 There is a splitting
Z(S' x RP") ~ (I x RP") x .#(RP"),

and the surgery sequence (3.1) splits as a product of the surgery sequences for I x R P"
and RP".
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Remark 3.3 When n = 3, .(RP") has to be interpreted as in [13] and [10]. Then
the lemma and its proof are valid also in this dimension.

Proof of Lemma 3.2 The idea is to construct a homomorphism
V.S x RP") x Z(RP") — .Z(S' x RP"),

compatible with the isomorphisms above. Then we have a map from the product of
the exact surgery sequences for / x RP" and R P to the sequence for S! x RP", and
the result follows by the five—lemma.

To construct v it suffices, using the abelian group structure, to construct the restric-
tions to each factor. On . (R P") it is product with the identity map on S'. If f : W —
I x RP" represents an element in . (I x RP™), define W by identifying f~'(0, x)
with £~1(1, x) for every x € RP". (Recall that f is a homeomorphism between
AW = f~1(@( x RP™) and 3(I x RP™).) Then ¥ ([f]) is represented by the
obvious induced map f : W — I x RP" = §' x RP".

That i is compatible with the other isomorphisms, follows since these can be
defined using analogous constructions. O

Remark 3.4 A topological version of Farrell-Hsiang’s splitting theorem [7, Theorem
1.3] provides a splitting map p : #(S! x RP") — .Z(RP™).

Observe that the surgery sequence for / x RP" is part of the sequence for R P"
(“forget the last three terms”):

[BXRPY), G/Topl S L (Zy2,0) —
— S x RP") = [S(RP1). G/Top] %> Ly (Z/2. @) —
— Z(RP") — [RP",G/Top] > L.(Z/)2, ). 3.2)

The L—groups occurring here are as follows (forn = 0, 1, 2, 3 mod 4) [24]:

La(Z)2,0) =7/2, 0, Z)2, 7.)2
Lot1(Z)2, ) =0, Z)2, 0, Z*
Lnt2(Z)2, w) = 7J2, 7.)2, 7.)2, 0.

The usual cohomology calculation gives
[RP",G/Top] = (/23]
n+3
[Z(RPY),G/Top] = (Z/2)[ ! } x Kp,
where K,, = Z if n = 3 mod 4 and K,, = 0 otherwise.

The surgery obstruction maps 6 and 6" have been computed, e. g.in [15, Chap. IV].
Lépez de Medrano treats mainly the P L case, but the results are essentially the same
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in the topological case, as explained in [15, IV.6]. Note, however, that each Z /4 in his
Theorem IV.3.4 is to be replaced by (Z/2)? in the topological case.
The result is:

— 6 is surjective, and
— cokerd’ = K,,.

More precisely: The K,—factor of [Z(RPY), G/Top] (for n = 3 mod 4) maps
isomorphically onto one of the Z-factors of L, 4+1(Z/2, w), and the cokernel, which is
naturally identified with a subgroup of .(R P"), is again isomorphic to K. In fact,
we claim that the K,—subgroup splits off .#’(R P") as a direct summand.

A natural candidate for a splitting is the Browder-Livesay desuspension invariant
[3, p. 75],[15, 1.2.2]. This defines a splitting of sets, but since the group structure on
(R P") is still rather mysterious, it is not clear that it is a homomorphism. How-
ever, Siebenmann periodicity ([21, p. 277, Theorem C.4.],[9, Corollary 3.2]) gives a
diagram

K, S (RP™)

I

Kpi4s — S (RP" x %),

hence it suffices to construct a splitting of the inclusion K, 4 — . (RP" x I*). But
the group structure on . (RP" x I*) is well known (“glue along RP" x I® x {1}
and RP" x I3 x {0}7), and it is easy to see that the natural analogue of the Browder—
Livesay invariant defined on .7 (R P" x I*) is a homomorphism. There are two points
here worthwhile noting. First, the Browder-Livesay invariant is essentially defined
in [15] for manifolds with boundary, see Definition in 1.2.1, p. 14, where only for
simplicity it is assumed that the boundary is empty (last line on p. 14 of [15]). Second,
the additivity of the Browder—Livesay invariant with respect to the “gluing along the
boundary” group structure on .% (R P" x I*) boils down to the use of Mayer-Vietoris
long exact sequence when computing homology groups of the resulting “sum” mani-
fold in /' (RP™ x I%).

Denote the resulting splitting . (R P") — K, by BL. Since [RP",G/Top]is a
product of Z/2’s, this determines .’ (R P") completely as an abelian group. Note that
if n is even, then [n/2] — 1 = [(n — 1)/2], and if n = 1 mod 4, [n/2] = (n — 1)/2.
If n =3 mod 4, [n/2] — 1 = (n — 3)/2. Thus the result can conveniently be stated as
follows:

n—1
Z x (Z)2) 2 ifn =3 mod 4.

Clearly, every element in .7 (R P") gives rise to an involution on S' x S" of the
form idg1 x 7, where 7 is a free involution on S$”".

We can also determine the last surgery obstruction map, 6”; we claim that it is
always surjective :
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When n is even, L,4o» = Z/2 is detected by the Arf invariant and can be easily
realized by the product formula.
If n =3 mod4, L,4+» = 0, so there is nothing to prove. In the remaining case,

n = 1 mod 4, the obviousmaps Z/2 = L»(1) X—Z> L3(Z) — L3(Z/2) are all isomor-
phisms ([24, Chap. 13A]). The non—trivial element can be realized on a neighborhood
of {0} x RP! ¢ D? x RP".

This also determines . (I x RP™), and we record that

7 x RPY = 2y ], (3.4)

(The exponent is [w] for n % 1 mod 4 and [ 22 ] — 1 forn = 1 mod 4, and one
easily checks that both can also be written as ["2:2] )

By Lemma 3.2 we have now determined .7 (S! x RP"):

n 1 n+2
Zx(Z/)T  ifn=3mod4

We remark that as a consequence of the s—cobordism theorem an element in . ({ x
RP™) C ./(S' x RP™) can be represented by the mapping torus of a (degree one)
homeomorphism # : RP" — RP", together with a homotopy between 4 and the
identity.

Our goal is to determine the set of homeomorphism classes of manifolds homot-
opy equivalent to S' x RP”. This is the quotient of the structure set .7 (S x RP")
by the group mo(Aut(S' x RP")) of homotopy classes of homotopy equivalences of
S! x RP", acting by post—composition. We now compute this group.

Proposition 3.5 Letn > 2. Then

(Z.)2)3 if n is even
mo(Aut(S' x RP™) = {(Z/2)3 x Z/4 if n=1mod 4
(Z.)2)° if n=3mod4.

In each case there is a 7 /2—summand generated by a tangential homotopy equiv-
alence with non—trivial normal invariant. The other summands can be represented by
homeomorphisms.

Proof We begin by observing that there is a decomposition
mo(Aut(S' x RP™) = 7Z/2 x mo(Aut(RP™)) x 71 (Aut(RP™)).
The first two factors represent the product maps. Here we first have

wo(Aut(RP")) = Z/2 for n odd and O for n even.
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(The generator is given by the reflection

rO([x07 .. -xn]) = [_-x01 Xlsenns xn] = [)C(), X1, e, _xn]a

and if n is even, this can be deformed linearly to the identity.)

The group 71 (Aut(RP")) can be computed using the methods in [19]. (The base-
point in Aut(R P") is the identity map.) Let Autz,>(S") be the space of homotopy
equivalences of §” which are equivariant with respect to the antipodal action of Z/2.
Taking quotients defines a double covering projection Autz>(S") — Aut(RP"),
which is trivial if # is even and non—trivial (over each component) if n is odd. To see
this, observe that the preimage of the identity map of R P" consists of the identity and
the antipodal maps of S”. These are not even homotopic for n even, but equivariantly
(in fact, linearly) isotopic for n odd.

Thus, for n even there is an isomorphism

mi(Autz»(S")) = i (Aut(RP™)),
whereas for n odd there is an exact sequence
0 — m1(Autz»(S")) — 71 (Aut(RP")) — Z/2 — 0. (3.6)

Let I', be the space of sections of the fibration p : §" x7,5 $" — RP" (standard
diagonal action), induced by projection on the first factor. Then there is a homeo-
morphism Autz/»(S") &~ I, defined by taking graphs and quotients by the 7Z/2—
actions. The fibration p has simple fibers ($"), so we can apply the spectral sequence
in [19]. This is a homology type, second quadrant spectral sequence with Ef, g =
H™P(RP", m,(S")), converging to 744, (I'y).

The E>-term has local coefficients coming from the monodromy in the fibration
p. When g = n this is the same as the orientation system of RP" — hence Ef,,n

Hy+p(RP", Z) with trivial coefficients. In particular, E%n—i-l,n = 7/2 and EEHM
0. When ¢ = n + 1 and n > 3, the coefficients are automatically trivial, since

Tpi1(S") = Z/2. Therefore E? = Z/2. If n = 2, the monodromy is induced

—n,n+1 —
by the antipodal map on S, but this is trivial on 73(S%) = Z. One way to see this is
to use that two times a generator of 73(S?) is represented by the Whitehead product
of the identity with itself. Hence the map induced on 73(S?) by a map of degree d on
§% is multiplication by d*. It follows that also E2, ; = H*(RP?,Z) = 7,/2.

Thus, in total degree p +¢g = 1 we have only two non—trivial groups, E %n’n 41 and

111

E%n +1,n> both isomorphic to Z/2. There are no differentials involving these groups,

hence also E%, | | = E{° = 7/2. The resulting exact sequence

0— H"(RP", mp+1(S™") = w1 (Ty) — H”fl(RP", 7, (S") — 0

splits, since the generator of 71(5§0,1) defines an element in 71 (Autz/»(S")) of
order two which maps to the generator of H"~'(RP" m,(S")) = Z/2. (Using
the standard cell structure of R P", the image is represented by the cellular cocycle
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mapping the unique (n — 1)—cell to a homotopy equivalence of S”, by the construction
in [19, p. 52].) It follows that this factor can be represented by a one—parameter family
of homeomorphisms — hence the associated homotopy equivalence of S' x R P" can
also be represented by a homeomorphism.

The other factor, however, can not. It corresponds to (one—parameter families of)
maps that restrict to the inclusion on RP"! and the nontrivial element can be con-
structed as the composition

S'x RP" — (S' x RP") v sn+! P2 ppn

where 7 is the generator of 7,1 (RP™). It follows e. g. by the method of [12, pp.31-
32] that the associated homotopy equivalence &, of § ' % R P™ has non—trivial normal
invariant; we only need to observe that /) is a tangential homotopy equivalence. But
this follows since n*t (R P") = n*7(S") is stably trivial.

It remains to examine the exact sequence (3.6). Write n = 2m — 1, and think of
RP" as a quotient of the unit sphere in C”. Consider the family g;(z, ..., zm) =
(€71, ...,e " z,), t € [0, 1]. This is a path of equivariant homeomorphisms of S”,
but the path is closed only in Aut(RP"). Hence it maps to the nontrivial element in
Z./2 to the right.

The image p of the generator of 771 (SO, 1) can be represented by (7, z) — >z,
t € [0, 1] in any one of the coordinates z = z;. Hence p™ = [g]2 in 7 (Aut(RP")).
Since p? = 1, it follows that if m is odd, [g] has order 4 and p = [g]?, and if m is
even, it has order 2. Since 71 (Aut(R P™)) is abelian, the result follows. O

Remark 3.6 (i) Since homeomorphisms are tangential, it follows that all homotopy
self-equivalences of S! x RP" are tangential.
(i) The obvious map SO (n + 1) — Aut(RP") clearly factors through PSO (n +
1) = SO(n + 1)/center. Then the main calculation in the above proof can be
formulated as

71 (Aut(RP") Em(PSOm+ 1)) x Z/2,

— the last factor being represented by £,,.

To compute the action of o (Aut(S ' R P™)) on the structure set, we use the result
in Theorem 2.3 of [18]. A homotopy self—equivalence / of a manifold M induces an
automorphism 4, : (M) — (M) (by functoriality). Let g : N — M represent
an element in .%“(M). Then Ranicki shows that the composition hg represents the
element [i] 4+ h.([g]) € S (M).

The homomorphism /%, can be computed from the induced commutative diagram
of exact sequences (3.1), which we now know can be written in the following form:
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0—> Ky —> .#(5' x RP") —> hp11(S' x RP", )

lh* Ji Jn.

0—> Ky — .#(S" x RP") —> hps1(S' x RP", £).

For the next result it will be convenient to introduce the homomorphism p© :
o(Aut(S! x RP™)) — {=£1} defined for n odd as follows:

When 7 is odd, H,(S! x RP",Z) = Z. Hence, if h € Aut(S' x RP™), the homo-
morphism induced on H,, by & is multiplication by an integer in {#1}, which we denote
by w(h). It is clear that u is a homomorphism.

Letrg : RP" — RP", n-odd, be an orientation reversing reflection and put r =
Ig1 xrg. Then u(r) = —1, and —1 + r defines a splitting of 1. Note that . maps all
the other generators of To(Aut(S!' x R P™)) identified in Prop. 3.5 to 1.

Lemma 3.7 The map hy : hyy1(S' x RP", L) — hy1(S! x RP", Z) is the iden-
tity for every homotopy equivalence h. Hence hy, : .7 (S' x RP") — ./ (S! x RP™)
is always the identity if n # 3 mod 4.

Ifn =3 mod 4, then h, : K,, — K, is multiplication by w(h).

This determines hy : .7 (S' x RP™) — . (S' x RP") completely.

Proof 1t is easy to see that
h*:[S' x RP",G/Top) — [S' x RP", G/Top]

is the identity homomoprhism for every %. For the first part of the Lemma, it then
suffices to observe that via the identification

hps1(S' x RP", £) = [S' x RP", G/ Top)

we have /1, = (h*)~!. For a general homotopy equivalence 4 : M — N, this is true if
h, preserves L—theory fundamental classes, i.e.h([M]r) = [N]L. (See [18, Lemma
2.5].) This is not always the case, but it follows from the characterization of funda-
mental classes in [17, Prop. 16.16] that it holds for fangential homotopy equivalences
— hence for all 4 € Aut(S' x RP™), by remark 3.6.

When n = 3 mod 4, K,, = Z. Hence, since im7 is torsion, &, is determined by
the two components 4, : K, — K, and h, : h,hLl(Sl x RP", %) — h,,Jrl(Sl X
RP", %). K,, comes from the surgery sequence of RP", and the homomorphism
K, — .Z(S' x RP") factors as

1>< _
K, — Z(RP") 2225 o(s! x RPM).

Both of these maps are split injections, and if # : S! x RP" — S! x RP"is a
homotopy equivalence, s, : K, — K, is can be described as the composition in the
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following diagram:

K, — S (RP") — #(S! x RP")

|
lh* ! lh* (3.7)
Y

K, <22 2(RP" <2 (8! x RPM).

(The dashed arrow is defined by the diagram.) The splitting map o maps a class [ ] to

=Yt x RP™) i> R P" for a suitable representative f : N — S! x RP" andt € S!,
and BL is the Browder-Livesay invariant defined earlier. From the proof of Prop. 3.5
we see that every A can be chosen such that / preserves some r x RP" and is either
the identity or the reflection r( there, depending on the value of the invariant is w(%).

Now recall that BL was defined as the composition of the Siebenmann periodicity
map and a Browder—Livesay map on.# (R P" x I*). The Siebenmann periodicity map
S (M) - (M x I*) commutes with composition by homeomorphisms of M, so
computing ro, : K, — K, is the same as computing (rg X id;4)4 : Kp44 — Kp4a.
But r¢ x id;s reverses orientation on RP" x [ 4, hence it multiplies the Browder—
Livesay invariant by —1. (Cf. the discussion preceeding Theorem 4 in [2].) Thus
rox : K, — K, is multiplication by —1. O

It follows that for n # 3 mod 4, the action of the homotopy equivalence group
on.7(S' x RP") reduces to translation by the structure represented by hy.Forn =
3 mod 4, we also have the homeomorphism r acting by multiplication by —1 (only
non—trivial on K,, = 7Z). The set of homeomorphism classes of manifolds homotopy
equivalentto S x R P" is in one—one correspondence with the elements of the quotient
of .7(S' x RP") under this action. Note that the structure represented by hy lies in
the subgroup (I x R P"). It follows that the elements in .’ (R P") represent unique
homeomorphism classes, but g and g + h,, represent the same, if g € (I x RP").
Hence the quotient under the action is isomorphic to a set which can conveniently be
written

{ @71 forn 2 3moaa 38)
N x (Z/2)"T  forn =3 mod 4,

with N the set of numbers {0, 1, 2, ...}. This ends the proof of Theorem 3.1.

Remark 3.8 It may be simpler to think of the exponents £ in (3.8) as follows:

4m 3m —2

4 1 —1
Ifn= m+ then ¢ = 3m

dm + 2 3m

4dm + 3 3m.
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4 Classification up to conjugacy

In this section, we prove Theorem 1.2 and an analogous statement about homotopical
conjugacy, which will complete the proof of Theorem 1.1. Note that for n < 3 these
results are true by the low-dimensional classification theorems ([1, Theorem 1.3][23,
Theorem C]). Hence we may assume n > 3 in the following proof, although only the
last part requires this assumption.

We start with Theorem 1.2. One way is trivial: topologically conjugate involutions
clearly have homeomorphic quotients.

To go the other way; let 71 and 12 be two free involutions, and assume that f :
Q+: — Qq, is ahomeomorphism. Let p; : Stx sn — Q-+, i =1, 2 be the two pro-
jections. Choose a basepoint xg € S! x §” andletg; = p1(x0),q2 = f(g1) and x| one
of the two points in p, ! (¢2). Then there is a (unique) lifting F : S x §" — S! x §"
such that F(xg) = x, if and only if

Fep1,(Ti(S' x 8", x0)) € pa, (w1 (S' x 8™, x1)). (4.1)

Assume F is such a lifting. Then obviously 72 o F and F o 77 are also liftings of f,
both distinct from F. But since there are only two possible liftings of f, we must have
7o o F = F o 11. Hence 71 and 13 are conjugate. Thus we only need to prove that we
always can arrange for (4.1) to hold.

In fact, when 71 (Q+) = Z or D, this is automatically true, since in these groups
there is a unique infinite cyclic subgroup of index two.

In the remaining case, 71 (Q) = Z & Z/2, there are two infinite cyclic subgroups
of index 2, generated by (1,0) and (1,1). When n is even, they correspond to two
distinct double covers — S! x §” and S!%S” (mapping torus of the antipodal map
on S™). Note that these are uniquely determined up to homeomorphism by 3.3. But
any homeomorphism f will lift to a homeomorphism from S! x §" to some double
covering of Q+,, hence necessarily to S L sm,

When n is odd, (4.1) may not be a priori satisfied, but we claim that if not, there is
a homeomorphism g of Q, such that it is satisfied by gf, i.e. such that g, maps the
two infinite cyclic index two subgroups of 71 (Q+) to each other.

Let n = 2m — 1 and think of RP?"~! as given by complex homogeneous coordi-
nates [z1, ..., zm), and define gg : S! x RP?>"~1 — §! x RP?>"~1 by

g0t (21, v zm)) = (t, [WEzt, .o, VT Zm]).

Then go,. maps the two index 2 cyclic subgroups of 771 (S! x R P") onto each other.
Now choose a homotopy equivalence & : Q, — § I'x RP" representing an element
of the structure set . (S! x RP™). It follows from the calculations in Sect. 3.4 that
post—composition with gq is the identity on this set. Thus there exists a homeomor-
phism g of Q, such that go o h 2 h o g. The composed homeomomorphism gf now
satisfies (4.1). This completes the proof of Theorem 1.2.

Now observe that the same argument can be used to prove that two involutions are
homotopically conjugate if and only if the quotients are homotopy equivalent. In fact,
this case is simpler, since now the existence of a homotopy equivalence g is obvious.
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(In all dimensions, not just n > 3.) Theorem 1.1 follows from this observation and
Theorem 2.1.

Proof of the Addendum 1f 7| and 1, are conjugate, one may ask if there is an orienta-
tion preserving homeomorphism F : S' x §” — S! x §" such that Fr; = 1o F. The
answer is clearly ‘yes’ if there is an orientation reversing homeomorphism F’ such
that F'ty = 1o F’. This is trivially the case if o (hence also t7) is itself orientation
reversing, i. e. if the quotient manifold is non—orientable. In the orientable case we can
use the technique above to construct F’ if we can find an orientation reversing self—
homeomorphism of the quotient manifold which induces a map on 771 (Q,) preserving
the image of 71 (S '« $"). Each standard quotient manifold has such self-homeomor-
phisms, and we can try to lift these to O, using the method used to produce g from
go in the preceding argument. That is, we need an orientation reversing self homeo-
morphism g, of the standard quotient Q such that post—composition by go induces
the identity map on .#’(Q) (and inducing a map on 71 (Q) preserving the image of
71(S1 x §™)).

The homeomorphisms go(z, x) = (, x) will do in the cases Q = S Ly gn (trivially)
and S' x RP" (by the calculations in Sect. 3). The case RP"T!'# RP"+! (n even)
is decided by the results of [2] (proof of Theorem 2). If n = 0 mod 4 we can use
reflection in R P"*# RP", but if n = 2 mod 4 there is no such homeomorphism.

It follows that except for involutions of type R P*"T3# R P4"+3  the classification
up to conjugation is the same as classification up to orientable conjugation. O

5 Appendix
5.1 Homology with local coefficients

In this appendix, we supply the local homology calculations necessary to complete
the proof of Lemma 2.4 for n even.

On RP* v RP* we let .Z be the local coefficient system of groups isomorphic
to Z but nontrivial over each wedge summand R P°°. When considering spaces over
RP*> v RP> we also generically let .Z denote the induced coefficient system. Note
that £ ® .2 = 7Z — the constant coefficient system.

Example 5.1 We can consider R P" as a space over R P°°V R P°° in two natural ways,
but .Z is the same in both cases. For n even this is the orientation system on R P".
Hence twisted Poincaré duality gives e. g.:

7  if % =2m
H (RP™, )= H™ *(RP?,7) = } Z/2 if x iseven, 0 < % < 2m
0 otherwise.

Just as in ordinary homology, a k—connected map X — Y over RP*>° v RP* will
induce isomorphisms in homology and cohomology with coefficients in .Z in degrees
less than k, and if X is the k—skeleton of Y, the map on Hj is onto. Hence it follows
that
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72 if % iseven > 0

o0 ~ =

H.(RP™, 2) = [O otherwise

and Hy, (RP", %) — Hyn(RP*,.?) is surjective. These results can, of course,

also be obtained using the standard Z/2—equivariant cell structure on the inclusion
§2m c 8.

The homology and cohomology of RP*> v RP> with coefficients in . can be
computed by a similar trick. We first observe that the natural map R P>"# RP>" —
RP*® v RP* is (2m — 1)—connected and that . is the orientation system for
RPZ# RP2" Then, for k < 2m — 1 we have

Hy(RP® Vv RP™®, %) = Hy(RP?"# RP™, %) = H™ X (RP?# RP>", 7).

Hence
72 fork =0
Z fork =1
00 o0 ~
Hy(RP* VRP>, )= 7)2@® 7/2 for k even > 0
0 otherwise.

Moreover, Ha,, (RP2’”, L) — Hyu(RP® v RP*>, %) is surjective. Dually, the
cohomology is

7Ze7/2 fork=1
HY(RP® Vv RP®, )= 17/207/2 forkodd > 1
0 otherwise.

In general, the relation between homology and cohomology is given by the follow-
ing

Proposition 5.2 (Universal coefficient Theorem) For each n there is a functorial, split
exact sequence

0— Ext(H,—1(X,%),72) - H"(X,¥) - Hom(H,(X, %), 7Z) — 0.

Proof Letm = m1(X) and set CL, = C, (f() Q7 L, where C*(f() is the singular
complex of the universal covering of X. Then, by definition, H, (X, %) = H,(CL,),
and there is a universal coefficient sequence

0 — Ext(H,_1(CLy),Z) — H"(Hom(CL,Z)) - Hom(H,(CL),Z) — 0.

Here Hom means Homy,. Since H"(X,.Y) = H_n(HomZﬂ(C*(f(),:iﬂ)), then
to prove the proposition we only need to verify that Homy, (C«(X), %) =
Hom(CLy, 7). As observed above, . ® ¥ = 7, hence there is a canonical iso-

morphism . = £*. But then we have
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Homz(Co(X) ®zx £\ L) = Homzz (C+(X), L) = Homz, (C(X), ),
which is just what we want. O

The exact sequence 0 — ¥ 7N 7Z./2 — 0 gives rise to a Bockstein homo-
morphism 8 : H¥(X,Z/2) — H*(X,.%). Reducing coefficients mod 2 again
produces a cohomology operation S¢! : H*(X,7Z/2) — H*t(X,7Z/2). Note that
in general S¢! # Sq'. For example,

Sq': HY(RP*®,72/2) — H**'(RP>,7/2)
is an isomorphism for k£ odd and trivial for k even, but
Sql : HY(RP>®,7/2) - H*T' (RP™,7Z/2)

is an isomorphism for k even and trivial for £ odd. This follows from the Bockstein

sequence of 0 - & 3 % — 7Z/2 — 0 and the calculation of H*(RP", .¥) above.

We now have all the ingredients necessary to complete the proof of Lemma 2.4 (i)
if n is even. We want to use a version of diagram (2) in Sect. 2 were (co)homology
now is taken with coefficients in .# instead of Z, so we need to compute H,(Q, %)
and H"(Q, .Z) and the relevant homomorphisms.

First we note that Q and R P°° v R P°° must have isomorphic homology and coho-
mology in low dimensions (less than 2m). Since Q now is orientable, Poincaré duality
gives

H,(Q, %)= HY(Q,%Y)ZH (RP®VRP®, XY=L DL)2.
Hence, by the universal coefficient theorem:
H"'(Q, %)= H,(Q, ) = 7.

The Hurewicz homomorphismh g : m,(Q) — H,(Q, L) isdefinedby ho([f]) =
f«([S™]). One has to be a little careful in order to make this definition functorial, since
it involves lifting f to the universal covering of Q, but different choices give the same
h o up to sign, so they don’t affect the argument.

To prove that the class x1" + x2" € H"(Q, Z/2) is in the image of y, we use the
operation Sq! instead of Sq'. Then the proof goes exactly as before.

Remark 5.3 One little piece of warning: H*(X, .Z’) does not have a product, hence
there is no “Cartan formula” for Sg!. But H*(X, %) is a module over H*(X, Z).
So is H*(X, Z/2), and the Bockstein sequence is a sequence of H*(X, Z)-module
homomorphisms. Therefore Sq! is also a H*(X, Z)-module homomorphism. Note,
however, that it can not be a homomorphism of H*(X, Z/2)-modules, as the calcu-
lation for R P°° shows.

@ Springer



Free involutions on S x $" 303

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.

References

—_

. Asoh, T.: Classification of free involutions on surfaces. Hiroshima Math. J. 6, 171-181 (1976)

2. Brookman, J., Davis, J.F, Khan, Q. Manifolds homotopy equivalent to RP"#RP". Math.

AN W

—_
(== RN

1.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.

24.
25.

Ann. 338, 947-962 (2007)

. Browder, W., Livesay, G.R.: Fixed point free involutions on homotopy spheres. Tohoku Math.

J.(2) 25, 69-87 (1973)

. Cappell, S.: A splitting theorem for manifolds. Invent. Math. 33, 69-170 (1976)
. Connolly, F., Ranicki, A.: On the calculation of UNil. Adv. Math. 195(1), 205-258 (2005)
. Connolly, F., Davis, J.: The surgery obstruction groups of the infinite dihedral group. Geom.

Topol. 8, 1043-1078 (2004)

. Farrell, T., Hsiang, W.C.: Manifolds with 71 = G Xy T. Amer. J. Math. 95, 813-848 (1973)

. Freedman, M., Quinn, F.: Topology of 4-manifolds. Princeton Math. Ser. 39 (1990)

. Hutt, S.: On Siebenmann periodicity. Pac. J. Math. 183, 291-303 (1998)

. Jahren, B., Kwasik, S.: Three-dimensional surgery theory. UNil-groups and the Borel conjec-

ture. Topology. 42, 1353-1369 (2003)

Jahren, B., Kwasik, S.: Manifolds homotopy equivalent to R P*#R P*. Math. Proc. Cambridge Phil.
Soc. 140(02), 245-252 (2006)

Kwasik, S., Schultz, R.: On s-cobordisms of metacyclic prism manifolds. Invent. Math. 97,
523-552 (1999)

Kirby, R.C., Taylor, L.R.: A survey of 4-manifolds through the eyes of surgery, Surveys in Surgery
Theory, vol. 2, Ann. Math. Stud., vol. 149, Princeton, pp. 387-421 (2001)

Liang, C.-C.: A concordance classification of p.l. homeomorphisms of real projective spaces. Math.
Ann. 215, 47-58 (1975)

Lépez de Medrano, S.: Involutions on Manifolds. Springer, Berlin (1971)

Olum, P.: Mappings of manifolds and the notion of degree. Ann. Math. 2. Ser. 58, 458-480 (1953)
Ranicki, A.: Algebraic L-theory and Topological Manifolds, Tracts in Mathematics 102, Cambridge
(1992)

Ranicki, A.: A composition formula for manifold structures. Pure Appl. Math. Q. 5 no. 2. Special
issue: in honor of Friedrich Hirzebruch. Part 1, pp. 701-727 (2009)

Schultz, R.: Homotopy decompositions of equivariant function spaces I. Math. Z. 131, 49-75 (1973)
Shaneson, J.L.: Wall’s surgery obstruction groups for G x Z. Ann. of Math. (2) 90, 296-334 (1969)
Siebenmann, L.: Periodicity in topological surgery, Foundational Essays. In: Kirby, R., Siebenmann, L.
(eds.) Topological Manifolds. Princeton University Press, Princeton (1977)

Thomas, C.B., Wall, C.T.C.: The topological spherical space form problem I. Composit. Math., vol.
23, Fasc 1, pp. 101-114 (1971)

Tollefson, J.: Involutions on S I » 52 and other 3-manifolds. Trans. Amer. Math. Soc. 183, 139-152
(1973)

Wall, C.T.C.: Surgery on Compact Manifolds. Academic Press, New York (1970)

Yamaguchi, K.: The homotopy of spaces of maps between real projective spaces. J. Math. Soc. Japan,
vol. 58 No. 4, pp. 1163-1184 (2006), and Erratum, J. Math. Soc. Japan, vol. 59, No. 4, pp. 1235-1237
(2007)

@ Springer



	Free involutions on S1×Sn
	Abstract
	1 Introduction and statements of the main results
	2 Homotopy classification
	3 Surgery calculations
	3.1 Q simeq S1×Sn  or S1 tilde ×Sn
	3.2 Q simeq  RPn+1# RPn+1
	3.3 Q simeq S1× RPn

	4 Classification up to conjugacy
	5 Appendix
	5.1 Homology with local coefficients

	References


