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Abstract

The large-time behavior of solutions to the thin film equation with linear mobil-
ity in the complete wetting regime on R" is examined. We investigate the higher
order asymptotics of solutions converging towards self-similar Smyth—Hill solu-
tions under certain symmetry assumptions on the initial data. The analysis is based
on a construction of finite-dimensional invariant manifolds that solutions approxi-
mate to an arbitrarily prescribed order.

1. Introduction

In this work, we investigate the thin film equation with linear mobility in arbi-
trary space dimensions, that is, the partial differential equation

o,u+V-wVAu)=0 @)

in the whole space RY. This equation models the flow of an N + 1 dimensional
viscous fluid with high surface tension over a flat substrate, and thus, the real phys-
ical three-dimensional setting corresponds to the case N = 2. The evolving scalar
variable u = u(z,y) in (1) represents the height of the liquid film, and is assumed
to be nonnegative [58,59]. In the 1 4+ 1 dimensional case, equation (1) can also be
seen as the lubrication approximation in a two-dimensional Hele—Shaw cell [34].

The thin film equation is degenerate parabolic in the sense that the diffusion
flux decreases to zero where u vanishes. It follows that the speed of propagation
is finite and thus droplet configurations stay compactly supported for all times. On
a mathematical level, we are thus concerned with a free boundary problem. We
will be focusing on a setting in which droplet solutions are slowly spreading over
the full space, a regime that is commonly referred to as complete wetting. This is
obtained mathematically by prescribing the contact angle at the droplet boundary
d{u > 0} to be zero, that is, Vu = 0.
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A reference spreading droplet configuration is given by Smyth and Hill’s self-
similar solution [6,25,66]

2
1 y|?
u(r.y)= —ay | oy — | . @)
T N+4 TN+ /4
_ 1 . .. .
where o.c N = 3NN and o, is a positive constant only depending on the mass
constraint

/u*dy=M.

RN

Moreover, we write (s), for the positive part max{0, s} of a quantity s. These
source-type solutions (2) play a distinguished role in the theory since they are, sim-
ilar to related parabolic problems, believed to describe the large time asymptotic
behavior of any solution of mass M to the thin film equation, that is,

u(r,y) = u,(r,y) foranyz > 1. 3)

This convergence has been proved for strong solutions in the one-dimensional set-
ting (N = 1) via entropy methods by Carrillo and Toscani [13] and for minimiz-
ing movement solutions in arbitrary dimensions via gradient flow techniques by
Matthes, McCann and Savaré [53]. Both contributions provide sharp rates of con-
vergence and exploit the intimate relation between the thin film equation (1) and
the porous medium equation

o,u—Au" =0 “)

in the case m = 3 /2. In fact, up to a suitable rescaling, the Smyth—Hill solutions (2)
coincide with the self-similar Barenblatt solutions [2,61,71] of the porous medium
equation (4), and the surface energy, which is dissipated by the thin film equation
(1), coincides with the rate of dissipation of the Tsallis entropy under the porous
medium flow (4). See [53,54] for a clean formulation of this entropy-information
relation from a gradient flow perspective.

The link between the two equations can be further exploited in order to get
deeper insights into the large time behavior of solutions to (1): When linearizing
both equations about the self-similar solutions, it turns out that the linear porous
medium operator L translates into the linear thin film operator in a simple alge-
braic way, namely £2 + N £ [54]. It immediately follows that the eigenfunctions of
both operators agree, while the transformation of the eigenvalues from the porous
medium setting to the thin film setting obeys the same algebraic formula. The op-
erator £ was diagonalized in [63,70], and thus, the full spectral information is also
available for the thin film equation [54], see Theorem 2.2 below. The spectrum of
the one-dimensional operator was computed earlier in [7].

The knowledge of the complete spectrum does not only give information on
the sharp rate of convergence (for which information about the spectral gap would
be sufficient), but also on the geometry of all modes through the knowledge of all
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eigenfunctions. One may thus analyze in detail the role played by affine symmetries
such as dilations, rotations or shears, and we will in this paper obtain improved
rates of convergence for the thin film equation (1) by quoting out such symmetries.
Further details on the large time asymptotics can be formulated after a suitable
change of variables.

Higher order large time asymptotics for the porous medium equation (4) with
m > 1 were obtained in one dimension by Angenent [1], building up on the spectral
information in [70] and, more recently, in any dimension by the first author [64],
building up on [63]. While Angenent derived fine series expansions around the
limiting solution, the later multidimensional contribution takes a geometric point
of view by constructing finite-dimensional invariant manifolds that the solutions
approximate to any given order. In the present work, we will derive a parallel the-
ory for the thin film equation. Invariant manifold studies can be found in numer-
ous applications in the field of nonlinear partial differential equations, for instance,
[12,17-19,23,26-28,38,68,69]. What is particularly challenging in [64] and the
present paper is the moving free boundary at which solutions cease to be smooth.

What is needed for linking the spectrum of the linear operators to the nonlinear
dynamics (1) or (4) is a regularity framework in which solutions depend differen-
tiably on the initial configuration. This is necessary since the precise rate of conver-
gence in the limit (3) is dictated by the particular choice of the initial datum. Iden-
tifying such a framework is far from being trivial. A crucial first step is a nonlinear
change of variables that transforms the free boundary problem into an evolution
equation on a fixed domain, which can be chosen as the unit ball. The linear lead-
ing order part of the equation can then be seen as a degenerate parabolic equation,
whose degeneracy can be cured by interpreting the the dynamics as a fourth-order
heat flow on a weighted Riemannian manifold. For the porous medium equation,
this setting was proposed by Koch in his habilitation thesis [47], further refined in
the work of Kienzler [42] and then adapted in [64]. An analogous theory for the
thin film equation was derived by John in [40] and later adapted by the first author
in [65]. After some necessary refinements, the latter will be the starting point for
the present study.

We also like to mention the related studies by Denzler, Koch and McCann
[21,22] and Choi, McCann and the first author [15,16], who derived some im-
proved large time asymptotics for the fast diffusion equation, that is, (4) withm < 1,
in the full space and a bounded domain, respectively. The full space setting is par-
ticularly challenging due to the occurrence of continuous spectrum, which arises
from the fact that the associated Barenblatt profile possesses a finite number of
moments, while in a bounded domain, in which solutions extinct in finite time,
negative (unstable) eigenvalues challenge the leading order asymptotics [9].

On a technical level, the passage from the second order problem [64] to the
present fourth order problem is far from being trivial. Indeed, for the construction
of invariant manifolds a truncation has to be introduced that reflects the maximal
regularity properties of the linear part of the equation. In order to remove the trun-
cation eventually, improved regularity and new smoothing estimates are crucial.
We elaborate on this issue later in Section 6.
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A major improvement with respect to the analogous second order paper [64] is
a group theoretical point of view that we introduce here and with the help of which
we are able to classify and mod out symmetries in order to obtain convergence rates
of higher order.

Before giving in the next section a specific description of our setting and of
our main results, we want to finish this introductory section with a brief discussion
about the state of the art in the mathematical theory for thin film equation. Exis-
tence of nonnegative weak solutions was established with the help of compactness
arguments and estimates on the free surface energy by Bernis and Friedman [5].
This approach is not adequate to prove a general uniqueness result even though
the regularity of these solutions could be improved, see [4,8,20]. In a neighbor-
hood of stationary solutions (of infinite mass), well-posedness and regularity of
one-dimensional solutions could be established in a weighted Sobolev setting [32]
and in Holder spaces [31]. Moreover, the aforementioned work [40] deals with the
multidimensional case and lowers the regularity requirements to Lipschitz norms
and Carleson-type measures. The latter approach was adapted to neighborhoods
of the Smyth—Hill self-similar solution in [65]. The one-dimensional setting was
also considered in [35] using weighted Hilbert spaces. We finally remark that for
nonlinear mobilities, solutions are in general not smooth, see [3,29,30,36,43-45]
for results in the complete wetting and partial wetting regime (positive contact an-
gle). Moreover, even though convergence to the self-similar or stationary solutions
[6,25] is expected, no results in this direction are available so far. (Equilibration
towards stationary profiles in the 1 + 1 dimensional linear-mobility partial wetting
regime can be found in [24,52].)

Organization of the Paper In the next section, we state and discuss our results
on the large time asymptotics in self-similar variables. In Section 3, we rewrite the
thin film equation as a perturbation equation around the self-similar Smyth—Hill
solution and present our main theorems of this paper, including the Invariant Man-
ifold Theorem. We will describe in Section 4 how these results for the perturbation
equation translate into the large-time asymptotics for the thin film equation. Sec-
tion 5 collects information on the well-posedness of the perturbation equation and
improves on known regularity estimates. The subsequent Section 6 deals with a
truncated version of the perturbation equation. Well-posedness and regularity esti-
mates are provided. Moreover, we introduce and discuss the time-one mapping that
will be our main object of consideration in our construction of invariant manifolds
in Section 7. The final Section 8 exploits the invariant manifold theory to prove
the large-time asymptotic expansions for the perturbation equation. We conclude
with two appendices, one with a derivation of the perturbation equation, one with
inequalities for weighted Sobolev spaces.

2. Higher Order Asymptotics for the Thin Film Equation

In order to study the convergence towards self-similar solutions, it is customary
to perform a self-similar change of variables. In view of the particular form of the
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Smyth—Hill solution (2), we choose

L N +4 N
! y, t= y'l log <T N+4> and v= %T N+du, (5)

1
/o L o
M 7 N+4 M

where y = 2(N + 2), which transforms equation (1) into the confined thin film
equation

X =

o,v+ V- -(WVAv)—yV - (xv) =0, (6)

and turns the self-similar solution (2) into a stationary one,

0,00 = 3 (1= a2} %

We remark that under this change of variables, the initial time will be transferred
fromt = 0 to r = 1. As we are interested into the solutions’ large time behav-
ior only, we will hereafter treat O as the initial time for the transformed equation.
Moreover, the rescaling incorporates the total mass M through o,, in such a way
that the stationary v,, is the limiting solution only if v and v, have the same total
mass. In what follows, we will assume that this is always the case be requiring that

/ b dx = / o, dx, ®)

RN RN

if v is the initial configuration for the evolution in (6).

The theory in [65] guarantees that the confined thin film equation (6) has a
unique regular solution provided that v, and v,, are sufficiently close in the sense
that

l/vo = V*”Wl,ao(supp v 1, 9)

where V,(x) = %(1— |x|2) is the (unsigned) extension of /v, to RY . This condition
actually yields strong estimates between v, and and the exact stationary solution
v, as will be explained in the following remark:

Remark 2.1. Choosing the globally decaying V, over \/Z in (9) has the advantage
that we can infer from it simultaneously an information on the support of v, a
global estimate on the difference of v, and v,,, and a bound on the slope of vy,.

Indeed, regarding the first, restricting to the boundary of the support, where v
vanishes, and noticing that V,(x) ~ dist(x, d B;(0)), we directly deduce

sup dist(x,dB(0)) < 1.

XEOJ supp v

Next, we observe that V, = /v, inside the ball B;(0). Outside of B;(0) it holds

that 0 < /vy — /v, = /vy < /vy =V, and thus, we find
1V/00 = Vol psoay < 1 (10)
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on the set A = supp v, as a consequence of (9). Moreover, since V, — \/U_O =
V, = \/U_* on B;(0) N dsupp v, and since v, is decaying towards the boundary,
the estimate (10) holds true also on A = B;(0)\ supp v,. It remains to notice that
vy = v,, = 0 on the remaining set A = B;(0)° N (supp vy)“, and thus (10) is proved
to be true with A = RN . We immediately deduce that

oo = vl Loy < 1.

because vy — v,| = [1/vg — /U |(1/vg + \/U2) S [3/vg = y/vs] Where the last

identity is true because v, and v, are bounded.
Finally, we can also extract a condition on the slope of v, namely,

Voo +2x\/v_0||Lw(RN) <1 (1)

To establish (11), we first note that the left-hand side vanishes provided that x does
not lie in the support of vy. Inside supp vy, we have [Vog+2x4/vg| = 24/v9|V /0=
VV. | S|V \/% —VV,|, because v is bounded. Condition (9) then yields the claim.
Notice that the left-hand side in (11) vanishes precisely for vy = v, (under the mass
constraint (8)).

The main results of the referred work [65] are repeated in more details later in
Section 5. This section also contains the main results of the present work. At this
stage, we present some consequences of that general theory for the confined thin
film equation (6), which provide exemplary improved convergence rates towards
equilibrium by quoting out symmetries.

The rates of relaxation being intimately related to the spectrum of the linear
operator £2 + N L associated to the confined equation (6), see Section 3 below, for
a better understanding of our results presented in the sequel, we recall the findings
of the spectral analysis from the literature.

Theorem 2.2. ([7,54]) The operator £*+ N L has a purely discrete spectrum con-
sisting of the eigenvalues

2
//ll’k = Al,k + N)’l,k’

where the 4, are the eigenvalues of L. They are given by
N
A =2(l+2k)+2k(k+l+?—1>,

Jor(I,k) e NgXNyif N > 2and (I, k) € {0,1} XNy if N = 1. The corresponding
eigenfunctions are polynomials of degree | + 2k, namely

Vi) =2 Fy (= 141+ 5+l + S 1x2) Y, <|"—|> I,
’ ’ x

where n € {1,...,N;} with Ny = 1 or Ny = N and N, = % if

I > 2. Besides, ,Fy(a, b; c;d) is a hypergeometric function and Y, , is a spherical
harmonic (of degree 1) if N > 2, corresponding to the eigenvalue I(Il + N —2) of
—Agn-1 with multiplicity Nj. If N = 1itis Y}, (£1) = (=)',
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The computation of the linear operator in [54] was rather formal and was de-
rived from the gradient flow interpretation of (6) with respect to the Wasserstein
metric tensor [33,53,60]. It occurs naturally after suitable rescaling in the pertur-
bation equation (19)

In the statement of the theorem, the linear operator is analyzed with respect to
the Hilbert space introduced in (21) below, and the eigenfunctions v, , , give rise
to an orthogonal basis of that Hilbert space.

We recall that hypergeometric functions can be written as power series of the
form
(&)
2Fi(abie;z) =) @0

=0 (C)jj!

z/,

where a, b, ¢, z € R and c is not an non-positive integer, see, for example [62]. The
definition uses extended factorials, also known as Pochhammer symbols,

(s)j =s(s+1)--(s+j—1), forj>1and(s)y=1.

The hypergeometric functions with z = |x|? reduce to a polynomial of degree 2k
if we plug in —k for a. In this case, they can be expressed as Jacobi polynomials.

In the one-dimensional setting, all eigenvalues have multiplicity one. In higher
dimensions, all eigenvalues with / > 2 have a dimension dependent multiplicity
that stems from the multiplicity of the eigenvalue /(I + N — 2) associated with the
spherical harmonics, that is, the eigenfunctions of the Laplace—Beltrami operator
Agn-1. In addition, there are certain intersections between the eigenvalues Mg and
H. k+n- FOr instance, in two dimensions, it holds that y; ; = sy 1)4rk+2)0 fOr any
k,l, see Figure 1.

2.1. Leading Order Asymptotics

Apparently, uy, = 0 is the smallest eigenvalue. It corresponds to a situation
in which the convergence in (3) fails, which is precisely the case if the equal mass
condition (8) is not satisfied. Conversely, by requiring that (8) holds, this eigenvalue
is automatically eliminated. The exact leading order asymptotics are then governed
by the second smallest eigenvalue p; = 4 + 2N, which is our first result for
solutions to the confined thin film equation. We will derive it from a more general
statement in Theorem 3.1 in Section 3 and present it thus as a corollary here.

Corollary 2.3. (Exact leading order asymptotics) Let v be the solution to (6) with
initial data v, satisfying the mass constraint (8) and being sufficiently close to v,
in the sense of (9). Then it holds that

“M—V*

The result entails the convergence of v(¢) towards v, as outlined in Remark 2.1.
The same rate of convergence was established earlier in terms of the rela-
tive Tsallis entropy and the L' norm by Carrillo and Toscani [13] in the one-
dimensional setting and by Matthes, McCann and Savaré in any dimension (if

< e W2N T forallt > 0.
W Lo (supp v(1))




Arch. Rational Mech. Anal. (2024) 248:27

27 Page 8 of 64

(z = N) Sumos euotsuswiip | + g ay) ut [0of ‘0] 95uer oy ur sojdnnw yiim Jojerado reaur] oy Jo wnnoads oy, * *Siq

W »._:H:.E\ oﬁwm ﬁ.m:H:wx oﬁwm Z:H :.V::M: :.£ _.
oy = 08y ! 09y T vy 10y — 01 00y




Arch. Rational Mech. Anal. (2024) 248:27 Page 9 of 64 27

one takes into account the difference in the time scaling that we introduced in (6)
through the y~! factor). It corresponds to an O(z~N+D/(N+4)) convergence in the
limit (3) for the original thin-film equation (1).

The convergence rate in this theorem is sharp and is saturated by spatial trans-
lations of the stationary solution v,.. Indeed, for every vector b € R™, the function
v(t, x) = v,(x—e""b) solves the confined thin film equation exactly and approaches
v, (x) with exponential rate y = 4 4+ 2N, as can be readily checked via Taylor
expansion. However, because the original equation (1) is invariant under spatial
translations, the convergence in (3) with rate O(z=(V +D/(N+4)) remains true for
any shifted version of the Smyth—Hill solution, that is, u(z,y) = u,(z,y — b), and
the significance of this rate is thus an artifact of this symmetry. Indeed, the above
arguing shows that the convergence in Corollary 2.3 is sharp only if we are not
willing to pick the “correctly” centered Smyth—Hill solution. We may equivalently
adjust the initial datum by a suitable translation in R™ . As we will see, the “correct”
choice for b is the center of mass, which is preserved under the original evolution
(1) and pushed towards the origin by the confined equation,

/xu(t,x)dx=e_7’b0, by =/xvo(x)dx (12)

for all # > 0, because our rescaling (5) has eliminated the translation invariance.
Supposing that v is centered at the origin, by = 0, the eigenvalue u; ( drops out
of the spectrum and we obtain a better rate of convergence, namely by the next
smallest eigenvalue, whichis yy; =30if N =1,and pip ) =16 + 4N if N > 2.

Corollary 2.4. Let v be as in Corollary 2.3 and assume in addition that v is cen-
tered at the origin, that is, by = 0 in (12). Then, it holds that

|Vew - v,

<e " forallt >0
W Lo (supp v(1))

if N =1, and

|Ve@ - v,

< e (1644 forallt >0
W Lo (supp (1))

ifN > 2.

This rate of convergence is again sharp for solutions that start, if N > 2, from
affine transformations of the stationary solution, and if N = 1, from dilated sta-
tionary solutions. Because we will discuss dilated stationary solutions later also in
the multi-dimensional case, we will restrict ourselves here to the setting N > 2.
Solutions starting from affine transformations of v,, are then to leading order (mod-
ulo rescaling to fit the mass constraint) described by v(z, x) = v, (x — e #20" Ax) for
a symmetric and trace-free matrix A. The validity of this asymptotics is best under-
stood in terms of the perturbation equation, that we will introduce in the subsequent
section.

The occurrence of such affine transformations can be explained on the level of
the eigenfunctions computed in Theorem 2.2: The finite displacements v, generated
by an eigenfunction y are described by

vy(x + sV (x)) det(I + sV (x)) = v,(x), (13)
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provided that |s| < 1. For k = 0, the eigenfunctions are homogeneous harmonic
polynomials of degree /, namely y; , o(x) = Y, ,(x/ |x])|x|'. If I = 2, the generating
polynomials are quadratic, and thus of the form y(x) = x - Ax for a symmetric and
trace-free matrix A. In this case, (13) defines affine transformations.

For further improvements on the rate of convergence, we have to quote out
affine transformations.

2.2. Higher Order Corrections and the Role of Symmetries

In order to improve on the convergence rates even further, we exploit symmetry
invariances of the thin film equation in conjunction with symmetry properties of
spherical harmonics, which determine the angular modulations of our eigenfunc-
tions, see Theorem 2.2. More precisely, we will obtain higher order convergence
rates by assuming that the initial datum vy, is invariant under certain orthogonal
transformations. Because such transformations leave the thin film equation invari-
ant and thanks to the uniqueness of solutions near self-similarity [65], the invari-
ance under those orthogonal transformations is inherited by the solution for all
times. We will show that the orthogonality condition leads to a selection among
the eigenfunctions forcing a large class of eigenmodes to remain inactive during the
evolution. The slowest active mode will then govern the large-time asymptotics.

To motivate our approach for modding out certain modes, it is enlightening to
study briefly the situation in two space dimensions, N = 2. In Figure 2, we have
plotted some finite displacements, cf. (13), generated by eigenfunctions y; , , with
I € {1,..., N,}. Apparently, displacements generated by y; , , (and then also by
any polynomial of the form p(|x|)Y; ,(x/|x|) including v, , ;) share precisely the
symmetry properties of a regular /-polygon. Under the assumption that the solution
has the symmetry properties such a regular /-polygon, all eigenmodes generated by
Wk With m < I are necessarily inactive. In Remark 4.2 below, we will discuss
the short elementary argument that rigorously supports this observation.

In higher space dimensions, the situation gets more involved and the structure
of the spherical harmonics is more complex. In order to mod out eigenmodes, tak-
ing a more abstract approach is strongly advised. We choose a group theoretical
approach, noticing that the symmetry group of a regular /-polygon is a finite sub-
group of the group of orthogonal transformations O(N). Our goal is to determine
geometric conditions on an arbitrary function, more precisely, invariances under the
action of a given finite subgroup of O(N ), which guarantee that the L-projections
of that function onto all spherical harmonics of a given degree / vanish. To achieve
this goal, we will eventually apply tools originating from the field of representation
theory of groups, see, for example, [10,57] for elementary considerations.

The space of square integrable functions on the unit sphere L? (S¥=!) can be
decomposed into a direct Hilbert sum over the eigenspaces of Agn-1,

12 (Sn—l) = @ H,,
1eN

where the eigenspace H, is spanned by the spherical harmonics of degree / and its
dimension is given by N;, see Theorem 2.2. We remark that every eigenspace H,
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is invariant under the action of orthogonal transformations. More precisely, given
an orthogonal matrix g € O(N), for every f € H; we have that f og™l e H I

If E is a finite subgroup of O(N), we denote by H IE the subspace of H; con-
sisting of all functions that are invariant under the action of all elements of E, that
is, fog™! = fforany f € H IE and g € E. The eigenmodes corresponding to an
eigenvalue 4, are all modded out by the action of elements in E if that subspace
is trivial, dim(H IE ) = 0. We present and discuss our final convergence result un-
der such an abstract condition and will discuss thereafter some specific choices of
E, for which we will need some deeper insights from the representation theory of
finite groups.

Corollary 2.5. Let N > 2 and v be given as in Corollary 2.4 satisfying
|V - v,

forsomel € N and k € Ny, such that the multiplicity of u; ; is given by N,. Assume
in addition that v is invariant under the action of a finite subgroup E of O(N) such
that

Se Mk forallt >0 14
L (supp v(1)) s 4

dim (HE) = 0. (15)
Then it holds that

|Vew - v,

where p, is the next largest eigenvalue following u, ;.

Se M forallt >0,
W Lo (supp v(1))

We shall briefly comment on the assumptions on v(¢) in the latter corollary.

Remark 2.6. It may be surprising that it suffices to demand the decay of v(¢) — \/7*
in L™ instead of W1 what would be the expected setting due to the previous
results. Due to the regularizing properties of the equation and the Lipschitz bound
(9) for the initial time, we will eventually see, that both assumptions are in fact
equivalent in the given situation. We will discuss this phenomenon shortly in the
proof of Corollary 2.5.

Not every eigenfunction corresponds to an orthogonal transformation and thus,
a symmetry condition like (15) is in general not sufficient to jump from one eigen-
value to another. Indeed, all eigenfunctions v ; , are radially symmetric polynomi-
als, and the slowest of the corresponding modes is generated by delayed Smyth—Hill
solutions u,,(7 + 7y, ¥) of (1), which turn into the dilations AN, (A1)~ x) with
M)~ 1+ N1+ 2 T9e H0.1" solving the confined equation (6), and converging towards
the stationary v, with exponential rate ;. We do not know if these modes can
be eliminated by a reasonable assumption on the initial configuration nor do we
see how they can be suitably controlled during the evolution. Therefore, in order
to raise the convergence rates beyond eigenvalues y ;, the decay hypothesis (14)
seems necessary to ensure that the respective radial modes are inactive. We have
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to demand that the multiplicity of the eigenvalue y; , in (14) is precisely N, in or-
der to exclude possible resonances with any spherical harmonics of different order
(such that p; , = pjp)-

To conclude the discussion about higher order asymptotics on the level of the
confined thin film equation, we remark that the number of eigenvalues we are able
to remove from the spectrum before reaching y; (provided we find a suitable
subgroup of O(N)) depends on the space dimension: If the dimension is odd, N =
2m — 1, then y, is the (m + 2)th eigenvalue and has multiplicity one. In even
dimensions, N = 2m, it coincides with p,,,, g.

We finally recall from the introduction that further and, in fact, much stronger
statements on the large time asymptotics can be derived after a customary change
of variables. These will be presented and discussed in the next section.

It remains to identify finite subgroups E of O(N'), which mod out spherical
harmonics of a given order / in the sense of (15). We will do that by applying
a surprisingly helpful tool, the Molien series, which originates from the field of
representation theory of groups. It was suggested to us by our colleague Linus
Kramer.

The subspace H, C L?> (SN~!) of spherical harmonics of degree / can be
identified with the space of symmetric, trace-free tensors of rank / that we will
further denote by H,; as well. The generating function A (¢) for the dimensions
dim (H ZE) of the subspace of L?(SN 1) that is invariant under the action of E can
be formally expressed as the power series

hi(s)= Y dim (HF)s', (16)
1=0

which is called Molien series or Hilbert series in the literature, cf. [57, p. 11] or
[67, p.479]. A beautiful and functional way that is often used to compute this series
explicitly is given by Molien’s formula

1 1 —s?
ho(s)= 3 _1=s°
)= T g; det (I —sg)

see [55,56]. In the physical case N = 2, the Molien series is known for all finite
subgroups of O(2), as will be discussed in the following:

o Cyclic groups. The first class of subgroups, &, for n € N, is generated by
rotations by an angle of 2z /n. The corresponding Molien series is given by

n [Se]
i+sn =(1+s”)zsl"=1+2s”+2s2”+2s3”+...,

h@ (s) =
! S =0

see [56, p. 143]. In view of the Hilbert series representation (16) of h@n(s),
this formula proves that the corresponding invariant subspaces must be trivial
(15) precisely if / is not divisible by #. In other words, the projection of a func-
tion that is invariant under rotations of an angle of 2z /n onto the subspaces
spanned by spherical harmonics of degree / has to vanish if / is not divisible by
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n. Moreover, if non-trivial, H l@ " has dimension 2, and thus, recalling that for
N = 2 each of the tensor spaces H; with [ > 1 is two-dimensional N, = 2, it
-

isH™=H,.

Dihedral groups. The second class of finite subgroups, D, for n € N, is gen-
erated by two elements. Again a rotation of the angle 2z /n and additionally a
reflection. In this case the Molien series reads as

sT=14 " s 4

Ms

Hs)n(s) =

1—sm

~
Il
=}

see [39, p. 59]. If a function is invariant under the action of ®,, instead of &,,,
the projection onto H; vanishes for the same / as before. This time, however,
the nontrivial subspace are one-dimensional.

We remark that the zeroth order term s° = 1 in the Molien series does not affect

the convergence rates since the mass of the initial datum vy, is already fixed.

In higher dimensions, classifying the finite subgroups of O(N) becomes more

complicated. For N = 3, we discuss the subgroups of O(3) that only consist of
rotations in more detail. The following results, together with more far-reaching
ones, can be found in [56, p. 143].

Cyclic groups. The class ©,, for n € N is generated by rotations by an angle of
27 /n around a fixed axis. The corresponding Molien series is given by

I 14"
1—s1—3s"

he, (5) = = (1+s+s2+s3 + ... ) (1+2s"+252"+2s3"+...>.
This formula shows that no invariant subspace is ensured to be trivial in this
case.

Dihedral groups. In three dimensions, the dihedral group 9, is generated by
two rotations: A rotation by an angle of 2z /n around a fixed axis and a rotation
by an angle of z around an axis perpendicular to the first one. The correspond-
ing Molien series is given by

n+1
hag (s) = 1 ! 211+s — =(1+s"+1)(1+s2+s4+...)(1+s”+s2n+...>.
n — 5 — s

In this case, the invariant subspace H lE becomes trivial if and only if / #
(n+ Dk +nm; +2m, forall k € {0,1} and m;,m, € N,
Platonic solids. The last group is given by the three rotation groups of the pla-
tonic solids. The tetrahedral group € (the rotation group of the tetrahedron) has
the Molien series

1 1+s°
1—s41-343

he(s) = =(1+5°) (1+s"+s8+ ) (1+57+55+..).

In this case, the invariant subspace H lE becomes trivial if and only if / # 4m; +
3m, for all my,m, € N,
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The octahedral group O (the rotation group of the cube or the octahedron) has the
Molien series

1 1+4s°
1—s41—s°

ho(s) = =(1+s°) (T+s*+s8+ ) (T+s0+5"2+.0).

In this case, the invariant subspace H IE becomes trivial if and only if / # 9k +
4m; 4+ 6m, for all k € {O 1} and my, my € N,.

The isocahedral group S (the rotation group of the cube or the dodecahedron or
the isocahedron) has the Molien series

1 1+4sP

ﬁﬁ=(1+t15)(1+s1°+s20+...)(1+s6+s12+...).
- S - S

hg(s) =

In this case, the invariant subspace H IE becomes trivial if and only if / # 15k +
10m; 4+ 6m, for all k € {0,1} and m;,m, € N,.

Regarding the four dimensional case O(4), extensive results can be found in
[55]. In addition, various results regarding the Molien series in general dimensions
are available; see, for example, [39].

Remark 2.7. We remark that some of the references given above do not work in
exactly the same setting that we consider here. In fact, it is not necessary to de-
compose the space L? (SV~!) into eigenspaces of Agn-1. Instead, one could also
decompose it into spaces of homogeneous polynomials of fixed degree,

§N1 @PI’

1eN,

where P, is the space of homogeneous polynomials of degree /. Given a finite sub-
group E of O(N), we similarly denote by PIE the subspace of P, consisting of all
functions that are invariant under the action of all elements of E. Let

pp(s) = Z dim (PF) s'
1=0

be the corresponding generating function. In this situation Molien’s formula has to
be adapted, namely

1 1
Pe(s) = |E| Z < det (1 —sg)’

see for example [57, p. 13]. We obtain hg(s) = (1 — s2)pE(s), what enables us to
transfer results to the given setting.
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<J>>> :

(4v, ()4

T T T T
-1 Tz 0 1

Fig. 3. The change of variables from (x, v(x)) to (z, w(z))

3. New Variables and Main Results

As announced earlier, one of the main analytical challenges in deriving fine
large time asymptotics for the (confined) thin film equation is the free moving
boundary. Following Koch [47], we perform a von Mises-type change of depen-
dent and independent variables, which brings the equation into a setting in which
solutions depend differentiably on the initial datum [65]. The transformation ap-
plies when the solution is Lipschitz close to the stationary solution in the sense of
(9), cf. [64,65]. The underlying geometric procedure is the following, which is also
illustrated in Figure 3.

The stationary (4v,)'/* describes a hemisphere over the N-dimensional unit
ball B = B;(0). We orthogonally project each point (x, (4U(x))1/ 4) of the graph
of (4v)!/* onto the closest point (z, (4v, (z))!/*) on the hemisphere and denote by
w(z) the (minimal) distance. Analytically this amounts to the choice

X

VARG NP

z A7)

for the new independent variable, and we see that x = z precisely if v is the sta-
tionary solution (7). The formula for the dependent variables reads as

1+ w(t, z) = V2, x)/2 + |x|2, (18)

and thus w vanishes if v is v,. We will accordingly refer to w as the perturbation.

The transformation is applicable also in situations in which v and v, have not
the same mass. This observation is reflected by the fact that y, = 0 occurs in the
spectrum of the linear operator, see Theorem 2.2. We will not eliminate this eigen-
value on the level of the perturbation, but only for the original variables through
the mass constraint (8). For the general theory that we perform in terms of the
perturbation, any constant solution w = const is admissible and corresponds to a
Smyth—Hill solution (2) of arbitrary mass M.
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The derivation of an evolution equation for the new variable w is lengthy and
tedious. It has been described in detail already in [65], using the sloppy * notation,
see (20) below. For our purposes it is necessary to rederive the transformed equa-
tion in a way that carries more structure than the formulation chosen in [65]. We
postpone these computations to the appendix and state here our findings only. The
perturbation equation for the w variables is

ow+L2w+ NLw = %v - (PP Flw]) + pFlw] on (0,00) X B;(0), (19)

where p(z) = %(1 —|z|?) is a weight function degenerating at the boundary, Lw =

—p7'V - (p*Vw) = —pAw + 2z - Vw is the building block of the thin film linear
operator and

Flw] = p x R{w] % (pV>w *x Vw + p(Vw)™ + V2w x Vw + (Vw)**) (20)

is the nonlinearity. The star product a % b denotes an arbitrary linear combination
of entries of the tensors a and b, and thus, in particular, the above F[w] defines a
class of nonlinearities and both representatives in (20) may be different from each
other. We write a** = a % -+ % a, where the *-product has k factors. Moreover,
p is a polynomial tensor in z, which might have zero entries. The rational factors
R[w] are tensors of the form

(Vw)k*

R =
= etz vy

for some k € Ny and / € N. Finally, the distributive property respects only the
tensor class, for example p x (a + b) = p x a + p * b with two possibly different
polynomial tensors p and p. This shortened * notation is suitable in the present
work because the exact form of the nonlinearity is not important for our analysis.
We finally recall from our introduction that the linear operator £ also occurs in
the context of the porous medium equation (4) with m = %, and was analyzed, for
instance, in [63,64]. It is readily checked that £ is symmetric (and, in fact, self-
adjoint [63]) with respect to the inner product

(w, Wy = / ww pdz, 21
B (0)

which induces a Hilbert space with norm || - || in the obvious way.
The perturbation equation (19) is well-posed for small Lipschitz initial data wy,

lwpllpre <1, (22)

as was proved in [65]. We will recall the precise statement in Theorem 5.1 below.
The above smallness condition is equivalent to (9) under the change of variables.
It follows from the statement of Theorem 2.2 that the order of the eigenvalues
M, depends on the space dimension N. For us, it only plays a role when we want to
determine conditions on the initial datum v, that lead to improvements in the con-
vergence rates for the confined thin film equation, see Corollaries 2.3, 2.4, and 2.5
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presented above. On the level of the perturbation equation, it is more convenient to
rename the eigenvalues { My } keN, and order them in a strictly increasing way, that
is pty < pig4- Correspondingly, we denote by y; , all eigenfunctions correspond-
ing to y; forn € {1, .., N k}. We note that the multiplicity of y; may change
due to intersections between the eigenvalues, see Figure 1. We mostly stick to this
notation for the remaining work.

All announced asymptotic results for solutions v to the confined thin film equa-
tion will be derived from the following theorem that fully describes the higher order
asymptotics of the perturbation equation. It is one of the two main results of the
present work its proof can be found in Section 8.

Theorem 3.1. For any fixed K € Ny, there exists an €y > 0 with the following
properties: Let w be a solution to (19) with initial datum w satisfying ||wylly 1.0 <
&q- Then, under the assumption

lim " (y () =0 forall k € {0,....K} andn € {1,....N;}. (23)
it holds that
lw®)ly100 S e HK+ forall t > 0.

To clarify the meaning of this Theorem, we first consider the case K = 0. The
smallest eigenvalue ug = py = 0, corresponds to the constant eigenfunction 1,
and thus, condition (23) turns into the requirement

lim w(t, z)p(z)dz = 0. 24)
=0 Bl (0)

As we will see in the proof of Corollary 2.3, the latter is equivalent to the mass
constraint (8) for the v variable. By imposing a condition of the solution’s mass,
we rule out u, = 0 as a relevant eigenvalue for the evolution, or, in other words,
the corresponding mode is inactive. It follows that the leading order asymptotics
are dominated by the next eigenvalue in order, y4, in the sense that it determines
the rate of convergence and governs the evolution towards the stationary v,.

The theorem states that this procedure can be iterated. Because the mappings
(W.n» ) act as projections onto the respective eigenspaces, condition (23) ensures
that the first K modes (with their multiplicities) are inactive during the evolution,
that is, the modes do not affect the long-time behavior anymore. We can thus im-
prove the rate of convergence and the theorem shows that the leading order asymp-
totics is then governed by the smallest active mode. In the proofs of Corollaries 2.4
and 2.5 we identify symmetry conditions for solutions to the thin film equation
which ensure the decay (23) for the perturbation equation.

The proof for the higher-order asymptotics of the perturbation variable w in
Theorem 3.1 is based on the construction of invariant manifolds, which are local-
ized around the stationary solution w = 0. This is our second main result, which
is of independent interest. To state it properly, we have to introduce some further
notation.
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First, we denote by S’(g) the flow generated by the perturbation equation, that
is S’(g) = w(t, -) where w(t, z) solves the perturbation equation with initial datum
g. We consider the Hilbert space H that is induced by the inner product

(v,w)y = (v,w) + (Lo, w) = (v, w) + (v, Lw) = (v,w) + (\/EVU, \/;Vw)
and the norm

2 2 1/2 2 2 2
lwll3, = lwl? + 1121 2wl* = [wl* + 1y/pVwl,

where || - || was defined via (21). It is equivalent to a scale invariant Hilbert space
norm,
lwli3; ~ lwll?, + lpVwll (25)
H 12 12’

as can be seen with the help of Hardy’s inequality, cf. Lemma B.2 in the appendix.
Furthermore, E, is the eigenspace spanned by the eigenfunctions y; , for k < K
andn € { ..., N, k} with K € N fixed and E denotes its orthogonal complement
in H, such that H = E_, @ E,. In the following theorem, E, and E are the center
and stable eigenspaces, respectively. We finally have to refine the analysis from
[65] by considering

lwly = lwll o + IVl oo + 19V @l oo + 10° V3 e0]l oo, (26)

instead of the Lipschitz norm only. The necessity of considering (scale-invariant)
higher-order norms is a crucial observation in our definition and analysis of the
truncated equation (45). We will comment on this further in Section 6.

Theorem 3.2. For any fixed K € Ny and yp € (yk, MK+ ) there exist two con-
stants € > €y > 0 (with gy possibly smaller than in Theorem 3.1), and a Lipschitz
continuous mapping 0, . E, — E that is differentiable at zero with 6,(0) = 0 and
DO,(0) = 0 such that W, . given by

Wi, = {ge H:g=g.+0, (gc),gc eE,.lzllg Se}
has the following properties:

1. Forevery g € W'lf)c with ||g|l iy < & if holds that S'(g) € VVlf)C forallt > 0.
2. For every g € H with ||g|lyy < € there exists a unique § € I/Vlf;c such that

|57 (&)= S" @y e
foreveryt > 1.

The first property simply states that the local center manifold W)’ is locally
invariant under the nonlinear evolution (19). From the properties of 6, we infer
that this manifold touches the center eigenspace E, tangentially at the origin. The
second property provides a finite-dimensional approximation at a given rate by
solutions in W’ for any given solution with sufficiently small initial datum. It is
this feature that we exploit in order to derive fine large time asymptotics for the thin
film equation.
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The invariant manifold theorem is interesting on its own as it provides a non-
linear finite-dimensional object which solutions approximate at a given rate in the
large time limit. In other words, once a rate of convergence is determined, any suf-
ficiently small solution belonging to an infinite-dimensional function space can be
approximated with the prescribed rate by a solution on a finite-dimensional mani-
fold. As outlined in the introduction, similar results have been derived earlier. What
is particularly challenging here is the delicate degenerate parabolicity of the fourth-
order equation (19) modeling a free boundary problem whose mathematical under-
standing is still poor.

The construction of the invariant manifolds will be done in Section 7, and will
be carried out for a truncated version of the perturbation equation first. In fact, our
analysis provides even more information, that we omit here because they are not
relevant for the large time asymptotics. For instance, we will show that the finite-
dimensional approximation emerges from foliation of the Hilbert space H over a
global invariant manifold.

4. From Invariant Manifolds to Higher Order Asymptotics

The goal in this section is the derivation of the main results for the thin film
equation stated in Corollaries 2.3, 2.4 and 2.5 from Theorem 3.1 on the mode-by-
mode asymptotics for the perturbation equation.

We start by noting that the transformations (17) and (18) yield that

v(x) = p(®(x))* (1 + w(@(x))*, (27)

where ®(x) = z is the diffeomorphism introduced in (17).
In our proof of the leading order asymptotics, we apply Theorems 3.1 and 3.2
with K = 0.

Proof of Corollary 2.3. In a first step, we have to ensure that the mass constraint
(8) implies the vanishing mean condition (24), which is the K = 0 version of (23).
We start by rewriting (8) with the help of the change of variables formula (27) and
the expression for the Jacobian determinant (68) in the appendix,

/ v, (x)dx =/ v(t, x)dx
RN RN

= / p(2)>(1 + w(t, 2)N T3 (1 + w(t, 2) + z - Vw(t, 2)) dz.

B (0)

(28)

The term on the right-hand side can be simplified via an integration by parts,
PA+wVN A +w+z-Vw)dz
B,(0)

=/p2(1+w)N+4dz+N+4/p2z-V(1+w)N+4dz
BJ(0) B}(0)
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/ p(L+w)N* (N +4)p—Np+2|z|*)dz
B (0)

=N2+4 / (1 + wyN*+ pdz,

B, (0)

" N+4

where we have used that 4p(z) +2|z|? = 2 in the last identity. In particular, as v, is
mapped onto w, = 0 under the change of variables, the latter identity entails that

[ =2 [ e <= 21B,(0)] >
v F N+a | P (N+2)(N+4) )’

B, (0)

which can also be verified via an elementary computation. Hence, we may cancel
this term on both sides of (28) to obtain

2

N—+4/((1+w(t,z))N+4—1)p(z)dz=O forallt > 0.

B, (0)

Now we notice that any solution to the perturbation equation w(t) converges
to leading order to a constant a € R. Indeed, if K = 0, the local center manifold
constructed in Theorem 3.2 is simply a ball B,(0) in R. (We comment on this simple
fact briefly in the proof of Theorem 8.1.) Hence passing to the large time limit, the
previous identity translates into (1 +a)V+* — 1 = 0, where |a| < € and thus a = 0.
This proves (24).

Applying now Theorem 3.1 gives the decay estimate

w1 S e7H10%

Using the transformation formulas (17) and (18), we see that

w(t, d(x)) + %w(t, CID(x))2 =Vu(t,x) =V, .(x)

for any x € supp v(¢), and that the quadratic term on the left-hand side is of higher
order because w(t) is small. Therefore, the decay estimate for w(¢) implies the first
part of the statement

” V U(t) - V*”L""(supp u(t)) S e_Ml’OI-

Lastly, we turn to the decay of the first derivatives. With help of (4) we derive
0 < v(x) — V*) = (1 4+ w) Vw - 0;,®. Recalling the transformation formulas (17)

and (18), we compute

9, ( o) — V*>

G
0,CI)(x) = H-—w + (I)(x) (1 n w)2
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and thus obtain

_ 1+ w(t, d(x)
v (Ve =) = T+ w0, 900 + 00 - wir a0 * P

for all x € supp v(t). Having this identity at hand, the decay estimate for w(¢) in
Wl directly yields the second part of the statement,

< e Mol
L (supp v(1))

HV < o) — V)

m}

The proofs of Corollaries 2.4 and 2.5 will build up on the fact that the L>-
projections of solutions v(¢) of the confined thin film equation onto eigenspaces
generated by certain eigenfunctions v, , vanish for all times if they vanish ini-
tially. The next lemma illustrates how exactly this condition can be translated to
the perturbation equation.

Lemma 4.1. Let y; , , be an eigenfunction of the linear operator L2+ NL as given
in Theorem 2.2. Then it holds that

/RN (000 = 0,(X)) Wy () dx = 2/ W@, (2)p(2)dz + O (w7 ) »

B, (0)

provided that w small in the sense of (22).
This lemma, in particular, entails that

2
|<w’ l»Ul,n,k>| s ”w”Loc )

provided that [i,x vy, dx = fon v, dx. We will exploit this observation in
the sequel.

Proof. Theorem 2.2 shows that every eigenfunction y; , ,(x) is given as a product
of a polynomial in |x|?> and a homogeneous harmonic polynomial of degree /, that
is,

k

Wik = D ek, DIxPy(x),
Jj=1

where y; denotes an arbitrary homogeneous harmonic polynomial of degree / and
c(l, k, j) a real-valued coefficient. Due to this structure of the eigenfunctions, the
problem boils down to proving that

/ (0(x) = 0,(0)) Wy x[Vdx = 2 / WD)z p(2)dz + O (w2 )
RN B,(0)
(29)

for any integer j < k.



Arch. Rational Mech. Anal. (2024) 248:27 Page 23 of 64 27

To address (29), we first notice that by our choice of the perturbation variables
(17) and (18), it holds that y;(x) = (1 + w(z))[u/,(z) and |x| = (1 + w(2))|z].
Therefore, we find with the help of the transformation identities (27) and (68) that

/ vy |x|¥dx = / P2+ w2 Ny ()| 2|7 (1 + w + z- Vw) dz
RN B (0)
— / pZ(] + I/U)4+l+2j+Nl[/l(Z)|Z|2de
B,(0)

+/ P21+ w2 Ny (2)|z|¥ z - Vw dz.
B, (0)

In the last term on the right-hand side, we integrate by parts and find after a short
computation that

/ P21+ w2 Ny ()2 z - Vwdz
B (0)

- _/ p2(l + w)4+l+2j+NWl(Z)|Z|2j dz
B, (0)

2

S 14+w 4+142j+N 2Nz 2j dZ,
A+1+2j+N BI(O)P( ) w(2)|z]

where we have used the identities z - Vy; = ly;, which holds true because y; is a
homogeneous polynomial of degree /, and 2p + |z|> = 1. It follows that

2j 4y — 2 A+1+2j+N 2j
vy | x|~ dx = p(1 +w z)|z|* dz.
/RN WI' | 4414+2j+N B (0) ( ) Wl( )l I

Next, we take into account the identity (1 + w)™ = 1+ mw + O (||wl|3, ), which
holds for m € N and ||w||;~ small by Taylor expansion, and derive

/ Ul//,lxlzjdx = 2/ pwy/,lzlzjdz
RN B, (0)

2

2j 2
_ z|Ydz+ O ([|lw||5 ) -
TR AN [y (o} )

It remains to show that
2 2j
4+41+2j+N /31(0) pylz|~dz

. 1 20 ;i
= /[RN U*Wllxlzjdx = Z/Bl(()) U4} (1 - |x|2) |xlszdx~

In the case / > 1 both terms vanish thanks to the orthogonality of the eigenfunc-
tions with respect to the inner product introduced in (21). Indeed, the harmonic
polynomial y; can be written as a linear combination of the eigenfunctions y; ,

with n € {1,..., N;}, while the radial weights |z|* and (1 — |x|2)2 [x]* lie in
the spaces span {yq; : i <j} and span{yq, : i <j+2}, respectively. For
I = 0, it holds that y; = 1 and the claim follows via an elementary computation.
This establishes (29) and thus the proof is finished. O



27 Page 24 of 64 Arch. Rational Mech. Anal. (2024) 248:27

With help of the previous lemma, the proof of Corollary 2.4 reduces to an easy
combination of the already established results.

Proof of Corollary 2.4. As the solution of the confined thin film equation remains
centered at the origin provided its initial data is, cf. (12), we can make use of
Lemma 4.1 with y; , . =y ,, o to obtain

o=/ xiv(t,x)dx=2/ zyw(t, 2)pdz + O (lwl?.)
RN B, (0)

for every i € {l,..., N}. In the proof of Corollary 2.3 we already established
convergence rates for w, namely ||w]||;« < e #10. This directly yields

lim e"l,O’/ zw(t, z)pdz = 0,
B (0)

=00
which makes Theorem 3.1 applicable. We therefore obtain
lw®llpre S e,

where u is the next eigenvalue in line, which is 4 = yy; = 30if N = 1 and
H=tprg=16+4Nif N > 2.

It remains to translate the convergence result for the perturbation equation into
a convergence result for the confined thin film equation. The argument proceeds in
exactly the same way as the proof of Corollary 2.3. We drop the details. O

The last proof of this section is based on similar ideas and exploits Lemma 4.1
in more generality.

Proof of Corollary 2.5. In a first step we establish the uniform decay estimate
lw®)|l po S e ', which directly implies tllglo eH(y,w(t)) = 0 forall u <
and their corresponding eigenfunctions y. Towards this uniform estimate, we no-
tice that on the one hand it holds |w(z, z)| < |w(t,z) + %w(l, 2)?|, because w(r)
is small as a consequence of the leading order asymptotics in Corollary 2.3. On
the other hand, we deduce from the transformation formulas (17) and (18) that
|w(l, z)+ %w(t, z)2| = ‘\/U(I, X) — V*(x)‘. A combination of both and (14) gives
the estimate on w(t).

Before we continue with the proof, we insert a short discussion about the as-
sumptions on the decay of v(f) — \/7* , ¢. f. Remark 2.6. Since all eigenmodes cor-
responding to eigenvalues y smaller than 4, , decay fast enough, Theorem 3.1 pro-
vides a decay estimate for w(t) in W% namely lw®llpre S e Hkl,
Proceeding in the same way as in the proof of Corollary 2.3, we obtain
”U(t) - \/7* W supp o(t) < e Hik' This shows that extending norm in the decay
assumption in Corollary 2.5 from L® to W 1% eventually provides an equivalent
condition.
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Let us now turn back to the actual proof. To deduce a better convergence rate for
w(t) from Theorem 3.1, we also have to show that the eigenmodes corresponding
to p; ;. are inactive, that is

lim e (yy, w()) =0 forallne {1,...,N,}. (30)

t—o00

Once this is proved, we obtain with help of Theorem 3.1 that ||wlly, < e #+,
where 1, is the next largest eigenvalue following ;. From this point on, the proof
proceeds in the same way as before.

Let us now turn to the proof of (30). Recalling that ||w||; < e ##' and
Lemma 4.1, it suffices to prove that

/RN (0(t, %) = 0, () W (x)dx =0 forallne {l,....,N;} (31

for all t > 0. The argument for this identity is based on the invariance of v(¢) under
orthogonal transformations contained in E. Since the confined thin film equation
is invariant under orthogonal transformations, uniqueness of solutions to this equa-
tion guarantees that the solution v(¢) inherits this property from its initial datum v,
for every time 7.

By the right choice of E, this geometric invariance ensures that the projection
of v(#) onto every homogeneous, harmonic polynomial of degree / vanishes. The
same trivially holds true for v,. In order to exploit this fact, we have a closer look
at the structure of the eigenfunctions y; ,, , appearing in (31). Due to the condition
that y; , has multiplicity N,;, we know from Theorem 2.2 that every y; , , has the
form

k
Wik = D ek, DIxPy(x),
j=1

where y; denotes an homogeneous harmonic polynomial of degree /.

Note that the product v(z) Y. ¢(l, k, 7|x|¥ satisfies the same geometrical prop-
erties as v(¢) and thus its projection onto every homogeneous harmonic polynomial
vanishes as well, that is

k
0=/ v(t,x)ZC(l,k,j)IxIZJWI(X)dx=/ v(t, )y i dx.
RN RN v

j=1
Again, the same holds true for v, and thus the proof of (31) is completed. O

Remark 4.2. In the two-dimensional case N = 2, Corollary 2.5 can also be easily
proved in a more direct way thanks to the fact that both, the spherical harmonics
and the orthogonal transformations have a handy, explicit form in two dimensions.
The spherical harmonics of degree I/ are given by (in polar coordinates) cos(I@)
and sin(/g). Recalling the form of a rotation or reflection matrix, a straightforward
computation yields the same results as Corollary 2.5.

However, this strategy becomes impracticable in higher dimensions, particu-
larly because there is no longer such a convenient representation for general or-
thogonal projections.
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5. Theory for the Perturbation Equation

In this section, we will recall main aspects of the theory for the perturbation
equation (19) derived earlier in [65], and we will provide higher order regularity
estimates. Such estimates will be an important tool in our invariant manifold theory,
which we will develop in the subsequent sections.

We start by recalling that the operator £ is symmetric in L2(p) and satisfies the
maximal regularity estimate

IVl + [lpVwll < lILwll. (32)

Indeed, such an estimate holds true for the more general class of degenerate elliptic
operators

L,:=—p°V-(p""Vw), (33)

that naturally occur in the context of the porous medium equation, see [42,47,63,
64]. In this case, the underlying Hilbert space is L (p°). We state the corresponding
maximal regularity estimate for the fourth order linear problem associated to the
perturbation equation (19), that is,

(34)

dw+L’w+ NLw =f in(0,00)x B;(0)
w(O0, -) =w, in B(0).

This problem is well-posed for L2(p) initial data and L*((0,T); L?(p)) inhomo-
geneities; see Lemma 7 in [65]. In the case with zero initial data, w, = 0, there is
the maximal regularity estimate

001l Loo.1y:Lo(p7)
+ IVl Loo.rr:Legey + 10V W ooy Loy + 102 VAW ooy Lo
p ||f||Lp((0,T);Lp(pa)),

(35
which holds true for any p € (1, 0), 6 > 0 and T > 0, see Lemma 8 and Proposi-
tion 19 (and its proof) in [65].

In order to motivate the results that are collected and derived in the following,
we have a closer look at the nonlinearity occurring in (20). The natural framework
to prove well-posedness of the nonlinear problem (19) is the class C%!(B,(0)), in
which the singular terms R;[w] can be suitably controlled, at least, if w is small in
that class. Moreover, in such a situation, the nonlinearity is of the same regularity
order as the linear elliptic operator £2, and the inhomogeneity can thus be treated
as a quadratic perturbation term. We will carry this out in a simple Hilbert space
setting later in Section 6 (after a necessary truncation). A complete theory for the
nonlinear equation (19) forces us to construct higher order norms that match the
scaling of the (homogeneous) Lipschitz norm. This naturally leads to considering
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Carleson or Whitney measures; more precisely that

pAk+p1-1

||W||X(p) = Z Su e |Qd(z) _
21— 1 r
(kTFhee 2B @ 00 2 IPF
0<r<1

1
"0 Ol wll 1o gs )

+ ) supllpofolwll rocry
(l,k,|ﬁ|)eeT>1

1 Iy = sup_ \Qdcz)] 1 is(otiey + 5P 1/ ooy
z€B,(0)

O<r<1

9(

where £ = {(0,1,0),(0,0,2),(1,0,3),(2,0,4)} and 8(r,z) = max{r,\/p(z)}.
Moreover, Q%(z) is the Whitney cube (+*/2,r*) x B%(z) and Q(T) = (T.T +

1) X B, (0). We remark that the balls B (z) = {z’ € B,0) : d(z,7)) < r} are not
defined with respect to the Euclidean metric on B;(0) but the semi-distance

o
d(z,2'):= 2 -z . (36)

Vo@D + V@) + V2= 7]

The occurrence of this semi-distance can be motivated by interpreting the parabolic
problem (34) as a (fourth order) heat flow on a weighted Riemannian manifold
(M, g, wvol), cf. [37]. Indeed, considering g = p~!(dx)? as the Riemannian metric
on the disc B and choosing a suitable weight @ on the volume form, the elliptic
operator L turns out to be the Laplace—Beltrami operator on (M, g, wvol). On this
manifold, the induced geodesic distance is equivalent to d(z, z') in (36).

Considering this intrinsic metric is helpful as the theories for heat flows are
often also available on weighted manifolds [37]. For the subsequent computations,
we recall some properties of the intrinsic distance from [64]: The intrinsic balls
are equivalent to Euclidean balls, more precisely there exists a positive constant C
such that

Be-119r2(2) € B (2) € Beypirz)(2) 37)
for every z in m and any r. Furthermore, it holds for any r that
pzYSr = p(z) Sr forallze Bf(z’)
and
\/M >r = p(z)~p(z') forallze B )
which, in particular, implies that
0(r,") ~0(r,z') in BY(2). (38)

Variants of these norms were considered earlier in the treatment of the Navier—
Stokes equations, a class of geometric flows, the porous medium equation and the
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thin film equation [40,42,48,50,64], see also the review in [49]. The choice of the
large time contributions is rather arbitrary, see also Remark 5.2.

Still on the level of the linear equation (34), it is proved in [65] that for any
p > N + 4, the solution to (34) satisfies the estimate

lwllp e + Nlwllxpy S 1y + lwollp e (39)

provided that the right-hand side is finite. The well-posedness theory for the per-
turbation equation (19) and our higher-order regularity estimate below do heavily
rely on that bound.

For further reference, we recall the main results for (19) from the literature.

Theorem 5.1. ([65]) Let p > N + 4 be given. There exists €y > 0 such that for
every wy € Wb with lwylly1.0 < €y there exists a solution w to the nonlin-
ear equation (19) with initial datum w, and w is unique among all solutions with
[[eoll oo 1.0y + Wl x () S €0- Moreover, this solution w satisfies the estimate

Il foo(mrieoy + Wl x () S Nlwollyp1.00
and is smooth, and analytic in time and angular direction.
Strictly speaking, the result described here slightly differ from [65].

Remark 5.2. For accuracy, we remark that in [65], the linear bound (39) and the
nonlinear theory in Theorem 5.1 were derived for slightly different X (p) and Y (p)
norms. Indeed, in this earlier work the large time contributions || p/ dtkdf Wl Lecocry
and || f|| Lo((r)) came both with a factor 7. With regard to the theory developed in
the present paper, dropping this factor is more convenient.

In the present paper, we have to extend the theory from C%! data to a higher
regularity setting. Indeed, it turns out that the truncation that we introduce on the
level of the nonlinearity in Section 6 needs to cut-off derivatives up to third or-
der. In order to subsequently relate the truncated equation to the original one (19),
these derivatives need to be controlled by the initial data. We will chose the uni-
form higher-order norms whose homogeneous parts have the same scaling as the
homogeneous Lipschitz norm at the boundary, || - || -, which we introduced in (26).

Our main contribution in the present section is the following higher order reg-
ularity result:

Theorem 5.3. There exists €y > 0, possibly smaller than in Theorem 5.1, such
that for every wy € W1 with |\wylly, < &, the unique solution w from from
Theorem 5.1 satisfies

lwlly < llwolly -
Proof. Step 1. Second order derivatives. We will prove the slightly stronger bound

V2 wll 1o + 10V 0l x ) S gl + 1PV2000]l o (40)
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For this purpose, for every i = 1, ..., N, we consider the dynamics of po;w under
the nonlinear equation (19), that is,

0,(po;w) + L*(po,w) + N L(po;w) = po, f[w] + N E[w] + LE[w] + E[Lw],

where E[v] = —pz;Av—2p0;v+ (N p—2|z|)0;v+2pz - Vo,v is the commutator of
the operators pd; and L, and this equation is equipped with the initial datum po;wy,.
From the a priori bound in (39), we know that

lpo;wlly 10 + llp0;wll x () S 100 f 1wy ()
+|IN E[w] + LE[w] + E[Lw]|ly(y) + |p0;wpllp 1.0

In view of the bound from Theorem 5.1, in order to prove (40) it suffices thus to
prove that

lpo; flwlllyp + IN Elw] + LE[w] + E[Lw]lly
(41)
Sllwllyre + lwll x ) + €0 (IloVwllpie + ||va||x(p)) ,

and to choose ¢, sufficiently small.
From [65] we are aware of another form of the nonlinearity f[w] of the pertur-
bation equation (19), namely f[w] = f1 [w] + fz[w] + f3[w], where

S'wl = px Rlw] x (V)™ + Vw x V2w),

F2wl = px Rlwl % p (Vi)™ + Viw x Vuo),

Fw] = p* Rlw] * o <(V2w)3* + V2w % V3w + Vi % V4w> ,
and

(Vw)k*

Rlw] =
A+w+z-Vw)

for some k € N, I € N, whose values may be different in any occurrence of R[w].
(Of course, the reader may derive this presentation also directly from (19) and (20).)
The computation of derivatives of these expressions is tedious but straightforward.
As an auxiliary result we notice that VR[w] = p * R+ p % R % V?w. Here are the
final formulas:
0,/ [w] = p % Rlw] x (Vw)™ + Vw x V2w + (VZw)** + Vw * Viw),
9, *[w] = p * Rlw] x ((VZw)**
+Vw * V3w + p(V2w)™ + pVZiw * V3w + pVw x Viw),
0, [w] = p* Rlw] x (p(Vw)y’* + pV?w x V:w + pVw x p*w + p*(Vw)™*
+ PPVw * Viw + pPA(V2w)™ x Viw + p2(V3w)™ + p* V2w * Viw).
Combining them, and multiplying by p, we thus find that

po; flw] = p* Rlw]x (I +J),
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where
I = (Vw)*™ + pVw * V2w + p(V2w)™ + pVw x V3w + p*Viw x Viw
+ p2Vw * Viw + pzvzw * V3w + p3V2w * Viw + p3Vw * V2w,
J = PV + (V2w + PP (V2w)™ x V3w + p3(V2w)* .
Because |p x R[w]| S 1 thanks to the control of w and Vw during the evolution,

in our estimate of pd; f[w] it is enough to control I and J. Here, the first term
is much easier to handle. Indeed, using the fact that [|[Vwlly, < [[Vwll;- and

IV2wlly )+ 12V wlly ) + 167 VAwlly ) S 1wl x> which comes directly out of
the definition of the Y (p) norm, and invoking the a priori estimate in Theorem 5.1,
we readily find that

lyq) < (||Vw||L°° + ”w“X(p)> (||Vw||L°° +pViwl Lo + ||p3V5w||Y(p))
S llwolly e + €9 (1YWl o + 107V wlly () -

The estimates of the terms appearing in J are more involved, as we have to
make use of suitable interpolations; some were already discussed in [65], but we
present the ideas here for the convenience of the reader. Let n be a smooth cut-off
function satisfying # = 1 in Bf’(zo) and 7 = 0 outside Bgr(zo) for r < 1. Inside of
the ball BY(z,), we then have that

PV wl* < pl VI + p| Viw|?,
if £ = npV2w. It follows that
||p3|v3w|2”Lp(B;1(zo)) S ||P|VC|2”LP + ||P|V2w|2“Lp(B;1(ZO))-

To estimate the first term on the right hand side, we make use of the interpolation
inequality (71) with m = 2 and i = 1 in Lemma B.3 of the appendix and find

1AIVER N = 1VE 12, 0 S IEN L IV2C N Loy

We then deduce from the definition of ¢, by using Leibniz’ rule and the fact that
[Vkn| S r*0(r, zy)~*, which follows from the behavior of the intrinsic balls in
(37), that

IoIVE P S V2wl oo <||p2V4w|| + 10V w0l Lope )

LI’(Bgr(zO)>
L
ro(r, zg)

1 292
+—|p"Vw .
2002 ||LP(B§’,(Zo))>
The p’s can we always pulled out of the norms by estimating against 6(r, 20)2,

because 6(r, z) ~ 0(r, z) = max {r, vV p(z)} by (38). In view of the definitions of
the Y (p) and X (p) norms, we then deduce that

1
———[Ip* V3wl

e VZw””(%’,(zo)) " 00 zo) e (55, 0))

||P3|V3w|2||y(p) 3 ||w||X(p)||PV2w||L°° + ||P|V2w|2||y(p),
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and the second term can be estimated as in our bound for I, so that we find that
1221V wl*lly () S golloVwll oo (42)

thanks to the estimates from Theorem 5.1
The second term in J can be estimated very similarly. This time we choose
¢ = nVw and eventually arrive at

212 2
1271V w0l lly gy S IVl e (IVell o + 1wl x ) S llwgllpres,

thanks to the a priori estimates in Theorem 5.1. (Notice that details for this estimate
can be found in [65].) The latter bound also entails an estimate for the fourth term
in J. Indeed, we have
lIp* |V2w|4||y(p) < pVZwll s 1PV w0]? llyp)
2 2
SlgliwrellpVowll e < gllpV-wll po- (43)

Finally, in order to bound the third term in J, we interpolate between (42) and (43).
Altogether, we find the estimate

2
1 1ly () S Nlwollwie + gollpV-wll o

Our estimates on I and J yield the desired control on pod, f[w]. To prove the
full statement in (41), it remains only to choose £, small enough and to notice that

N E[w] + LE[w] + E[Lw]| < |p°V*w| + |pViw| + |VZw| + |V,
which provides
IN E[w] + LE[w] + E[Lw]llyp) S lwllpie + lwll xpy S llwpllp e

in a similar manner as before. This finishes the proof.

Step 2. Third order derivatives. The prove of the estimates proceeds analo-
gously to the first step, only this time, much more terms have to be considered.
For every i,j = 1,..., N we consider the dynamics of pdj(pa,w), that is,

9, (9;(pdw)) + L (p9;(pd;w)) + N L (pd;(pd;w))
= po; (p9, flw]) + po; (N E[w] + LE[w] + E[Lw])
+ N E[po,w] + LE[po,w] + E[L(po;w)],

which is equipped with the initial datum pd;(pd;wy). Again, thanks to the a priori
bound (39), we know that

1199; (p9;) llwr1.e0 + 1100; (PO 0) Nl x ()
S 1100 (0, f1w]) lly () + 190; (N E[w] + LE[w] + E[Lw]) Iy,
+ [IN E[po;w] + LE[pd;w] + E[L(pd;w)]lly () + [1p9; (Paiwo) Iy 1,005
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which can be rewritten as

19207 wliyies + 11007 wll x )
S 119207 flwllly + 190; (N Elw] + LE[w] + E[Lw]) lly,
+ [N Elpo;w] + LE[pd;w] + E[L(pd;10)]lly ) + llwollyy

by the virtue of the second order derivative (40). The linear terms are, again, rela-
tively easy to bound, as we have

|N E[po,w] + LE[po;w] + E[L(pd,w)]| + |pd; (N E[w] + LE[w] + E[Lw]) |
< PP IVIw| + P VAw| + p|Viw| + [Viw| + |V,

and thus, the Y (p) norm of the linear terms is controlled by the X (p) and L* norms
of w and pVw, which are in turn bounded by ||wy||y;- by the virtue of Theorem 5.1
and the second order estimates in (40).

Let us thus focus on the nonlinear terms. There take the form
P07 flw] = px Rlw] x K,

where

K = p(Vw)** + pVw *x V2w + p(V2w)** + pVw * V3w + p>(VZw)** + p*V2w % V3w
+ pPVw * Vw + pP(VZw)?* % V3w + p> (V)™ + pP V2w x V2w + pP°Vw * Vo w
+ 'V x VOw + p* V2w x V2w + p*(VZw)?* x Viw + p*(VZw)*™* x Vw

+ p*(V2w)* % V3w + p*(VZw)™* + pP (V) + p* V2w x (Vw)?* + p* V3w x V*w,

as the reader may check in a lengthy but straightforward exercise. The bound of K is
surprisingly simple as, thanks to the second order estimates (40), no interpolations
have to be performed. We simply have

4
1K Iy < <||VW||L°° +y ||pv2w||"m> (IV2ell s + @l xp + 10Vl x )
k=1

+ ||Vw||L°o||P4V6W||Y(p)
+ lwllxpllo* V2wl oo + 19Vl oo 10l 5 l10° V0] oo
2 292 22
S llwpllpre + 1oV wyll Lo + £ (”P Vwl e + 11p7V w“X(p))’
where we invoked the second order estimates (40) and the a priori estimates from

Theorem 5.1 in the second inequality. We derive the statement of the theorem by
choosing g sufficiently small. O
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6. The Truncated Problem

The particular form of the nonlinearity limitates the well-posedness theory for
the Cauchy problem for (19) to a small neighborhood of the trivial solution w = 0.
It follows that the resulting semi-flow is necessarily local. In order to construct a
global semi-flow, whose existence simplifies the construction of invariant mani-
folds significantly, it is customary to consider a truncated version of the perturba-
tion equation. We thus introduce a cut-off function that eliminates the nonlinear
terms (locally) near points where the solution w, or one of its (suitably weighted)
derivatives, is too large. This way, the equation becomes linear at these points. The
cut-off remains inactive as long as the solution is globally small with respect to
I - Iy, which is the case for solutions of the perturbation equation for sufficiently
small initial datum due to Theorem 5.3.

To make this truncation more precise we recall that the perturbation equation
reads as

ow+Lw+ NLw=p~'V - (p?Flwl]) + pFlw), (44)
where the nonlinear terms are schematically given by
Flw] = p* Rj[w] * (pVw * Vw + p(VZw)** + V2w x Vw + (Vw)™),

cf. (19) and (20). Let 7 : [0,00) — [0, 1] be a smooth cut-off function that is
supported on [0, 2) with #(x) = 1if 0 < x < 1. For € € (0, 1), we define

e =1, [w Vw, szw, p2V3w]

2 2
(v el | v
=i = )i 7 i :

g2 g2 g2 g2

The truncated problem we consider now is the following:
ow+L2w+ NLw=p~'V - (p*F,[w]) + pF.[w], F,=n,F. (45)

It is clear that this equation coincides with (19) as long as all terms |w|, |Vw],
|pV2w and p2V3w| are globally bounded from above by €. As we already know
for solutions w(?) of the full perturbation equation (19) that |[w(#)||y, is controlled
by ||wy ||,y - provided that the initial datum wy is sufficiently small, the solutions
of both equations coincide if ||wy||,;,, < €. Thus, in this situation the truncation
does not change the dynamics, even though it has the advantage that we end up
with a globally well-posed equation, see Theorem 6.3. We remark that the choice
of a pointwise truncation is necessary in order to ensure the differentiability of the
nonlinearity in w. It has, however, the drawback that the regularity estimates from
[65] seem not to carry over to the truncated problem. The technical difficulties
arise from the fact that derivatives are falling onto the cut-off functions and the
resulting terms fail to be controlled in a way analogously to the nonlinear terms in
the original problem.
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Moreover, it is crucial that derivatives up to third order are suitable truncated.
This looks at first glance surprising because the original theory [65] for the pertur-
bation equation (44) requires only the control of Lipschitz norms. However, it turns
out that the well-posedness theory for a truncated equation becomes unexpectedly
subtle if the truncation is performed only up to first order.

We will prove well-posedness of (45) in the Hilbert space H, which, as we will
see, appears very naturally in the treatment of the truncated equation. Even though
itis in general not necessary to work in a Hilbert space setting to construct invariant
manifolds, see, for example, [14], this choice will be extremely convenient. More-
over, we can take advantage of the spectral analysis developed in [54] in a nearly
identical setting.

In order to prove well-posedness of the truncated problem in H, we need to
extend the maximal regularity result (32) for the operator L to the Hilbert space
H.

Lemma 6.1. The operator L satisfies the maximal regularity estimate
IVwlly + 1oV wlly S ILwlly -

For the proof we refer to the theory for the operator £ in (33) and its derivatives
developed in [65], more precisely Lemmas 1,2 and 4 and their proofs. The proof
of Lemma 6.1 can be done analogously. It mainly relies on the observation that
the operator £; commutates with tangential derivatives and its radial derivative
0L w can be rewritten in terms of £, ,d,w and lower order terms. This makes
the maximal regularity estimate for £, equation (32), applicable.

The proof of well-posedness of the truncated problem exploits a fixed point
argument. For this it is necessary to control the Lipschitz constants of the nonlinear
terms F, in a suitable way.

Lemma 6.2. It holds that
Vo, L) - voF, [
Se <||pV2w1 - PV2w2||H + ||Vw1 - Vw2||H + ||w1 - w2||H) ]

Proof. This is a straightforward computation embarking from the pointwise esti-
mate

|pF [wy] — pF[w;]]
Se (‘p2V3w1 - p2V3w2) + |pV2w1 —szwz‘ +|Vwy — V| + |wy - w2|) ,
which in turn can be readily checked. Indeed, the latter implies that
(ZATRERVAATS|

= ||pFlw] — pF [w,]]| 12

Se (||p2V3w1 - p2V3w2

2 2
2+||pV w; — pV-w,

B o F V) = Vi 2 + oy = w2

Se <||V2w1 - vszHH +[|Veo, = Vioy|,; + ) w2||H),
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where we have used (25) in the last inequality. O
With this preparation, we are in the position to derive well-posedness.

Theorem 6.3. (Global well-posedness in H) There exists €* > 0 such that for
every € < €* and every initial datum w, € H the truncated problem (45) has a
unique global solution w. Moreover, the solution w satisfies

2
0]l Lo 0.00)c0) + IV I 20,001y + 10V "Nl 20,001y S (@l s -

Proof. We commence by considering the linear initial value problem

{0,147+£211)+N£LD = p IV - (PF) + p*F )

11)(0, ) = I/UO

for fixed F € L?((0, 00); L*(p%)). The problem (46) has a unique weak solution o
on the time interval (0, T'); see Lemma 7 in [65]. This satisfies the estimate

- -~ 2~
101l oo 0.7,y + IV 1200,y 1) + ”pV w||L2((0’T);H) w

< r (I10Fll 2o ey *+ ol )

To derive (47), we test the equation with w in the inner product (-, -) 7, and obtain,
after multiple integration by parts,

ld

2 - ~
5 o 01, + L@l + N |||, = ~(oF. Vi) + (pF. ). @8)

Using the Cauchy-Schwarz inequality in the energy space L2(p), we furthermore
notice that

[(pE. Vi) | < [(pF. V)| + |(pF.VLWD)|
< IVPFEI(IWeVadll + I1V/eVE@ll) < IIVeFl (1@l + L@ 5 )
and
(o F. @) | < |(oF, )| + (o F, L)
<[l il + el < o F|| (Il + |22, ).

We now invoke Young’s inequality and the fact that p < 1 and we drop the non-
negative lower-order term on the left-hand side to derive the differential inequality

d | - ~ e ~
SN, +1cwly, s || VoF|| + s,

We deduce (47) with help of the maximal regularity result of Lemma 6.1 and a
Gronwall type argument.

To show well-posedness for the nonlinear problem, we apply a fixpoint argu-
ment. The estimate in Lemma 6.2 shows that the nonlinearity F,[w] belongs to
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L%((0,T); L?*(p?)) whenever w € L*®((0,T); H) is given such that Vw, pV>w €
L2((0,T); H). By the linear theory, there exists thus a solution i = (w, wy) to
the Cauchy problem (46) with F = F,[w], and the estimate (47) and Lemma 6.2
(applied to w; = w and w, = 0) yield that

-~ - 2~
0l Lo 0,7y, 1) + IV 1200,y 1) + ”PV w||L2((O,T);H)

2
<Cre <||PV w||L2((O,T);H) + IVwll 20,1y + ”w||L°°((O,T);H)) +Crllglly -
Similarly, given w; and w, in the same class of functions, the difference of
the corresponding solutions @, (wl,g) and w, (wz,g) to the associated linear
problems is bounded by
v -

LZ(H) + ”Vbbl - VLT)2||L2(H) + ”l’bl - LbZ”L‘”(H)

< Cye (H PV w1 = oV, |V = Vit o+ - w2||L°°(H)> .
We conclude that, for € sufficiently small, the mapping w — w(w, wy) is a contrac-
tion on the space {w € L®((0,T); H) with Vw € L*((0,T); H) and pV?w €
L%(0,T); H )}. An application of Banach’s fixed point theorem shows that there
exists a unique solution w to the truncated problem (19) with initial datum w, € H.
We stress that the constructed solution is defined locally in time and that the size
of the admissible ¢ is dependent on T'. In what follows, we choose € for T = 1 and
show that the constructed solution can be extended globally in time.

Our starting point is the estimate for the linear problem (48), in which we choose
Ww=wand F = F,[w]. In order to avoid a time-dependency in the estimate for w,
we should estimate the nonlinearities slightly differently as above. We notice that
the nonlinearity obeys the pointwise estimate

|F.[w]] < plVw||V2w| + p|V2w]? + |[Vw||Viw| + |[Vw|?, (49)

which implies that

2y3 2,112 2 2
lpFelwlllpr S VWl 211" V2wl g2 + IpVEwll7, + IVwll p2llpV=wll g2 + Vel

via the Cauchy—Schwarz inequality. In view of the norm characterization in (25),
the latter can be rewritten as

lpF [wlll S IVwlly (IVwllg + 1oV wll ) -
We also notice that
lw| + |Vw| + |Lw| + p|VLw| < |w| + |[Vw| + p|Vw| + p* |V w| S e

in the support of the nonlinearity F, by our choice of the cut-off. Thanks to the pre-
vious two bounds, the nonlinear terms on the right-hand side of (48) are estimated
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as follows:

[(pF [w], Vw) y | + [(p F.[w], w) |
= [(pFc[w]. w)| + [{pF[w]. Vw)| + [(pF [w]. Lw)| + [(pF,[w]. VLw)|
S ellpFlwlll 1
SellVwlly (IVwllg + 1oV wll ) -

Substitution into (48) thus yields
d
3 1wl + 1wl S elVwlly (IVwlly + 1pViwll)

where we have again dropped the lower order term on the left-hand side. In view
of the maximal regularity estimate from Lemma 6.1, the right-hand side can be
absorbed into the left-hand side provided that € is chosen sufficiently small. This
gives

1

2
lcwlf, <o

d 2

—wll5, +

& llwll
for some C > 1, and the local solution can thus be extended globally for all times.
The estimate in the assertion of the theorem follows. O

It will be crucial for our analysis to have some smoothing properties established
for the truncated equation (45). This will be achieved in the following two lemmas:

Lemma 6.4. There exists €* possibly smaller than in Theorem 6.3, such that for
any 0 < € < €* the following holds: If w is the solution to the truncated equation
(45) with initial datum wy € H then it holds that

0:0[| a1 /429100y + 10N a1 7322060 + IVl Lo 7421100y

+ ||V2w + |pV3w + ||p2V4w

La((1/4.2);L49(p) La((1/4,2);L9(p)) L4((1/4,2);L9(p)) S [lwollw

forany q € (1, ).

Proof. We will perform an iterative argument for which it is convenient to localize
time on an arbitrary scale. For this purpose, we fix T &€ (0,2) and introduce a
smooth cut-off function ¢ : R0+ — [0, 1], satisfying ¢;(¥) = 0if t+ < T and
¢ (1) = 1ift > 2T . Of course, its growth rate is inversely proportional to the cut-
off scale T, but having this quantity uniformly finite throughout the proof, we will
simply write |¢’1| < 1 for convenience. Smuggling ¢, into the truncated equation

(45) gives

0,(w)) + L2(wey) + NL(wey) = p~'V - (P> F[wl) ¢y + pF[wld; + we.
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We note that we; has zero initial datum, which makes the maximal regularity the-
ory for £2 + N L applicable: From (35) and elementary computations we infer the
maximal regularity estimate

10w dDll 212y + [ V208

+ HpV3w¢l

+ HpZV‘*w by

L2(L2(p) L2(L*(p) L2(L*(p)

S F ill gy + 109 Fbilliag + 100V E iz + [ o

(50)
where we have set ' = F_[w] for brevity. For brevity, we have dropped the time
interval (0, 2) in the norms. The final term on the right-hand side is easily controlled
via the a priori estimates from Theorem 6.3 and the defining properties of the
temporal cut-off ¢; it holds that

Jeost]

< <
L2A(L2(p) ~ lwll Lo r2pp) < Nl Loy S l|wwoll s -

For the first and the second term, we use the pointwise bound on the nonlinearity
on the support of 7,,

|Flw]| S e (IVw| + V20| + p|V2w|) S p~'e?, 51

cf. (49). More precisely, plugging the first of the two estimates into the first term
on the right-hand side of (50), we find that

e F 1 |IL2(L2(p)) Se (||Vw¢1||L2(L2(p)) + ||V2w¢1||L2(L2(p)) + ||PV3W¢1 ||L2(L2(p))) .

We interpolate the first term with the help of Lemma B.3 in the appendix, so that

e F dill 2120y S & (101 21200 + 1V2001 1 2120 + 10V 008, ||L2(Lz(p))) :

The two last terms on the right-hand side can be absorbed into the left-hand side of
(50) if € is chosen sufficiently small, while the first term is controlled by the initial
datum through the energy estimate of Theorem 6.3.

To estimate the second term on the right-hand side of (50), we notice that

Vi | S 1+ é (IV2w| + pI V3wl + p*|V*w])
and thus, using that p < 1 and the second estimate in (51), we find that
IV, Fdyll 220y
S W suppn, FPill 2c2(p))
+e€ (llvwd)l ”LZ(LZ(/})) + IIV2w¢1 ”L2(L2(p)) + IIpV3w¢l ||L2(L2(p))) .

The first term can be estimated as before and the second one can be absorbed
into the left-hand side of (50) if € is sufficiently small.
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It remains to study the third term on the right-hand side of (50). Here, we find,
after a small computation, that

pIVF| S |F|+ e (IVw| + [V2w| + p|Vw| + p*|Viw]) .

Hence, in view of the bound in (51), the only new term we have to deal with
is the fourth-order term. This one, however, can be controlled as the second- and
third-order term before by absorption into the left-hand side of (50).

Combining all the estimates that we discussed, adding the lower order term
from the energy inequality in Theorem 6.3 to the left-hand side, making use of the
interpolation inequality in Lemma B.3 in the appendix to include the first order
spatial gradient and finally dropping all higher order terms, we arrive at

[|w e ||L2(L2(p)) + [|o,(w ¢1)||L2(L2(p)) +||Vw ¢1)||L2(L2(p)) S llwollg- (52)

We are now in the position to invoke the Sobolev inequality Lemma B.1 in the
appendix, namely

ol Laczagoy S 10wl Locrogy + N0l Loqoipyy + IV LoLr(p)) -

where the integrability exponents 1 < p < g < oo are such that

_N+2_ N+2
p q

1

In our situation, that is p = p; = 2, we deduce from (52) the inequality

[|we ”qu(qu o) S llwoll s » (33)
where we now have that g = ¢; = AN+D)

In order to further increase the order of integrability, we have to use the maximal
regularity estimate in L4, see (35). We introduce a new smooth cut-off function
by : IRS — [0, 1], such that ¢,(¢¥) = 0if t < 2T and ¢,(t) = 1 if t > 3T. Using
the maximal regularity estimate for w¢, and q,, we get

o)l an zan py + [V @) oy oyt [ARCS] oy v @) o L)

S lineF dall parpar pyy + 1oVie Fdall par 91y + 100 VE G2l par a1 py) + ”WQ%HLL“ (L9 (p))
The treatment of the right-hand side is almost identical to the p = 2 case, only
that now equation (53) is invoked where before the energy equation was used. We
eventually arrive at

“wd)z”qu(qu ) + ||az(w ¢2)||L‘11(Lq1 ») + ”V(w ¢2)||Ltl1(Ll11 ) S ”w()”H’

and we may use the Sobolev inequality once more with p, < min{q;, N +2}. By
iterating this procedure, the order of integrability can be further increased. After
finitely many steps, depending only on the space dimension, and by choosing T
carefully, the statement follows. m}
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Theorem 6.3 shows that the truncated equation generates a global semiflow in
the Hilbert space setting. We define S? : H — H as the corresponding flow map,

S (wp) = w(t,-)

where w is the unique solution to the truncated nonlinear problem (45) with initial
datum wjy. Our invariant manifold construction is based on that flow. More accu-
rately, we choose to consider a discrete time setting by working with the time-one
map rather than with the continuous flow. Compared to constructing the manifolds
for the semiflow directly, this has the advantage, that the differentiability of the
time-one map is a weaker property than its counterpart for flows, the variation of
constants formula. We write .S, ::Sgl.

The main regularity results for the perturbation variable w are stated uniformly
in time and space, while our invariant manifold theory will rely on Hilbert spaces.
The connection of both necessitates to establish suitable smoothing estimates. We
will do so in the next lemma, which we improve after one time step. As we are
interested in the long-time behavior, such a delayed smoothing statement does not
cause any problems.

Lemma 6.5. Let €* be as in Lemma 6.4 and € < €*. For any wy € H the following
holds: If w(t) = S é (wy) is the solution to the truncated equation, then

@l + IVl + [|oV2w]| -+ ]|?V2w] . S lwoll

forall t > 1/2. In particular, this yields ||S,(wo)lly S ||wol| ;- Moreover, there
exists € < min {5, 60} such that S (S (wy)) = S (S (wy)) fort > 0, provided
that ||wy|| ,; < €°

Proof. Due to the Morrey-type embedding inequality B.4 in the appendix, we have
that [[w]| e S lwll £agp) + IVl £4)> provided that g is sufficiently large. We can
extend this estimate to higher order derivatives and find

lwlly < lwll Loy + IVwll ey + ||V2w||Lq(p) + ||PV3W||Lq(p) + ||P2V4w||m(p)~
(54)
Thus, in order to establish the asserted estimate, we have to improve the estimate
in Lemma 6.4 to a pointwise-in-time statement. For this, we invoke a simple con-
struction.
For an arbitrarily given function f € L9(1/4,1/2), we consider the set

Jp={t€ /4 1/D 1 1f O > 811 I Laqr/an ) -
By Chebyshev’s inequality, it holds that

W N Laijansoy 2 W lLacry 2 80 F lLaqiyan o) EARER

where |-| denotes the Lebesgue measure, and thus, |J,| < (1/ 8)7. Moreover,
since ¢ > 1, we have also an estimate on the complementary set in (1/4,1/2),
namely |J;| > 1/4 —(1/8)7 > 1/8. Applying this estimate to the function f(t) =
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+ ||p2V4w(t)

@) oy + IV 0Ol o +[| V00|, + ][0V 0]
and using the above estimate (54), we find that

Li(p) Li(p)

||w||L°°(J;;W) p ”f”L‘”(Jj”.) S ||f||Lq(1/4,1/2)

2
S wll zaayan 2009000 + IVWI Laq1 74,1 /2): 0900 + ”V w
+ ”p2V4w

By the virtue of Lemma 6.4, the right-hand side is bounded by ||wy|| 7. This shows
that there exists a time 7 € (1/4, 1/2) such that

La((1/4,1/2);L9(p))

+ ||pV3w

La((1/4,1/2);L9(p)) La((1/4,1/2);L9(p))

lwdlly = IS¢ wo)lly < Cllwgllg-

Now suppose that ||wg||,; < €° From Theorems 5.1 and 5.3 we know, that
the nonlinear flow S’(w;) can be controlled in W by its initial data g in the W'-
norm, that is, ||S"(wy)lly < C||w0||W for every t > 0, pr0v1ded that ||wg ||y 1s

sufficiently small. If we now choose £° in a way such that CCe® < &, we obtain
that S! (Sé(w0)> =9 (Sé(w0)> for every ¢ > 0, and thus

1S wollly = 1IS* <52(W0)> lw < CISLw)llw < CCllwgll
for every ¢t > 0. Since 7 € (1/4,1/2), this gives the result. O

By construction of the solution in Theorem 6.3, we know that .S, is Lipschitz-
continuous. We decompose the global flow .S, into a linear and nonlinear part

S, =L+R,, whereL:=¢ (LNL),

As a difference of Lipschitz continuous functions, R, is Lipschitz continuous as
well. Actually, its Lipschitz constant can be estimated in terms of £ and becomes
thus a contraction if € is sufficiently small.

Lemma 6.6. Let €* > 0 as in Lemma 6.4 and 0 < € < €*. Then, forany g, § € H
it holds that

Proof. Let g, § € H be given. Then w(t,x) = Sé(g) and w(t, x) = S,(g) solve
the truncated problem (45) with initial data g or g, respectively. We set v(t) =
w(t)— L'g, where L'g is the solution to the linear problem with initial datum g, so
that, in particular v(1, x) = R,(g). Analogously we define &. Then v — ¥ solves the
equation

0,(v—0)+ L*(v - D)+ NL(v — b)

= %v (0® (Flw] = F.i01)) + p (F.lw] - F.[2]).
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with zero initial datum. With the help of estimate (47) from the proof of Theo-
rem 6.3 we deduce that

lo(1) = 6Dl g + Vo - V5||L2((0,1);H) + HPVzU - pvzﬁ”Lz((O,l);H)

S \|pFelw] = pFell 20,11:12)

<e <||w - II)”L‘”((O,]);H) + ||Vw - VLD”LZ((O,I);H) + “pvzw - pVZII)HLZ((O l)H)) R

where we used Lemma 6.2 in the last step. Since .S, is Lipschitz continuous, the
right-hand side is controlled by €||g — || ;. This finishes the proof. O

Additionally we would like to know that R, is quadratic near the origin. The
superlinear behavior entails the differentiability of R, in the origin, with derivative
zero. Neither this information nor the regularity will be necessary for our construc-
tion of the invariant manifolds. However, as we will see, it provides the additional
geometric insight that the center manifold W touches the stable Eigenspace E,
tangentially, see Theorem 7.1. The proof of the quadratic estimate is rather techni-
cal and exploits smoothing properties of the nonlinear flow. We are able to show the
quadratic behavior after a regularizing time step, in a similar way as in Lemma 6.5,
what still is sufficient for our purpose.

Lemma 6.7. Let €* be as in Lemma 6.4. For all0 < € < €, and every g € H it
holds that

Proof. Let w(t,x) = Sé(g) and set W (t,x) = w(t + 1, x), which yields W (0, -) =
S, (g). Let v solve the initial value problem

R, (5.®)],, s el -

“V - (PPFIW1) +pE W] in (0,00) X By(0)
0 in B,(0),

v+ L0+ NLv
(0, -)

so that v(1,-) = R, (W(0,-)) = R, (S.(g)). Thanks to the proof of Theorem 6.3,
more precisely estimate (47), we know that

1 2
IOl s/||\/ZFg[W]||2 c1t=/||\/EFs[w]||2 d,
0 1

and by the virtue of the pointwise estimate (49) and Young’s inequality, we deduce
2 v

< 3
Il 5 |9 LA12:L4?)

Vwl|? :
Ol s mriory T IV 002

It thus remains to invoke the smoothing property from Lemma 6.4 with g = 4 and
the bound p < 1 in order to prove the lemma. O
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Lemma 6.8. Let €* be as in Lemma 6.4 and € < €*. Let €* < min {e, £*} be as in
Lemma 6.5. Then, for any g, & € Hll2 with ||gll i » 1€l iy < €° it holds that

sie) - s1@||,, S llg—2lln
for some t € (%, D).

Proof. Similar to the previous proof, we will make use of a maximal regularity
estimate for the linear equation. However, this proof will be less technical, because
the previous lemma, combined with a result of [65], will allow us to consider the
flow without the cut-off function #,.

Let w(?) denote S; (g) and w(t) = S;(g) respectively. Then, by Lemma 6.5 we
know that ||w(?)|ly, S llglly for every t > 1/2. At this point we invoke Theorem 2
of [65] to also achieve even better control (in terms of p) on the higher derivatives:
It guarantees that the unique solution w of the full nonlinear perturbation equation

(19) with (of course small) initial data g satisfies ’Vzw(x, t)| + |pV3w(x, t)| +

|p2V4w(t, x)| St || glly1.e for some positive k > 0. If we apply this result with
w(1/2) as the initial data, we obtain the estimate

@l + IVl = + [V, + [oVie@],  + |02 V4w,
Sligly <€ (55)
uniformly in time for every ¢ > 3 /4. The same holds true for ((¢) and §. That is,

for t > 3/4 both w(t) and t0(¢) solve the full nonlinear equation.
We now introduce v = w — i, which solves the initial value problem

{a,u+ L2+ NLo = p IV (p? (Filw] - Fi[i@))) + p (Folw] - Fylid]),
v(0, ) 0.

Arguing very similarly as in the proof of Lemma 6.4, but using (55) instead of the
truncation, we arrive at

||at”||Lq((4/5,1);L4(p)) + 0l Laqays.szacen + VOl Laqass,y:Lag)

+[v2| +[ov3e| (s S lig=gly

La((4/5.1);L9(p)) La((4/5,1);L9(p)) La((4/5,1);:L9(p))

for any ¢ € (1, o0). Lastly, we proceed as in the proof of Lemma 6.5 to prove the
existence of a f € (4/5, 1), such that

lw® = @dlly = oDy S lg=&llu -
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7. Dynamical System Arguments

In this part we will construct invariant manifolds and prove Theorem 3.2. We
want to draw a heuristic picture of the concept, see als Figure 4 for a geometric illus-
tration. The center manifold, see Theorem 7.1, can be represented as the graph of a
Lipschitz continuous function over the finite-dimensional center eigenspace, and it
touches the center eigenspace tangentially at the origin. Here, the center eigenspace
is the subspace of H spanned by the eigenfunctions of the first K + 1 eigenvalues
of £2 4+ N L, where K is an arbitrarily fixed nonnegative integer. Solutions to the
truncated flow that lie on the center manifold remain on it for all subsequent times.
The stable manifolds, see Theorem 7.3, intersect with the center manifold in ex-
actly one point, and they form thus a foliation of the underlying Hilbert space H
over the center manifold. This foliation is invariant under the flow. The stable man-
ifolds can be described as (displaced) graphs over the stable eigenspace, that is,
the orthogonal complement of the center eigenspace. Given an arbitrary solution
to the truncated perturbation equation, our construction provides a solution that
approximates the given one with an exponential rate of at least yg.

Throughout this section, we fix £€* as in Lemma 6.4 and choose some 9 <
min {e, eo} as in Lemma 6.5. With these choices, all results from the previous two
sections are admissible.

The linear operator £2+ N £ and the associated semi-flow operator L = e
share the same eigenfunctions and an eigenvalue y of £2+ N £ turns into the eigen-
value e™* of L. We recall that all spectrum information is contained in Theorem 2.2.
The fact that the spectrum is discrete will facilitate our analysis substantially.

In our construction of the invariant manifolds, we follow an approach by Koch,
see [46], and mainly stick to his notation. From now on we keep K € N, fixed,
and we denote by E, the finite-dimensional subspace of H spanned by the eigen-
functions corresponding to the eigenvalues {uq, ..., ug }, that we call the center
eigenspace. The projection of H onto the space E, is given by P,. The stable
eigenspace E is defined as the orthogonal complement of the center eigenspace,
thatis E: =ECJ-, suchthat H = E.® E, and P, = 1 — P_. We denote the restriction
of L to E by Lg; it can be estimated via ||L,||,; < e#x+1. Indeed, for w € H, it
holds that

|[Lgwo]|3 = Z Z(Lw, Vi) = Z Ze_zm‘(w, Wi < e w3
]

k>K k>K 1

—L2-NL

if the y; ,’s are the eigenfunctions corresponding to u,. For L., the restriction of

L onto E,, we similarly obtain HLC_I “ < e#k . Indeed, we have

We define

2
-1 -1 2 2 5 2 5
Lw = 3 D )l = DD e, < e flwll,
k<K I k<K |

A, =e MK, Aj=e MK+l and A, =1
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and conclude
“Lc_l“ < /\c_1 or A.|lwllyg L || Lw|g forallw € E,,

I <A, or  llLwlly <A, llwlly forallw € E,, (56)

and ||L|| £ A, OF [ Lw| g < |lw||y forallw e H.

We arbitrarily choose Ay < A_ =e™#- < A, with y_ < pg 1 <2u_and A, <
A, and introduce the following norms, that will be used for the construction of the
manifolds:

« For w € H we define [||w||| :=max {||P.w| ;. || Paw| 4 }-

o For {wk}kez
C H we set ”{wk}ke.z“,\ A :=k5é1£ max {A;kmwkl“/\]ﬁ”lw_k”l} )
= 0

s For (i), € 1 w5 (1 |

1= sup A4|||w, ||
= A

The corresponding Banach spaces of sequences are denoted by ¢ A, and 7y,
respectively.
Our first result it the construction of the center manifold.

Proposition 7.1. (Center manifold) Fix A_ = e™#~ in (A, A,). Let £,,, > 0 such

that
Ag+Egqy <AL A =g, and Ny + €4, <Ay (57)
Choose € < €* sufficiently small, such that
Lip (R,) < £44p- (58)

(If necessary, choose €° < min {e, 60} even smaller according to Lemma 6.5.)

Then there exists a function 8, : E, - E_ with 0,(0) = 0, that is differentiable at
zero with D6,(0) = 0, and the submanifold

woi={w, +0, (w,) : w, €E,}
satisfies the following conditions:

1. The function 0, is a contraction with Lip (6, ) < €,,,and |0, (g.) |H < el

forall g. € E, for some 1 < a < % Moreover, it holds that ||0,(g.)||y, S
ll sl
2. If the semiflow {S ! } >0 gets restricted to W, it can be extended to an eternal
Lipschitz flow on WS . More precisely, it holds that S; (I/V;) =W, forallt > 0
and for any g € W there exists a semiflow {w(t)},< in WS with w(0) = g.
3. The manifold W£ is characterized as follows: The point g belongs to W if and
only if there exists a flow {w(t)},;ep With w(0) = g and

A gl forallt>0
lw®lly < +
A llglll  forallt <0.
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The Lipschitz constants here and in the following are to be understood for a
mappings from H to H, if both are equipped with the |||-||| norm.

Proof. Our proof relies on the construction in [46] in many parts. However, with
regard to the subtle regularity issues we have to modify the argument and need
to establish additional properties. For this reason, we give here a self-contained
presentation.
First, we note that thanks to Lemma 6.6 by choosing ¢ sufficiently small, the
Il;ipschitz condition (58) on R, is realizable. We define J : E. X&)\ A, — €5 4,
Yy

S, (wy_y) if k> 1
Jk (gf’{wl}lez): PSSE (w_1)+gc 1fk=0
PSS, (wy_y) + L7'P, (wyy — R, (wy)) ifk <—1.

This mapping is well defined, as we will show that

|7 (e i}, < max{|||gc|||,r<|1{w1},ez||A_,A+}, (59)

A_+€gup Apaxtegap Nste
Ae T AL T A
than one due to (57). To prove (59) for positive times steps, k > 1, we compute

with help of the triangle inequality and properties (56) and (58) of L and R,

gap

with K:=max{ } This quantity « is strictly smaller

AP ()| < (AP IE P ]+ 12 Rl
A +e
<A (Al + egapllienall) < == {wihiz |-

We have a similar bound on the projection onto the center manifold:

A + e
A;k|||Pch(wk—1)|“ < w
+

’{wl}IGZ“A_’A_'_ :
The bound for negative time steps, k < —1, is verified in the same manner, namely

A

P, (1) + L7 P, (g = R ()|
< { A, ngap, A _ngap } ” {wl}lez”m,A+ .

Finally, for k = 0, the same strategy yields

A+ Egap

N e

bl el }-

which completes the proof of (59).
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Making use of the inequalities (56) and (58) again, we derive similarly that
J (g, ), for fixed g, € E,, is a contractionon £y, , thatis

“Jk (8> {01} 1e2) = I (2 {l’bl}lez)”/\_’mr SK ”{wl}lez - {I’Dl}leZ”A_’AJr ’

for every {wl} ez’ {LI),} ez M ZA_ A, - Hence, by Banach’s fixed point theorem,
for every element g, € E, there exists a unique sequence {wk} wez € CA_A,

with J (g,. {wk}kez) = {wk}keZ' By construction this fixed point sequence is a
solution to the discrete semiflow with P,w, = g.. By the virtue of (59), we also

know that [{wiicy |, < lleell
— A

Now, we define the solution mapping 0, : E. — £5_x, by 0, (g.) = {wy ez
and consider 0, : E, — E, givenby 0, (g,) = P,w. In other words, the initial da-
tum of the solution sequence decomposes into wy = g+, (g, ). Since J(0,0) = 0
we obtain, by the uniqueness of the fixed point, that 675(0) = (0 and thus 6,(0) =0

The contraction property, in particular, entails that the solution mapping 9 is
Lipschitz continuous with bound Lip (8,) < —. Thus, also its “coordinate” 6, is

Lipschitz continuous with the same bound. We will need to a stronger bound, in
fact, a contraction estimate. For any g, and g. € E_, we have

M= {75 o) =i (-]

~

where {wk}kez =0, (gc) and {wk}kez 0, (g ) Using the triangle inequality
and the properties of L and R,, we get for any k > O that

€ (gc) gc

Ak

P o)

< ﬁAk+l

&
~ gap , k+1 ~
s (w—(k+l) - w—(k+l))|“ + A AL |||w—(k+1) - W—(k+1)|”-

Applying this inequality iteratively, we obtain

€ (gc) — 0, (gC) ” = |||Ps(w0 - w())'”

A\ -
< <A__> ||{wk}kez - {wk}kEZ“/\_,/\+

m—1

+ ‘jﬁap < > “{wk}kez k}keZ“/\_’,\+

for every m € N. Sending m to infinity and using the Lipschitz bound for 95 yields

Egap 1 -
A S A oA ol =&l

e (8c) =0 (2c) ) = Afg_ap/\

)= 0.8

This proves that 6, is Lipschitz with constant Lip(6,) S €,
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We continue by deriving the superlinear behavior of 6, near zero, which even-
tually implies the differentiability properties stated in the proposition. We compute,
using the quadratic bound on R, in Lemma 6.7

. ()

PR (S, (o)) || + 1P Loy < Clllwa | + A Py .

Similarly,

|“ for any k € N
and thus, for any m €

o

Recalling the definition of ||-|| , A, and the fact that the solution sequence is bounded

&

m

2

)| = Azl + € X A7 |||
I=1

via (59), H{wk}kGZ”A_,A+ < ||l |||- we obtain

2
—(l+1)”’

(3) Mol + 155 2 a5l

A m C A Ik Ak+1
(Y W+ 15 3 ()" (M)

for any k € N. We recall that A_ > A,. Hence, if there exists a k € N, such that
ARF2 > AFHL it holds that

A m c A km Ak+l
= () e+ 35 (5) smgmllsdl

and after optimizing in m, this becomes

€
IS Meell™ =

provided that the right-hand side is sufficiently small. (For larger g, this bound
follows trivially from the linear estimate.) It remains to verify the existence of a
suitable k. This, however, follows easily from our choice of A_, more precisely,
from the assumption y_ < pg,q < 2u_. Indeed, the latter enables us to pick k >
2u_—pg
HK+1—H-

witha = 1 + — < 4K+t
k+1 He

We turn to the last inequality of the first statement. By the definition of 6,, the
construction of the fixed point and the smoothing estimate from Lemma 6.5, we
have that

m
A lw-mlll + ZAi‘l

, which implies A¥*2 > A1 ag desired. This proves the first statement

- (&),

1 “W S lw-ilg -
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It remains to notice that [|w_, || ; S [lw_1]l| < AZ'ge]ll < |llg. || by the equiva-
lence of the norms and the bound (59) applied to the solution sequence.

The second part of the proof covers the properties of the center manifold W
which is defined as the graph of .. We commence with the invariance of W£.
For this we consider an arbitrary point on that manifold g = g. + 6, (gc) and
consider the evolution {wk} ez = Sf(g) = 9€(g) starting at that point. We have
to show that for every time step k € Z, the solution w lies in W, or, equivalently,
that P.w;, = 0, (PC wk). By iteration, it suffices to show this only for k = 1 and
k=—1.Weset g, = P.w,. Then S* (i0,) = 6, (g,) is the unique flow in #
that satisfies P, LT); = g; . Slince Pcwlg i gi? we Ifa\(/ecb)y uniqueneqss that w, /;_L%;
for every k € Z. This yields P,w; = Py = 6, (gc) =0, (Pcwl). The same
procedure backwards in time yields the statement for k = —1.

It remains to prove the characterization of the center manifold. First, for a point
w on that manifold, that is, wy = g, +0, (g.) for some g, € E,, we already know

that [|{ s (wo)}“/\_,A+ = [16 (&), . < Meclll < Mgl by the virtue of 59

Otherwise, if a flow {wk}kez = {Sf (wo) }keZ satisfies this bound, it must be a

fixed point of J (P,wy, -). Since this fixed point is unique, we have 8, (P,w,) =
{wk}kez and thus 6, (Pcwo) = Pw,. This yields w, € W£. O

The regularity of 6, allows us to deduce the equivalence of the Hilbert space
norm |||-||| and the higher-order norm || - || on the finite-dimensional manifold
we.

I3

Corollary 7.2. The norms |||g||| and ||g|ly, are equivalent for any g € WE.

Proof. Trivially, the embedding W < H is continuous on a bounded domain,
that is, |||glll < llglly for every g € W. To show the reverse inequality, we take
an element g = g, + 6,(g.) in W°. Now, we notice that on the one hand, thanks to

0. ()], < el
On the other hand, because E, is a finite-dimensional space, all norms on E, are
equivalent, so that ||g. |l < |||g.]||- We combine both insights and find

the regularity of 6, established in Proposition 7.1, we have

gl < ligellw + 10w < [l|gcl| < lllglll,
as desired. O
We will now construct the stable manifolds.
Proposition 7.3. (Stable manifold) Let £,,, > 0 and € be as in Proposition 7.1 such

that (57) and (58) hold. Then for every g € H, there exists a map v§ 1 E;, - E,
such that the submanifold

M§:=g+{v§ (g) + 85 1 & EES}

satisfies the following conditions:
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1. For every g € H, the map vgf : E; — E, is Lipschitz continuous with

L1p< ) S Egap

2. For everyt > 0 it holds that S’ (Mgs) M;,( N and M; can be characterized
as follows

Mé=< geH: sup ATF
8 keN,

L -st@|| <lipe-all }

3. If €44y s sufficiently small (and €0 chosen accordingly), the following holds
true: For every g € H the intersection M; NWE consists of a single point g.

. . . . . - ¢
This particularly yields that { Mg }gEH is a foliation of H over W°. Moreover,
it holds that

1&llw < llglll-

Proof. The existence follows again by a fixed point argument, which is similar to
the one of Proposition 7.1. We will thus only sketch it.
We fix a function g € H and a positive constant r and define

ﬂ/g\i,+:= {{wl}leN (Lz(p) ||{wl}leN {S (g)}leN()”A + < r} ’

Note that #5" . equipped with the metric
A7’+ q pp

dg ({wl}leNo l}leNo) ||{w1}leN0 l}leNO”,\_,Jr

is a closed subset of (L2(p))N°. We consider the map ¢ : Egx 5" — 5"

defined by

18 (80 {0} ey ) = 8+ Pg + LU (101 = Re (w)) ith=0
85 VT 1eny Py (S, (w—y) + L7 P (Wi = R, (wy))) ik 21,

which has the useful property

15 (8 {51} 1en,, ) = SE@ = 81000 (60)

Moreover, by similar arguments as for the operator J in the proof of Proposition 7.1,
relying on (56) and (58) we compute for a fixed element g, € E, that

I (gs’ {wl}leNO) - I (gs’ {wl}leN()) ‘A . SK ”{w/}leNo - {l’bl}leN0||A7’+

and

[ (e i) - 0],
< max {l“gs”l’K ”{wl}leNo - {Sé(g)}”/\_&} ’



27 Page 52 of 64 Arch. Rational Mech. Anal. (2024) 248:27

A_+egqy
Ae A
made use of the formula (60). Both estimates imply 78(g,, -) is a contraction and a

self-mapping on the set z,”i’i+, if we choose r = |||g,]|-

As+egap

where k¥ = max

} < 1. Notice that in the latter estimate, we

Hence, by Banach’s fixed point theorem there exists a unique sequence {w k } keN,
satisfying

<r.

A_+

1# <8s {wk}keNo> {wifen, and H{wk}keNo_{Sg(g)}keNo

By construction, this sequence {wk} keN, is a semiflow to the truncated equation

with Pyw, = g, + P;g. We may now introduce a solution mapping O; D E >
& nNE - £ —

£5 L by ¥ (g) = {wk}keNo, and we define V¢ (g,) = P. (wo — g). Due to the

construction via a ﬁxpoint argument, we deduce that O; is Lipschitz continuous

with L1p< ) < —

- 1 -k’
We will improve the Lipschitz constant in a similar way as in the previous proof.
For this, let ¥ Vg (gs) = {wk}keNO and Vg (g"s) = {"Dk}keNo be two fixed point so-

lution sequences. It holds that vg (gs) - vg (g”s) =P, (wo - LZJO), and we compute

H

with the help of the definition of the map I. Therefore, for every m € N it holds

4 0 -2 @l = (52) dian, - (idicnl
225 (8) e, - @ihiel

Since i—* < 1, for k —> oo, this yields

’ V; (gs) - V; (gS)

The stable manifold M; is defined as the graph of vg shifted by g. We first
prove its characterization as stated in the second part of the proposition. Let g be in
M¢, thatis, & = g +v; (85) + g, for some g, € E,. We define {wk}keNO =0; (@)

&
2 o - |

P, (w, - )| < Aic| P (

c

Wiy — ”bk+1)|” +

Egap

| e - ol

as the unique semi flow with AZ¥|||w, — S5(@)||| < |ll&lll = ||Ps (g — &)||| and
Pw, = g, + P,g. By definition of vg , we have

g=g+v, (g,) +8, =g+ P, (wy— g) + Pwy — Pg = wy,

and thus, w;, = Sf (g) satisfies the desired bound. Let us now assume that Sé‘ €3]
satisfies this bound. We define g, = P, (& — g). Then Sf (£) is the unique fixpoint of
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18 (g,.-) with [|S¥ (@) - Sf(g)||A_,+ < |llgs|l|- By definition, this yields S* (g) =
Vg (g) and Ve (g) = P.(§ — g) and thus

g+Vvi(g)+e,=g+PE-9+P@E-8=

Next, we have to verify that M is positive invariant. For this, we take an arbi-
trary point wy in M; and define i, = S, (w). We straightforwardly compute that
Sk (i0y) is a fixpoint of I5:0) (0, -), which implies the desired property.

To prove that there exists a single intersection point with the center manifold
WE, we consider the mapping y(g,) = Gé(vg(gs — P,g)+ P.g) on E,. Since 0,
and vg are both Lipschitz continuous with constant of order ¢,,,, the mapping y
itself is Lipschitz with a constant of the order £§ap, and thus, it is a contraction
if £,,, is sufficiently small. We denote by g the unique fixed point and set g, =
vg (&;— P;g)+ P, g. By definition, § = g.+§ lies in the intersection of W and M.
As every point in this intersection is itself a fixed point, the uniqueness follows.

To estimate the intersection point g against g, we argue similarly. Indeed, by
construction, the Lipschitz property for vg, and the fact that both 6,(0) = 0 and
v§(0) = 0, it holds that

gl = [|ve@, - Pug) + Pug + 1,6, (v5(&, — r,0) + Peo)||
.
<1+ €gap vg(gs —-r
< ggap”lgs - Psg”l + lllglll
S EgqplllEIIN+ gl
where we have used that €,,, < 1 in the third inequality. We arrive at
e < el
provided that €, is sufficiently small.

Because g lies on the manifold VV;, we can make use of Corollary 7.2 to obtain
1glln < gl ]

Finally we are able to show the existence of a localized invariant manifold as
claimed in Theorem 3.2 by combining the two preceding constructions with earlier
proved regularity properties of the flow map S.

Proof of Theorem 3.2. We choose 0 < Egap < min {e K+l — e7H eTH — eTHK },
such that the third statement in Proposition 7.3 applies, and we define A_ = e™#.
We furthermore pick € < £* and € < min {s, 80} as in the hypotheses of Propo-
sitions 7.1 and 7.3. The construction of W/, = then follows directly from Proposi-
tion 7.1.

To prove the first property in the theorem, we consider g € W7 with [|g|l; <
gy and we notice that by the semi-flow property from Theorem 6.3, it holds
||St(g)||Lm((0 o)) = Ceo for some C > 1. Moreover, S’(g) € WS by con-
struction, and thus, by the equivalence of norms in Corollary 7.2, it holds that



27 Page 54 of 64 Arch. Rational Mech. Anal. (2024) 248:27

IS{@)lly < ClISHI g < CCe, for some C > 1. Thus, for g, < %s, we find
S'(g) = S!(g) by the definition of the truncation and, in particular, ||.S"(g)||; < &,
for any ¢t > 0.

We turn to the proof of the second property. We know that there exists a unique
point Z in W n M¢ that satisfies |12l < €llw S lglly S llglly < e, see
Proposition 7.3. In particular, choosing £ < € even smaller, if necessary, it holds
that Sé‘(g) = S*(g) and Sf(g) = S*(%). Moreover, the estimate shows that g

actually lies in VVC"’C. Now, the characterization of the stable manifold yields
|s“@ - s* @], s AL

Since we are allowed to drop the € at S;(g) and Sé (&), and since the solution to
the (truncated) equation depends continuously on the initial datum with respect to
the Hilbert space topology, ||:S%(g) = SL(&)||;; S Ilg — &l holds forall # € [0, 1]
(see the fixed point construction of solutions in Theorem 6.3), we obtain

[|S'(e) - S" @]y Se™
for any # > 0. Next, we make use of Lemma 6.8 and obtain
[S" (&) —S" @y e,

for any ¢ > 7 and some 7 € (4/5, 1). The statement follows. O

8. Mode-by-Mode Asymptotics for the Perturbation Equation

In this final section, we exploit our invariant manifold theorem, Theorem 3.2 to
prove the mode-by-mode asymptotics in Theorem 3.1. We start with a brief com-
ment on the projection of a function w € H onto the subspaces spanned by the
eigenfunctions of £2 + NL. Let y be such an eigenfunction for the eigenvalue
A%+ N A, or, equivalently, Ly = Ay. We consider the H-projection of w, and find
via an integration by parts

(y,wyg = / ywpdz + / Vy - Vwp?dz
= /u/wpdz + / wlypdz = (1 + i)/wwpdz = (1 + A){w, w).
This shows that the H-projection coincides, up to a constant, with the
L?(p)-projection, due to the right choice of the weights. Thus, it is enough to con-
sider the projection with respect to (-, -) in the following.

We notice that the projection of w onto the space spanned by the constant eigen-
function corresponding to the eigenvalue p = 0 is given by

Pow = CO,N/ wpdz
B,(0)
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and the projection w onto the eigenspaces spanned by the eigenfunctions corre-
sponding to the next eigenvalue y; is given by

Piw = cLN/ zwpdz,
B, (0)

where ¢y and c¢; 5 are two positive constants.

Eventually we will prove Theorem 3.1 by induction and thus commence by
proving the case K = 0 in the following theorem. We remark that thanks to smooth-
ing effects, see Equation (54) in [65], it holds that

lw®llw < llwplly i,

for some ¢t > 1, and thus, instead of considering Lipschitz initial data, we may

impose slightly stronger assumptions.

Theorem 8.1. There exists €, > 0 such that the following holds. Let w be a solution
to (19) with initial datum w,. We further assume that ||wy ||y < €y and

tlim / w(z)p(z)dz = 0. (61)
—00
Then we have

lw®)lly Se ™' forallt> 0.

Proof. We will make use of the invariant manifolds we just constructed in the case
K = 0. In this case, E, is one-dimensional and spanned by the constant eigenfunc-
tion y; () corresponding to the eigenvalue y = 0. Thus, we obtain E, = R. We fix
# € (0, up) and accordingly € and g, as in Theorem 3.2 and claim the equality

W¢ =E,. (62)

To see this, we first pick a function g € E,, that is, g(x) = a € R. The constant
function w(t,x) = a solves equation (45) with initial datum g and satisfies the
bounds

t
Al la|, fort<0.

By the characterization of the center manifold, we deduce g € W°. Now let g =
8.+0.(g.) be afunctionin WE. From above we know E, C W', andthus g, € W,
This forces 6,(g,) = 0, which proves the claim (62).

Let us know consider an initial datum wy with ||wglly, < €, and let w(r) =
S’(wy) be the corresponding solution to the perturbation equation. The Invariant
Manifold Theorem 3.2 combined with the characterization (62) yields the existence
of constant a with

lw®) —ally S llw®) —ally Se™, fort> 1 (63)
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In particular, if a(f) denotes the average of w(t) or, in other words, the projection
onto E,, a(t) = Pw(t) = f w(t)pdx, it holds that |a(t) — a| < e™'. Invoking the
hypothesis (61), this estimate entails that a = 0.

We want to improve on the decay rate of a(f). We note that a(f) solves the
equation

%a(t) = f V- (P*Flw]) + p* Flw]dz = fsz[w]dz.

The nonlinear term p F[w] consists of a linear combination of respective two factors
of Vw, pVZw or p?>V3w, cf. (49). Thus, we obtain the estimate |pF[w]| < ||w||§V,
where we consider only the homogeneous part of the norm. From (63) we already
know that ||w(®)|,, < e # fort > 1. We conclude

d 2
—at)| < pt
‘dta()’ Se

for ¢ > 1. We integrate over the time interval (¢, co) and recall the assumption (61)
to obtain

la(t)| S e M fort > 1.

As we may choose yu larger than l,ul, it remains to gain suitable control over
the projection of w(t) onto E, = H /R, namely P,w(t) = w(t) — a(t). We note that
P,w solves the equation

0,Pw+ (L*+ NL) Pw = P, (/-iv - (P*Flw]) + pF[w]) .

Since the eigenfunctions {y/i} form an orthogonal basis of H, it holds that

é ?T L;)l,eg) f:m+6].\; ’Evl ff-‘l ?12 Itihazt ﬂllﬁ’\lj% w||f,_1 and thus, arguing similarly as in the proof
Lo}y + 1Pl
< —(VPuw, pFlw]) = (VLPw, pFlw]) + (P,w, pFlw]) + (LP,w, pF[w])
<N Pwlly (IpFlwlll e + llpFlw]|l 1)
< (lwlly +1a®1) (IpFlelll oo + lpFlw]l =) -

Thanks to the uniform estimates on the nonlinearities that we quoted above and
the bound in (63), we observe that the right-hand side decays with at least e=3#".
Therefore, the latter estimate translates into

% (621411‘ ||Psw||i> < 6(2”1—3}4)1’

for any t+ > 1. The right hand side is integrable, provided that we choose y suffi-
ciently close to yy, so that 3u > 2u,. Integration in time yields

| Paw)|3, S e 21t forr> 1.
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In combination with our estimate on the average, (44), this bound gives
lwllg < || Psw®)| + la@®)] S e’ fort > 1.

We take into account Lemma 6.5 to finally obtain the statement of the theorem,
noting that the result is trivial for ¢ < 1. O

Remark 8.2. Using the final result of Theorem 8.1 we are able to improve the con-
vergence rate of a(t) to |a(?)| S e 21 for all > 0.

Having already proved the part of Theorem 3.1 concerning the smallest eigen-
value, we are now able to deduce the full statement with an analogue approach.

Proof of Theorem 3.1. We prove this theorem by induction. The base case K = 0
is proved in the latter theorem.
Now, may assume that (23) holds true and additionally

lw®)ly S e #k" forallt > 0. (64)

This directly implies |pF[w]| < e2“k!. We will again exploit the invariant man-
ifolds in a similar way as in the base case. The center eigenspace takes the form
E. = span {u/k’n |k € {0,...,K} andn € {1,... ,Nk} } We fix u € (,ul,ﬂz)
and accordingly € and & as in Theorem 3.2. We deduce the existence of w, € W}
such that 0(r) = S'(i0,) € W satisfies

lw(®) — @@)|ly Se# forallt > 1, (65)
where @(t) = P,i(t) + 6, (P,i(1)) with Pi(t) = 2<w(t) Wi Win-
Now, we fix an arbitrary k € {0, ..., K} and cons1der the projection of w onto
one of the eigenfunctions v ,. We obtam the ordinary differential equation
d
a("Vk,n? M)(t)) + ”k(y/k,n’ LU(t)> = _<Vvlk,n7 PF[W([)D + <Wk,n7 F[LU([)]>
forallt > 0,
which implies |%e“k’(q/k’n, w(t))‘ < e~ (2uk=1)! due to the bound on |p Fw]|. We

notice that lim e#x(y, ,, w(t)) exists and vanishes by the virtue of assumption (23).
t—>o0 ’
We conclude that

Wi W] S e 2#k" forallt > 0.

This yields || P,w(t)|lyy < e~2#k" and enables us to estimate the center part of 1(r)
with help of (65) and the triangle inequality, namely

|P.&@)|y < [P (@) = D)y + [[Pew (@) S €™ 2ukn}t

for all + > 1. Thanks to the regularity property of 6, derived in the first part of
Proposition 7.1 we deduce

Pa®)| e min{Zuknlt foralls> 1.
£ c W
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Combining the previous estimates, we have

1@l < llewott) = @@y + || Pow@]y + |0 (Pewo) |,

< emmin{2ukult  foralls > 1. (66)

We note that (66) gives a better rate than (64). Due to the structure of the eigen-
values it may happen, depending on K and the space dimension N, that 2ux < p.
In this case, inequality (66) downgrades to ||w(®)|ly, < e 2HK! Similarly, in this
case the estimate for center part of w(?), that is P,w(?), is also not good enough, as
we want to prove [(y; ,, w(t))| S e #k+1'. We overcome this problem by repeating
the first step of this proof, now from the starting point (66) instead of (23), which
directly yields |pF[w]| < e *#k! . If 2u k < Mg41, we deduce via iteration that

| P.w®)||y, S e forallt> 1
and
lw®)|ly Se ™ forallt>1, (67)

where m is smallest natural number that satisfies ug < 2" g < u < pg,q <
2" g . We remark that we are allowed to choose u sufficiently close to pg ;. In the
case 2y > Mg, 1, we may directly continue from estimate (66), which corresponds
tom = 1.

To achieve the rate px, , we investigate the projection of w(t) onto E,. Similar
to the previous proof, testing the equation solved by P,w with p P,w yields

1d 2 2

3 @ 15wl + i [| Py
< —(VPuw, pFlw]) = (VLPw, pFlw]) + (P,w, pFlw]) + (LP,w, pF[w])
< IPwlly (IoFTwlll e + IpFlwlll o) S ™ forall 1> 1,

where we used (67) and the quadratic behavior of p F[w]. Just like in the previous
proofs, choosing p large enough such that 3y > 2y | we obtain

| P[5, S e 2541 foralls > 1
and in total
lwllg < ||Pow®)| y + || Psw®]| 4 S e 2K 4 oMK < oTHK+T forall £ > 1.

To carry this result over to the W -norm it remains to make use of the smoothing
estimate in Lemma 6.5, noting again that the result is trivial for r < 1. O
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Appendices

A. Derivation of the Perturbation Equation

As announced, we will re-derive the perturbation equation (19) from the confined thin film
equation (6) with the intention to improve on the representation of the nonlinearity (20)
compared to the former derivation in [65].

We start by recalling from [65] that the transformation mapping ®;(x) = z is a diffeomor-
phism as long as the solution v to the thin film equation (6) is close to the stationary solution
in the sense of (9), or equivalently, as long as the perturbation w is small in the sense of
(22). This can be seen by inspecting the Jacobian determinant
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Moreover, it was proved the following relation between x- and z-derivatives: For an arbitrary
function f = f(t, z), it holds that
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where 0 = 1+w and h = @w+2z- V. The spatial derivatives appearing on the right-hand side
of the two equations are taken with respect to the z variable. From the two transformations
(17) and (18), it follows that

P2t = v. (70)

By differentiating this identity and using the formulas from (69), it is straightforward to
derive the perturbation equation (19) from the confined thin film equation (6). We will only
give intermediate results to help the reader verifying the underlying computations.

First, differentiating (70) with respect to x; gives
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Differentiating once more and summing over i yields

%Av% — (1= (N +2)p)h— L+ p * Rlw] * ((Vw)z* + pViw % V2w> .
W

By use of (69), we compute for an arbitrary f(z) that
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Hence, differentiating the above identity for Av again yields

%6,-Av% =(N +2)z;h —0;Lw — No;w + Flw].

After substracting %xi% = (N + 2)z;h, we make use of (70) to obtain
%u(a,.Au - yxl-)% = —p?0;Lw — N p*o;w + p* Flw].

‘We have to take one more spatial derivative, for which we derive the transformation formula
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for an arbitrary function f(z). Applying it to the third order derivatives above gives
L biwa;80 — yoxp Lo = —0,(p%0,Lw) — Noy(p0,w) + 0 (o> FLw]) + p> Flw]
2 1 1 y 1 lZ}4 - 1 p 1 1 p 1 1 p p N

Dividing by p and summing over i finally yields

%v -(WVAv - yxu)i~4 =L2w+ NLw+ p~'V - (0> Flw]) + pFlw].
pw

It remains to consider the time derivative. With help of (69) we compute

-4
puwt
0V = 2Ta,w.

With regard to the previous two identities, it is now straightforward to identify the confined
thin film equation (6) with the perturbation equation (19).

B. Inequalities

In this second appendix we collect some useful inequalities for weighted Sovolev spaces
from various references like [11,41,47,51]. For further details on the proofs, see also [64].
The first estimate is a Sobolev embedding result with weight. We notice that the weight
becomes visible in the Sobolev numbers, where the dimension is artificially increased from
N+1toN +2.
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Lemma B.1. (Sobolev inequality) Let 1 < p < g < oo be such that

L N+2_ N+2

p q

Then it holds that
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Our second estimate is a Hardy inequality. We will use it with different exponents on the
weight function.

Lemma B.2. (Hardy inequality) For any p € (1, o) and ¢ > —1/p it holds that
101l Loy S oWl Loy + 10V 0N Lo po-

In particular, for c = 0 and p = 2 we obtain
lwll 2 S llpwllp2 + lIpVwll 2 < llwll g -

Next, we quote an interpolation inequality. Notice that, typical for interpolation inequalities,
the dimension will not enter into the dimensional relation of the integrability exponents.
As the weight “increases” the dimension of the underlying space — as already noticed in
our remark on the above Sobolev embedding — the weight exponent ¢ does not enter this
dimensional relation.

Lemma B.3. (Interpolation inequality) For any 1 < p, q,r < oo such that

2 1,1
=4 =
p q r
and o > —1/p it holds that
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In particular, for some integers i < m we obtain
igm < m—i gmgi
VAN, oy S NN IV EN s (71)

provided that mr = pi.
We complete this collection with an embedding into L*°.
Lemma B.4. (Morrey inequality) For any q large enough it holds that
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