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Abstract

We consider a family of vectorial models for cohesive fracture, which may

incorporate SO(n)-invariance. The deformation belongs to the space of generalized
functions of bounded variation and the energy contains an (elastic) volume energy,
an opening-dependent jump energy concentrated on the fractured surface, and a
Cantor part representing diffuse damage. We show that this type of functional can
be naturally obtained as I'-limit of an appropriate phase-field model. The energy
densities entering the limiting functional can be expressed, in a partially implicit
way, in terms of those appearing in the phase-field approximation.
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1. Introduction

In variational models of nonlinear elasticity a hyper-elastic body with reference
configuration 2 C R" (n = 2, 3) undergoes a deformation u : 2 — R, whose
stored energy reads as

/ W (Vu)dx. (1.1
Q

External loads can be included, adding linear perturbations to this energy, and
Dirichlet boundary conditions, restricting the set of admissible deformations u.
The energy density W : R"*" — [0, 0o), acting on the deformation gradient Vi,
is typically assumed to be minimized by matrices in the set of proper rotations
SO(n) (with m = n) and to have p-growth at infinity, p > 1. Correspondingly, the
natural space for the deformation u is a (subset of) the Sobolev space wLhr(Q; R™).
There is an extensive literature on the theory of existence of minimizers of this type
of functionals, and in particular the key property of weak lower semicontinuity of
(1.1) is closely related to the quasiconvexity of the energy density W.

Fracture phenomena, both brittle and cohesive, require a richer modelling
framework. Physically, cohesive fracture is often understood as a gradual sepa-
ration phenomenon: load—displacement curves usually exhibit an initial increase
of the load up to a critical value, and a subsequent decrease to zero, which is the
value indicating the complete separation [12,21,49,51]. See [47,48] for discussions
on different load—displacement behaviours. Evolutionary models (prescribing the
crack path) have been studied in [2,8,21,30,38,39,46,66,68,69,73], see also ref-
erences therein. See [31,42] for further results on the topic.

Variational models of fracture are typically formulated using the space (G)BV
of (generalised) functions of bounded variation [21,58] and energy functionals of
the form

/ W (Vu)dx + / 1(dDu) + / g([ul, vi)dH" . (1.2)

Q Q Ju

The deformation u € (G) BV (2; R™) may exhibit discontinuities along a (n — 1)-
dimensional set J,. We denote by [u] and v, the opening of the crack and the
normal vector to the crack set J,, respectively, while D u represents the Cantor
derivative of u (see [7] for the definition and the relevant properties of functions
of bounded variation). Working within deformation theory, the functional (1.2)
contains both energetic and dissipative terms, which are physically distinct but
need not be separated for this variational modeling.

The densities W, [, and g entering (1.2) need to satisfy suitable growth condi-
tions. The lower semicontinuity of the functional imposes several restrictions, such
as, for example, that [ is positively one-homogeneous and quasiconvex, W quasi-
convex, and g subadditive. Furthermore, / needs to match, after appropriate scaling,
both the behavior of W at infinity and the behavior of g near zero. These properties
will be discussed in more detail below (see, for example, Proposition 3.11).

The qualitative properties of W, [ and g are selected according to the specific
model of interest. For instance, the brittle regime is modelled by a constant surface
density g and a superlinear bulk energy density W. These choices in turn imply
that [(§) = oo for & # 0, so that D u necessarily vanishes. The functional setting



Arch. Rational Mech. Anal. (2024) 248:21 Page 3 of 60 21

of the problem is then provided by the space of (generalised) special functions
with bounded variation (G)SBV (£2). In contrast, in cohesive models g is usually
assumed to be approximately linear for small amplitudes and bounded.

The direct numerical simulation of functionals of the type (1.2) is highly prob-
lematic, due to the difficulty of finding good discretizations for (G)BV functions
and of differentiating the functional with respect to the coefficients entering the
finite-dimensional approximation. Therefore a number of regularizations have been
proposed, of which one of the most successful is given by phase-field functionals.
These are energies depending on a pair of variables (i, v), having a Sobolev regu-
larity, where u represents a regularization of a discontinuous displacement, while
v € [0, 1] can be interpreted as a damage parameter, indicating the amount of
damage at each point of the body (where v = 1 corresponds to the undamaged
material and v = 0 to the completely damaged material). The basic structure of a
phase-field functional is

2 (1—v)? 2
Fe(u,v) ::/ <f8 WY (Vu) + ———— + |V )dx, (1.3)
Q 4e

where ¢ > 0 is a small parameter, f. is a damage coefficient acting on the damage
variable v, increasing from O to 1, and W is an elastic energy density, asin (1.1). The
first term in (1.3) represents the stored elastic energy, the other two terms represent
the stored energy and dissipation due to the damage.

Despite the phase-field functional in (1.3) is introduced here as a regulariza-
tion of the sharp-interface functional in (1.2), one may alternatively consider the
functional in (1.3) as a physical model of its own, with v an internal variable rep-
resenting local damage, and view the I"-convergence result as a derivation of the
sharp-interface functional in (1.2). This is frequently done in an evolutionary set-
ting, where irreversibility of damage may be modeled by imposing monotonicity
in time of v. Our mathematical result proves that the two models are, under suitable
assumptions, closely related to each other, and so there is no requirement to choose
one of these interpretations, we stick for simplicity to the first one. We stress that the
relation between the three densities entering (1.2) and the functions entering (1.3)
is implicit (see the discussion in what follows), and the problem of determining
good choices of f; and W for specific materials is not easy. Some progress has
recently been obtained for related formulations [52] as discussed below.

Finding a variational approximation of the fracture model (1.2) by phase-field
models means to construct f; and W such that the functionals (1.3) converge, in
the sense of I"-convergence, to (1.2) as ¢ — 0. This is not an easy task in general.
The brittle case (g constant) in an antiplane shear, linear, framework (m = 1, ¥
quadratic) was the first outcome of this type [10, 11]. It has been extended in several
directions for different aims, giving rise to a very vast literature of both theoretical
results [6,9,18,35-37,43,53,61-63,71] and numerical simulations [13,14,21,25—
27,29] (for other regularizations, see also [7,17,22,28,60] and references therein).
In particular, the extension of the results in [11] to the vector-valued (nonlinear)
brittle case has been provided in [59]. The variational approximation of cohesive
models is considerably more involved. The antiplane shear linear case was obtained
through a double I'-limit of energies with 1-growth in [1], then generalized to the
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vector-valued case in [5]. A drawback of these results is the 1-growth with respect to
Vu, which makes the approximants mechanically less meaningful and numerically
less helpful.

To overcome these problems, in [33] we proposed a different approximation of
(1.2) in the antiplane shear case, with quadratic models of the form (1.3), based on
a damage coefficient f. of the type

e
fg(s):zl/\e/z—ls s€[0.1. £>0, (1.4)
— 5

and obtained I'-convergence to a model of the type (1.2) in the scalar (m = 1)
case. We remark that f; is equal to 1 when v ~ 1 (elastic response) and to 0 when
v ~ 0 (brittle fracture response). Moreover, the first addend in the energy in (1.3)
competes against the second term if v is less than but close to 1, and with all the
terms of (1.3) otherwise (pre-fracture response). This phase-field approximation of
this scalar cohesive fracture was investigated numerically in [54]. A 1D cohesive
quasistatic evolution (not prescribing the crack path) is presented in [16] and related
to the phase-field models of [33]. A different approximation of (1.2), still in the
scalar-valued framework, is obtained in [44] using elasto-plastic models.

The class of phase-field functionals introduced in [33], summarized in (1.3) and
(1.4), has recently received strong attention in the mechanics literature, specifically
from a computational perspective. Many variants have been proposed, including
for example extension to vectorial linear elasticity, finite elasticity, directional de-
pendence, irreversibility as well as the application to specific materials, and many
numerical simulations have been carried out, but up to now a rigorous mathemati-
cal analysis of convergence has remained restricted to the scalar case [33]. A first
numerical study in a simplified setting appeared in [54], it uses a convex variant of
(1.4) that renders the model more amenable to numerical simulation, (for a mathe-
matical analysis of this variant, we refer to [65, Sect. 4.1 and App. B]). In addition,
Wu [77] proposed to use a functional of the type (1.3) with the damage function f,
in (1.4) replaced by a regular function of the form

-1
£5(s) = (1 n (9}/2—251713(1 - s)> , (1.5)
where p > 0 and P is a low-degree polynomial with P(0) = 1 whose coefficients
can be fitted in order to reproduce specific material properties, and possibly the
quadratic term (1 — v)?/4¢ in (1.3) is replaced by a linear one (to compare equa-
tions one should note that in [77] d := 1 — v is used as phase field). The choice
in (1.5), besides regularizing the minimum appearing in (1.4), permits to obtain
simple solutions for one-dimensional crack profiles. Correspondingly the fracture
energy, at least in one spatial dimension, has only a very minor dependence on the
regularization parameter ¢. This proposal, which was further developed in [75], has
rapidly become very influential in the mechanics literature. We refer to the review
[76] for a discussion of mechanical applications.

Recently Feng et al. [52] have shown how the expression in (1.5) can be
modified in order to reproduce (almost) arbitrary cohesive laws, and gave an an-
alytical expression for the required form of f,. Further, their approach permits to
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distinguish between mode-I, mode-II and mixed-mode fracture. In [56], the phase
field approach is studied from an energetic perspective, obtaining a variationally
consistent formulation which can account for the crack direction in mixed-mode
cohesive fracture. A comparison of the phase-field model from [77] with simpler
standard models of the Ambrosio-Tortorelli type is discussed in [32]. An extension
of the model in (1.3)—(1.4) to finite elasticity, including a separation between tensile
and compressive stresses that treats the microcrack-closure-reopening effect, was
presented in [65].

In this paper we study the approximation of vector-valued cohesive models of
the type (1.2) via phase-field models of the type (1.3) with the damage coefficient
(1.4), as proposed in [33]. In particular, we extend the results of [33] to a geomet-
rically nonlinear framework (even restricting to a scalar-valued setting we extend
[33] to the case of non-isotropic potentials). We refer to (2.2)—(2.5) for the specific
hypotheses on . The main result is given in Theorem 2.1, the precise assumptions
are discussed in Sect.2.1. In addition, we stress that this work, on the one side rep-
resents an intermediate step to the analysis of the analogous model in the linearized
elasticity setting, where symmetrized gradients replace full gradients, which is of-
ten used in numericals simulations of cohesive fracture; and on the other side, it is
a necessary preliminary analysis to the general study of the convergence of critical
points, in the spirit of the one-dimensional result [23].

In order to illustrate our result, let us consider the simplest model for the energy
density W in finite kinematics and m = n,

W, (£) := dist’(£,SO(n)) = min | — R|*. (1.6)
ReSO(n)
With this choice, our main result Theorem 2.1 states that the phase-field energies
(1.3) I'-converge in the L'-topology as & — 0 to the energy (1.2), with

W(E) = (dist2(~, SO(n)) A £dist(-, SOn))9 (&), (1.7)
and

1) == LIg], g(z,v) == gscal(lz]),

for every £ € R™*", z e R™, v € §"~!, where g is the surface energy density
appearing in the scalar model (cf. formula (4.4) for the definition of ggc,1, item (iii)
in Proposition 3.12 with W = h9¢ and [ = h9%° to justify the second equality,
and Corollary 3.5 for the third equality). As remarked above, g coincides with [
asymptotically for infinitesimal amplitudes. Even in this simple case, the expression
for W is somewhat implicit, as it involves a quasiconvex envelope, which in most
cases can only be approximately computed numerically. We remark that even W,
itself as defined in (1.6) is not quasiconvex, we refer to [74, Example 4.2] for an
explicit formula for its quasiconvex envelope \Ilgc in the two-dimensional case.
From the mathematical point of view, the main interest of the paper is pre-
cisely to provide a comprehensive analysis of such an energy growth degeneracy
(quadratic-to-linear) in a vector-valued setting. While it is in general easy to guess
the order of the degeneracy by a compactness argument, it is usually very difficult
to keep track of the exact contribution of each term of the energy and to understand
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their mutual interactions. In the vector-valued case, this consists in solving a system
of nonlinear PDE’s. Not being able to solve directly such system, the guess of the
limit densities and the proof of their relevant properties is a much more delicate
issue, which we discuss below in details. Indeed, one of the main difficulties in
proving Theorem 2.1 is to identify the correct limit densities W, g, and [, given
the density ¥ and the damage coefficient f, of the phase-field (1.3). We first show
that one cannot expect that the cohesive energies that arise in the limit of our ap-
proximation exhaust all possible energies of the form (1.2), with densities W, g,
and / satisfying the growth conditions and matching properties specified above.
Indeed, we prove that, even in the simplest case W (&) := |€]2, W is not convex
(see Lemma 2.5 below). Thus, at least in this case, the limit energy is not given by
the relaxation of a functional defined on SBV (2) (cf. [15, Remark 2.2]). Convex
functions may be obtained as densities of the bulk term of the energy under more
specific choices of the damage variable (see for example [24], where the damage
variable is a characteristic function).

The effective surface energy density g of the I'-limit of the family (F;) is de-
fined in an abstract fashion by an asymptotic minimization formula as the I'-limit
of a simpler family of functionals computed on functions jumping on a hyperplane
(cf. (2.12)). Alternative characterizations of g useful along the proofs are provided
both in Propositions 3.1 and 3.2, in which we show that the test sequences in the
very definition of g can be assumed to be periodic in (n — 1) mutually orthogonal
directions and with L? integrability, and in Proposition 3.3, where g is represented
in terms of an asymptotic homogenization formula. Finally, the energy density / of
the Cantor part turns out to coincide with the recession function W of W. Further-
more, an explicit characterization of / in terms of W is given in Proposition 3.10.

The proof of the lower bound in BV is based on the blow-up technique. Roughly,
to get the local estimate for the diffuse part given (i, ve) — (u,v) in L!, we
analyze the asymptotic behaviour of the phase-field energies F, restricted on the
8-superlevel sets of vg, 6 € (0, 1), and then let § 1 1. More precisely, in Lemma 4.4
we bound from below F¢ (u,, vs) in (1.3) pointwise with a functional defined on
(G)SBYV, that is independent of v, and that is computed on a truncation of u, with
the characteristic function of a suitable superlevel set of v, (depending on §). This
is actually true up to an error related to the measure of the corresponding sublevel
set of vg, and up to prefactors depending on § which are converging to 1 as § 1 1
for the volume term and vanishing for the surface term. The lower semicontinuity
in L' of the diffuse part of such a functional then implies the lower bound. In
addition, a slight variation of this argument shows directly that (GBV (£2))" is the
domain of the I'-limit. For the relevant functional space we refer to [45] (see also
the comments in Sect.4.1).

Instead, to prove the local estimate for the surface part we show that under a
surface scaling assumption we may replace v, by its truncation at the threshold y;,
being y, the smallest z € [0, 1] satisfying f.(z) = 1. The mentioned asymptotic
minimization formula defining g then provides a natural lower bound. The liminf
inequality in GBYV is finally obtained by a further truncation argument.

The upper bound in BV is proven through an integral representation argument.
In particular, a direct computation provides a rough linear estimate from above, in
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fact optimal for the diffuse part. This allows to apply the representation result for
linear functionals given in [20]. The sharp estimate for the surface density is ob-
tained using the aforementioned characterization of g involving periodic boundary
conditions. The full upper bound in G BV follows by a truncation argument.

Finally, we recall that in the scalar case several different choices for f; are pos-
sible without changing the overall effect of the approximation (cf. [33, Section 4]).
A negative power-law divergence at 1 however leads to a corresponding power-
law behaviour of g close to O (cf. [33, Theorem 7.4]). We expect these findings to
have a natural generalization to the current vectorial setting, this requires additional
technical ingredients that will be the object of future work [34].

The paper is structured as follows. In Sect. 2.1 we present the model, introduc-
ing the main definitions and stating the I'-convergence result in Theorem 2.1. In
Sect.2.2 we focus on a simplified model and we prove that in this case the limiting
volume energy density W, obtained by quasiconvexification as in (1.7), is not con-
vex (Lemma 2.5). In Sect. 3 several properties of the surface and Cantor densities
are discussed. In particular, Propositions 3.1 and 3.2 deal with the change of bound-
ary conditions within the minimum problem defining g. Proposition 3.3 provides
an equivalent expression of g. Sect. 4 is devoted to the proof of the lower bound:
Proposition 4.1 proves the surface estimate in BV. The lower bound in BV for
the diffuse part is addressed in Proposition 4.2. Finally, in Theorem 4.9, the lower
bound is extended to the full space GBYV via a continuity argument (cf. Proposi-
tion 4.8). The proof of the upper bound is the object of Sect.5, which concludes
the proof of Theorem 2.1. Finally, Sect. 6 addresses the problems of compactness
and convergence of minimizers.

2. Model

2.1. General Definitions

In the entire paper 2 C R” is a bounded, open set with Lipschitz boundary,
A(2) denotes the family of open subsets of Q2 and | - | denotes the Euclidean norm,
1§17 = gizj =Tr (7€) for & € R™*",

Forall ¢ > 0 we consider the functional 7, : L' (Q; R”"t1) x A(Q) — [0, oo]
given by

2 (1—v)? 2
Fe(u,v; A) ::/ (fe (v)\IJ(Vu)+T+8|Vv| )dx (2.1)
A

if (u,v) € WhE(Q; R™) x WE2(: [0, 1]) and oo otherwise, where for every
s € [0, 1) we set

ls "
fls) = - Je(s):=1ne”f(s), fe(l):=1,; (2.2)

and ¢ > 0 is a parameter representing the critical yield stress. We write briefly
Fe(u,v) := Fe(u,v; ), and analogously for all the functionals that shall be
introduced in what follows.
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We assume that ¥ : R™*" — [0, co) is continuous and such that

1
(-|g|2 — c) VO <WE) <c(EP + 1) forall £ € R™",  (2.3)
c
We assume the ensuing limit to exist, that is,
. v(@é)
Une(6) 1= lim 205 2.4)
—>0o0 t

and that it is uniform on the set of & with |£€| = 1. This means that for every § > 0
there is 5 > 0 such that |\IJ(t§)/t2 — W (&) < éforallt > t5 and all & with
|&| = 1, which is the same as

(W(E) — Woo(§)] < 81E1*  forall [E] > 15. (2.5)

By scaling, Wao(1&) = t*Woo (£) and in particular W, (0) = 0. Uniform conver-
gence also implies Wo, € CO(R™*").
We define h : R"™*" — [0, c0) by

h(g) = W(E) A LW () (2.6)
and denote by h9° its quasiconvex envelope,
h9 (€Y = inf {/ h(E + Vo)dx 1 9 € C2((0, 1)"; R’”)]. 2.7
O,

From (2.3) we infer that for every & € R"*"

1
(Il =) VO = h*@) < h(e) < c(lé]+ D). 28)

Let 795 be its recession function,

h99%° (&) := lim sup hq“ftg)' (2.9)

t—00

We remark that the definitions of h9%°° and W, differ, to reflect the different
growth of the two functions, quadratic for W and linear for 4. Recall that 295 is
itself a quasiconvex function [57, Rem. 2.2 (ii)]. Therefore, it is locally Lipschitz
continuous (cf. for instance [40, Theorem 5.3 (ii)]). Moreover, in Proposition 3.10
below we shall prove that

hI% (&) = £(W'P)3% (), (2.10)

where the latter quantity is defined as in (2.7)—(2.9). We remark that, at variance
with the convex case, one cannot in general replace the lim sup in (2.9) by a limit
[67, Theorem 2].
For all open subsets A € R”, u € WI2(A; R™) and v € WH2(A; [0, 1]) it is
convenient to introduce the functional
(1 —v)?

F(u, v; A) :=/ (sfz(v)\IJOO(Vu)+—+£|Vv|2>dx. @.11)
A 4de
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The first term is interpreted to be zero whenever Vu = 0, even if v = 1. For any
v e 8" ! we fix a cube QV with side length 1, centered in the origin, and with one
side parallel to v. We write Q" := r QV. We define g : R" x §"~! — [0, o) by
8(z,v) = inf{lijrgioréffg.o(uj, v, OY) ¢ lluj — 2xvso0yllLigvy = 0,85 — O}
(2.12)
Here u; € wh2(QV; R™) and vj € W1b2(QV; [0, 1]); obviously one can restrict
to sequences v; — 11in L (QV). We refer to Sect. 3 for the discussion of several
properties of g.
We will prove the following result:

Theorem 2.1. Let F, be the functional defined in (2.1). Then for all (u,v) €
LY(; R™ Y it holds

C(LY- lim Fe(u, v) = Folu, v),
e—0
where
Folu,v) := / h9(Vu)dx + / h9&°(dDu) + / g([u], v )dH™L (2.13)
Q Q Ju
ifu e (GBVNLY Q)" andv =1 L -a.e., and Fo(u, v) := 0o otherwise.

Remark 2.2. One can imagine several natural generalizations of Theorem 2.1. For
example, one could allow W to take negative values, replacing (2.3) by

1 2 2
;Iél —c < W) <c(&]"+1).

Whereas in purely elastic models like (1.1) one can add a constant to the energy
density without any change in the analysis, the presence of the prefactor fs2 (v) ren-
ders this modification nontrivial, and influences several steps in the proof. Indeed,
the construction in Step 1 of the proof of Theorem 5.2 shows that the definition of
h in (2.6) needs to be replaced by

h(E) == W(E) ALV ().

Alternatively, one could replace the quadratic growth of W in (2.3) by p-growth,
p > 1. The requirement that the effective energy scales linearly for large strains
leads to corresponding adaptations in the other parts of the functional.

For simplicity we only address here the growth condition in (2.3).

Notation. For A open we denote by M™(A) the set of positive Radon measures
on the set A, and by M;f (A) the subset of bounded measures. For A € A(L),
F(Ll)-liminffg(u, v; A) = inf{ limi(r)lf]-"g(us, Ve; A) :
E—>

(ug, vg) = (u,v)in LI(Q; ]Rm“)}

and correspondingly for the I'-lim sup. We drop the dependence on the reference
set A if A = Q. We refer to Sect.4.1 (see also [5, Lemma 2.10] or [45, Theorem
2.7]) for the definition of the vector measure D u, under the hypotheses that u €
(GBV(Q)™.
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2.2. Simplified Model

In this Section we consider the simplified case Wgimp(§) := |€|2, the corre-
sponding unrelaxed energy density Agimp : R™*" — [0, 00),

hsimp(€) = [E* A LIE], (2.14)

its quasiconvex envelope hgicmp as in (2.7), and its recession function hgicr;;o as in
(2.9). These functions only depend on the space dimension and the single parameter
£ > 0, which could be eliminated by scaling.

In this case it is possible to obtain simple closed-form expressions for several
of the quantities defined above. However, an explicit characterization of the qua-
siconvex envelope in (2.7) remains difficult. Indeed, we show in Lemma 2.5(iii)
below that even in this simplified setting the result is not convex. Since it has linear
growth, lower bounds with polyconvexity cannot be used, and an explicit determi-
nation of hgicmp seems difficult. We believe this to be a strong indication that in most
cases of interest the function 49¢ can only be approximated numerically, and not
computed explicitly. Lemma 2.5 and this observation are not used in the proof of

Theorem 2.1.

Lemma 2.3. For n,m > 1 let hgimp : R™*" — 10, 00) be defined as in (2.14).
Then:

(i) its convex envelope is

gl AR

hC_OIlV(é) — ) i
e gl -5, iflgl > 5

(2.15)

(ii) L1E] — § < % (€) < CIg| for all § € R™¥";

(iii) hgg;lf (€) = €|&| and the lim sup in (2.9) is a limit.

Proof. (i): To prove (2.15) we consider Ay : [0, 00) — [0, 00) defined by
hscal(t) = 1% A Lt (2.16)

and compute its convex envelope

12, ifo<t <,

22
o - <,

hCOI‘lV (t) —

scal

2.17)
. [/
ift > 5-

Letn € R™*" with || = 1. Then hgimp (1) = hscal (1), hence hgior;‘;(tn) < hSoy (1),

This proves one inequality in (2.15). At the same time, A%V (|€]) < hsa(|€]) =

scal
hsimp(§), and the function & +— A ' (|&]) is convex, since hgoy” is convex and

scal
nondecreasing in [0, co) and & +— |&]| is convex. This proves the second inequality

in (2.15).

(i1): This follows immediately from the fact that £|§| — % < h:ﬁg‘[”(é ) <
hgfmp(é) < hsimp(§) < £|§]| for any § € R™>".

(iii): This follows immediately from the definition and (ii). O
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We next prove that the quasiconvex envelope hgicmp

need a linear algebra statement that we present first.

is not convex. For this we

Lemma 2.4. Let
R " =T € R™™*" : Tjx = Tigj} (2.18)

sym

and consider for § € R™*" the linear map T : RGR"" — R™*"*" of the form

(TT)ijk = Tijk —&ij Y EapTak - (2.19)
a,b

mxnxn

sym ) =~

Ifrank & > 2, then T is injective. In particular, it has an inverse S : T (R

MmXnxn
me

Proof. It suffices to show that there is no I' € R{ """ with T7T" = O and T # 0.
We assume it exists and define v € R” componentwise by

v =) EarTant (2.20)
a,b
Then TT = 0 is equivalent to
Cijk — &ijue =0,

hence I'jjx = &;jvi, foralli, j, and k. Moreover, I' 0 in turn implies that v 7 0.
From I' € R{1"*" we obtain

&ijvr = &Eikvj.
As rank & > 2 there is a vector w € R” with v - w = 0 and Ew # 0. We take the
scalar product of the previous equation with w and obtain

D Ejvewe =) Evjup
k k

which gives 0 = v;j(§w); for all i and j. As v # 0 and éw # O, this is a
contradiction. O

Lemma 2.5. Let £ € R™*",
(i) If |E| < 5, then hsimp(§) = h (§) = him (£).
(i) If rank € < 1, then h‘jfmp(g) = h$gm (6).
(iii) Ifrank & > 2 and |&| > &, then K™ (&) < hd (&).

simp simp

Proof. We work for £ = 1 (the general case can be reduced to this one by a
rescaling), to shorten notation we write & for hgjmp.

(i): Itis clear that A°°™ < h9° < B If |E| < %then heO™N (&) = h(§) (cf. (2.15)),
and the assertion then follows.

(i1): If rank & = 1 with || > %, then for any ¢ > |£]| one has

-l &

- £ lEl-5E

1 1
r— L2k -1
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and by rank-one convexity of 79 we obtain

s _t—IEl £\ lEI=% e\ i—jgl1 lE-14
e E) < éh<m)+ . h(tg) < it Tt

r—1 Tr—34 -3
Taking + — oo shows that h9°(§) < || — }‘ = h®™(&). Recalling h®™ < h9°
concludes the proof.

(iii): We assume thatrank & > 2 and |€| > %, and show that 2°°™ (&) < h9°(&).
From the explicit formulas given in Lemma 2.3(i) we know that A°™ (&) < h(§),
from general theory A" < h9°,

Assume by contradiction that A°°™(§) = h9°(§). Then there is a sequence
@; € C((0, )"; R™) such that ¢ (x) = &x on 9(0, 1)" and

RN (&) = lim h(Vg;)dx. (2.21)
J=00 J0,1)n

We consider the affine function L : R"*" — R,

n-¢& 1
L) = — ——.
(m ] 1

One easily checks that 1™ (1§) = L(t§) = t|§| — } fort > ﬁ (cf. (2.15)), and

since |£]| > % this in particular holds for + = 1. Linearity and the boundary values

of ¢; imply
/ L(Vgj)dx =L (/ Vo; dx) = L(§).
o, 1" o,1)"

Subtracting from (2.21), and letting g := h — L, leads to

lim g(Vej)dx =0. (2.22)
J=>00 J(0,1)"

We next show that g(n) controls the distance of the matrix n from the set R&. To
do this, for n € R™*" we define the orthogonal projections

l :=BGR and nt ::n—in” e R™*"

&1 1€

so that [5]* = [n!|? + [n*|? and L(n) = !l — .
We first consider the case || > 1, so that () = |n|. Assume for a moment
that both n!l and 1 do not vanish. Letting y := |[n*|/|nl,

ity ol

14

g =Inl— L) = "/ 14+y2 =0l =

Letnow ¢ € (0, 1]. If y < ¢, then |77J-| < s|77” |. Otherwise, by monotonicity of
t— (V1 +12—1)/t wehave g(n) > (/1 + &2 — 1)|n*|/e. Therefore

Il < el + (2.23)

&
Ve
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for all n € R™" with |n| > 1 (the two cases n = 0 and n- = 0 follow by
continuity). If instead || < 1,

1
g =n* =L ="+ n* > —nl + 1z It 2.

Therefore for any ¢ € (0, 1] we have for all n € R™*" with |n| < 1
1 . 1
In |§8+g|n | §8+;g(n)- (2.24)

Combining (2.23) and (2.24) we see that for any ¢ € (0, 1] there is C; > 0 such
that for all n € R"™*"
It < e(nl+ 1)+ Cegm) .

In particular, for any j we have
IVoi| < Vel + 1) + Ceg(Vg)).

We integrate over (0, 1)", take the limit j — oo and recall that g(Vg;) — 0in L
by (2.22). We obtain

lim sup/ |V<pj‘|dx < elim sup/ (|V<py| + 1)dx
j—oo J(0,1)" j—oo J(0,1)"

for any ¢ € (0, 1]. By (2.21) and Lemma 2.3(ii) the sequence Vg; is bounded in

L', and since & was arbitrary we conclude that

lim sup / IV |dx = 0. (2.25)
©.1)"

j—o00

We next prove that (2.25) implies that Vg ; converges to the constant & strongly
in weak-L'. To do this we show that standard singular integral estimates imply
rigidity. To simplify notation, we write u;(x) := ¢;(x) — éx and R; := Vgojl =
Vu j‘, both extended by zero to the rest of R”, in the next steps. We observe that

%' . Vuj ~ ~
Rj=Vu;—-§ |%_|2 =Vu; —&&-Vuj)
where & := é—l Taking a derivative, and writing the components, we obtain

(VR)eak = (V2uj)eak = Eca Y Eap(V2u avk = (T(V?t4j))car
a,b

with T obtained from £ as in Lemma 2.4. Let S be the inverse operator. Then
VZu; = S(VR)),

so that in particular Au; is given by a linear combination of the components of
VR;, with coefficients which depend only on &. As u ;(x) = 0 outside (0, 1)", we
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obtain, denoting by N the fundamental solution of Laplace’s equation in R” (which
solves —AN = &),

—d,u;=0,(N % Auj) =0,(N * Tr S(VR;)) = Tr S(A,(R})),

forevery r =1, ..., n, where we have set (A, (R;))_ .  := 0,0k N * (R)cq (recall
that R; = 0 outside of (0, 1)), and (TrI"); := Z?:l [y, foreveryl =1,...,m
and I' € R™*"*" By [72, Theorem 4(b), page 42] we see that the operator R —
A, (R) is of weak type (1, 1), so that

||Vuj||w_Ll((o,1)n) = C||Rj||L1((o,1)n),
with ¢ depending only on &. Recalling the definition of u; and R; as well as (2.25),
. . 1 .
jll)ﬁolo Vo; — 5||w7Ll((o,1)n) = lel?;o ||V<Pj ”L'((O,l)”) =0.

To conclude the proof we choose z € (h°°™ (&), h(£)) (here we use again that
lE] > %). By continuity of 4, there is § > 0 such that 2(n) > z for all n € R™*"
with |7 — &| < 8. By definition of the weak-L! norm,

V PR
limsup £ ({x € (0, )" : |Vg; — &| > 8}) < 1imsupM

j—o00 j—o0o 3

=0.
Therefore, recalling that 7 > 0 pointwise,

liminf/ h(Vej)dx >liminf zL"({x € (0, 1)" : [Vo; — &|<8})
0,1)" X j—o00 :

Jj—00
=7 > hconv (E)

This contradicts (2.21) and concludes the proof. O

3. Energy Densities of the Surface and Cantor Part

In this section we discuss several properties of the energy densities g and 29%°°,
We warn the reader that while the results dealing with g contained in Sect.3.1
and 3.2 will be crucial in the proof of Theorem 2.1, those in Sect. 3.3 will not be
employed in that proof. Actually, Proposition 3.9 and Corollary 3.11 take advantage
of Theorem 2.1 itself (in particular of the lower semicontinuity of I"-limits).

3.1. Equivalent Characterizations of g(z, v)

We show below that we may reduce the test sequences in the definition of g (z, v)
in (2.12) to those converging in L? and satisfying periodic boundary conditions in
(n — 1) directions orthogonal to v and mutually orthogonal to each other. This is
the content of the next two propositions, which will be crucial in the proof of the
upper bound for the surface part (Theorem 5.2 Step 2). The proof draws inspiration
from that of [19, Lemma 4.2]. We fix a mollifier ¢; € C2°(B}), with fBl prdx =1,

and set ¢ (x) := e "¢ (x/¢e) in B,.
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Proposition 3.1. Assume an optimal sequence in (2.12) convergesin L*>(Q"; R™+1),
Then there are £; — 0, (uj», vjf) — (x>0}, ) in L2(QV; R™ 1), with v;‘ €
[0, 1] L"-a.e. in QV, such that

. (o.¢] * *, v
jlgx;o};j (f, v 07) < g(z,v)

and

Wi = (ZX{xv>01) * @s; , VT = X{lxv[=2e;) * P ondQ". (3.1
Proof. Step 1. Construction of u’; and v;’.‘. Picke; — 0,v;j and u; — zxX{x-v>0)
in L?(QV; R™) such that

g(z,v) = lim FZuj, vj; QY).
j—ooo
To simplify the notation we write
Uj = (2x{xv>0) * Pej> Vi = X{lx-v|>2¢;} * Ps; - (3.2)

Obviously |U; — zx(xv=0}l12(gvy = 0, sothat lu; — Ujll2(gvy — 0. Moreover,
by construction U; = zx(x.v>0y if [x -v]| > ¢, V; =0if [x -v| <gj,and V; =1
if |x - v| > 3¢;. Therefore, by W, (0) = 0 and f(0) = 0, we have

PRV Q) = FE OV @) ety [ vV;idx <.
{xeQV:gj<|x-v|<3¢;}
as |[VV;llpoo@my < ;—l_, where c is a constant independent of j € N.
Next, we choose a sequence n; — 0 such that

2/3

gj+lluj — Uil o
e Bl (1 NN (3.3)

nj

andset K; := [n;/e;], wecanassume K ; > 4. We let Iéli = Qll)—ks,v\Qlf—(kH)aj’
where we write for brevity Q; := rQV for the scaled cube. We select k j €
{K;j+1,...,2K;} such that, writing R; := Ié,ﬁj,

C
luj = Uil o, < ;- Ujllz2 om (3.4)
and

(o'} . (o¢] . ¢
‘7:5/' (uj,vj,Rj)—F]:Ej (Uj,Vj,Rj)fF. 3.5)
J
We fix 6; € CCI(Q‘ffkjgj) with §; = 1 on Q‘f—(k,-kl)e,» and |V0;| < 3/¢;, and
define
uj =0ju; + (1 —-0;)U;.
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The construction of v;? is more complex. In the interior part, it should match v;. In
the exterior, V;. In the interpolation region, it should be not larger than v; and V;,
but also not larger than 1 — ;. Therefore we first define

1
Uj(x) :==min{l, 1 —n; + ;dist(x, R}, (3.6)
j

which coincides with 1 — 7; in the interpolation region R;, and with 1 at distance
larger than 7 ;¢ ; from it, then

R 1
Vj(@) = min{1, V; () + —dist(x. 0"\ @} 41ye)) 3.7)
J

which coincides with V; outside QY_ (kj+De;? and with 1 inside QY_ (kj+3)e; &
well as for |x - v| > 3¢; (cf. the deﬁmtlon of V ), and finally

2
v :=min{l, v; + ——dist(x, Q}_ kie; )}. (3.8)
kjej

We then combine these three ingredients to obtain

v;f = min{v;, V;, ;}.
On 9 Q" the first and the last term are equal to 1, hence v} = Vj =V;.

Step 2. Estimate of the elastic energy. By the definition of u;‘.,
" 3
IVujl = IVujl + IVUjI + —luj = Ujl
J
therefore in R

c
Woo (V%) < cWoo(Vitj) + cWoo (VU)) + — |uj — Uj|%.
o
J
We recall that v;f < min{v;, V;, 1 — n;} in R; and that [0, 1) 5t — /(1 — 1)
is increasing. Since by construction v}f = V; = 0on {VU; # O}NR; the term
W (VU;) can be ignored. Therefore
( *)2 8'1)2

\I’oo(vu ) <

luj — U P
=) e |

&
2 2
oE

———— W (Vu;) +
Integrating over R; and using (3.5) in the first term, (3.4) in the second one,
gi(v*)? luj —Ujl%, v)
/ ]—j*z‘l‘oo(vuj)dx < < +c¢
R; (l—vj) K; Ksjnj
Using first that the definition of K ; implies lim;_. o Kje;/n; = 1 and then (3.3),

||’/‘j U]”Lz(Qu . “uj U] ”

lim sup —————= = lim sup
=00 Kjen; =00 n}

LZ(QU
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Therefore

2 i — V.
I]llSup —( j) 00 Vl,{j X =0

j—o00
Using again that the supports of VU and V; are disjoint, we have

/ £ ij U (VU )dx =0
0"\O} 4. (1-V)?

Therefore
li / 8j(v;f)2 (Vus)dx <1 Y] oo (Vi j)d
1m sup — u x < 1nnsupt/1 o uEE——— uij)ax.
oo Jov (1—v%)? Yoo joo Jor (1—vp2 "0

3.9
Step 3. Estimate of the energy of the phase field. By the definition of v;f,

757(0, v;'-‘; Q") < 757(0, vj; Q") +-7:§7(0, Vﬁ Q") +-7:§7(0, vj; QY).
(3.10)
From (3.6) we have |1 — 0;| < n; with [{0; # 1}| < ce; and |[V;| < 1/e; with
{VD; # 0}| < cejnj, so that

; (1 —1;)° ;
Fr.0 00 = [ (S e Rar < ey,
v J

From the definition of V; and Vj,we seethat|{‘7j # 1} < cnje; andej|V\7j| <c,
so that

Fe 0,V: Q%) < cenj.
Similarly, 5 = v; in Q}_, . .18, — 1| < [v; — 1], and [Vi;] < |Vv;| +2/(k;e;)
in 0"\ Q7 ke lead to

48, L0\ OF )

Fe 0,9: Q) < FP(0,v55 0" +

2.2
kjej
4
+—1/2.7;°(O, v oMLY\ Q‘I)fkjgj)l/z
kj8/
<7500 0" + 5
J k}/z

Recalling k; > Kj +1 — ocoand n; — 0, (3.10) leads to

hmsupfoo(O v ; 0V )<11msup]-"°°(0 vj; OY).

j*)OO ]4)00

Combining this with (3.9) concludes the proof. O
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We are now ready to perform the claimed reduction on the test sequences in
the definition of g(-, v) in (2.12). To this aim we fix a sequence (ax)r C (0, 00)
such that a; < ag41, ax 1 00, and such that there are functions 7; € C Cl (R™; R™)
satisfying

z, if|z] < a,

Ti(2) == (3.11)

0, ifz[ = axy1
and ||V7g| Lo ®wm) < 1. Following De Giorgi’s averaging/slicing procedure on the
codomain, the family 7 will be used in several instances along the paper to obtain
from a sequence converging in L' to a limit belonging to L>°, a sequence with the
same L! limit which is in addition equi-bounded in L*°. Moreover, this substitution
can be done up to paying an error in energy which can be made arbitrarily small.

Proposition 3.2. For any (z,v) € R” x $"~! and any 8;‘ J O there is (ujf, v;) —
(ZX(xv=0), 1) in L2(QV; R™FY) with vi €10, 11 L"-a.e. in QV, such that

lim 735, v3: 0")=g(z,v) (3.12)
Jj—o00 J :
and
MT = (ZX{X‘U>0}) % (ﬂ€7 . U7 = X{lx,vlzzg;} k (pg’; on aQV

Proof. Step 1. Reduction to an optimal sequence in (2.12) converging in
L2(QV;R™ ). Lete; — 0, (uj, v;) = (2xrv=0}, 1) in L1(QV; R™ 1) be such
that
g(z,v) = lim ff;’(uj, vj; OY).
J—>00

Recall that v; € [0, 1] £L"-a.e. in Q", therefore v; — 1in L2(QV). We claim that
forall j, M € Nthereis ky j € {M +1,...,2M} such that

FE Ty vy 00 = (14 ) FR@p0: 0 (1Y)

where ¢ > 0 is a constant independent of M and j. If ayy > 1+ |z| = 1 +
lzx(xv=0ll Lo (@) then Tk, () = Zx(xw=0y in L2(Q"; R™), and (3.13) yields

. c
lim sup]—'ff(’]?w,j(uj), vj; QY) < (1 + M)g(z, V),

Jj—o00
which in turn implies by the arbitrariness of M € N,

g(z,v) = inf{lij;gi()r(l)ff;f(uj, vj; oY) : llu; — zx{x.v>o}||Lz(QU) — 0,¢&; — 0}.

We are left with establishing (3.13). To this aim consider 7 («;) and note that
For Ti(uj),vjz Q%) = FX(uj, vji {luj] < ar})

+ T (T, vjs{ax < lujl < ager}d) + F57 0,053 {lujl = ager}) .
(3.14)
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We estimate the second term in (3.14). The growth conditions on W (cf. (2.3)) and
IVZill Lo wmy < 1 yield for a constant ¢ > 0

Foy (D), vjs {ar < |ujl < a1}
=cf 1 120 Woo(Vat ) + F2(0, vy lag < luj| < ags)).
{ar<lujl<ar+1}
(3.15)
Collecting (3.14) and (3.15) and using ]—';’jo(uj,vj;A) + ]—'S"J,O(O, vji; B) <

}"&?f (uj,vj; AU B) for A and B disjoint we conclude that

FE(Tw)), vj; Q%) < Fwj, vy Q”)+C/ £ 2 (v))Woo(Vit)dx .

far<lujl<ag+1}

Letnow M € N, by averaging there exists ky; j € {M + 1, ..., 2M} such that

2M
1
FE Ty wp)vjs Q') < o0 Y0 Foy (Teluy), vy Q)
k=M+1
=

(1 + %)fff(uj, vj; 0,

ie. (3.13).

Step 2. Conclusion. In view of Step 1 there is an optimal sequence for g(z, v) in
(2.12) converging in L?( ov; R™ 1) Let (x, uk, vg) be the sequence from Proposi-
tion 3.1. Since limg o lim; 8; /e = 0, we can select anondecreasing sequence

k(j) — oo suchthat A; := s;f/sk(j) — 0. Welet 0" :=(Id—v®v)Q’ Cc vt C
R" and select xp, ..., x; € 0V, with l; = Ll/)»jj"’l, such that x; + QKJ are

pairwise disjoint subsets of 0¥. We set

W (x) = uk(j (), ifx —x; € @ for some
’ U7 (x), otherwise in Q"
and
vE(x) = Uk(j)(x—;jx' ), ifx—ux € QKJ, for some i,
! Vix), otherwise in Q",

where Uj’f and V;‘ are defined as in (3.2) using 87. One easily verifies that U]’f x) =
Uk(j)(xk;jy) for all y € v+, and the same for V. By the boundary conditions (3.1),

these functions are continuous and therefore in W2(QV; R™*1). We further esti-
mate

FEW, 05 0 < 1 UFR i, viyy; )+ eH'™HO \ Ui + 03)-

Taking j — oo, and recalling that lim sup; ffljj) (i), vk(jy: @V) < g(z,v),
concludes the proof. O
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In what follows we provide an equivalent characterization for the surface energy
g in the spirit of [33, Proposition 4.3].

Proposition 3.3. For any (z, v) € R” x $"~! one has

g(z,v) = lim inf  ——F u,v; Q). (3.16)

T—00 (u,v)eld!, !
where
us, = [(u, v) € W@ R™ D0 < v < 1 v = X(rajz2) %91 and
U = (ZX{x-v>0)) * @1 O 3QUT}~

Proof. Forevery (z,v) € R”" x " land T > 0 set

z,v) := inf }" u,v;
grGv)i= |l o P v ).
We first prove that
limsup gr(z,v) < g(z,v). (3.17)

T—o00
Indeed, if 7; 1 oo is a sequence achieving the superior limit on the left-hand side

above, thanks to Proposition 3.2 we may consider (u;,v;) € wl2(Qv; R+
with 0 < v; < 1, (uj, vj) = @xgev=op, D in L2(Q"; R™H,

Ujp = @Xv=0) ¥ P Ly Vi = A= 2 ) % @) on 90", (3.18)
J
and
lim FP(uj,vj; Q%) =gz, v). (3.19)
Jj—o00 T, X

(L (L v
Then, define (iz;(y), v;(y)) = ( ./(Tj)’ UJ(T,- )) fory € er, and note that by a
change of variable it is true that
—— Fi Gy, vy Q‘}j) = f?(”j, vj; 0Y),
J

n
T;

and that (i, v;) € L{ZT’V in view of (3.18). Then, by (3.19), the choice of T; and
the definition of g7 (z, v) we conclude straightforwardly (3.17).
In order to prove the converse inequality

liminf g7 (z,v) > g(z,v), (3.20)
T—o0

we assume for the sake of notational simplicity v = e,. We then fix p > 0 and take
T > 6, depending on p, and (u7, vr) € Ugell such that

—— F (ur, vr; QF) < liminf gr(z, e,) + p. (3.21)
Tn— T—00
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Lete; — 0 and set

ur (l—d>, if y € £;(QF +d) cC Q°,
uj(y) = &

(ZX{x-en>0} * @1)(%’.), otherwise in Q°",

vr (l—d), ifyG&‘j(Q;:l-l-d) cC Q°n,
vi(y) = €j . o
(X{jx-en]>2) * (Pl)(s'—j), otherwise in O,
with d € Z"7! x {0}. Then, (u;,v;) = (ZX{x-e,>0}, 1) in L'(Q%; R™*1) and

letting I;; = {d € 7" x {0} : 8.,'(Q?l + d) CC Q°}, a change of variable
yields (cf. also the discussion after (3.2))

8(z, en) <limsup F27(uj, vj; Q)
j—o00
§limsup( Z ffﬁ(uj: vji & (QF +d))

j—o0 delgj

+ gijﬁn(Qenﬁ{é‘j <|x,| < 38]'} \ U Sj(Q? +d))>

delg/.
=1lim sups?_l#lgj F(ur, vr; OF)
j—o00
S gt 1 (ur s vrs Q) < liminf g7 (2, e) +

by the choice of (u7, vr) and T (cf. (3.21)). As p — 0 we get (3.20).
Estimates (3.17) and (3.20) yield the existence of the limit of g7 (z, v) as T 4 oo
and equality (3.16), as well. O

With this representation of g at hand we can obtain a version of Proposition 3.2
which also accounts for a regularization term of the form 7, f W(Vu)dx.

Proposition 3.4. For any ¢; | 0 and n; | O withn;j/e; — 0, and any (z,v) €
R™ x §"~ there is (uj, vj) — (zx(xv=0}, 1) in L2(Q"; R, with v; € [0, 1]
L"-a.e. in QY, such that

lim F22(uj, vj; Q%) = g(z,v),

j—oo 7/

lim njf |Vuj2dx = 0,

J—>00 Qv

and

uj = (ZX{x-v>0}) * Qe s Vi = X{lx-v|>2¢;} * @e; on 8QU~
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Proof. We use the same construction as above (without loss of generality, explicitly
written only for v = ¢;), and compute similarly

2 2 ¢ "

”Vu]”LZ(QL’n) S Z ”Vuj”LZ(gj(Q?-H{)) + 8_2['” (Qe N {|Xn| E 8]})
delgj J

Cr

-1 2
= ‘9;! #I&‘,' ”VMT”LZ .
. &

J

¢ <
ent g =
To conclude the proof it suffices to choose T; — oo so slow that 1;Cr;/¢;

— 0. O

Corollary 3.5. If W () = |&|%, then g(z,v) = gscal(I2]) for all (z,v) € R™ x
S"=1 where gy is defined as the right-hand side of equation (3.16) withn = m =
L.

For an equivalent definition of gy, see equation (4.4) below and [33, Proposi-
tion 4.3].

Proof. By [33, Proposition 4.3] or by Proposition 3.3, the following characteriza-
tion holds for ggcal:

gscal(s) = hm lnf le’\loo(a, ﬂ’ (_T/za T/Z))v
T100 (a, f)el!

with

T
L 1— 2
T b (TR = [ (B + % +1B17)dx

(S

and
U ={a. pe W2(=7275): 0B <1, BETH) =1
a(="/2) =0, a(T)) =s}.
Let (z,v) € R” x $"~!, z # 0. We first prove that
8(z,v) = gscar (2. (3.22)
If 7 > 0 and (u, v) € UL, (see Proposition 3.3 for the definition of 247 ), then for

H' lae. y e Q% =0d-v®v)Q} C vt the slices

u;(t) = % ~u(y + tv), v‘y)(t) = v(y +tv)

belong to ¢4, and satisfy by Fubini’s theorem

! 1
m}?o(”’ v; Oy) = a1 /QV 32100(14;, v;; (=T/, 7)) dH" " (y)
T

> inf  FP(a B (=T Th)).
(@B)eUf,
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Taking the infimum over (u, v) € UZ: , and passing to the limit 7 — oo we get
(3.22).
Let us show now that

8(z,v) = gscar(lz])- (3.23)

LetT > Oand («, B) € Z/{‘fl. Fixed e; — 0, we will construct a competitor (u;, v;)
for the problem (2.12) defining g. We set

T z . ,
o v) it vl =, xe Q"
uj(x) = €j |Z|
ZX{x-v>0}» otherwise in QV,
T . .
ﬂ(—x~v), if [x -v] < 5—’, x € QY,
vj(x) = £j
L, otherwise in Q".

Hence by a change of variables we have [[u; — zX{x.v>0ll1(gv) = 0 and
Fopuj, v Q) = F%(a, B (=T, T/).
Therefore, we conclude that
8z, v) < F%(a, By (=72, T/)).
As (a, B) € u|€| varies, we obtain (3.23). O

Remark 3.6. The same argument shows that if W satisfies Voo (§) > Voo (EVv Q@ V)
forevery £ e R™*" and v € S§"=1 then for all (z,v) e R x Nt

T/

’ _ 2
gl = }%‘é‘o%}f/,/z (PBO (@ ®v) + LS

+ 1B 1 )i

where
Ul =, p) e WA(=Th TR 0< B < 1, BT =1
a(="2) =0, a("p) = z}.
3.2. Structural Properties of g(z, v)
We next deduce the coercivity properties of g.
Lemma 3.7. There is ¢ > 0 such that, for all z, v € R™ x sn—1
1
Z(Izl A1) =gz v) =c(lzl A D).
We provide here a direct proof of the lemma. Alternatively, these bounds may

be derived estimating F, by its 1D counterpart (as in (4.2) below) and recalling the
bounds holding for ggal, see [33, Prop. 4.1].
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Proof. We start with the lower bound. Let z € R™, v € $"1, and fix sequences
gj — 0,vjand u; — zxev=0) in L1(Q"; R™) such that Foouj, vj; Q%) —
g(z,v). Forevery jand y; € vin Q" we define v;f € Wl’z((—%, %); [0, 1]) and
uh e W2((—%, 5 R™) by vi(t) 1= v;(yj + tv) and w¥(t) == u;(y; + 1v). The
setof y; € vt N QY such that

lu — zxp=0yll 11 11y = 3lluj = 2xevz0llz oy

has measure at least % and, using (2.3) to estimate %|(u;f)’|2(t) < Woo(Vuj)(y; +
tv), the setof y; € vt N QY such that

e CWH WP (1= v)?
/( K& C b e ) P )dr = 3F W) v )

LhHNd = v*)2 c 4e;
also has measure at least % Therefore we can fix y; such that both inequalities hold.
If g(z, v) < oo, then necessarily vjf — lin L2((—%, %)), and it has a continuous

) 3 . . 1
representative. We can therefore assume that sup v;f > 7 for large j. If inf v;‘ <3

then
3/4
< /( (1 — v ldr

1
~(1—v)?
2 172 5.3

(1—=v¥)? >
<[ el P =3 v 00,
—3h e !

Otherwise, v;f > % pointwise and

U Ul N , s
/( ((1—1)*)2 ¢ + 4¢; ) ~2cl/2 /, |(u)|

77 2

1
2 2
Since [|u’ —ZX120||L1((_%’%)) — 0, thereare 7, ¢ such thatu’ (1;) — 0,u’(1}) —
2, and therefore liminf;_, f(_%’%) |(u;f)’|dt > liminf;_, o |u;f(tj) — uj(t})| =
|z|. We conclude that liminf ; _, oo fg?(uj, vi; 0Y) = c(1 A L]z]).

We turn to the upper bound. We define u ; (x) := uj(x 1), v (x) = v;f(x V),

where, denoting by A/ the affine interpolation between the boundary data in the
relevant segments,

0, ifr<—gj (1= @4, if 1] <,
ujf(z) =1z ifr > ¢, vj(t) =11, if |t] > 2¢,
Al, if —gj <t <e¢gj, Al, if [t] € (gj, 2¢)).

If £|z] < 1, then the upper bound in (2.3) leads to

Lz Lz
| |+28, £j | |_( c+142)¢|z|.
&2

J

gil%c(|z]/2¢;)?
f;;)(uj,vj;Qv)SZEj—J 00z / +4 i 7g
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If instead £|z| > 1 the first term vanishes, and

(0.} v 1 1
Fo(ujvj: Q¥) <0+4ej— + 26— = 3. o
! 46‘] gj

We prove next the subadditivity and continuity of g.
Lemma 3.8. (i) Foranyv € §" ! and 7', z> € R™ one has
gz +2%v) < g2 v) + g% v).
(i) g € COR™ x §"— 1y,

Proof. (i): Fixz!,z2 e R", v e §" ! Let (u’J vi.) be the sequences from Proposi-
tion 3.2 corresponding to &; := 1/j and the pair (v, z'), for i = 1, 2. We implicitly
extend both periodically in the directions of v+ N QV, and constant in the direction
v. In particular, for {x - v > %} we have u’J =7 and vj. =1;for{x-v < —%} we
have u‘J =0and v, = 1fori € {1,2} and all ;.

. . "
We use a rescaling similar to the one of Proposition 3.2. We fix a sequence

M;j e N, M; — oo, and define (4, v;) € WH2(R"; R™ x [0, 1]) by

1 1 .
wj(x) = ulj(Mj;c+§v), 1 %fx-v <0,
z —i—uj(ij—Qv), ifx-v>0,

and, correspondingly,

1 1 .

v:(Mix + 5v), ifx-v <O,
vi(x) =114 / % .

vj(ij—iv), ifx-v>0.

By the periodicity of (uj., vj.) in the directions of v- N @V, these maps belong to

Wwh2(Qv; R™). Furthermore, u; = O and v; = 1if x - v < —ML]_, uj =z' 42
1
;>
Therefore, by changing variables we find

andv; = lifx-v > and (uj, v;) is MLj-periodic in the directions of v+ N Q.

luj = @'+ 22 gzl L1 gvy = Nl — (& +Zz))ﬂwzm||L1(va\x-v|sﬁ1>
J
_ 1 Lo
= a4l ovaevi< by + 3 145 = Tl o<y
J J

= L||Ml~ iy + L||M2‘ - Zz||L1(QV)
Mj J Mj J

< Dt — 2y Il +'z—1'+—||u2—z2x Il +ﬂ
- Mj J {xv=0HILT Q) 2Mj Mj J {xv=0} LT (Qv) 2Mj,

so thatu; — @+ Z2)X{x-u30} in LL(QV; R™). Arguing similarly, we infer

Fm, Wy vjs Q) = FPj, vj; V) + FuF, vi; Q).
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The conclusion follows taking the limit j — oo.

(ii): By (i) and Lemma 3.7 we have g(z, v) < g(z’, v)+c£|z—7'|, which implies
that for any v € S"~! the function g(-, v) is c£-Lipschitz continuous. Therefore it
suffices to prove continuity in v at any fixed z.

Since Wy, is continuous and positive on the compact set §~! C R™*"  there
is a monotone modulus of continuity w : [0, 00) — [0, 00), with w, — 0 as
o — 0, such that

Woo(§) < (1 + 0z —g) Voo (&) for E] = €] = 1.
This implies that
Woo(1) < (1 + @)r1a) Yoo (NR) forany € R"™" R € O(m)  (3.24)

(it suffices to insert n/|n| and nR/|n| in the above expression).

Fixv e "1 a sequence &; — 0, and let (u;, v;) be as in Proposition 3.2,
extended periodically in the directions of v- N Q" and constant along v, as in the
proof of (i). Let 9 € $*~', ¥ # v, and choose R € O(n) such that v = R and
|[R —Id| < c|v — p| (for example, R can be the identity on vectors orthogonal to
both v and ¥, and map (¥, b1) to (v, v1) in this two-dimensional subspace). We
fix a sequence M; — oo (for example, M; := j) and define

uj(x) :=u;(M;Rx), vj(x) :=v;(M;Rx).

From u; — zx{x.w=0) in L}OC(R”;R’") we obtain #; — zxy.p>0y. Further,

Viij(x) = M;Vu;(M;Rx)R, which implies, recalling (3.24),
Woo (Vi) (x) = M7 Weo(Vuj RY(MjRx) < M7 (1 + ojr—1a) Woo (Vi j) (M Rx).

Inserting in the definition of ]—'g’f (ij,vj; Q") and using a change of variables
leads to

F, (W), v 0" <d +a)|R—Id|)M}_"f§j°(uj, vj; MjRQ").

We observe that, although RV = v, we cannot in general expect RQ" = Q.
However, as (u;, v;) are periodic in the directions orthogonal to v, the (n — 1)-
dimensional square v+ NM;R Q" canbe covered by at most M;’_l —i—cM;l_2 disjoint

translated copies of the (n — 1)-dimensional unit square v- N QY. Therefore
g(z. D) <limsup F5, (@i, ;: Q")
Jj—>00 /
i c
<(1 + w|g-1q) lim sup(1 + V)fgf(uj, vj; Q)
j—00 J

=1+ or-14P&z, v) < (1 + wcp—pPg(z,v). O
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3.3. Density of the Cantor Part

We study now the behaviour of the surface energy density g at small jump
amplitudes. The next result is probably well known to experts. Despite this, we
give a self-contained proof since we have not found a precise reference in the
literature. Similar constructions are performed in [7, Proposition 5.1] for isotropic
functionals defined on vector-valued measures. The L' lower semicontinuity of 7
is assumed to hold in Proposition 3.9 below, as already mentioned at the beginning
of Sect. 3. Such a property follows, for instance, from the validity of Theorem 2.1.
We stress again that Proposition 3.9 is not used in the proof of Theorem 2.1, rather
it provides a further piece of information on g showing its linear behavior at small
amplitudes.

Proposition 3.9. Assume that the functional Fy defined in (2.13) is L'(Q; R™)
lower semicontinuous. Then, for all v € 5"~1 ywe have
g(z,v)
im ————— =
z—0 h9%®(z @ v)
Proof. With fixed v € §"!, let xo € Q and p > 0 be such that Q;(xo) C Q.

Upon translating and scaling, it is not restrictive to assume xo = 0 and p = 1. For
every z € R™ consider the sequence

wj(x) = @(jx-v)z, x e Q' (3.25)

where ¢(t) := (t A1) vV Oforevery t € R. Clearly, w; — u;(x) := z)x{x.v>0} in
L'(QV; R™), and thus by the L' (Q"; R™) lower semicontinuity of F we conclude
that

¢(z,v) = Folug, 1; 0¥) < liminf Fo(w;, 1; Q%) =1iminff h9(Vw;)dx
J—>00 Qv

Jj—>00
hac(j
— lim inf / % (jz @ vydx = liminf T~ &)
J=0 J{xeQV:0<x-v<1/}) Jj—oo J
<h®*®:zev). (3.26)

On the other hand, given z € R™ and any couple of sequences z; — z and
tj — 0%, denote by M; the integer part of tj_l and define for every k € N, k > 3,
Mj—1

wj(x) =y 2 Xy g () 2 (- V)
= TR,

We show that u j x converges, as j — 00, to wy as defined in (3.25) forevery k > 3.
Indeed, fors :=x -v € [m, IQLMI,) C [0, %) we have
J J

litjzj — zks| < |z = zj] + |zjl litj — ks|
i 1
<lz—zjl+lzjl <— |Mjt; — 1] +_)
M; M

1
<lz—zjl + Izl <’Mjfj - 1‘+V> -0
j
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uniformly in 7, hence ||wg — uj k|| Loo(gv:Rm) — 0 as j — oo. Further,

Mi—1
! {er":xm:Tj}

Dujy = Dlujp = (tjz; ® vyH" 'L U, :
= %}_

+((z—M; —Dtjzj) ® WH ' x e Q¥ x v
Therefore, by the L' (QV; R™) lower semicontinuity of 7y we conclude that
1
%hqc(kz ®v) = Folwg, 1; Q%) < liminf Fo(u;i, 1; Q")
j—>00

= lim inf / g 1(x), v) dH" ' (x)

t. . N
= liminf(M; — 1)g(z;z;, v) = liminf 8z, V)
Jj—o0 00 L
As this holds for every sequence, this implies
t7,
g(tz',v) . 4o

h9®(z ®v) < liminf

(t,7)—(0,z2) t

Indeed, the superior limit in the definition of A9 is actually a limit on rank-1
directions being h19%°° convex on those directions.

Let now Z/ — 0 be a sequence for which
. g(z,v) g@j.v)
liminf ———F— = .
=0 h®(zQ®v) j-ooo th’OO(Zj ®v)

Upon setting z; := TZ%‘, up to subsequences we may assume thatz; — zo € s,
In addition, #; := [Z;| — 0. Therefore, being 419> one-homogeneous we have

that
1

8@, v)  gltjzj,v)
hie®(z; @ v)’

hqc,oo(’zj Q) - tj

By the latter equality, by (3.27) and by the continuity of 49°° we infer

8@V (3.28)

liggf hE ) =
The conclusion follows at once from (3.26) and (3.28). O
We now identify 299> explicitly as stated in (2.10).
Proposition 3.10. For all ¢ € R™*"
(3.29)

hE0(E) = L)
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Proof. With fixed & € R™*”, the very definition of 4 in (2.6) and the growth
condition (2.3) easily imply

c 1/2\qc
399 = im sup ") q(é) - iq G3)

t—0o0 l—)OO

= LU E).

Let & > 0, then for every ¢ > 0 consider ¢; € CZ°(Q1; R™) such that

h9€ (&) > / h(té + Ve, (x))dx —e. (3.30)
01
Note that
E: :={x € Q1: h(t§ + Vg (x)) = V(& + Ve (x))}
={x € Q1 Wt + Vg, (x)) < 0},
so that

/ W' (1€ + Ve, (x))dx < £2.
E;
Therefore, being & > 0 (cf. again (2.3)) from (3.30) we infer that
W) = [ e0haE + Vot - € -z s - £ -
[0

from which we conclude that

WPy (1)
t

R (&) > lim sup = L(WP)Ie2 ).

—>00

O

From Propositions 3.9 and 3.10 we deduce straightforwardly the ensuing state-
ment.

Corollary 3.11. For all v € S"~! we have

i g(z,v)
1m ; =
z—0 £(W'1)a%0 (7 ® v)

We conclude this section by proving that, under our hypotheses, the superior
limit in the definition of (¥'?)® is in fact a limit and that the operations of quasi-
convexification and of recession for W' commute.

Proposition 3.12. We have that

: 1 Wi ( )

(i) ()2 E) = (Woo) (§) = lim :

(i) (W'7)40%0 = (@)oo,

(iii) In the special case W, (£) := dist?>(&, SO(n)) one obtains hi®° (&) = (||
forall § € R™*",

, for all § € R™",
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Proof. The second equality in (i) follows immediately from (2.4). Then, the first is
a consequence of the very definition of recession function. Alternatively, by (2.5)
we infer that, for all § > 0, there is Cs > 0 satisfying

(WP E) < (1 +8)W"(E) +Cs, forallé € R, (3.31)

This, together with the definition of recession function, implies (i).

(i) Since (U9 < W'’ we immediately deduce (W'?)44> < ('), By
[57, Rem. 2.2(ii)], (¥'/*)9% is quasiconvex, hence (W'/*)4%° < (@'/)o0.q¢,

Let us check the converse inequality. Let £ € R”*". By definition of quasi-
convexification and (3.31) we have

(W' (g) < / (U'H®(E + Ve)dx < (1+6) W' (E + Vo)dx + Cs,
O,1)n 0,1

for all ¢ € C2°((0, 1)"; R™). Hence, taking the infimum over ¢ gives
(W) (&) < (14 8)(¥H%(E) + Cs.
Since (W) and therefore (W'/2)%9€ are positively one-homogeneous, we obtain
(Wede < (ke

which yields the thesis.
(iii) From the definition of W, one easily obtains (lllé/ X (&) = |£|. As this

function is quasiconvex, it coincides with (\Il;/ )%.4¢  the assertion follows then
from (ii) and Proposition 3.10. O

4. Lower Bound

4.1. Domain of the Limits

In order to characterize the compactness properties and the space in which the
limit is finite it is useful to consider the scalar simplification of the functional,
Fseal s wh2(A; R x [0, 1]) — [0, ool

(I -v)
de

2
]_—sscal(u’v; A) ::/ (ng(v)|vu|2+ +8|V‘U|2)dx. (41)
A

From (2.3), one immediately obtains that for any (u, v) € WLZ(A; R™ x [0, 1])

ci=l,...,

1 . I
- max FNui, v; A)—cL"(A) < Fe(u, v; A) < ¢ ) Fo (i, v; A)+eL"(A)
" i—1

4.2)
with the same constant ¢ > 1 as in (2.3). In particular, [33, Prop. 6.1] implies that
if (ug, ve) = (u,v) in L' (Q; Rt with

liminf Fg (ue, vg) < 00
e—0
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thenu € (GBV(R2))" and v = 1 L"-a.e. 2 (for a different proof see Remark 4.7).
In addition, for every i € {1, ..., m}

/Q ESQV(lvuil)der/ gsca ([ 1) NAH" ™" 4+ €| DCu; |(Q) < 0. (4.3)

Jui

hCOl’lV

Here hy )’ : [0, 00) — [0, 00) is the convex function explicitly defined by

2 . ¢

t ift € [0, 5]

. 2 > » a2 b
Sl (0= (e A =0 " 2
b — 7, otherwise,

(cf. (2.16)—(2.17)). We remark that it coincides with the simplified model Ay for
m = 1 (cf. Lemma 2.3). Further, ggca : [0, 00) — [0, 1] is the function implicitly

defined by
1
8scal (1) = i{l{f/(; 1= Bl f2(B)le'|> + |B'Ids (4.4)

where U, == {o, B € W'2((0,1)) : «@(0) =0, a(l) =£,0 < B < 1, B(0) =
B(1) = 1}. In particular, gy, satisfies

(i) gscal is subadditive: gscal(f1 + 12) =< gscal(t1) + gscal(r2) for every ty, 1 €
[0, 00),
(i) 0 < gecal(t) < 1L A L2,
(iii) gs%‘“—)ﬁastao*‘

(cf. formula (1.6) in [33, Theorem 1.1] for the definition of gy4], and [33, Section 4]
for further properties).

In formula (4.3) the total variation of the Cantor part of the scalar function u; €
GBV(R2), |Du;|(R2), is defined as the least upper bound of the family of measures
|DC((ui ANk) vV (—k))|(§2), for k > 0 (cf. [7, Definition 4.33, Theorem 4.34]). A
similar construction can be performed for every u € (GBV (2))™.

Precisely, [5, Lemma 2.10] or [45, Theorem 2.7] give that for every u €
(GBV (£2))™ for which |D€u| is a finite measure on 2, one can construct a vector
measure on £2 with total variation coinciding exactly with | D°u|(B) for every Borel
subset B of 2. For this reason such a vector measure, is denoted by Du. Let us
briefly recall the construction of Du. To this aim, the family of truncations 7
defined in (3.11) is employed. Indeed, for every u € (GBV (£2))" such that | D u|
is a finite measure on €2, it is possible to show that the following limit exists for
every Borel subset B of €2

A(B) = lim D (Tx(u))(B) . (4.5)

In addition, A is actually independent from the chosen family of truncations. The
set function A turns out to be a vector Radon measure on €2, and moreover equality
|A[(B) = |Dul|(B) is true for every B as above.
Finally, for functions u € (GBV (2))™ satisfying estimate (4.3) it is also true
that
H ' (x e Jy: ut(x) =ocooru™(x) =o00}) =0 (4.6)
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(cf. [5, Proposition 2.12, Remark 2.13]), here one works with the one-point com-
pactification of R”. We remark that we deal with (GBV (£2))" and not with the
strictly larger space G BV (£2; R™), which is not even a vector space, see [7, Re-
mark 4.27]. Using the notation of [45, Definition 3.1], the domain of finiteness of
the functional Fy in (2.13) can be written precisely as (G BV, (£2))" x {1}, where
(GBYV,(2))™ is the space of functions u € (GBV(£2))" such that the energies
(4.3), computed for the truncations (u; A k) V (—k), are bounded uniformly with
respect to k, fori € {1, ..., m}.

4.2. Surface Energy in BV

We prove below the lower bound in BV for the surface term. We recall that the
definition of the surface energy density g has been given in (2.12).

Proposition 4.1. Let u € BV (2 R™), and (ue, ve) — (u, 1) in L'(Q; R™*1),
Then for all A € A(Q2)
/ g([u], vi)dH" ™" < liminf Fy (ue, ve; A) 4.7
J.NA e—0

where g has been defined in (2.12).
Proof. Let (ug, v:) — (u, 1) in L1(2; R”t1) be such that
lim igffs(ug, Ve; A) < 00.
E—>

Up to subsequences and with a small abuse of notation, we can assume that the
previous lower limit is in fact a limit. Let us define the measures u, € MZ (A)

1 - Ua)2
4e

He ‘= (fsz(va)‘l’(vua) + + 8|Vv8|2> LA

Extracting a further subsequence, we can assume that
e = i weakly* in M(A) = (C?(A))’ (4.8)
as ¢ — 0, for some u € M;{(A), so that

lim i(I)lffg(ug, ve; A) > w(A).
E—>

Equation (4.7) will follow once we have proved that
du
dH" 1L J,
We will prove the last inequality for points xo € J, N A such that

d Y (x
—lf(xo) = lim IIL(Q’O( 0)) exists finite,
a1, P20 H=T(J, 1 Q4 (x0))

H' (T, N QY (x
LT 0 Q)
;04)0 pn—l

(x0) = g([ul(x0), vu(x0)), H' '-ae.xo€J,NA. (4.9)

s
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where v := v, (xg) and Q;(xo):z xo + p Q" is the cube centred in xg, with side
length p, and one face orthogonal to v. We remark that such conditions define a set
of full measure in J, N A.

For xo € J, N A as above, we get

du Cw@@0) . pe(QY(x0))
———(x9) = lim ————— = lim lim ——
dH-11J, o—0  pn—l pel €0 pn—1
p—0
where we used (4.8) and
2
= [,o € (0, —=dist(x0, 94) : 1D QY (x0)) = 0].
We introduce
1
3 . —lpy__
ve :=inf{z € [0,1]: f(z) = ¢ "*}= 1112’

Vg 1= min{vg, y.}
and compute

Felug, Ug; Q;(XO)) = Fe(ug, ve; Q;})(XO) \ {ve > ¥e})

+ / W (Vi )dx
Q,‘é (x0)N{ve>ye}

1 —y,)?
+ C2 2030 0 (e > 1)
&
2

¢
< Felute, ve; Qp (o)) + ",

where in the last step we used that the definition of y, implies 1 — y, = £y,e!/?
< £e'/2. Therefore

d Feug, Ue; QY (x
d?—l”_%(x()) > lim sup lim sup e (te Z_IQp( o) . (4.10)
u I —0 1Y
p/fﬂ ’

By (2.5), for every 6 € (0, 1) one has W (&) > (1 — §) W (§) for & sufficiently
large. As W, is continuous, there is C(8) > 0 such that

V(E)+CO) =1 -98)Wx(§) forallé.
We choose §, — 0 such that pC(5,) — 0. As ef%(¥s) < 1, we have
ef* @)W (Vi) = (1= 8,)ef*(Be) Woo (Vite) — C(8)
with pl’”E”(QZ)C((Sp) = pC(8,) — 0as p — 0. We conclude by (4.10) that

d FP(ug, Ve; Q) (x0))
+(x0) > lim sup lim sup et ng_lQp 0 ,
dH |_Ju pel e—0 1Y

p—0

@11
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where F2° has been defined in (2.11). Setting y := (x —xg)/p € Q", and changing
variable in the previous expression we get

du
—————(x0) > limsup lim sup F°(u?, 973 QY),
dHr—tL Ju pel e—0

p—0

where w” (y) := w(py + xo) for y € QV. Recalling that u, — u in L' (2; R’"), by

diagonalization we can find subsequences {py}x and {e(px)}x such that u” g( 0
[u](XO)X {yv>0} + U “(xp) in L! (Q"; R™) and
du .
ar T, o) = lim 7 eto0 Welps Voo @)

Being F* invariant for translations of the first argument, we find
Az liminf 775, @l 300y, €°) = (11(x0). vi(x0))
a1, 0 e(or) Me(p)* Ve(op)” =8 07> Put 0,

that is (4.9), and this concludes the proof. O

4.3. Diffuse Part in BV

Proposition 4.2. Let u € BV (S R™), (ug, ve) — (u, 1) in L'(Q; R™"*1), A €
A(RQ). Then

/ RIS (Vu)dx + / HI“CAD ) < liminf Fo (i, ve: A) 4.12)
A A E—>

where h9° and h9%°° have been defined in (2.6)—(2.9).

We remark that this statement can be proven using the lower-semicontinuity
result by Fonseca and Leoni [55, Th. 1.8], following an argument similar to that
used in [5, Subsection 4.1]. Instead, our proof is based on the following result from
[3, Theorem 4.1], see also [7, Theorem 5.47].

Theorem 4.3. (Ambrosio-Dal Maso) Let ¢ : R"*" — [0, 00) be quasiconvex and
such that
0<¢@) <c(l+I&]) forall& e R™*",

and define F : L'(S; R™) — R by

/d)(Vu)dx, ifu e WhH(Q; R™),
Q

00, otherwise in L1(§2; R™).

F(u) =

Then for any u € BV (2; R™) we have
s¢”(LY-F(u) = / & (Vu)dx +/ $>*(dD%u),
Q Q

where ¢°°(€) := limsup,_, o ¢ (t&)/t. In particular the latter functional is lower
semicontinuous with respect to the strong L' (2; R™) convergence.



Arch. Rational Mech. Anal. (2024) 248:21 Page 35 0f 60 21

We start with a truncation result.

Lemma 4.4. There are two functions «, B : (0,1) — (0, 1), with limgyy a5 = 1
and limgsq1 Bs = 0, such that for any ¢ > 0, (us, v;) € WH2(Q; R™ x [0, 1]),
8§ €(0,1)and A € A(RQ) there is ﬁﬁ € GSBV(A; R™) such that

Hs(iiS; A) < Fe(ug, ve; A) 4+ h(0)L"(A N {ve < 8)),

where Hs is defined for A € A(Q) and w € L'(A; R™) by
os / he(Vw)dx + BsH" N (AN Jy), ifwe GSBV(A;R™),
Hs(w; A) 1= A
00, otherwise.
(4.13)
Ifone has (ug, ve) — (u, 1) in LY(Q; R™ Y ase — 0, then ﬁg — uin L1(A; R™)
as ¢ — 0, for any fixed § € (0, 1).

We stress that, for the sake of notational simplicity, we will omit here and below
the explicit dependence of ﬁg on the set A.

Proof. Wefix$§ € (0, 1) ande > 0. We compute, for any pair (u, v) € wh2(Q; R™
x [0, 11),

2
(afz(v)\IJ(Vu) n 82u)dx

Fe(u,v; A) > / 1

{ef2(v)>1}NA
e (1 —v)? )
+/A((1 87— +elVul )dx
> / U(Vu)dx + 8 f VU (Vu)dx
{sfz(v)>l}ﬁA {sfz(v)gl}ﬂA
+\/1—52/ V(D (v))|dx
A
> 3/ (\I/(Vu)/\vZ\IlI/Z(Vu))dx—F\/l —52/ V(@ (v))|dx
A A
> 3/ vh(Vu)dx + V1 —32/ [V(®(v))|dx, (4.14)
A A

W (Vu)dx +/

{ef2()<N4A

where £ has been introduced in (2.6) and @ : [0, 1] — [O, %] is defined by

t
(1) ::/ (1—s)ds=1— 12 (4.15)
0 2

We observe that @ is strictly increasing, ®(1) = % and in particular & is bijective.
By the coarea formula,

1/2
/ V(P (v))|dx = H' YA NP (v) > 1})dr.
A 0
Therefore there is 7 € (P (52), ®(8)) such that

(D) — PENHH (AN IP) > 7)) < / V(@ (v))ldx.
A
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We define

= uxow>nna € GSBV(A; R™)

(dropping the dependence on both ¢ and § from it) and obtain from (4.14),

Feolu, v; A) zacb*l(f)/ h(Vi)dx + /1 — 82(®(8) — ®(82)H" (AN J;)
A
—h(0) L ({® (v)<T}NA).

We recall that 1 > CD(82) and that & is increasing, define as := 83, Bs =
V1 =82(®(8) — ®(8%)), and conclude

Fe(u,v; A) > a5/ h(Vi)dx + ,35H”71(A N J;)—h0)L"({v < S§}NA).
A

We also remark that [ — ull 14y < lull 11 jy<ao-1 @)y hence, if the sequence
ug is equiintegrable and v, — 1 in L'(A), we obtain that u, — i, — 0 in
LY(A; R™). m

The next lemma is a minor reformulation of [64, Lemma 5.1]. The latter im-
proves the statement of [7, Theorem 3.95] on the convergence of the blow-ups of a
BV -function in a Cantor point. A more general version of this result can be found
in [70, Lemma 10.6].

Lemma 4.5. Letu € BV(Q; R™) and letn : Q@ — S" 1, & : Q — §"! be Borel
maps such that Du = n ® &|Du|. Then, for |D ul-a.e. x € Q and for all given
w € M1(Q), there exists a sequence p; — 0, as i — oo, such that

n@Q5V(x) =0,  foralli>1, (4.16)
E(x)
D (
= Dul@o ), (4.17)
P

u(x + piy) — Q50 ()

— () x(y-Ex))  strictly-BV (Q5™; R™),

Lp; Pi
(4.18)
as i — 00, for some nondecreasing function x : (—'/2,'/2) — R with
IDxI((='/2, /) =1, (4.19)
where M 05 (1) denotes the average of u over Q%X) (x).

Proof. For simplicity we will denote Q1 := Q¢™), Q o(x) :==x+ pQ1, and

ux + py) — u e
ul(y) = % (x), fory € Q.
top
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By general properties of BV functions (4.17) holds for the entire family p — 0
and by Radon-Nikodym differentiation
Duf(Q1)
im ——————
p=0 |Du|(Q1)
|DCul-a.e. x € Q. Up to a further | Du|-negligible set, [7, Theorem 3.95] and [64,
Lemma 5.1] provide a sequence p; — 0 such that

=n(x) ® £(x), (4.20)

|Duy| —y  weakly*-M(Q1), 421
uli(y) = ux(y) :==n(x)x(y-§(x))  weakly*-BV(Q1; R™), (4.22)

as i — oo, for some y € MT(Q) with ¥(Q;) = 1 and some nondecreasing
function x : (—'/2, 1) — R with |[Dyx|((—='/, /) < 1.

Let us check that the sequence p; — 0 can be chosen such that (4.16) holds.
Indeed, fixed i € N\{0}, we have (9 Qs (x0)) = 0 for Llae s € (0, o).
Moreover, the maps

s €(0,p) > u'f e L'(Q1,R™),
s € (0,1/p) = |Dui| € MT(Q1)

are continuous as s — 17, respectively for the convergences L'(Q1; R™) and
weak*- M (Q1), by definition of u% and t,. Hence, we can find s; € (0, 1) such that
(4.16), (4.17) and the L' (Q;, R™) convergence in (4.18) hold for s; p; in place of
Pi-

We next check (4.19). By (4.21) and (4.22) we have that |Du,| < y. Hence,
for ¢ € (0, 1) such that ¥ (0 Q;) = 0, recalling that | Duy'|(Q1) = y(Q1) = 1, we
obtain

IDu Q) — v(Qn),  [Du[(Q1\ @) — y(Q1\ Qo).
Dui(Q;) — Dux(Qy).

We infer that

limsup | Duf! (Q1) — Dux(Q1)| < 2y(Q1\ Qv),

i— 00
and letting t — 17 gives Du' (Q1) — Du,(Q1) asi — oo. In conclusion

. DuY' (Q1)
D = lim Du” = lim ——— = ,
ux(Q1) = fim Duf(Q) = lim o P = () © (1)
and then Dyx(—!/,!/) = 1. This gives (4.19) by monotonicity of x. Finally,
|Du,|(Q1) = 1 provides the strict-BV (Q1; R™) convergence in (4.18). O

Proof of Proposition 4.2. Step 0: Preparation. We assume (u., ve) — (u, 1) in
L'(Q; R"™*1) for some u € BV (2; R™). Let A € A(R), § € (0, 1) and let &% be
as in Lemma 4.4. We define the measure

= ash® (Vi) L"L A + BsH" ™ L(AN Jp),
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sothat £ (A) = Hs(@%; A) < Fe(ue, ve; A)+h(0)L" (AN {v, < 8}). Passingtoa

subsequence we can assume that lir% Fe(ug, ve; A) exists finite and that ,ug — u‘s
E—>

weakly* in the sense of measures on A as ¢ — 0, for some u’ € MZ (A). If we
can show that

d $
7 (10) Z s (Vu(xo))  for L'-ae. xo € A (4.23)
and
8 dDu .
alDu] (x0) > aghdo™> (dIDu| (xo)) for |Dul-a.e. xg € A (4.24)

for all § € (0, 1), then the conclusion follows.
Step 1: Absolutely continuous part. We prove (4.23). We can assume that the
left-hand side is finite. First we observe that for £"-a.e. xy € A one has

4% o) = tim L0 o iy He(Qo(30))
dcr p—0 n p*)[() e—0 pr
pe

where Q,(x0) = x0 + (—3p, 3p)" and I := {p € (0, Z=dist(xo, 0A)) : p’
(0Q,(x0)) = 0}. We define u” : Q1 — R™ by

uP () = uxo + py) — uxo)

By the properties of BV, for L"-a.e. xo € A, after possibly extracting a further
subsequence, u”(y) — Vu(xg)y in L'(Q1; R™) as p — 0. We further define

i (xo + py) — u(xo)
1Y

ul (y) =

sothatu? — u”in L'(Q1; R™)ase — O forany fixed p > 0 (and 8 € (0, 1)). We
take a diagonal subsequence so that w; (y) := ufl’ (y) = Vu(xo)yin L'(Q1; R™)
and

)
du (x0) = lim / aahQC(Vw,»)der@H"—l(Jw,mQ1) ) (4.25)
dcr i—oo | Jo, Pi '

We fix M € N and for every i, by averaging we choose k; € {M + 1,...,2M}
such that

C 1 C
R (Vw)dx < — | h9(Vw;)dx (4.26)
{ag, <lwil <, +1) M Jg,
which implies that w; := 7y, (w;), with 7y, defined in (3.11), obeys

./ R (V)dx < (1 + £) hE(Vw)dx+CL  ({lwi| = ar}).  (4.27)
0 M 01
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Indeed, in view of (2.8) and || VT, [|poo®rm) < 1 we have

/ h9(Vw;)dx 5/ h9(Vw;)dx
01

{lwil<ak; }

+ / h9E (V) dx + hO)L" ({[wi] = ag, +1)
fak; <lwi|<ak;+1}

< / h9(Vw;)dx + C/ R (Vw;) + CL" ({lwi| = ax}) -
Qi {ak; <lwi|<ag;+1}

The inequality in (4.27) then follows from (4.26).

Moreover, note that if ay; > [[Vu(xo)yllreo,) + 1 then w; — Vu(xo)y
implies W; — Vu(xg)y in L'(Q1; R™).

We recall that 7y, € C! implies H"~!(J5, N Q1) < H"~'(Ju, N Q1). From
(4.25) and p; — 0 we deduce H"'(J,, N Q1) — 0 and, with [;| < ap
pointwise,

|D¥W;](Q1) =f I 1IdH" ™" < 2ap 1 H ™ (Jy, N Q1) — 0
Jip, NO1
and therefore

h9°(dD* ;) < c|D*;|(Q1) — 0.
0

With (4.25) and (4.27), using that w; — Vu(xp)y in measure, we get

. N Cn C dub
as lim [/Ql R (Vib;)dx +/Ql hqc’oo(dDAwi)} <1+ M)dlln (x0)-

By the lower semicontinuity of the functional in the left-hand side (Theorem 4.3)
and W; — Vu(xg)y in L'(Q1; R™) we deduce

C )dyfS
M~ dLn
for L"-a.e. xg, every M, and every §. This proves (4.23).

Step 2: Cantor part. We prove (4.24). By Alberti’s rank-one theorem we can
assume without loss of generality that

dDu
d|Du)|

ash%(Vu(xp)) < (1 + (x0)

(x0) = n(x0) ® &(x0) (4.28)

with n(xg) € S™~ 1, E(xo) € S"~! for |Dul-a.e. xo € A. We fix a unit cube
Q) = QS(XO) with one face orthogonal to & (xg), write Q,(xo) := xo + pQ1, and
select a sequence p; — 0 as in Lemma 4.5, applied for the given u € BV (22, R™)
and p = pd.
As above, for |D€ul-a.e. xo one has
du’ i Q) (0 (X0)

d[Dul (o) = p—0 [Dul(Qp(x0)) — i—o0e—0 [Dul(Qp (x0))’
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We define s
poon . Ue(Xo 4 pY) — g, ()
ug ()’) L k)
top
so that, defining uy,(y) = 1n(x0)xx(y - £(x0)), limp_olimeout = uy, in

L'(Q1; R™) (for every § € (0, 1)) and

d 8
2 (xp) = lim lim | -2 / 9 (Vi )dx + Bo yn- '(Jzp 1 Qp, (x0))
Pitoi Jy, (xo) pi'tp;

d|Du| i—00e—0

Bs

— lim lim [%/ R (1, Vuli)dy +
0 ilpi

i—ooe—>0| 1

—H", o 0 Ql)]

Taking a diagonal subsequence we see that there is ¢; — 0 such that

wi = uli = Uy, in L'(Q1: R™)

with |Duy,|(Q1) = 1, and setting #; := t,, — 00,

ﬂ—jH”—luw,. N Qo] :

ili

as
— [ A% Vw)d
) = pim [ [, e avmod +

We fix M > 0 and, by averaging, for every i choose k; € {M + 1, ...,2M} such
that |
/ hqc(t,-Vwi)dx < — hqc(t,-Vw,-)dx,
01Nfay, <|wi|<ag;+1) M Jg,
which implies that w; := T4, (w;) € SBV N L>®(Q1; R™) obeys, arguing as in
Step 1 above and by taking into account that t; — oo,

lim sup/ t—hqc(t,le)dy—l- b
Q1

i—00 i il

H" Y(Jp, N Q1)

<a+ —) lim / jﬁhq%tfwi)dy + ﬂ—iH”_l(Jw[ non
o1 b i

i—00 i il

+ ;E"({Iwil > ay,})

C
= — 4.29
(~I—M)d|D|(o) (4.29)
Further, since y is bounded, for M sufﬁciently large wehaver; := || W; —uy, || L0

— 0. For every i we selectg; € (1 — r 1) such that

1
o -1 R 1/2
/ lw; — u;g)ldH" =15 lwi = uxgllpigy) = ri/ 0,

90y, r;

where w;” and u+ denote the inner and outer trace, respectively, and define

S L %an,-,
Uxg, Q1 \ Qg
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Then, the choice of ¢;, (4.29), and p;#; — 0 yield

/ h9® D w)) < crl.l/z—l—cMH”’l(Jﬁ)lﬂQO-i-/ h9%®(dD%uy) — 0.
01

01\Qy;
(4.30)
In addition, we get from (2.8) and t; — o0
. 1o .
lim —hi (t,-VuxO) dy < lim ¢ d|Duy,| =0. (4.31)
i=00Jo\Q, i =00 Jo\Qy,

Further, w] € BV (Q1; R™) and supp(w; — uy,) CC Q1. By [7, Lemma 5.50]
and Theorem 4.3

1 1
/Q ;hqc(tin?‘)dy+ /Q th*w(dDSw;")zt—_hQC(r,-Duxo(Ql)).
1l 1 !

Therefore, being Duy,(Q1) = n(xo) ® &£(x0)Dx ((—'/2,/2)) a rank-one matrix,
the latter estimate together with (4.30) and (4.31) yield that

1
h9% (Duy, (Q1)) = lim —h%(t; Duy,(Q1))

i—00 I

1
<liminf [f —hqc(tin;k)dy + / hqc,oo(stw;k)i|
o 01

i—00 i

. | N
<liminf —h% (@ Viv)dy.
ol

i—00 ti

Recalling (4.29), we infer that

C_ dul
—)

ash®%(Duy (Q1) < (1 + M d|Dul

(x0),

for every M sufficiently large. Therefore, by letting M — oo we conclude that
B

d|Du|

ash%(Duy, (Q1)) < (x0).

As Duy, (Q1) = n(xo) ® §(x0) Dx ((—'/2,'/2)) = n(xo) & &(xp), this and (4.28)
conclude the proof of (4.24). O

The lower bound in BV follows at once from the lower bounds for the surface
and the diffuse parts.

Theorem 4.6. Let u € BV (Q2; R™). Then, for all A € A(2)

Folu, 1; A) < F(Ll)-limigf}}(u, 1; A), 4.32)
e—

where F, and Fy have been defined in (2.1) and (2.13).
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Proof. For simplicity, we will prove the statement for A = Q. We argue by local-
ization. Assume that (ug, ve) — (u, 1) in L1(Q; R™ 1), with u € BV (Q; R™),
and that

lim inf F (1., ve) < 00.
e—0

Set
w(A) :=lim i(r)lf Felug, ve; A), for all A € A(Q),
e—
A=LrLQ+HTIL T, + | Dyl

dD¢
U1 = g(ulove). Yo = W (V) + h99o0 (-

d|Dul

),

and notice that u is a monotone set function which is superadditive on disjoint open
sets, X is a positive Borel measure and ; are positive Borel functions satisfying

w(A) > / Yida, fori =1,2and A € A(RQ)
A
thanks to Propositions 4.1 and 4.2. By [28, Proposition 1.16] we conclude

W@ = /Q (W1 v ¥2)dA,

which gives the thesis. O

Remark 4.7. From the argument in Lemma 4.4 one can also deduce directly that
u € (GBV(2))™. Indeed, consider (ug,ve) — (u,v) in L'(Q; R"™H1) with
sup, Fe (g, ve) < oo. Necessarily v = 1 L"-a.e. on Q. Moreover, with fixed
8 € (0, 1), keeping the notation introduced in Lemma 4.4, using the growth condi-
tions on /& (see (2.8)) we get

/Q Va2 Idx + H" ! (J) < e(Falute. ve) + 1),

for some positive constant ¢ depending on 6 and on £"(£2). In particular, for each
component (ﬁg)i of ﬁg, i ef{l,...,n}, wehave (ﬁg)i € GSBV(Q2) and

f IV @2)ildx +H" (Jas),) < e(Felue, ve) + 1)
Q

Then, if & > 0 and 7 (s) := (s V k) A (—=k), from the estimate above we infer
that |D(rk((12§)i))|(g2) < Ck, with Cr > 0 depending on k and on the sequence,
but not on ¢. Therefore, there is a subsequence that converges weakly in BV (£2).
This implies, recalling that ﬂé — uin LI(Q; R™)as e — Oforall § € (0, 1), that
7 (u;) € BV (Q) for all k. In conclusion, we deduce that u; € GBV (2), for all
iefl,...,n},and thusu € (GBV(2))".
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4.4. Lower Bound in GBV

In this section we extend the validity of the lower bound Theorem 4.6 to ev-
ery u € (GBV(2))™. We first prove that the functional Fy is continuous under
truncations.

Proposition 4.8. Let Fo and Ty be defined as in (2.13) and (3.11), respectively.
Then, for allu € (GBV ()™ with Fo(u, 1) < oo we have

lim Fo(Zx(u), 1) = Fo(u, 1).
k— o0

Proof. We prove the convergence of the volume, Cantor and surface terms sepa-
rately. It is useful to recall for the rest of the proof that | V7| poowm) < 1.

For the volume part, we observe that (2.8) implies |Vu| € L'(€2). We have
V(7 (u)) = Vu for L"-a.e. x € Qi := {|u| < ai}, therefore in view of (2.8) we
get

‘f th(V(Tkm)))dx—/ B (Vx| 5cf (1+ [ Vul)dx,
Q Q «

\ 2%
so that, as ay — 0o as k 1 oo, we conclude

lim [ h%(V(Tk(u)))dx = / h%(Vu)dx.
Q Q

k—o00

For the surface term we recall that J7; ) C J, for every k € N with vz, ) = vy
for H"~!-a.e. x € Jg;(,). Then, thanks to (4.6) we infer that (7 (u))* — u,
Xz = X and [T (w)]| < |[u]| H" !-a.e. in J,, and then we conclude

tim [ g, vraH ! = lim /J QAT )], V)X AH!

k—o00 Jﬁc(“)
= / g([ul, v)dH"!
Ju

thanks to Lemmata 3.7 and 3.8 (ii) and to the Dominated Convergence Theorem.

For what the Cantor part of the energy is concerned, by (2.8) we have that
0 < h9%%°(&) < c|&|. Further, the definitions of 7; and of Du outlined in (4.5)
yield in particular

D(Tx(u)) L Qi = DulQ
dID(Z )l _

D¢ (T; D€ul,
|D(Te(u))| < |DCul T

Thus,
| / B9 (ADC (T (w))) — / h9© (D )
Q Qe

< c/ d1D%u] = c| D°ul(Q\ Q).
Q2
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and therefore

lim | h%dD(Ti(u))) = / R (d DCu),
Q Q

k— 00

which concludes the proof. O

We are ready to prove the lower bound for generalized functions of bounded
variations.

Theorem 4.9. Let u € (GBV (2))™. Then
Folu, 1) < F(Ll)-limi(r)lf]-"g(u, 1), (4.33)
£—>

where F, and Fo have been defined in (2.1) and (2.13).

Proof. Let u € (GBV ()" and let (ug, ve) € WH2(€2; R™H1) be such that
(ug, ve) — (u, 1) in L'(€; R™H1), with v, € [0, 1] £"-a.e. in Q. Without loss
of generality we can suppose that lim inf,_, o F¢ (ue, v.) < 00, that the latter is
actually a limit (up to a subsequence not relabeled), and that (u., ve) — (u, 1)
L"-ae. in Q. In particular, from Sect.4.1 we infer that u € (GBV(R2))", with
|Vu| € L'(2) and satisfying (4.6) and (4.3), so that Fo(u, 1) < oo.

Recalling the definition of the truncation 7 in (3.11), we have that 7y (u;) —
T () in L' (Q; R™) for any k and that 7; (1) € BV (Q2; R™), being Fo(u, 1) < oo.
Hence, we can apply Theorem 4.6 to say that

Fo(Tiy (u), 1) < lim i(l)lf Fe(Tip (ue), ve). (4.34)
e—>

We claim that for all M € N there is kyy € {M + 1,...,2M} independent of ¢
such that after extracting a further subsequence

FolTiyy o). ve) = (14 70) Folte, vo)+el"(luel > ayd).  (435)

for some ¢ > 0 independent of ¢ and of M. Given this for granted, we get by (4.34),
(4.35) and by the convergence u, — u in measure

lim sup Fo(Z,, (1), 1) < liminf F (ue, ve).
M—o00 e=>0
Finally, using the continuity under truncations for Fy established in Proposition 4.8,

we obtain

Fo(u, 1) < liminf Fg(ug, ve)
e—0

and hence (4.33).

It remains to prove (4.35). To this aim we argue as in Proposition 3.2 using
De Giorgi’s averaging-slicing method on the range. First, for all k € N we split the
energy contributions

Fo(Ti(ug), ve) = Felug, ve; {lug] < ax}) + Fe(Ti(ue), ve; {ax < lug| < arxs+1})
+Fe (0, ve; {luel > ar+1}). (4.36)
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By (2.3) and the definition of 7%, the last but one term in the previous expression
can be estimated as

Fo(Ti(ue), ve; {ag < lue] < agsr}) < c / F2(0)W (Vg dx

{ak<|ug|<ag+1}

+eL"{ar < luel < ags1}) + Fe 0,063 {ax < |uel < a1}, (4.37)

for some ¢ > 0. Summing (4.36) and (4.37) and averaging, we conclude that there
exists kyy e € {M + 1, ...,2M} such that

2M

1
]:8(77{}14.5 (Ue), ve)< M Z ‘7:8(77{(”8)3 Ve)
k=M+1

= (14 22 ) Felttes ve)+e L (el > an)).

for some ¢ > 0. As e — 0, there exists a subsequence of {ky .} that is independent
of ¢. This yields (4.35) and concludes the proof. O

5. Upper Bound

In this Section we prove the I' — lim sup inequality in Theorem 2.1. In or-
der to be able to obtain existence of minimizers for the perturbed functionals (see
Sect. 6), we consider a perturbed version of the functional which includes an addi-
tional uniformly coercive term, and prove the upper bound directly for the modified
functional. We fix a function 7 : (0, 1] — [0, 1] such that

Ne

lim —- =0 (5.1
e—0 &
and define
Flu, v; A) := Fe(u,v; A) + ns/ W(Vu)dx, (5.2)
A

where F, has been defined in (2.1).

One key ingredient in the proof of the upper bound is that the T'-limit of F¢
satisfies the hypotheses of [20, Theorem 3.12], so that it can be represented as an
integral functional. Its diffuse and surface densities will be identified by a direct
computation.

In order to prove that T-limg_o FY (u, 1; -) is a Borel measure, we first check
the weak subadditivity of the I'-upper limit of ¢ .

Lemma 5.1. Let u € L' (2, R™), let A, A, B € A(Q) with A’ CC A, then

T(LY)-lim sup F(u, 1; A" U B)

e—0

< T(LY)-limsup F7(u, 1; A) + T'(LY)-lim sup F7(u, 1; B),  (5.3)

£—0 e—0

where F; has been defined in (5.2).
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Proof. To simplify the notation let us set F” := I'(L!)-limsup,_,F¢. It is
not restrictive to assume that the right-hand side of (5.3) is finite, so that u €
(GBV NLY(AUB))™. Let (u?, v), @B, v8) e wh2(Q; R™*!) be such that

£ &
!, v]) = @, 1)in LY(Q; R™) x L'(Q), (5.4)
and
lim sup F (!, v} J) = F'(u, 1; J), (5.5)
e—0
for J € {A, B}.

Step 1. Estimate (5.3) is valid if u € BV N L?(A U B; R™) and (5.5) holds
for two sequences converging to « in L2(Q2; R™). For § := dist(A’, dA) > 0 and
some M € N, wesetforalli € {1,..., M}

8
A; = {x e Q: dist(x, A) < —i} ,
M

and Ayg := A’,sothat A;_| CC A; C A.Letg; € CC1 (2) be a cut-off function

between A,'_l and A,‘, i.e., ()] |Ai—1 = 1, () |A§’ = 0, and ||V(pl' ||L00(Q) < ZTM Then,
we define
L Ny B
e i= @iy + (I —gug, (5.6)
and

et + A =@ A, on Ay,
vl = v A, onA; \ A;_1, (5.7)
Qi1 (WA AVE)+ (1 — i) vB, onQ\ A

Fori € {2,...,M — 1}, (uf;, vé) € WI’Z(SZ; R’”‘H). Arguing exactly as in [33,
Lemma 6.2], for all ¢ > 0 we can find an index i, € {2, ..., M — 1} such that

Fluls, vie; A'UB) < FIul, vl A) + F1u?, oF; B)

- (Frd vt B )
FFNuB vB B (AN ALY BN (AN A’)))
cM

82 Jpncavan

cMe
lut — uB)? dx + 52 / oA —vB? dx.
BN(A\A")

Passing first to the limit as ¢ — 0 and then as M — oo we obtain (5.3) having
assumed that u/ — u in L2(Q; R™), J € {A, B}.

Step 2. Estimate (5.3) is valid if « € (GBV N L'(A U B))". We use De
Giorgi’s slicing/averaging techniques on the co-domain by employing the truncation
functions introduced in (3.11). The argument is analogous to that developed in Step
1 of Proposition 3.2.
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Note that if u € (GBV(A U B))" then Tx(u) € BV N L®(A U B; R™).
In addition, for all k € N and J € {A, B} it is easy to check that Tk(usj) €
W2(Q; R™), that Tp (u!) — Tp(u) as & — 0in L2(L2; R™), and that
FNTw]), vl 1) = Fla] vl (lul] < ah)
+f"(7z(u’) vl {ak < lull < aks))
+ F1O,v]s {lul] = ag1}) . (5.8)

We estimate the last but one term. The growth conditions on W (cf. (2.3)) and
IVZi || Loowmy < 1 yield for a constant ¢ > 0

FNTew]), vl {ax < lul| < ax)) < c / (e + f2! )W (Vu!)dx

{ar<|ul|<ag1}

+eL"(far < lu]l] < a1 ) + FeO0] s {ax < ul] < api}) . (5.9)
Collecting (5.8) and (5.9) we conclude that
FNTi(ul), vl J) < Fl vl 0)
+e f (e + fﬁ(v! DU Vil ydreL (il ] > ar)).
{ar<|ul|<ar i1}

Let now M € N, by summing up the latter inequality for both A and B and by
averaging, there exists ke a7 € {M + 1, ...,2M]} such that

T Ty ), 02 A) + F(Ti, yy (), 07 B)
2M
1
Sﬁk:%l (P2 @@ ol )+ FLTRW), 0 B))

C
< <1+M><}"7(u8, VA A) + F(uB, 8,3))
+cL"{ul = apr ) + e L"uB | = a1}, (5.10)

A

Up to a subsequence, we may take the index k. pr = kyy, 1.e. to be independent of

¢. Therefore, passing to the limit as ¢ — 0, the convergence u! — u in measure

for J € {A, B}, (5.4), (5.5), (5.10) and Step 1 yield

F' Ty (), 1; AU B) <F"(Tx,, (), 1; A) + F'(Tx,, (), 1; B)
c 1 . 17 .
5(1 +M><]-' w.1: A) + F'(u, 1,3)) (5.11)
+cL'({ul = ap+1))- (5.12)

Eventually, since 7x,, (u) — u in LY Q; R™) as M 1 oo, by the lower semiconti-
nuity of F” for the L'(Q; R™) convergence we conclude (5.3). O

We are now ready to prove the upper bound inequality.
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Theorem 5.2. Let Fy and Fo be defined in (5.2) and (2.13), respectively. For every
(u, v) € L' (Q; R™*1Y) it holds that

F(Ll)-limsupfg(u,v) < Fo(u, v). (5.13)

e—0

Proof. Given a subsequence (}'g"k) of (F¢)), there exists a further subsequence, not

relabeled, which T'-converges to some functional F , that is,
F=F)_=F"_, (5.14)

where F’ and F” denote here the I'(L!)-lower and upper limits of F;, and where
the subscript — denotes the inner regular envelope of the relevant functional ( [41,
Definition 16.2 and Theorem 16.9]).

We remark that 7 (u, v; -) is the restriction of a Borel measure to open sets by
[41, Theorem 14.23]. Indeed, F (u, v; -) isincreasing and inner regular by definition;
additivity follows from (5.14), once one checks that (F')_ is superadditive and
(F")_ is subadditive. The former condition is a direct consequence of the additivity
of F.(u, v; -) and [41, Proposition 16.12]. The latter follows from Lemma 5.1 along
the lines of [41, Proposition 18.4], using Lemma 5.1 instead of [41, (18.6)].

We divide the proof of (5.13) into several steps. First note that it is sufficient to
prove it for v = 1 £"-a.e. on Q.

Step 1. Estimate on the diffuse part for u € BV (2; R™). We first prove a
global rough estimate for 7" which actually turns out to be sharp for the diffuse
part if u € BV (Q; R™). To this aim we set H : L'(Q; R") x A(Q) — [0, 0o] as

H(u; A) .= / h(Vu) dx (5.15)
A

ifu € W1 (Q:; R™), and oo otherwise, where A has been defined in (2.6). We next
prove the bound
F'(u,1; A) < H(u; A) (5.16)

foru € WH1(Q; R™). Given this estimate for granted, on setting H* : L!(; R™)x
A(Q) — [0, o]

H*(u; A) = / R (Vu) dx (5.17)
A

ifu e whl (£2; R™), and 0o otherwise, the lower semicontinuity of 7 with respect
to the L'(Q; R™) topology and the relaxation result with respect to the sequential
weak topology in W L1(Q: R™) in [4, Statement ITL.7] (or [40, Theorem 9.1]) imply
then that

F'(u,1; A) < H*(u; A) .

In turn, from the estimate above, Theorem 4.3 finally yields

H(u; A) = sc—(Ll)-H*(u;A)zfth(W)dx+/ h9(dD*u), (5.18)
A A
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for every u € BV (Q2; R™). Therefore, the bound
F'(u,1; A) < H(u; A) (5.19)

follows for every u € BV (2; R™) and A € A(L2).
To prove (5.16), assume first that « is an affine function, say u(x) = &x + b,
with & € R™*" b € R™. Then, the pair

up =, o= 10— /200 E),
is such that (g, vi) — (u, 1) in L*(€2; R™) x L' (<) and recalling e, — 0

lim sup F! (ug, vi; A) < LAY (E).

k— 00

Instead, if

we get

lim sup F! (ug, vi; A)=L"(A)W(£).
k— 00
Therefore, we conclude (5.16) for every affine function u in view of the last two
estimates.
Assume now that u € C%(Q; R™) is a piecewise affine function, say u(x) =
SN (Ex + bi)xo, (x), with & € R™™" b; € R™, and ; € A(R) disjoint and
with Lipschitz boundary, and such that £ (2 \ UlN: 1$2;) = 0. Then, set

N
up =1u, Vg = Zq)iv,’(
i=1
where foreachi € {1,..., N}

o oo |1 VBTG, TG > L
1, if W(g) < ¢,

and {¢;}1<i<n 1S a partition of unity subordinated to the covering {Q?}lsif y of

Q, Qf an open §-neighborhood of ; for § > 0,1.e. ¢; € CSO(Q;S), 0<g¢i <1,

g =1onQ7°, YN ¢ = 1in Q (we write 7% := {x : Bs(x) C 2;}). Then, a

straightforward computation shows that

lim sup .7-'8’7k (ug, ve; A)
k—o00
N N
<Y LU N ARE) ey LU\ Q).
i=1

i=1
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where ¢ depends on £, W, and &1, ..., &y. Therefore we conclude (5.16) when u is
piecewise affine, namely as § — O in the latter inequality we have

N
F'u, 15 A) < Y L2 N AR(E) = H(u; A).

i=1

If u € WH1(; R™), we consider an extension of u itself (still denoted by u for
convenience) to WOI’I(Q/ ; R™), for some open and bounded ' DD Q (recall that
2 is assumed to be Lipschitz regular). Then, we use a classical density result [50,
Proposition 2.1 in Chapter X] to find uy € W(; o1 (2'; R™) piecewise affine such that
up — uin WH1(€'; R™). The continuity of H for the W' !(2; R™) convergence,
and the lower semicontinuity of 7" for the L' (£2; R”*1) convergence finally imply
(5.16).

Step 2. Inner regularity of 7" (u, 1; -) and existence of the I'(L")-limit in
A € A(Q) for u € BV (Q2; R™). First we show that if u € BV (Q2; R™) then

Flu,1;) =(F")H_(u,1;-). (5.20)

Given an open set A and § > 0, we can find open sets A’, A”, and C, with
A’ cc A” cc Aand A\ A’ C C, such that H(u; C) < 8, where H is defined in
(5.18). Then, by Lemma 5.1 and (5.19) we get

F'u,1; A) < F'u, ; AuC) < F'(u,1; AY + Hw; C) < F'(u,1; A”) + 6.
Hence, (5.20) holds true and in turn by (5.14) we have
Fu 15 < Fla 1) < Flu, 1) = Fu, 1),

so that the I"-limit of .7-"5",( (u, 1; -) exists and coincides with F (u,1;-) forall u €
BV (2; R™).

Step 3. Integral representation of the I'(L!)-limit on BV (€2; R™) x {1}. We
now would like to represent Fasan integral functional through [20, Theorem 3.12]
and to estimate its diffuse and surface densities. In order to satisfy the coercivity
hypothesis [20, Eq. (2.3)], we introduce an auxiliary functional

Folu, 1) := Fu, 1) + A|Dul(Q)

forallu € BV (Q2; R™), where A € (0, 1] is a small parameter. Indeed, (4.2), (4.3),
(2.16) and (5.19) yield

A Du|(R) — eL"(R) < Fo(u, 1) < c(|Du|(Q) + L" (),

forallu € BV (£2; R™) and for some ¢ > 0. Note that ]/-:,\ also satisfies the continuity
hypothesis [20, Eq. (2.4)], since

Fa @ —2),v( =252+ A) =F] (u,v; A),
Fi(u+b,v; A) = F (u, v; A),

for all (u, v) eAWI'Z(Q; R"t1 2z, b € R", A € A(S), and analogous properties
then hold for F.



Arch. Rational Mech. Anal. (2024) 248:21 Page 51 of 60 21

The integral representation result [20, Theorem 3.12] then applies to .f’-:A +cL"
and gives, for u € BV(Q; R™) and A € A(Q), taking also into account the
aforementioned translational invariance,

Ftnti )= [ vuar+ [ gt wpare =+ [ hran.
A JuNA A
where
1 -
h;. (&) := lim sup 8—ninf {.ﬂ(w, 1;60): we BV(SQ; Rm),
810
w(x) =&xond($Q)}, (5.21)
for & € R™*" ( being a cube with side length 1 centered in the origin;
1
&.(z,v) ;= limsup — = o inf {fk(w 1;80"): we BV(SQ”;R'"),
840

w=w,ond0"}, (5.22)

forz € R™, v e §"~!, Q" being a cube with side length 1 and a face orthogonal to
vand w; := ZX{x.v>0};

h$° (&) = limsup )”( S)

—>00

for & € R™*". Let us estimate separately the three densities above. First, observe
that by (5.19) we have

1 ~
h.(§) < S—H}"x(fx, 1;80) < h€(E)+Al&], (5.23)
so that
h32 (&) < h992(E)+ArlE], (5.24)
for all £ € R™*". We next show that

gn(z,v) < g(z,v) +Alzl, (5.25)

forz e R, v e $""!. From (5.22) we have

ez, v) < llmsup -ﬂ(wz, 1;56 0%
810

= lim sup }"(wz, 1;8 OY) + Alzl. (5.26)
si0 "7

In turn, by definition offforevery sequence (iix, Ox) — (w, 1)in L'(8 QV; R™*1)
we have R
F(wg, 1;8 Q%) < lim sup]-'ﬁk (tig, Ux; 8 QY). (5.27)
k— 00
The proof of (5.25) therefore reduces to the construction of a suitable sequence
(ttg, vx), which depends implicitly on § € (0, 1), z and v. By Proposition 3.4
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applied with the sequences ¢} := & /8 and n} := g, , there are (u}, v;) — (w, 1)
in L2(QV; R, such that

Jim FEG v @) = gz, v) (5.28)
and
Jim oIV 2 gy = 0. (529)

We define (iix, %) € L>(5 QV; R™*1) by

i) =i (3) w0 = (3)-

Obviously (iig, i) — (w;, 1) in L2(8 Q”; R™*1). A change of variable and a
straightforward computation using &, = de; yield

Fos Gt 0 8 Q") = 8" 2 (i, v @),

”Vﬂk”%](a Qov) = 5n_2||v'41t ”iZ(Qv)

(5.30)

Fixed p > 0, by (2.5) we have
V() =+ p)Ve(8),
for |£| large, and then
V() =+ p)¥We(§) + C(p),
for some C(p) > 0 and all £ € R™*". Then, with (5.30)

Fep i, U3 8 Q) < (1 + p)Fy (g, s 8 Q%) + C(p) L™ (8 Q)
=1+ p)an—lfgg(u;;, i Q") + C(p)s"™.

Similarly, from the growth conditions in (2.3) and (5.30),
Ny /5 oV (VERdx < N (Vi a5 gvy + 8" = €ne 8" IV 2 ooy + €16, 8"
Summing these two estimates,
Fi g, 0 8 Q) < (1+ )"~ F(uf v 0")
+C(P)8" + cne 8" 2 IVUE T2 ooy + €nei8”
and taking the limit k — oo, by (5.27), (5.28) and (5.29),

Flwg, 158 Q") < limsup FI (g, 343 8 0*) < (1+ p)8" gz, 1) + C(p)5".

k—o00
(5.3
We divide by 8"~ ! and take the limit § — 0. Comparing with (5.26),

gz, v) = (1 +p)g(z,v) +Alzl, (5.32)
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and since p was arbitrary (5.25) follows.
In conclusion, as A — 0, estimates (5.23), (5.24) and (5.25) imply that for all
u € BV(Q; R™)

Fu, 1) < Folu, 1).

This, together with the lower bound Theorem 4.6 allows to identify uniquely the
I"-limit of the subsequence .7-'g'7k . Finally, Urysohn’s property ( [41, Proposition 8.3])
extends the result to the whole family 7y .

Step 4. Representation of the I'(L')-limit on (GBV (Q))" x {1}. To extend
the validity of (5.13) tou € (GBV (£2))"™ we argue by truncation. Indeed, if k € N
and 7y is the truncation operator defined in (3.11), then by Steps 1-3 we infer that

F'(Tiu), 1) < Fo(Te (), 1).

The conclusion then follows by the L!-lower semicontinuity of " and by Propo-
sition 4.8. O

We are ready to prove Theorem 2.1.

Proof of Theorem 2.1. The lower bound has been proven in Theorem 4.9. The
upper bound follows by Theorem 5.2 with n, = 0. O

6. Compactness and Convergence of Minimizers

Next theorem establishes the compactness of sequences equibounded in energy
and in L',

Theorem 6.1. Let F, be defined in (2.1). If (ug, ve) € WH2(S2; R™ 1) is such that

sup (]:a(us’ ve) + ”Ms”Ll(SZ)) < 00,
&

then there exists a subsequence (uj, v;) of (ug, ve) and a functionu € (GBV N
LY Q)™ such thatuj — u L"-a.e. and vj — 1in L' (Q).

Proof. This follows arguing componentwise, that is, estimating F, with its one-
dimensional counterpart evaluated in acomponent, and applying the one-dimensional
compactness result obtained in [33, Theorem 3.3] as done in Sect. 4.1 (see also the
argument in Remark 4.7). O

Convergence of minimizers and of minimum values follow now in a standard
way by Theorems 2.1 and 6.1. Let . > 0 be as in (5.1), i.e. such that »/. — 0
as & — 0, consider the corresponding family ¢ defined in (5.2) and let w €
L(; R™), with ¢ > 1. Let now G, Go : LI9(Q; R™) x L (Q) — [0, 0o] be
defined as

Flu, v) +/ u —wl?dx, if (u,v) € Wh2(Q: R™ x [0, 1]),
Ge(u, v) := Q

00, otherwise
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and
Go(u,v) := Fo(u,v)+/ lu —w|?dx,
Q

where F; and F( have been defined in (2.1) and (2.13), respectively.

The assumption on the asymptotic ratio 7/ — 0 as & — 0 is needed to avoid
that the term 1, W (Vu) competes with the term (1 — v)? /e, overall influencing the
limit behaviour. Indeed, if n, ~ ¢, we expect to gain a control on |[«]|, so loosing
the limit cohesive effect (compare with [53]).

Instead, the addition of the term 1,V (Vw) is instrumental to guarantee the
existence of a minimizer for G, provided that W is quasiconvex. In general, the
coercivity of G, only ensures existence of minimizing sequences (u}) j converging
weakly in W1’2(§2; R™) to some i1, minimizing the relaxation of G,. Since exis-
tence at fixed e does not interact with the I'-convergence, we state our result for
asymptotically minimizing sequences.

Corollary 6.2. Let (ug, v;) € WH2(Q; R™*1) be such that

lim sup(gg(ug, Ve) — m,s) =0,

e—0
where mg := inf ,, \yew12(Q.rm+1) Ge (U, v). Then ve — 1in LY(Q) and a subse-
quence of ug converges in L1(2; R™) to a solution of

min _ Go(u, 1).
ue(GBV (Q)ym

Moreover, mg tends to the minimum value of Gy.

Proof. The proof of the corollary will be divided in three steps.
Step 1. I'-limit of 7} in L7 x L'. We check that passing from the L' x L! to
the L x L' topology, the expression of the I'-limit of ;' remains the same

(L9 x LY- lin})}'g(u, v) = Fo(u, v).
e—

The lower bound is an immediate consequence of that in Ll x L1 (Theorem 4.9,
being the L9 convergence stronger than the L! convergence).

As for the upper bound, we argue by truncation. First take a subsequence of F
(not relabelled for convenience) and fix u € BV NL*(Q2; R™) with Fo(u, 1) < oo.
Then Theorem 5.2 yields the existence of a sequence (u;, v;) € WI*Z(Q; Rm+Ly,
such that (ug, ve) — (u, 1) in L1 (Q2; R™*1) and

lim sup F (ug, ve) < Folu, 1).

e—0

Fix M € N large enough such that ay; > ||u|l« (see (3.11) for the definition of
ayr) and, for every ¢ > 0, choose k. s € {M + 1, ...,2M} such that

1
/ (e + f20) ¥ (Vue)dx < — f (e + f2(0:) ¥ (Vue)dx.
{ak, py<luel<ar, pp+1} M Jq
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This implies
C
-7_—;](77(5,[14(”8), ve) < (1+ M)Fg(uas U£)+C£n({aM+l < lugl}),

with 7y, ,, (ue) uniformly bounded in L, 7y, ,, being defined in (3.11). This ar-
gument has been used several times throughout the paper, see for example Theo-
rem 4.9. Passing to a further subsequence in €, we can take k. s = kp indepen-
dent of ¢. Since (7k,, (i¢)), is uniformly bounded in L* and M is large, we get
iy (ue) = Tiy, () = win L9(2; R™) and in particular £" ({ay41 < |ugl}) — 0
as ¢ — 0, hence

lim sup 2 Ty, (), ve) < (1+ E)]—"o(u, 0.
e—0 M

Diagonalizing with respect to M and recalling the lower estimate, we conclude that
every subsequence of {F!, has a subsequence that I'(L9 x Ll)-converges to Fo
in L°(; R™) x L'(). Finally Urysohn’s lemma gives the convergence of the
entire sequence in the same space.

Let us consider now the general case u € (GBV N L9(2))™. Then T (u) €
(BV N L*°(R))™, with 7} again defined by (3.11), and

D(LY x LY)-lim sup F (T ). 1) < Fo(Te(w), 1),
e—0
by the first part of the proof. As k — oo we have 7y (u) — u in L9(2; R™) and
we conclude by the lower semicontinuity of the I'-limsup and the continuity of F
(see Proposition 4.8).
Step 2. I'-limit of G, in L' x L!. We check now that

rL' x LYH- lin})gg(u, v) = Gou, v).

The lower bound simply follows by Theorem 4.9 using n, > 0 and the lower
semicontinuity of |, o |lw—u|?dx withrespect to the convergence in L' Inparticular,
if T(LY x LY-liminf,_0 Ge(u, v) < 00, thenu € (GBV () N LY)" and v = 1
L"-a.e.on Q.

As for the upper bound, from Step 1 we know that forallu € (GBV ()N L%)™
there exists a recovery sequence for ¢ in L9 x L'. This is in particular a recovery
sequence for G, in L' x L', which gives the conclusion.

Step 3. Convergence of minimizers. Let now (i, v,) € WH2NL9(Q; R™*1)
be a minimizing sequence for G,. Being

Sulg (Fe(ug, ve) + ”Me”L‘I(Q)) < 00,

£>
Theorem 6.1 gives the existence of a function u € (GBV(2) N L9)™ and of
a subsequence, not relabelled, such that u, — u £"-a.e. on Q2 and v, — 1 in
L'(Q; R™). In addition, by Holder inequality

-1/,
/ lue — uldx < llug — ullza@) (L" {lus — ul > 1})) /
{lue—u|>1}

< (L ({ue —ul > 1) 77,
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and the right-hand side tends to O since u, — u in measure on 2. Also, (u, —
U) X{jue—ul<1y — 01in LY(Q; R™) by dominated convergence, hence we conclude
that u, — u in L1(Q; R™).

By Step 2 and a general property of I'-convergence [41, Corollary 7.20], we
conclude that (u, 1) is a minimizer of Gy and that G, (u, ve) — Go(u, 1). Finally,
we check that in fact u, — u in L7(2; R™). From the previous steps we have

Ge(ug, ve) = Go(u, 1),

/ lu — w|?dx < liminf/ lug — w|9dx,
Q e—0 Q

Fo(u, 1) < limi(r)lf}"g(us, V),
e—>

/|u€—w|qu—>/- lu — w|?dx.
Q Q

Together with the pointwise convergence, this implies u, — u in L7(2; R™) by
generalized dominated convergence. O

so that
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