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Abstract

We prove a local higher integrability result for the gradient of a weak solution
to degenerate parabolic double-phase systems of p-Laplace type. This result comes
with reverse Hölder type estimates. The proof is based on a careful phase analysis,
estimates in the intrinsic geometries and stopping time arguments.

1. Introduction

This paper discusses the local higher integrability of the spatial gradient of a
weak solution to a double-phase parabolic system

ut − divA(z,∇u) = − div(|F |p−2F + a(z)|F |q−2F) in �T , (1.1)

where z = (x, t), �T = � × (0, T ) is a space-time cylinder with a bounded open
set� ⊂ R

n for n � 2 and 2 � p < q < ∞. HereA(z,∇u) : �T ×R
Nn −→ R

Nn

with N � 1 is a Carathéodory vector field satisfying that there exist constants
0 < ν � L < ∞ such that

A(z, ξ) · ξ � ν(|ξ |p + a(z)|ξ |q) and |A(z, ξ)| � L(|ξ |p−1 + a(z)|ξ |q−1)

(1.2)

for almost every z ∈ �T and every ξ ∈ R
Nn . It is further assumed that the source

term F : �T −→ R
Nn satisfies¨

�T

H(z, |F |) dz =
¨

�T

(|F |p + a(z)|F |q) dz < ∞.

Here we denote H(z, s) : �T × R
+ −→ R

+,

H(z, s) = s p + a(z)sq .
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We assume that the non-negative coefficient function a : �T −→ R
+ satisfies

q � p + 2α

n + 2
and a ∈ Cα, α

2 (�T ) for some α ∈ (0, 1]. (1.3)

Here a ∈ Cα, α
2 (�T ) means that a ∈ L∞(�T ) and that there exists a constant

[a]α, α
2 ;�T < ∞ such that

|a(x, t) − a(y, t)| � [a]α, α
2 ;�T |x − y|α and |a(x, t) − a(x, s)|

� [a]α, α
2 ;�T |t − s| α

2

for every (x, y) ∈ � and (t, s) ∈ (0, T ). For short we denote [a]α = [a]α, α
2 ;�T .

We summarize the existing related results in the elliptic and parabolic cases.
The elliptic double-phase system

− div(|∇u|p−2∇u + a(x)|∇u|q−2∇u) = − div(|F |p−2F + a(x)|F |q−2F)

in �, where

1 < p < q � p + αp

n
and a(x) ∈ Cα(�) for some α ∈ (0, 1] (1.4)

models a class (p, q)-growth problems related to strongly anisotropic materials in
the contexts of homogenization and nonlinear elasticity, see [26–28]. The proper
function space for weak solutions is u ∈ W 1,1(�, R

N ) withˆ
�

H(x, |∇u|) dx =
ˆ

�

(|∇u|p + a(x)|∇u|q) dx < ∞.

Under (1.4) it has been proved that |∇u| ∈ Lq
loc(�) in [13] (see also [21,22] for the

(p, q)-growth problems). Harnack’s inequality, Hölder continuity, gradient Hölder
continuity, gradient higher integrability and Calderón–Zygmund type estimates
have been discussed in [2,8,9,11] (see also [17,18]). For applications and more
information, we refer to [23,24]. A standard approach in the elliptic double-phase
systems is to consider two cases: for each ball Br (x0) ⊂ �, either

inf
Br (x0)

a(x) � [a]αrα or inf
Br (x0)

a(x) > [a]αrα. (1.5)

The first condition in (1.5) is called the p-phase and in this case the behavior is
similar to the p-Laplace systems in Br (x0). The second condition in (1.5) implies
that

sup
Br (x0)

a(x) < 2 inf
Br (x0)

a(x) (1.6)

and this leads to the behavior similar to the (p, q)-Laplace systems in Br (x0). For
this reason the second condition in (1.5) is called the (p, q)-phase.

Parabolic double-phase problems have not been investigated until very recently.
The existence of weak solutions to (1.1) has been considered in [7,25]. These
results seem to cover different ranges of exponents already in the stationary case,
see [6]. It has been proved in [25] by using the difference quotient method that
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|∇u| ∈ Lq
loc(�T ) under appropriate structural assumptions (see also [1,4,5,10,14]

for the (p, q)-growth problems).
The main result of this paper is an a priori estimate for the gradient of a weak

solution to (1.1). We denote Qr (z0) = Br (x0) × (t0 − r2, t0 + r2) and

data = (n, N , p, q, α, ν, L , [a]α, diam(�), ‖u‖L∞(0,T ;L2(�)),

‖H(z, |∇u|)‖L1(�T ), ‖H(z, |F |)‖L1(�T )).

Theorem 1.1. Assume that (1.2) and (1.3) hold true and let u be a weak solution to
(1.1). Then there exist constants 0 < ε0 = ε0(data) and c = c(data, ‖a‖L∞(�T )) �
1 such that

−−
¨

Qr (z0)
H(z, |∇u|)1+ε dz � c

(
−−
¨

Q2r (z0)
H(z, |∇u|) dz

)1+ εq
2

+ c

(
−−
¨

Q2r (z0)
(H(z, |F |) + 1)1+ε dz

) q
2

for every Q2r (z0) ⊂ �T and ε ∈ (0, ε0).

As far as we are aware this is the first regularity result for parabolic double-
phase problems under the general structural conditions (1.2) and (1.3). We consider
weak solutions that satisfy a technical assumption |∇u| ∈ Lq(�T ), see Definition
2.1. It is also possible to obtain the main result under the assumption

¨
�T

H(z, |∇u|) dz =
¨

�T

(|∇u|p + a(z)|∇u|q) dz < ∞,

by applying a parabolic Lipschitz truncation, see Remark 2.2. This technique is out
of the scope of this paper and it is discussed in [19]. This extends the corresponding
results for the p-Laplace systems (a(z) ≡ 0) in [20], where a reverse Hölder
inequality for the gradient has been proved in p-intrinsic cylinders

Qλ
ρ(z0) = Bρ(x0) × (t0 − λ2−pρ2, t0 + λ2−pρ2)

by using parabolic Caccioppoli and Poincaré inequalities and a stopping time argu-
ment. Appropriate intrinsic cylinders have to be considered for other parabolic sys-
tems. The parabolic (p, q)-Laplace system (a(z) ≡ a0 for some constant a0 > 0)
was considered in [16] and the gradient reverse Hölder inequality was proved in
(p, q)-intrinsic cylinders

Gλ
ρ(z0) = Bρ(x0) ×

(
t0 − λ2

λp+a0λq
ρ2, t0 + λ2

λp+a0λq
ρ2

)
.

In [3], the gradient higher integrability result has been discussed for the parabolic
p(·)-Laplace type system

ut − div(|∇u|p(z)−2∇u) = − div(|F |p(z)−2F)
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in �T , where p(·) : �T −→ R
+ is a continuous function with

2n

n + 2
< inf

z∈�T
p(z) � p(·) � sup

z∈�T

p(z) < ∞

and p(·) satisfies a logarithmic modulus of continuity condition. In this case the
intrinsic cylinders are of the form

Bρ(x0) × (
t0 − λ

2−p(z0)

p(z0) ρ2, t0 + λ
2−p(z0)

p(z0) ρ2).
Several new features appear in the parabolic double-phase problem (1.1) com-

pared to the p-Laplace systems in [20] and to the (p, q)-case in [16]. The first
novelty in our argument is that we provide a new criterion replacing (1.5) in order
to be able to adopt the stopping time argument with intrinsic cylinders in [20]. For
each point

z0 ∈ {z ∈ �T : |∇u(z)|p + a(z)|∇u(z)|q > 	},
we consider λ = λ(z0) > 0 such that 	 = λp + a(z0)λq . Employing the fact that
s → s p +a(z0)sq is strictly increasing and noting that z0 ∈ {z ∈ �T : |∇u(z)|p >

λp}, we may apply a stopping time argument with the p-intrinsic cylinders. The
second novelty is to consider two alternatives: for K > 1, either

Kλp � a(z0)λ
q or Kλp � a(z0)λ

q .

These are called p-intrinsic and (p, q)-intrinsic cases, respectively. The p-intrinsic
case is related to the p-Laplace systems and the (p, q)-intrinsic case is related to
the (p, q)-problems. For the double-phase problems we have to consider both of
them. We are convinced that this technique will be useful in other regularity results
for parabolic doubly-nonlinear problems. In the p-intrinsic case, it is possible to
obtain the reverse Hölder inequality in the p-intrinsic cylinders as in [20]. Roughly
speaking, we have

|∇u|p−2∇u + a(z)|∇u|q−2∇u ≈ |∇u|p−2∇u + Kλp−q |∇u|q−2∇u

≈ |∇u|p−2∇u

in the stopping time argument with a p-intrinsic cylinder. On the other hand, the
(p, q)-intrinsic case implies the second condition in (1.5) for a sufficiently large
K > 1. This leads (1.6) and we have

|∇u|p−2∇u + a(z)|∇u|q−2∇u ≈ |∇u|p−2∇u + a(z0)|∇u|q−2∇u

in the stopping time argument with p-intrinsic cylinder. Consequently, we may
apply the (p, q)-intrinsic cylinders to obtain the reverse Hölder inequality. Note
that

z0 ∈ {z ∈ �T : |∇u(z)|p + a(z)|∇u(z)|q > λp + a(z0)λ
q}

and Gλ
ρ(z0) ⊂ Qλ

ρ(z0) with a0 = a(z0). Thus, it is possible to obtain a stopping
time argument in the (p, q)-intrinsic cylinders from the stopping time argument in
the p-intrinsic cylinders. Finally, the continuity of a(·) implies the continuity of
λ(·) and this enables us to prove a Vitali type covering lemma. The desired estimate
follows by using Fubini’s theorem.
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2. Energy estimates

We apply the following definition of weak solution:

Definition 2.1. A function u : �T −→ R
N with

u ∈ C(0, T ; L2(�, R
N )) ∩ Lq(0, T ;W 1,q(�, R

N ))

is a weak solution to (1.1), if

¨
�T

(−u · ϕt + A(z, ∇u) · ∇ϕ) dz =
¨

�T

(|F |p−2F · ∇ϕ + a(z)|F |p−2F · ∇ϕ) dz

for every ϕ ∈ C∞
0 (�T , R

N ).

Remark 2.2. A more standard assumption on the function space would be

u ∈ C(0, T ; L2(�, R
N )) ∩ L1(0, T ;W 1,1(�, R

N ))

with ¨
�T

H(z, |∇u|) dz =
¨

�T

(|∇u|p + a(z)|∇u|q) dz < ∞.

However, this assumption does not seem to be enough in the proof of the energy esti-
mate using the Steklov averages, see Lemma 2.3 below. This unexpected challenge
does not occur in the elliptic case, since the mollification in time is not needed.
It is possible to derive Lemma 2.3 under the natural function space assumption
above by a parabolic Lipschitz truncation technique, see [19]. We emphasize that
the assumption |∇u| ∈ Lq(�T ) is only applied in the proof of Lemma 2.3 and it is
not needed in the rest of the paper. With this observation Theorem 1.1 holds true
also under the natural function space assumption above.

In the rest of this section, we provide three energy estimates. The first lemma is
a parabolic double-phase Caccioppoli inequality. In general, the time derivative of
a weak solution does not belong to L2 and does not even exist a priori. To be able
to derive a suitable energy estimate, we use the following mollification in time. We
define the Steklov average fh , with 0 < h < T , of f ∈ L1(�T ) by

fh(x, t) =
{

−́t+h
t f (x, s) ds, 0 < t < T − h,

0, T − h � t.

For the properties of Steklov averages, we refer to [12].
We apply the following notation. A space-time cylinder in R

n+1 is denoted by

QR,�(z0) = BR(x0) × (t0 − �, t0 + �), r > 0, l > 0,

and the integral average of u over QR,�(z0) is denoted by

uQR,�(z0) = −−
¨

QR,�(z0)
u dz.
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Lemma 2.3. Let u be a weak solution to (1.1). Then there exists a constant c =
c(n, p, q, ν, L) such that

sup
t∈(t0−τ,t0+τ)

−
ˆ
Br (x0)

|u − uQr,τ (z0)|2
τ

dx + −−
¨

Qr,τ (z0)
H(z, |∇u|) dz

� c−−
¨

QR,�(z0)

( |u − uQR,�(z0)|p
(R − r)p

+ a(z)
|u − uQR,�(z0)|q

(R − r)q

)
dz

+ c−−
¨

QR,�(z0)

|u − uQR,�(z0)|2
� − τ

dz + c−−
¨

QR,�(z0)
H(z, |F |) dz

for every QR,�(z0) ⊂ �T , with R, � > 0, r ∈ [R/2, R) and τ ∈ [�/22, �).
Proof. Let η ∈ C∞

0 (BR(x0)) be a cut-off function with

0 � η � 1, η ≡ 1 in Br (x0) and ‖∇η‖L∞ � 2

R − r
. (2.1)

For τ ∈ [�/22, �), let h0 > 0 be sufficiently small so that there exists a cut-off
function ζ ∈ C∞

0 (I�−h0(t0)) with

0 � ζ � 1, ζ ≡ 1 in Iτ (t0) and ‖∂tζ‖L∞ � 3

� − τ
. (2.2)

Let t∗ ∈ Iτ (t0) and δ ∈ (0, h0). We define ζδ as

ζδ(t) =

⎧⎪⎨
⎪⎩
1, t ∈ (−∞, t∗ − δ),

1 − t−t∗+δ
δ

, t ∈ [t∗ − δ, t∗],
0, t ∈ (t∗,∞).

(2.3)

For h ∈ (0, h0), we consider (1.1) in terms of Steklov averages and obtain

∂t [u − uQR,�(z0)]h − div[A(·,∇u)]h = − div[|F |p−2F + a|F |q−2F]h (2.4)

in BR(x0) × I�−h(t0). Then we observe that

[u − uQR,�(z0)]hηqζ 2ζδ ∈ W 1,2
0 (I�−h; L2(BR(x0), R

N )) ∩ Lq(I�−h;
W 1,q

0 (BR(x0), R
N )).

By applying ϕ = [u − uQR,�(z0)]hηqζ 2ζδ as a test function in (2.4), we have

I + II = −−
¨

QR,�(z0)
∂t [u − uQR,�

(z0)]h · ϕ dz + −−
¨

QR,�(z0)
[A(·,∇u)]h · ∇ϕ dz

= −−
¨

QR,�(z0)
[|F |p−2F + a|F |q−2F]h · ∇ϕ dz = III. (2.5)
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We show that II and III are finite under the assumption |∇u| ∈ Lq(�T ). The
structural assumptions and the properties of the Steklov average lead to

II � L−−
¨

QR,�(z0)
|(|∇u|p−1)h(x, t)||∇ϕ(x, t)| dx dt

+ L−−
¨

QR,�(z0)
|(a|∇u|q−1)h(x, t)||∇ϕ(x, t)| dx dt.

The first termon the right-hand side is finite as in the case of the parabolic p-Laplace
systems. The second term on the right-hand side can be written as

−−
¨

QR,�(z0)
|(a|∇u|q−1)h(x, t)||∇ϕ(x, t)| dx dt

= −−
¨

QR,�(z0)
−
ˆ t+h

t
[a(x, s)] q−1

q |∇u(x, s)|q−1 [a(x, s)] 1
q |∇ϕ(x, t)| ds dx dt.

By Hölder’s inequality and the properties of the Steklov average, there exists a
constant c = c(n) such that

−−
¨

QR,�(z0)
|(a|∇u|q−1)h(x, t)||∇ϕ(x, t)| dx dt

� c

(
−−
¨

QR,�(z0)
a(x, t)|∇u(x, t)|q dx dt

) q−1
q

(
−−
¨

QR,�(z0)
−
ˆ t+h

t
a(x, s)|∇ϕ(x, t)|q ds dx dt

) 1
q

= c

(
−−
¨

QR,�(z0)
a(x, t)|∇u(x, t)|q dx dt

) q−1
q

(
−−
¨

QR,�(z0)
ah(x, t)|∇ϕ(x, t)|q dx dt

) 1
q

.

This shows that II is finite if |∇u| ∈ Lq(�T ). A similar argument applies for III.
Estimate of I: Integration by parts gives

I = −−
¨

QR,�(z0)

1

2
(∂t |[u − uQR,�(z0)]h |2)ηqζ 2ζδ dz

= −−−
¨

QR,�(z0)
|[u − uQR,�(z0)]h |2ηqζ ζδ∂tζ dz

− −−
¨

QR,�(z0)

1

2
|[u − uQR,�(z0)]h |2ηqζ 2∂tζδ dz. (2.6)

We estimate the first term on the right-hand side of (2.6) by (2.2) and obtain

−−−
¨

QR,�(z0)
|[u − uQR,�(z0)]h |2ηqζ ζδ∂tζ dz � −−−

¨
QR,�(z0)

|[u − uQR,�(z0)]h |2
� − τ

dz.
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For the second term on the right-hand side of (2.6), by (2.3) we have

− −−
¨

QR,�(z0)

1

2
|[u − uQR,�(z0)]h |2ηqζ 2∂tζδ dz

= 1

|QR,�|−
ˆ t∗

t∗−δ

ˆ
BR(x0)

1

2
|[u − uQR,�(z0)]h |2ηqζ 2 dx dt

� 1

|QR,�|−
ˆ t∗

t∗−δ

ˆ
Br (x0)

1

2
|[u − uQR,�(z0)]h |2 dx dt.

Thus, we get

lim
h→0+ lim

δ→0+ I � −−−
¨

QR,�(z0)

|u − uQR,�(z0)|2
� − τ

dz

+ 1

2|QR,�|
ˆ
Br (x0)

|u(x, t∗) − uQR,�(z0)|2 dx .

Estimate of II: It holds that

II = −−
¨

QR,�(z0)
[A(·,∇u)]h · [∇u]hηqζ 2ζδ dz

+ q−−
¨

QR,�(z0)
[A(·,∇u)]h · [u − uQR,�(z0)]h∇ηηq−1ζ 2ζδ dz. (2.7)

To estimate the first term in (2.7), we apply (1.2) to get

lim
h→0+ lim

δ→0+ −−
¨

QR,�(z0)
[A(·,∇u)]h · [∇u]hηqζ 2ζδ dz

� ν

|QR,�|
ˆ
I�(t0)∩(−∞,t∗)

ˆ
BR(x0)

(|∇u|p + a(z)|∇u|q)ηqζ 2 dx dt.

To estimate the second term in (2.7), we use (1.2) and (2.1) to conclude that

lim
h→0+ lim

δ→0+ q−−
¨

QR,�(z0)
[A(·,∇u)]h · [u − uQR,�(z0)]h∇ηηq−1ζ 2ζδ dz

� − Lq

|QR,�|
ˆ
I�(t0)∩(−∞,t∗)

ˆ
BR(x0)

|∇u|p−1ηq−1ζ 2 |u − uQR,�(z0)|
R − r

dx dt

− Lq

|QR,�|
ˆ
I�(t0)∩(−∞,t∗)

ˆ
BR(x0)

a(z)|∇u|q−1ηq−1ζ 2 |u − uQR,�(z0)|
R − r

dx dt.

By Young’s inequality, there exists a constant c = c(p, q, ν, L) such that

lim
h→0+ lim

δ→0+ q−−
¨

QR,�(z0)
[A(z,∇u)]h · [u − uQR,�(z0)]h∇ηηq−1ζ 2ζδ dz

� − ν

4|QR,�|
ˆ
I�(t0)∩(−∞,t∗)

ˆ
BR(x0)

(|∇u|p + a(z)|∇u|q)ηqζ 2 dx dt

− c−−
¨

QR,�(z0)

( |u − uQR,�(z0)|p
(R − r)p

+ a(z)
|u − uQR,�(z0)|q

(R − r)q

)
dz.
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It follows that

lim
h→0+ lim

δ→0+ II � 3ν

4|QR,�|
ˆ
I�(t0)∩(−∞,t∗)

ˆ
BR(x0)

(|∇u|p + a(z)|∇u|q)ηqζ 2 dx dt

− c−−
¨

QR,�(z0)

( |u − uQR,�(z0)|p
(R − r)p

+ a(z)
|u − uQR,�(z0)|q

(R − r)q

)
dz.

Estimate of III: We apply Young’s inequality as above and obtain

lim
h→0+ lim

δ→0+ III � c−−
¨

QR,�(z0)
|F |p + a(z)|F |q dz

+ ν

2|QR,�|
ˆ
I�(t0)∩(−∞,t∗)

ˆ
BR(x0)

(|∇u|p + a(z)|∇u|q)ηqζ 2 dx dt

+ c−−
¨

QR,�(z0)

( |u − uQR,�(z0)|p
(R − r)p

+ a(z)
|u − uQR,�(z0)|q

(R − r)q

)
dz.

By applying the estimates above in (2.5), we obtain

1

|QR,�|
ˆ
Br (x0)

|u(x, t∗) − uQR,�(z0)|2 dx

+ 1

|QR,�|
ˆ
I�(t0)∩(−∞,t∗)

ˆ
BR(x0)

(|∇u|p + a(z)|∇u|q)ηqζ 2 dx dt

� c−−
¨

QR,�(z0)

( |u − uQR,�(z0)|p
(R − r)p

+ a(z)
|u − uQR,�(z0)|q

(R − r)q

)
dz

+ c−−
¨

QR,�(z0)

|u − uQR,�(z0)|2
� − τ

dz + c−−
¨

QR,�(z0)
(|F |p + a(z)|F |q) dz.

Since t∗ ∈ I�(t0) is arbitrary, |BR | ≈ c(n)|Br | and |I�| ≈ |Iτ |, we get

sup
t∈(t0−τ,t0+τ)

−
ˆ
Br (x0)

|u − uQR,�(z0)|2
τ

dx + −−
¨

Qr,τ (z0)
(|∇u|p + a(z)|∇u|q) dz

� c−−
¨

QR,�(z0)

( |u − uQR,�(z0)|p
(R − r)p

+ a(z)
|u − uQR,�(z0)|q

(R − r)q

)
dz

+ c−−
¨

QR,�(z0)

|u − uQR,�(z0)|2
� − τ

dz + c−−
¨

QR,�(z0)
(|F |p + a(z)|F |q) dz.

�

The second lemma is a gluing lemma, which enables us to estimate integral

averages over time-slices. The spatial integral average of u over BR(x0) is denoted
by

uBR(x0) = uBR(x0)(t) = −
ˆ
BR(x0)

u(x, t) dx .



79 Page 10 of 46 Arch. Rational Mech. Anal. (2023) 247:79

Lemma 2.4. Let u be a weak solution to (1.1) and let η ∈ C∞
0 (BR(x0)) be a

function such that

η � 0, −
ˆ
BR(x0)

η dx = 1 and ‖η‖L∞ + R‖∇η‖L∞ � c, (2.8)

where c = c(n). Then there exists a constant c = c(n, L) such that

sup
t1,t2∈(t0−�,t0+�)

|(uη)BR(x0)(t2) − (uη)BR(x0)(t1)|

� c
�

R
−−
¨

QR,�(z0)
(|∇u|p−1 + a(z)|∇u|q−1) dz

+ c
�

R
−−
¨

QR,�(z0)
(|F |p−1 + a(z)|F |q−1) dz

for every QR,�(z0) = BR(x0) × (t0 − �, t0 + �) ⊂ �T with R, � > 0.

Proof. Let t1, t2 ∈ (t0 − �, t0 + �) with t1 < t2. For δ ∈ (0, 1) small enough, we
define ζδ ∈ W 1,∞

0 (t0 − �, t0 + �) by

ζδ(t) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, t0 − � � t � t1 − δ,
t−t1+δ

δ
, t1 − δ < t < t1,

1, t1 � t � t2,
t2+δ−t

δ
, t2 < t < t2 + δ,

0, t2 + δ � t � t0 + �.

By applying ηζδ ∈ W 1,∞
0 (QR,�(z0)) as a test function in (1.1), we obtain

−
ˆ t1

t1−δ

−
ˆ
BR(x0)

uη dx dt − −
ˆ t2

t2+δ

−
ˆ
BR(x0)

uη dx dt

� L
ˆ t2+δ

t1−δ

−
ˆ
BR(x0)

(|∇u|p−1 + a(z)|∇u|q−1)|∇η||ζδ| dx dt

+
ˆ t2+δ

t1−δ

−
ˆ
BR(x0)

(|F |p−1 + a(z)|F |q−1)|∇η||ζδ| dz.

Letting δ −→ 0+ and using the third condition in (2.8), we obtain

|(uη)BR(x0)(t1) − (uη)BR(x0)(t2)| � c
�

R
−−
¨

QR,�(z0)
(|∇u|p−1 + a(z)|∇u|q−1) dz

+ c
�

R
−−
¨

QR,�(z0)
(|F |p−1 + a(z)|F |q−1) dz,

where c = c(n, L). This completes the proof. �

Then we consider a parabolic Poincaré inequality.
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Lemma 2.5. Let u be a weak solution to (1.1). Then there exists a constant c =
c(n, N ,m, L) such that

−−
¨

QR,�(z0)

|u − uQR,�(z0)|θm
Rθm

dz � c−−
¨

QR,�(z0)
|∇u|θm dz

+ c

(
�

R2−−
¨

QR,�(z0)
(|∇u|p−1 + a(z)|∇u|q−1 + |F |p−1 + a(z)|F |q−1) dz

)θm

for every QR,�(z0) = BR(x0) × (t0 − �, t0 + �) ⊂ �T with R, � > 0, m ∈ (1, q]
and θ ∈ (1/m, 1],

Proof. The triangle inequality gives

−−
¨

QR,�(z0)

|u − uQR,�(z0)|θm
Rθm

dz � c−−
¨

QR,�(z0)

|u − uBR(x0)(t)|θm
Rθm

dz

+ c−
ˆ
I�(t0)

|uQR,�(z0) − uBR(x0)(t)|θm
Rθm

dt,

where c = c(m). By applying the Poincaré inequality in the spatial direction, we
have

−−
¨

QR,�(z0)

|u − uQR,�(z0)|θm
Rθm

dz � c−−
¨

QR,�(z0)
|∇u|θm dz

+ c−
ˆ
I�(t0)

|uQR,�(z0) − uBR(x0)(t)|θm
Rθm

dt,

where c = c(n, N ,m).
To complete the proof, we estimate the second term on the right-hand side in

the estimate above. By Hölder’s inequality, we have

−
ˆ
I�(t0)

|uQR,�(z0) − uBR(x0)(t)|θm dt � −
ˆ
I�(t0)

−
ˆ
I�(t0)

|uBR(x0)(s) − uBR(x0)(t)|θm dt ds.

For η ∈ C∞
0 (BR(x0)) satisfying (2.8), it holds that

−
ˆ
I�(t0)

−
ˆ
I�(t0)

|uBR(x0)(s) − uBR(x0)(t)|θm dt ds

� c−
ˆ
I�(t0)

|(uη)BR(x0)(t) − uBR(x0)(t)|θm dt

+ c sup
t,s∈I�(t0)

|(uη)BR(x0)(t) − (uη)BR(x0)(s)|θm,
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where the second term on the right-hand side can be estimated by Lemma 2.4. For
the first term on the right-hand side we may apply (2.8) and obtain

−
ˆ
I�(t0)

|(uη)BR(x0)(t) − uBR(x0)(t)|θm dt

= −
ˆ
I�(t0)

∣∣∣∣−
ˆ
BR(x0)

(u(x, t) − uBR(x0)(t))η(x) dx

∣∣∣∣
θm

dt

� c−
ˆ
I�(t0)

(
−
ˆ
BR(x0)

|u(x, t) − uBR(x0)(t)| dx
)θm

dt.

Therefore, using the Poincaré inequality in the spatial direction and Hölder’s in-
equality, we have

−
ˆ
I�(t0)

|(uη)BR(x0)(t) − uBR(x0)(t)|θm dt � cRθm−−
¨

QR,�(z0)
|∇u|θm dz.

This completes the proof. �


3. Parabolic Sobolev-Poincaré inequalities

This section provides a parabolic Sobolev-Poincaré inequality by adapting tech-
niques in [20] to the double-phase case. Throughout this section, let z0 = (x0, t0) ∈
�T , with x0 ∈ � and t0 ∈ (0, T ), be a Lebesgue point of |∇u(z)|p + a(z)|∇u(z)|q
satisfying

|∇u(z0)|p + a(z0)|∇u(z0)|q > 	 (3.1)

for some 	 > 1+‖a‖L∞(�T ). Recall that H(z, s) : �T ×R
+ −→ R

+, H(z, s) =
s p + a(z)sq . For a fixed point z0, we denote

Hz0(s) = s p + a(z0)s
q . (3.2)

Note that Hz0(s) is strictly increasing and continuous with

lim
s→0+ Hz0(s) = 0 and lim

s→∞ Hz0(s) = ∞.

By the intermediate value theorem for continuous functions, there exists λ =
λ(z0) > 1 such that

	 = λp + a(z0)λ
q = Hz0(λ). (3.3)

Let

M1 = 1

2|B1|
¨

�T

(H(z, |∇u|) + H(z, |F |)) dz.

The parameter K = K (n, α, [a]α, M1) > 1 will be determined later in (5.2).



Arch. Rational Mech. Anal. (2023) 247:79 Page 13 of 46 79

The p-intrinsic cylinders and the (p, q)-intrinsic cylinders are considered sep-
arately in the argument. In the p-intrinsic case we assume that

Kλp � a(z0)λ
q and −−

¨
Qλ
4ρ(z0)

(H(z, |∇u|) + H(z, |F |)) dz < λp, (3.4)

where

Qλ
4ρ(z0) = B4ρ(x0) × I λ

4ρ(t0), I λ
4ρ(t0) = (t0 − λ2−p(4ρ)2, t0 + λ2−p(4ρ)2),

(3.5)

is a p-intrinsic cylinder. In the (p, q)-intrinsic case we assume that

Kλp � a(z0)λ
q ,

a(z0)

2
� a(z) � 2a(z0) for every z ∈ Gλ

4ρ(z0) and

−−
¨

Gλ
4ρ(z0)

(H(z, |∇u|) + H(z, |F |)) dz < Hz0(λ), (3.6)

where

Gλ
4ρ(z0) = B4ρ(x0) × Jλ

4ρ(t0), Jλ
4ρ(t0) =

(
t0 − λ2

Hz0 (λ)
(4ρ)2, t0 + λ2

Hz0 (λ)
(4ρ)2

)
,

(3.7)

is a (p, q)-intrinsic cylinder.

3.1. The p-intrinsic case

In this case we consider estimates in p-intrinsic cylinders as in (3.5) and assume
that (3.4) holds. We begin by estimating the last term in Lemma 2.5.

Lemma 3.1. Let u be a weak solution to (1.1). Then, for s ∈ [2ρ, 4ρ] and θ ∈
((q − 1)/p, 1], there exists a constant c = c(n, p, q, α, L , [a]α, M1) such that

−−
¨

Qλ
s (z0)

(|∇u|p−1 + a(z)|∇u|q−1 + |F |p−1 + a(z)|F |q−1) dz

� c−−
¨

Qλ
s (z0)

(|∇u| + |F |)p−1 dz + cλ−1+ p
q −−
¨

Qλ
s (z0)

a(z)
q−1
q (|∇u| + |F |)q−1 dz

+ cλ
αp
n+2

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
) 1

θ

(
p−1
p − α

n+2

)

,

whenever Qλ
4ρ(z0) ⊂ �T satisfies (3.4).



79 Page 14 of 46 Arch. Rational Mech. Anal. (2023) 247:79

Proof. It follows from (1.3) that q − 1 < p. By (1.3) there exists a constant
c = c([a]α) such that

−−
¨

Qλ
s (z0)

(|∇u|p−1 + a(z)|∇u|q−1 + |F |p−1 + a(z)|F |q−1) dz

� c−−
¨

Qλ
s (z0)

(|∇u|p−1 + |F |p−1) dz + c−−
¨

Qλ
s (z0)

inf
w∈Qλ

s (z0)
a(w)(|∇u| + |F |)q−1 dz

+ csα−−
¨

Qλ
s (z0)

(|∇u|q−1 + |F |q−1) dz. (3.8)

We apply the first condition in (3.4) to estimate the second term on the right-hand
side of (3.8) and obtain

−−
¨

Qλ
s (z0)

inf
w∈Qλ

s (z0)
a(w)(|∇u| + |F |)q−1 dz

� K
1
q λ

−1+ p
q −−
¨

Qλ
s (z0)

inf
w∈Qλ

s (z0)
a(w)

q−1
q (|∇u| + |F |)q−1 dz

� K
1
q λ

−1+ p
q −−
¨

Qλ
s (z0)

a(z)
q−1
q (|∇u| + |F |)q−1 dz.

In order to estimate the last term on the right-hand side of (3.8), we recall that
|Qλ

s (z0)| = c(n)sn+2λ2−p. Hölder’s inequality gives

sα−−
¨

Qλ
s (z0)

|∇u|q−1 dz � sα

(
−−
¨

Qλ
s (z0)

|∇u|θp dz
) 1

θ
q−1
p

� sα

(
−−
¨

Qλ
s (z0)

|∇u|p dz
) γ

p
(

−−
¨

Qλ
s (z0)

|∇u|θp dz
) 1

θ
q−1−γ

p

� csα− (n+2)γ
p

(¨
Qλ
s (z0)

|∇u|p dz
) γ

p

λ
(p−2)γ

p

(
−−
¨

Qλ
s (z0)

|∇u|θp dz
) 1

θ
q−1−γ

p

,

where c = c(n), γ = αp/(n+ 2) and θ ∈ ((q − 1)/p, 1]. We have γ ∈ (0, p− 1),
since

1 <
2(n + 1)

n + 2
�⇒ 1 <

(n + 1)p

n + 2
�⇒ γ = αp

n + 2
< p − 1.

It follows from the second condition in (3.4), λ � 1 and the first condition in (1.3)
that

(
−−
¨

Qλ
s (z0)

|∇u|θp dz
) 1

θ
q−1−γ

p

� cλq−p

(
−−
¨

Qλ
s (z0)

|∇u|θp dz
) 1

θ
p−1−γ

p

� cλ
2α
n+2

(
−−
¨

Qλ
s (z0)

|∇u|θp dz
) 1

θ
p−1−γ

p

,
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where c = c(n, p, q, α). Therefore, we obtain

sα−−
¨

Qλ
s (z0)

|∇u|q−1 dz � cλ
αp
n+2

(
−−
¨

Qλ
s (z0)

|∇u|θp dz
) 1

θ

(
p−1
p − α

n+2

)

where c = c(n, p, q, α, M1). Similarly, replacing |∇u| by |F | in the above argu-
ment, we have

sα−−
¨

Qλ
s (z0)

|F |q−1 dz � cλ
αp
n+2

(
−−
¨

Qλ
s (z0)

|F |θp dz
) 1

θ

(
p−1
p − α

n+2

)

This completes the proof. �

Next we provide a p-intrinsic parabolic Poincaré inequality.

Lemma 3.2. Let u be a weak solution to (1.1). Then, for s ∈ [2ρ, 4ρ] and θ ∈
((q − 1)/p, 1], there exists a constant c = c(n, N , p, q, α, L , [a]α, M1) such that

−−
¨

Qλ
s (z0)

|u − uQλ
s (z0)

|θp
sθp

dz � c−−
¨

Qλ
s (z0)

H(z, |∇u|)θ dz

+ cλ

(
2−p+ αp

n+2

)
θp

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
)p−1− αp

n+2

+ c

(
−−
¨

Qλ
s (z0)

H(z, |F |) dz
)θ

,

whenever Qλ
4ρ(z0) ⊂ �T satisfies (3.4).

Proof. By Lemmas 2.5 and 3.1, there exists a constant c = c(n, N , p, q, α, L ,

[a]α, M1) such that

−−
¨

Qλ
s (z0)

|u − uQλ
s (z0)

|θp
sθp

dz � c−−
¨

Qλ
s (z0)

|∇u|θp dz

+ c

(
λ2−p−−

¨
Qλ
s (z0)

(|∇u| + |F |)p−1 dz

)θp

+ c

(
λ
1−p+ p

q −−
¨

Qλ
s (z0)

a(z)
q−1
q (|∇u| + |F |)q−1 dz

)θp

+ cλ

(
2−p+ αp

n+2

)
θp

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
)p−1− αp

n+2

. (3.9)

To estimate the second term on the right-hand side of (3.9), we use the second
condition in (3.4) and obtain

λ(2−p)θp

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
)p−1

� c−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz,
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where c = c(n, p). Similarly, the third term on the right-hand side of (3.9) is
estimated as

λ

(
1−p+ p

q

)
θp

(
−−
¨

Qλ
s (z0)

a(z)θ (|∇u| + |F |)θq dz
) p(q−1)

q

� c−−
¨

Qλ
s (z0)

a(z)θ (|∇u| + |F |)θq dz,

where c = c(n, p, q). The conclusion follows from Hölder’s inequality. �

Lemma 3.3. Let u be a weak solution to (1.1). Then for Qλ

4ρ(z0) ⊂ �T satis-
fying (3.4), s ∈ [2ρ, 4ρ] and θ ∈ ((q − 1)/p, 1], there exists a constant c =
c(n, N , p, q, α, L , [a]α, M1) such that

−−
¨

Qλ
s (z0)

inf
w∈Qλ

s (z0)
a(w)θ

|u − uQλ
s (z0)

|θq
sθq

dz � c−−
¨

Qλ
s (z0)

H(z, |∇u|)θ dz

+ cλ

(
2−p+ αp

n+2

)
θp

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
)p−1− αp

n+2

+ c

(
−−
¨

Qλ
s (z0)

H(z, |F |) dz
)θ

.

Proof. ByLemmas2.5 and3.1, there exists a constant c = c(n, N , p, q, α, L , [a]α,

M1) such that

−−
¨

Qλ
s (z0)

inf
w∈Qλ

s (z0)
a(w)θ

|u − uQλ
s (z0)

|θq
sθq

dz � c−−
¨

Qλ
s (z0)

inf
w∈Qλ

s (z0)
a(w)θ |∇u|θq dz

+ c inf
w∈Qλ

s (z0)
a(w)θ

(
λ2−p−−

¨
Qλ
s (z0)

(|∇u| + |F |)p−1 dz

)θq

+ c inf
w∈Qλ

s (z0)
a(w)θ

(
λ
1−p+ p

q −−
¨

Qλ
s (z0)

a(z)
q−1
q (|∇u| + |F |)q−1 dz

)θq

+ c inf
w∈Qλ

s (z0)
a(w)θλ

(
2−p+ αp

n+2

)
θq

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
)q

(
p−1
p − α

n+2

)

.

(3.10)

By (3.4) for the second term on the right-hand side of (3.10), we obtain

inf
w∈Qλ

s (z0)
a(w)θλ(2−p)θq

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
) (p−1)q

p

� K θλ(p−q)θλ(2−p)θq+(p−1)qθ−θp−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz

� c(n, p, α, [a]α, M1)−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz.
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Similarly, the third and the fourth terms on the right-hand side of (3.10) can be
estimated as

inf
w∈Qλ

s (z0)
a(w)θλ(p+q−pq)θ

(
−−
¨

Qλ
s (z0)

(a(z)(|∇u|q + |F |q))θ dz
)q−1

� c−−
¨

Qλ
s (z0)

(a(z)(|∇u|q + |F |q))θ dz

and

inf
w∈Qλ

s (z0)
a(w)θλ

(
2−p+ αp

n+2

)
θq

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
)q

(
p−1
p − α

n+2

)

� cλ

(
2−p+ αp

n+2

)
θp

(
−−
¨

Qλ
s (z0)

(|∇u| + |F |)θp dz
)p−1− αp

n+2

.

The conclusion follows from Hölder’s inequality. �


3.2. The (p, q)-intrinsic case

In this case we consider estimates in (p, q)-intrinsic cylinders as in (3.7) and
assume that (3.6) holds. The second and third conditions in (3.6) imply

−−
¨

Gλ
4ρ(z0)

(
Hz0(|∇u|) + Hz0(|F |)) dz < 4a(z0)λ

q .

It follows that

−−
¨

Gλ
4ρ(z0)

(|∇u|q + |F |q) dz < 4λq . (3.11)

Next we discuss a (p, q)-intrinsic parabolic Poincaré inequality.

Lemma 3.4. Let u be a weak solution to (1.1). Then, for θ ∈ ((q − 1)/p, 1] and
s ∈ [2ρ, 4ρ], there exists a constant c = c(n, N , p, q, L) such that

−−
¨

Gλ
s (z0)

H θ
z0

( |u − uGλ
s (z0)

|
s

)
dz � c−−

¨
Gλ
s (z0)

H θ
z0(|∇u|) dz

+ c

(
−−
¨

Gλ
s (z0)

Hz0(|F |) dz
)θ

,

whenever Gλ
4ρ(z0) ⊂ �T satisfies (3.6).
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Proof. Note that

−−
¨

Gλ
s (z0)

H θ
z0

( |u − uGλ
s (z0)

|
s

)
dz

� 2−−
¨

Gλ
s (z0)

( |u − uGλ
s (z0)

|θp
sθp

+ a(z0)
θ
|u − uGλ

s (z0)
|θq

sθq

)
dz.

By Lemma 2.5, there exists a constant c = c(n, N , p, q, L) such that

−−
¨

Gλ
s (z0)

H θ
z0

( |u − uGλ
s (z0)

|
s

)
dz

� c−−
¨

Gλ
s (z0)

H θ
z0(|∇u|) dz + cH θ

z0

(
λ

H ′
z0(λ)

−−
¨

Gλ
s (z0)

H ′
z0(|∇u| + |F |) dz

)
.

(3.12)

Since

H ′
z0(s) = ps p−1 + qa(z0)s

q−1

for every s > 0, we have

sH ′
z0(s) � qHz0(s) � q

p sH
′
z0(s) (3.13)

for every s > 0. We estimate the last term on the right-hand side of (3.12) by (3.13)
and obtain

λ

H ′
z0(λ)

−−
¨

Gλ
s (z0)

H ′
z0(|∇u|) dz

� cλ

λp−1 + a(z0)λq−1−−
¨

Gλ
s (z0)

(|∇u|p−1 + a(z0)|∇u|q−1) dz

� cλ

(
1

λp−1−−
¨

Gλ
s (z0)

|∇u|p−1 dz + 1

λq−1−−
¨

Gλ
s (z0)

|∇u|q−1 dz

)
.

By the same argument as above for H ′
z0(|∇u| + |F |), it follows from (3.11) that

λ

H ′
z0(λ)

−−
¨

Gλ
s (z0)

H ′
z0(|∇u| + |F |) dz � cλ2−p

(
−−
¨

Gλ
s (z0)

(|∇u| + |F |)q−1 dz

) p−1
q−1

,

where c = c(n, p, q). Therefore, we obtain

H θ
z0

(
λ

H ′
z0(λ)

−−
¨

Gλ
s (z0)

H ′
z0(|∇u| + |F |) dz

)

� c

⎛
⎝λ(2−p)p

(
−−
¨

Gλ
s (z0)

(|∇u| + |F |)q−1 dz

) p(p−1)
q−1

⎞
⎠

θ

+c

⎛
⎝a(z0)λ

(2−p)q

(
−−
¨

Gλ
s (z0)

(|∇u| + |F |)q−1 dz

) q(p−1)
q−1

⎞
⎠

θ

. (3.14)
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In order to estimate the first term on the right-hand side of (3.14), we apply (3.11).
Keeping in mind that q − 1 < p and p � 2, we have

λ(2−p)p

(
−−
¨

Gλ
s (z0)

(|∇u| + |F |)q−1 dz

) p(p−1)
q−1

� λ(2−p)p

(
−−
¨

Gλ
s (z0)

(|∇u|p + |F |p)θ dz
) 1

θ
(p−1)

� c

(
−−
¨

Gλ
s (z0)

|∇u|θp dz
) 1

θ

+ c−−
¨

Gλ
s (z0)

|F |p dz,

for any θ ∈ ((q − 1)/p, 1] with c = c(n, p). We estimate the last term on the
right-hand side of (3.14) in a similar way. Then for any θ ∈ ((q−1)/q, 1], we have

a(z0)λ
(2−p)q

(
−−
¨

Gλ
s (z0)

(|∇u| + |F |)q−1 dz

) q(p−1)
q−1

� a(z0)λ
(2−p)q

(
−−
¨

Gλ
s (z0)

(|∇u| + |F |)θq dz
) 1

θ
(p−1)

� c

(
−−
¨

Gλ
s (z0)

a(z0)
θ |∇u|θq dz

) 1
θ

+ c−−
¨

Gλ
s (z0)

a(z0)|F |q dz,

where c = c(n, p). Hence, we conclude that

H θ
z0

(
λ

H ′
z0(λ)

−−
¨

Gλ
s (z0)

H ′
z0(|∇u| + |F |) dz

)

� c−−
¨

Gλ
s (z0)

H θ
z0(|∇u|) dz +

(
−−
¨

Gλ
s (z0)

Hz0(|F |) dz
)θ

,

which completes the proof. �

Note that by replacing H θ

z0(s) with s
θp in the proof of Lemma 3.4, we will also

have the following result. All necessary calculations are already contained in the
proof of the previous lemma.

Lemma 3.5. Let u be a weak solution to (1.1). Then, for θ ∈ ((q − 1)/p, 1] and
s ∈ [2ρ, 4ρ], there exists a constant c = c(n, N , p, q, L) such that

−−
¨

Gλ
s (z0)

( |u − uGλ
s (z0)

|
s

)θp

dz � c−−
¨

Gλ
s (z0)

|∇u|θp dz + c

(
−−
¨

Gλ
s (z0)

|F |p dz
)θ

,

whenever Gλ
4ρ(z0) ⊂ �T satisfies (3.6).
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4. Reverse Hölder inequalities

In this section, we assume that z0, 	 and λ = λ(z0) � 1 satisfy (3.1)–(3.3).
Let

K = 1 + 40[a]αM
α

n+2
1 and κ = 10K .

The distribution sets are denoted as

�(	) = {z ∈ �T : H(z, |∇u(z)|) > 	} (4.1)

and

�(	) = {z ∈ �T : H(z, |F |) > 	}. (4.2)

We consider the p-intrinsic and (p, q)-intrinsic cases separately. In the first case
we assume that

Kλp � a(z0)λ
q ,

−−
¨

Qλ
s (z0)

(H(z, |∇u|) + H(z, |F |)) dz < λp for every s ∈ (ρ, 2κρ] and

−−
¨

Qλ
ρ(z0)

(H(z, |∇u|) + H(z, |F |)) dz = λp, (4.3)

where the p-intrinsic cylinder is defined in (3.5). In the second case we assume
that

Kλp � a(z0)λ
q ,

a(z0)

2
� a(z) � 2a(z0) for every z ∈ Gλ

4ρ(z0),

−−
¨

Gλ
s (z0)

(H(z, |∇u|) + H(z, |F |)) dz < Hz0(λ) for every s ∈ (ρ, 2κρ] and

−−
¨

Gλ
ρ(z0)

(H(z, |∇u|) + H(z, |F |)) dz = Hz0(λ), (4.4)

where the (p, q)-intrinsic cylinder is defined in (3.7). We discuss reverse Hölder
inequalities in both cases separately.

The following auxiliary lemmas will be employed in the argument the first
lemma is a Gagliardo–Nirenberg inequality and the second one is a standard itera-
tion lemma, see [15, Lemma 8.3]:

Lemma 4.1. Let Bρ(x0) ⊂ R
n, σ, s, r ∈ [1,∞) and ϑ ∈ (0, 1) such that

− n

σ
� ϑ

(
1 − n

s

)
− (1 − ϑ)

n

r
.

Then there exists a constant c = c(n, σ ) such that

−
ˆ
Bρ(x0)

|v|σ
ρσ

dx � c

(
−
ˆ
Bρ(x0)

( |v|s
ρs

+ |∇v|s
)

dx

) ϑσ
s

(
−
ˆ
Bρ(x0)

|v|r
ρr

dx

) (1−ϑ)σ
r

for every v ∈ W 1,s(Bρ(x0)).
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Lemma 4.2. Let 0 < r < R < ∞ and h : [r, R] −→ R be a non-negative and
bounded function. Suppose there exist ϑ ∈ (0, 1), A, B � 0 and γ > 0 such that

h(r1) � ϑh(r2) + A

(r2 − r1)γ
+ B for all 0 < r � r1 < r2 � R.

Then there exists a constant c = c(ϑ, γ ) such that

h(r) � c

(
A

(R − r)γ
+ B

)
.

4.1. The p-intrinsic case

In this case we consider estimates in p-intrinsic cylinders as in (3.5) and assume
that (4.3) holds. We denote

S(u, Qλ
ρ(z0)) = sup

I λ
ρ (t0)

−
ˆ
Bρ(x0)

|u − uQλ
ρ(z0)|2

ρ2 dx

and M2 = ‖u‖L∞(0,T ;L2(�)).

Lemma 4.3. Let u be a weak solution to (1.1). Then there exists a constant c =
c(data) such that

S(u, Qλ
2ρ(z0)) = sup

I λ
2ρ(t0)

−
ˆ
B2ρ(x0)

|u − uQλ
2ρ(z0)

|2
(2ρ)2

dx � cλ2,

whenever Qλ
2κρ(z0) ⊂ �T satisfies (4.3).

Proof. Let 2ρ � ρ1 < ρ2 � 4ρ. By Lemma 2.3 there exists a constant c =
c(n, p, q, ν, L) such that

λp−2S(u, Qλ
ρ1

(z0))

� cρq
2

(ρ2 − ρ1)q
−−
¨

Qλ
ρ2

(z0)

( |u − uQλ
ρ2

(z0)|p
ρ
p
2

+ a(z)
|u − uQλ

ρ2
(z0)|q

ρ
q
2

)
dz

+ cρ2
2λ

p−2

(ρ2 − ρ1)2
−−
¨

Qλ
ρ2

(z0)

|u − uQλ
ρ2

(z0)|2
ρ2
2

dz + c−−
¨

Qλ
ρ2

(z0)
H(z, |F |) dz. (4.5)

We estimate the first term on the right-hand side of (4.5). By Lemma 3.2 with
θ = 1 and the second condition in (4.3), we obtain

−−
¨

Qλ
ρ2

(z0)

|u − uQλ
ρ2

(z0)|p
ρ
p
2

dz � cλp, (4.6)
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where c = c(n, N , p, q, α, L , [a]α, M1). On the other hand, we observe that

−−
¨

Qλ
ρ2

(z0)
a(z)

|u − uQλ
ρ2

(z0)|q
ρ
q
2

dz

� −−
¨

Qλ
ρ2

(z0)
inf

w∈Qλ
ρ2

(z0)
a(w)

|u − uQλ
ρ2

(z0)|q
ρ
q
2

dz

+ [a]αρα
2 −−
¨

Qλ
ρ2

(z0)

|u − uQλ
ρ2

(z0)|q
ρ
q
2

dz.

By Lemma 3.3 with θ = 1 and (4.3), we obtain

−−
¨

Qλ
ρ2

(z0)
inf

w∈Qλ
ρ2

(z0)
a(w)

|u − uQλ
ρ2

(z0)|q
ρ
q
2

dz � cλp,

where c = c(n, N , p, q, α, L , [a]α, M1). On the other hand, by Lemma 4.1 with
σ = q, s = p, r = 2 and ϑ = p

q , we obtain

ρα
2 −−
¨

Qλ
ρ2

(z0)

|u − uQλ
ρ2

(z0)|q
ρ
q
2

dz

� cρα
2 −−
¨

Qλ
ρ2

(z0)

( |u − uQλ
ρ2

(z0)|p
ρ
p
2

+ |∇u|p
)

dz
(
S(u, Qλ

ρ2
(z0))

) q−p
2

where c = c(n, q). We observe that

ρα
2

⎛
⎝ sup

I λ
ρ2

(t0)
−
ˆ
Bρ2 (x0)

|u − uQλ
ρ2

(z0)|2
ρ2
2

dx

⎞
⎠

q−p
2

� ρα
2

⎛
⎝22 sup

I λ
ρ2

(t0)
−
ˆ
Bρ2 (x0)

|u|2
ρ2
2

dx

⎞
⎠

q−p
2

� ρα− (q−p)(n+2)
2

⎛
⎝22 sup

I λ
ρ2

(t0)

ˆ
Bρ2 (x0)

|u|2 dx
⎞
⎠

q−p
2

� c,

where c = c(n, N , p, q, α, diam(�), M2). Furthermore, by (4.6) we have

ρα
2 −−
¨

Qλ
ρ2

(z0)

|u − uQλ
ρ2

(z0)|q
ρ
q
2

dz � cλp,

where c = c(n, N , p, q, α, L , [a]α, diam(�), M1, M2).
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For the second term on the right-hand side of (4.5), the Poincaré inequality
implies that

−−
¨

Qλ
ρ2

(z0)

|u − uQλ
ρ2

(z0)|2
ρ2
2

dzdz

= −
ˆ
I λ
ρ2

(t0)

(
−
ˆ
Bρ2 (x0)

|u − uQλ
ρ2

(z0)|2
ρ2
2

dx

) 1
2
(

−
ˆ
Bρ2 (x0)

|u − uQλ
ρ2

(z0)|2
ρ2
2

dx

) 1
2

dt

� c−
ˆ
I λ
ρ2

(t0)

(
−
ˆ
Bρ2 (x0)

( |u − uQλ
ρ2

(z0)|p
ρ
p
2

+ |∇u|p
)

dx

) 1
p

dt
(
S(u, Qλ

ρ2
(z0))

) 1
2 ,

where c = c(n, N , p). By Hölder’s inequality and (4.6), we have

−−
¨

Qλ
ρ2

(z0)

|u − uQλ
ρ2

(z0)|2
ρ2
2

dz � cλS(u, Qλ
ρ2

(z0))
1
2 ,

where c = c(n, N , p, q, α, L , [a]α, M1).
For the last term on the right-hand side of (4.5), by (4.3) we obtain

−−
¨

Qλ
ρ2

(z0)
H(z, |F |) dz � λp.

By combining all estimates above, we conclude from (4.5) that

S(u, Qλ
ρ1

(z0)) � c
ρ
q
2

(ρ2 − ρ1)q
λ2 + c

ρ2
2

(ρ2 − ρ1)2
λ S(u, Qλ

ρ2
(z0))

1
2 .

Finally, we apply Young’s inequality to obtain

S(u, Qλ
ρ1

(z0)) � 1

2
S(u, Qλ

ρ2
(z0)) + c

(
ρ
q
2

(ρ2 − ρ1)q
+ ρ4

2

(ρ2 − ρ1)4

)
λ2.

The proof is concluded by an application of Lemma 4.2. �


Next we prove an estimate for the first term on the right-hand side of the energy
estimate in Lemma 2.3 by using Lemma 4.1.
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Lemma 4.4. Let u be a weak solution to (1.1). Then there exist constants c =
c(data) and θ0 = θ0(n, p, q) ∈ (0, 1) such that for any θ ∈ (θ0, 1),

−−
¨

Qλ
2ρ(z0)

( |u − uQλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uQλ

2ρ(z0)
|q

(2ρ)q

)
dz

� c−−
¨

Qλ
2ρ(z0)

⎛
⎝ |u − uQλ

2ρ(z0)
|θp

(2ρ)θp
+ |∇u|θp

⎞
⎠ dz

(
S(u, Qλ

2ρ(z0))
) (1−θ)p

2

+ c−−
¨

Qλ
2ρ(z0)

⎛
⎝ inf

w∈Qλ
2ρ(z0)

a(w)θ
|u − uQλ

2ρ(z0)
|θq

(2ρ)θq
+ inf

w∈Qλ
2ρ(z0)

a(w)θ |∇u|θq
⎞
⎠ dz

× λ(p−q)(1−θ)
(
S(u, Qλ

2ρ(z0))
) (1−θ)q

2
,

whenever Qλ
2κρ(z0) ⊂ �T satisfies (4.3).

Proof. By (1.4) we obtain

−−
¨

Qλ
2ρ(z0)

( |u − uQλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uQλ

2ρ(z0)
|q

(2ρ)q

)
dz

� −−
¨

Qλ
2ρ(z0)

|u − uQλ
2ρ(z0)

|p
(2ρ)p

dz + −−
¨

Qλ
2ρ(z0)

inf
w∈Qλ

s (z0)
a(w)

|u − uQλ
2ρ(z0)

|q
(2ρ)q

dz

+[a]α(2ρ)α−−
¨

Qλ
2ρ(z0)

|u − uQλ
2ρ(z0)

|q
(2ρ)q

dz. (4.7)

We begin with the first term on the right-hand side of (4.7). By choosing σ = p,
s = θp and r = 2, we see that any θ ∈ (n/(n + 2), 1) satisfies the condition in
Lemma 4.1 as

− n

p
� θ

(
1 − n

θp

)
− (1 − θ)

n

2
⇐⇒ n

n + 2
� θ.

Thus, we obtain

−−
¨

Qλ
2ρ(z0)

|u − uQλ
2ρ(z0)

|p
(2ρ)p

dz

� c−−
¨

Qλ
2ρ(z0)

⎛
⎝ |u − uQλ

2ρ(z0)
|θp

(2ρ)θp
+ |∇u|θp

⎞
⎠ dz

(
S(u, Qλ

2ρ(z0))
) (1−θ)p

2
,

where c = c(n, p).
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For the second term on the right-hand side of (4.7), we apply Lemma 4.1 with
σ = q, s = θq and r = 2. For any θ ∈ (n/(n + 2), 1), we have

−−
¨

Qλ
2ρ(z0)

inf
w∈Qλ

2ρ(z0)
a(w)

|u − uQλ
2ρ(z0)

|q
(2ρ)q

dz

� c−−
¨

Qλ
2ρ(z0)

⎛
⎝ inf

w∈Qλ
2ρ(z0)

a(w)θ
|u − uQλ

2ρ(z0)
|θq

(2ρ)θq
+ inf

w∈Qλ
2ρ(z0)

a(w)θ |∇u|θq
⎞
⎠ dz

× inf
w∈Qλ

2ρ(z0)
a(w)1−θ

(
S(u, Qλ

2ρ(z0))
) (1−θ)q

2

where c = c(n, q). By using the first condition in (4.3), we have

−−
¨

Qλ
2ρ(z0)

inf
w∈Qλ

2ρ(z0)
a(w)

|u − uQλ
2ρ(z0)

|q
(2ρ)q

dz

� c−−
¨

Qλ
2ρ(z0)

⎛
⎝ inf

w∈Qλ
2ρ(z0)

a(w)θ
|u − uQλ

2ρ(z0)
|θq

(2ρ)θq
+ inf

w∈Qλ
2ρ(z0)

a(w)θ |∇u|θq
⎞
⎠ dz

× λ(p−q)(1−θ)S(u, Qλ
2ρ(z0))

(1−θ)q
2 .

Then we consider the last term on the right-hand side of (4.7). We observe that

nq

(n + 2)p
� n

n + 2

(
1 + 2

(n + 2)p

)
� n

n + 2

n + 3

n + 2
< 1.

Thus, by letting σ = q, s = θp, r = 2 and ϑ = θp/q, the assumptions in
Lemma 4.1 are satisfied for any θ ∈ (nq/((n + 2)p), 1), since

−n

q
� θp

q

(
1 − n

θp

)
−

(
1 − θp

q

)
n

2
⇐⇒ nq

(n + 2)p
� θ.

Therefore, we have

(2ρ)α−−
¨

Qλ
2ρ(z0)

|u − uQλ
2ρ(z0)

|q
(2ρ)q

dz

� c−−
¨

Qλ
2ρ(z0)

⎛
⎝ |u − uQλ

2ρ(z0)
|θp

(2ρ)θp
+ |∇u|θp

⎞
⎠ dz

(
S(u, Qλ

2ρ(z0))
) p(1−θ)

2

× (2ρ)α

⎛
⎝ sup

I λ
2ρ(t0)

−
ˆ
B2ρ(x0)

|u − uQλ
2ρ(z0)

|2
(2ρ)2

dx

⎞
⎠

q−p
2

,
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where c = c(n, q). Note that

(2ρ)α

⎛
⎝ sup

I λ
2ρ(t0)

−
ˆ
B2ρ(x0)

|u − uQλ
2ρ(z0)

|2
(2ρ)2

dx

⎞
⎠

q−p
2

� (2ρ)α

⎛
⎝4 sup

I λ
2ρ(t0)

−
ˆ
B2ρ(x0)

|u|2
(2ρ)2

dx

⎞
⎠

q−p
2

.

Thus we obtain

(2ρ)α

⎛
⎝ sup

I λ
2ρ(t0)

−
ˆ
B2ρ(x0)

|u − uQλ
2ρ(z0)

|2
(2ρ)2

dx

⎞
⎠

q−p
2

� c(2ρ)α− (q−p)(n+2)
2

⎛
⎝ sup

I λ
2ρ(t0)

ˆ
B2ρ(x0)

|u|2 dx
⎞
⎠

q−p
2

� c,

where c = c(n, p, q, α, diam(�), M2). The claim follows by combining the esti-
mates above. �


At this stage,wehave all the required tools to prove the reverseHölder inequality
when (4.3) holds true.

Lemma 4.5. Let u be a weak solution to (1.1). Then there exist constants c =
c(data) and θ0 = θ0(n, p, q) ∈ (0, 1) such that for any θ ∈ (θ0, 1),

−−
¨

Qλ
ρ(z0)

(H(z, |∇u|) + H(z, |F |)) dz

� c

(
−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz
) 1

θ

+ c−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz,

whenever Qλ
2κρ(z0) ⊂ �T satisfies (4.3).

Proof. Lemma 2.3 implies that

−−
¨

Qλ
ρ(z0)

H(z, |∇u|) dz � c−−
¨

Qλ
2ρ(z0)

( |u − uQλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uQλ

2ρ(z0)
|q

(2ρ)q

)
dz

+ cλp−2−−
¨

Qλ
2ρ(z0)

|u − uQλ
2ρ(z0)

|2
(2ρ)2

dz + c−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz,
(4.8)



Arch. Rational Mech. Anal. (2023) 247:79 Page 27 of 46 79

where c = c(n, p, q, ν, L). To estimate the first term on the right-hand side in (4.8),
we apply Lemmas 4.3 and 4.4 to conclude that there exist θ0 = θ0(n, p, q) ∈ (0, 1)
and c = c(data) such that for any θ ∈ (θ0, 1),

−−
¨

Qλ
2ρ(z0)

( |u − uQλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uQλ

2ρ (z0)
|q

(2ρ)q

)
dz

� cλ(1−θ)p−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz

+ cλ(1−θ)p−−
¨

Qλ
2ρ (z0)

⎛
⎝ |u − uQλ

2ρ(z0)
|θp

(2ρ)θp
+ inf

w∈Qλ
2ρ(z0)

a(w)θ
|u − uQλ

2ρ (z0)
|θq

(2ρ)θq

⎞
⎠ dz.

By Lemmas 3.2 and 3.3 we obtain

−−
¨

Qλ
2ρ(z0)

( |u − uQλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uQλ

2ρ(z0)
|q

(2ρ)q

)
dz

� cλ(1−θ)p−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz

+ cλ
p−

(
p−1− αp

n+2

)
θp

(
−−
¨

Qλ
2ρ(z0)

(|∇u| + |F |)θp dz
)p−1− αp

n+2

+ cλ(1−θ)p

(
−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz
)θ

.

By recalling that αp
n+2 < p − 1 and letting

β = min

{
p − 1 − αp

n + 2
,
1

2

}
,

we have

−−
¨

Qλ
2ρ(z0)

( |u − uQλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uQλ

2ρ(z0)
|q

(2ρ)q

)
dz

� cλp(1−βθ)

(
−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz
)β

+ cλ(1−βθ)p

(
−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz
)βθ

.
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To estimate the second term on the right-hand side of (4.8), we apply the
Poincaré inequality with θ ∈ (2n/((n + 2)p), 1) and Lemma 4.3 to obtain

−−
¨

Qλ
2ρ (z0)

|u − uQλ
2ρ (z0)

|2
(2ρ)2

dz

= −
ˆ
I λ
2ρ(t0)

⎛
⎝−
ˆ
B2ρ(x0)

|u − uQλ
2ρ (z0)

|2
(2ρ)2

dx

⎞
⎠

1
2
⎛
⎝−
ˆ
B2ρ(x0)

|u − uQλ
2ρ (z0)

|2
(2ρ)2

dx

⎞
⎠

1
2

dt

� c−
ˆ
I λ
2ρ(t0)

⎛
⎝−
ˆ
B2ρ(x0)

⎛
⎝ |u − uQλ

2ρ (z0)
|θp

(2ρ)θp
+ |∇u|θp

⎞
⎠ dx

⎞
⎠

1
θp (

S(u, Qλ
2ρ(z0))

) 1
2
dt

� cλ

⎛
⎝−−
¨

Qλ
2ρ(z0)

⎛
⎝ |u − uQλ

2ρ (z0)
|θp

(2ρ)θp
+ |∇u|θp

⎞
⎠ dz

⎞
⎠

1
θp

,

where c = c(data). Lemma 3.2 implies that

λp−2−−
¨

Qλ
2ρ(z0)

|u − uQλ
2ρ(z0)

|2
(2ρ)2

dz � cλp−β

(
−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz
) β

θp

+ cλp−β

(
−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz
) β

p

.

By combining the estimates above and applying (4.8) and Young’s inequality, we
obtain

−−
¨

Qλ
ρ(z0)

H(z, |∇u|) dz

� cλp−β

(
−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz
) β

θp

+ cλp−β

(
−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz
) β

p

� 1

2
λp + c

(
−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz
) 1

θ

+ c−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz.

The third condition in (4.3) implies that

−−
¨

Qλ
ρ(z0)

H(z, |∇u|) dz � c

(
−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz
) 1

θ

+ c−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz.

This completes the proof. �
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The following lemma will be used in the next section.

Lemma 4.6. Let u be a weak solution to (1.1). Then there exist constants c =
c(data) and θ0 = θ0(n, p, q) ∈ (0, 1) such that for any θ ∈ (θ0, 1),¨

Qλ
2κρ(z0)

H(z, |∇u|) dz � c	1−θ

¨
Qλ
2ρ(z0)∩�(c−1	)

H(z, |∇u|)θ dz

+ c
¨

Qλ
2ρ(z0)∩�(c−1	)

H(z, |F |) dz,

whenever Qλ
2κρ(z0) ⊂ �T satisfies (4.3). Here�(	) and�(	) are defined in (4.1)

and (4.2).

Proof. The second condition in (4.3) implies that

(
−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz
) 1

θ

� λp(1−θ)−−
¨

Qλ
2ρ(z0)

H(z, |∇u|)θ dz.

By representing Qλ
2ρ(z0) as a union of Qλ

2ρ(z0) ∩ �((4c)−1/θλp) and Qλ
2ρ(z0) \

�((4c)−1/θλp), we have

(
−−
¨

Qλ
2ρ (z0)

H(z, |∇u|)θ dz
) 1

θ

� 1

4c
λp + λp(1−θ)

|Qλ
2ρ |

¨
Qλ
2ρ (z0)∩�((4c)−1/θ λp)

H(z, |∇u|)θ dz,

for any c > 0. A similar argument gives

−−
¨

Qλ
2ρ(z0)

H(z, |F |) dz � 1

4c
λp +

¨
Qλ
2ρ(z0)∩�((4c)−1λp)

H(z, |F |) dz.

It follows from Lemma 4.5 that

−−
¨

Qλ
ρ(z0)

(H(z, |∇u|) + H(z, |F |)) dz

� 1

2
λp + cλp(1−θ)

|Qλ
2ρ |

¨
Qλ
2ρ(z0)∩�((4c)−1/θ λp)

H(z, |∇u|)θ dz

+ c

|Qλ
2ρ |

¨
Qλ
2ρ(z0)∩�((4c)−1λp)

H(z, |F |) dz.

By recalling the second and third conditions in (4.3), we obtain

−−
¨

Qλ
2κρ(z0)

(H(z, |∇u|) + H(z, |F |)) dz

� 2c
λp(1−θ)

|Qλ
2ρ |

¨
Qλ
2ρ(z0)∩�((4c)−1/θ λp)

H(z, |∇u|)θ dz

+ 2c

|Qλ
2ρ |

¨
Qλ
2ρ(z0)∩�((4c)−1λp)

H(z, |F |) dz.
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Thus, we have
¨

Qλ
2κρ(z0)

H(z, |∇u|) dz � 2cλp(1−θ)

¨
Qλ
2ρ(z0)∩�((4c)−1/θ λp)

H(z, |∇u|)θ dz

+ 2c
¨

Qλ
2ρ(z0)∩�((4c)−1λp)

H(z, |F |) dz. (4.9)

We note that

λp

4c
� λp

(4c)1/θ
� λp

(4c)1/θ0
� λp + a(z0)λq

2K (4c)1/θ0
= 	

2K (4c)1/θ0
,

where we applied the first condition in (4.3). The estimate above implies that

�((4c)−1/θλp) ⊂ �((2K (4c)1/θ0)−1	) and

�((4c)−1λp) ⊂ �((2K (4c)1/θ0)−1	).

Therefore, by replacing 2K (4c)1/θ0 with c, (4.9) can be written as

¨
Qλ
2κρ(z0)

H(z, |∇u|) dz � c	1−θ

¨
Qλ
2ρ(z0)∩�(c−1	)

H(z, |∇u|)θ dz

+ c
¨

Qλ
2ρ(z0)∩�(c−1	)

H(z, |F |) dz.

This completes the proof. �


4.2. The (p, q)-intrinsic case

In this case we consider estimates in (p, q)-intrinsic cylinders as in (3.7) and
assume that (4.4) holds. We remark that constants in the estimates depend only
on n, N , p, q, ν, L since (1.1) reduces to a parabolic (p, q)-Laplace system in
Gλ

2κρ(z0). We denote

S(u,Gλ
ρ(z0)) = sup

Jλ
ρ (t0)

−
ˆ
Bρ(x0)

|u − uGλ
ρ(z0)|2

ρ2 dx .

Lemma 4.7. Let u be a weak solution to (1.1). Then there exists a constant c =
c(n, N , p, q, ν, L) such that

S(u,Gλ
2ρ(z0)) = sup

Jλ
2ρ(t0)

−
ˆ
B2ρ(x0)

|u − uGλ
2ρ(z0)

|2
(2ρ)2

dx � cλ2,

whenever Gλ
2κρ(z0) ⊂ �T satisfies (4.4).
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Proof. Let 2ρ � ρ1 < ρ2 � 4ρ. By Lemma 2.3, there exists a constant c =
c(n, p, q, ν, L) such that

Hz0(λ)

λ2
sup
Jλ
ρ1

(t0)
−
ˆ
Bρ1 (x0)

|u − uGλ
ρ1

(z0)|2
ρ2
1

dx

� cρq
2

(ρ2 − ρ1)q
−−
¨

Gλ
ρ2

(z0)

( |u − uGλ
ρ2

(z0)|p
ρ
p
2

+ a(z)
|u − uGλ

ρ2
(z0)|q

ρ
q
2

)
dz

+ cρ2
2

(ρ2 − ρ1)2

Hz0(λ)

λ2
−−
¨

Gλ
ρ2

(z0)

|u − uGλ
ρ2

(z0)|2
ρ2
2

dz + c−−
¨

Gλ
ρ2

(z0)
H(z, |F |) dz.

(4.10)

For the first term on the right-hand side of (4.10), we apply Lemma 3.4 together
with the second and third conditions in (4.4) to obtain

−−
¨

Gλ
ρ2

(z0)

( |u − uGλ
ρ2

(z0)|p
ρ
p
2

+ a(z)
|u − uGλ

ρ2
(z0)|q

ρ
q
2

)
dz

� 2−−
¨

Gλ
ρ2

(z0)
Hz0

( |u − uGλ
ρ2

(z0)|
ρ2

)
dz

� c−−
¨

Qλ
ρ2

(z0)
Hz0(|∇u| + |F |) dz � cHz0(λ),

where c = c(n, N , p, q, L).
For the second termon the right-hand sideof (4.10), as in theproof ofLemma4.3,

we obtain

−−
¨

Gλ
ρ2

(z0)

|u − uGλ
ρ2

(z0)|2
ρ2
2

dz

� c

(
−−
¨

Gλ
ρ2

(z0)

( |u − uGλ
ρ2

(z0)|p
ρ
p
2

+ |∇u|p
)

dz

) 1
p (

S(u,Gλ
ρ2

(z0))
) 1
2 ,

where c = c(n, N , p). By using Lemma 3.5 and (3.11), we obtain

−−
¨

Gλ
ρ2

(z0)

|u − uGλ
ρ2

(z0)|2
ρ2
2

dz � cλS(u,Gλ
ρ2

(z0))
1
2 ,

where c = c(n, N , p, q, L). By combining estimates and arguing as in the proof
of Lemma 4.3, we have

S(u,Gλ
ρ1

(z0)) �1

2
S(u,Gλ

ρ2
(z0)) + c

(
ρ
q
2

(ρ2 − ρ1)q
+ ρ4

2

(ρ2 − ρ1)4

)
λ2.

The conclusion follows by applying Lemma 4.2. �




79 Page 32 of 46 Arch. Rational Mech. Anal. (2023) 247:79

Lemma 4.8. Let u be a weak solution to (1.1). Then there exists a constant c =
c(n, p, q) such that for any θ ∈ (n/(n + 2), 1),

−−
¨

Gλ
2ρ(z0)

( |u − uGλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uGλ

2ρ (z0)
|q

(2ρ)q

)
dz

� c−−
¨

Gλ
2ρ (z0)

(
H θ
z0

( |u − uGλ
2ρ (z0)

|
2ρ

)
+ H θ

z0 (|∇u|)
)

dz H1−θ
z0

(
S(u,Gλ

2ρ(z0))
1
2

)
,

whenever Gλ
2κρ(z0) ⊂ �T satisfies (4.4).

Proof. From the second condition in (4.4), we obtain

−−
¨

Gλ
2ρ(z0)

( |u − uGλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uGλ

2ρ(z0)
|q

(2ρ)q

)
dz

� 2−−
¨

Gλ
2ρ(z0)

( |u − uGλ
2ρ(z0)

|p
(2ρ)p

+ a(z0)
|u − uGλ

2ρ(z0)
|q

(2ρ)q

)
dz.

By Lemma 4.1, there exists a constant c = c(n, p, q) such that for any θ ∈ (n/(n+
2), 1), we have

−−
¨

Gλ
2ρ(z0)

|u − uGλ
2ρ(z0)

|p
(2ρ)p

dz

� c−−
¨

Gλ
2ρ(z0)

⎛
⎝ |u − uGλ

2ρ(z0)
|θp

(2ρ)θp
+ |∇u|θp

⎞
⎠ dz

(
S(u,Gλ

2ρ(z0))
1
2

)(1−θ)p

and

−−
¨

Gλ
2ρ(z0)

a(z0)
|u − uGλ

2ρ(z0)
|q

(2ρ)q
dz

� c−−
¨

Gλ
2ρ(z0)

⎛
⎝a(z0)

θ
|u − uGλ

2ρ(z0)
|θq

(2ρ)θq
+ a(z0)

θ |∇u|θq
⎞
⎠ dz a(z0)

1−θ

(
S(u,Gλ

2ρ(z0))
1
2

)(1−θ)q
.

Thus we conclude that

−−
¨

Gλ
2ρ(z0)

( |u − uGλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uGλ

2ρ(z0)
|q

(2ρ)q

)
dz

� c−−
¨

Gλ
2ρ(z0)

H θ
z0

( |u − uGλ
2ρ(z0)

|
2ρ

)
+ H θ

z0(|∇u|) dz

×
((

S(u,Gλ
2ρ(z0))

1
2

)p + a(z0)
(
S(u,Gλ

2ρ(z0))
1
2

)q)1−θ

.

This completes the proof. �
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Lemma 4.9. Let u be a weak solution to (1.1). Then there exist constants c =
c(n, N , p, q, ν, L) and θ0 = θ0(n, p, q) ∈ (0, 1) such that for any θ ∈ (θ0, 1),

−−
¨

Gλ
ρ(z0)

Hz0(|∇u| + |F |) dz � c

(
−−
¨

Gλ
2ρ(z0)

H θ
z0(|∇u|) dz

) 1
θ

+ c−−
¨

Gλ
2ρ(z0)

Hz0(|F |) dz,

whenever Gλ
2κρ(z0) ⊂ �T satisfies (4.4). Moreover, we have

¨
Gλ
2κρ(z0)

H(z, |∇u|) dz � c	1−θ

¨
Gλ
2ρ(z0)∩�(c−1	)

H(z, |∇u|)θ dz

+ c
¨

Gλ
2ρ(z0)∩�(c−1	)

H(z, |F |) dz,

where �(	) and �(	) are as in (4.1) and (4.2).

Proof. Once the first estimate in the statement holds, then the second estimate
follows as in the proof of Lemma 4.6.

To prove the first estimate in the statement, we apply Lemma 2.3 to obtain

−−
¨

Gλ
ρ(z0)

H(z, |∇u|) dz � c−−
¨

Gλ
2ρ(z0)

( |u − uGλ
2ρ(z0)

|p
(2ρ)p

+ a(z0)
|u − uGλ

2ρ (z0)
|q

(2ρ)q

)
dz

+c
Hz0 (λ)

λ2
−−
¨

Gλ
2ρ (z0)

|u − uGλ
2ρ(z0)

|2
(2ρ)2

dz + c−−
¨

Gλ
2ρ(z0)

H(z, |F |) dz. (4.11)

Using Lemmas 4.8, 3.4 and 4.7 for the first term on the right-hand side of (4.11),
we obtain

−−
¨

Gλ
2ρ(z0)

( |u − uGλ
2ρ(z0)

|p
(2ρ)p

+ a(z)
|u − uGλ

2ρ(z0)
|q

(2ρ)q

)
dz

� c−−
¨

Gλ
2ρ(z0)

H θ
z0(|∇u|) dz H1−θ

z0 (λ) + c

(
−−
¨

Gλ
2ρ(z0)

Hz0(|F |) dz
)θ

H1−θ
z0 (λ).

As in the proof of Lemma 4.5, we obtain

−−
¨

Gλ
2ρ (z0)

|u − uGλ
2ρ(z0)

|2
(2ρ)2

dz � cλ

⎛
⎝−−
¨

Gλ
2ρ (z0)

⎛
⎝ |u − uGλ

2ρ(z0)
|θp

(2ρ)p
+ |∇u|θp

⎞
⎠ dz

⎞
⎠

1
θp
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and from Lemma 3.5 we conclude that

−−
¨

Gλ
2ρ(z0)

|u − uGλ
2ρ(z0)

|θp
(2ρ)p

dz � c−−
¨

Gλ
2ρ(z0)

|∇u|θp dz + c

(
−−
¨

Gλ
2ρ(z0)

|F |p dz
)θ

.

For the second term on the right-hand side of (4.11), we have

Hz0(λ)

λ2
−−
¨

Gλ
2ρ(z0)

|u − uGλ
2ρ(z0)

|2
(2ρ)2

dz � Hz0(λ)

λ

(
−−
¨

Gλ
2ρ(z0)

|∇u|θp dz
) 1

θp

+ c
Hz0(λ)

λ

(
−−
¨

Gλ
2ρ(z0)

|F |p dz
) 1

p

,

where

Hz0(λ)

λ

(
−−
¨

Gλ
2ρ(z0)

|∇u|θp dz
) 1

θp

� λp−1

(
−−
¨

Gλ
2ρ(z0)

|∇u|θp dz
) 1

θp

+ (
a(z0)λ

q) q−1
q

(
−−
¨

Gλ
2ρ(z0)

a(z0)
θ |∇u|θq dz

) 1
θq

.

A similar argument for |F | gives

Hz0 (λ)

λ2
−−
¨

Gλ
2ρ(z0)

|u − uGλ
2ρ(z0)

|2
(2ρ)2

dz

� λp−1

(
−−
¨

Gλ
2ρ (z0)

|∇u|θp dz
) 1

θp

+ (
a(z0)λ

q) q−1
q

(
−−
¨

Gλ
2ρ(z0)

a(z0)
θ |∇u|θq dz

) 1
θq

+ λp−1

(
−−
¨

Gλ
2ρ(z0)

|F |p dz
) 1

p

+ (
a(z0)λ

q) q−1
q

(
−−
¨

Gλ
2ρ(z0)

a(z0)|F |q dz
) 1

q

.

By collecting all the estimates above and applying Young’s inequality together
with the second condition in (4.4), we obtain

−−
¨

Gλ
ρ(z0)

H(z, |∇u|) dz � 1

2
Hz0(λ) + c

(
−−
¨

Gλ
2ρ(z0)

H(z, |∇u|)θ dz
) 1

θ

+ c−−
¨

Gλ
2ρ(z0)

H(z, |F |) dz.

We use the fourth condition in (4.4) to absorb the first term on the right-hand side.
This completes the proof. �
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5. The proof of Theorem 1.1

In this section, we will complete the proof of Theorem 1.1. We divide the sec-
tion into three subsections. In the first subsection, we construct intrinsic cylinders
which are either p-intrinsic or (p, q)-intrinsic, see (4.3) and (4.4). In the second
subsection, we prove a Vitali type covering property for the system of intrinsic
cylinders constructed in the first subsection. Note that the collection consists of
two different types of intrinsic cylinders depending on the center point of the cylin-
ders. Finally, in the last subsection, we complete the proof of gradient estimate by
applying Fubini’s theorem together with Lemma 4.2.

5.1. Stopping time argument

Let

λ20 = −−
¨

Q2r (z0)
(H(z, |∇u|) + H(z, |F |)) dz + 1,

	0 = λ
p
0 + sup

z∈Q2r (z0)
a(z)λq0 and γ = αp

n + 2
, (5.1)

where Q2r (z0) = B2r (x0) × (t0 − (2r)2, t0 + (2r)2). Moreover, let

K = 1 + 40[a]αM
α

n+2
1 and κ = 10K . (5.2)

With �(	) and �(	) as in (4.1)–(4.2) and ρ ∈ [r, 2r ], we denote
�(	, ρ) = �(	) ∩ Qρ(z0) = {z ∈ Qρ(z0) : H(z, |∇u(z)|) > 	}

and

�(	, ρ) = �(	) ∩ Qρ(z0) = {z ∈ Qρ(z0) : H(z, |F(z)|) > 	}.
Next we apply a stopping time argument. Let r � r1 < r2 � 2r and

	 >

(
4κr

r2 − r1

) q(n+2)
2

	0, (5.3)

where κ is as in (5.2). For every w ∈ �(	, r1), let λw > 0 be such that

	 = λp
w + a(w)λqw = Hw(λw), (5.4)

where Hw is as in (3.2). We claim that

λw >

(
4κr

r2 − r1

) n+2
2

λ0.

For a contradiction, assume that the inequality above does not hold. Then

	 <

(
4κr

r2 − r1

) q(n+2)
2 (

λ
p
0 + a(w)λ

q
0

)
�

(
4κr

r2 − r1

) q(n+2)
2

	0,
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which is a contradiction with (5.3). Therefore, for s ∈ [(r2 − r1)/(2κ), r2 − r1),
we have

−−
¨

Qλw
s (w)

(H(z, |∇u|) + H(z, |F |)) dz

� λp−2
w

(
2r

s

)n+2

−−
¨

Q2r (z0)
(H(z, |∇u|) + H(z, |F |)) dz

�
(

4κr

r2 − r1

)n+2

λp−2
w λ20 < λp

w. (5.5)

Since w ∈ �(	, r1) and (5.4) holds, it follows that w ∈ �(λ
p
w, r1). By the

Lebesgue differentiation theorem there exists ρw ∈ (0, (r2 − r1)/(2κ)) such that

−−
¨

Qλw
ρw (w)

(H(z, |∇u|) + H(z, |F |)) dz = λp
w (5.6)

and

−−
¨

Qλw
s (w)

(H(z, |∇u|) + H(z, |F |)) dz < λp
w (5.7)

for every s ∈ (ρw, r2 − r1). Observe that (5.6) and (5.5), imply that

λw �
(
2r

ρw

) n+2
2

λ0. (5.8)

For K > 1 as in (5.2), either

Kλp
w � a(w)λqw or Kλp

w � a(w)λqw. (5.9)

In addition, either

a(w) � 2[a]α(10ρw)α or a(w) � 2[a]α(10ρw)α. (5.10)

We consider three cases:

(1) Kλ
p
w � a(w)λ

q
w, that is, the first condition in (5.9) holds,

(2) Kλ
p
w � a(w)λ

q
w and a(w) � 2[a]α(10ρw)α , that is, the second condition in

(5.9) and the first condition in (5.10) and
(3) Kλ

p
w � a(w)λ

q
w and a(w) � 2[a]α(10ρw)α , that is, the second condition in

(5.9) and the second condition in (5.10) hold.

First we note that (1), together with (5.6)–(5.7), imply (4.3) for p-intrinsic
cylinders by replacing the center point and radius with w and ρw. Next we show
that (2) implies (4.4) for (p, q)-intrinsic cylinders. From the second condition in
(5.9) we obtain a(w) > 0 and Gλw

s (w) � Qλw
s (w). By (5.6)–(5.7), we obtain

−−
¨

Gλw
s (w)

(H(z, |∇u|) + H(z, |F |)) dz

� Hw(λw)

λ
p
w

−−
¨

Qλw
s (w)

(H(z, |∇u|) + H(z, |F |)) dz < Hw(λw)
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for every s ∈ (ρw, r2 − r1). Recall that w ∈ �(	, r1) and 	 = Hw(λw). We find
ςw ∈ (0, ρw] such that

−−
¨

Gλw
ςw (w)

H(z, |∇u|) + H(z, |F |) dz = Hw(λw) (5.11)

and

−−
¨

Gλw
s (w)

(H(z, |∇u|) + H(z, |F |)) dz < Hw(λw)

for every s ∈ (ςw, r2 − r1). Moreover, it follows from the first condition in (5.10)
that

2[a]α(10ρw)α � a(w) � inf
Q10ρw (w)

a(z) + [a]α(10ρw)α

and

sup
Q10ρw (w)

a(z) � inf
Q10ρw (w)

a(z) + [a]α(10ρw)α � 2 inf
Q10ρw (w)

a(z).

Therefore,

a(w)

2
� a(z) � 2a(w) for every z ∈ Q10ρw(w). (5.12)

Hence, (2) implies (5.11)–(5.12). This shows that (4.4) is satisfied by replacing the
center point and radius with w and ςw.

Finally, we prove that (3) never occurs due to (5.2). From the second condition
in (5.9) and the second condition in (5.10), we have

Kλp
w = a(w)

Kλ
p
w

a(w)
� 20[a]αρα

wλqw.

By applying (5.6) and recalling that γ = αp
n+2 , we obtain

Kλp
w � 20[a]αρα

w

(
−−
¨

Qλw
ρw (w)

(H(z, |∇u|) + H(z, |F |)) dz
) γ

p

λq−γ
w .

Observe that

ρα
w

(
−−
¨

Qλw
ρw (w)

(H(z, |∇u|) + H(z, |F |)) dz
) γ

p

λq−γ
w

� ρ
α− γ (n+2)

p
w M

γ
p
1 λ

q−γ+(p−2) γ
p

w = M
α

n+2
1 λ

q−γ+(p−2) γ
p

w

and

q − γ + (p − 2)
γ

p
= q − 2γ

p
= q − 2α

n + 2
� p.

It follows from (5.2) that

λp
w � 1

2
λ
q−γ+(p−2) γ

p
w � 1

2
λp

w.

Therefore, the second condition in (5.9) and the second condition in (5.10) cannot
occur together.
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5.2. Vitali type covering argument

In Section 4 we considered reverse Hölder inequality, and in Section 5.1 we
discussed a stopping time argument, for p-intrinsic and (p, q)-intrinsic cylinders.
For each w ∈ �(	, r1), we consider

Q(w) = Qλw

2ρw
(w) in (1) and Q(w) = Gλw

2ςw
(w) in (2).

We prove a Vitali type covering lemma for this collection of intrinsic cylinders.
We denote

F = {Q(w) : w ∈ �(	, r1)} and lw =
{
2ρw in (1),

2ςw in (2).

Recall that lw ∈ (0, R) for every w ∈ �(	, r1), where R = (r2 − r1)/κ and κ is
as in (5.2). Let

F j =
{
Q(w) ∈ F : R

2 j
< lw <

R

2 j−1

}
, j ∈ N.

We construct subcollections G j ⊂ F j , j ∈ N, recursively as follows. Let G1 be a
maximal disjoint collection of cylinders inF1. By (5.8) we observe that themeasure
of each cylinder in G1 is bounded from below, which implies that the collection is
finite. Suppose that we have selected G1, ...,Gk−1 with k � 2, and let

Gk =
{
Q(w) ∈ Fk : Q(w) ∩ Q(v) = ∅ for every Q(v) ∈

k−1⋃
j=1

G j

}

be a maximal collection of pairwise disjoint cylinders. It follows that

G =
∞⋃
j=1

G j , (5.13)

is a countable subcollection of pairwise disjoint cylinders in F . We claim that for
each Q(w) ∈ F , there exists Q(v) ∈ G such that

Q(w) ∩ Q(v) �= ∅ and Q(w) ⊂ κQ(v), (5.14)

where

κQ(v) = Qλv

2κρv
(v) in (1) and κQ(v) = Gλv

2κςv
(v) in (2).

For everyQ(w) ∈ F , there exists j ∈ N such thatQ(w) ∈ F j . By the construction

of G j , there exists a cylinderQ(v) ∈ ∪ j
i=1Gi for which the first condition in (5.14)

holds true. Moreover, since lw � R
2 j−1 and lv � R

2 j , we have

lw � 2lv. (5.15)
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In the remaining of this subsection, we will prove the second claim in (5.14).
We note that if λ = λw = λv and either

Q(w) = Qλ
lw(w) and Q(v) = Qλ

lv (v)

or

Q(w) = Gλ
lw(w) and Q(v) = Gλ

lv (v),

then the second claim in (5.14) holds true if κ � 5. Indeed, once the scaling factor
in the time interval of two intrinsic cylinders is the same, these cylinders are in
the standard parabolic metric space. Thus the standard proof of Vitali’s covering
lemma can be applied in these cases.

Regardless of (1) and (2), for i ∈ {v,w}, there exist 2ρi � li > 0 and λi > 0
such that

	 = λ
p
i + a(zi )λ

q
i (5.16)

and

−−
¨

Q
λi
ρi (zi )

(H(z, |∇u|) + H(z, |F |)) dz = λ
p
i . (5.17)

We show that the second claim in (5.14) holds in all four possible cases that may
occur:

(i) Q(v) = Qλv

lv
(v) and Q(w) = Qλw

lw
(w),

(ii) Q(v) = Gλv

lv
(v) and Q(w) = Gλw

lw
(w),

(iii) Q(v) = Gλv

lv
(v) and Q(w) = Qλw

lw
(w) and

(iv) Q(v) = Qλv

lv
(v) and Q(w) = Gλw

lw
(w).

Observe that in any of these cases, the first condition in (5.14) implies that Qlw(w)∩
Qlv (v) �= ∅ and

Qlw(w) ⊂ Q5lv (v) ⊂ Q10ρv (v). (5.18)

This will already imply that the second claim in (5.14) holds for the spatial part
of the set by enlarging the radius by factor 5. In the rest of this subsection, we
show the inclusion of the time intervals when enlarging the radius with factor κ by
considering each case separately.

First we collect a few facts that will be applied in the argument. By (5.18) we
have

|a(w) − a(v)| � [a]α(10ρv)
α. (5.19)

On the other hand, from (5.17), we may deduce that

ρn+2
v = 1

2 |B1| λ2v

¨
Qλv

ρv (v)

(H(z, |∇u|) + H(z, |F |)) dz � M1

λ2v
, (5.20)
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If λw � λv , we claim that

λv �
(
2

(
1 + 10[a]αM

α
n+2
1

)) 1
p

λw. (5.21)

For a contraction, assume that (5.21) does not hold. It follows from (5.16) and
(5.19) that

	 = λp
w + a(w)λqw � λp

w + a(v)λqw + [a]α(10ρv)
αλqw. (5.22)

By (5.20) we obtain

ρα
v λqw � M

α
n+2
1 λ

− 2α
n+2

v λqw < M
α

n+2
1 λ

q− 2α
n+2

w � M
α

n+2
1 λp

w,

since λw � λv and q � p + 2α/(n + 2). Substituting the negation of (5.21) and
the above display into the right-hand side of (5.22) leads to a contradiction since

	 <
1

2

(
λp

v + a(v)λqv
) = 1

2
	.

On the other hand, if λv � λw, we claim that

λw �
(
2

(
1 + 10[a]αM

α
n+2
1

)) 1
p

λv.

Otherwise, it follows from (5.20) that

	 = λp
v + a(v)λqv � λp

v + a(w)λqv + [a]α(10ρv)
αλqv

� λp
v + a(w)λqv + 10[a]αM

α
n+2
1 λ

q− 2α
n+2

v

�
(
1 + 10[a]αM

α
n+2
1

)
λp

v + a(w)λqv <
1

2
(λp

w + a(w)λqw) = 1

2
	.

In any case we have

(2K )
− 1

p λw � λv � (2K )
1
p λw. (5.23)

Let v = (xv, tv) and w = (xw, tw) for xv, xw ∈ R
n and tv, tw ∈ R.

(i): Q(v) = Qλv

lv
(v) and Q(w) = Qλw

lw
(w). For any τ ∈ I λw

lw
(tw), we apply

(5.15), (5.23) and (p − 2)/p � 1 to have

|τ − tv| � |τ − tw| + |tw − tv| � 2λ2−p
w l2w + λ2−p

v l2v

� (16K + 1) λ2−p
v l2v � 100K 2λ2−p

v l2v = λ2−p
v (κlv)

2,

which implies I λw

lw
(tw) ⊂ κ I λv

lv
(tv). Thus, we have Qλw

lw
(w) ⊂ κQλv

lv
(v).

(ii): Q(v) = Gλv

lv
(v) and Q(w) = Gλw

lw
(w). For any τ ∈ Jλw

lw
(tw), we have

|τ − tv| � |τ − tw| + |tw − tv| � 2
λ2w

Hw(λw)
l2w + λ2v

Hv(λv)
l2v .
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By (5.16), (5.23) and 2/p � 1 we have

λ2w

Hw(λw)
= λ2w

	
� 2K

λ2v

	
= 2K

λ2v

Hv(λv)
.

Therefore applying (5.15), we obtain

|τ − tv| � (16K + 1)
λ2v

Hv(λv)
l2v � 100K 2 λ2v

Hv(λv)
l2v = λ2v

Hv(λv)2
(κlv)

2.

This implies that Jλw

lw
(tw) ⊂ κ Jλv

lv
(tv). Thus, we have G

λw

lw
(w) ⊂ κGλv

lv
(v).

(iii): Q(v) = Gλv

lv
(v) and Q(w) = Qλw

lw
(w). For any τ ∈ I λw

lw
(tw), we have

from (5.16) that

|τ − tv| � |τ − tw| + |tw − tv| � 2λ2−p
w l2w + λ2v

Hv(λv)
l2v = 2λ2−p

w l2w + λ2v

	
l2v

(5.24)

Recalling Kλ
p
w � a(w)λ

q
w, we apply (5.23), 2/p � 1 and (5.16) to get

λ2−p
w � 2λ2w

λ
p
w + a(w)

K λ
q
w

� 2Kλ2w

λ
p
w + a(w)λ

q
w

� 4K 2 λ2v

λ
p
w + a(w)λ

q
w

= 4K 2 λ2v

	
,

which, together with (5.24) and (5.15), implies

|τ − tv| � (32K 2 + 1)
λ2v

	
l2v � 100K 2 λ2v

	
l2v = λ2v

	
(κlv)

2.

Therefore I λw

lw
(tw) ⊂ κ Jλv

lv
(tv) and Qλw

lw
(w) ⊂ κGλv

lv
(v).

(iv): Q(v) = Qλv

lv
(v) and Q(w) = Gλw

lw
(w). For any τ ∈ Jλw

lw
(tw), we apply

(5.15), (5.23) and (p − 2)/p � 1 to have

|τ − tv| � |τ − tw| + |tw − tv| � 2
λ2w

Hw(λw)
l2w + λ2−p

v l2v

� 2λ2−p
w l2w + λ2−p

v l2v � (16K + 1)λ2−p
v l2v

� 100K 2λ2−p
v l2v = λ2−p

v (κlv)
2.

Therefore Jλw

lw
(tw) ⊂ κ I λv

lv
(tv) and Gλw

lw
(w) ⊂ κQλv

lv
(v). Since we have covered

every case, the proof of the second condition in (5.14) is completed.
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5.3. Final proof of the gradient estimate

We write the countable pairwise disjoint collection G defined in (5.13) as G =
∪∞

j=1Q j , where Q j = Q(w j ) with w j ∈ �(	, r1).
Lemmas 4.6 and 4.9 imply that there exist c = c(data) and θ0 = θ0(n, p, q) ∈

(0, 1) such that¨
κQ j

H(z, |∇u|) dz � c	1−θ

¨
Q j∩�(c−1	)

H(z, |∇u|)θ dz

+ c
¨

Q j∩�(c−1	)

H(z, |F |) dz

for every j ∈ N with θ = (θ0 + 1)/2. By summing over j and applying the fact
that the cylinders in G are pairwise disjoint, we obtain

¨
�(	,r1)

H(z, |∇u|) dz �
∞∑
j=1

¨
κQ j

H(z, |∇u|) dz

� c	1−θ
∞∑
j=1

¨
Q j∩�(c−1	)

H(z, |∇u|)θ dz + c
∞∑
j=1

¨
Q j∩�(c−1	)

H(z, |F |) dz

� c	1−θ

¨
�(c−1	,r2)

H(z, |∇u|)θ dz + c
¨

�(c−1	,r2)
H(z, |F |) dz. (5.25)

Moreover, since¨
�(c−1	,r1)\�(	,r1)

H(z, |∇u|) dz � 	1−θ

¨
�(c−1	,r2)

H(z, |∇u|)θ dz,

we conclude from (5.25) that¨
�(c−1	,r1)

H(z, |∇u|) dz

� c	1−θ

¨
�(c−1	,r2)

H(z, |∇u|)θ dz + c
¨

�(c−1	,r2)
H(z, |F |) dz.

(5.26)

For k ∈ N, let

H(z, |∇u|)k = min{H(z, |∇u|), k}
and

�k(	, ρ) = {z ∈ Qρ(z0) : H(z, |∇u(z)|)k > 	}.
It is easy to see that if 	 > k, then �k(	, ρ) = ∅ and if 	 � k, then �k(	, ρ) =
�(	, ρ). Therefore, we deduce from (5.26) that¨

�k (c−1	,r1)
(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz

� c	1−θ

¨
�k (c−1	,r2)

H(z, |∇u|)θ dz + c
¨

�(c−1	,r2)
H(z, |F |) dz.
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Recalling (5.3), we denote

	1 = c−1
(

4κr

r2 − r1

) q(n+2)
2

	0.

Then for any 	 > 	1, we obtain¨
�k (	,r1)

(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz

� c	1−θ

¨
�k (	,r2)

H(z, |∇u|)θ dz + c
¨

�(	,r2)
H(z, |F |) dz.

Let ε ∈ (0, 1) to be chosen later. We multiply the inequality above by 	ε−1

and integrate each term over (	1,∞), which implies

I =
ˆ ∞

	1

	ε−1
¨

�k (	,r1)
(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz d	

� c
ˆ ∞

	1

	ε−θ

¨
�k (	,r2)

H(z, |∇u|)θ dz d	

+ c
ˆ ∞

	1

	ε−1
¨

�(	,r2)
H(z, |F |) dz d	

= II + III.

We apply Fubini’s theorem to estimate I and obtain

I = 1

ε

¨
�k (	1,r1)

(H(z, |∇u|)k)1−θ+ε H(z, |∇u|)θ dz

− 1

ε
	ε

1

¨
�k (	1,r1)

(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz.

Since ¨
Qr1 (z0)\�k (	1,r1)

(H(z, |∇u|)k)1−θ+ε H(z, |∇u|)θ dz

� 	ε
1

¨
Q2r (z0)

(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz,

we have

I �1

ε

¨
Qr1 (z0)

(H(z, |∇u|)k)1−θ+ε H(z, |∇u|)θ dz

− 2

ε
	ε

1

¨
Q2r (z0)

(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz.

Similarly, by Fubini’s theorem, we have

II � 1

1 − θ + ε

¨
Qr2 (z0)

(H(z, |∇u|)k)1−θ+ε H(z, |∇u|)θ dz
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and

III � 1

ε

¨
Q2r (z0)

H(z, |F |)1+ε dz.

By combining the estimates above we obtain
¨

Qr1 (z0)
(H(z, |∇u|)k)1−θ+ε H(z, |∇u|)θ dz

� cε

1 − θ + ε

¨
Qr2 (z0)

(H(z, |∇u|)k)1−θ+ε H(z, |∇u|)θ dz

+ c	ε
1

¨
Q2r (z0)

(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz

+ c
¨

Q2r (z0)
H(z, |F |)1+ε dz.

We choose ε0 = ε0(data) ∈ (0, 1) so that for any ε ∈ (0, ε0),

cε

1 − θ + ε
� 1

2
.

Then, by applying Lemma 4.2 we get
¨

Qr (z0)
(H(z, |∇u|)k)1−θ+ε H(z, |∇u|)θ dz

� c	ε
0

¨
Q2r (z0)

(H(z, |∇u|)k)1−θ H(z, |∇u|)θ dz

+ c
¨

Q2r (z0)
H(z, |F |)1+ε dz.

The claim follows by letting k −→ ∞ and recalling (5.1).
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