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Abstract

We prove a local higher integrability result for the gradient of a weak solution
to degenerate parabolic double-phase systems of p-Laplace type. This result comes
with reverse Holder type estimates. The proof is based on a careful phase analysis,
estimates in the intrinsic geometries and stopping time arguments.

1. Introduction

This paper discusses the local higher integrability of the spatial gradient of a
weak solution to a double-phase parabolic system

u; — div A(z, Vu) = —div(|F|P72F + a(z)|F|?"?F) in Qr, (1.1

where z = (x, 1), Qr = Q2 x (0, T) is a space-time cylinder with a bounded open
set Q C R"forn > 2and2 < p < g < oco. Here A(z, Vu) : Q7 x RN" — RN7
with N = 1 is a Carathéodory vector field satisfying that there exist constants
0 < v £ L < oo such that

A(z,8) - & Zv(E]” + a9 and |A(z, &) < LUEIP™ +a()E77")
(1.2)

for almost every z € Q7 and every & € RV". Tt is further assumed that the source
term F : Qr —> RN7 gatisfies

/ H(z, |F|) dz=// (|FI? +a(2)|F|1) dz < oo.
Qr Qr

Here we denote H(z, s) : Qr x RT — RT,

H(z,s) =sP +a(z)s?.
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We assume that the non-negative coefficient function a : Qr — R™ satisfies

and a € C*3(Qr) for some & € (0, 1]. (1.3)

20
<p+
1=r n+2
Here a € C“’%(QT) means that € L°°(Q7) and that there exists a constant
[a]m%;QT < 00 such that

|a(~xa t) _a(y, t)| § [a]a,%;QT|x - )’|a and |a(x7 t) _a(xa S)'
§ [a]a,%;ert_Sp

for every (x, y) € Q and (¢, s) € (0, T). For short we denote [a]y, = [a]aﬁ%;QT.
We summarize the existing related results in the elliptic and parabolic cases.
The elliptic double-phase system

—div(|[Vu|?"2Vu + a(x)|Vu|?">Vu) = —div(|F|P2F + a(x)|F|?"%F)
in 2, where

l<p<qg<p+22 and a(x) e C¥Q) forsomea € (0,1]  (1.4)
n

models a class (p, g)-growth problems related to strongly anisotropic materials in
the contexts of homogenization and nonlinear elasticity, see [26—28]. The proper
function space for weak solutions is u € W“(Q, RY) with

/ H(x, |Vul) dx =/(|W|P +a()|Vu|?) dx < oco.
Q Q

Under (1.4) it has been proved that |[Vu| € L?OC(Q) in [13] (see also [21,22] for the
(p, q)-growth problems). Harnack’s inequality, Holder continuity, gradient Holder
continuity, gradient higher integrability and Calderén—Zygmund type estimates
have been discussed in [2,8,9,11] (see also [17,18]). For applications and more
information, we refer to [23,24]. A standard approach in the elliptic double-phase

systems is to consider two cases: for each ball B, (xg) C €2, either

inf a(x) < [aler® or inf a(x) > [aler®. (1.5)
By (x0) (X0
The first condition in (1.5) is called the p-phase and in this case the behavior is
similar to the p-Laplace systems in B, (xp). The second condition in (1.5) implies
that

sup a(x) <2 inf a(x) (1.6)
B, (x0) B (x0)

and this leads to the behavior similar to the (p, g)-Laplace systems in B, (xg). For

this reason the second condition in (1.5) is called the (p, g)-phase.

Parabolic double-phase problems have not been investigated until very recently.
The existence of weak solutions to (1.1) has been considered in [7,25]. These
results seem to cover different ranges of exponents already in the stationary case,
see [6]. It has been proved in [25] by using the difference quotient method that
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|Vu| € quoc(QT) under appropriate structural assumptions (see also [1,4,5,10, 14]
for the (p, q)-growth problems).
The main result of this paper is an a priori estimate for the gradient of a weak

solution to (1.1). We denote Q,(zo) = B, (xg) x (fo — r2, to + r2) and
data = (n, N, p,q,a, v, L, [aly, diam(S2), ull . 1:12(2))
1 H Gz, [VuDll 1 @pys 1H @ [FDI L ep)-
Theorem 1.1. Assume that (1.2) and (1.3) hold true and let u be a weak solution to

(1.1). Then there exist constants 0 < gy = eo(data) and ¢ = c(data, ||al|L~@;)) 2
1 such that

£q9

]5[ H(z, |Vu]) '+ dz < ¢ (]5[ H(z, |Vu|)dz)
0, (z0) 02 (20)

q
2
T <]§[ (H(z,|F|) + 1)+ dz)
02, (20)

Sfor every 0»,(z0) C Q7 and ¢ € (0, &9).

As far as we are aware this is the first regularity result for parabolic double-
phase problems under the general structural conditions (1.2) and (1.3). We consider
weak solutions that satisfy a technical assumption |Vu| € L?(27), see Definition
2.1. It is also possible to obtain the main result under the assumption

/ H(z,|Vu|)dz = // (IVul? + a(z)|Vu|?) dz < oo,
Qr Qr

by applying a parabolic Lipschitz truncation, see Remark 2.2. This technique is out
of the scope of this paper and it is discussed in [19]. This extends the corresponding
results for the p-Laplace systems (a(z) = 0) in [20], where a reverse Holder
inequality for the gradient has been proved in p-intrinsic cylinders

0% (20) = Bp(x0) x (to — A*"Pp* 1o+ 177" p?)

by using parabolic Caccioppoli and Poincaré inequalities and a stopping time argu-
ment. Appropriate intrinsic cylinders have to be considered for other parabolic sys-
tems. The parabolic (p, g)-Laplace system (a(z) = ag for some constant ag > 0)
was considered in [16] and the gradient reverse Holder inequality was proved in
(p, g)-intrinsic cylinders

G*(20) = B, (x0) X (10 — =2 02, 1 + 2o p?
1 (z0) = Bp(xo 0~ Tragma P 10 T rgmal ) -

In [3], the gradient higher integrability result has been discussed for the parabolic
p(-)-Laplace type system

uy — div(|Vu|P@2Vu) = — div(|F|P@2F)
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in Qr, where p(-) : Q7 —> R is a continuous function with

< inf p(z) < p(-) < sup p(z) < o0
z€QT 2€Qr

n—+2

and p(-) satisfies a logarithmic modulus of continuity condition. In this case the
intrinsic cylinders are of the form

2—-p(zg)

2—-p(zp)
B, (x0) x (tO — A PG p

St + A Pl pz).

2

Several new features appear in the parabolic double-phase problem (1.1) com-
pared to the p-Laplace systems in [20] and to the (p, g)-case in [16]. The first
novelty in our argument is that we provide a new criterion replacing (1.5) in order
to be able to adopt the stopping time argument with intrinsic cylinders in [20]. For
each point

20 € {z € Q7 : |Vu@)|? +a@)|Vu(z)|? > A},

we consider A = A(zg) > 0 such that A = A? 4 a(zp)A9. Employing the fact that
s = sP +a(zo)s? is strictly increasing and noting that zg € {z € Qr : |[Vu(2)|? >
AP}, we may apply a stopping time argument with the p-intrinsic cylinders. The
second novelty is to consider two alternatives: for K > 1, either

KXP Z a(zo)A? or KAP < a(zo)Ad.

These are called p-intrinsic and (p, g)-intrinsic cases, respectively. The p-intrinsic
case is related to the p-Laplace systems and the (p, g)-intrinsic case is related to
the (p, g)-problems. For the double-phase problems we have to consider both of
them. We are convinced that this technique will be useful in other regularity results
for parabolic doubly-nonlinear problems. In the p-intrinsic case, it is possible to
obtain the reverse Holder inequality in the p-intrinsic cylinders as in [20]. Roughly
speaking, we have

IVulP~2Vu + a(2)|Vul?>Vu ~ |Vu|P>Vu + KA~ Vu|4"Vy
~ |[VulP*Vu
in the stopping time argument with a p-intrinsic cylinder. On the other hand, the

(p, g)-intrinsic case implies the second condition in (1.5) for a sufficiently large
K > 1. This leads (1.6) and we have

IVulP"2Vu + a(2)|Vul?2Vu ~ |Vu|P>Vu + a(zo)|Vul? > Vu

in the stopping time argument with p-intrinsic cylinder. Consequently, we may
apply the (p, g)-intrinsic cylinders to obtain the reverse Holder inequality. Note
that

20 € {z € Q7 1 [Vu@)|? +a(@)|Vu()|? > AP + a(z9)A?}

and Gf)(z()) C Qﬁ (zo) with ap = a(zo). Thus, it is possible to obtain a stopping
time argument in the (p, ¢)-intrinsic cylinders from the stopping time argument in
the p-intrinsic cylinders. Finally, the continuity of a(-) implies the continuity of
A(+) and this enables us to prove a Vitali type covering lemma. The desired estimate
follows by using Fubini’s theorem.
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2. Energy estimates

We apply the following definition of weak solution:
Definition 2.1. A function u : Q7 —> RY with
ueCO,T; L*(QRY)YNLIO, T; whi(,RY))

is a weak solution to (1.1), if

/ (—u-(p,+A(z,Vu)~V<p)dz=// (|FIP2F -V +a(z)|FIP7F - Vo) dz
JQr Qr

for every ¢ € C(‘)’O(QT, RM).
Remark 2.2. A more standard assumption on the function space would be
ueCO T; L2QRY)ynLY 0, T; whi(Q,RY))

with
/ H(z,|Vul)dz = // (IVul? + a(z)|Vu|?) dz < oo.
Qr Qr

However, this assumption does not seem to be enough in the proof of the energy esti-
mate using the Steklov averages, see Lemma 2.3 below. This unexpected challenge
does not occur in the elliptic case, since the mollification in time is not needed.
It is possible to derive Lemma 2.3 under the natural function space assumption
above by a parabolic Lipschitz truncation technique, see [19]. We emphasize that
the assumption |Vu| € L9(Q27) is only applied in the proof of Lemma 2.3 and it is
not needed in the rest of the paper. With this observation Theorem 1.1 holds true
also under the natural function space assumption above.

In the rest of this section, we provide three energy estimates. The first lemma is
a parabolic double-phase Caccioppoli inequality. In general, the time derivative of
a weak solution does not belong to L? and does not even exist a priori. To be able
to derive a suitable energy estimate, we use the following mollification in time. We
define the Steklov average fj,, withO < h < T, of f € LI(QT) by

t+h
. f(x,s)ds, O0<t<T—h,

fh(x’t):{o, T—h<t

For the properties of Steklov averages, we refer to [12].
We apply the following notation. A space-time cylinder in R”**! is denoted by

ORr,e(z0) = Br(xg) x (tg — £, 10+ 4£), r>0, >0,

and the integral average of u over Qg ((zo) is denoted by

UQRr.e(z0) = ]§[ udz.
ORr.e(20)
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Lemma 2.3. Let u be a weak solution to (1.1). Then there exists a constant ¢ =
c(n, p,q,v, L) such that

2
u—u
sup ][ de+]§[ H(z, |Vul)dz
te(to—T.10+7)J B, (x0) T 0r.(20)
u—1u p u—1u 4q
< C]é[ <| Or.eo)l +a(z)| Qg0 ) d
ORr,e(20) (R—r)P (R —r)

lu — u 2
i C]§[ ORr,e(z0) dz +C]§[ H(z, |F])dz
ORr,e(20) -1 ORr,e(z0)

Sfor every Qg ¢(z0) C Qr, with R, >0,r € [R/2,R) and T € [K/22, 0).

Proof. Letn € C(‘)’O(B R (x0)) be a cut-off function with

2

0=n=1 n=linB:(x) and IIanleéR_r-

@2.1)

For t € [£/2%,¢), let hy > O be sufficiently small so that there exists a cut-off
function ¢ € C§°(Ig—p,(to)) with

3
0=¢=1, ¢=linl(to) and [|3;¢llr> = —t (2.2)
-1

Let 1, € I:(ty) and § € (0, hg). We define &5 as

1, t € (=00, ty — 8),
L) = 11— =42 et — 6.4, (2.3)
0, t € (ty, 00).

For h € (0, hg), we consider (1.1) in terms of Steklov averages and obtain
Olu —ugg yzo)ln — div[ACG, Vi)l = — div[|F|P2F +a|F|"72F], (2.4)
in Bg(xg) X I;—j(ty). Then we observe that

[ — wop o) a7 2Cs € Wy > (Te—ps LEH(Br(x0), RY)) N LI (Ig—;
1,
W, (Br(x0), RV)).

By applying ¢ = [ — gz ,z0)In n9¢%¢s as a test function in (2.4), we have
I+11= ]§[ Olu —ugg,(zo)ln - ¢ dz + # LAG, Vi)l - Ve dz
Or.e(20) Or.¢(z0)

= ]5[ [|FIP72F +a|F|9"2F), - Vo dz = IIl. (2.5)
ORr.e(z0)
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We show that II and III are finite under the assumption |Vu| € L9(Q27). The
structural assumptions and the properties of the Steklov average lead to

H§L]§[ |(IVulP~Hp e, D1 Ve(x, )| dx dt
ORr,e(z0)

+L]§[ (@ Vuli™ N, DIV (x, )] dx dt.
OR.e(z0)

The first term on the right-hand side is finite as in the case of the parabolic p-Laplace
systems. The second term on the right-hand side can be written as

75[ [(a|Vul?™ ), (x, O Ve(x, )| dx dt
ORr.e(20)

t+h g—1 1
=]§[ ][ a(x, 1T [Vu(e, )17 [aGx, )17 Vo (x, )] ds dx dr.
OR.e(z0) /1t

By Holder’s inequality and the properties of the Steklov average, there exists a
constant ¢ = ¢(n) such that

]5[ (@ Vu|?™ Yy (x, D]|IVe(x, 1)| dx dr
ORr.e(z0)

<c ]§[ a(x,t)|Vu(x,t)|? dx dr
ORr.e(20)
t+h ql
]§[ ][ a(x,s)|Ve(x,1)|?ds dx dr
OR.e(z0) /1
gq=1
=c ]§[ a(x, )|Vu(x, t)|?dx dt
ORr.e(20)
%
]5[ ap(x,H)|Ve(x,)|9dx dr ] .
ORr.e(20)

q
This shows that I1 is finite if |Vu| € L9(Q27). A similar argument applies for III.
Estimate of I: Integration by parts gives

q—

— l _ 2y 04 §2
I= 2(le[u UQgr o) InlINTE7 s dz
ORr.e(z0)

_ —ﬁ[ it — g ooy In £ Er0E dz
ORr,e(z0)

_ 1 _ 2,952
[ —ugg o) Inl" 1?6705 dz. (2.6)
ORr,e(20)
We estimate the first term on the right-hand side of (2.6) by (2.2) and obtain
= uggoo)lnl?
—75[ [t — g o)l n75¢58,¢ dz = —75[ e
Or.0(z0) ORr,e(z0) -1
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For the second term on the right-hand side of (2.6), by (2.3) we have

Al oot d:
R, 020

~|[u —u Inl*n9¢? dx dt
|QR Mi /Bm) 2 Or,2(z0)

z ][ / uQR,l(ZO)]h|2dX dr.
R €| ty— By (xg) 2
Thus, we get
i i |M_MQRe(zo)|2
lim lim 12> _75[ I~ Uopol” 4
h= 0T om0t ORr.e(20) {—1

1

|M(x,t )_u |2dx‘
2|1Qr.el J B, (xp) * ORr,e(20)

Estimate of II: It holds that

= ]§[ [LAC, Vi)ly - [Vuln?¢?¢s dz
ORr.e(z0)

- qﬁ[ [AC, Vi)ly - [ = g cplnVim? ™' 26sdz. 2.7)
ORr,e(z0)
To estimate the first term in (2.7), we apply (1.2) to get

lim lim LAC, Vi)l - [Vulin?¢2¢s dz
h—0t §—01 Or.¢(z0)

> U IVul? + a(2)|Vul?)?¢? dx dr.

f— (
[OR.¢l J1,00)n(=00,t0) /BR(xo)

To estimate the second term in (2.7), we use (1.2) and (2.1) to conclude that

lim lim qﬁ[ [ACG, Vi)ly - [u — MQRYK(ZO)]hVUﬂq_IE%B dz
ORr,e(z0)

h—0t §—01

Lq / |Vu|? lnq l;Zlu—uQR,((ZOﬂ dx dr
[OR.el J1,a0)n(=00,t) J Br(x0) R—r
Lq

[OR.el J1,t0)N(=00,1)

> —

u—1u
/ a(Z)|VM|q_17]q_1§2| QR,(Z(ZO)l dx dt.
Br(xo) R—r

By Young’s inequality, there exists a constant ¢ = c¢(p, ¢, v, L) such that

lim  lim q7§[ LA, Vi ln - [u — ugg z)JnVin? ™' ¢%¢s dz
ORr,e(z0)

v / (
|QR,£| Il(t()) ( 00, 1) BR()C())

u—u P u—u 9q
B 6]5[ (l Q)] +a(z)| Ot ()] ) d
ORr.e(20) (R—=r)P (R—r)l

> [Vul? + a(z)|Vu|!)n9c? dx dr
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It follows that

3v

lim lim 1> (IVul? + a(z)|Vul))n9¢? dx dr

h—0F §—07F 4 OR.el J1,a0)n(=00,10) /BR(xo)

u—u P u—u 4
_ c]§[ <| Or.e(z0)l +a(2) | Or.e(z0)l ) d
ORr,e(z0) (R—r)P (R—r)l

Estimate of III: We apply Young’s inequality as above and obtain

lim lim III§C]§[ |F|? 4+ a(z)|F|?dz
Or,e(z0)

h—0t §—0T1
” /
21QRr.el J 1 t0)N(=00,1) J Br(xo)

+C]§[ lu —ugg,o)l” +a(z)|u_“QR,z(Zo)|q dz
ORr.e(20) (R—=r)P (R—r)l

By applying the estimates above in (2.5), we obtain

(Vul? 4+ a(@)|Vu|?)n?c? dx dr

1
lu(x, 1) — ”Q;z,z(zo)|2 dx
[OR.el JB, (xo)
1
+ / (Val? +a(@)|Vul?ynic? dx dr
[OR.e|l J1t0)n(=00,1) J Br(x0)

A

c# (|“_“QR.e(z0)|p +a(z)|“_”QR.z(zo)|q> dz
ORr.e(20) (R—=r)P (R—r)

|l — g o)
+c]§[ K7 CDA N Cﬁ[ (IF|P + a(z)|F|?) dz.
Or.¢(z0) -1 Or.¢(z0)

Since t, € I;(ty) is arbitrary, | Br| & c¢(n)|B,| and |I;| ~ |I.|, we get

lu—u 2
sup ][ dedr# (Vul? + a(z)|Vul?) dz
B (x0) Qr,r(ZO)

te(to—t,tp+7) T

Sc]é[ (|“_“Qk.z(zo)|p +a(z)|“_“QR.z(Zo)|q) dz
N ORr.(20) (R—=r)P (R —r)

lu—u B
+ c# B0k 0]y, +c# (IF|P + a(2)|F|%) dz.
ORr.¢(20) t—1 ORr.¢(z0)

O

The second lemma is a gluing lemma, which enables us to estimate integral
averages over time-slices. The spatial integral average of u over B (xp) is denoted
by

UBg(xg) = MBR(xo)(t) 2][ u(x, l‘) dx.
Br(x0)
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Lemma 2.4. Let u be a weak solution to (1.1) and let n € C8°(BR (x0)) be a

function such that

00, ][ ndx =1 and |nllz= + R|Valli= < c,
BR(xo)

where ¢ = c(n). Then there exists a constant ¢ = c¢(n, L) such that

sup [(Un) B (xo) (t2) — (UN) B (xo) (t1)]
t1,he(ty—L,to+L)

V4
Se— (VulP~' + a(z)|Vul?™" dz
R ORr,e(z0)

¢
+o— (FIP' +a@)|Fl9 " dz
R OR.¢(z0)

Sfor every Qg ¢(z0) = Br(xo) x (to — €, 10+ €) C Qr with R, £ > 0.

(2.8)

Proof. Letty,t € (fg — ¢, 1o + £) with t; < tr. For § € (0, 1) small enough, we

define £ € Wy "™ (to — €, to + £) by

0, 1n—¢=<t<mtH-6,

BBy s <t <1,
Ls(1) = I, n<sr<n,
LESL g <t <148,

0, n+8=Zt<1+¢L.

By applying n¢s € Wol’oo(QR,g(zO)) as a test function in (1.1), we obtain

1 n
][ ][ undxdt—][ ][ undx dt
t1—38J Br(xo) tr+8J Br(xo)

—6

th+6
< L/ ][ (IVul?~" + a(2)|Vul?H|Vn|gs| dx dt
31 Bgr(xo)

48
+/ ][ (FIP~ + a() [ FI")|Vnligs) dz.
t1—36 J Br(xo)

Letting 8 —> O™ and using the third condition in (2.8), we obtain

12 _ _
|(un) Br(xo) (1) — (M) Bg(xp) (22)| = ‘R (VulP~" +a(2)|Vuli™") dz

ORr.e(z0)

V4
+e— (FI”' +a@)|F1P ) dz,
RJJ Qg oz0)

where ¢ = c¢(n, L). This completes the proof. O

Then we consider a parabolic Poincaré inequality.
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Lemma 2.5. Let u be a weak solution to (1.1). Then there exists a constant ¢ =
c(n, N,m, L) such that

|u —u |9m
]é[ Qg.r:zl(ZO) dz é C]§[ |Vu|9m dz
Or.¢(20) R Or.¢(20)

Om
L
te (—2# (VulP~' +a(2)|Vult™" + |F|P~! +a(z)|FIq_1)dz)
R
ORr.e(z0)

Sfor every Qg ¢(z0) = Br(xo) x (to — £, to +4£) C Qrwith R, £ >0, m € (1, q]
and 6 € (1/m, 1],

Proof. The triangle inequality gives

Om Om
u—u u-—u t
f[ | QS;Z<ZO)| dz < c 5[ | BRé):l))( )| dz
Or.e(z0) R Or.e(z0) R

Om
u —Uup t
+ C][ | ORr.e(20) GmR(XO)( )| dl,
I (1) R

where ¢ = c(m). By applying the Poincaré inequality in the spatial direction, we

have
oOm
u—u
75[ I = uore)l™ Qg;z“‘”' dz < cﬁ[ IVul®™ dz
Or.(20) R Or.¢(20)

Om
u —Uup t
+ c][ [0k ¢ (z0) =) (D] dr,
Iy (t0)

ROm
where ¢ = c(n, N, m).

To complete the proof, we estimate the second term on the right-hand side in
the estimate above. By Holder’s inequality, we have

][ |uQR,Z<ZO>—uBR<xo>(r>|9mdré][ ][ 050y () — 3000y (O™ it s,
Io(10) Iy (to) 4 I (10)

Forn € C(‘)’O(BR (xp)) satisfying (2.8), it holds that

][ ][ B0y (5) — By ()17 dit dis
1o 10a0)
< C][ 1) By xo) (1) — UBR(xg) ()] dr
Iy (10)

+c sup [(un) Breg) ) — UN) Brix) ()1,
t,s€l; (1)
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where the second term on the right-hand side can be estimated by Lemma 2.4. For
the first term on the right-hand side we may apply (2.8) and obtain

][ |(un) B o) () — U B (xg) ()7 dt
Iy (1)

]{@(to)
Om
< C][ (][ lu(x,t) —uBR(xO)(t)|dx) dr.
Ie(to) \J Br(xo)

Therefore, using the Poincaré inequality in the spatial direction and Holder’s in-
equality, we have

Om
dr

][ (u(x, 1) = U B (x) (D)1 (x) dx
Bg(xo)

][ |<un>BR<m>(r>—uBRuo)(rn‘””dr§cR9m]§[ |Vu|™ dz.
Iy (10) 0

R.(20)

This completes the proof. O

3. Parabolic Sobolev-Poincaré inequalities

This section provides a parabolic Sobolev-Poincaré inequality by adapting tech-
niques in [20] to the double-phase case. Throughout this section, let zg = (xo, f) €
Qr, withxg € Qand g € (0, T), be a Lebesgue point of |Vu(z)|” +a(z)|Vu(z)|?
satisfying

IVu(zo)I” + a(zo)|Vu(zo)|? > A (3.1

for some A > 1+ ||la||L~(q,). Recall that H(z, s) : Q7 x RT — R, H(z,s) =
s? + a(z)s?. For a fixed point zg, we denote

H;,(s) = sP +a(zo)s9. (3.2)
Note that H,(s) is strictly increasing and continuous with

lim H,,(s) =0 and lim H(s) = oo.
s—0t §—>00

By the intermediate value theorem for continuous functions, there exists A =
A(zp) > 1 such that

A=A +a(zo)A? = Hyy(L). (3.3)

Let

1
2|B1| JJar

M, (H(z, |Vul) + H(z, | F)) dz.

The parameter K = K (n, o, [aly, M1) > 1 will be determined later in (5.2).
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The p-intrinsic cylinders and the (p, ¢g)-intrinsic cylinders are considered sep-
arately in the argument. In the p-intrinsic case we assume that

KAP? = a(zo)A? and ]§[ (H(z, |Vul) + H(z, |F|)) dz < AP, (3.4)
03, (z0)

where

Q4,(z0) = Bap(x0) x I, (t0), I}, (t0) = (to — A* 7P (4p)*, 1o + 1> 7 (4p)?),
(3.5)

is a p-intrinsic cylinder. In the (p, g)-intrinsic case we assume that

KAP < a(zo)Ad,

a(§0) < a(z) = 2a(zp) forevery z € G}Lp (z0) and

7§[ (H(z, |Vul) + H(z, |F|)) dz < Hyy(}), (3.6)
G}, (z0)

where

2 2
Gl (20) = Bap(xo) x Iy (10, T, (10) = (10— 725 @002 t0 + 725 (4p)?)
(3.7)

is a (p, q)-intrinsic cylinder.

3.1. The p-intrinsic case

In this case we consider estimates in p-intrinsic cylinders as in (3.5) and assume
that (3.4) holds. We begin by estimating the last term in Lemma 2.5.

Lemma 3.1. Let u be a weak solution to (1.1). Then, for s € [2p,4p] and 6 €
((g — 1)/ p, 1], there exists a constant c = c(n, p, q,a, L, [aly, M) such that

]% (VulP~' +a@)|Vul? ' + |FIP +a@)|FI97") dz
0% (z0)

4P g=1
< cﬁ[ (IVul + [F])?~Vdz + ca ”4]5[ a(z) @ (|Vu| +|F)? " dz
0%(z0) 0%(z0)

p=l_ o
n+2

0
+ cArt 75[ (|Vul + |F|)? dz ,
0} (z0)

whenever Qﬁp (zo) C Qr satisfies (3.4).
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Proof. It follows from (1.3) that ¢ — 1 < p. By (1.3) there exists a constant
¢ = ¢([a]y) such that

ﬁ[gu AVl a@IVul H IFIPT a@I R d2
520

< cﬂ (IVulP~t + |F|P*1>dz+c]§[ inf  a(w)(IVul + |F)? " dz
0% (z0) QX (z0) weQ%(20)
+cs“]§[ (Vul?" '+ |F19~ Y dz. (3.8)
0} (z0)

We apply the first condition in (3.4) to estimate the second term on the right-hand
side of (3.8) and obtain

]§[ inf  a(w)(Vu|+ |F)9 ' dz
0

% (z0) WEQX(20)

1 —1
< Kﬂ‘”?# inf  a(w)' T (|Vu| + |FD?~" dz
0

*(z0) weQ}(20)

A

N\

>J\
T

q=1
]§[A a(z) @ (IVu| +|F))7~" dz.
0} (z0)

In order to estimate the last term on the right-hand side of (3.8), we recall that
|0%(20)| = c(n)s"+2A2~P. Holder’s inequality gives

1 g—1

0 p
s“]§[ |Vul?=dz < s* (ﬁ[ |Vu|?P dz>
0% (z0) 0% (z0)

14 1g-1-y
P [

<@ (]5[ |Vu|P dz) <]§[ |Vu|?P dz)

0% (20) 0% (20)
G 55
n+2 p—2
< csai( 7 <// [VulP dz) )»(I P <]§[ |Vu|?P dz) ,
0% (20) 0%(z20)

wherec = c(n),y =ap/(n+2)and0 € (g —1)/p, 1]. Wehave y € (0, p— 1),
since

2(n+1) (n+Dp ap
l< —— l < ———— = — -1
= n+2 — = n+2 v n+?2 =P
It follows from the second condition in (3.4), A = 1 and the first condition in (1.3)
that

1g—1—y 1 p—1l—y

0 p 9 p
ﬁ[ [Vu|?P dz < erdp ﬁ[ |Vu|P dz
0% (z0) 0% (z0)

1 p—1-y

§ P
2u
< cAnt? ]é[ |Vu|P dz ,
0}(z0)
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where ¢ = c¢(n, p, g, «). Therefore, we obtain

ap %
s“# IVul?~dz < critz ]5[ IVul®? dz
0} (z0) 0% (z0)

where ¢ = c(n, p, q, o, M1). Similarly, replacing |Vu| by |F| in the above argu-
ment, we have
(5 i)

]
s“ﬁ[ IF|9dz < critr ]5[ \F|°? dz
0% (z0) 0%*(z0)

This completes the proof. O

p=l_ o
P n+2

Next we provide a p-intrinsic parabolic Poincaré inequality.

Lemma 3.2. Let u be a weak solution to (1.1). Then, for s € [2p,4p] and 0 €
((g — 1)/ p, 1], there exists a constant c = c¢(n, N, p,q, o, L, [aly, M1) such that

[ — g, |7
f g g off e v e
0% (z0) § 0% (z0)

_1_
(27p+i)0p . L )
+ cA n+2 ]§[ (|Vul| + |F)P dz
0% (z0)

0
te ﬁ[ HG. |Fdz) |
0%*(z0)

whenever Qﬁp (zo) C Qr satisfies (3.4).

Proof. By Lemmas 2.5 and 3.1, there exists a constant ¢ = c¢(n, N, p,q,a, L,
[aly, M1) such that

_ Op
ﬁ[ i 7 ”Qj‘z‘”' dz§c]§[ \Vul®? dz
0%(z0) s7p 0% (z0)
Op
el qvuiFy s
04 (z0)

op
) gq=1
+efa! ”+q]§[ a(z) @ (|Vu| + |F)9'dz
0%(20)

_l_p
(2—p+ﬂ)0p . Al
+cA n+2 ﬁ[ (|Vu| + |F|)"P dz . 3.9)
0}(z0)

To estimate the second term on the right-hand side of (3.9), we use the second
condition in (3.4) and obtain

p—1
2= ﬁ[ (Vul +|F)Pdz) < cﬁi (IVul + [F)® dz,
0*(z0) 0%*(z0)
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where ¢ = c(n, p). Similarly, the third term on the right-hand side of (3.9) is
estimated as
plg—=1)

4P q
a(1=p g )or ﬁ[ a(@)?(|Vul| + |F|)% dz
0%(z0)

§c7§[ a2’ (\Vul + |F)% dz,
0%*(z0)

where ¢ = c¢(n, p, g). The conclusion follows from Holder’s inequality. O

Lemma 3.3. Let u be a weak solution to (1.1). Then for Qﬁp(z()) C Qr satis-
fing (3.4), s € [2p,4p]l and 0 € ((g — 1)/p, 1], there exists a constant ¢ =
c(n,N, p,q,a, L,[aly, M) such that

lu — 1 (|02
o aw O s off  mevan e
Q% (z0) w0} (20) 574 0% (z0)

ap

(27p+ﬂ>9p 0 Pl
+ch 2 ]5[ (IVu| + | F)?P dz
0% (z0)

%
+c ﬁ[ H(z,|F)dz ] .
0% (z0)

Proof. By Lemmas?2.5and 3.1, thereexistsaconstantc = c(n, N, p, q, «, L, [a]qy,
M) such that

lu — gy |0?
]§[ inf a(w)f)& dz £ cﬁ[ inf  a(w)?|Vu|’ dz
0] o

% (z0) WEQ*(20) 504 *(z0) wEQ}(20)

fq
+c¢ inf  a(w)? Azfpﬁ[ (|Vu| + |F))P~'dz
we Q% (z0) 0%*(z0)

—1
+c inf  a(w)? ,\1*“5# a(2)'T (|Vul + |F])4~" dz
0% (z0)

0q
we(z0)
.
P

1 o
n+2

(2— +i)0 q(——
+c inf  a(w)a\TPT2)M ]§[ (IVul + |F) dz
0% (z0)

weQ}(z0)

(3.10)
By (3.4) for the second term on the right-hand side of (3.10), we obtain

(p=D)g
inf  a(w)?AG-Poa ]§[ (IVul + |F) dz
we 0} (z0) 0%*(z0)

(=g
< K9A(P—q)9k(2—P)eq+(P—1)119—9P]§[ (|Vu| + |F|)9P dz
0% (z0)

< c(n, p. a, [ala, M1>]§[ (IVul + [F))’ dz.
0%(z0)
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Similarly, the third and the fourth terms on the right-hand side of (3.10) can be
estimated as

q—1
inf  a(w)?APta—ra? ﬁ[ (a@)(|Vul? +|F|9))? dz
0% (20)

weQk(z0)

< cﬁ[ (@(@)(Vul? + | F19)° dz
0*(z0)

and

(55 —i%)

(27 +£)9 q n+2
inf  a(w)?A\"PTe2)% # (IVu| + | F)P dz
0%(z0)

we 0 (z0)

[ P

(2_p+ﬂ)gp o p—1 n+2

B ASalanzs: ]5[ (IVul + | F))° dz .
0% (z0)

The conclusion follows from Holder’s inequality. O

[IA

3.2. The (p, q)-intrinsic case

In this case we consider estimates in (p, ¢)-intrinsic cylinders as in (3.7) and
assume that (3.6) holds. The second and third conditions in (3.6) imply

]5[ (Ho(IVul) + Hy (| F1)) dz < 4a(zo)A?.
G}, (z0)
It follows that

ﬁ[_ (IVul? + |F|9)dz < 429, (3.11)
G}, 0)

Next we discuss a (p, g)-intrinsic parabolic Poincaré inequality.

Lemma 3.4. Let u be a weak solution to (1.1). Then, for 6 € ((g — 1)/p, 1] and
s € [2p, 4p], there exists a constant c = c(n, N, p, q, L) such that

| — ugrizl
]§[ HY <_ 4 (z0) ) dz < C]§[ HY (IVu)) dz
G*(20) s G%*(z20)
6
te ]5[ Hay(IF)dz)
G (20)

whenever Gf{p (zo) C Qr satisfies (3.6).
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Proof. Note that

lu — ughizl
]§[ 1’ <_<>> dz
G (20) §

lu — w7 lu — w1
G2 (z0) soP svd

By Lemma 2.5, there exists a constant ¢ = c(n, N, p, q, L) such that

U — ugrizl
]5[ HY <_<>> d
G (z0) s

scoff mvanaz+ e, (5 H.,(Vul + |Fl)dz )
G (z0) H; (X)) 1) G zo)

(3.12)

Since
H (s) = ps”' + qa(zo)s?™"
for every s > 0, we have
SH] (s) £ qH(s) < LsH],(s) (3.13)

for every s > 0. We estimate the last term on the right-hand side of (3.12) by (3.13)
and obtain

A

H. (M) )G (z0)
< ch
T APl L a(zg)aa—l

1 1
AP=E 0T G (zp) 2971 ] Grzy)

By the same argument as above for HZ’(J (|Vu| 4+ |F)), it follows from (3.11) that

H! (|Vu|)dz

#A (VulP~' + a(zo)|Vul? ") dz
Gy (z0)

p—1

A -
H., ([Vul + [Fl)dz < " ]5[ (Vul+|F)~dz ),
HZ/() ()") Gi‘ (z0) 0 G;”.(zo)

where ¢ = c(n, p, q). Therefore, we obtain

A
HY H! (|Vu|+ |F|)dz
20 (HZ’0 M) Meregy

pip=D\ 0

q—1
S| Al ﬁ[ (IVul + |FDT~" dz
Gt (z0)

=1y 0

q—1

+c | a(zo)a >4 ﬁ[ (\Vul + |F)? " dz . (3.14)
G*(z0)
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In order to estimate the first term on the right-hand side of (3.14), we apply (3.11).
Keeping in mind that g — 1 < p and p = 2, we have

pp=1)

g—1
AG=pip # (IVul + |F?" dz
G2 (z0)

)
< 20-Pp # (IVul? + |FIPY’ dz
G*(z0)

1

0
<¢ ﬁ[ \Vul? dz +c]§[ \F|P dz,
G*(z0) G*(z0)

for any 6 € ((¢ — 1)/p, 1] with ¢ = c(n, p). We estimate the last term on the
right-hand side of (3.14) in a similar way. Then forany 6 € ((¢ —1)/q, 1], we have

a(z0)2.C P ]§[ (Vul + [FI)*~ dz
G*(z0)

Fp=D
< (2—p)q 0q
< a(zo)h ]§[ (Vul + |FI) dz
G4 (z0)

0
<c ﬁ[ a(z0)?|Vu|? dz +c]§[ a(zo)|F|? dz,
G2 (z0) G’ (z0)

where ¢ = c¢(n, p). Hence, we conclude that

q(p=D

q—1

0
20 (HZ/O()L) G*(z0)

%
§c]§[ HE (IVu)) dz + ]5[ H,(F)dz | ,
G} (z0) G2 (z0)

which completes the proof. O

H! (|Vu| + |F|)dz>

Note that by replacing Hzé:) (s) with s%7 in the proof of Lemma 3.4, we will also
have the following result. All necessary calculations are already contained in the
proof of the previous lemma.

Lemma 3.5. Let u be a weak solution to (1.1). Then, for 6 € ((q — 1)/p, 1] and
s € [2p, 4p], there exists a constant c = c(n, N, p, q, L) such that

0
[ — Uiz op
ﬁ[ (—(2")> dz§c]§[ |Vul?P dz 4 ¢ ﬁ[ |F|Pdz ) ,
G (z0) s G} (z0) G (z0)

whenever Gf{p (zo) C Qr satisfies (3.6).
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4. Reverse Holder inequalities

In this section, we assume that zg, A and A = A(zg) = 1 satisfy (3.1)-(3.3).
Let

o

K =1+40[aleM" and « = 10K.
The distribution sets are denoted as
W(A)={z€Qr:H( |[Vu)l|) > A} 4.1)
and
d(A) ={z€Qr:H(z, |F|) > A} 4.2)

We consider the p-intrinsic and (p, g)-intrinsic cases separately. In the first case
we assume that

KAP 2 a(zo)Ad,

]§[QA( )(H(z, [Vul) + H(z, |F|)) dz < AP for every s € (p, 2kp] and
*(z0

#ﬂ (H(z, |Vul) + H(z, |F|)) dz = AP, (4.3)
0%(20)

where the p-intrinsic cylinder is defined in (3.5). In the second case we assume
that

KaP < a(zond, &0

< a(2) < 2a(zo) for every z € G}, (20),

]%;A( : (H(z, |Vul) + H(z, |F|)) dz < H,, () for every s € (p, 2xp] and
20

]§[ (H(z,|Vul) + H(z, |F])) dz = Hz,(2), (4.4)
G%(20)

where the (p, g)-intrinsic cylinder is defined in (3.7). We discuss reverse Holder
inequalities in both cases separately.

The following auxiliary lemmas will be employed in the argument the first
lemma is a Gagliardo—Nirenberg inequality and the second one is a standard itera-
tion lemma, see [15, Lemma 8.3]:

Lemma 4.1. Let B,(xo) C R", 0,5,r € [1,00) and ¢ € (0, 1) such that

2y (1-2)-a-nk

Then there exists a constant ¢ = c¢(n, o) such that

vo (1-9)o

o s s r 7
][ |UL dx < ¢ ][ ('UL + |Vv|s> dx ][ |U|r dx
B, (x0) 14 B, (x0) 1Y B, (x0) 14

foreveryv € Wl's(Bp(xo)).
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Lemmad4.2. Let0 <r < R < ocoand h : [r, R] — R be a non-negative and
bounded function. Suppose there exist & € (0,1), A, B = 0and y > 0 such that

A
h(r)) SOh(rp)+ ——— + B forall 0 <r <r; <rp <R.
(r2 —r)”

Then there exists a constant ¢ = c(v, y) such that

A
h(”)§c<m+3>.

4.1. The p-intrinsic case

In this case we consider estimates in p-intrinsic cylinders as in (3.5) and assume
that (4.3) holds. We denote

U — 1 g o)
S(u, Q% (20)) = sup ][ I ax
1/)7‘00) B (x0) P

and M2 = ||u||L°°(O,T;L2(SZ))'

Lemma 4.3. Let u be a weak solution to (1.1). Then there exists a constant ¢ =
c(data) such that

=gy ol
S(u, 05,(z0)) = sup ][ B g <,
1%,3(10) Bap (x0) 2p)

whenever Qé;«p (z0) C Qr satisfies (4.3).

Proof. Let 2p < p; < p» £ 4p. By Lemma 2.3 there exists a constant ¢ =
c(n, p,q, v, L) such that

APT2S(u, Q% (20))

q lu — upn |P lu —ups |
g CPy ]§[ Q[/;z (z0) +a@) Q;z (z0) dz
(p2 = P17 )] g3, (20 P2 P2
2, p-2 — 2
cp2iP 2 |u quz(zoﬂ dz+c]§[ H(z, |F)dz. (4.5)
(02 = p1)*JJ 0%, z0) P3 03, z0)

We estimate the first term on the right-hand side of (4.5). By Lemma 3.2 with
6 = 1 and the second condition in (4.3), we obtain

|M - MQA ( )|p
]5[ — T gr <o, (4.6)
0%, (z0) 12
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where ¢ = c¢(n, N, p,q,«a, L, [aly, M1). On the other hand, we observe that

lu —ugr ol
75[ e ——2 2z
05, (20) P

|l/t — MQ'A (z )|q
< ]§[ inf  a(w)———2——d
04, (z0) W€, (20) P2
|M — I/LQ;;Z(ZO)VI

+ [alapy ]9[ 7
0%, (z0) %)

By Lemma 3.3 with 6 = 1 and (4.3), we obtain

|M — MQA (z )|q
]§[ inf a(u))—quo dz < cA?,
o

by (20) weQ% (20) 1

where ¢ = c¢(n, N, p,q,a, L, [aly, M1). On the other hand, by Lemma 4.1 with
o=q,s=p,r=2and ¥ = g,weobtain

I

|l/l — MQ)L (20
T
03, (z0) P

lu —upi (Z0)|p q=p
< cp§ ]f[ 2 1 Vul” | dz (S, Q% (z0))
03, (z0) 1%

where ¢ = c¢(n, q). We observe that

2\
U —ugr )l ul?
p5 | sup ][ —2”2dx < o8 22 gup][ %dx
13, (10) ¥ By (x0) P 1}, (10)/ Bpy (x0) 123
q—p
2
G=p)(n+2)
<R 22 sup/ udx | <o
1}, (t9) / Bpy (x0)

where ¢ = c(n, N, p, q, o, diam($2), M>). Furthermore, by (4.6) we have

|I/t - MQA (z )|q
0%, (z0) %)

where ¢ = c¢(n, N, p,q,«a, L, [aly, diam(2), M|, M>).
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For the second term on the right-hand side of (4.5), the Poincaré inequality
implies that

|I/t - MQA (z )|2
0%, (z0) 05

1 1
|M_MQA (z )|2 2 |M_MQA (z )|2 2
_ ][ ][ G g, ][ — ) W
1}, (t0) \V By, (x0) 12 B, (x0) £

1

|u—“Q22(zo)|p » N 1
sof (f (v ) ax) - ar (s 0),con)
1}, (t0) \J Bp, (x0) %)

where ¢ = c¢(n, N, p). By Holder’s inequality and (4.6), we have

|M - MQA ( )|2 1
75[ e £ A, Q% (20)?,
0%, (z0) P

wherec =c(n, N, p,q,a, L, [aly, M}).
For the last term on the right-hand side of (4.5), by (4.3) we obtain

# H(z, |F)dz £ AP,
0%, (20)

By combining all estimates above, we conclude from (4.5) that

2

q
) ) 2 ) A 1
S(u, 05, (z0) = C(ﬂz — Pl)qk +C(p2 — pl)zl\ S(u, Q7,(z0))2.

Finally, we apply Young’s inequality to obtain

q 4

1
S(u, Q% (20)) < zS(u, 0% (20) + ¢ ( Py o ) 2

+
(2 —p1)? (o2 — p1)*
The proof is concluded by an application of Lemma 4.2. O

Next we prove an estimate for the first term on the right-hand side of the energy
estimate in Lemma 2.3 by using Lemma 4.1.
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Lemma 4.4. Let u be a weak solution to (1.1). Then there exist constants ¢ =
c(data) and 6y = 0y (n, p, q) € (0, 1) such that for any 6 € (0o, 1),

|M—MQA( )|1’ |M—MQA< )|‘1
# 2p <0 + a(Z) 2p 0 d
0%, z0) 2p)P (2p)9

|M — MQ% (ZO)|9p 0 A
gg# o Vul? | de (S, 03, 0)
03, z0) 2p)°P

(1-0)p

ol =103 )™ oo
+c7§[ inf  a(w) —’;—i— inf  a(w)”|Vul’? | dz
03, 0) (2p)™

weQj, (z0) weQ}, (20)

d-0)q
2

x 3 (P=a)(1-6) (S(u, Qép(zo))) :

whenever Q%Kp (z0) C Qr satisfies (4.3).

Proof. By (1.4) we obtain

U —upr )l” =gy o)l
]§[ 2 +a(z) 2 dz
0%, (20) (2p)? (2p)1
|M — MQ%LP(ZO)V) |M - MQ%ID(ZO)W

§]§[ —dz+]§[ inf  a(w)————dz
0, (20)P 03 (20) WEQ} 20) 2p)

|l/i - MQ%/O(ZO) |q

+[al, (2 “]§[ —dz. 4.7
R CO @)

We begin with the first term on the right-hand side of (4.7). By choosing o = p,
s = 0p and r = 2, we see that any 6 € (n/(n + 2), 1) satisfies the condition in
Lemma 4.1 as

A

"o L) —a-0t e <y
p Op 2 n+2 "

Thus, we obtain

]5[ lu — uQ%p(ZO)VJ q
e a— O 4
0,y (2P)7
d-0)p

lu —ugi )|9p
< cﬁ[ 2wl | dz (s 03, co0)
05, (z0) 2p)°r

where ¢ = c¢(n, p).
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For the second term on the right-hand side of (4.7), we apply Lemma 4.1 with
oc=¢q,s=0gandr =2.Forany 6 € (n/(n+2), 1), we have

= ugs ol
ﬁ[ . inf  a(w)———2"—dz
0%, (z0) we 05, (z0) (2p)1

=gy op)l™
< c]§[ inf a(u))g—ngo + inf  aw)?|Vul?? | dz
0},(z0) \ ek, z0) (2p)7e we0?, (z0)

(1=6)q

x inf  a(w)'™? (S(u, Q%(m)))

weQj,(z0)

where ¢ = c¢(n, g). By using the first condition in (4.3), we have

U —ug; ool
75[ inf  a(w)———2" 4,
0}, (z0) weQ5,(z0) (2p)9

lu —ugr )ng
< Cﬁ[" inf a(w)e—z’;m + inf  aw)’|Vu|? | dz
0%,z0) \ we03, (20) (2p)% we 0}, (20)

(=6)q

% )L(P—q)(l—Q)S(u’ Q%p(ZO)) 5

Then we consider the last term on the right-hand side of (4.7). We observe that

nq n n n+3
< 1+ < <1
n+2)p " n+2 n+2)p n+2n+2

Thus, by letting 0 = ¢, s = Op,r = 2 and ¥ = 0Op/q, the assumptions in
Lemma 4.1 are satisfied for any 6 € (ng/((n + 2)p), 1), since

z§@<1_1)_<1_9_1’)z<:,L§9,
9 q Op q )2 (n+2)p

Therefore, we have

lu — Ugi ( )Iq
(2,0)“# 20 dz
Q%ﬂ(zo) (2p)?
p(1-0)

< ]é[ lu— uQ%p(Zo)lel7 op Y 2
= —— e+ IVul” | dz (S, 05,¢0)
03, &0) 2p)P ?

I
S}

lu—ugi )|2
x 2p)* | sup ][ il LU B
13, (t0)/ B2p (x0) 2p)
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where ¢ = c(n, g). Note that

lu—upr ( )|
20 | sup ][ A
By (x0)

Izlp(to) (2;0)2
« ul®

< (2p)* | 4 sup dx
12 (10)” B2p(x0) (2:0)

Thus we obtain

S
S

lu — Ugh ( )|2
2p)* sup][ 2 4
By, (x0)

2
]z)»p(to) (210)
q-p
2
G=p)t2)
<c@p) sup / lu)? dx <c
Iép(fo) Bap(x0)

where ¢ = c(n, p, q, o, diam($2), M>). The claim follows by combining the esti-
mates above. 0O

Atthis stage, we have all the required tools to prove the reverse Holder inequality
when (4.3) holds true.

Lemma 4.5. Let u be a weak solution to (1.1). Then there exist constants ¢ =
c(data) and 6y = 0y(n, p, q) € (0, 1) such that for any 6 € (0o, 1),

]§[ (H(z,|Vul) + H(z,|F))) dz
0%(z0)

4
<e ]5[ H(z, [Vul)’ dz +c7§[ H(z, |F|)dz,
03, (z0) 03, (z0)

whenever Q%Kp (z0) C Qr satisfies (4.3).

Proof. Lemma 2.3 implies that

lu =gy o)l =gy ol
75[ H(z,|Vul)dz £ 6]5[ 2p'20 +a(2) 5, (20 dz
0} o) 03, o) 2p)? 2p)d

lu — Ugi (2 )|2
varaff B gyl meirpa,
0,00 (2p) 03, (z0)

(4.8)
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where ¢ = c(n, p, g, v, L). To estimate the first term on the right-hand side in (4.8),
we apply Lemmas 4.3 and 4.4 to conclude that there exist 6y = 0y (n, p, q) € (0, 1)
and ¢ = c(data) such that for any 6 € (6p, 1),

lu —ugr ol lu—ugs ol
ﬁ[ 2 +a(z) 2 dz
o\ G oy

§M“4fﬂj H(z, |Vu)) dz
03, (z0)

=gy cl” =gy cpl”
+ cx(1—9)p]§[ A 72/;0 + inf a(w)972/)90 dz
03,(z0) 2p)°r we 0}, (z0) (2p)vd

By Lemmas 3.2 and 3.3 we obtain

|u—uQx( )|p |u—uQx( )|‘7
]§[ %R0 + a(z)—zﬂzo dz
03, 0) (2p)P (2p)e

< c)\“—@)l’ﬁ[ Hz, |Vu))? dz
0}, (z0)

1—22)g N
+ C)Lp_(p_ _m> P ]§[ (|Vu| + |F|)017 dz
05, (z0)

0
+ ea1=0p 75[ H(z,|F|)dz ) .
03, (z0)

By recalling that ;2% < p — 1 and letting

1
p=min{ip—1-— ap e
n+2 2

we have

lu =gy " lu —ugy o)l
]5[ TG 2@ ) g,
0%, (z0) 2p)P (2p)1
B
< ca P59 ]5[ H(z, |Vu|)9 dz
03, (z0)

86
+ en(1=F00p ]5[ H(z |F])dz) .
03, (z0)
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To estimate the second term on the right-hand side of (4.8), we apply the
Poincaré inequality with 6 € 2n/((n + 2)p), 1) and Lemma 4.3 to obtain

R 2
= tgs )l
P
05,0 (2p)
1 1
|M—MQA( )|2 2 |M—MQA( )|2 2
[ el (g e,
13, (t0) \J Bay (x0) (2p) B2, (x0) (2p)
1
|u — MQ)» (Zo)lep o 1
of. L o x| (s 03,e0)"
13, 10) '\ Bap(xo) 2p)
1
=1 pr ()| ”
cA ﬁ[ 72’;0+|Vu|91’ dz ,
Q%p(zo) (2p)°p

where ¢ = c(data). Lemma 3.2 implies that

B
[ —u | o
)\P*zﬁ[ % dz < eal™# ﬁ[ H(z, |Vu))? dz
0,00 (2p) 0}, 0)

B

p

+earP 75[ H(z |F)dz) .
03, z0)

By combining the estimates above and applying (4.8) and Young’s inequality, we
obtain

]5[ H(z, |Vul)dz
0%(20)
B

op
< cal—h ]5[ H(z, |Vu)l!dz| +caP™? 75[ H(z, |F|)dz
0}, 0) 0}, 0)

1

1 6
M+ ﬂ H(z, |Vu))’ dz +c# H(z, |F)dz.
: 03, 0) 03, z0)

The third condition in (4.3) implies that

A

A

=

[IA

1

9
# H(z,|Vu)dz < ¢ 75[ H(z, |Vu))? dz
03 (z0) 03, (z0)

+c]§[ H(z, |F])dz.
03,(z0)

This completes the proof. O



Arch. Rational Mech. Anal. (2023) 247:79 Page 29 of 46 79

The following lemma will be used in the next section.

Lemma 4.6. Let u be a weak solution to (1.1). Then there exist constants ¢ =
c(data) and 6y = 0y(n, p, q) € (0, 1) such that for any 6 € (6y, 1),

// H(z,|Vul)dz < eA'? // H(z, |Vu|)? dz
05,,(0) 03, @)NW(c1A)

+c// H(z. | F])dz,
03,z)N® (™' A)

whenever Q%Kp (z0) C Qr satisfies (4.3). Here WV (A) and ® (A) are defined in (4.1)
and (4.2).

Proof. The second condition in (4.3) implies that

1

)
ﬁ[ Hiz [Val))’ dz §A1’“—9>7§[ H(z, |Vu])’ dz.
03,(z0) 05, (z0)

By representing Q7 (zo) as a union of Q5 (z0) N W ((4c)~/#A7) and Q3 (z0) \
W((4c)~191P), we have

1
) 3 )Lp(l —0) )
ffHevara) <o I H, [Vu) dz,
03, (z20) i’ Isz\ 03, (z0) W ((4c)~1/72)

for any ¢ > 0. A similar argument gives

1
ff mcarpas s ff H, |Fl)dz.
03}, 0) 4c 0}, @)N®((4e)~13r)

It follows from Lemma 4.5 that
]§[ (H(z,|Vul) + H(z, |F|))dz
0% (z0)

1 ceap1=0)
s [ H(z. [Vu)) dz
2 105,103, conwi@aer—1/1n)

v H. Fl)dz.
IQZ,JI 05, (z)NP((4e)~12P)

By recalling the second and third conditions in (4.3), we obtain

I, v He IR
2kp 20

5. p(1-0) 9
% // H(z, |Vul)” dz
|Q2,0| 0%, z0)NW ((4c)~1/927)

// H(z, |Fl)dz.
Iszl 05, (z)NP((4e)~12)

<2c
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Thus, we have

// H(z, |Vul) dz < 22210 // H(z, |Vu))? dz
0}, 20) 0}, (20N ()~ 1/02r)

+ 2c// H(z, |F|)dz. 4.9)
05, (20)NP ((4c)~12P)

We note that

AP AP S AP . AP +a(zo)Ad A
4c = (o)l/f = (o)l = 2K (4c)l/f 2K (4c)l/f0”

v

where we applied the first condition in (4.3). The estimate above implies that

W((4c)~ 0Py c W((2K (4c)"/%)~'A) and
O ((4c)~'AP) € D((2K (4c)' /%)~ A).

Therefore, by replacing 2K (4¢)V/% with ¢, (4.9) can be written as

// H(z,|Vu)dz < cA'™? // H(z, |Vu))’ dz
05, (@0) 0%, )W (1 A)

+C// H(z, |F|)dz.
05,z)NP (™1 A)

This completes the proof. O

4.2. The (p, q)-intrinsic case

In this case we consider estimates in (p, ¢)-intrinsic cylinders as in (3.7) and
assume that (4.4) holds. We remark that constants in the estimates depend only
on n, N, p,q,v, L since (1.1) reduces to a parabolic (p, g)-Laplace system in
G;‘K o (z0). We denote

|I/t — MG)‘(, )|2
S(u, GA(z0) = sup ][ ———dx
T%(t0) Bp(x0) p
Lemma 4.7. Let u be a weak solution to (1.1). Then there exists a constant ¢ =

c(n,N, p,q,v, L) such that

lu — ugr @ )|2
S(u, G3,(20)) = sup ][ —— G dr S,
JZA/)([O) By, (x0) (2p)

whenever G%‘Kp (zo) C Qr satisfies (4.4).
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Proof. Let 2p < p; < p2 < 4p. By Lemma 2.3, there exists a constant ¢ =
c(n, p,q,v, L) such that

2
Hz, (M) e —uGy o)l
5 sup — dx
AT o) By o) I

q lu — ugn |P lu —ug |4
< Py ]5[ ng (z0) +a@) G;z (z0) dz
(o2 = P11 JJGA, (z0) 05 05

2 lu — uga |2
c H, (A G%, (20)
1% . 202( ) —2020 dz + C# H(z, |F))dz.
(p2 = p1)* A G%, (20) 03 G}, (20)

(4.10)

For the first term on the right-hand side of (4.10), we apply Lemma 3.4 together
with the second and third conditions in (4.4) to obtain

|M — MGA (Z())'p |M — MG)L (ZO)lq
(2 a0 — ) w
G4, (z0) 1% P2
|M — Ugr (z )|
off gy (el
G, (z0) 2

§C]§[ Hy (IVul + |Fl)dz = cHy, (M),
0%, (z0)

where ¢ = c¢(n, N, p,q, L).
For the second term on the right-hand side of (4.10), as in the proof of Lemma 4.3,
we obtain

2
lu —ugs ) ‘
G* 2 ¢
%, (20) 1%

1
lu = ugs @l ’ I
c ]5[ — 4 Vul? ) dz (S(u. G5, (z00))* .
G%, (20) 05

where ¢ = c(n, N, p). By using Lemma 3.5 and (3.11), we obtain

[IA

|M — Ughr (z )|2 1
ﬁ[ ———2 4z < eAS(u, G (20))2,
G, (z0) Py

where ¢ = c¢(n, N, p, q, L). By combining estimates and arguing as in the proof
of Lemma 4.3, we have

S, G, (20)) S2S(u, G (e0)) + ¢ i, o )2
2 (02 —p)? (2 — p1)

The conclusion follows by applying Lemma 4.2. 0O
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Lemma 4.8. Let u be a weak solution to (1.1). Then there exists a constant ¢ =
c(n, p,q) such that forany 0 € (n/(n +2), 1),

[ —ug. (z)|1’ |M—L£GA(')|q
]5[ 20 e ———2 ) dz
G}, (z0) 2p)P (2p)e

<C]§[ He 7| ép(10)| +H9 (|Vu|) dz I‘I1 ¢ (S(u G (Z ))%)
= b 0 ’
;‘p(zo) 20 2/) 20 20 2p

whenever G%‘Kp (zo) C Qr satisfies (4.4).

Proof. From the second condition in (4.4), we obtain

lu —ugs )|p lu —ugs )|q
]§[ 5,20 +a() 5,(20 dz
G}, (20) 2p)P (2p)d

|u—qu( )|P |u—qu( )|‘1
< 2]§[ T +a(ZO)—2PZ° dz.
G}, (z0) 2p)P (2p)4

By Lemma 4.1, there exists a constant ¢ = c¢(n, p, q) such thatforany 8 € (n/(n+
2), 1), we have

# |M — uG%ﬂ(ZO)V’ d
——dz
G}, (20) (2p)?
1)(1—9)17

=gy pl”
< cﬁ[ — 2 4 vul?? | dz (S(u, G5, (20))?
G'z\p(Zo)

2p)?P

and

lu —ugi l?
Qi LN
G}, (z0) (2p)1

Ju = ugs ol
< C]§[ a(zo)e—pgq + a(z0)?|Vu|? | dz a(zo)'™?
& @ 2p)

(1-6)
(s@. Ghent) .

Thus we conclude that

Iu—uG,\(v)V’ |u—qu(v)|q
]5[ 3,20 +a() 3,(20 dz
o\ @o)P 20)1

[ —ug ( il
<ec HE [ ——22 ) & HO (\Vul)dz
A 20 2 20
[RED p

x (S, G, 0n?) +atzo) (S, G%p(m))%)q)l_e '

This completes the proof. O
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Lemma 4.9. Let u be a weak solution to (1.1). Then there exist constants ¢ =
c(n,N, p,q,v,L)and 6y = 0y(n, p,q) € (0, 1) such that for any 6 € (6, 1),

1

2
ﬁ[ Heo (V| + | Fl)ydz < ¢ ﬁ[ HY (|Vul) dz
G} (20) G}, (z0)

+c7§[ H., (IF]) dz.
G, (z0)

whenever G5 (z0) C Q7 satisfies (4.4). Moreover, we have

2Kkp

// H(z, |Vul) dz < cA‘—9//~ Hz, |Vul) dz
G, ,(z0) G5, (z0)NW(c1A)

+c//ﬂ H( |Fl)dz,
G}, (20)N® (1 A)

where W(A) and ®(A) are as in (4.1) and (4.2).

Proof. Once the first estimate in the statement holds, then the second estimate
follows as in the proof of Lemma 4.6.
To prove the first estimate in the statement, we apply Lemma 2.3 to obtain

lu—ugr ol” = ug ol
]5[ H(z,|Vul)dz < cﬁ[‘ L o) ——22 ) 4z
G (z0) G3,(z0) (2p)P (2p)7

2
Hoy (M) lu — gy )l
2o Jley o @2p)?

+c

dz +c7§[‘ H(z, |F])dz. (4.11)
G, (z0)

Using Lemmas 4.8, 3.4 and 4.7 for the first term on the right-hand side of (4.11),
we obtain

|u—qu(v)|1’ |u—qu(v)|q
]é[ R +a(z)—2”m dz
G}, (z0) (2p)? (2p)1

6
§c]§[ HE ((Vu)dz H P () + ¢ # H.,(IF)dz ) H P 0).
G}, (z0) G}, (0)

As in the proof of Lemma 4.5, we obtain

1
|M—MGA(‘)|2 |M—MGA(‘)|GP op
7% — e dzZa ]§[ — 2 Vul” | dz
G}, (z0) (2p) G}, (20) 2p)P
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and from Lemma 3.5 we conclude that

lu —ugn (Z0)|0p 0
]§L #dz§c‘]§[ [VulPP dz + ¢ 7§[ |[F|Pdz ] .
Gh  (2o)P G}, (20) G}, (20)

For the second term on the right-hand side of (4.11), we have

1
lu— w2 7
Hey ) G g < M) ﬁ[ Vul?? dz
A N6y, (2P) A G%, (20)

1

H,, (A r
Cﬂ ]§[ |F|P dz ,
A G}, (z0)

where

1 1
H A Op Op
L) ]§[ |Vu|9p dz < APl 7§[ |Vu|9p dz
A G}, z0) G}, (z0)

1

q-1 %

+ (atzo)r9) 7 7§[ a0’ IVul®dz) .
G, (z0)

A similar argument for | F'| gives

2
H., (M) =g (o)l
a2 G}, (z0) (2p)?

<! (]5[ Vu| P dz) + (a(zor?) @ (ﬁ[ a(z0)’|Vul" dz)
G5, (z0) G5, (z0)
5 7
+ P! (ﬁ[ |F|P dz) + (a(zo)r?) @ (75[ a(zo)|F1? dz) )
G’z\p(zo) G3,(20)

By collecting all the estimates above and applying Young’s inequality together
with the second condition in (4.4), we obtain

1

1 0
]5[ H(z, |Vu|)dz £ —H,,(A) + ¢ 75[ H(z, |Vu])? dz
G} (z0) 2 G}, (z0)

+c]§[ H(z,|F|)dz.
G}, (20)

We use the fourth condition in (4.4) to absorb the first term on the right-hand side.
This completes the proof. O
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5. The proof of Theorem 1.1

In this section, we will complete the proof of Theorem 1.1. We divide the sec-
tion into three subsections. In the first subsection, we construct intrinsic cylinders
which are either p-intrinsic or (p, g)-intrinsic, see (4.3) and (4.4). In the second
subsection, we prove a Vitali type covering property for the system of intrinsic
cylinders constructed in the first subsection. Note that the collection consists of
two different types of intrinsic cylinders depending on the center point of the cylin-
ders. Finally, in the last subsection, we complete the proof of gradient estimate by
applying Fubini’s theorem together with Lemma 4.2.

5.1. Stopping time argument
Let

AG = ]5[ (H(z,|Vul) + H(z, |F|)) dz + 1,
02r(20)

ap

Ao=A+ sup a(x)A! and y = , (5.1
" e0n) ’ n+2
where Q»,(z0) = B, (x0) X (tg — (2r)2, to + (Zr)z). Moreover, let
K =1+40[aleM;and « = 10K. (5.2)
With W(A) and ®(A) as in (4.1)-(4.2) and p € [r, 2r], we denote
WA, p) =W(A) N Qp(zo) ={z € Qp(20) : H(z, [Vu(z)) > A}
and
Q(A, p) = P(A) N Qp(z0) ={z € Qplz0) : H(z, [F(2)]) > A}
Next we apply a stopping time argument. Let r < r; < rp < 2r and
q(n+2)
dkr 2
A > < Ao, (5.3)
r —r
where « is as in (5.2). For every w € W(A, r1), let A, > 0 be such that
A =D+ a)ny, = HyOu), (5:4)

where H,, is as in (3.2). We claim that

n+2

dir 2
Ay > A0
rp—ri

For a contradiction, assume that the inequality above does not hold. Then

q(n+2) q(n+2)

A<< der ) ’ (xg+a(w)xg)§( der ) " Ao

n—=r n—=rnr
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which is a contradiction with (5.3). Therefore, for s € [(ro — r1)/(2k), 2 — 11),
we have

#A (H(z, |Vul) + H(z, |F|))dz
5" (w)

o n+2
< ap-2 <_> ﬁ[ (H(z. |Vul) + Hz, |F]) dz
s Q2 (z0)

dicr n+2 B
< <r2 —~ V1> A2E <Ak, (5.5)

Since w € W(A,r) and (5.4) holds, it follows that w € W5, ). By the
Lebesgue differentiation theorem there exists p,, € (0, (r» — r1)/(2k)) such that

]5[ (H(z,|Vul) + H(z, |F|))dz = A}, (5.6)
O (w)
and
I G )+ HGFD) 6 < 0 5.7)
0" (w)
for every s € (py, r2 — r1). Observe that (5.6) and (5.5), imply that
2\ 2
oy < (—r> Ao. (5.8)
Pw
For K > 1 asin (5.2), either
K)b 2 a(w)rd or KAL < a(w)rd. (5.9)
In addition, either
a(w) Z 2[aly(10p,)* or a(w) = 2[ale(100y)*. (5.10)

‘We consider three cases:

(1) KAL = a(w)rl, that is, the first condition in (5.9) holds,

) K25 < a(w)rd and a(w) = 2[aly(10p,,)%, that is, the second condition in
(5.9) and the first condition in (5.10) and

3) K25 < a(w)rd, and a(w) £ 2[aly(10p,,)%, that is, the second condition in
(5.9) and the second condition in (5.10) hold.

First we note that (1), together with (5.6)—(5.7), imply (4.3) for p-intrinsic
cylinders by replacing the center point and radius with w and p,,. Next we show
that (2) implies (4.4) for (p, ¢)-intrinsic cylinders. From the second condition in
(5.9) we obtain a(w) > 0 and G¢” (w) C QX" (w). By (5.6)—(5.7), we obtain

]%Aw( )(H(Z, |Vul) + H(z, | F|)) dz

Hy ()
Mo

[IA

#A (H(z,|Vul) + H(z, |F|))dz < Hy(w)
05" (w)
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for every s € (py, r2 — r1). Recall that w € W(A, r1) and A = Hy,(Ly,). We find
Sw € (0, py] such that

]§[. H(z, |Vul|) + H(z, |F])dz = Hy(Ay) (5.11)
Gely (w)
and
ﬁ[x (H(z,|Vul) + H(z, |F|))dz < Hy(Ay)
Gsw(w)

for every s € (Gy, 12 — r1). Moreover, it follows from the first condition in (5.10)
that

2[ala(10pw)* = a(w) = 0 inf )a(z) + [ala (100y)*

10pa (W
and
sup a(z) £ inf  a(z) + [ale(10p,)* £2  inf a(z).
Q10py, (W) 10y (W Q10py, (W
Therefore,
a(;)) < a(z) £ 2a(w) for every z € Qiop, (W). (5.12)

Hence, (2) implies (5.11)—(5.12). This shows that (4.4) is satisfied by replacing the
center point and radius with w and ¢,.
Finally, we prove that (3) never occurs due to (5.2). From the second condition
in (5.9) and the second condition in (5.10), we have
KAl

K)\p = a(w)Twu; < 20[aly p2 A9

By applying (5.6) and recalling that y = we obtain

wia:

Y
P

KD < 20[alap <]§[A (H(z,|Vul) + H(z, |F|))dz) 247
Q) (w)

Observe that
Y
P

P <]§[ (H(z,IVu|)+H(z,|F|))dz> ALY
Qi ()

_ymt) (2 L(p—2)¥
< i M )Lq yHp-2% M”“kq y+(p=2);
and
2y 200
-y + D-—=qg——=q — < p.
g—v+p- ) =q » 1= =P
It follows from (5.2) that
1 g—v+(p-2% 1
My a5

Therefore, the second condition in (5.9) and the second condition in (5.10) cannot
occur together.
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5.2. Vitali type covering argument

In Section 4 we considered reverse Holder inequality, and in Section 5.1 we
discussed a stopping time argument, for p-intrinsic and (p, ¢)-intrinsic cylinders.
For each w € W(A, r1), we consider

Q(w) = 5» (w)in (1) and Qw) = G5 (w) in (2).

We prove a Vitali type covering lemma for this collection of intrinsic cylinders.
We denote

2py in(1),

F={Qw):weWVA,r)} and [, = {ZS‘w in().

Recall that [, € (0, R) for every w € W(A, ry), where R = (r; — r1)/k and k is
asin (5.2). Let

R

R
fJZ{Q(W)EFZ—j<lw<21—1

}, jeN

We construct subcollections G; C Fj, j € N, recursively as follows. Let G be a
maximal disjoint collection of cylinders in F7. By (5.8) we observe that the measure
of each cylinder in G; is bounded from below, which implies that the collection is
finite. Suppose that we have selected Gy, ..., Gx—1 with k = 2, and let

k—1
Gr = {Q(w) € Fr: Q(w) N Q(v) = ¥ for every Q(v) € U Qj}

j=1

be a maximal collection of pairwise disjoint cylinders. It follows that

=4 (5.13)
j=1

is a countable subcollection of pairwise disjoint cylinders in . We claim that for
each Q(w) € F, there exists Q(v) € G such that

OQw)N QW) #¥ and Q(w) C kQ(v), (5.14)
where
kQ() = Q5 () in (1) and xkQ(v) = G3y_ (v)in (2).

Forevery Q(w) € F, there exists j € N such that Q(w) € F;. By the construction
of G, there exists a cylinder Q(v) E U _Gi for Which the first condition in (5.14)

holds true. Moreover, since [,, < 2] and Iy 2 2], we have

Ly < 21,. (5.15)
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In the remaining of this subsection, we will prove the second claim in (5.14).
We note that if A = A, = A, and either

Qw) = Q7 (w) and Q(v) = Q} (v)
or
Qw) = G}, (w) and Q(v) = G7 (v),

then the second claim in (5.14) holds true if ¥ 2 5. Indeed, once the scaling factor
in the time interval of two intrinsic cylinders is the same, these cylinders are in
the standard parabolic metric space. Thus the standard proof of Vitali’s covering
lemma can be applied in these cases.

Regardless of (1) and (2), fori € {v, w}, there exist 2p; = 1; > Oand A; > 0
such that

A =2+ az)A! (5.16)

and
75[» (H(z, |Vul) + H(z, [F|))dz = A" (5.17)
04l zi)

We show that the second claim in (5.14) holds in all four possible cases that may
occur:
@ Q) = 0" (v) and Q(w) = Q0" (w),
(i) Q) = G}*(v) and Qw) = G* (w),
(iii) Q(v) = G;”(v) and Q(w) = Q" (w) and
(iv) Q) = Q}"(v) and Q(w) = G} (w).

Observe that in any of these cases, the first condition in (5.14) implies that Q;, (w)N
0y, (v) # ¥ and

01, (w) C QOs1,(v) C Q1op, (V). (5.18)

This will already imply that the second claim in (5.14) holds for the spatial part
of the set by enlarging the radius by factor 5. In the rest of this subsection, we
show the inclusion of the time intervals when enlarging the radius with factor « by
considering each case separately.

First we collect a few facts that will be applied in the argument. By (5.18) we
have

la(w) —a()| = [alo(10p,)". (5.19)

On the other hand, from (5.17), we may deduce that

1 M,
Pt = —/ (H(z, \VuD) + H, [F)dz € 28, (5.20)
! 21B1123 JJ ok ) A2
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If Ay < Ay, we claim that

1
Ay < <2 (1 + 10[a]O,M]"+2)> " Ao (5.21)
For a contraction, assume that (5.21) does not hold. It follows from (5.16) and
(5.19) that
A=A +a@)rl < AP +a()Ad + [al,(10p,)% 2. (5.22)
By (5.20) we obtain

o 2o _a q_Lr _a
pa)\q < M1n+2)\v n+2k?1) < erl+2)\w n+2 g M1n+2)\’5}’

viTw =

since Ay < Ay and g < p + 2a/(n + 2). Substituting the negation of (5.21) and
the above display into the right-hand side of (5.22) leads to a contradiction since

1 1
A< 5 (AP +a@rd) = EA'

On the other hand, if A, < A, we claim that

1
o P
Aw S (2 (1 + 10[a]aM1"+2)) Av.
Otherwise, it follows from (5.20) that
A=A+ a@rl < AP+ a(w)r? + [aly(10p,)%22
o g 2
<P+ a)rd +10[aly M Ay "

& 1 1
< (1 + 10[a]aM1”+2> A +aw)rd < E(A{j} +aw)rl) = 5A_
In any case we have

QK) 7 hy < oy < 2K) 7 Ao (5.23)

Let v = (xy, ty) and w = (xy, ty) for x,, x,, € R" and 1, 1, € R.
@Gi): Qv) = Q?;v(v) and Q(w) = Qt"(w). For any t € Il);“’ (tw), we apply
(5.15), (5.23) and (p — 2)/p < 1 to have
7= 1o S [t — tul + Ity — o] £ 2227712 422772
2—ps2 2,2-ps2 2— 2
< (16K + D) Ay PI5 S 100K -0, PL0 = AP (kly)”,

which implies Ijﬂw (tw) C u,ﬁv (ty). Thus, we have Q;" (w) C x Q" (v).
(ii): Q) = G} (v) and Q(w) = G (w). Forany 7 € J;" (t,,), we have
2 )»2

A
T—t St —tyl+ ltw — 1] S2—2 2
| o] = wl+ltw — ] = RIS AT
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By (5.16), (5.23) and 2/p < 1 we have

2 2 2 2
Mo _hwocgptu _gp M
Hy(w) AT A Hy(Ay)
Therefore applying (5.15), we obtain
A2 22 A2
It — 1] £ (16K + 1) —2—12 < 100K>——2—12 = L (kcly)>.
Hy(My) Hy(Ay) Hy (Ay)

This implies that J}* (,,) C xJ;" (1,). Thus, we have G} (w) C kG}" (v).
>iii): Q(v) = le” (v) and Q(w) = Ql"l)” (w). For any t € Il);w (tw), we have
from (5.16) that
2

A A2
2-p;2 2 2—pi2 2
T —ty] S 1T — tyl + |tw — to] S 2257710 + Hv&v)l” =2k Pl +

(5.24)
Recalling KL > a(w)Ad, we apply (5.23),2/p < 1 and (5.16) to get
rrg w20 e N Byt
T R T AL Fary, T A +a(w)iy A

which, together with (5.24) and (5.15), implies

A2 22 A2
2 2 2 2 2
It — 1] < (32K?% + 1)—A”lv < 100K —A“lv = —1;’ (rcly)?.

Therefore 1" (t,,) C kJ}" (t,) and Q)" (w) C G}" (v).
@{iv): Q(v) = Q[U”(v) and Q(w) = G?:“w (w). For any t € Jli'” (tw), we apply
(5.15), (5.23) and (p — 2)/p < 1 to have

)‘2 2 2—pj2
1T —to] S 1t — t| + 1ty — o] < 2%@1 + 2P
<2AZPI2 4 327P12 < (16K + DA2P2

2+2—p;2 2— 2
< 100K2227P12 = 2277 (k).

Therefore Jli}"’ (tw) C Kllt"(t,,) and G;‘w“’(w) C KQI)LUU (v). Since we have covered
every case, the proof of the second condition in (5.14) is completed.
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5.3. Final proof of the gradient estimate
We write the countable pairwise disjoint collection G defined in (5.13) as G =
Uj?olej, where Q; = Q(w;) withw; € W(A, ry).
Lemmas 4.6 and 4.9 imply that there exist ¢ = c(data) and 6y = 6y(n, p, q) €
(0, 1) such that

/ H(z,|Vu|)dz < cAl_e// H(z, |Vu|)? dz
KQj Qjﬂll/(cfll\)

+c// H(z. |F))dz
Q;Nd(c~1A)

for every j € N with 8 = (6p + 1)/2. By summing over j and applying the fact
that the cylinders in G are pairwise disjoint, we obtain

oo
// H(z, |Vul)dz < Z// H(z, [Vul) dz
W(A,rp) =1 kQj
[e.¢] o0
gcAH)Z// H(z, [Vu))’ dz—l—cZ// H(z,|F|)dz
= QN (c~IA) = QiNd(c~'A)

<cal? // H(z, |Vu))? dz+c// H(z,|F])dz. (5.25)
JSW (A, ) J®(cTA,r)

Moreover, since

// H(z. |Vul)dz < A“Q// H(z. |Vu])’ dz,
\I’(c_lA,r|)\\I’(A,r1) kll(c_]A,rz)

we conclude from (5.25) that

// H(z,|Vul)dz
W(clA,r)

< cA‘*G// H(z, |Vu))’ dz+c// H(z, |F])dz.
\IJ(C*IA,rz) <I>(C*1A,r2)
(5.26)

For k € N, let
H(z, |Vul)r = min{H (z, |Vul), k}

and
Vi (A, p) ={z € Qp(z0) : H(z, |Vu(@)Di > A}.

It is easy to see that if A > k, then Wi (A, p) = @ and if A < k, then Wi (A, p) =
W (A, p). Therefore, we deduce from (5.26) that

// (H(z, |VuD)'™ H(z, |Vul)? dz
\Ilk(c*lA,rl)

§CA1_9// H(z, |Vu])? dz—i—c// H(z, |F)|)dz.
\I/k(cflA,rz) <I>(C*1A,r2)



Arch. Rational Mech. Anal. (2023) 247:79 Page 43 of 46 79

Recalling (5.3), we denote

q(n+2)

_1( 4kr 2
Al =c Ag.

n—=r

Then for any A > A1, we obtain

// (H G VuDo)' ™ Hz, [Vu) dz
Wi (A,r1)

< ea? // H(z, |Vu])? dz +c// H(z,|F))dz.
Wi (A,r2) D(A,r)

Let ¢ € (0, 1) to be chosen later. We multiply the inequality above by A®~!
and integrate each term over (A, o), which implies

o
1:/ Ae_l// (H(z, [VuD) " H(z, |Vu))? dzd A
Ay Wi (A,rp)

o0
§c/ AH// H(z, |Vu|)? dzd A
A Wi (A,r2)

o0
+c/ Agfl// H(z,|F|)dzdA
Ay D(A,r2)

=1+ 1L

We apply Fubini’s theorem to estimate I and obtain
1
I=- // (H(z, |VuDo)' =" H(z, |Vul)’ dz
€SI (Ar,r1)

_ l & 1-6 2]
Aj (H(z, |[VuDy) ~7 H(z, |Vul)” dz.
€ Wi (A1,r1)

Since

// (H(z, |[Vul))' =% H(z, |Vu|)? dz
Or o)\ Wk (A1,r1)

< Ai// (H(z, |VuD)' ™ H(z, |Vu])? dz,
021 (20)
we have

1
1>! // (H (. [VuDo)' =+ H(z, [Vu))! dz
€ er (z0)

_% e 1-6 0
Aj (H(z, [VuDix) " H(z, [Vul)” dz.
€ Q2r(z0)
Similarly, by Fubini’s theorem, we have

1
< —// (H(z, IVuDi)' =% H(z, |Vul)? dz
1-0+e 0Or, (20)
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and

1
1 < -// H(z, |F)"™* dz.
€ JJ 02r(z0)

By combining the estimates above we obtain

// (H(z, [Vul))' =0 H(z, |Vu))? dz
er (ZO)

ce
< _// (H(z, |VuD)' ™% H(z, |[Vu))? dz
1=0+¢ /o,

+cAf // (H(z, |Vul))' ™ H(z, |Vu|)? dz
Q2 (20)

+c// H(z, |F))'* dz.
02, (20)

We choose eg = eg(data) € (0, 1) so that for any ¢ € (0, &9),
ce 1
1—0+¢ = 2
Then, by applying Lemma 4.2 we get

[IA

// (H(z, |VuD)' % H(z, |Vu))? dz
r(ZO)

< cAg// (H(z, [Vub)' ™ H(z, |Vu))? dz
02r(20)

+c// H(z, |F)'*¢ dz.
02, (z0)

The claim follows by letting k — oo and recalling (5.1).
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