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Abstract

We study needle formation at martensite/martensite macro interfaces in shape-
memory alloys. We characterize the scaling of the energy in terms of the needle
tapering length and the transformation strain, both in geometrically linear and in
finite elasticity. We find that linearized elasticity is unable to predict the value of the
tapering length, as the energy tends to zero with needle length tending to infinity.
Finite elasticity shows that the optimal tapering length is inversely proportional to
the order parameter, in agreement with previous numerical simulations. The upper
bound in the scaling law is obtained by explicit constructions. The lower bound is
obtained using rigidity arguments, and as an important intermediate step we show
that the Friesecke—James—Miiller geometric rigidity estimate holds with a uniform
constant for uniformly Lipschitz domains.

1. Introduction

Shape-memory materials are special alloys that undergo a diffusionless solid-
solid phase transformation upon a change of temperature or stress. During nucle-
ation, complex microstructures emerge, and these microscopic patterns seem to be
closely linked to macroscopic properties of the materials [3,9,32]. The patterns are
usually modeled in the framework of the phenomenological theory of martensite
[6], based on finite or linearized elasticity. The linearized theory is widely used
and has been proven to arise naturally as I'-limit of the nonlinear theory for small
displacements [26]. While the linearized theory often provides a good approxima-
tion to the physical (nonlinear) setting, several mathematical results indicate that in
various situations the linear theory can lead to qualitatively different predictions,
see e.g. [3,4,10,16,20,24].

During nucleation of martensite in an austenitic matrix, various interfaces between
austenite and martensite or between different martensitic variants are formed. We
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Fig. 1. Left: Experimental (high-resolution transmission electron microscopy) image of
needles in the Nig5Alz5 shape-memory alloy, from BOULLAY, SCHRYVERS AND KOHN [12,
Fig. 5]. Right: Experimental (optical microscopy with polarized light) image of needles in the
Cuy4Al3 9Ni shape-memory alloy, courtesy of CHU AND JAMES [18,19]. The two pictures
show a similar phenomenon at very different length scales, of the order of a few nanometers
on the left, and of a fraction of a millimeter on the right

focus on interfaces between different regions of laminated martensites, so called
martensite/martensite macrotwins. At such interfaces, one often observes needle-
type microstructures, i.e., laminates where the minority variant drops out at the
interface (see Fig. 1 and [12]). We point out that in many experiments, the needles
show a more complex topological structure, and in particular branch close to the
interface. This leads to different mathematical challenges [13,35,36], but we will
focus here on simple needle structures as sketched in Fig. 2.

The mathematical treatment of such structures within the framework of the phe-
nomenological theory started with the work in [11,12,34,47,48]. In [12], the au-
thors used a static variational model based on linearized elasticity and were able to
predict the bending angle at which the needle meets the interface, in terms of the
measured tapering length of the needle. We point out that the authors here did not
intend to make predictions on the tapering length from the theory. Related prob-
lems of optimal needle shapes near martensite/martensite or martensite/austenite
interfaces have since then been studied extensively, both in the analytical and the
numerical literature, see e.g. [11,15,21,22,29,39-41,43,46-49]. In many numer-
ical simulations, it has been observed that numerical schemes with geometrically
linearized elastic energies are unstable or do not reproduce the experimental results
while geometrically nonlinear models appear more appropriate.

We follow here the recent approach from the numerical study in [21]. We aim at
a better understanding of the length scale of such needle structures, in particular
the tapering length. To determine this length in terms of the material parameters, a
shape optimization problem for the parametrized needle shape is considered.

Let us finally comment on some simplifications that have been proposed in the
literature. The most popular simplification is the linearization of the elastic energy
(see, e.g., [12]). In this note, we will underline the numerical findings from [21]
that the linearized theory is not appropriate to determine the tapering length. More
precisely, we show (see Theorem 3.1) that for any energy-minimizing sequence in
the geometrically linearized setting, the tapering lengths tend to infinity. This is in
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Fig. 2. Sketch of the geometry. The right picture is based on data from the numerical simu-
lation in [21]
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Fig. 3. Sketch of the geometry around a martensite/twinned martensite interface. This ge-
ometry is often called a macrotwin

accordance with several other numerical findings in which it was observed that the
geometrically linear model does not yield the expected results (see [21,29,43]).
In[51,52], arelated problem of needle-type microstructures near austenite/martensite
interfaces has been investigated. There, the situation is simplified by assuming con-
stant gradient in the very thin needles. Although one does not expect a large contri-
bution to the elastic energy from these small domains, our analysis here indicates
that the optimal energy scaling is not preserved under this simplification. Indeed, a
significant effect seems to come from rotations at rather large angles (comparable
to the shear in the variants).

Let us start with a brief qualitative explanation of the relevant effects. We work
in two dimensions, and denote the eigenstrains of the two martensitic variants by

As = <(1) ‘f) , Bs = ((1) _13> . (1.1)

We start from the large-scale picture, as summarized in Fig. 2 and 3. On the far right
there is a laminate between As and Bs, with volume fraction 0 € (0, 1); its average
deformation is F := 6 A5 + (1 — 6) Bs. On the left of the macro interface we have
only variant As, but with a different rotation Q, € SO(2). Compatibility of the
macro interface implies that Q. As — F is rank-one, and the orientation ey 5 of the
macro interface is characterized by the condition (Q+As — F)eg s = 0. This fixes
both Q. € SO(2) and eg s as functions of 6 and §, details are given in Lemma 2.1
below (see also Fig.2). As Q. # Id, the two regions in the As variant are not
rank-one compatible, rank(As — Q. As) = 2.

In the geometry of Fig.2, needles are structures by which the volume fraction
of the A phase varies from O close to the macro interface to the asymptotic value 6
at large x;. For this qualitative discussion we use non-orthogonal coordinates and
assume that x; = 0 corresponds to the macro interface. The entire construction is
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affine-periodic in the direction of the macro interface, with a periodicity condition
given by the macroscopic deformation on the left, u(x+ep s) = Q«Ases.s = Fep 5.
For definiteness, let us assume that the period is 1, and denote by £ > 0 the charac-
teristic length scale in the x; direction. Given these boundary conditions, one then
determines the optimal deformation by minimizing the total elastic energy jointly
over the elastic deformation u and the shape of the interfaces, see Fig.2 for the
result in a specific situation. The precise functionals we minimize are introduced
below, and given in (3.9) in the geometrically linear case, and in (4.12) for the
geometrically nonlinear one. For simplicity, in this introduction we do not include
a description of the detailed shape of the interfaces, but only a simplified character-
ization, based on volume fractions at fixed x;. For any x1, let a(x1) be the volume
fraction (averaged over one period) of the As phase at given x1; correspondingly
b(x1) for the Bs phase. Obviously, a(x1)+b(x1) = 1 forall x1, and by the boundary
conditions a(0) = 0, whereas a(x1) ~ 6 and b(x1) ~ (1 — ) for x; > £.

If no rotation is present, and the energy is exactly zero, we necessarily have that
dou1 = & in phase As, and —§ in phase Bs. The vertical average of dyu| over one
period is then (@ — b)3, which matches the periodicity requirement only if a = 6
and b = 1 — 6. We next include infinitesimal rotations in the picture, assuming
that the rotation angle depends on x; but not on x;. In particular, if S(x1) is the
average lattice rotation angle at given x, then one has dru; = § + B in the A;
and du; = —4& + B in the Bs phase, with dju» = —f everywhere. Equating the
vertical average to the one required by the periodicity leads to

(a(x1) —b(x1))d + B(x1) = (20 — 1)3. (1.2)

This relation between tapering profile and rotation was first studied in [12], it
permits in particular to express § in terms of a and b. Treating the individual layers
as elastic plates, we see that the change in lattice rotation 8’(x1) generates a bending
energy depending on the curvature, and proportional to

l d 2
/0 (d—xlﬁ(xl)> dx;. (1.3)

Inserting the previous expression for 8 leads to minimizing

4
52/ (a — b)%dx, (1.4)
0

which yields, naturally, a(x1) = 1 — b(x1) =~ 6x;1/€ for x; € (0, £). Therefore
the total energy is proportional to §262/¢, and the optimal value for £ is oo (see
Theorem 3.1 below for a precise statement). The geometrically linear model is
unable to predict a finite length scale.

In finite elasticity, one considers an energy density which behaves as

min |Vu — RA;s)? = dist>(Vu, SO(2)As) ~ dist>(VuA; ', SO2)) (1.5)
ReSO(2)
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in the As phase, and similarly in the Bs phase (see below, and (4.12) in particular,
for a precise definition) [5,8,44]. A new term enters the picture in the product RAj.
Indeed, in

_(cos,B sinﬁ)(lé)_(cosﬁ Scos,B—I—sinﬁ)

RgAs5 = . = . . (1.6)
—sinf cosB ) \01 —sinf8  cosfB —§sin B

(and the same with Bs) there are more nontrivial entries than in the previous descrip-
tion based on linear elasticity. The du; term, similarly to (1.2) above, prescribes
B(x1) in terms of a(x1) — b(x1); the dju; and dju, terms are not important for
the same reason as above. However, periodicity requires dou» to have average 1,
so that |0ous — (RgAs)2| ~ % [32 + 8B. The total energy density is then of order
B2 4 B262, and balancing terms one obtains that the characteristic length scale is
£ ~ 1/§. We refer to Proposition 4.3 below for a precise construction. As in (1.2)
we have B ~ 86, and therefore this results in a total energy scaling as 0283, as
specified in Theorem 4.2 below.

These results are made precise below. We first formulate a precise mathematical
model for the needle geometry following [21,34,51], with boundary conditions
that fix the long-range structure and the topology but leave the shape of the domain
boundaries free. The key assumptions are affine-periodic boundary conditions along
the macro interface, a boundary data corresponding to a laminate at large x1, and the
fact that the phase boundaries are Lipschitz functions. We then provide, separately
in the linear and in the nonlinear case, explicit upper-bound constructions which
make the above arguments rigorous. We finally show that these constructions are,
up to universal factors, optimal, by providing corresponding lower bounds on the
energy. This involves minimizing not only over the elastic deformation, but also
over the phase interfaces, and hence over the shape of the domains of the different
phases. We present in Sect. 2 the model, in Sect. 3 the linear results, and in Sect.4
the nonlinear results.

One important difficulty in proving the lower bound is that one has to deal with
Sobolev functions on varying domains. Our argument in particular uses a trace
theorem, a Poincaré inequality, and a geometric rigidity inequality with constants
which are uniform for uniformly Lipschitz domains. Whereas the first two are
already present in the literature, the geometric rigidity estimate has, to the best of
our knowledge, up to now only been proven with domain-dependent constants, even
if uniformity of the constant for certain classes of domains has been formulated
in the literature without explicit proof (for example, [2, Prop. 1]), and used in the
study of microstructures near austenite/martensite interfaces (see e.g. [51,52]). We
provide in Sect.5 a full proof of the uniform geometric rigidity inequality for a
general class of domains, which we believe to be of independent interest. The key
ingredient is a uniform weighted Poincaré inequality, which also permits to easily
obtain as byproducts uniform trace and Poincaré estimates.

2. Kinematics and Reduction to a 2D Problem

We describe the crystallographic situation under consideration (see also [12])
building on the crystallographic theory of martensite (see [6]). We consider a
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macrotwin using two martensitic variants, given by wells SO(3)U; and SO(3)U,.
We make the standard assumption that the transformation stretch matrices are posi-
tive definite with det U; = det U, and nontrivial in the sense that U; ¢ SO(3)U,. If
laminates with gradients in the two wells are possible, then the wells are rank-one
connected, i.e., there exist R e SO(3), and non-zero vectors a, n € R3 such that

RU, — U, =a®i.

It is shown in [8] that under these assumptions, we may without loss of generality
(up to a linear change of variables) restrict to matrices of the form

As :=Id+8e®et, and Bs:=Id—Se®e"t (2.1

for some orthogonal unit vectors e, el € R3 with § > 0. Here, 8 > 0 measures the
shear, and we will focus on the case of small and moderate strains, || < 1, and in
particular on the limit § — 0. While we consider the three-dimensional setting, it
turns out that in our analysis, we may restrict to a two-dimensional simplification
since, as shown in [7], the optimal strains are plane strains, cf. Remark 2.2(iii).
Specifically, we shall work in the plane spanned by e and e, and denote by f € R3
a unit vector perpendicular to that plane. Following [6], the normals to the laminate
and macrotwin interfaces can be determined from the crystallographic theory of
martensite. For that, we collect the necessary linear algebra results in this section.

2.1. Nonlinear elasticity

In the setting of nonlinear elasticity, the direction of the macro interface is
not orthogonal to the one of the laminate, as illustrated in Fig.2. We denote the
orientation of the macro interface (in the plane orthogonal to f) by

1 1
es g = ———=(e— — d0e). 2.2)

Vv 1+ (86)2

This expression arises as the unique (up to a sign) nontrivial solution of the rank-
one compatibility condition between SO(3)As and the weighted average 6 A5 +
(1 —60)Bs. We summarize the relevant algebraic conditions in the next Lemma. All
assertions can be checked by direct computation; see, for example, [5].

Lemma 2.1. Let (e, e, f) be an orthonormal basis of R, § € R\{0}, 8 € (0, 1),
and let As and Bg be the matrices given in (2.1). Then it holds that
(i) As — Bs = 28e ® et
(i) The equation
QAs — (0As +(1 = 0)B;) =b®n, 0 €S0@3),beR3 nes?
(2.3)

has four solutions. Two of them are (I1d, £(1 —0)24e, +e), the other two have
the form (Qx, £by, *es.¢), where by, € R,

e+ 80et
eie =—— 2.4)

V1 + (86)2
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and 5 5
_1=8(1-0) n 1
0= gy (@t e) @5)
25(1 —6) i 1 '
11 820-67 (e Re—eQe >+f®f.
In particular,
OxAses g = (0As + (1 —0)Bs)es o- (2.6)
(iii) There is a unique Ry € SO(3) such that
0.As —RoBs =a®e  forsome a € R3. 2.7)

The rotation Ry is given by
Ry = Qs (ﬂ <e®e+el®el>+
1+ 52 1+ 652
1+68%1 —0)2 —82(—2+20 + 62
== <i+52;(1+a§(1 —+9>2>+ Meoetetoc
28(1 +8%(1 —6))
(1+82)(1 + 82(1 — 6)2)

(iv) All matrices act trivially on f, i.e.,

Asf=Bsf=0«f =Rof =1 (2.9)

In Sect. 4 we shall consider a macrotwin with normal eslg, and twin plane normal

(e®el—ej‘®e>+f®f)

(e@et—et®e)+ fQ f. (2.8)

e* deep in the laminate on the right hand side of the macrotwin, see Fig. 3.

Remark 2.2. (i) It follows from (2.2) that es g — e® as 8 — 0, but es g # e* for
finite 6.

(ii) If |8] and € are small, then the rotation Q. as given in (2.5) is a rotation by
roughly 25(1 — 0), while Ry is a rotation by roughly —2486. In particular, both
rotations are of order 8.

(iii) Motivated by assertion (iv) of Lemma 2.1, we make the following simplification:
We consider only deformations u satisfying Vuf = f, and, slightly abusing
notation, we identify the matrices introduced above with their restrictions to
the plane spanned by e and e

2.2. Linearization

We now turn to the geometrically linearized setting. Precisely, for the small
strain case |§| < 1, we linearize around the identity and define the strain matrices

. As —1Id . Bs —1d
Alin . — 8T —e®et, BM:= (ST =—eQet. (2.10)
We denote by &gy 1= %(é +&T) the symmetric part of a matrix, so that
. 1 . 1
Als‘;,‘m: E(e@el—i-el@e) and B;‘y“mz—i(e®eL+el®e). (2.11)

We note the geometrically linearized compatibility properties.
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Lemma 2.3. Suppose that 6 € (0, 1), and let Alsi;m and B;‘yr}n be given by (2.11).
Then it holds that

() Alin _ Blin — o el 4 el Qe

sym sym . :
(i) 0AG, + (1 —0)Bi, — AL, = (0 — D(e®et + et ®e).
(iii) The equation (Aéi;‘m - Béiynm — S)v = 0 has a solution S € stwz if and only if
v is parallel to either e or e™.
Proof. The proof follows from a direct calculation. O

In particular, in the geometrically linearized setting, both, the macrotwin and
the laminates can have normals e or e*. The main difference to the geometrically
nonlinear setting is that the compatibility plane between the two variants is aligned
with the compatibility plane of the macrotwin.

3. Energy Scaling in the Geometrically Linearized Setting

Following [12], we first consider the geometrically linearized setting. With
the strain matrices A" and Béiy“m as defined in (2.11), we are led to study the
geometrically linearized shape optimization problem involving the displacement.
We consider a periodic cell of a macrotwin using linearized kinematics (see, e.g.,
[3]) and briefly recall the setting. By Lemma 2.3(i), there are two possible directions
for Ag‘,‘m/ Bg,‘}n laminates, given by the normals e and e*. Deep in the twinned region
on the right-hand side of the macrotwin, we choose the twin planes to be parallel
to e, and the macrotwin plane parallel to e’. Since we work in an orthogonal
coordinate system, for the ease of notation, we set e; := e and e := e, and for

x € spanfe, et} = R?, we use the notation

X]:=X-e1=Xx-e, xzzzx-ezzx-ej‘, and x = (x1, x2).
We describe the needle by the two confining curves f* : [0, o0) — R which we
assume to be measurable and satisfy

FTEFTST AL and fRO0) = £ (O0)=0; 3.1)

see Fig.4. Note that we do not impose any regularity assumptions on f* but to
get closer to the experimental results, we could also impose a length or Lipschitz
condition without changing the results, see Remark 3.2(i).

We assume that the displacement v € WIL’S(RZ; R?) obeys the periodicity
condition

V(X + €7) — v(x) = (eA““ +(— 9)3“") ey = (=1 +260)ey, 3.2)

and we consider the set

wa = {x eR?: x| <0}y {x eR?:x;1>0,x € U[k+f_(x1),k+f+(x1))
kel

(3.3)
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T

) ¢

Fig. 4. Sketch of the parametrization of the domain in the geometrically linear setting

and its complement,

Op = :x eR?:x; >0,x € U [k+ T k+1+ f_(xl))]. (3.4)
keZ

We further assume that there is £ > 0 such that for x; = ¢ the deformation coincides
with a simple laminate, in the sense that there is € R such that

[T =n and frx)=n+6 forx; ¢, (3.5)
and
Allnif x e (e, Ukez(k + 1, k 0),
Vo) =14 ?xe( 00) X Uez(k + 1,k +n+6) (3.6)
B™, ifx e (l,00) X Upeztk +n+60,k+1+n).
These conditions characterize the class of admissible configurations
AL = {(f%,v): IneRst fF satisfy (3.1) and
(3.5), v satisfies (3.2) and (3.6)}. 3.7

As the experimental results indicate that ¢ is large (see Fig. 1), we restrict ourselves
to the case £ = 1. By periodicity, for the computation of the energy it suffices to
integrate over one period, and therefore to consider

wa.B=da N MR x(0,1)) (3.8)

(alternatively, one could take for x; > 0 only the k£ = O contribution in (3.3) and
(3.4), by periodicity the two choices are equivalent). The elastic shape optimization
problem is then to minimize

Einl 0] 1= / S0 — Al - (e(w) — Al dx

WA

* /wB %C(e(”) — By - (e() — Bii)dx  (3.9)
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over .Al(len) . Note that we minimize with respect to both the configuration given by
f¥ and the displacement v. Here we denote the symmetric part of the gradient by
e(v) == %(Vv + VTy), and C represents the elastic modulus which satisfies the
standard boundedness and coercivity properties, i.e. C(§ — &) = 0 for all £ and
there exists & > 0 such that

1
aleyml* SCE-& < ;Esymﬁ forall & e R**?. (3.10)

The energy functional (3.9) does not contain any interfacial energy term penalizing
the lengths of the interfaces parametrized by f*. Typically such terms are necessary
to identify the appropriate length scale on which the twin structures form. In our
setting of a periodic cell, however, it is of higher order as long as the curves are
sufficiently regular.

We find the following scaling law for the minimal energy.

Theorem 3.1. There is a constant ¢ > 0 such that for all 6 € (0, 1/2] and all
£ 21, we have

10 . T o) < 0

T 1nf{51m[f vl (fT,v) € ‘Alin} < 6‘7.

Remark 3.2. (i) We derive the scaling law for the minimal energy without regu-
larity assumptions on £ but the upper bound uses only a Lipschitz profile with
Lipschitz constant bounded by one.

(ii) If on the right boundary we impose boundary conditions only on f* (see (3.1))
but not on the deformation (see (3.6)) then there is no minimizing configuration
and the infimum of the energy is zero. The reason for that is that in the linearized
setting we can have a strain-free Alsiy“m Béiynm interface along the macrotwin plane
{x1 = 0} (a fact that will also be used in the proof of the upper bound below).

Precisely, consider for n € N the configuration

0, ifx; <01,
=0, fF) = {6nx +001—n0), ife—1<x <v¢
0, if x1 > £,

and displacement v, = v given for x € w4 p by

2(1 — O)x1er, ifx; £0,

v(x) = (20 — 1)xzeq +
) = Jrzel {—20x1e2, if x; > 0,

and extended to R? via (3.2). Then f:F satisfy (3.1) and (3.5) with n = 0,

¥
and v satisfies the periodicity condition (3.2) by construction. Further, v €

WL (R2; R?) with

By, ifxi >0,

e(v) = {Alsi;‘m, ifx; <O,
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and therefore,

0 < & / /fn ) 1 lln Blm d dir < 0
s - X2 4xX1 = —,
11[1 f 1/n sym sym 2 1 = an

which implies that lim,,, 5o Ejinl fni, v,] = 0.
We note that the sequence of profiles for these competitors does not have uni-
formly bounded Lipschitz constants. If one assumes a bound on the Lipschitz
constants L of f*, then a respective construction has energy ~ 62/L. Hence,
for large ¢, the construction of the proof of Theorem 3.1 has lower energy.
(iii) The scaling law in Theorem 3.1 implies that the tapering length of needles is
not determined by linearized elasticity. Precisely, setting £ = co, the infimum
of the energy equals zero, which implies that the optimal tapering length of
the needle in this linearized setting is infinite, contradicting the experimental
findings.
(iv) If one interprets the linearized energy as an approximation to the nonlinear
energy (cf. (2.10)), the resulting energy scaling is 5262 /L.

Proof. Upper bound. To prove the upper bound, i.e., the second inequality in the
assertion, we use a special case of the construction from [12, Figure 4], which
makes precise the sketch discussed in the introduction (see (1.2)—(1.4)). We set

fx1, ifx €10,0),

- =0, n:=0, d rt =
f(x) n and f7(x1) 5. —_—

@3.11)

Then f7 satisfy (3.1) and (3.5). By periodicity, it suffices to describe the associated
displacement v = (v1, v2) on w4, . Consider first x; = 0. We set

o1 (x) = x2(1—29x7‘ +29)—29X7'+20, if 0 < x; <£and0<x2 <4 X1 (3.12)
— (20 (3 — 1) x2 +x2) +26, if 0<x Seand 2L <xp <1,
and
0 ,
v(x) = le —20x1 +6¢ for 0 < x; S 4. (3.13)

We then extend the displacement constantly in x1, i.e., we set
v(xl,xz) = v(ﬁ, xz) for X1 > £.

As v(xy, 1) — v(xl, 0) = (20 — 1)e; we can extend it periodically to R2 using
(3.2). Thenv € W1 ((O 00) x R; R?) satisfies (3.2) and (3.6). For the gradients,
we have, inside the needle, ie,for0 < x; < fand 0 < xp < Ox;/¢ that

260 20x1
Vv(x):——(xz—i—l)el@el—i— 1—T+29 e Qe

29)61
+ T —20 )er ®eq,
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and thus,

' 2
e(v)(x) = Alln 79(x2 + Der ®ej. (3.14)

sym

Outside the needle for 0 < x; < ¢ and 6x;/¢ < x, < 1, we have

29)(2 29)61 29)(1
Vu(x) = — 7 el Qe — 7—29+1 e1 ey + 7—29 e ey,

and thus,

e(v)(x) = plin _ 20%2

sym I e1 Qej. (3.15)

For x; < 0, we extend v such that the elastic energy in {x; < 0} vanishes. We set

v1(x) ;== v1(0, x0) = 20xp — x2 + 26, and
va(x) :=2(1 — 0)x1 + O6L.

Then e(v) = Alsi}?m in {x; < 0}, v is continuous in R? and is admissible. By (3.14)

and (3.15), we find that there is a constant (not depending on £ or €) such that by
(3.10)

1 . .
Einlf*, 0] = / 5 Cle@) = A - (e(v) = Agi)dx
waN{x1>0}
1 ) .
+ / ~Cle() — BI) - (e(w) — BIn )dx

wpB 2

62 62
§c/ —dx = c—. (3.16)
0.0x0.1) £ ¢

This concludes the proof of the upper bound. For later reference we remark that
fT and f~ are 6/¢-Lipschitz.

Lower bound. Let¢ > 0be afixed (small) constant chosen below. Let ( f =) e
.Al(ien) be an arbitrary admissible configuration. If the elastic energy on the left hand
side of the interface is large, i.e.,

2
/ le(v) — Agn,[*dx = 59—
(—1,00x(0, 1) ¢

then the assertion follows. Hence, from now on, we assume that

2
f le(v) — Al [7dx < P
(=1,0)%(0,1) 1

Thus, by Korn’s inequality, there exists a constant cx > 0 and an infinitesimal

rotation W := w(ex Q e; —e] @ ep) € Rgﬁ;%v with some w € R such that

li 2 .62
/ ‘Vv(x)—Am—W dx < éegx —,
(—1,0)x(0,1) ¢
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and hence, in particular,
02
/ 1001 — 1 4+ w|?dx < écgx—.
(=1,0)x(0,1) 14

By Fubini’s theorem and Holder’s inequality, there exists x| € (—1, 0) such that

1
6
/ 13ov1 (xF, x2) — 1 + wldxy < Cl/zc}jzzl/z (3.17)
0
By (3.2), this implies that
! zl/2.1/2 0
[(=1+20) — (1 —w)| = ‘/0 o1 (x}, x2)dxy — 1+ w| < &2¢ e

(3.18)

We finally note that using Poincaré’s inequality and (3.17), there exists by € R
such that

1
0
/ |v1(xf‘,xz)—(l —w)xz—b1|dx2 §cl/2c}</2 ;
0 ez

With (3.18) we can eliminate w and obtain

0
/ o1 (xf, x2) — (20 — Dy — by | dxa < 28"2¢)? (3.19)

K p1/2°

We now consider the slice at x; = £. By (3.6) and the condition 8 < 1/2,

there exists an interval (¢, + 1/4) C (0, 1) (depending on 1) of length 1/4 such

that drv((¢, ) = (B““)lz = —1 and therefore v (¢, x2) = b, — x on this in-

terval. However by (3.19) vl(xi‘, x2) is close in L! to a different affine function

than vy (€, x2). We thus estimate the energy from below with this difference using
Holder’s and triangle inequality:

Sl f= 01 2 [ oupex = [ 9101 P
(—=1,0)x(0,1) @ Ox(t+h)

4 2

- / |81v1|dx

E\Jaroxai+h

4 [ 14l g 2

- / / d1vy dxy| dxp

14 t x*

1

4 [ (rH1/4

=7 </ [v1 (L, x2) — vi(x], x2)| dx2>
t

v

2

If & > 0 is chosen small enough such that /2 < e 1/2 , then, for all £ = 1, by
V1 (E, XQ) = b2 — X2 and (3.19),

t+1/4
/ [v1 (£, x2) — v1(xf, x2)| dxa
t
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1+1/4 +1/4
2 f |by — by — 20x;|dxy — / [v1 (x], x2) — (20 — D)xa—by|dx,
t t

1 0 1

> 0 —20Gcx)\ P > —

> 50— 2Eex) s = o,
and hence,

92
. + >
Einl fT,v] 2 1024¢°

This concludes the proof of the lower bound. O

The fact that the minimal energy tends to zero as £ — oo indicates that we cannot
expect existence of minimizers for the problem on the infinite domain. We show
that this is indeed the case, at least if we prescribe that the phase boundaries are
uniformly Lipschitz.

Proposition 3.3. Let L = 1. Then,

(1) For any £ 2 1 there exists a minimizer (f:t, v) of Ein in

BLO ._ [(fi, vy e AD . pE L~ Lipschitz} .

lin lin
(i) For B2 := U, B{LY, it holds that
inf &y = 0,
By

and there exists no minimizer.

Proof. (i) Let £ = 1. By (3.16) we have infB(-L‘Z) Elin < 0. Let (fni, v,) be a

minimizing sequence. Then by the Lipschitz conlcllnition and (3.1), we have a uniform
bound sup,, || £ | o ([0,e) < 0. By Arzela-Ascoli, there exists a subsequence (not
relabeled, the same subsequence for f+ and f~) such that fnjE — f* uniformly
on [0, £], which implies f¥(0) =0, (f* = f)@) =6, f~ < fT < f~+1,and
f* e %10, £]) with Lip(f*) < L. From boundedness of the energy, we get
that sup,, le(va)ll 12((—o0,0)x(0,1)) < 0°- Since the periodicity condition (3.2) fixes
that the average of (Vvy)12 is —1 + 26, this implies a bound on the full gradients,
sup,, IVunll22¢a,0)x0,1)) < ¢ foralla < 0. By adding a constant, we can assume
without restriction that all v, have mean zero over (0, 1)2, and thus by Poincaré’s
inequality, we obtain a subsequence that converges weakly in WIL’CZ (R?%; R?) to an
admissible function v € W,;2(R?; R?). The boundary condition and the periodicity
condition immediately pass to the limit. It remains to estimate the energy of the
limit. Let ¢ > 0. Then, by uniform convergence, there exists N € N such that
for alln = N, we have graph(fni)CBg(fi) = {x € R? : dist(x, graph(f ) U
graph(f ™)) < ¢€}. Then, by lower semicontinuity,

n—00

. 1 i i
lim inf /(;(n) E(C(e(vn) - Alslynm) - (e(vy) — Alslynm)dx
A
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1 . )
2> lim inf _C _ Alin v _ Alin \q
- n%]oo ‘/“)Xl)\Bs(fi) 2 (e(vﬂ) sym) (e(vn) Sym) X

1 . .
> ~C(e(v) — AM ). (e(v) — AN ydx,
/wA\Bg(fi) 2 R i

and analogously in wg). Taking ¢ — 0, the assertion follows.

(ii) By the upper bound of Theorem 3.1, we obtain for £ — oo a sequence

(fzi, vy) € Bl(iﬁ’z) such that limy_, o S}in[fei, ve] = 0. On the other hand, let

(fi, V) € Bl(iﬁ). Then there exists £ > 0 such that (fi, V) € B(L’e), and by the

lin
lower bound of Theorem 3.1, Eﬁn[fi, v] > 0. m]

4. Energy Scaling in the Geometrically Nonlinear Setting

It appears that in the geometrically nonlinear setting, the qualitative behavior
of the minimal energy is rather different. On a technical level, the main difference
seems to be that the macrotwin habit plane es g is not parallel to a plane of com-
patibility of the two wells e'. Recall that this property was in particular used to
extend the test function in the upper bound of Theorem 3.1 with vanishing energy
to the left-hand side of the interface.

We first introduce the setting, using the notation from Lemma 2.1. As in Sect. 3,
we assume without loss of generality e := ¢ and e = e,. We recall the definitions

1 1
es.p ;= ———=(ex — 80ey), et =~
1+ (86)2 8.8 1+ (86)2

We shall impose the following periodicity condition on admissible deformations:

(e1 + 80er). (4.1)

u(x +esp) =u(x)+ (0As + (1 —0)Bs)es.o for all xe R, 4.2)

To parametrize the needle shapes, let f . [0, 00) — R be measurable and such
that

TSP 41 and  fF(0) = f7(0)=0. (4.3)

(Later on, we will assume that they are L-Lipschitz.)

The periodicity condition (4.2) suggests that we use the non-orthogonal coor-
dinates introduced by the macrotwin, see Fig.2. We define the linear map 75 ¢ :
R? — R2 by

Ts9 :=(esp-e2)e1 ®ey +es59 @ e. 4.4)

We also define d, g : R2 5> R by

1
X-e X €5

€50 - €2

d(x) = =e Ty (x),  glx):=— e1- Ty (x), (4.5)

(e5,0 - €2)*

which is equivalent to
TSTGI (x) = gx)e; +d(x)es. (4.6)
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Note that d(e;) = 0 and d(es,9) = 1, so that we can use |d(x)] € Z to label the
cell of periodicity that contains x. In turn, g(x) denotes the coordinate along the
needle, which corresponds to x; in the geometrically linear setting. We set

dp=fx e R* 1 x - €5, = 0}U

U {x €R:x ey <0, dx) e |J[k+ (g k+ f*(g(x)))}

keZ

=Ts¢ {y eR?:y; Z0ory >0andy, e | J[k+f (). k+ f*(yl))}
keZ
4.7)

and
op =R>\ 4. (4.8)

By periodicity, for the computation of the energy it suffices to integrate over one
period, and therefore to consider the sets

WA, B = 0a N {x eR?:d(x) € (0, 1)} =Ts9(R x (0, 1)). (4.9)
The class of admissible configurations is given by
Ay = {( FEu) s fE R - Riatisfy 4.3), u € W-2(R2; R?) satisfies (4.2)} (4.10)
Note that it depends implicitly on é and 6 via (4.2). For L > 0 we further set
Aﬁl ={(fFu) e Ay : frare L — Lipschitz}. 4.11)

The resulting variational problem then is to minimize over this set the functional

Ealf*, ul :=f W(VuA;HYdx + | W(VuB; )dx. (4.12)

WA wB

Here, W : R3*3 — [0, 00) is a typical nonlinear elastic energy density satisfying

1
— dist’(F, SO2)) < W(F) = W(RF) < cy dist’(F, SO(2))
cw (4.13)
forall R € SO(2) and F € R**?,
with some constant cy > 0.

Remark 4.1. Note that in contrast to the geometrically linearized setting, we do
not assign boundary conditions for the deformation deep in the laminate.

Theorem 4.2. For every L 2 1 there are constants ¢y > 0 and 8y > 0 such that
forall 0 € (0,1/2]) and all 6 € (—do, o), we have

1 .
awﬁez S inf{&alfE, ul s (fF,u) € ALY < c181°6%



Arch. Rational Mech. Anal. (2023) 247:63 Page 17 of 44 63

There is cy > 0 such that, if 5 # O, the same holds if one imposes that, for
xi 2 cpls]™h

o e _fAs. irde) € 0.0),
=0 fran=e. wm—{BS’ a1, 419

Proof. The upper bound follows from Proposition 4.3, the lower bound from Propo-

sition 4.9. O

4.1. Upper Bound

Proposition 4.3. There exists a constant ¢ > O such that for every § € [—1, 1] and
0 € (0, %] there are (f*,u) € A}ﬂ such that

EalfE u) < cl8P6%

The functions (f*, u) obey (4.14) for x| = cf|8|_1 for some universal cy > 0
(provided 6 # 0).

Proof. For § = 0, we have A = Bs = Id, and an affine function u(x) = x has
vanishing energy, with f* = f~ = 0. Consider now 8§ # 0. Let Q. be as in
Lemma 2.1. Left of the interface, in {g(x) < 0} = {x - eig 2> 0}, we set

u(x) := Q4 Asx.
Note that by (2.6), this definition satisfies the periodicity condition (4.2). Set
f~ @) :=0forallt =0, 4.15)

and let f* : [0,00) — [0, 1) be a 1-Lipschitz function with £(0) = 0, to be
determined later. We now describe the deformation. For the ease of notation, we
consider a shifted cell of periodicity, i.e.,

wh={xr eR?:g(x) 20, 0=dx) = fH (g},
whi={x eR*: g(x) 20, fT(g(x) — 1 < d(x) <0}
To make an ansatz for the deformation on the right-hand side of the interface, we

consider a rotation and a shift as independent parameters. Let R : [0, c0) — SO(2)
and w : [0, 00) — R2 be differentiable functions to be determined later, and set

t
o) = (ez - 65,9)/0 R(s)eids. (4.16)

The reason for this choice will become clear in (4.23) below. With these quantities,
we define the deformation u : @} U @} — R? as

4.17)

up(x), ifx e oy,
u(x) = ) .
up(x), ifx e wy,
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where

ua(x) == ¢(g(x)) + R(g(x))Ases pd (x) + w(g(x))d(x), @.18)

up(x) := ¢ (g(x)) + R(g(x))Bses pd(x) + w(g(x))d(x). '
We note that this yields a continuous function in @’ U w3} since for d(x) = 0 we
have 14 (x) = up(x). To obtain an admissible configuration, the functions R, f+
and w have to satisfy the following properties: first, f  should be 1-Lipschitz with

frfO)=0 and fr(@)e[0,1) forall r>0. (4.19)

Second, this definition, when extended with the periodicity condition (4.2), should
generate a continuous function on {g(x) = 0} = {x - eia < 0}. This requires that

ua(x +es9) —up(x) = (0As + (1 —0)Bslesy  ifd(x) = fT(gx) — 1.
Using d(x +e59) =d(x) + 1and d(x) + 1 = f1(g(x)) we obtain

ua(x +esp) —up(x) =R(g(x))Bses,o
+ [T (g))R((X))(As — Bs)es o + w(g(x)),
(4.20)
so that the periodicity condition is equivalent to

(/T (g))R(g(x)) — 61d) (A5 — Bs) 5.0 @21)
+ (R(g(x)) —1d) Bsesp +w(g(x)) =0.
Note that on the line {g(x) = 0} = Res g, as £1(0) = 0 the function ¢ > u(tes,p)
is affine. By (2.6), the periodicity condition and u(0) = 0 it coincides with the
expression Q. Asx that we used to define u on {g(x) < 0}. Equivalently, one can
see from (4.21) that (R(0) — Id)Bses.o + w(0) = 6(As — Bs)es g, so that (4.17)—
(4.18) giveu(tes,g) = up(tes,p) = R(0)Bstes g+w(0)t = (0 As+(1—0)Bs)es ot,
which by (2.6) equals Q. Ases pt.

From now on, we restrict to {g(x) > 0}. Before we give the explicit construc-
tions, we provide an estimate for the energy within this ansatz. We observe that

— 1 _ Do 2,1
Vd = e Vg = —(es0 - €2)"“¢54, and

—e1®ejyteso®er= (e e50)1d. (4.22)

The definition of ¢ (see (4.16)) was chosen so that ¢’ = (e - es.9)Re; = (e3 -
es.0) RAser, which — using (4.22) — implies

¢'(g(x) ® Vg + R(g(x)Ases o ® Vd = R(g(x)As(—e1 ® 5y +es.0 @ e2)

2 €50
=R(g(x))As.
(4.23)
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Therefore,
Vua(x) =¢'(g(x)) @ Vg + R(g(x))Ases o ® Vd +d(x)R'(g(x))Ases,g ® Vg
+dxX)w'(g(x) @ Vg + w(gx)) ® Vd

=R(g()As = s d @) (R (gD Asea g + w'(8(1) @ €3

w(g(x)) & ea,

€5,6 - €2

and similarly,

1
Vup(x) =R(g(x))Bs — ————d(x) (R'(g(x))Bses o + w'(g(x))) ® €5
(e2 - es5,0)

w(gx)) ® es.
es,0 - e

Hence, the elastic energy of such an admissible test function is estimated by

aﬂf#ulgcw(/

c/ (|R’(t)|2+ W' () + |w(¢)|2) dr. (4.24)
0

[Vua(x) — RAg|*> dx +/

«
@p

[Vug(x) — RB(;|2dx>

s
A

A

Finally, we specify how to choose R, w and f+. We consider the periodicity
condition (4.21) and divide it into two equations, testing with e and e>. First, we
set

w-e; =0, (4.25)
and take the scalar product of (4.21) with e;. Using that (As — Bs)es g = ﬁel
and Bses g = 22U e obtain, multiplying by /1 + (36)2 and skipping the

A/ 1+(86)?

arguments g(x) everywhere,
28 (fter - Ret —0) +e1 - Rex — 8(1+ 0)ey - Rey +8(1 +6) = 0.

We let « := e; - Rey, B := e1 - Res and solve this equation for £+, which leads to
the definition

0 B 1+6 14606
+ . 7 _ _
f T 28a+ 2 2u
1—6 1+0
= — _ b +L. (4.26)

2 280 2
Since R is a rotation, we have |a| = /1 — 82, and we choose o = /1 — B2.

Roughly speaking, we expect that for large arguments approximately § = 0 and
o = 1, which correspond to f + = 0. On the other hand, in view of Remark
2.2(ii) since Ry is a rotation by roughly —2§6, we expect that for small arguments,
B & 286 which is positive for § > 0 and negative for § < 0. Hence, we assume
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that § is monotonically decreasing and « is monotonically increasing, so that by
(4.26) also f™ is monotonically increasing. We shall fix the value 8(0) from the
condition £ (0) = 0, so that monotonicity of f* implies0 < f < 6 everywhere
and in particular (4.19).

Rearranging terms, the condition f7(0) = 0 is (for a(0) # 0) the same as

(1—0)+ ? = (1 +0)x(0). 4.27)

We choose (0) such that 8(0)/8 > 0, hence squaring and inserting o> = 1 — 82,
this is equivalent to

(1 +82(1 + 9)2) (@) +2(1— 9)@ — 40 =0. (4.28)

As 0 € (0, 1/2], this quadratic equation has a unique solution with $(0)/§ > 0.
Since the left-hand side is larger than

B(0) ,3(0) o,
1) 1)
we find that B(0)/86 < 1, i.e., |8(0)] < |§]. Analogously, since the left-hand side
of (4.28) is larger than

2B0) +18(0)] -2

we obtain |8(0)| < %. Further, as the first term in (4.28) is positive we have 2(1 —
9)@ < 46, and with 2(1 — 0) = 1 this leads to |8(0)| < 46 |5|. Summarizing,

: 4
|B(0)] §m1n{|8|,4|5|9,§}. (4.29)

‘We then set, for some £ > O to be chosen later,

L—s :
_ B0 ifs = ¢, — J1_ g2
B(s) == 0 otherwise. and  a(s) :=./1— B2(s). (4.30)

Finally, w - e; is determined from (4.21) by testing with ;. Since R € SO(2) the
definitions of « and B imply e> - Rex = «, e - Re; = —B. A similar computation
as above leads to

1
ez~w=—(1—a+(28f+—8(1+9))ﬂ), (4.31)
V1+(86)?
which, together with (4.25), defines w. Note that for s = ¢, we have @ = 1
and § = 0 which implies that w(s) = 0. To estimate the energy, we observe

that |,3(s)| g IBO)IS £, which implies @ > 1 and |o/| = \'}% < 518/]. As
1B81(s) = LR U for 5 € (0, £), from (4.26) we have
) < ‘ +28a —25&2: |8|_f£ (4.32)
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for some universal constant ¢y > 0, and thus, from (4.31),

810
w'| < [o| +3181[B'] + 2181 18] |(f )] < clB|S c%.

Finally, with 1 — ¢ = % < B2 < 18| 18] and (4.31), we obtain

lw] < |1 —af +218]|8] < 3181 18] < ¢8%6.

Hence, using (4.24), we can estimate the energy by
14 5292
EalfE, ul < c/ (|R’|2 T w')? + |w|2) dr <¢ (T + 68492) .
0

Recalling (4.32), if we choose ¢ := ¢ f|8|’1 we obtain that T is 1-Lipschitz and
EnmlfE, ul < cl8]*6%. O

4.2. Lower Bound

For the lower bound, we need some auxiliary statements.

4.2.1. Technical Preliminaries For v € R? we write v := (—vy, v1).

Lemma 4.4. There is ¢ > 0 such that ifa € R, Q € SO(2) and v € R?\{0} are
such that

1Q(v — av?) — v] < nlv]

for some n = 0, then

0-—1
where J .= (1 0 )

Proof. This followsimmediately by the fact that all matrices considered are confor-
mal. For clarity we present a short explicit computation. By scaling we can assume
|lv| = 1. Let ¢ € (—m, ] be such that Q = cos ¢ Id 4 sin ¢ J. Then

10 — (Id+aJd)| < V21,

2 = 10w—avh) —v?=v—av— 0Tv]? = |v— av’ — cos v + sin pv|?

=(1- cos¢)2 + (o — sin ¢)2.
Then

|0 — (Id 4+ aJ)|> =|(cos¢ — 1) Id + (singp — a)J|?
=2(1 — cos $)*> + 2(sin¢p — a)*> < 21>

concludes the proof. O

The next lemma concerns stability of the rank-one directions.
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Lemma 4.5. Suppose that § € [—1, 1] and that Q 4, Qp € SO(2), t € sl satisfy
t -e1 > 0and, for some n > 0,

[(QaAs — QpBs)t] = 1. (4.33)

Then

|04 — 0Bl =

. (4.34)
t-e

Proof. We write r = t1e| + te; and find that |Agt| + |Bst| < 2(1+|8]) < 4 since
|8] = 1. Assumption (4.33) gives ||Ast| — |Bst|| = [|QaAst| — |QpBst|| = n,
and therefore

4n = ||Ast| — |Bst|| - ||Ast] + | Bstl| = || Ast|* — | Bst|?| = 418|In11a],  (4.35)

which implies that

n
| £ —. (4.36)
18121
From As = Id +8e; ® e and Bs = Id —6e| ® ex we deduce that
n
|Ast —t| = |Bst —t]| = |S]lez - 1] = =
so that, with (4.33),
[Qa — OBl
——— =|0at — Qpt|
V2
S[Qat — QaAst|
+1QaAst — QpBst| + |QpBst — Qpt| (4.37)
=|t — Ast| + |QaAst — QpBst| + |Bst — 1|
3
<lin<y,
1 1

which concludes the proof.

The next two statements are uniform geometric rigidity and trace statements on
domains which are appropriate sections of the sets w4, @p defined in (4.7)—(4.8).
For clarity we present here the specific assertion used in the lower bound, postponing
to Sect. 5 the proof in a more general context and the specific definition of (L, R)-
Lipschitz sets.

Proposition 4.6. For any L, M > 0 there are constants I:, R sc.m > 0 with the
following property. Let £ > 0, f, g : [0, £] — R be L-Lipschitz functions. Assume
that

% <gt)— f(t) SMLL forallt €[0,£] (4.38)
and define
w8 = {x :x1€(0,0), f(x1) <x2 < gxD}, (4.39)
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fix any 6 € (0, %] and any 8 € [—1,1]. Then the sets /% and Tg,g(a)f’g) are
(L, R)-Lipschitz. Further, for any u € W'2(w/-8; R2), and any F € {As, Bs, 1d},
there is QF € SO(2) such that

/ |Vu — QF F2dx < cL,M/ dist?>(Vu, SOQ2Q)F)dx  (4.40)
Ts,0(w]8) Ts.0(w/2)

and, for some d,, € R2,
f lu(x) —d, — QF Fx|?dx < cL,M/ dist>(Vu, SO(2) F)dx.
Ts,6(w8) Ts.6(w8)
(4.41)

Proof. By Lemma 5.4 the sets wl8 are 2L +1, R)-Lipschitz (see Definition 5.1),
for some R which depends only on L and M. We observe that the definition (4.4)

implies Ty ) = /14 (80)%(Id +86¢; ® e), and therefore
1
Tsol SV2,  |Tj,1 < ﬁ(ﬁ+ 5) < 3. (4.42)

By Lemma 5.3 we obtain that the sets Ta,g(a)f &) are (6(2L + 1), 6R)-Lipschitz.
The result for F' = Id follows then immediately from Theorem 5.10.

Consider now F' = Aj. For notational simplicity we prove the statement for
'8, the argument for Tg,g(a)f’g) is identical. We define v € Wl*z(Agwf’g; Rz)
by v(x) = u(A; 'x), so that Vu(x) = Vu(A; 'x) Ay, which implies

dist(Vv, SO(2))(x) = dist(VuA; ', SO2))(A; ' x)
< 1Az dist(Vu, SO(2) As) (A; ' x). (4.43)

By Lemma 5.3, using that |Aj], |A5_1| < 3, we obtain that the sets Agla)f*g are

(c(2L + 1), ¢R)-Lipschitz. Therefore Theorem 5.10 implies that there is QZ?‘s €
SO(2) such that

/ Vv — Q4 2dx < cL,M/ dist?>(Vv, SO(2))dx. (4.44)
Aylwls Aylols
Using (4.43) and a change of variables, this implies
/ |Vu — Q2 As2dx < ¢} / dist?>(Vu, SO(2)As)dx, (4.45)
a)f'g ’ a)f»g

and concludes the proof. The case F' = Bs is identical.
The second bound follows immediately from Theorem 5.8. O

For completeness, we finally note a rescaling property of the trace norm.
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Corollary 4.7. (Trace estimate) Let My, L > 0. There exists a constant Ct with
the following property: Let £ > 0, and let f,g : [0,£] — R be L-Lipschitz
continuous with lffl_ﬁ < g(t) — f(t) < MoLt for all t € [0, £]. Then, setting
wfe i=1{x € RZ: x; € (0,0), f(x1) < x2 < g(x1)}, for every u € Wl*z(a)f,g)
there exists d,, € R such that

ITu = dullZ2,,, ) < CrelVulis,, .

Proof. For ¢ = 1, this follows from Lemma 5.4, Theorems 5.8 and 5.9. The general
case follows from rescaling fy : (0,4) — R, fi(¢) := ¢ f](%) (similarly for g¢)
and uy; € Wl’z(a)fz,g[) given by uy(x1, x2) := u(x1/€, x2/4). O

4.2.2. Proof of the Lower Bound We start introducing some notation. Recall
that the periodicity condition (4.2) is the same as u (75 6(y + e2)) = u(T5,0(y)) +
BAs + (1 —0)B;s)Ts0(e2). Let f* :[0,00) — R be L-Lipschitz with f~ <
fT < f~ 4+ 1.Given I C (0, 0o) we set

ol =Ty :yiel, f~OD) <y < oD,

: (4.46)
wp =Tso(y:yi€l, fT) <y < f~On)+1})

and (for I C (0, oo) Borel measurable)

ELL; (ff w)] = /1 dist?(Vu, SO(2)As)dx + f{ dist?(Vu, SO(2) Bs)dx.

(4.47)

Proposition 4.8. Let L > 0, assume that f* are L-Lipschitz with f~ < f+ <
f~ 4+ 1, and let I, < (0,00) be an interval of length 1/(4L). For any u €

1,2
W k)

loc

(R2; R2) there is Q € SO(2) such that

f, Vi — QAsPdx +/, Vi — OBsPdx < cflL; (f%,w)].  (448)
W' oy

A

The constant may depend on L.

Proof. For brevity in this proof we write £(I) for E[1; (f*, u)]. We can assume
L = 1 in the proof (otherwise we cover I, with ¢, subintervals of length 1/4 and
use the result for L = 1 in each of them).

Step 1: Estimate on a)i*. Let #, be the midpoint of I, and ¢, its length. We
assume that (f¥ — f7)(t) = % If not, then f~ +1— fT 2= % and the same
argument can be used swapping As with Bs and (T, f~+1) with (f—, ). This
implies
£y
2

12T =12 % —2L forall ¢ € .. (4.49)
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fm+1
f+

=

L,
Fig. 5. Sketch of the sets entering the proof of Proposition 4.8

We write wy = a)g*, and ¢y, for a generic constant that may change from line to
line but depends only on L. Proposition 4.6 can be applied (with M = 4) to the set
w4, and there is Q € SO(2) such that

/ [Vu — QAs)Pdx < cL/ dist?(Vu, SOQ2)As)dx < ¢ E(L).  (4.50)
WA

WA

Note that this concludes the proof in the degenerate case a)g* =W,ie,if LO{f~+
1 > f*} = @. In the other case, we note that there is d4 € R2 such that

/ lu(x) — QAsx — dal*dx < L E(L). 4.51)
WA

Step 2: Estimate on wf;. For any Borel set I € I, we write, recalling (4.47)
and the short-hand notation £(I) = E[I; (f*, u)],

E) =&+ /, lu(x) — QAsx — dal’dx. (4.52)

A

It is clear that € and € are measures on I, and that é(l*) < ¢ E(1). We shall
first obtain estimates on suitable subintervals of ., and then cover I, by countably
many such subintervals. Let M > 0 be a fixed number, we shall choose M = 16
below.

Assume that I C I, is an interval of length ¢ € (0, £,] such that

Lt
m S(f T+ 1) —f" <MLt  pointwise on I, (4.53)

see Fig.5. Then by Proposition 4.6 there is Qé € SO(2) such that

/, |Vu — QL Bs|>dx < ¢ /, dist?>(Vu, SOQ)Bs)dx < e E).  (4.54)
CL)B w

B



63 Page 26 of 44 Arch. Rational Mech. Anal. (2023) 247:63

By Poincaré and the trace theorem (see Corollary 4.7), there is d llg € R2 such that,
setting == Ts o ({1, fF () 11 € 1)),

f{ lu(x) — QL Bsx —db1*dH' < cp 0| Vu — Q% Bs|? < e lE(I). (4.55)
Y.

L2(wh)
+

Analogously, the trace theorem on c?)g =Tso({y:y1 €1, ft(n) — % <y <
(1)}, which by (4.49) and £ < ¢, < 1/4is contained in a)g, gives

/[ lu(x) — QAsx —da2dH' < cpeé(D), (4.56)
Y.

+

so that with a triangular inequality and £ < &, we obtain

f{ |QAsx +da — Q4 Bsx — db |2 dH! < cpeé(D). (4.57)
Y.

+
Therefore there is v € R? with v; = %2 and |vy| < Lv; such that
[((QAs — Qf;Bs)U|2 < e ED). (4.58)

We apply Lemma 4.5 with ¢ := v/|v|, Qa4 = O, Op = Qg, and n =
(cL€)'2/Iv] £ 3(cLE(I)/?/¢. Since

V1 1
tl = T z T
vl = V14 L2

we obtain |Q — Q%] < 64/1 + L2n and therefore
10 — 017 < L&), (4.59)
Combining (4.54) and (4.59) we conclude that

/1 |Vu — QBs|2dx < cLED). (4.60)
w

B

As £? (a)g*m{fﬂr]:fﬂ) = 0, it remains to show that I, N {f~ +1 > f*} can
be covered (up to null sets) by countably many intervals / with the property (4.53)
and finite overlap. For any t € I, N {f~ + 1 > fT}, the interval

- _ ft - _ ot
fFoO+1-f (t),t+f O+1-f (t))

(t -
4L 4L

(4.61)

contains ¢ and obeys the property (4.53) with M = 3. By the Besicovitch covering
theorem this family contains a countable set of intervals (I ); which covers I, N
{f~+1 > fT}and has finite overlap. The intervals (I; N I,.); obey property (4.53)
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with M = 6, since %L_fw
Therefore, by (4.60),

A

4 = ¢ implies L' (I N 1) = 1LY (Tp).

_ 2 _ _ 2
fw |Vu— 0B;dx = /w i, [V = OBs P

B

B
ey, fw e, |V = OBs|dx (4.62)
k B

Scr ) €U NI < el
k

and with (4.51) and é(l*) < ¢ E(1,) the proof is concluded. |

Proposition 4.9. Let L > 0. There are ¢y, > 0, 51, > 0 such that for all 6 € (0, %],
all 8 € [=81, 8.1, all (f*,u) € AL it holds that

EalfE, ul = cp18)%6%.

Proof. For brevity, in this proof we write £(I) = &[I; (f*,u)] and E :=
Enl f*, ul.

Step 1. Piecewise affine approximation. Consider the intervals

J Jj+2
I == =).

8L 8L
By Proposition 4.8 there are rotations Q; € SO(2) such that, for any j € N, one
has

/1. |Vu — QjA5|2d)C + /1. |Vu — Qj35|2dx < CLg(IJ') (4.63)
o o5

with the constant ¢y, (here and in all following estimates) depending only on L.

We shall use this estimate and the periodicity condition to obtain four different
bounds, which are stated in (4.64), (4.65), (4.67) and (4.68).

Step 2. Continuity term. With a triangular inequality, using £' (7 NIy =
1/(8L) from (4.63), |Q; — Q411 £ 1QAs — Q145|147 | and A7 < 3 we
obtain

D105 — Qi1 £ cLE((0, 00)). (4.64)
jeN

Step 3. Left boundary term. By the trace theorem used in wg), recalling that
£~(0) = £1(0), from (4.63) we obtain that for some dy € R?

/ lu(tesg) — QoBses.ot — dol*dH' < cr.Ep) < cLE.
0,1)

By geometric rigidity and the trace theorem used in 75 4 ((—1, 0) x (0, 2)) there
are O_ € SO(2) and d_ € R? such that

/ lu(tes.o) — O Ases ot — d_[PdH!
0,2)
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< cL/ W(VuA;Ydx < ¢, E
Ts5,0((—=1,0)x(0,2))

which, with the periodicity condition, implies
|0-Aseso —vol < cLEV?,

where vg := (B As+(1—60)Bs)es.o = (Id +5(20 — 1)e1 ®en)es.o. With a triangular
inequality,
|QoBses,o — vol < cL E'/2.

We observe that Bsesg — vg = —60(As — Bs)es.g = —280e1/~/1 + 8202, As
lvg — e2] < cl8], Bses,o = vo + 280v; + O(5°0) we have

|Qo(vs +280v) — vl = i (B2 + %),
and from Lemma 4.4, we obtain
|00 — 1d+280J| < cL E'? + ¢1.8%6. (4.65)
Step 4. Volume term. The periodicity condition (4.2) implies that the average

I; I .. .
of Vues g over v,/ Uwy coincides with v,

1
— 1 /,. ,, Vuesgdx = (0As + (1 — 0)Bs)es o = vg.
L2(w] Uwy) Joi Vo

From (4.63) we obtain

1.
;. Vues gdx — Ez(wAj)QjAsea,e
w J

A

+ < e 821

I.
, Vues gdx — L2(wy)QjBses,o
w/

B

Therefore, setting A; := Ez(wg)/ﬁz(wi’ U a)g) and w; = (A;jAs + (1 —

Aj)Bs)esg = (Id+8(21; — 1)e; ® e2)es 9, we obtain
|Qjw; —vg| £ L EV2(UI)). (4.66)

Since

26(A; —60)

= ‘e

V14682602

and |e; + vi'| < c|8], we have [Q(vg + 28(0 — Aj)vy) — vol < cEV2(I)) +
82| j — 0| and again by Lemma 4.4 we obtain our first volume estimate

wj —vg =28(h; —0)(e1 @ ex)es g =

1Q; —1d+28(0 — 1)) J| S cr (51/2(1,-) + 8%, — 9|> ) (4.67)

At the same time,
2 1+8%206 —1)2

o 1+ 6262
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and

148221 —0 —1)2
2 2 J
|quﬁ| “|w]| - 1—F8292

so that, from (4.66) and |w | + |vg| = C, we obtain the second volume estimate

)

cL€UNY? 2 [Qjwj — v - |Qjw) + ve]
482(1 — 2;)10 — A,
1+ 8262
Step 5. Conclusion of the proof. Using (4.65) and (4.67) for j = 0, there is
cr, > 0 (fixed for the rest of the proof) such that

> |12 = ool?| = (4.68)

18] 120l < cLEV? + ¢18%04c18% o — 01 cL EV? + 201,870 + c1.8% |2l

Choose 8o > 0 such that 8y < 1/(6cr). Then for |§| < 8y, we have ¢;.8%|rg| <
g |8| |Xol, the last term can be absorbed in the left-hand side, and we obtain

5
<191 ol < e EV? 4 2¢18%0.
If [Ao| = 36 then, using 2¢;820 < 1|5]6, we obtain
5 1
=180 < cLEV? + ~1516,
12| 0= cr + 3| |
so that E > €862, and we are done.
Assume now that [Ag| < 19 By (4.68), for any j € N such that [A;| =
J-

we have £(I;) 2 ¢} 5492 Therefore there are at most finitely many such
¢ :=min{j e N: |)le > %9}, so that (4.68) gives

lg
2
Let

E > ¢} £8%0*. (4.69)
Using (4.65) and (4.67) againg for j = ¢,
1Q¢ — Qo — 280 J| < L EY? + ¢ 820 + ¢} 82|l
As [28%¢J| = 2+/2|8| |1¢l, if 8¢ is chosen so that ¢/ 760 = 2, then
100 — Qol 22V218] |nel — ] EV* — ] 820 — ¢ 8% 0]
>2|8] |re| — ¢y EV? — ¢ 8%0
1
21610 — cfE'? —c]§%0 = 51910 - JEV?,

where in the third step we used |A¢| = %9. As above, if E 2 (4c/£)_25292 then

we are done. Otherwise |Q¢ — Qo| = %|8|0. With (4.64) and Cauchy-Schwarz we
conclude

3

-1 1 8292
GEZ) 10/ -0l z |Qo—Qz|2216 ;
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and therefore, recalling (4.69),

5262
E>Cy (7 + 68492) > 20181762,

which concludes the proof. O

4.3. Existence of Minimizers

In this section, we show existence of minimizers of the shape optimization
problem (4.12) on the set defined in (4.11) under the additional assumption that the
energy density W is quasiconvex. The notion of quasiconvexity was introduced by
MORREY [42] and is a central concept in the calculus of variations since it guarantees
existence of minimizers for variational problems of the form min, f W (Vu)dx
under rather weak additional assumptions on W, see for example [23,44] for general
presentations.

Proposition 4.10. Let W obey (4.13) and be quasiconvex. Let L = 1, 0 € (0, %],
8 € [—1, 1]. Then the functional &, defined in (4.12) has a minimizer in the set Aﬁl
defined in (4.11).

Proof. We proceed along the lines of the proof of Proposition 3.3(i). Let ( f ji, uj) C

ArIfl be a minimizing sequence. By subtracting constants, we can assume without
loss of generality that

/ uj(x)dx =0. 4.70)
(0,1)x(0,1)

After passing to a subsequence, the functions f ji converge locally uniformly to

L-Lipschitz functions f*i which by uniform convergence satisfy (4.3). For every
m € N, by the lower bound in (4.13), there is a uniform bound on the L2-norms

190 221, o S O (EC=m,m), (fFup) +ml4s )

and hence, b;/ (4.70), there is a subsequence that converges locally weakly in W+
tou, € Wll;c (Rz; R2). By Rellich’s theorem, the limiting function u* satsifies the
periodicity condition (4.2). Let @’ and w}, denote the respective domains induced
by f*i, which are defined as in (4.7)—(4.9). By quasiconvexity of W and the growth
condition (4.13), we get lower semi-continuity of the energy restricted to compact
sets in (@} U wj)\graph( ff)\(Re(s,g), and hence, choosing a diagonal sequence
as in the proof of Proposition 3.3, we find, for every m > 0,

E((=m,m), (f£, u,)) < liminf E((=m, m), (f;",u;)). @.71)
J—00
Then
E(=m,m), (f£,ux)) < liminf ER, (f;", u))) = liminf Eulf;", u;] = inf En.
j—o0 j—o0 Aﬁ]
4.72)
As EnlfiE ud = ER, (fF, u) = sup{E((=m,m), (f¥,uy)) : m > 0}, this
concludes the proof. O
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It would be natural to ask if for a minimizer ( ff, uy) the functions ff(xl)
have a finite limit as x; — oo. This does not follow from the above proof. Another
open question is whether the condition that f* are Lipschitz is needed, or if it can
be replaced by a term of the form

o [CGe e i e -nan, @13)
0

which represents the additional length of the interfaces with respect to the “flat”
situation.

5. Korn’s Inequality and Geometric Rigidity for Uniformly Lipschitz
Domains

5.1. Uniformly Lipschitz Domains

We show that certain estimates on Sobolev functions hold uniformly for a class
of bounded open sets which are uniformly Lipschitz. We focus on bounded sets
and use the following definition, which is a variant of the one in [38, Def. 13.11].
For x € R", we use the notation x = (x/, x,) with x’ € R"~! and x,, € R.

Definition 5.1. Let L, R > 0. An open set Q2 C R” is (L, R)-Lipschitz if there is
& > 0 such that

(1) |x —y| < Reforall x, y € Q;
(i) For each x € dQ there are f, € Lip(R"~!';R) with Lip(f,) < L and an
isometry A, : R" — R" such that B;(x) N Q2 = B.(x) N Vy, where

Vi = Ax{(y/v yn) € R xR: Yn < fx(y/)}- (5.1

This definition ensures on the one hand uniformity of the Lipschitz constant, on the
other hand uniform size of the neighbourhoods in which (5.1) holds with respect
to the size of Q.

Remark 5.2. (i) The definition is monotonous, in the sense that if Q is (L, R)-
Lipschitz then it is also (L', R")-Lipschitz forany L' =2 L, R’ = R.

(ii) From x € 9 one immediately obtains that § := A 'x obeys §, = f(§'); one
can assume without loss of generality that § = 0.

(iii) Condition (ii) implies that the open segment joining x = A,y with A, (y —ee;,)
belongs to €2; in particular R = 1.

(iv) Suppose 2 € R" and ¢ > 0 satisfy property (i) of Definition 5.1 and prop-
erty (i) with B, (x) replaced by x + ((—&,&)"~! x (—2¢L,2¢L)). Then Q
is (L, Ro)-Lipschitz with Ry = Rmax{l, 1/(2L)}. On the other hand, if 2
is (L, R)-Lipschitz then 2 satisfies property (ii) of Definition 5.1 with B (x)
replaced by x + ((—80, e0)" ! x (—2¢0L, 250L)) with &g := % min{1, 2L}.
Similar statements holds for other sets whose size is uniformly controlled by €.
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(v) One can reduce to the case that only finitely many functions fy appear, after
changing R to 2R. Indeed, if Q@ C R” is (L, R)-Lipschitz then (using the
notation of Definition 5.1) the balls B./>(x), x € 92, cover 9S2. By Vitali’s
covering theorem thereisasubsetxy, ..., xp suchthat 92 C Uiﬂil Bg/2(x;) and
Bgj10(xi) N Bej1o(xj) =@ fori # j. Since 02 is contained in a ball of radius
Re, wehave M < (10- R + 1)". As for every x € dQ thereisi € {1,..., M}
such that B, 2(x) € B¢(x;), only the M functions fy,, ..., fy, arerelevant.

(vi) Let €2 be such that there are open sets w;, i = 1, ..., M, Lipschitz functions
fi with Lip(f;) £ L and isometries A; such that o, N Q = w; N V;, V; =
Ai{y 1 vy, < fi(y)}, and assume that there is € > 0 such that for all x € Q2
there is i with B;(x) € w;. Then property (ii) in Definition 5.1 holds and 2 is
(L, diam(£2)/¢)-Lipschitz.

Lemma 5.3. Let Q C R" be (L, R)-Lipschitz, F € R"" an invertible matrix.
Then the set FQ C R" is (crp(L + 1), cpR) Lipschitz, with cp := |F| - |[F~1].

Proof. Lete > 0 asin Definition 5.1 for Q and set¢’ := ¢/|F~!|. Pick y € 3(F)
and let x := F~!y € 9Q. We first show that

B./(y) € FBg(x).

To see this, we pick z € By(y), consider 7’ := F~!z, and compute |z’ — x| =
|F~Y(z—y)| £|F~ ']z — y| < &. Therefore 7 € B,(x) and z € F B (x). Further,
diam(FQ) < |F|diam €, hence setting R’ := |F| |F~!|R we have diam(F) <
R'¢.
Fix again y € 9(F<2). We need to show that
(FQ) N By (y) = Iy{w, < g(w')} N Byr(y) (5.2)

for some isometry /,, and some g € Lip(R”_l; R) with Lip(g) < L’; the precise
value of L’ is given below.

We let x := F~ly as above. By property (ii) in Definition 5.1 there are an
isometry A, and an L-Lipschitz function f : R"~! — R such that

QN B (x) =Ax{zy < f(Z,)} N Be(x). (5.3)
Then B,/ (y) € FB.(x) implies
(FQ)N By (y) = (F(QN B:(x)) N By (y) = (FA{zn < fE)DN B (y). (5.4)

The isometry A, can be written as Ayz = b + Rz for some R € O(n). We set
n = |FRey| € (0, |F|], pick arotation Q € SO(n) such that FRe, = nQe;, and
let T := QTFR € R"™" Then FR = QT and QTe, = nQe,, which implies
Te, = ne,. We shall show below that

T{zn < f(@)} = {wn < g}, (5.5)
with g as stated after (5.2). This implies that

FAzn < f(@)}=Fb+ FR{z, < f(Z)} = Fb+ QT{z, < f(2)}

, , (5.6)
= Fb+ QOfw, < g(w")} = I,{w, < g(w)},
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where Iyw := Fb + Qw, which together with (5.4) concludes the proof of (5.2)
and therefore of the Lemma.

It remains to construct g € Lip(]R"_l; R) such that (5.5) holds. We observe that
T is invertible, with |77!| = |[F~!|and T e, = %en, and write

1
T, wy) = (Su/, —w, 45 w’> (5.7)
n

for some s € R" ! and § € R®~D>*=D “invertible. These obey max{|S], |s|} <
|T~'| = |[F~!|. Then
1

—w, +s5-w < f(Sw) (5.8)
n
is the same as
wy, < gw') :=n - (f(Sw) —s-w), (5.9)
so that
{en < £@)) =T w, < g}, (5.10)

which is the same as (5.5). The function g : R"~! — R constructed above is Lips-
chitz, with Lip(g) < n(|S|Lip(f) + Is|) < |F|(|[F~'|L 4 |F~|). This concludes
the proof. O

Lemma 5.4. Let f,g :[0,4] > R, £ >0, L >0, and set
wfg={x €R*: x1 € 0,0), f(x1) <x2 < g1}

Assume that al < g — [ < BL for some a, B > 0, and that Lip(f), Lip(g) < L.
Then wy,g is (2L + 1, R)-Lipschitz for some R which depends only on «, B and L.
Proof. Lete := ﬁ min{a, 1}, R := (B + 1+ L)¢/¢. Clearly R depends only
on «, B, and L, and its definition ensures that condition (i) in Definition 5.1 holds.
The choice of ¢ ensures that |(x1, f(x1)) — (x], g(x]))| = & forall x1, x| € [0, £],
so that the top and bottom boundaries can be treated separately.

We consider points close to the lower-left corner, in the sense that we show
property (ii) of Definition 5.1 for x in (see Fig. 6)

f0) + g(O)}
2

1
App ={0} x [f(o), Uf(xr, f(x1) 1 x1 € [0, 55}} C owfgs

(5.11)
the other three corners can be treated analogously. We extend f to R, setting
f(@) = f(0) fort <Oand f(t) = f(£) fort > £. By the choice of ¢ we see that
forall x € Ay the ball B (x) does not intersect {z : zo = g(z1)}and {z : z1 = ¢},
in the sense that

B:(x) Nwpg=B(x)N{z €eR*: 21 > 0,20 > f(z1)}- (5.12)

After a translation, we can assume f(0) = 0. In order to make the mentioned
boundary the graph of a Lipschitz function we need a nontrivial rotation, as illus-
trated in Fig. 6. Let Q € SO(2) be such that Qe bisects the angle between e, and
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i)
b2 (1, L)

e

Y1

Fig. 6. Sketch of the rotation in the proof of Lemma 5.4. The shaded area is the one where
v < F(y1), the dotted line shows the direction (1, L)

(1, L), which means that Q is a clockwise rotation by « := %(% —arctan L). Then
there is a unique function F : R — R such that

zeR*:2> f(z)) = Qly e R* 1 ;o > F(y1), (5.13)

obviously F(0) = 0. One can check that F is L’ := tan(5 — a)-Lipschitz, and that
L'=L++1+L%<1+2L. At the same time, by the definition of Q and L’

(zeR?:z1 >0 =0{y e R?: y, > —L'y;}. (5.14)

Recalling (5.12), we see that it suffices to intersect these two sets. We define F(t) =
max{—L'yy, F(y;)}, which is also L’-Lipschitz. Then for every x € Ay we have

B:(x)Nwsg = B:(x)N Q{y: y2 > Fyn}. (5.15)

This concludes the proof. O

5.2. Weighted Poincaré Inequality

The next result is a quantitative version of the estimate in [37, Theorem 8.8].

Theorem 5.5. (Weighted Poincaré) Let 2 C R”" be a connected, bounded (L, R)-
Lipschitz set, p € [1, 00). Then for any u € WILEP (Q: R¥) there is a € R* such that
lu = allzo < cwell dist(-, 0 Vul (). (5.16)

In particular, u € LP(Q; R¥) if the right hand-side in (5.16) is finite. The constant
cwp depends only on n, p, L and R.

We first prove the result in one dimension, by an explicit computation.
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Lemma 5.6. Let [ = (a,b) € R be a bounded interval, ¢ € Cl(I), E C I with
positive measure, « € R, p € [1, 00). Then

/|g0—a|pdt<cp&|:/ |<p—oz|”dt~|—/(t—a)”|<p'|”(t)dtj|. (5.17)
I — "LYE) LJE I

The constant ¢, depends only on p.

Proof. If the right-hand side is finite, then the function ¢ can be extended contin-
uously to (a, b]. Let § := ¢(b). For any x € I by the fundamental theorem of
calculus applied to |¢ — S|P we have

b
lp — BIP(x) = P/ () — BIP~ g (@)1 (5.18)

We integrate over all x € I and use Fubini’s theorem to get that

b
/ o — BIP@dx < p [P [P 1o — BIP @' (1)]dr dx

=p [P —a)lp@) - BIP Q' (DI, (5.19)

With Holder’s inequality,
b 1
/ lo = BIP)dx = pllle = BIP Ly (y I = @@ Loy (5.20)
a

so that, as |||¢ — B[P~} =l — ﬁ”i;l,
le = Bllray < PG —a)@ L. (5.21)
By a triangular inequality,
jor = BILHENYP < llp = allzre) + lle = BllLra, (5.22)
so that, with a further triangular inequality,

lp —alleay < le— BICL ANY? + o — Bliray

L(n)/r (5.23)

= ZPW [l —allLee) + 1 — )¢ lLrm]

which concludes the proof. O

Lemma 5.7. Let 2 C R" be (L, R)-Lipschitz, € as in Definition 5.1, x, € 0%,
re0,e/(4+4L)], p € [1,00). Foranyu € WIL'CP(Q) there is o € R such that

f lu —alPdx < c/ dist? (x, 02)|Vu|? (x)dx. (5.24)
QNB, (xy) Q

The constant ¢ depends only on n, p, and L.
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Proof. By Definition 5.1 we have B (x,) N Q2 = B.(x4) NV, where (as in (5.1)),
Vi=A{ yn) € R xRy < f(O)) (5.25)

for some isometry A and L-Lipschitz function f : R"~! — RR. As the assertion is
invariant under rotations and translations we can assume that A is the identity and
that x, = 0; from x, € 32 we then obtain f(0) = 0.

Let h := rL € (0, ¢/4) and consider the cylinder T := B, x (—=3h, —2h)
(see Figure 7). For any x’ € B, we have f(x') = —rL = —h, and therefore
f(x') —xy = hforall (', x,) € T. Further, from (3/1)? + r? < e 4 Le? =
%ez < 2 we obtain that T C B, N V. As the shape of T (up to uniform rescaling)
depends only on L, by the usual Poincaré inequality (for a fixed domain) there is
a € R with

/ lu —o|Pdx < crp/ |Vu|Pdx, (5.26)
T T

with ¢ depending only onn, p, L. Forevery x” € B]. we apply Lemma 5.6 to u(x’, -)
with I = (=3h, f(x')) and E = (—3h, —2h), and obtain, using h = L1(E) <
LUI) < 4h,

/IM(X) —alPdx, = C/ |f () = xa|P[VulP (x)dx, +C/ |u(x) — | dxy.
1 1 E

5.27)
LetU := (B x(—3h, 00))NV,sothat B,NQ = B,NU andU C B,NV = B.NQ.
We integrate over x” € B}, use (5.26)andrL = h < f(x') —x, forall (x", x,) € T
to conclude

/ lu —o|Pdx = c/ / |f () = x |7 | V| Pdxydx!
v rJ3hran)

+c[ | £ () — xp|P | V| Pdx (5.28)
T

< C/ | f(x") = x,1P|Vu|Pdx,
U

where the constant ¢ depends only on L, p, and n. We finally show that there is
cr, > 0, depending only on L, such that

| f(x") = xp] £ cp dist(x, 9Q) forallx € U. (5.29)

Indeed, forany x € U lety € dQ2be suchthatd := dist(x, 0€2) = |x —y|. We know
that| f(x")| £ h = rL and thatx,, € (—3h, h), whichimply | f (x")—x,| < 4h < &,
and with |x’| < r we obtain |x]| < /r2 4+ (3h)2 < \/és. We distinguish two cases.
If y € Be then [x — y| = (1 — \/g)e and the proof of (5.29) is concluded (if ¢y,
is sufficiently large). If instead y € B, then necessarily y € dV and y, = f (),
which implies d*> = |y — x'|> + | f(y/) — x,|>. As f is L-Lipschitz, f(y’) >
f(x’) — L|x’ — |, so that

d = max{|x" = y'l, f(x") = LIx" = y'| = x}. (5.30)
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Fig. 7. Sketch of the geometry in the construction of Lemma 5.7

Ifd 2 %(f(x’) — xp,), then we are done (with any ¢;, = 2). Otherwise, %(f(x’) —
xp) >d Z (f(x') = xy) — LIx' = y/| implies Ld = L|x' = y'| Z 5(f(x) — x,)
which concludes the proof of (5.29) for any ¢, = 2L.

Inserting (5.29) and B, NV C U in (5.28) concludes the proof. |

Proof of Theorem 5.5. It suffices to consider the scalar case; by density it suffices
to prove the inequality if u is Cl(Q). For brevity, let A := || dist(-, 0 VullLr(q).
Let ¢ be as in Definition 5.1 and fix 73 := ¢/(12(L + 1)) (the reason will become
clear below).

We first show that for every x € Q there is a(x) € R such that

lu — a()lLrs,,0ne) = A, (5.31)

with ¢ depending only on n, p, L and R. To see this, we distinguish two cases. If
dist(x, d2) = 2rp this follows from the usual Poincaré inequality applied to the
ball B, (x) C €, with dist(-, 3Q) = rp in By, (x). If not, we fix x, € 9Q with
|x+« — x| < 2rp and use Lemma 5.7 to B3, (x,) (this is the point where the size of
rp is fixed). As By, (x) C B3, (xy), this concludes the proof of (5.31).

By Vitali’s covering theorem, there is a finite set xq, ..., xx € Q such that
Qc U,fZOBk, By := By 2(x), with the smaller balls B, /10 (xx) pairwise disjoint.
In particular, since they are all centered in © and the diameter of € is bounded by
Re, we obtain K < (1 + 10Re/rpg)" < ¢R"L". Let ay := a(x;). We claim that,
forevery k = 1,..., K, one has

/P lag — ax| < cK A. (5.32)

To see this, fix k, and let jo := 0, ji,..., jg := k be finitely many indices in
{0, K} such that Bj, N B, , N Q2 # @ for all h. They exist since 2 is connected,
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which means that there is a continuous curve in €2 which joins a point of By N
with a point of By N €2; as the curve is compact it is covered by finitely many of
the balls. We can further assume the indices jj, to be distinct. Indeed, if j, = jj
for some h < h’, we canremove h, h + 1, ..., h' — 1 from the set. As there are at
most K balls, we obtain H < K.

In turn, Bj, N Bj,,, N Q # ¢ implies that the larger balls have significant
overlap. Indeed, for each x € Q one has £"(Q N By, 2(x)) 2 cpr}, and recalling
that the radius of the balls By is rp/2, we obtain

cpry < L"(Bry (xj,) N Brg (xj,,) N Q). (5.33)
Using (5.31) on these two balls and then a triangular inequality,
ri e, = @] S cA, (5.34)

which, as H < K, implies (5.32). Finally, using that the balls By, ..., Bx cover
Qs

K
e —aollLr@) Y [IIM — axllLring) + (£ (Bi)'P lay — Olol] < cK’A.
k=0
(5.35)
O

Many well-known results from the literature follow easily from the weighted
Poincaré inequality and its proof above. We start with a Poincaré inequality (see
for example [45, Theorem 1.2]).

Theorem 5.8. (Poincaré inequality) Let 2 C R" be a connected, bounded (L, R)-
Lipschitz set and p € [1, 00). Then there exists a constant cp, > 0 depending only
onn, p, L, and R such that for all u € WLP(Q; R¥) there exists d, € R¥ with

”u - dLl ”LI’(Q) § CPo dlam(Q) IIVu ”LI’(Q) .

Proof. This follows from Theorem 5.5, using that dist(x, 92) < diam(£2) for all
x € Q. |

With the same strategy as above we can obtain a uniform estimate on the trace
operator, as a map from W17 to L? of the boundary. Also this result is well-known
in the literature; see, e.g., [38, Theorem 18.40].

Theorem 5.9. (Trace) Let 2 C R" be a bounded (L, R)-Lipschitz set, p € [1, 00).
Then the trace operator T : WP (Q; R¥)y — LP((0Q, H"1); R¥) obeys

ITullroe) < cte(d =P VullLr @) + lull Lr (), (5.36)

1
dl/pr

where d := diam(S2). The constant ct: depends only on n, p, L and R.
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Proof. This can be proven along the same lines as Theorem 5.5. One starts showing
that, in the setting of Lemma 5.6, one has

o) — af? < /lw—a|f’dr+cp<£ ) 1/|<o P(dr. (5.37)

PLUE) (E)
To see this, it suffices to observe that for any ¢’ € E the fundamental theorem of
calculus in (a, ') C I gives

lp —al(@) = lg —al(t) + /1 l¢I(1)dr. (5.38)

We take the p-th power, average over all ' € E, and use Holder’s inequality in the
last term to obtain (5.37).
In the next step we observe that, with r as in Lemma 5.7, for any x € €2,

/ lu —a|PdH" ! < erP7! / |Vu|Pdx + 5/ lu —a|Pdx, (5.39)
B (x)NOQ Q rJo

with ¢ depending only on n, p, L. This follows from (5.37) with a change of
variables, integrating over the same domain as in Lemma 5.7. The passage to
the integral in H"~! follows observing that B, (x) N < is the graph of an L-
Lipschitz function. The coefficients can be replaced by the corresponding powers
of d (by property (iii) in Remark 5.2 ¢ < diam 2, by property (i) in Definition 5.1
diam £ Re). Finally, we cover €2 with no more than ¢R"(¢/r)" such balls, as
in the proof of Theorem 5.5, and conclude the proof. m]

5.3. Rigidity

We prove a version of geometric rigidity from [28] and of Korn’s inequality
with uniform constant on all (L, R)-Lipschitz sets. Instead of repeating the entire
proof, and checking that the variuos constants depend on the domain only through
the parameters L and R, we show that the estimate for a general domain can be
reduced to the one for a cube. We refer to [14] for the proof for general p and a
review of the literature on Korn’s inequality and rigidity. The explicit dependence
of the constant on the shape of the domain was analyzed, in the specific case of
long and thin domains, in [30,31]. Korn’s inequality was derived for John domains
and related classes using different techniques, see [1,25,33] and references therein.

Theorem 5.10. (Uniform rigidity) Let Q2 C R" be a connected, bounded (L, R)-
Lipschitz set, p € (1,00). Then for any u € WP (Q; R") there are R € SO(n)
and S € R™*" such that

skw

[Vu — RllLr(@) = crigll dist(Vu, SOm)|lLr @) (5.40)

and
Vi — Sllr) < crigll Vi + Vu |[r (). (5.41)

The constant cRig depends only onn, p, L and R.
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We recall that both estimates do not hold for p = 1 and p = oc.

Proof. For the case that €2 is a cube both results are well known. We prove the first
inequality, the proof of the second one is almost identical.

The key observation is that the constant depends on the domain only via the
weighted Poincaré estimate. The general structure of the argument, using a Whitney
decomposition of the domain, is similar to the one used in [28] for the harmonic part.
Indeed, there rigidity was first proven in small cubes, and then the second derivative
was estimated using harmonic estimates. Here we instead construct a new function
(called g below) which interpolates between the values of the rotation in each
cube, using a partition of unity. This permits to avoid discussing the dependence
on the domain of the constants involved in the initial truncation in the proof of
[28]. This argument is almost identical to the one used in [17], we repeat it here for
completeness.

We intend to construct a partition of unity subordinated to a Whitney covering
of 2, done as in [50, Section VI.1] or [27, Sect. 6.5]. Precisely, we select countably
many cubes Q7 := x; + (—r;, ;)" such that, letting 0/ := x; + (—=4r;, 1r;)"
denote cubes with the same center and half the size,

XQ S Y x50 )Xo S cxe, (5.42)
J J
and _
r; < dist(Q’, 89) < crj. (5.43)

The constant ¢ in (5.42) and (5.43) depends only on the dimension n. These con-
ditions imply that the cubes have finite overlap, and that if O/ N Q% # @ then
l/c=rj/re Sc.

We fix ¢* € C2((—1, D"; [0, 1]) with ¢* = 1 on (=3, 3)", let §;(x) =

@*((x — x;)/rj) and @; := @;/ >\ ¢k. Using (5.42) one obtains ¢; € C°(Q/),
> j¢j =1inQ,and |[Vg;| = ¢/r;. By the estimate for the cube, for each j there
is R; € SO(n) such that

IV = Rjll ey = cn,pll dist(Vu, SOl 1r(0i)- (5.44)

We define § : Q@ — R"™" as a smooth interpolation between the R;, g =
> ¢jR;. Using 3, ¢; = 1in Q, ¢; < 1 and the finite overlap,

IV = Bl oy = 1 )05Vt = R pay S € 3 IVu = Rjll (g, (5:45)
J J

Using first (5.44) in each cube Q/ and then summing via (5.42) leads to

IVu = Bl} ) < CZ/Q |Vu — R;|Pdx < C/Qdistp(Vu, SO(n))dx. (5.46)
j J

At the same time, the distance between Vu and the R controls the derivative of 8.
Indeed, from Zj ¢j = 1 we obtain Zj Vg; = 0on , so that

VB=Y VoiR;j=> Ve¢;(R;— Vu). (5.47)
j j
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At this point we recall that [Vg;| < ¢/r;, and that dist(Q;, 3Q2) = cr;, which
implies that

dist(x, 9Q2)|Ve;|(x) = cxo;(x) forall x € Q. (5.48)

Therefore

/ dist? (x, 92)|VB|Pdx < cZ/ dist? (x, 82)|Ve;|P|Vu — R;|Pdx
£ P O
J

< chQ‘ |Vu — R;|Pdx.
j J

(5.49)
We then apply the weighted Poincaré inequality in Theorem 5.5 and obtain that
there is R, € R"*" with

1B = Rull} g < C/Qdist”(x, IQ)|VBIPdx < C/Qdist”(Vu, SO(n))dx.

(5.50)
Finally, we let R be the matrix in SO(n) closest to R,. Then, using that |R — R,| =
dist(Ry, SO(n)) < |Rx — Vul(x) + dist(Vu(x), SO(n)) pointwise we obtain

IR — R|(L"(@)"/P < c|| dist(Vu, SOm))l| Lo (). (5.51)

which, together with (5.46) and (5.50), concludes the proof. O

Acknowledgements. We thank Nora Liithen and Richard D. James, Martin Lenz, and Martin
Rumpf for helpful discussions and Richard D. James for making the image in the right panel
of Fig. 1 available to us as well as Philippe Boullay and Dominique Schryvers for allowing us
to reprint the one in the left panel. BZ would like to thank Jonathan Geuter for discussions on
parts of chapter 5 in the context of his Bachelor’s thesis. This work was partially supported
by the Deutsche Forschungsgemeinschaft through project 211504053/SFB1060 and project
441211072/SPP2256.

Funding Open Access funding enabled and organized by Projekt DEAL.

Data Availability No data has been produced in the original research reported in

this manuscript.

Open Access This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if changes were made.
The images or other third party material in this article are included in the article’s Creative
Commons licence, unless indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

63

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Page 42 of 44 Arch. Rational Mech. Anal. (2023) 247:63

References

. AcosTA, G., DURAN, R.G., MUSCHIETTI, M. A.: Solutions of the divergence operator on

John domains. Adv. Math. 206, 373-401, 2006

. BEN BELGACEM, H., ConTI, S., DESIMONE, A., MULLER, S.: Energy scaling of com-

pressed elastic films: three-dimensional elasticity and reduced theories. Arch. Ration.
Mech. Anal. 164, 1-37, 2002

. BHATTACHARYA, K.: Self-accommodation in martensite. Arch. Ration. Mech. Anal. 120,

201-244, 1992

. BHATTACHARYA, K.: Comparison of the geometrically nonlinear and linear theories of

martensitic transformation. Contin. Mech. Thermodyn. 5, 205-242, 1993

. BHATTACHARYA, K.: Microstructure of Martensite: Why it Forms and How it Gives

Rise to the Shape-Memory Effect. Oxford University Press, Oxford, 2003

. BaLL, J.M., JaMES, R.D.: Fine phase mixtures as minimizers of energy. Arch. Ration.

Mech. Anal. 100, 13-52, 1987

. BaLL, J.M., JAMES, R.: A characterization of plane strain. Proc. R. Soc. Lond. A 432,

93-99, 1991

. BaLL, J.M., JaMES, R.D.: Proposed experimental tests of a theory of fine microstructure

and the two-well problem. Philos. Trans. R. Soc. A 338, 389450, 1992

. BHATTACHARYA, K., JAMES, R.D.: The material is the machine. Science 307, 53-54,

2005

Boussalp, O., KREISBECK, C., SCHLOMERKEMPER, A.: Characterizations of symmetric
polyconvexity. Arch. Ration. Mech. Anal. 234, 417-451, 2019

BALL, .M., SCHRYVERS, D.: The formation of macrotwins in NiAl martensite. [UTAM
Symposium on Mechanics of Martensitic Phase Transformation in Solids (Ed. Sun Q.P.)
Springer Netherlands, Dordrecht, 27-36, 2002

BouLLAy, P, ScHRYVERS, D., KonN, R.: Bending martensite needles in NigsAlzs in-
vestigated by two-dimensional elasticity and high-resolution transmission electron mi-
croscopy. Phys. Rev. B 64, 144105, 2001

CoNTI, S., DIERMEIER, J., KOSER, M., ZWICKNAGL, B.: Asymptotic self-similarity of
minimizers and local bounds in a model of shape-memory alloys. J. Elast. 147, 149-200,
2021. https://doi.org/10.1007/s10659-021-09862-4

CoNTL, S., DOLZMANN, G., MULLER, S.: Korn’s second inequality and geometric rigidity
with mixed growth conditions. Calc. Var. PDE 50, 437-454, 2014

Conti, S., Lenz, M., Rumpf, M., Verhiilsdonk, J., Zwicknagl, B.: Geometry of needle-like
microstructures in shape-memory alloys. Shape Memory Superelasticity (to appear).
https://doi.org/10.1007/s40830-023-00442-0

CESANA, P., PorTA, F DELLA, RULAND, A., ZILLINGER, C., ZWICKNAGL, B.: Exact
constructions in the (non-linear) planar theory of elasticity: from elastic crystals to
nematic elastomers. Arch. Ration. Mech. Anal. 237, 383-445, 2020

ConTI, S., GARRONI, A.: Sharp rigidity estimates for incompatible fields as a conse-
quence of the Bourgain Brezis div-curl result. C. R. Math. 359, 155-160, 2021. https://
doi.org/10.5802/crmath.161

CHu, C.-H.: Hysteresis and microstructures: a study of biaxial loading on compound
twins of copper—aluminium—nickel single crystals. Ph.D. thesis, University of Min-
nesota, 1993

CHu, C., JAMES, R.D.: Analysis of microstructures in Cu—14.0%A1-3.97%Ni by energy
minimization. J. Phys. IV 5, C8-143, 1995

CLAYTON, J.D., KNAP, J.: Phase field modeling of twinning in indentation of transparent
crystals. Modell. Simul. Mater. Sci. Eng. 19, 085005, 2011

CoNTL S., LENZ, M., LUTHEN, N., RUMPF, M., ZWICKNAGL, B.: Geometry of martensite
needles in shape memory alloys. C. R. Math. 358, 1047-1057, 2020

ConTl, S., LENZ, M., RUMPF, M., VERHULSDONK, J., ZWICKNAGL, B.: Microstructure
of macrointerfaces in shape-memory alloys. J. Mech. Phys. Solids, 2023


https://doi.org/10.1007/s10659-021-09862-4
https://doi.org/10.1007/s40830-023-00442-0
https://doi.org/10.5802/crmath.161
https://doi.org/10.5802/crmath.161

Arch. Rational Mech. Anal. (2023) 247:63 Page 43 of 44 63

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.
38.

39.
40.

41.

42.

43.

44.

45.

46.

47.

48.

DACORrROGNA, B.: Direct Methods in the Calculus of Variations. Applied Mathematical
Sciences, vol. 78, 2nd edn. Springer, New York, 2008

DoLzMANN, G., MULLER, S.: Microstructures with finite surface energy: the two-well
problem. Arch. Ration. Mech. Anal. 132, 101-141, 1995

DURAN, R.G., MUscHIETTI, M.A.: The Korn inequality for Jones domains. Electron. J.
Differ. Equ. 1-10, 2004, 2004

DAL Maso, G., NEGRI, M., PERCIVALE, D.: Linearized elasticity as I'-limit of finite
elasticity. Set-Valued Anal. 10, 165-183, 2002

Evans, L.C., GArIiePY, R.F.: Measure Theory and Fine Properties of Functions. CRC
Press, Boca Raton, 1992

FRIESECKE, G., JAMES, R.D., MULLER, S.: A theorem on geometric rigidity and the
derivation of nonlinear plate theory from three dimensional elasticity. Commun. Pure
Appl. Math 55, 1461-1506, 2002

FINEL, A., LE BOUAR, Y., GAUBERT, A., SALMAN, U.: Phase field methods: microstruc-
tures, mechanical properties and complexity. C. R. Phys. 11, 245-256, 2010
HARUTYUNYAN, D.: On the Korn interpolation and second inequalities in thin domains.
SIAM J. Math. Anal. 50, 49644982, 2018

HARUTYUNYAN, D.: The asymptotically sharp geometric rigidity interpolation estimate
in thin bi-Lipschitz domains. J. Elast. 141, 291-300, 2020

JaMmES, R.D.: Materials from mathematics. Bull. Am. Math. Soc. 56, 1-28, 2019
JIANG, R., KAURANEN, A.: Korn’s inequality and John domains. Calc. Var. Partial.
Differ. Equ. 56, 1-18, 2017

JaMES, R.D., KoHN, R.V., SHIELD, T.: Modeling of branched needle microstructures at
the edge of a martensite laminate. J. Phys. IV 5, C8-253, 1995

KonN, R.V.,, MULLER, S.: Branching of twins near an austenite/twinned-martensite
interface. Philos. Mag. A 66, 697-715, 1992

KonN, R.V., MULLER, S.: Surface energy and microstructure in coherent phase transi-
tions. Commun. Pure Appl. Math. 47, 405-435, 1994

KUFNER, A.: Weighted Sobolev Spaces. Wiley, London, 1980

Leoni, G.: A First Course in Sobolev Spaces. Graduate Studies in Mathematics, vol.
181. American Mathematical Society, Providence, 2017

L1, Z.: Computations of needle-like microstructures. Appl. Numer. Math. 39, 1-15,2001
Levitas, V.I., Roy, A.M.: Multiphase phase field theory for temperature- and stress-
induced phase transformations. Phys. Rev. B 91, 174109, 2015

Levitas, V.I,, Roy, A., PRESTON, D.L.: Multiple twinning and variant—variant transfor-
mations in martensite: phase-field approach. Phys. Rev. B 88, 054113, 2013

MoRREY, C.B., Jr.: Quasi-convexity and the lower semicontinuity of multiple integrals.
Pac. J. Math. 2, 25-53, 1952

Muitg, B.K., SaLMAN, O.U.: Computations of geometrically linear and nonlinear
Ginzburg-Landau models for martensitic pattern formation. European Symposium on
Martensitic Transformations, 03008, 2009

MULLER, S.: Variational models for microstructure and phase transitions. Calculus of
variations and geometric evolution problems (Cetraro 1996), volume 1713 of Lecture
Notes in Mathematics (Eds. BETHUEL, F., HUISKEN, G., MULLER, S., STEFFEN, K.,
HILDEBRANDT, S. and STRUWE, M.) Springer, Berlin, 85-210, 1999

Ruiz, D.: On the uniformity of the constant in the Poincaré inequality. Adv. Nonlinear
Stud. 12, 889-903, 2012

SALJE, E.K.: Phase Transitions in Ferroelastic and Co-elastic Crystals. Cambridge Top-
ics in Mineral Physics and Chemistry. Cambridge University Press, Cambridge, 1991
SCcHRYVERS, D., BouLLAy, P., KoHN, R.V., BaLL, J.M.: Lattice deformations at
martensite-martensite interfaces in Ni-Al. J. Phys. IV Fr. 11, Pr§8-23-Pr8-30, 2001
SCHRYVERS, D., BouLLAY, P., Potaprov, PL., KouN, R.V., BALL, J.M.: Microstructures
and interfaces in Ni-Al martensite: comparing HRTEM observations with continuum
theories. Int. J. Solids Struct. 39, 3543-3554, 2002



63

49.

50.

51.

52.

Page 44 of 44 Arch. Rational Mech. Anal. (2023) 247:63

SALMAN, O.U.,MuITg, B. K., FINEL, A.: Origin of stabilization of macrotwin boundaries
in martensites. Eur. Phys. J. B 92, 20, 2019

STEIN, E.M.: Singular Integrals and Differentiability Properties of Functions. Princeton
University Press, Princeton, 1970

ZHANG, Z., JAMES, R.D., MULLER, S.: Energy barriers and hysteresis in martensitic
phase transformations. Acta Mater. 57(15), 4332-4352, 2009

ZWICKNAGL, B.: Microstructures in low-hysteresis shape memory alloys: scaling
regimes and optimal needle shapes. Arch. Ration. Mech. Anal. 213, 355-421, 2014

SERGIO CONTI
Institut fiir Angewandte Mathematik,
Universitit Bonn,
53115 Bonn
Germany.

and

BARBARA ZWICKNAGL
Institut fiir Mathematik,
Humboldt-Universitit zu Berlin,
10099 Berlin
Germany.
e-mail: barbara.zwicknagl @hu-berlin.de

(Received March 9, 2022 / Accepted April 13, 2023)
Published online June 8, 2023
© The Author(s) (2023)



	The Tapering Length of Needles  in Martensite/Martensite Macrotwins
	Abstract
	1 Introduction
	2 Kinematics and Reduction to a 2D Problem
	2.1 Nonlinear elasticity
	2.2 Linearization

	3 Energy Scaling in the Geometrically Linearized Setting
	4 Energy Scaling in the Geometrically Nonlinear Setting
	4.1 Upper Bound
	4.2 Lower Bound
	4.2.1 Technical Preliminaries
	4.2.2 Proof of the Lower Bound

	4.3 Existence of Minimizers

	5 Korn's Inequality and Geometric Rigidity for Uniformly Lipschitz Domains
	5.1 Uniformly Lipschitz Domains
	5.2 Weighted Poincaré Inequality
	5.3 Rigidity

	Acknowledgements.
	References




