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Abstract

We study the behavior of solutions to the incompressible 2d Euler equations
near two canonical shear flows with critical points, the Kolmogorov and Poiseuille
flows, with consequences for the associated Navier—Stokes problems. We exhibit
a large family of new, non-trivial stationary states that are arbitrarily close to the
Kolmogorov flow on the square torus T? in analytic regularity. This situation con-
trasts strongly with the setting of some monotone shear flows, such as the Couette
flow: there the linearized problem exhibits an “inviscid damping” mechanism that
leads to relaxation of perturbations of the base flows back to nearby shear flows.
Our results show that such a simple description of the long-time behavior is not
possible for solutions near the Kolmogorov flow on T2. Our construction of the new
stationary states builds on a degeneracy in the global structure of the Kolmogorov
flow on T2, and we also show a lack of correspondence between the linearized
description of the set of steady states and its true nonlinear structure. Both the
Kolmogorov flow on a rectangular torus and the Poiseuille flow in a channel are
very different. We show that the only stationary states near them must indeed be
shears, even in relatively low regularity. In addition, we show that this behavior is
mirrored closely in the related Navier—Stokes settings: the linearized problems near
the Poiseuille and Kolmogorov flows both exhibit an enhanced rate of dissipation.
Previous work by us and others shows that this effect survives in the full, nonlinear
problem near the Poiseuille flow and near the Kolmogorov flow on rectangular tori,
provided that the perturbations lie below a certain threshold. However, we show
here that the corresponding result cannot hold near the Kolmogorov flow on T2.

1. Introduction

Solutions to the incompressible Euler equations are notoriously difficult to un-
derstand: they exhibit few conserved quantities that are useful for the study of
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asymptotic stability, lack of compactness, chaotic behavior, and many other math-
ematical challenges. Towards gaining a deeper qualitative understanding of their
long time dynamics, it is natural to first investigate possible “end state” configura-
tions, such as stationary states or time-periodic solutions. Such structures can play
a central role in the evolution of a flow, and can even become dominant aspects of
it. Moreover, in some such settings there are clear links to associated dynamics in
the Navier—Stokes equations.

This work is devoted to such questions in the setting of the 2d Euler (v = 0) or
Navier—Stokes (v > 0) equations
U+ (U -V)U+ VP =vAU, (1.1
V-U=0. D

For a domain D C R? with suitable boundary conditions, these equations
describe a flow through its velocity field U = (U1, Uz) : D x R — R2, with
P : D — Rbeing the internal pressure and v > 0 the kinematic viscosity (inversely
proportional to the Reynolds number). In two dimensions it is advantageous to work
instead with the scalar vorticity 2 := 9,U> — 0,U; : D x R — R, which satisfies

{a,szuivsz_msz, 12
U=V-V¥, AV =Q,

and from which the so-called stream function ¥ : D x R — R and the (divergence-
free) velocity field U of the flow can be recovered as described in (1.2). In this
work we will be dealing chiefly with bounded, rectangular domains with (partially)
periodic or Dirichlet boundary conditions, such as the square torus T?, a rectangular
torus "JI% :=[0,276] x[0,27],8 > Owith$ ¢ N, orachannel T x I, where I C R
is an interval.

While these problems are globally well-posed for sufficiently regular initial
data, the long time behavior of their solutions is very hard to understand, especially
in the case of the Euler equations.

Stationary States. A particularly important class of solutions to the Euler equa-
tions (1.2) (with v = 0) is given by stationary states, i.e. time-independent flow
configurations. Their stream functions satisfy the equation

ViU . VAW =0,

which holds in particular for solutions of the equation AW = F (W), for some
F € C'. Two canonical solutions of this type are shear flows,' where ¥ depends
on only one of the two spatial variables, and eigenfunctions of the Laplacian.
Since the foundational investigations of KELVIN [25] and REYNOLDS [34] in
the 1880’s, shear flows have been important in both fluid dynamics theory and
applications, and are commonly viewed as the natural state of a fluid in non-turbulent

! In a broader context and for more general geometries, such flows are also referred to as
laminar flows.
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situations. On the other hand, eigenfunctions of the Laplacian are of interest, since
the first non-trivial eigenfunctions maximize ||U || ;2 for fixed || || .2, which gives a
natural stability mechanism. Due to the additional presence of viscosity, all solutions
to the 2d Navier—Stokes equations (1.2) (with v > 0) are damped and eventually
tend to zero. However, as we shall see later, in some cases there are close connections
between stationary states of the Euler equations and certain special solutions of the
Navier—Stokes equations.

A fundamental question in all these settings is how solutions near such stationary
states behave, and in particular whether they are stable in a suitable sense, which
has to be very carefully defined. Historically and until now, a natural starting point
has been the investigation of “modal stability”, i.e. the stability properties of the
linearization near a given stationary state. This has uncovered two crucial effects
due to vorticity mixing: in the Euler equations, so-called inviscid damping is a
mechanism that leads to damping of a component of the velocity [4], whereas in
the Navier—Stokes equations enhanced dissipation produces an effective relaxation
rate that is much faster than the natural diffusive one [12, 13]. These questions have
received alot of attention recently and have seen an enormous amount of progress, in
particular for the case of shear flows [3,14,19,22,27,35-37] and vortices [18,26]. In
this context, the classic example is that of the Couette flow U, (y) = (y,0) on T x R,
which solves both Euler and Navier—Stokes equations, and was already investigated
by KELVIN [25]. The linearized problem near U, can be solved explicitly, and
demonstrates clearly the mixing effects mentioned above—see also the review
paper [4] and references therein.

The associated nonlinear problems, however, are substantially harder. In the
inviscid case (v = 0), nonlinear asymptotic stability remained unresolved until
the groundbreaking work of BEDROSSIAN and MAsMouDI [5] for the Couette flow.
They established that sufficiently regular and small perturbations converge strongly
in L2 (of velocity) to a shear flow near U, ast — oo. As was shown in [15], the
Gevrey regularity here is a crucial ingredient of the proof. The work [5] has led to
many subsequent results. The only nonlinear results on the 2d Euler equations that
we are aware of are [23,24,30], where the method of [5] is extended (in a highly
non-trivial way) to handle the case of monotone shear flows on T x [a, b]. When
v > 0 experimental predictions and simulations for the Navier—Stokes equations
near U, were confirmed mathematically: it was shown that there exists a certain
threshold for the size of the initial data, below which enhanced dissipation also
holds in the nonlinear viscous problem near U, [6,7,9], provided the Reynolds
number is large enough.

In the present work we venture into unexplored directions where the natural
analogues and generalizations of the aforementioned results do not hold. In fact,
we show that the basic picture of viewing the nonlinear problem as a suitable
perturbation of the corresponding linear setting can break down.

1.1. Main results

The mixing mechanism upon which the above works are based, discovered
first by OrR [33], relies heavily on the monotonicity of the base profile U,. Once



12 Page 4 of 37 Arch. Rational Mech. Anal. (2023) 247:12

one leaves the realm of monotonic flows, two canonical flows come to mind: the
Kolmogorov and Poiseuille flows Uk and Up, respectively, given by

Uk (y) = (sin(y), 0), (x,y) € T or (x, y) € T3,
Up(y) = (%, 0), (x,y) €T x 1,

where /I C R is an interval. Both are stationary solutions to the Euler equations,
and Up also solves the full Navier—Stokes equations, whereas Uk evolves as a
so-called bar state Upy,(t, y) := e ""Ug(y) when v > 0.

In comparison with the Couette flow, they are both locally degenerate in the

sense that they have a critical point. While the two share this similarity, it turns out
that Ug on T? also has a sort of global degeneracy. This is closely tied to the setting
of the square torus T? (rather than a rectangular torus ']Tg) and, as we show in our
main results below, makes for a crucial difference: while the behavior of solutions
near Up onT x I or Uk on Tg may have similarities to that near the Couette flow as
in [28], the situation near Uk on the square torus T2 is entirely different. In concrete
terms, the degeneracy of the global structure of Ug on T2 implies that the linearized
operator Lx near Ug has a “large” kernel, which includes not only shears (as is
natural for linearized operators near shear flows), but also two eigenfunctions of
the Laplacian. This is a well-known fact, but still allows for linear inviscid damping
and linear enhanced dissipation results [22,35,36], which demonstrate these effects
in a precise, quantified fashion away from the kernel of Lx . However, the present
work shows that these effects do not persist in the nonlinear problem. Going further,
we will see below that the nonlinear structure is not accurately represented by the
linear approximation, not even locally and not even to first order.
In the Euler equations. Building on the global degeneracy of Ux on T2, we
construct a large family of new stationary states of analytic regularity, that are
arbitrarily close to Ug and do not lie in the kernel of the linearized operator Lg :=
sin(y)(1 + A~1)d,. In particular, these are not simply shears (of which there are
certainly many analytic ones arbitrarily close to Uk ), and we thus refer to them as
“non-trivial”.

Our result constructs the corresponding stream functions as perturbations of the
stream function cos(y) of the Kolmogorov flow Uk .

Theorem 1. (Stationary states near Kolmogorov) There exists ey > 0 such that for
any 0 < & < gq there exist analytic functions Wy € C®(T?) and F, € C®(R)
satisfying

AV, = F.(¥,) (1.3)
and
llcos(y) — Wellcorr2y = O(€),

with

2
(W, cos(x) cos(dy)) = —8217[78 + 032 (1.4)
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This shows that, arbitrarily close to the Kolmogorov flow, there are families
of non-trivial (i.e. not in the kernel of Lk ), non-shear and stationary solutions
U, := VW, : T? — R? of the incompressible Euler equations.

This is all the more remarkable, since as initial data in the linearized, inviscid
problem, these solutions would experience the inviscid damping effect as in [36],
but are in fact simply stationary for the full Euler equations! Since moreover our
stationary states are analytic, this shows that the linear inviscid damping results of
[36] cannot be extended in a perturbative spirit to the nonlinear setting, no matter the
regularity. This is in striking contrast with the case of the Couette flow [28]: there,
similar stationary structures can only exist at low regularity (H’/? for the stream
function) and as discussed earlier, nonlinear inviscid damping holds at sufficiently
high regularity.

About the proof of Theorem 1 (full details in Section 2). Our construction builds per-
turbatively on the fact that the stream function Wg := cos(y) of the Kolmogorov
flow Uk satisfies

AVg = Fg(Vk), Fgx(2) =—z. (1.5)
To find a larger class of solutions to (1.3), we make the ansatz
Ve =Wk +ey, F.=Fg+ef,
which yields a nonlinear elliptic equation for ¢ (with f to be determined as well)
Ay +y¢ = f(Wk +ey). (1.6)

Notice that here a crucial difference with previous works [10,11] is that the
operator A + 1 on the left hand side of (1.6) is not invertible. This global degeneracy
thus leads to some complications, but also allows us to introduce here via ¥ elements
of the kernel ker Lg. Via the nonlinear interaction, this produces a plethora of
different modes, and in particular allows for a construction of W, such that the
resulting flow is not inside the kernel of the linearization L.

At a more technical level, our proof constructs in tandem both the solution
Y and the nonlinearity f via a contraction argument. This is first done for ¥ €
H 2(']I‘z), and it turns out that a simple choice for f works well: that of an odd, real
quintic polynomial (the coefficients of which are part of the contraction argument).>
Given the relatively explicit nature of our construction, one can then easily find an
expansion of W, from which (1.4) follows directly.

Finally, the analytic regularity can be deduced from (1.6) via an elliptic regu-
larity argument, which we detail in Section 2.3. This also yields uniform in ¢ > 0
analytic Gevrey-1 norm bounds. O

2 for the precise Gevrey-1 regularity statement see Proposition 2.5

3 Other choices of f are certainly possible, and one sees easily that in fact we may construct
many different families of solutions to (1.3)—see also Remark 2.2 in Section 2.
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Remark 1.1. 1. As this proof shows, a relatively simple form of F, as an odd,
quintic polynomial suffices. Moreover, one can easily modify our arguments to
show that many families (W;), as in Theorem 1 exist—see also Remark 2.2 in
Section 2 below.

2. Theorem 1 also implies the existence of stationary states near the Kolmogorov
flow on general tori T2, := [0, 27 N1 x [0, 27], N € N, with integer side length
ratio, since we may simply embed N copies of T2 in such a torus T%V.

From the discussion so far one may be tempted to conjecture that one could find
stationary states of the 2d Euler equations on T? near Kolmogorov, which depart
in any direction in the kernel of the linearization L. In fact, one would naturally
conjecture that generically the set of stationary states near a given stationary state
¥, can be locally described by the linearization near .. As we show in Proposition
2.15 in Section 2.6, under suitable non-degeneracy conditions on v, this is indeed
the correct picture. However, here we establish that the Kolmogorov flow on T?
is also degenerate from this perspective: we show in Section 2.4 that there are
elements of ker Lk which cannot arise as projections of stationary states near Uk
on T?.

Theorem 2. There exists an infinite-dimensional subspace Y C ker Lk such that
ifQ : T? — Rsatisfies that |2 4 cos() || ys is sufficiently small and its projection
Pg (2 + cos(y)) onto ker Lk satisfies Pg (2 + cos(y)) € Y, then Q cannot be a
stationary solution to the 2d Euler equations on T?.

Highlighting the role of the global (versus local) degeneracy, we show that a
similar construction of stationary states as in our Theorem 1 is not possible near the
Kolmogorov flow on a rectangular torus or near the Poiseuille flow in a channel. In
fact, we show that all nearby stationary states must simply be shear flows, even in
relatively low regularity H> and H>T, respectively.

Theorem 3. (Rigidity near Kolmogorov on a rectangular torus) Consider the sta-
tionary solution Uk (x,y) = (sin(y), 0) on T2, 8 > 0 with § ¢ N, of the Euler
equations (1.1). There exists g > 0 (depending on §) such that if U : Tg — R% s
a further stationary solution to the Euler equations with

IU = Ukllgs < €0,
then U = U (y) is necessarily a shear flow.

Note that this rigidity does not only hold in the range 0 < § < 1, but extends
even for tori ’]T(% with § > 1, as long as 6 ¢ N. This is remarkable, as in those
settings the Kolmogorov flow has been proven to be linearly unstable [16,17,32].

About the proof of Theorem 3 (full details in Section 2.5). Our proof builds on the
fact that (in contrast to the setting on T?2) the linearization £x near Ug on ’]I%
only has shears in its kernel. From this we derive a coercivity estimate for nearby
solutions, that allows them to only be shears, provided they are sufficiently close
to Ukg. O
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In the setting of the Poiseuille flow, we demonstrate the stronger result that even
any nearby travelling wave solution must simply be a shear flow.

Theorem 4. (Rigidity near Poiseuille) Let s > 5, and consider the 2d Euler equa-
tionson'T x [—1, 1]

WU +U-VU+VP =0, V-U=0, U(x,£)=0. (1.7

There exists g9 > O such that if U(x — ct, y), with ¢ € R, is any traveling wave
solution to (1.7) that satisfies

I+ 2yllys < e, where U = VI, AW =Q, (1.8)
then it follows that U = (U1, 0), that is, U is necessarily a shear flow.

About the proof of Theorem 4 (full details in Section 4). The proof of this resultre-
lies on a strong coercivity estimate for linearized operators around shears that are
themselves close to the Poiseuille flow in the Euler equations. This further illumi-
nates the contrast with the setting of the Kolmogorov flow, where no such estimate
for the linearized operator L is available on T?. Combining this coercivity bound
with the equations satisfied near Up, we then obtain a contradiction if U is both
non-shear and close to Up, as in the statement of Theorem 4. O

In the Navier-Stokes equations. The above behavior is closely mirrored in the
related Navier—Stokes settings: the linearized problems near the Poiseuille flow and
the bar states (connected to the Kolmogorov flow) both exhibit an enhanced rate of
dissipation [14,35,36]. Already early experiments of Reynolds on pipe flows [34]
showed that such effects cannot be expected to occur in the nonlinear setting in
general. Instead, one may hope to establish the existence of a nonlinear stability
threshold depending on characteristic quantities of the flow (the so-called Reynolds
number, here inversely proportional to the kinematic viscosity v > 0): for initial
data below the threshold, the nonlinear problem can be treated perturbatively and
linear effects persist, whereas above it turbulent motion and instabilities may occur.
And indeed, results of this type have been first demonstrated for monotone shear
flows, with subsequent refinements on the precise size of the threshold [7,9,29,31]

Our previous work [14] proved the existence of such a threshold near the
Poiseuille flow in the Navier—Stokes equations, while for the bar states on rect-
angular tori ']I% with 0 < § < 1 this was shown in [36]. In stark contrast to these
results, we show here that the corresponding result cannot hold for the bar states
on T?.

To make this precise, let us define the space D := (ker Lx)* and denote by
Pp the associated orthogonal projection onto D. In vorticity formulation, the lin-
earization of the Navier—Stokes equations near the bar states 5, = —e ™" cos(y)
is then given by

W f+e Lk f=vAf (1.9)
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The results of [22,35,36] show that the enhanced dissipation in this linearized
setting can be quantitatively captured by the statement that solutions f(¢) to (1.9)
satisfy

—cyvl/2 T
IPpfOl2 S T IPpf(Oll2, Vi< "

where c¢; > 0 is some universal constant and t > 0 is arbitrary.

Our next result demonstrates that there cannot be any threshold below which
this L2 decay also holds in the nonlinear Navier—Stokes problem near the bar states
on T2, since there exist initial data arbitrarily close to those of the bar states that
do not decay before the diffusive time scale O (v™') is reached.

Theorem 5. Forany v > O there exists 0 < gy <K v with the following property: let
0 < & <¢gandlet Q; = AWV, be the vorticity associated to the stationary Euler
flow of Theorem 1, thus satisfying ||2¢ — Qpgr(t = 0)||;2 = O (). Then PpS2, is
not dissipated at an enhanced rate: i.e. the solution Q" of the initial value problem

¥+ UY-VQ =vAQY,
Q¥(0) = €2,

on T? satisfies for all t € [zl—v, %] the lower bound
[PpR" @) ,2 2 ™ IPDRell2 -

About the proof of Theorem 5 (full details in Section 3). To prove this we use the
stationary states of the Euler equations constructed in Theorem 1. We combine this
here with the fact that the Navier—Stokes evolution preserves shears and uni-modal
flows. The result is that one can still move away from the Kolmogorov flow in an
almost stationary fashion, even in the Navier—Stokes equation. O

We remark here once more the crucial role played by the global degeneracy of
Uk on the square torus. This can be broken by considering Uk on a rectangular
torus, as has been done in [36]. In that setting, the kernel of the linearization Lx
trivializes to include only shear flows again, and enhanced dissipation can be shown
to hold not only linearly, but also below a threshold in the nonlinear problem.

1.2. Perspectives

While our results provide a striking look at the rich dynamics of solutions to
2d Euler and Navier—Stokes equations even near relatively simple, stationary flow
configurations, they also open the door to many further questions. We briefly discuss
here two areas that seem of particular relevance to us.

Local structure of 2d stationary Euler flows. Given a stationary solution of the
2d Euler equations, a natural and difficult question is whether one can describe
all 2d Euler stationary states near it. For some shear flows, it is possible to show
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that all sufficiently smooth* stationary states nearby are shear flows (this was done
for the Couette flow in [28], while our Theorems 3 resp. 4 demonstrate it for the
Kolmogorov flow on rectangular tori resp. the Poiseuille flow). In [10], set on
general domains homeomorphic to an annulus, the authors establish a one-to-one
correspondence between stationary states near a base "non-degenerate" state and
their distribution function (similar to the case of the Couette flow); in the recent
work [11] certain Liouville-type theorems are established (in the spirit of [20,21]),
which show that suitable steady solutions with no stagnation points occupying a
two-dimensional periodic channel must have certain structural symmetries.

This picture is manifestly false for the Kolmogorov flow on T2, since in any regu-
larity class, any neighborhood of the Kolmogorov flow contains a four-dimensional
set of solutions to Ay = —1/. A natural question is whether these are the only “ex-
tra” solutions near the Kolmogorov flow. Our construction in Theorem 1 shows that
there are other solutions and that the local structure of the set of 2d Euler stationary
states near Kolmogorov is much richer: While we find one non-trivial “branch” of
solutions leaving Kolmogorov in a certain direction, we also show that there can-
not be any “branches” in certain other directions (see Theorem 2 resp. Proposition
2.13). In particular, the set of stationary states is not simply a graph over the kernel
of the linearization, not even locally, not in even in analytic regularity. It seems
highly non-trivial to characterize all these branches since there is balance between
freedom and rigidity. A characterization of the full set of stationary solutions near
the Kolmogorov flow on T? is thus an outstanding open problem.

Bar states and dipoles in 24 Navier-Stokes. Besides the bar state Qp,,(f, y) =
—e Y cos(y), the Navier-Stokes equations on T§ admit another explicit solution
given by

Quip(t. y) = —e " cos(y) —e ' cos(x/8), 5 € (0,11,

known as dipole state. Even at the linearized level, the questions of stability and
enhanced dissipation properties of €24, remain unsolved, in both the square and
rectangular torus cases. An interesting analysis in this direction has been carried out
in [1], following the work [2]. In particular, evidence was provided there to show
that—for dynamics before the diffusive timescale vl —Qui p is a (local) attractor
in the square torus case § = 1, while for § < 1, €, is the asymptotic end state
configuration, at least for small perturbations. While the latter statement on the
nonlinear stability of €24, was proven rigorously in [36], the case of the square
torus is completely open. Our result, however, points strongly in the direction of
confirming the predictions of [1]. In particular, Theorem 5 shows that 2, is not
a local attractor for nearby perturbations on T2,

1.3. Plan of the article

Section 2 lies at the heart of this article, and begins by establishing Theorem
1. First we construct nontrivial stationary states near Ug on T2 using a two-step

4 We note that even in the comparatively simple case of the Couette flow, without sufficient
regularity there are nearby stationary, non-shear flows [28].
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contraction mapping argument in H2. Second, we show that these stationary states
can be taken to be arbitrarily close to Uk in the analytic norm in Section 2.3. In
Section 2.4, we demonstrate Proposition 2, showing that not every linearly neutral
direction gives rise to a nonlinear steady state near Ug . Section 2.5 then gives the
proof of rigidity on rectangular tori (Theorem 3): all stationary states near Ux on
']I% are shears when § > 0 is not an integer. In Section 2.6 we then demonstrate
that under suitable non-degeneracy assumptions, the linear approximation near a
stationary state represents the local structure of nearby stationary states.

Section 3 is devoted to the Navier—Stokes equations, showing that no nonlinear
enhanced dissipation result can hold near the bar state Uy, on T2 (Theorem 5).

Finally, we prove the rigidity result Theorem 4 for traveling waves near the
Poiseuille flow Up in Section 4.

2. Stationary States near Kolmogorov flow

In this section we investigate the existence of stationary states near the Kol-
mogorov flow Ux = (sin(y), 0) on square or rectangular tori. To begin, we note
that any nearby shear is trivially a stationary solution as well. In the specific set-
ting of the square torus T2, one verifies directly that in addition, flows of the form
cos(y) + a cos(x) + b sin(x) are stationary, provided a, b € R small enough. This
already hints at the global degeneracy of this particular problem.

To understand the difficulties involved in finding a larger class of non-trivial
stationary states near the Kolmogorov flow on T2, let us try to (formally) search
for a solution of the 2d Euler equations of the form

o
Qe = —cos() + ) ewj(x,y),
j=1

with ¢ a small parameter and vorticity €2 non-shear and not just a solution of
AQ; = —Q,. By stationarity, the perturbation w; := ij’: 1 &/ wj has to satisfy the
linearized equation

Lrxwe = —uy -V, uz=VEA o, Lx =sin(y)(1+ A™Ha,,

or equivalently,

k—1
Lxog ==Y uj - Vor_j. uj=V+Aw; 2.1
j=1
We can therefore hope to solve for wy given wq, - - - , wr—1. Of course, this method

is unlikely to work directly since there is a clear loss of derivatives in this process.
However, there are even more fundamental problems: the global degeneracy of
Uk on T? is witnessed by the fact that the operator Lg is not invertible (we have
ker Lxg = {cos(x), sin(x)} U {f € L?: dx f = 0}), and the solvability conditions
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for an equation of the form Lg f = g are complicated. In particular, we would
need to know that, at each step, the function

1 k—1
_— uj-Vog_i
sin(y) ; / /

is smooth, mean-free in x only, and orthogonal to sin(x) and cos(x).

When k = 1, we see that w; = G(y) + asin(x) + bcos(x), and we are free
to choose a, b € R and G € C!(T) is mean-free. On the one hand, any non-trivial
choice of G, a, b will produce, through the nonlinearity, non-shear modes in w>. On
the other hand, the solvability of (2.1) needs to be preserved, reducing drastically
the degrees of freedom. Although it is not clear a priori whether this formal process
can even be continued for all &, using the freedom of choice of wy at each step
one can show the existence of non-shear formal power series solutions. The loss of
derivatives in this process, however, makes it very difficult to rigorously show that
the series converges even to an L solution.

To get around the derivative loss, we choose to construct stationary solutions
through the semilinear equation (1.3) instead, branching away from the respective
equation (1.5) that the Kolmogorov flow satisfies.

This culminates in Theorem 1, which is established in Sections 2.1-2.3. We
proceed as follows: First we prove the corresponding statement for stream functions
in H2(T?) in Proposition 2.1 below. Lemma 2.9 in Section 2.2 then demonstrates
that these stream functions are indeed non-trivial in the sense that they do not lie
in the kernel ker L. Via an elliptic regularity type argument our stationary states
can subsequently be upgraded to have analytic regularity—see Proposition 2.5 as
well as Lemma 2.11 and Corollary 2.10 in Section 2.3.

Following this, we establish some obstructions to a natural generalization of
Proposition 2.13 of Section 2.4, as well as a rigidity Theorem 3 for rectangular tori
in Section 2.5. Now let us state the results that combine to give Theorem 1.

Proposition 2.1. There exists g > 0 such that for any 0 < ¢ < gq there exist
functions W, € H>(T* and F, : R —> R satisfying

AV, = F,(¥,) (2.2)
and
l[cos(y) — Well g2(12) = O(€), (2.3)
with
7.[2
(W, cos(x) cos(4y)) = —gZE + 0. (2.4)

Here the functions F, can be chosen to be polynomials of degree five.

Remark 2.2. We comment on a few extra details.
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1. More precisely, W, can be computed to have the expansion
W, = cos(y) + € [cos(x) + cgcos(3y) — ¢y cos(5y)]
+ &2 |:—cz cos(x) cos(4y) — 31—2b1 cos(3y) — c3cos(7y) + ca cos(9y):|
+0(e,

as is shown in Lemma 2.9 (where also cy, ..., ¢4, b are given).

2. Furthermore, one can easily modify our arguments to show that many such
families (W), exist. Indeed, one way to see this is simply to modify our con-
struction of the functions F; by adding polynomials with coefficients of order
g2,

In order to give the precise analyticity statement, we introduce the following
space of analytic functions:

Definition 2.3. For 1 > 0 we denote by G*(T?) the Gevrey-1 space, defined as the
Banach space of L? functions, whose norm

< 400

s = [le*D! - H MK £k
1/ llgr = W™l = e S,

is finite.

Clearly, functions in G*(T?) are analytic, with radius of analyticity A.

Remark 2.4. By definition of the Sobolev space norms || f || zm = || |k|™ f(k) ||52(k)
we have that

)\m
1£llgr = 32— £ lljgm

m>0
so that the G* norm can be controlled by a suitable growth rate of Sobolev norms.

Proposition 2.5. The functions V. constructed in Proposition 2.1 are in fact an-
alytic, i.e. WV, € C?(T?), and there exists . > 0 and a constant M > 0, both
independent of € > 0, such that they satisfy

lcos(y) — lIje”gk('ﬂ?) <M e

2.1. Proof of Proposition 2.1

We give the proof of Proposition 2.1 in the following subsections: First we
discuss the setup of the basic construction in Section 2.1.1, which then leads to a
contraction argument (Section 2.1.2), proving (2.2). After this we can work with
the explicit expansion of our functions to establish (2.3), i.e. the presence of modes,
which guarantees that the associated flows do not lie in the kernel of the linearization
Lk.
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2.1.1. Setup  Our goal is to find stream functions W, : T?> — R, for ¢ > 0
sufficiently small, that satisfy

AV, = F.(Vy), (2.5)

and are “close” to the Kolmogorov flow Wk : T2 — R, (x, y) > cos(y). Since
this flow itself satisfies (2.5) with Fx : R — R, z — —z, we make the ansatz

Ve =Wk +ey, Fe=Fk +ef,
for perturbations ¥ : T2 — R and f : R — R which are to be determined.
Plugging this into (2.5), we obtain that ( f, 1) need to satisfy Ay +¢ = f(cos(y)+

eyr). Since cos(x) € ker(A + 1), we may replace i by cos(x) + ¥, which gives
us the following equation to be solved:

AY 4+ = f(cos(y) + ecos(x) + ), with ¢ L ker(A +1). (2.6)

Taking f as a quintic polynomial (with coefficients A, B € R to be determined as
functionals of ¥ and ¢ > 0)

1
f(A, B:s) = As + Bs® + §s5’

we obtain
Ay 4+ = Acos(y) + B cos3(y) + écoss(y)
+ 8¢<A + 3B cos’(y) + cos4(y)> 2.7
+ e cos(x)(A + 3B cosz(y) + cos4(y))
+ R(B, ¥, ¢e:x, ),
with

R(B,V,e;x,y) = sz(w + cos(x))2 (33 cos(y) + 2(:053(y)>

+ 3 + cos(x))3 <B n 2cos2(y))

5
+ e* (Y + cos(x))* cos(y) + %(1// + cos(x))’.

For simplicity we assume further that v is an even function in both x and y (sepa-
rately). Therefore, a necessary compatibility condition in order for (2.7) to have a
solution is that

(f(A, B; cos(y) + € cos(x) + &), cos(x))
= (f(A, B;cos(y) + ecos(x) + ey), cos(y)) = 0.
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These equations can be viewed as restrictions for the two coefficients A = A(y; ¢)
and B = B(y; s) Plugging in (2.7) and using that [ cos*(y)dy = 3% and
fT cos®(y)dy = 8 , we arrive at the two conditions

1 3B(y;
@uwwLmewyvq:—g—e—égﬁhwmm%w>

1
2(1# cos”(y)) — 772 (R, cos()), (2.8)

3
8

4 1
(AW e), B(¥: ) - V2 [1 + 5 (¥, cos*(y) COS(X))} 55 (R, cos(x)),

2mwce
2.9)

where

V)= (1, Z) Va = <1 ;[1 + — (¥, cos ) COS(x)>D

Observe that if | (r, cos? ) cos(x))| is sufficiently small, the vectors Vi and V; are
not parallel. Together with the prior remarks, this motivates our definition of the
function space X we will work in as

Xi= |y e H2:y(—x.y) = wx =) = Y.y, ¥ Lcos(y). cos(x).
1
| (. cos () cos ()| + | (. cos* () cos ()| < 7=, W ly2 < 10).

Lemma 2.6. There exists 1 > O suchthatif € X, for0 < ¢ < ¢| the above rela-
tions (2.8), (2.9) inductively define (a;j({)) j>0, (bj(¥)) j=0 C R with the property
that

AWse) =) aj(0)s!,  B;e) =) bl (2.10)

j=0 j=0

are well-defined, uniformly bounded for v € X, and satisfy both (2.8) and (2.9).
Moreover, the maps

Vi ai(¥), Y= bi),  j=0,

are Lipschitz continuous on L2 with constants L j = L/ for some L > 0, and the
maps

V= ao(y), Y= bo(¥),

are Lipschitz continuous on H? (and thus also H?) with constant ZO < %
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Proof. Subtracting (2.8) from (2.9) we obtain the following closed form for B(yr; ¢):

[% + %(w, cos?(y) cos(x))i| B(yr; €)

1 1
= — [4_1 + FW’ cos4(y) cos(x))}
1

22

2.11)

+ [—ém, cos(x)) + 3eB(Y; &) (¥, cos> () + (¥, cos’ ()

1
—— (R, cos .
+ 55 (R.cos(y)
Inserting here the expansion (2.10) for B(y; ¢) and comparing coefficients (in
¢) shows that b; (/) can be inductively defined from {bx ()} ; 3<k<;—1. In fact,
the map {by(¥)}j_3<k<j—1 +> b;j() is a linear map with coefficients that are
uniformly bounded in ¢ € X. Hence for M sufficiently large we have

bj()| < MY,

and the series expansion for B(i/; ¢) converges for 0 < e < M —!. The same holds
for A(y, €), since we can now simply use (2.8) to find its expansion, e.g., we have
that

3 1
ao(¥) = —7bo(¥) — 2. (2.12)

and similarly for a;(y), j > 1, which can be inductively defined from B(y; &)
and {ax (V)}j-3<k<j—1-

It remains to prove the claimed Lipschitz property. For j > 1 this follows
directly from the recursive construction of the coefficients. Regarding j = 0, we
observe that by (2.11) we have that

1+ %(W, cos*(y) cos(x)) @)

b =B{;0) =— o .
0y = B(W:0) === + 5 (¥, cos?(y) cos(x))  d()

(2.13)

Towards finding the H? Lipschitz constants, we note that since ¥ € X, it holds
that

(¥, cos*(y) cos(x))

<1p, <é cos(4y) + % COS@)’)) cos(x)> g

(r, cosz(y) cos(x)) = <1/f, % cos(2y) cos(x)> .

Consequently we obtain

2
In@n) —n@)l = =5 V1 = Yall g2 .

H2

<% cos(4y) + %COS(Z)’)) cos(x)



12 Page 16 of 37 Arch. Rational Mech. Anal. (2023) 247:12

and

5
H-2

% cos(2y) cos(x)

6
ld() —d@2)] = 5 V1 — V2l g2

Now we compute that

1 1 1/2
—x [17—2— +5—2—] < g

” <l cos(4y) + lcos(Zy)) cos(x)
8 2 -2

and

1
H 3 cos(2y) cos(x) e o

The H? (and thus also H2) Lipschitz constant of by is thus bounded by

2
1 27 n < ) (1 n ) 6 - 1
2_ _6 29 2 ) 270 — 4+
3— Tooez 9 3 ooz 507+ ) 7= 10 — 4x
In view of (2.12) this bound also holds for the Lipschitz constant of ag. |

We conclude this section with some direct properties of the function f thus
constructed.

Lemma 2.7. Let ¥, ¢; € X, j € {1,2}, and construct A(Y; €), B(; €) as in
Lemma 2.6. Then we have for ¢ > O sufficiently small that

AW o), 1By e)| <1, (2.14)
1
AW e) — AW e, [B(Yis e) — B(Ys )| < i Vi —vallg2,  (215)

and

IR(BBW: e), ¥, &; -, )2 S &2, (2.16)

IR(B(Yr1; €), Y1, 65 -, ) — R(B(Y2; €), Y2, &5+, M2 S e v — vall 2 -
(2.17)

Proof. The bounds (2.14) follow directly from the power series construction of
A and B. The estimate (2.15) follows from the expansion (2.10) and the bounds
for the Lipschitz constants of the zero order terms ag (), bo(¥/) in Lemma 2.6.
Similarly, (2.16) and (2.17) follow directly from construction. |

5 We recall that H" denotes the standard homogeneous Sobolev space of order n € Z
172
on the torus T2, defined through the norm ||@|| gz = 27 (Zkezz k|2 |{5(k)|2) , with
Fourier coefficients $(k) = (27) ™2 [p2 ¢(z)e ¥ 7dz.
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2.1.2. Contraction Argument We will now construct solutions of (2.7) as con-
tractions in X. To this end, define

K:: X > H?,
v (@) b (L4 87 AW 0), B, o); cos(y) + e cos(x) + )]
where A(yr; ¢) and B(y; €) are constructed as in Lemma 2.6
Proposition 2.8. For ¢ > 0 small enough, K. defines a contraction on (X, ||| g2).

Proof. Let0 < ¢ < g1, so that by Lemma 2.6 the coefficients A(y; €) and B(; €)
are well-defined.

First we show that K, maps X into itself. By construction it is clear that if ¥
is even in x and y (separately), then so is K¢ (¥). Due to the smoothing property
of (A + 1) and the fact that H? forms an algebra, it suffices to prove H 252
bounds on

Ke 1 ¥ > f(A(Ws €), B(Y, €); cos(y) + £ cos(x) + ey).

Since
|f(A(; €), BO; €); cos(y) + & cos(x) + e¥)| < 1 + Ce [y|®
we find
Lf (A &), BOY; £): cos(y) + & cos(x) + ey 2 < 10,
so that

1K)l < [Ke@)] 2 < 10.

Moreover, one computes directly that

(Ke (), cos?(y) cos(@) | + | (Ke (), cos* () cos)| S e,

and thus for ¢ small enough K. (X) C X.
To show that K defines a contraction, let y; € X, j € {1, 2}, and define

G =cos(y) +&ecos(x) +evj, with ” Gj ”L2 =2
Then

K:(y1) — K:(¥2) = f(A@1; &), Be(W1); G1)) — f(A(; &), B(Y; €); G2))
=(A(Y1;8) — A(W2; )G + AW &) (Y1 — ¥2)
+ (B(Yr1; €) — B(Y2; €))G3
+eB(: ) (Y1 — ¥2) |G + G1Ga + G

&
+sW =) [G‘l‘ + GGy + GG + GG + Gg*] .
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Up to terms of order ¢ we then have to bound

| @) = ao) cos(x) + o) = bo(¥2) cos’ ()|

12
< = [eoslzz + [eos* )] 11 — vl
= JTE [1 +\/§:| ¥ — Y2l g2
2 2
<3 V1 — 2l o < 3 1 —2llp,
thanks to Lemma 2.6. This shows that
1Ke(U1) — Ke (W)l g2 < | Ke(W1) — Ke(¥2)]) 12
< (3+0@) 11 = vl
and for ¢ > O sufficiently small we thus obtain a contraction. O

2.2. Non-triviality of the stationary modes

Now for given € > 0, let /. € X be the fixed point of K, in X, well-defined by
virtue of Proposition 2.8. We conclude the proof of Proposition 2.1 by demonstrating
that 1. has nontrivial x modes, in the sense that the associated flows are not in the
kernel of the linearization Lg.

Lemma 2.9. For sufficiently small ¢ > O as in Proposition 2.8, let V. be the fixed
point of K. Then V. has the expansion

Ve = cocos(3y) — c1cos(Sy)

1
+¢ |:—cz cos(x) cos(4y) — §b1 cos(3y) — c3cos(7y) + ca cos(9y):|

+0(Y),
(2.18)
with coefficients that can be explicitly computed as (co, c1, c2, 3, C4) = (ﬁ,
1 1 co c1 _ 7
1920° T28° ~ 768 1280) ¥d b1 = — 7555

In particular, from (2.18) we directly have that

—eZe + 0D, (k1) =(1,4),

(e, cos(kx) cos(ly)) = {0(82), else, with k # 0,1 # 3, 5,

from which (2.4) follows: it suffices to recall that ¥, = cos(y) + € cos(x) + ev;.
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Proof of Lemma 2.9. We recall that for a given ¢ > 0, by construction the function
¥, satisfies the identity (2.7), which we expand and restate here for convenience:

3 1 1 1 1
AYre + e = cos(y) |:A + ZB + g} + cos(3y) [ZB + E] + cos(5y) [%}

3 3 3 1 1
+ e(Ye + cos(x)) [(A + EB + §> + cos(2y) <EB + 5) + cos(4y)§:|
+ 0.

(2.19)

Here the coefficients A = A(Y,; €), B = B(Y,; ¢) are fixed and given explicitly
by solving the system (2.8), (2.9).
Via the relation

(1 4+ A, cos(kx) cos(ly)) = (1 — k2 — 12) (W, cos(kx) cos(ly)),  (2.20)

we may thus successively determine an expansion of v, by testing (2.19) with
cos(kx) cos(ly).

Since by (2.12) and (2.13) we have ag(¥) = § + O(e) and by (V) = —% +
0(e) with ag(¥re) + 3bo(Ve) + § = O, this yields

1 1
AYe + Y = 18 cos(3y) + 30 cos(5y)

1
+ e(Wele=0 + cos(x))g cos(4y) + e cos(y) |:a1 + %bl] oo

1
+ ecos(3y) [Zb1:|
+0(e?),
where aj, b1 can be computed explicitly through the equations (2.8), (2.9). Hence
from (2.20) it follows that ¥.|.—o = co cos(3y) — c¢1 cos(5y) with ¢cp = ﬁ and

cl = leo' Reinserting this into the second line of (2.21) and computing the terms
of order ¢ then yields the claim (2.18). |

2.3. Proof of Proposition 2.5: elliptic regularity

In this section we prove Proposition 2.5. Since W, — cos(y) = € cos(x) + e,
it is enough to show that in fact our fixed point ¥, € C®(T?) is an analytic function
with uniform in ¢ bounded Gevrey-1 norm. This is the content of the following
corollary.

Corollary 2.10. Fore > O sufficiently small as in Proposition 2.8, let r, € H?(T?)
be the fixed point of K. Then we have that V., € C®(T?) and there exist constants
A > 0and M > 0, both independent of € > 0, such that

[Vellgr = M.
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The key point here is that . satisfies the equation (2.6), which is an elliptic,
semilinear equation with analytic coefficients that are fixed once ¢ > 0 is given.
Our Corollary 2.10 is then a direct consequence of the following slightly more
general lemma regarding “elliptic regularity”:

Lemma 2.11. Let .Z be a linear, constant coefficient partial differential operator,
for which there exists a constant C ¢ > 0 such that for f € L* f & ker 2, it
holds that

CollZfllee =1 g, (2.22)

and let ax € C®(T?), 0 < k < n, be analytic functions, with C, > 0 such that for
all £ € Ny

lagll ge < (Ca)t - €, 0<k<n. (2.23)

If ¢ € H*(T?) solves the semilinear partial differential equation

n
Lo =) a, (2.24)
k=0

then ¢ € C®(T?), and there exist constants ) > 0 and Cy > 0, depending only on
C, and C g, such that

lollgr = 2C..

Remark 2.12. 1. As the proof shows, it suffices to impose the requirement (2.22)
on the solution of (2.24), rather than on a general f € L2. Moreover, one
may allow .Z to have variable coefficients, provided suitable commutativity
properties with derivatives hold.

2. By tracking the constants in the proof of Lemma 2.11 one sees that the radius
of analyticity A can be chosen to be of order O(C, by,

3. While the analytic regularity of solutions to general semilinear elliptic equations
with analytic nonlinearity seems to be a classical result (see for example [8,
page 136]), we were not able to find a modern proof of this that also gives norm
estimates for the solutions. We thus give the full result and proof.

We show next how this implies the claimed analyticity of the stationary solutions
Y. with uniform in ¢ Gevrey bounds.

Proof of Corollary 2.10. Fix ¢ > 0 as in the statement of Proposition 2.5. By
construction (2.6), ¥, satisfies ¥, ¢ ker(l + A) and solves an equation of the
form

(A + Dpe = p(cos(y) + &cos(x) + evre).

Here, p : z v Az + Bz’ + 12° is a real polynomial with fixed coefficients
A =AWys; €), B = B(g; ¢) € [—1, 1] that are bounded uniformly in ¢ > 0 (for
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¢ sufficiently small)—see Lemma 2.7. Expanding p as a polynomial in ¥, we thus
obtain uniformly bounded ¢;,,, € R, 1 <m,n <5, such that

5
A+ 1Dy, = Z ( Z Cmn cOs(y) " e" cos(x)") . wi‘.
k=0 m+4n=5—k
This is of the form (2.24), and the conditions of Corollary (2.10) are satisfied,
uniformly in &: We have (A—I-/\l)(p(k) = (—k*>+ 1)¢(k), hence for ¢ & ker(A +1)
there holds || (A + Dell;2 = C |l¢ll 42 for some C; > 0, and there exists C, > 0
such that for any £ € Ny it holds that

Z Cmn c08(¥)"e" cos(x)" < Cf, 0<k<5.
m+n=5—k H

Hence we may apply the result of Lemma 2.11 to obtain the claim. O
Finally, we conclude this section by giving the proof of Lemma 2.11.

Proof of Lemma 2.11. For simplicity of notation let us abbreviate the nonlinearity
in (2.24) as N (¢). Furthermore we will write Co > 0 for the constant in the algebra

property
If8llzz = Coll fllm2 gl a2 (2.25)

of H?.
We show by induction that there exist constants R > 0, C,, > 0, such that for
any multiindex o = (a1, a2) € N% we have that

Rl !
C .
(a1 + D2 + 1)2

0%l g2 < (2.26)

For || = 0 this is simply the statement that ¢ € H 2(T?2). Note that by assumption
(2.23) we may assume that the corresponding statement with constant 2C, holds
for ay:

Q2CH" - o
% < , 0<k<n. 2.27
” ak||H2 = (Ol1 + 1)2(012 T 1)2 n ( )

We thus assume in what follows that R > 2C,,.
If || < 2, using the assumptions (2.22) and (2.23) as well as the algebra
property (2.25), we can estimate

|9%] 4o = Co|0“Zo]
Co IN@ g2 <4C5'CCy - ((C2- 20" + llgll"})
Rl !

9 b

for R > 0 chosen large enough.

IA

=
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Now assume that (2.26) holds for all |8] < ¢, for some £ > 3. Let 8 =

(B1, B2) € N% with || = £ 4+ 1. Then we have that for any y < g with |y| =
|B] —2 = £ — 1, there holds

18P0l 2 < Co 18P Lol 2 < CoIPN @2 < Co [N @) 2 -
Since by (2.26) and (2.27) both a; and ¢ satisfy the same kind of bounds, to estimate

37 N(p) in H? it suffices to bound monomials H8V(<pk)H 2o 0 < k < n. Writing
¥ = (Vx, ¥y), we expand this to deduce that

UCE PR U e

Vx Yy
o % ()(7)
i1<Vx 1

s

. ./
x—i1 Yyl
X y % 2

L=y
k Vy .v_"i
< © ()(%) "
ilfy)m 1
o (2.28)

. . ./ ./
ik—1—lk qlk—1" 1k
Oy dy ©

./
ir otk
0x 9y §0H H?

<
)

Now we note that for any N € N we have that

H?

" 1 )
2 T+ mP2(I+ (N — m))zf(l—l—L e e m>2

=0

N
(1+f 1)? XN:(lJr(N m))>
(71

_ 8 72 15
“(14+N)?2 6 - (A+N?¥

IA

so that appealing to the inductive hypothesis (2.26) we estimate that

. y
. y
i
ix—1=Ik, k "k
iy <y

1

2 bik_t il ./
< C;R*" 'R tij_qlip_ ! Z (1 +ig—1)2(1 + (ix — ix—1))>

ik—1=<ik

i i ni—1
k—1"lk q"k—1 "k
Oy dy

. il
¢ 0 By"<pH H?

H?2
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1
.,Z‘, A+ip_D?A+ G —ip_))?
1=l

1 1
1+ (k=12 14 (G _?

< (15C,)% - R*'Rik1ip_yVit |1

We iterate this in (2.28) to deduce that
R"y ! R"y,!
1+ Vx)2 I+ Vy)2
RYI. B!
(1 + B)2(1 + p2)?
1 R'AI. B
S ° 5
nCg 1+ B1)%(1+ f2)?

[ @h] , = cb-asco.

< 4CP - (15C)™

where we used that |y| 4+ 2 = |«| and chose R > 2C07 -(15C)" - (an)% large
enough. This yields the induction claim (2.26) upon summation:

1070l 52 < Co [" N (@) 2 < nC.,s,ﬂOSl;P 187 (@*) 1 2
<k=n

R8I B
< .
T (1 + B+ Bo)?

Now the conclusion follows swiftly: From (2.26) we deduce that

lpllge <k- sup [[8%] 2 < Ci- R -k,
lor|=k—2

so that, for0 < A < ﬁ, we have that

X 1k

)\, o
Igligr = €D el = Co ) _GR)* < 2C..
k=0 k=0

This concludes the proof. O

2.4. Obstructions on the square torus

Here we shed light on a piece in the puzzle towards understanding the local set
of steady states around the Kolmogorov flow on T?. As mentioned already at the
beginning of Section 2, any nearby shear is trivially a stationary solution as well,
as are flows of the form cos(y) + a cos(x) + b sin(x) for a, b € R small enough.

In view of our previous results, it would thus be tempting to conjecture that the
set of steady states can be locally identified in some sense with the kernel of Lk (as
in the case of shear flows, and for a class of non-degenerate stationary states—see
Proposition 2.15). That is, one could imagine that if one wanted to depart from
Kolmogorov towards another stationary state, it should be possible to do so in the
direction of any linearly neutral state. However, the following proposition shows
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that this is not the case: there are neutral directions that immediately take one
outside the set of stationary states. To make this precise, let us denote by P the
orthogonal projection onto ker L, and recall that

Lk =sin(y)(1 +A™Ha,.

Proposition 2.13. If for some £ € N, £ > 2,

Pg (€2« +cos(y) L .
Pk (Qy +cos()l;2 2w (sin(£y) + cos(x)),

then there exists g > 0 small so that if |2 + cos(y)|ge = € < o, then Q2 is
not a stationary solution to the 2d Euler equations.

Remark 2.14. The coefficients of sin(£y) and cos(x) are not actually important in
the proof, so as a result we obtain Theorem 2 from the introduction. As will be seen
from the proof, the heuristic condition on Pg (€2, +cos(y)) is that its self-interaction
not lie in the range of L . It seems that non-existence can be established in general
under this condition, but note that lying in the range of L is not a sufficient
condition for existence.

Proof. Without loss of generality we treat the case £ = 2. By assumption, we can
write

Wy = Q4 + cos(y) = a(sin(2y) + cos(x)) + a(x, y),

where ¢ € R\ {0} and & € ker(Lkg)* (ie. @ is orthogonal to all functions of y
only, as well as to sin(x) and cos(x)). By assumption, we also know that

2 2 2
lal” + l[@lys < &

Now assume toward a contradiction that €2, is a stationary solution to the 2d
Euler equations. Then we have that —Lx® = —Lgw, = uy - Vw,, where uy, =
ViA~lw,, and we compute this as

~_ _ 1 cos(2y) ~ — sin(x) ~
—Lx® =1y - Vo, = [a <zsin(x) ) + u] . [a <2cos(2y)> + Va)]
1
_ %az sin(x) cos(2y) + a <? cos(2y )> Ve (229)

sin(x)
~ ( — sin(x)

+u-a 2005(2y)> +u-Vo.

Here 7 = V- A~!@, which is average-free. From an integration by parts, we obtain
the identity

1
/ 0y (sin(y) f) cos(n) f = 5 / f2 (2.30)
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which gives that |9, (sin(y) f)|| ;> = 3 Il Il .2, with which it follows that

@12 <21Lk@l g =2 llus - Vol g1 < Ca® + Clal |3 g2 + C @3,

172 172
L2 H*

< Cd®+Ce |2,

< Ca’ + Clalllall 5 1l 5 + C 13l 2 1@l g

where C > 0 is a universal constant. Hence for ¢ > 0 sufficiently small we have
that

@2 < Ca?,
implying that
11135 < C 1@l 2 1@ s < Ca’e. (2.31)

On the other hand, evaluating (2.29) at the point (x, y) = (7r/2, 0), we use (2.31)
to find the bound

3 - - 3
0> Eaz —aC ||ollyiec — ”w”%‘/l,oo > Eaz — Ca%e'? — ca’e.

For ¢ > 0 sufficiently small this implies that @ = 0, which is a contradiction. O

2.5. Rigidity on rectangular tori

In this section we further highlight the role of the domain geometry in creating
the global degeneracy we exploited in Theorem 1 to construct non-trivial stationary
states near the Kolmogorov flow. We now show that this result is indeed special to the
square torus T?: we demonstrate that on rectangular tori TI% = [0, 2768] x [0, 2]
with§ > Oand§ ¢ N (and periodic boundary conditions), all stationary, sufficiently
regular 2d Euler flows near the Kolmogorov flow Ug = (sin(y), 0) are purely
shears. This is the content of our Theorem 3, restated here for convenience.

Theorem. (Rigidity onrectangulartori) Consider the stationary solution Uk (x, y) =
(sin(y), 0) on T2, 8 > Owith$ ¢ N, ofthe Euler equations (1.1). There exists ey > 0
(depending on §) such that if U : T% — R? is a further stationary solution to the
Euler equations with

U = Ukllgs < o, (2.32)
then U = U(y) is a shear flow.

We observe that this rigidity is also witnessed at the level of the linearized
operator Lk : Since on 'JI% there exists ¢s > 0 such that

[a+aihar| = eslofie. (2.33)

L2

the kernel ker Lk consists only of shears in y, a fact we rely on for our proof of
this result.
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Proof of Theorem 3. We define u := U — Uk, and let w be the associated vorticity
@ = Oxup — dyu1, which has zero average on Taz and satisfies ||lw| 2 < €0 by
assumption (2.32). Since U is a stationary Euler solution, we have that w satisfies
the equation

Lxw+u-Vo=0.

Writing Ag for the Laplacian on T%, we have that Lg = sin(y)(1 + Agl)ax, and
thus

/ 3y (sin(y)(l T Agl)axw) cos() (1 + Ao
= —/ay(u V) cos(y)(1 + Ay Hd .

Together with the identity (2.30) and the assumption (2.33), it then follows that for
some universal constant C > 0 we have that

2
26 l0col?, =20+ a7 ao| |, <
L2

/ 3y (u - Vo) cos(y)(1 + Ay Hdyw

< |3yt ] o I3x@l3 + [3yuz] o [y o 05l 2 2.34)
+ luallze [ Byyo] 2 I13c0ll 2 + ' / 1By cos(y)(1 + A5‘>aij

2
= Clacwly: lollg2

where we used that |[u2]| 0 =

axAgle < |19xw|| 2 since w is average free,
LOO
and that by integration by parts it holds that

’/maxwaOS(y)(l + Ay haco| < ol [[[8yur]) o + 2 lurllpe] -

In conclusion, if we assume that g9 < 2% ,equation (2.34) can only holdif 0, w = 0,
i.e. if w (and thus also U) is a pure shear flow. m|

2.6. Local structure near non-degenerate stationary states

Here we show that under suitable non-degeneracy assumptions, the linear struc-
ture near a stationary state does in fact locally correspond to the structure of the set
of nearby stationary states. In view of Theorems 1 and 2, this further highlights the
degenerate nature of the Kolmogorov flow on T?.

Let ¥, be a smooth stationary state of the 2d Euler equations satisfying for a
given F € C?(R) that

A = F(s).
The linearization £, near y, is then given by the operator

Ly = Viy, - VIA - F (Y]
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on stream functions.

Here the domain D C R? on which this is set should be assumed sufficiently
smooth and bounded (e.g. a torus or channel), but does not play an important role
and will thus be suppressed from the notation.

Proposition 2.15. Assume that. Then

(a) the operator
A=A—-F(y):H*NH - L*

is continuously invertible;
(b) the stream function V. is non-degenerate in the sense that there exist &g, ¢« > 0
and my € N, so that if ||@|| gm« < €0, we have that

N CAEORF4 B | 3

where P is the projection to the orthogonal complement (ker Lo)* of the kernel
of the operator Lo = V', - V.

Then there exist 5, m > 0 and a continuous bijection Ty : Uy — BH" W, ) NS
Sfroman H™ neighborhood Uy of 0 inker L, to the steady solutions S in a ballin H™
around Y, with radius §, i.e. locally, to each element in ker L, there corresponds
a stationary state of the Euler equations near .

For a given element g € ker L., the role of assumption (a) is to guarantee the
existence of stationary states that project to (the direction of) g, whereas (b) assures
(locally) the uniqueness of such a state.

Remark 2.16. The assumptions in Proposition 2.15 are not sharp, and its conclusion
(and in particular the mapping properties of T ) could be strengthened with further
details. However, it seems that a unified picture is still not available, so we chose to
provide a slightly more general argument in favor of technical details for specific
cases. What is clear, however, is that such a mapping T does not exist when v, is
the Kolmogorov flow on T2.

We note the following points:

1. Assumption (a) is similar to a non-degeneracy condition in [10], akin to an
“Arnold type” stability as described in e.g. [11]. It is not strictly necessary
for the existence of stationary states, as witnessed by the Kolmogorov flow on
rectangular tori T%: there A is not invertible, its kernel only includes shears in y
and each such shear clearly corresponds to a nearby stationary state. However,
our Theorem 3 still guarantees that for stream functions in H> there are no
other, non-shear stationary states nearby.

2. The estimate we assume in (b) is a general, weaker version of the coercivity
estimates we proved for the Kolmogorov flow on Tg and near the Poiseuille flow
(see the usage of (2.33) and (4.4), respectively). While with a stronger estimate
stronger conclusions could conceivably be drawn (such as the non-existence
of travelling waves near the Poiseuille flow, included in our Theorem 4), this
suffices to give a first picture of the local set of stationary states.
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3. In general, a version of (b) holds if Vi, vanishes at most linearly at stagnation
points, which is generically the case.

Proof of Proposition 2.15. With Lo = Vv, - V we recall that the linearization
near v, is given by L, = LoA, and denoting by Py the orthogonal projection onto
ker Lo we have that P = Id — [Po. Now we observe that P, := A7PyA is a
projection onto ker L.

For 8, > 0 to be determined, let g € BXer Ly (0, 62). Under our assumption (a) it
is classical to derive the existence of a stationary state yr, such that H Vi — Vg ” H? S
8> and P/, = g, where P, denotes the projection onto ker L. (For example, this
may be done following a contraction argument parallel to the one in Section 2,
without the extra complications of kernel elements of A.)

Itthus suffices to show that there exists §; > Osuchthatif 1, ¥» € B H" (Y, 61)
are stationary states with P, (Y1 — ¥,.) = P, (Y2 — ¥y), then 11 = ». To this end,
let us write for j € {1, 2}

Vi =%« t+eot+@i, @o0:=Pu({; — V),
gj=0d—P)W; — ) = AT PLAW; — Y.

Then since ¥ ; are stationary, it follows that
VY VAY; =0
& VEWn oo+ 9) VA@+¢) + Vo + ) - VAY, =0.

Taking the difference between the equations for j = 1 and j = 2 yields

VEWs + 90+ ¢2) - VA(p1 — ¢2) + V(@1 — ¢2) - VAW + 9o + ¢1) = 0.

Next we use that V- f - VAY, = —F' (Y)VE, - Vf = =V, - V(F' (¥,) f)
to deduce that

VAW + 90+ 92) - VA(p1 — ¢2) = =V (0o + 92) - VIF' (Y) (91 — 92))
~Vi(o1 — ) - VAo + ¢1).

Since A has a continuous inverse by assumption (a), together with assumption (b)
appliedto f = A(p1 —¢2) = P A(¥1 —2) (so thatin particular P A(p1 —¢2) =
A(p1 — @p)) it then follows that

A_I]P’#A(I/n - lﬂz))
= cxC |A(p1 — p2) I 2
= C|VH0+ 02 VE W@ — 02 + Ve — 02 - VAo + o)

< Co1llg1 — @2llg2 -

cxller — o2l g2 = e < e:C |PLAW1 — )| 2

H?2

Hence we conclude that ¢ = ¢ provided §; > 0 is sufficiently small. O
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3. No Threshold for Enhanced Dissipation Near Bar States on T>

We now turn to the closely related question of the dynamical behavior of so-
lutions to the Navier—Stokes equations near a bar state Qpqar(t, y) = e~ "' cos(y).
One verifies directly that €2, (¢, y) satisfies the two dimensional Navier—Stokes
equations (1.2) on T2.

Now consider a solution f(¢) of the linearized equation near a bar state,

W f+eVLkf =vAf 3.1)

One sees directly that the projection of f onto ker Lx = {cos(x), sin(x)} U {f €
L% : 3, f = 0} simply obeys a heat equation, so no decay beyond the natural
time scale O(v~") can hold. However, once one projects away from ker Lg to
D := (ker Lx )+, (inviscid) advection and diffusion conspire to create an enhanced
rate of dissipation [22,35,36], such that solutions f to (3.1) satisfy

IPp ()l S e IPpFO2. V<

9

< |

where ¢; > 0 is some universal constant and t > 0 is arbitrary.

However, as discussed in the introduction, our Theorem 5 demonstrates that
there cannot be any threshold below which such L? decay also holds in the nonlinear
Navier—Stokes problem near the bar states on T2.% This follows from the fact that
there exist initial data €2, arbitrarily close to those of the bar states, that do not lead
to decay before the diffusive time scale O (v~") is reached. Our proof establishes
this as follows:

3.1. Proof of Theorem 5

Let W, be a stationary stream function for the Euler equations as in Theorem
1 (or Proposition 2.1). Recall from Lemma 2.9 that with g(y) := cgcos(3y) —
c1 cos(5y) and ¢, € H?(T?) it can then be written as

W, = cos(y) + e cos(x) + eg(y) + &2¢: (x, y),

with moreover sz W, = 0 (as follows directly from construction as a solution to
(1.3)). One computes directly that

Ug — vJ_lIlS — <Sm()’) _ Sg/()’)) 4 0(82),
—e sin(x)

Q. = —cos(y) — ecos(x) + eg”(y) + O(&?).

Dropping for simplicity of notation the subscript &€, we define now the heat flow
Qh of Q, as

Q1) :=e"2Q, U"():=e"2U,

6 However, it is still possible that there exist a nonlinear “center manifold” in L2, the
distance from which decays at an enhanced rate.



12 Page 30 of 37 Arch. Rational Mech. Anal. (2023) 247:12

which solves 9,Q" = vAQ". For future use we note that also
H uh.vah H , < Cre Vg2,
L

Next we compare this with the solution of the Navier—Stokes equations starting at
Qg let QY solve

Q" +UY-VQ'=vAQ", Y00) = Q.. (3.2)
The difference Q¥ — Q" then solves
Q-+ U VR =vAQY — Q),

and we note that [, Q" — Q" = 0. A standard energy estimate then gives

HQ“ QhH +vHV(Q“ Q"

U’ -vQY, Q' — QM.
2dr ‘ )2

Since

(UY.-vey, Q' —oh = (u’ -uh .- vah, Q' — o
+Uh - va Q' — ot

and since Q¥ — Q" is mean-free we have

(U’ vay, Q" — oM,

< [va'], o - o],

L2
—2vt 2 v h
+ce e o -t .
By Gronwall’s Lemma it thus follows that
t
HQ”(r) - Qh(t)H < Cué? exp< (s)H ds>
L 0 L

< Crte?exp (1 | VSell 1) -

Since there exists Cy > 0 such that for all ¢ > 0 one has ||[VQ.|| < C2, we may
Cz
choose g9 = 100C , which implies that for ¢ € [0, ] we have that

” Q1) — Q" (t)‘

€
2~ 100°

Expanding now the equation (3.2) for ¥ in powers of ¢ up to first order shows that
fort € [0, %] we have that

Q” = —a(e " cos(y) — eB(r)e " cos(x) — 9coey (t)e V!

+25¢188(1)e Y cos(5y)
+e?H(t, x,y),

cos(3y)



Arch. Rational Mech. Anal. (2023) 247:12 Page 31 of 37 12

with a remainder H € C} sz’y([O, %] x T?) and for differentiable maps o :

[0, %] — [1—155. 1 + 150l and B, v, 8 : [0, %] — [%, %]. More precisely, this
argument in fact shows thata’ = 8/ =y’ =8 =0,ie.a=B=y =686 = 1.

Expanding at order &2, we see that for some K, i 70,1 <i <2, we have that

d2
Pp I:FLQ:()(UV . VQ”):| = Kie 1% gin(x) sin(3y) + Kre 29" sin(x) sin(5y)
&
+Pp(sin(y) - H). (3.3)

Note now that in the last term, the only way to create a mode sin(x) sin(3y) or
sin(x) sin(5y) is by having cos(y) (the zero order part of V) interact with an
element of Pp H. Assuming that enhanced dissipation happens, however, we have
that |[PpH(2)|;2 K s fort € [%, 1150 that on this time interval in fact we can

conclude from (3.3) that v
d2
<]P’D [(ﬁla—o(U“ . VQV):| , sin(x) sin(3y)> = 2K e 10V
&

d2
<]P’D [(ﬁls:o(U“ ) va)} , sin(x) sin(Sy)> — 12 Kye 20V,
&

However, this contradicts the assumption of enhanced dissipation of Pp2", and
thus concludes the proof of Theorem 5.

4. Rigidity Near Poiseuille Flow

In this section we prove Theorem 4, which asserts that the only (sufficiently
regular) traveling wave solutions near the Poiseuille flow are in fact shears. The
idea is as follows: First we split a given traveling wave into a shear and non-shear
part. By assumption, the shear part is close to the Poiseuille flow, and we show in
Proposition 4.1 that—as a consequence of the uniform convexity—the linearized
operator near it satisfies a strong coercivity estimate. This can then be employed to
show that if the regularity is sufficiently high (H>7), then the non-shear part has to
vanish.

The following result gives the announced strong coercivity estimate for the
linearized operator

Ly = V(o — V(A D, (4.1)
around a shear flow (V (y), 0) near Poiseuille flow Up = (yz, 0).

Proposition 4.1. There exist constants cy, €1 > 0 with the following property: let
W € H3 be such that

/ Y(x,y)dx =0. 4.2)
T

Ife € (0,&1) and V e W>*([—1, 1]) is such that
[V =2y] e <& (4.3)
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then

10V 12, + || Vo0 75

(4.4)
lleoll g1

Iyl = ¢

Proof. Since the linear operator Ly decouples in the x-frequency, we expand w
(and ) as a Fourier series in the x variable, namely

i 1 .
o(t,x,y) = Za@(t, y)ellix’ ap(t,y) = 2— / wl(t, x, y)e_’“dx_
7T Jr
LeZ

For k € Ny we set

wr(t,x,y) = Z ap(t, y)e'*.
||=k

Thanks to (4.2), we may express w = ZkeN wi(t, x, y) as a sum of real-valued
functions wy that are localized in x-frequency on a single band £k, k € N.
Define now

Ay (o) = (V'8 Lyw, dy0) + (V'3,Lyw, d,). 4.5)

Recalling that ¢ satisfies homogeneous Dirichlet boundary conditions in y, a direct
computation shows that

Ay(@) = [V o2, + V'V, dyo) — (V'V oy, ) — (V'V'Y, 0)]
=K [IVol7, + (V'V'Y, 0,A%) — (V'V'ayy, Ay) — (V"'V'y, Ay)]
=[IV' ol = (V'VYY, dy9) + V'V 00, 9y9) — (V'V'Y, Ayr)]
= K[V ol + (V'V)Y', 0,9) + 2V V'Y 1, 0y9)
(VYY) + (VIVI VY, Vi) ]

1
— ]<2|:”V/w”i2 +2‘|V//8y1//”iz _ 5 ([(V//V/)/// + (V///V/)// _ 2k2V///V/] I//, 1//)

F VIV, ayw)]

Using (4.3), we have that in particular V”/ > 1. Therefore, since k2 > 1, for some
¢> > 1 we find that

Ay () = k? [nV’wniz + 200,072 — c2ek? W17, — czenaywuiz] . (4.6)
Now observe that
Doy ¥ V' 0,:00) = Dy ¥, V' gy V) + Dy ¥ V' Bax W)
—%w’/axyw, Iy ) + %W”axxw, V)

so that

<V//axxwa Oex V) — (V//axywy 8xy1/f> = 2<axy1//, V/axw>
< 19y ¥ 1 + IV 0c]>.
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Since 1 < V” < 3, it follows that
19xx ¥ ll72 < 410y ¥ 11> + [V 8r00]%, 4.7
or, equivalently,
Iz, < 410,911 + 1V ol
In particular, from (4.6) we deduce that
Ay (o) = kK [(1 —ae)|Voll, +2- 5cze>||ayw||iz].

Taking ¢ < &1 < 1/(5¢3) implies the lower bound

1 1 2 2
Av(©) = 3 | IVl 2 + 1Y 17 |-

A further use of (4.7) then gives that

1
Av(@) = 7 [IV30l: + 10,913 ] (4.8)
On the other hand, from the definition of Ay () in (4.5), we have the upper bound

Ay (@) S Lyl 2(0yol2 + 10y Lyl 2lloxwl2 S ILvel gillwll g
(4.9)

Putting together (4.8) and (4.9), we obtain (4.4) and we conclude the proof of the
proposition. o

4.1. Proof of Theorem 4

Let us now consider a general traveling wave solution to the 2d Euler equations.
Such a solution is necessarily of the form

Ui(x — ct, y)>

vee—etn = (Uz(x et y)

for some ¢ € R, and satisfies
(U —0)aQ+100,2=0, U=V'¥, AV=Q. (4.10)
We consider now its deviation from the Poiseuille flow, defining 1:5 as
Y, y) =W y) —Wp(y),  Ylx.y) = x.y) — /T ¥ (x, y)dx(4.11)
and notice that

/ ¥ (x, y)dx = 0. (4.12)
T
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Accordingly, we set

u=vty, w=vVt.u, @=Vty, &=V:i.0u

From this we consider the shear part (V (y), 0), where

V() =y —c—d, /T Uy, V(y) =2y - fTa(x, y)dx.
In light of the smallness assumption (1.8), we obtain in particular that
lwll g5 < 2e0. (4.13)

From the equation (4.10) for the traveling wave and the definition of the linearized
operator Ly in (4.1), it follows that

Lyw=—u-Vo, where Lyw=Vi,w—V"d.

Moreover, by virtue of the assumption (1.8) of proximity of the traveling wave to
the Poiseuille flow, V satisfies (4.3) for 9 < ¢ as given by Proposition 4.1. Hence
Proposition 4.1 implies that

1 1
2
[ox ¥l < allwllglllﬁvwllyl = allwllglllu Vol g

By interpolation, standard estimates and (4.12) we have that

i - Vool g1 < IVullze ol g1+ lullz ol 2
1/2 1/2 1/2
SVl 2 IVullf) Al

2/3 43
SIS + vl
2/3 4/3
S w2 1w IS

1/2|

|oll gr =+ Nlaell 5 Ml

2/3 4/3
El LS

|l 2

Therefore it follows that
2/3 4/3 2/3 4
10V 131 < ol g 1w WS S I g Noxwr 150 I
SNVl 19124 (4.14)

Finally, we interpolate once more and use that ¥ has zero x-average to deduce that

1/2 1/2 1/2 1/2
W llge S IWIATIW I < 18wl T ol s

Combined with (4.14), this shows that there exists a constant ¢3 > 1 such that

19Vl g1 = c3lloxrll grlleoll gs-

In view of (4.13), if we choose eg = min{1/(2c3), €1}, the only way the above
inequality is satisfied is if 9,y = 0, that is, ¢ = 0. In this case, from the relations
(4.11) we obtain that W is only a function of y, and therefore the associated velocity
is a pure shear. The proof of Theorem 4 is complete.

3
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