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Abstract

We give sharp conditions for the large time asymptotic simplification of aggregation-
diffusion equations with linear diffusion. As soon as the interaction potential is
bounded and its first and second derivatives decay fast enough at infinity, then the
linear diffusion overcomes its effect, either attractive or repulsive, for large times
independently of the initial data, and solutions behave like the fundamental solu-
tion of the heat equation with some rate. The potential W (x) ~ log |x| for |x| > 1
appears as the natural limiting case when the intermediate asymptotics change. In
order to obtain such a result, we produce uniform-in-time estimates in a suitable
rescaled change of variables for the entropy, the second moment, Sobolev norms
and the C“ regularity with a novel approach for this family of equations using
modulus of continuity techniques.

1. Introduction

In this work, we analyse the long time asymptotics for probability density

solutions to the general aggregation-diffusion equation of the form

ap

5=Ap+V~(pVW*p), P)
with W : R” — R being the interaction potential which is assumed to be symmetric
W(x) = W(—x). The assumption of unit mass is not restrictive up to a change
of variables due to the (formal) conservation of mass. This work is devoted to
identify sharp conditions on the interaction potential W such that the intermediate
asymptotic behaviour of the solutions to (P) is given by the heat kernel,

2

Kt,x)=Q20)"%G (%) . where G(y) = @m) "t 7.
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More precisely, our goal is to find the best possible conditions on W such that
o, ) — K@ )lpp — 0,  ast— oo, (1.1)

and if possible, recover the optimal decay rates of the heat equation. Aggregation-
diffusion equations of the form (P) with linear or nonlinear diffusion are ubiquitous
in the literature due to the large number of applications in mathematical biology
and mathematical physics, we refer to [16] and the references therein for a recent
survey of related results. In the case of linear diffusion, (P) is usually referred as
the McKean—Vlasov equation associated to a nonlinear SDE process via the mean
field limit [12,27].

The asymptotic simplification of (P) can be understood as the case in which
the long-time asymptotics of McKean—Vlasov equations is dominated by the linear
diffusion term leading to self-similar diffusive behavior for large times. Notice that
this result is not true for instance for singular attractive potentials as the Keller—
Segel model for chemotaxis or its variants in the diffusion dominated regime [7,9,
15,18,19] or for McKean—Vlasov equations where the potentials may lead to phase
transitions as in [3,40]. In these cases, there are non-trivial stationary states of the
equation (P) that attract the long-time dynamics for certain initial data.

Therefore, finding the sharpest conditions on W such that the asymptotic simpli-
fication occurs is a challenging question. Notice that even for bounded interaction
potentials W, the mere time decay of L” norms, | < p < oo, was not known for
general initial data. We also extend previous results of [14] in which strong integra-
bility assumptions on W and VW were imposed, as well as smallness conditions on
00. In [28] the authors study the case n = 1 with VW € L} showing (1.1) without
rate for general initial datum.

There is a long literature devoted to the intermediate asymptotics of convection-
diffusion equations. Results for the heat equation (W = 0) can be recovered directly
from the heat kernel representation (see, e.g. [41]). Better decay rates can be deduced
by cancellation of higher order moments, as presented in [24]. In [2] the authors
introduce entropy dissipation arguments through the logarithmic Sobolev inequality
that work for a large array of diffusion problems (see also [39]). In [1] this method
is applied to the heat equation, to recover improved decay rates. This technique was
also used in [4] to recover similar results for (P) to recover decay rates, even when
the linear diffusion Ap is replaced by the nonlinear diffusion AA(p). In [25] the
authors study the case where the convection is of the type a - V(Ju|? ™ u).

As mentioned above, when W has certain growth at infinity there is no decay,
and, in fact, p(f) converges to an stationary solution which can be recovered by
minimisation of free-energy functional (see [17]). The key example, as we will
discuss below, is W(x) = x In |x| (x > 0), known as the Keller—Segel problem in
n = 2. In [8] the authors discuss the case where x is smaller than a critical value,
and prove there exists an asymptotic profile different from the Gaussian. This result
also holds for any other n (see [6]). A variation of this problem is studied [36] also
for small x. When y is larger than the critical value, solutions may produce a Dirac
delta in finite time.

To analyse the intermediate asymptotics of (P), one classically works in rescaled
variables [2,21,39]. Following the parabolic scaling of the heat kernel, we introduce
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. . . x .
the new~var1ables T := loga/2t+ 1 and y := T and consider a rescaled
density p given by

Py = ep (3 — 1), ey). (12)

The first key element is the existence of a PDE for p. It was shown in [14] that we
can write

il B 5
P Ayp+Vy - (yp)+ Vy - (PV, (W 7)), where W(t,y) = W(e'y).
(1.3)

Notice that, even though ||W(1' M = e "T|W]1 is decaying in T if W €
L'(R"), the norms of VW, AW can exponentially grow in L?(R") depending
on n and p. We still expect, under some assumptions, this last term to vanish
asymptotically to recover the steady-state of the usual Fokker—Planck equation.
However, one cannot directly use classical energy estimates to prove uniform-in-
time L? bounds of p without any additional smallness assumptions on W or po.

First, we obtain a result of global existence and instant regularisation by standard
techniques. We then introduce a new estimate on the variational structure of the
equation to prove uniform-in-time bounds of natural quantities for the problem
such as the second moment, the energy and the entropy. As a consequence, we also
show uniform-in-time propagation of the L2, H' and C* norms.

Theorem 1.1. Let W € WH®(R") and py € L1 (R™) with unit mass. Then,
there exists a unique mild solution of (P) such that p € C([0, 00); L+(R”)) N
C((0, 400); Wk'p(R"))for all p € [1, 00], k € R with p(t) also of unit mass for
t 2 0. Assume, furthermore, W (x) = W (—x) and the initial datum has bounded
second order moment and entropy

/ x| po(x) dx < oo, / 00 log po < 0. (1.4)
Rn Rll

Then the rescaled density p satisfies

sup / IV?5(z, y)dy <00,  sup f B(z, y)llog p(, y)| dy < oco.
>0 JR" >0 JR"

Moreover,

1. If VW € L"(R") then

sup [[9(z, )l g1 < 0.
=1

2.Ifn =2, VW € L"(R") and AW € L3 (R") then

sup |p(z, lce <00, Ve €(0,1).
21
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The well-posedness and instant regularisation parts of the proof of Theorem
1.1 is based on the study of the Duhamel formula for
o N=V-F P
o7 u=V-F. (Pr)
Existence and uniqueness are proven by a fixed-point argument. Regularity is
achieved by a bootstrap argument in fractional Sobolev spaces. The details are
presented in Sect. 2. To this end, we develop a new Young inequality for fractional
spaces that we present in “Appendix A”.

In order to recover the propagation of regularity, we take advantage of a second
key fact: a sharp decay of the free energy, that leads to a uniform-in-time entropy
bound in rescaled variables (1.2). This is the objective of Sect. 3. More precisely,
since W (x) = W(—x), problem (P) is the 2-Wassertein flow associated to the free
energy

E(t)zE[p(t)]=/ <p10gp+%p(W*p)) dx:/ plog(pe? V) dx.
R~ R
(1.5)

When W € L*°(R"), we prove the sharp decay of the energy E[p] in Lemma 3.1.
Thus implies that

n
E@) = 5 Int+ C, [IW]),

which tends to —oo with the same rate —75 In¢ as for the heat equation. We next
show that there is a suitable free-energy-like quantity that is bounded below in
rescaled variables (1.2), and hence we will be able to estimate the second moment.
Through the second moment and the free energy, we are able to show uniform-in-
time equi-integrability in the form

sup/ pllogpldy < oo. (1.6)
TEO n

The uniform-in-time propagation of regularity is analysed in Sect. 4, where (1.6) is
used in a crucial way. For the uniform-in-time bounds of the H'! norm we apply a
standard energy estimate. For the propagation of the C* norm we apply a modulus
of continuity argument, which to our knowledge is new for (P) but has been applied
successfully for other equations (see, e.g., [30,31]).

Equipped with all these uniform-in-time estimates, we can finally characterise,
in Sect. 5, the intermediate asymptotics of the solutions of (P).

Theorem 1.2. Letr W € Wh®(R") N LY (R") such that W (x) = W(—x), VW €
L"(R™) and, ifn 2 2, also that AW € L2(R"). Assume that py € LL(R”) is such
that it satisfies (1.4). Then we have

t
lp(t, ) = K(t,)llp = §Ct™

t

Q

ifn=1,
(1 +log(1 +26)7 ifn =2,
ifn 2 3.

D= = =

Q
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This result is obtained by a classical entropy-entropy dissipation argument.
Following the idea in [2,14,21,39], we measure the distance between the rescaled
version of the solution 5 and the Gaussian in the L' relative entropy defined by
1

- - P o~
El(P”G):/ pIOg—dy=/ plogp +
Rn G Rn 2

/ yI2Fdy + = log(27).
Rn 2
(1.7)

As in the case of the heat equation, this functional can be differentiated in .
We apply the logarithmic Sobolev and Csiszar—Kullback inequalities to reduce
ourselves to estimate the remainder terms with respect the classical heat equation
due to W. We also discuss the L? relative entropy and the related L? intermediate
asymptotics (see Sect. 5.2).

For n = 3 the decay rate coincides with that of the heat equation under our
assumptions, and hence it seems sharp as a generic rate. Notice that it is a simple
computation that

1K (2, +a) = K (2, )y~ 172

Better decay rates for the heat equation can be obtained by correctly matching
higher moments, as shown in [24] (see also the survey [41] for a clear explanation).
For n < 2, we do not expect better rates with our technique, as explained in Sect.
5.1.Itis an open problem to improve these rates inn = 1, 2 possibly under stronger
assumptions on W. One reason the results in dimension n < 2 are not as sharp as
for n 2 3 is that the limit case W (x) = +1log |x| gets more singular in the Sobolev
scale as the dimension gets smaller.

We also answer in Sect. 5 the question on minimal assumptions on W such that
the asymptotic simplification of the system happens with arbitrarily slow rate.

Theorem 1.3. Let n > 2, W € WL R") such that W(x) = W(—x), VW €
L' ¢(R"), AW € L%(R") (and also AW € LT (R") ifn = 3) for some ¢ > 0,
and that py € L_IF(]R") is such that it satisfies (1.4). Then ||p(t, ) — K (t, )|lp1 — 0
ast — oQ.

This theorem also works for n = 1 under suitable assumptions on W (see Theorem
5.4). Lastly, let us discuss the assumptions VW € L" (and AW € L3ifn > 2).
A borderline case outside these assumptions is the key example alluded above,
W(x) = xIn|x|. The rescaling leads to W = x In|y| + xt, so VW does not
evolve in time. It is easy to see that any solution of

lyl?

lnﬁ+7+xln|~|*ﬁ=C,

for some constant C, is a stationary solution for the Fokker—Planck equation (1.3)
with VW = VW, and so the corresponding p in original variables is of self-similar
form with profile p. The existence and uniqueness of these self-similar solutions for
subcritical values of x was proven in [6,9] by variational methods, moreover they
are the intermediate asymptotics for subcritical . This explains to some extent how
the hypotheses on W are almost sharp for the asymptotic simplification towards the
heat kernel profile.
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2. Well-Posedness and Regularity

We make use of the classical approach using Duhamel’s formula to obtain sharp
well-posedness global in time results, under the assumptions specified below on
the potential W (see similar results in [14]). In this section, we use a sub-index ¢ to
denote the time variable. Using the variation of constants formula we can re-write
the problem (P) as a fixed-point problem of the form

t

or = Gy * po +/ Gi s % V- (ps V(W % p5)) ds,
0

or, equivalently, moving derivatives in the convolution
t
pr =Gy * po + / (VGi—5) * (ps V(W x ps)) ds. (2.1)
0

For two vector fields F and F, we denote the component-wise convolution F xF =
> i_| F; * F;. The corresponding formula for (Pr) is

t
u(t; F) = Gy, % py + / (VG,_y) % F(s)ds. (2.2)
0

Below we collect several estimates for the solution « in (2.2).
L' estimates for u(r; F). Let us start by obtaining direct basic L' estimates for
u(t; F). We begin by recalling some properties of the heat kernel G,. Clearly
|Gl ;1 = 1. For integer derivatives

np+kp

/n |IDFG,|P dx = (21)" " 2 /R |DkG(ﬁ)lpdx

n—(n+k)p

=21 2 fR |DKG(y)|? dy.

Then, || DXG,||1» is integrable in time for 7 near zero as long as p < n+”ﬂ A
similar scaling holds in the range of fractional Sobolev spaces W* 7 (defined in
“Appendix A”) by applying the classical computations presented in “Appendix
A.17. In particular,

n__ n+ts
2

IGellwsr < Cr2r™

With these estimates, we can directly recover L' estimates for u(¢; F) by using
Young’s inequality

" [0Gi—s
lute; F)llgr < llpollp + | D =
0 iz /
n

3 1 Fi(s)lz1 ds
X L1

t

1

il + €Y s IEOI -9 e @3)
i=1 s€[0,1] 0

n

1
Sllpollpr +Cr2 ) sup [IFi(s)ll-

o selo.r)
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Continuous dependence with respect to F'. Similarly, we can also state a result
of continuous dependence with respect to F'

t
lu(t; F) —ut; F)ll = ”/0 (VGi—s) * (F(s) — F(s)) ds

Ll

t n
§C/ (t—5)72ds Y sup [Fils) = Fis)l
0

i—1 s€[0,1]

n

| _
< Ct2 Z sup [|Fi(s) — Fi(s)|lp1.

i1 5s€[0,1]
Computing the supremum, we recover

sup [lu(e: F) —u(t: F)lln € CT? sup [|F(s) = F&)l. (24
1€[0,T1 1€[0,T1

Modulus of continuity in time We claim that, if F" has a modulus of continuity in
c(o, Ty, LI(R”)), it is preserved for u(¢; F)). We already know that, for t > s,

G % po — Gs * pollp1 = 1Gs % (Gr—s * po — po)ll 1
S IGi—s * po — pollpt =: oG (t — 55 po).

This last element is a modulus of continuity, by the classical result of strong con-
vergence of convolutions. For the continuity of the second term in (2.2), we can
write

t s
/ (VG,_.) * F(z)dr —f (VG,_,) * F(t)dt
0 0
t t
- / (VG,_,) % F(t)dr —/ (VG,_y) % F(t — ( — 5)) dt
0 t—s
r—s t
- f (VG,_) % F(r)dt +/ (VGi_y) * (F(r) —Ft—(t— s))) dr.
0 t—s

On the one hand, we can compute that

t—s
/ (VG;_¢) % F(t)dr
0

Ll

n t—s 1

scy s IR@Iy [ @-n 7t
— ref0.7] 0

n

=C(Vi=5) Y swp IF@I £ CVi=s.

i=1 7€[0,7T]
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On the other hand, letting wr, 7 be the modulus of continuity of F on [0, 7] to L!
we have that

t
f (VGi_y) * <F(r) —F(t—(t— s))) dr
t—s

Ll

t n
< C/ (=02 Y IF @) — Fi(x — (¢ = )1 de
t—s

i=1
t
< Cwpr(t — s)/ (t — )" 2 dt = Cop.r(t — $)V/s.
r—s
Hence, Duhamel’s formula preserves the continuity, in the sense that
lu(®) —us)l 0 < C (a)G(t — 53 p0) + T —5 +VTorr(t — s)) . 25)

L? estimates foru(s; F). The final result that we need is about the regularisation
between L? spaces. Following a similar procedure as above, we can write

n_ntl
IVGi—s * F($)llLr = CIVGi—sllLr | F($)llpr = CIF )it —s)2 2
n n+1
where (t — s)ﬁ_% is locally integrable in ¢ if p < %5. Thus
FeC(0,TELY) = u(;F)eC(8, TELY),  p<.
Analogously, we have
IVGi—s * F(s)llLr = CIVGi—sllLe | F(s)llLa
n_n¥l 1 1 1
SCIFG) et =) 7 for—=—+——1.
r.q p
Thus for g € (1, n) we have
FecC(0,T]; Ll) NC(8,T]; LY) = u(; F)e C(28,T]; L"), r< ' .
n—gq
(2.6)

Now we can obtain our first result of existence and uniqueness for (P), gener-
alising the results of [14], and fitting our current purpose.

Theorem 2.1. (Local in time well-posedness) Given pg € L _ﬁ_(R") and VW € L™
there exists a unique solution p(t) in C([0, T1; L' (R™)) for some T > 0 of (P) in
the sense that it satisfies (2.1). The solution has a maximal existence time T*. If
T* < 0o, then

lim ()]l = +oc. @7)
t—(T*)~

Furthermore, let p and p solutions of (2.1) corresponding to initial data py and p
respectively. We have that

sup [lpr — oyllzt = C(T)llpo — PollL1-
1e[0,T]
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Proof. We apply Banach’s fixed-point theorem in X = C([0, T']; Y), where Y =
{p e L'(R") : lollzr < llpollz1 + 13, to the solutions of u; — Au = V - F and
F = pVW x p. Hence, we define an operator F through the right-hand side of
(2.1), i.e.

Flpl®) = u(t; pVW x p). (2.8)
We first point out that, by Young’s convolution inequality

Io(VW s p) — (VW % D)l 1
S p(VWxp) = p(VW D)1t + [lo(VW %) = p(VW % D) 11
S lplltVW s (o = D)l + llp = ol VW % p) [l e (2.9)
S ol iVWlizello =2l 4+ o =2l VWil * [[2]l 1
= (el + NIV Wizl = Pl

This means, on the one hand that it does not reduce the modulus of continuity in
time of p, since

lo@ (VW x p(t)) — p(s)(VW x p(s)) |l .1
= (el + eI DIVWiLellp@) = p()llp1-
We check that 7 : X — X by joining (2.10) with (2.5) and (2.3) for T small

enough. Let us now show that F is contractive for T small enough. Pick p, p € X.
Due to (2.9) and (2.4)

(2.10)

1
IFlpl = Flolllx = CTZ|pVW % p —pVW xplx
_ 1 _
= Cllpllx + 1RO T2IVWiL=llp — Pllx-

We can select 7 > 0 small so that there is a contraction. Lastly, let us show the
continuous dependence. With a similar argument as above we obtain that

— — 1 —
lor = BellLr = llpo —Pollpr + CT2[VWIlze sup |log — ol L1

5€[0,T]
Hence, for T small enough that CT> IVW]re < 1,
_ < 1 _
sup s — pyllpr = o — pollLt-
1€[0,T] 1 —C|| VW] T2

Since C does not depend on p, this argument can be applied iteratively to deduce
the result. o

A similar argument provides continuous dependence on VW. The next theorem
is our main result in this section. We will apply a bootstrap argument to show the
solution p in Theorem 2.1 is in C((0, T*); W* P (R")) during its existence for any
s > 0and p € [1, 00), and in fact we have T* = oo, i.e. the solution is global in
time. Once the regularity in space is shown, we immediately obtain the regularity
of p in time by passing it through the equation (P), thus p is a classical solution of

P).
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Theorem 2.2. (Global in time solutions and instant regularisation) Ler W € W
(R™). Then the solution constructed in Theorem 2.1 is defined for all T > 0 and it

satisfies
p(1) 20, /p(r)=/ o0,
R~ R~

and, p € C((0,T]; Wk’p(]R”)), forany k € N and p € [1, oo]. Furthermore, p
is a classical solution defined for all t > 0. In fact, if in addition pg € W*P(R"),
then p € C([0, T]; WP (R™)) for any s = 0 and p € [1, oo].

Before presenting the proof, let us first introduce some preliminaries. The proof
of the regularity result is based on an iteration argument in fractional Sobolev spaces
W?:P  whose definition and basic properties can be found in “Appendix A”. The
reason to use fractional spaces is that our iterative scheme does not seem to be able
to jump between p € C((0, T*), L) and u(-; p(VW % p)) € C((0, T*), Wh1),
but we can gain fractional regularities to bridge the integer gap.

In each step of the iteration, assuming that p € C((0, T]; W*?) for certain
s 20, p € [1,00), we aim to use the formula (2.2) to upgrade the regularity
to a higher order. This will be done by controlling the fractional Sobolev norm of
VG:_s*x F(s),where F(s) = p(s)(VWxp(s)). The following two key ingredients
will be used in this estimate:

1. To obtain estimates on fractional Sobolev norms of a convolution, we need
a Young’s inequality between fractional Sobolev spaces. We could not locate
such a result in the literature, so we provide a proof in Theorem A.l, which
might be of independent interest.

2. In order to control the fractional Sobolev norms of F(s) = p(s)(VW x p(s))
itself, we need a product estimate in fractional Sobolev spaces. An estimate of
this kind was obtained by Brezis and Mironescu [13]:

1fglwese < CAF Lo lglwess + gl 1 £ 1 pse 1 £ 1), @11

where p,r,o € (1,00), s € (0,00), 8 € (0, 1) are such that } + g = %.

However, a delicate issue is that we only assume VW € L in this section,
thus VW x p(s) can only belong to L°-based spaces (such as C* = W5 ).
In particular, it is impossible to show it belongs to W*-? for any p < oo. For
this reason, we could not apply (2.11) since it requires p, o < o0.

In the following lemma, we derive a product estimate for the fractional Sobolev
normof fg where f € W¥”and g € C*.Itcanbe seen as a minor generalisation
of (2.11) with r = oo, and we give a short direct proof.

Lemma 2.3. Let p € [1,00), 5,0 € [0,1). If f € C* and g € WP, then
fg € WOP, and we have the estimate

Lfglwesr = C(p. s, )l fllLelglyyes.r + lIgleell fllcs) (2.12)

where || fllcs = [fles + 1 f L.
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Proof. If s = 0 or 0 = 0, clearly || fglizr < || fllzellgllLr. Fors, 6 € (0, 1), we
write

// If(X)g(X) JMegWI”

y|n+93p
FOIPIg00) — gI? () = FOIPIgol”
= C(”)/nfn oy TE@ )fn =y

[f1%1x — y|P

B —y—
ly—x|<1} |x — y|r+osp

< CON Ml +C0) [ lel” </{

220 FIIP
+/ —”f”f_g dy | dx.
{ly—xZ1y [x = y|"ToP

Since f lyl< _y ly|Trd=0sp gy, f‘y|>1 ly|™"=%Pdy < C(p,s,6) we conclude the
result. O

We now have all the machinery needed for the proof of the main result of this
section.

Proof of Theorem 2.2. Iterating in (2.6) and using Young’s inequality, we get p €
C(0, T*); LP(R™)) for any p € [1, 00). To recover higher regularity we pass
through fractional Sobolev spaces. We begin by proving some further regularity
estimates for u(¢; F). Applying Theorem A.1, we have that

IVGi—z % F()llwrr = CIVGi—llwer IF($)llyys.a

1
< CIF$) ypat — )T 57

where y = a+p. The time termisintegrableif 1 = p < ;=0 —
o < 1, and we deduce that

. Hence, necessarily

FeC(0, T L' ®R)) N C(8, T WHIR") = u(; F) e C(I8, TI; W' (R"),
F4l=1+1 y=a+p
(2.13)

n
where o < 1, 1§p<m,

Applying (2.13) with 8 =0, p = 1, € (0,1),q = r € [1, 00) we recover that
p € C((0, T*); W9 (R")).

Let us reinterpret (2.12) for f = aixl_(W % p)and g = p. Fors,0 € (0, 1),
applying Lemma 2.3, we have that

W
[o53p = € (5

w0 1w + IolLo I3 % plce)

(2.14)
< c (3] tolwes + Iolerliolyn 13 N2
Using the standard Young inequality
[p32 wp| <ol [2sp] < Nololiolu |32] . @19
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Then, we have that
F=pVW=xpeC(sT], WHP(R")), Vs € (0, 1), p €1, 0).

This allows us to show, applying again (2.13), that p € C((0, T*); W?57(R™")) for

s € (O 1) and p € [1,00). We can repeat the argument for s € (1, 2) by noticing

0p BW ap

that —(,0 *p) = 7 o F ot p— * 5xp and the reasoning above works
in each element. Similar formulas hold for higher derivatives of F, and hence the
argument can be extended to any s > 0. Once we have space regularity, through
(P) time regularity follows.

It remains to show that the solution is global in time. Towards this end, we
will show that p_(-,¢) = 0 for all # € [0, T*). For a smooth and convex function
j : R — R, we can write

d
= | e )dx = —/ J" ) (IVoOF +0Vp - V(W p)) dx
Rl‘l Rn

dr
p(x,1)
< / (/ j"(s)s ds) AW % p)(x)dx. (2.16)
n 0

Let us approximate the convex (but non-smooth) function j (s) = max{—s, 0} by a
sequence of smooth convex functions { ¢ }¢~0, where j. = j in[—¢, 0] (so j! =0
in [—¢, 0]°) and satisfies 0 < j < 2e~!in[—e, 0]. Hence J:(s) := f(; jl(o)o do
satisfies |Jg(s)| < |s| forall 0 < & < 1, and lim,_, ¢+ Je(s) = O for all 5. Since
AW % p) € L¥@R") for t > 0, sending ¢ — 07 and applying the dominated
convergence theorem to the right hand side of (2.16) gives p_(-, t) = 0 during its
existence. Hence, ||p(#)|l;1 = |lpoll;1 forall ¢ € [0, T*), and due to the blow-up
criteria (2.7) we know there is no blow-up in finite time, that is, 7* = 4-00.
When pg € LY(R") N WP (R"), we want to extend the regularity to p €
C ([0, T]; LY(R™) N W*-P(R")). The first step is to notice that (2.13) works also
for 6 = 0. Since (2.14) and (2.15) are point-wise in ¢, they hold up to ¢t = 0. And
thus the result is proven. O

3. Sharp Decay of the Free Energy and the Entropy

First, we give the sharp decay rate of the free energy functional in original
variables E(¢) given by (1.5) for a bounded interaction potential W. From now on,
we will always assume that the interaction potential W is even without specifying
it.

Lemma 3.1. Assume W € W' (R"), and py € LL(R") satisfy [ga podx =
1 and E[pg] < 00, as introduced in (1.5). Then there exists a constant ¢ > 0
depending on |W || Lo and n, such that

E[,o(t)]<——10g (Ct+e : “’0]) forallt > 0. 3.1)
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Proof. For the length of the proof, let us denote E(¢) := E[p(¢)]. Taking the time
derivative of E (¢), we have

dE SE
- = — V—
dr /np' Su

= _/R" 0 )Vlog (pew*p>‘2dx.

If we define the auxiliary function u(x, ¢) as u := ,oeW*p , the above becomes

2
dx:—/ p|V(logp+W*p)|2dx
Rn

dE
5 = _/ ue="* |V (logu)|? dx = —4/ V|V dx,  (3.2)
n RI’L

where the last identity follows from the fact that u|V logu|®> = 4|V./u|>. For
bounded W, we have |W x p(t)llre = [[WllL=llp@)l 1 = [[W] e, where we
used that ||[p(¢)]|.1 = |lpoll,1 = 1. Applying this to (3.2) yields

dE
— < —4e*”W”L°°/ |V/ul? dx. (3.3)
dt Rn

In the rest of the proof, we aim to obtain a lower bound on the integral fan |V u|? dx
in terms of E itself. Recall that E can be written as

E = ./Rn log (pe%) p(x)dx = %A‘w log ((pew)p) o(x)dx,

where p > 1 will be determined momentarily. Applying Jensen’s inequality gives

* V4 1 n
log (f (pe¥> pdx) = —log (/ uPtle5-DWso dx>
R p "

log (e<1+§>uwuoo f ur dx) . (3.4)

E=

[IA

1
p
1
p

From now on, let us fix p := % For such p, the Gagliardo-Nirenberg inequality
gives that

2
/u"+1dx<C(n)</ |vﬁ|2dx> (/ udx>"
n Rn Rn

§C(n)e%”W”L°°/ V. /u|? dx.

n

Combining this with (3.3) and (3.4), we have

E < glog (C(n)e<‘+3>”W'L°° / |vﬁ|2dx>
n 1 3 dE
| —-C CHDIWllgee ZZ )
-2 Og( 4 (m)e dr
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This means

dE 2
- = e, W | oo)en EO),

where c(n, |W|| =) = 4C(n)~! e_(2+%)“ Wiz Solving this differential inequality
yields the inequality (3.1), finishing the proof. O

We now focus on using these estimates to obtain uniformspsinspstimebounds-
fortherescaledequation (1.3). Following [21], we perform a time-dependent rescal-
ing with the new time and spatial variables being

T =logA(t), y=r"'()x, (3.5)
where A(f) = /2t + 1. Let the rescaled density p(z, y) be related to p(z, x) by
o(r,y) =A@)"p(t, x), (3.6)

or, equivalently,

2T
~ et —1
oz, y) = e’”p( 7 ,e’y).

Note that p(0,-) = 5(0,-) and the L' norm of p(t, -) is preserved under the
rescaling. In addition, if p (¢, x) satisfies the heat equation d;p = Ay p, it is well-
known (see [21] for example) that p(z, y) satisfies the Fokker—Planck equation
dcp = Ayﬁ"‘ Vy - (0Y)-

Next let us derive the equation satisfied by p when p solves (P). Compared to
the heat equation, 9, p has an additional term e +2TV_ . (pV (W % p))(z, x), and
it suffices to express it in terms of the new variables t, y as well as p. Using the
definition of 7, y and o, the convolution (W x p)(z, x) can be expressed as

(W p)(t,x) = / W —x)p(t, x")dx' = / W (M) (y = ¥)) p(t, xHA" (1) dy’
R R ~ (3.7)
= / W (e (y — ") plr, y)dy' = (W= p)(z, y),

using the change of variables y’ := A~ 1(t)x’ and (3.6), where W(‘L’, y) = W(ety).
As a result, the additional term in 9; o can be written as

e(n+2)rvx (PVe(W % p))(t, x) = vy - (ﬁvy(ﬁ} * P))(T, ¥),

where we used that V, = e*V,, as well as (3.6) and (3.7). Finally this leads to the
equation for p in rescaled variables:

~

a - ~ ~
8—‘; = AP+ Yy - (9B) + Yy - (B, (W % 5)).
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Remark 3.2. Intherescaled variables, even though W(t, ) = W(e'-)is t-dependent,
its L°° norm remains uniformly bounded as long as W € L°°, and one can easily
check that

IW(z, )L = |Wllze forall T > 0.

However, the W4 norm of W (t, -) can be exponentially growing/decaying in 7,
depending on the values of m and g. More precisely, for any multi-index « and
g = 1, we have

/ |ID*W (z, y)|9dy = e<'““I‘”)’/ |D*W (x)|7 dx,
R” Rn

which leads to
ID*W () o = =7 | DY Wl o (3.8)

Asaresult,if W € W4 withm < n/q, then || W(r, |lwm.q is uniformly bounded
above for all T 2 0. Furthermore, if m < n/q then ||W(t, Jllym.a decays to zero
as T — 00. The same kind of estimates holds for fractional Sobolev norms (see
“Appendix A.17).

The next step is to establish uniform-in-time bounds for the free energy, the sec-
ond moment and, as a consequence, the entropy in rescaled variables. Throughout
the rest of this paper, we will focus on the analysis of the rescaled equation (1.3).
For notational simplicity, we will suppress the y subscript from Vy and A,. Also,
all the time and spatial variables below related to o will be the rescaled variables,
unless specified otherwise. For example, “taking the time derivative” stands for
taking the t-derivative; and when y appears below in p(, y), it will stand for the
rescaled spatial variable rather than the original one.

Let us point out that one of the main difficulties to study the rescaled equation
(1.3) is the lack of a monotone-decreasing free energy functional. If W were known
to be independent of 7, it is well-known that there would be a natural free energy
functional F (t) associated to (1.3), given by

~ 2 1~
F(t) := /1;{" <510g5+ 5%-}-550"/(‘[, ~)*,5)) dy. (3.9

But, since W(r, )= W(e')is t—dependelg, F (7) is not necessarily decreasing in
time. In fact, taking the time derivative of F(t) yields

d ~ - 2 L[ (oW _
S Fa)=- dy + = e 7) dy,
dt (T) Anp y+2/np<af *p) Y
where %(r, y) = %[W(ery)] =eTy-VW(e'y) =y - VW(t, y). Plugging this
into the above yields

~ 1 ~
v(logp+§|y|2+w*p>

d Iy ?
—F(‘L’)z—/ b"v(logﬁ—l-——i-W*E)
d'[ n 2

dy

1 ~ ~ ~
+§ f/n - MNPy —2z2)-VW(r,y —z)dydz, (3.10)



11 Page 16 of 45 Arch. Rational Mech. Anal. (2023) 247:11

where the right hand side is not necessarily negative due to the additional double
integral.

Instead of looking for a monotone free energy for the rescaled equation, let us
consider a new free energy functional

~ - I
E(7) := /n (,0 log p + z,o(W(r, ) % ,B')) dy. (3.11)

Even though this functional is not monotone in t, as we will show below, it has a
natural relation with the free energy E (t) = E[p(¢)] defined in (1.5) in the original
variable, and the sharp rate of decay of E(z) that we established in Lemma 3.1
implies a uniform-in-t bound of E (7).

Lemma 3.3. Assume W € WY (R"), and py € L} (R") satisfy [pa podx = 1
and E[pg] < oo. The energy functionals E(t) in (1.5) and E(t) in (3.11) satisfy
that

E(t)=E(t) —nt forallt >0, (3.12)
where t and T are related by (3.5). As a consequence, Lemma 3.1 implies that
E(r) £ C(IW|p~.n, Elpo]) forallt = 0. (3.13)

Proof. Let us write the original energy E (1) = [p. (plogp + 5p(W * p)) dx in
terms of o. For the entropy term, using (3.5) and (3.6) we have

/]R" px,t)logp(x,1)dx = /;gn A (B)p(T, y) log(A " () p (T, y)A" (1) dy
= /Rn o(t, y)logp(z, y)dy — nr,

where in the last step we used that T = log A(¢) as well as fR" o(t,y)dy =1. As
for the interaction energy, using (3.5) and (3.6) together with (3.7), we have

/ Pt W 5 )t ) dx = / A OF T ) (W % Bz, A1) dy

Rn
_ /R Bt y)(W  B)(z, y) dy.

Combining the above two identities together yields (3.12). Using (3.12) and the
inequality (3.1) for E(¢) we have, recalling t = log+/2¢ + 1,

~ 2+ 1
E(t)=E(l)+nlog«/2t+1§Elog + .
2 " \eIWlizoo, )t + e~ Eleol

S C(|[W|r~,n, E[po]) forallt =0,
where the last inequality follows from the fact that for all 1 = 0, the fraction in

the second line is uniformly bounded above by some constant only depending on
|W]| o, n and E[po]. This finishes the proof of (3.13). a
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Remark 3.4. For W € L®°, since the interaction energy satisfies

1 o~ 1~ - 1
5 f p(W xp)dy| = —IIWIILwIIpllil = Z[[W]lLe forallt 20,
2 | 2 2

the bound (3.13) on E immediately implies that the entropy for the rescaled equation
is uniformly bounded above:

/R Pz, ylogp(r, y)dy S E(@)+ 3| [ BOW % 5)dy|
< C(|W/L, n, E[po]) forallT = 0. (3.14)

Let us now prove a uniform-in-time bound of the second moment in rescaled
variables. In (3.14), we have obtained a uniform-in-time bound of the entropy
f p(z, y)log p(z, y)dy. In order to upgrade it into a uniform-in-time L log L norm
of o, we need some uniform-in-time tightness of p(z, -). Our next goal is to obtain
a uniform-in-time bound of the second moment of 5(z, -), given by

Na(r) := Malp(0)] = /R PR ) dy.

A natural starting point is to track the evolution of AV>(t) in time. Taking its
time derivative and integrating by parts in space, we deduce that

d o o ~ ~
d—J\/z(r) = —/ 2y - (Vp+py+pV(W xp))dy
T Rn
=2n —2N>(7) — 2//}1@ . POy - VW(y —2)dydz  (3.15)
=2n —2N>(7) — f/ . POBE)(y —2) - VW (y — 2)dydz,

where the last identity is obtained by exchanging y and z in the integrand and taking
average with the original integral.

Note that if W is attractive (i.e. W is radially increasing), we have that x -
VW (x) = 0 for all x, and the same is true for the rescaled potential W (z, -).
This leads to the differential inequality %N’z(r) < 2n — 2N, (1), which yields a
uniform-in-time upper bound of N> (7). However, this argument fails for a general
bounded potential W that is not necessarily attractive.

To overcome this difficulty, instead of tracking the time derivative of N> (t)
itself, the idea is to take a linear combination with the functional F (7)in (3.9), so
that the double integral involving VW will be cancelled in their time derivatives.
The result is as follows:

Theorem 3.5. Let W € W!°(R"), and assume py € L} (R") with [, podx =1,
E[po] < oo, and N>[po] < oo. Then we have

Nao(1) = Mao[p(0)] = CNalpol, W Lo, ny ELpol). (3.16)
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Proof. Let (7) be defined as in (3.9), and recall that its time derivative is given by
(3.10). Comparing (3.10) with (3.15), we observe that for the linear combination
F (r) + %./\/2(1:), the double-integrals in their time derivative exactly cancel each
other. More precisely, we have

d [~ 1 |y|?
—(F(r)+—N2(r)>=—/ ‘ <1ogp+—+W*p>
T 2 Rn 2

—MNa(t) £n—Nao(2).

2
dy +n

Recall that F(r) = E(r) + %Ng(r), and E(r) has a uniform-in-time upper bound
due to (3.13). Therefore

d ~ ~ ~
E(E(f) +Mo(1) = = Na(r) =n+ E(1) — (E(2) + Na(1))

<n+supE(o)— (E(t) + N2 (1))
a2>0

Multiplying by e* and integrating, we have that

E(r) + Na(t) £ e T(EQO) + Ma(0) + (1 —e™7) (n + sup E(o))

020
= CNalpol, IW iz, n, Elpol) (3.17)

for all 2 0, where in the second inequality we used (3.13) and the fact that
E(0) = E[po].

Note that this inequality does not yield an upper bound for N> (7) yet, since we
do not know whether E is bounded below. Now we write E (t) + N>2(7) back into
F (r) + ;Nz(r), and use the crucial fact that F is bounded below by a constant
only depending on n and || W], since

2
F(‘L’):A (,olog,o+,o%+ ,o(W*,B)>dy

Iy[?
> 1 —d——W oo
_fn(png+p2 y 2II I

1
—C(n) — = |W||p,
(n) 2II lz

where the integral in the second inequality is the free energy of the Fokker—Planck
equation, which is minimised at the Gaussian profile. Combining the lower bound
of F(t) with the upper bound of F(7) + %J\/’z(r) in (3.17), we finish the proof of
(3.16). ]

Finally, we obtain a uniform bound in L log L in rescaled variables. Joining
(3.14) and (3.16) we recover a uniform-in-time bound of [, 5(7)|log 5(7)| by
classical techniques [7,10] (we give a general result in Lemma B.1 which may be
of independent interest).
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Corollary 3.6. If W € W1L.°(R"), then the solution of (1.3) satisfies

/Rn p(@)logp()] = C(n, W=, Elpol, Nalpol). VT € [0, 00).
(3.18)

4. Propagation of Regularity for the Rescaled Density o

4.1. Uniform-in-Time Bounds of L*> and H' Norms

Theorem 4.1. Let n > 1, W € WL (R") and VW e L*(R"). Assume py €
L_l‘_(]R”) with f]Ri" podx = 1. Let p(x, t) be the solution constructed in Theorem
2.1 with initial data py. Then the rescaled density p(t, y) defined in (3.5)—(3.6)
satisfies the following:

1.If po € L2(R") with Nalpol < oo, then p € L*®(0, oo; L2(R™)) with the
estimate

162 £ Cn, [|Wllgoe, VWi, llpollz2, Nalpol)  forall T = 0.
A.1)

2.If po € HY(R™) with Na[pg] < oo, then § € L*(0, 0o; H' (R")) with the
estimate

161 = Cn, [WllLoo, IVWlizr, ool g1, Nalpol)  forall T = 0.
4.2)

With this result, by compactness we can easily prove that

Corollary 4.2. If W € L®(R") and VW € L" for py € L*(R") (resp. H'(R"))
with Na[po] < oo, there exists a mild solution of (P) that satisfies the estimates
above.

Proof of Theorem 4.1. By the instant regularisation result in Theorem 2.2 and the
relation between p and p§, we know that 5 € C((0, T]; H*(R")), even if we do
not have an estimate of ||p(¢)|| 2. To obtain uniform-in-time estimates on the L?
norm of p, we will track the L norm evolution of p; := (5 — k), where k > 1
is a constant to be determined later. To begin with, we list some properties of py.
Step 1. Relation between p;, = (0 — k) and p. Due to (3.18) we have, for any
k> 1land T = 0, that

~ ~ 1 ~ o~ 1 ~ o~ Co
19k (T 1 é/ pE—r plogp = — | pllogp| = —.
L (p>k) Ing {(p>k} lng R~ 1ng

(4.3)

A

where Co = C(n, [|W/| L, E[pol, N2[po]). Note that since [|pollz1 = 1, E[po]
can be bounded above using || poll;2 and ||[W|| .
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Next we state an inequality relating the L? norm of pi(z, ) and p(z, -) (be-
low the 7 dependence is compressed for notational simplicity). Since o = pi +
min{p, k}, combining the triangle inequality on the L? norm with Holder’s inequal-
ity gives

L
161y = Nokllzr + Il min{p, k}izr < lokller +k 7 for p € [1, 00),
(4.4)

IN

where the second inequality follows from || min{p, k}|| oo < k and || min{p, k}|| 1
llpoll 1 = 1. For p = oo we simply use the fact that

1Pl < llokllze + k. (4.5)

Hence, if p; € L>°(0, T; L?>(R")), then so is p.
Step 2. Evolution of > norm of p}. We compute

1d

55/ 5,%=—/ Vi - (VB + V(W % p) + fy) dy

=—||vak||iz—[é vm-(/W(va)dy—/]R PVPi - ydy.

=:Ji =/
4.6)

We first deal with the more complicated term J;. We have

1 = IVl 2111 L2 IV W % D)l oo = IV DN 2121 L2 IV W I lli0

where in the second step we used that ||VVT/||Ln = ||[VW||», which is due to (3.8).
Note that the above computation holds for all n > 1, where for n = 1 we use the
notation - = oo. Applying (4.5) (or (4.5) for if n = 1) and using k = 1, we
recover

LS VAN IV WIe (15l +K) (1 oy +6) @)

The Gagliardo-Nirenberg inequality yields

1ol 2 = C(n)IIV,OkII”+2 IkaII”+2
I9kll, 2 = COOIV PR 2 2 IIPkIIZTz, (4.8)
and plugging these two inequalities into (4.7) gives

Vil = Ca) VWl ll Bkl 1 ||V,5k”iz

n n n ~ 1+VIL ~
+ Cn, k)IIVWIIL"(IIPkII i IIVkaILz g + 11kl mz IV 2kl » " +||V/Ok||L2)-
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By applying Young’s inequality for products to each element in the second term
we recover that forany 0 < § < 1,

11| < C<n>||VW||Ln(||pk||L1 + ||pk|| R ||pk||"+“ +8)||V5k||iz
+Cn, k) |VW 87"

We now deal with the term J,. This can be computed explicitly as
n=[  wVEoyd= [ EOVE-
{0>k) {(p>k}
1

=§/ V(p; )ydy+k/ Vi - ydy
R7 R7

n ~ ~
=——/ pfdy—nkf ok dy.
2 Rn n

Using (4.8) as well as the fact that || px]l .1 < 1, we have

4
|2 = C(n)IIV,OkII”+2 IkaII”+2 +nk £ COIVBIT NN, + Cn, k).

Plugging the J; and J> estimates into (4.6), we have that for any 0 < § < 1 and
k=1,

d
i ) p2 s - (2 —C(n, IIVWIILn)(II,OkIILl + ||,0k||”+l + II/JkII"+4

4
+ 7l + 6))||Vpkniz +CL @ VWl + 1.

Due to (4.3), ||5k|l ;1 can be made arbitrarily small for large k. Thus we can find
a sufficiently large k = k(n, E[po], Na2[pol, |W| L) and a sufficiently small § =
S8(n, [VW||n), such that for such § and k,

d ~ ~
= B < —IVBlZ, + Cn, k, [VW | 10)

2(n1+2)

S —cmllpell "+ Clnk, [VW]|Ln),

where the second inequality follows from (4.8) and the fact that ||p|1 < 1.
Therefore, X (1) := ||pr(7) ||i2 satisfies the differential inequality

X < —chnniz + Cy

with ¢; = ¢(n) and C» = C(n, k, |VW]| ), thus X (7) is decreasing whenever
X = (Cy/cy)n+2. In other words, X (t) has the upper bound X () < max{X(0),
(C»/c1) 7 }. This means that

/ Pi(1)* < Cn, |Wlizoo, IVW o, llooll L2, Nalpo)),
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where we used that E[pp] can be bounded above using ||po|l;2 and ||W|/r.
Through (4.5), we obtain a uniform-in-time bound of || 5(t)|| 2, finishing the proof
of (4.1).

Step 3. Uniform-in-time H' bound. In the rest of the proof we aim to check
(4.2), where it suffices to control the time-evolution of ||V p (1) ||i2. Taking its time
derivative gives

1d ~n ~ o~ ~ ~
-— | IVoI"=—= [ Ap(AD+Vp-V(Wxp)
2dT R? n
3

HOAW % 5) + V- (By) =t —|APl72 = Y Ji- (4.9)
i=1

For Ji := [pu APV - V(W # p), using the fact that |[VW |z = VW], we
have

[J1l = 1ARN 2 IVl 2 IV WL BN ooy

Applying the Gagliardo-Nirenberg inequalities (see, e.g., [33])

1 1 2 n+2
IVl = IADI AN, and (5] o = C)IADIG: B

where we recall the well-known fact that || D252 < C(n)||Ap]| 2, the inequality
for J; becomes

~ I+5 +”
|1l = C)IVWI IRl 2||Ap|| -,

where we also use that ||p]|;1 = 1. Note that the power of ||éﬁ||Lz on the right
hand side is strictly less than 2. Likewise, J» := [, (AD)SA(W x p) satisfies

12l = AR L2 181 L2 | AW % )| e

The last term on the right hand side can be controlled as

~

ap

ax,-

aw
ax,'

0

_*_

AW
AW = p)llL o ¥ ox;

_n_
[ n—1

OC

= C(”)||VW||L”||AP||n+4 IIPIIZ?,

where the second inequality follows from the Gagliardo-Nirenberg inequality

IVBIl 2y < CIAFITE 171,

Thus

4

- o 1
|2l = COIVW I 1Pl 2 1ARN 2 ",
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and again the power of ||Ap] ;2 is less than 2. Finally, the term J3 := fR,, APV -
(py) dy can be explicitly computed as

" %5 9
13=_Z/ PR (pl)+2/ azax,(p')

—Z /,,ax, (E)x,) Z[ <8x,) Z/nax,ax,ax,"
=(—1—§)fn|vm2dy,

thus

|31 £ COIIVAIT. £ COIABI L2117 2

Since in the estimates for Ji, ..., J3, the powers of |Ag| 2 are all strictly lower
than 2, plugging the estimates into (4.9) and applying Young’s inequality for prod-
ucts gives

d - 1 - ~
i Vo2 < —§||Ap||iz +C, IVW I, 15Dl 2)
2(n+4) 4
< —COIVAIST 150l + Ca VW, I3 22)-

Since we already have the uniform-in-time bound of ||p(t)||;2 in Step 2, the above
differential inequality yields the uniform-in-time H'! bound (4.2). O

Remark 4.3. We expect that the propagation of H* regularity for any integer k > 1
follows from a similar procedure as Step 3, although the computation becomes
more involved. We leave the computation to interested readers.

4.2. Uniform-in-Time Bounds of C* Norm

In this subsection, we aim to derive the propagation of regularity via an alterna-
tive approach. Instead of tracking the evolution of some integral-based quantities
such as the L2 or H! norm, which has been done in a vast amount of literature, we
will track the evolution of point-wise quantities such as the modulus of continuity.
In the context of nonlocal PDEs, such idea has been successfully used by Kiselev—
Nazarov—Volberg [31] to establish the global-wellposedness for the SQG equation
with critical dissipation.

Our approach is similar to [31]: in order to show that p has a certain modulus
of continuity for all times, we will carefully look at the first “breakthrough” time
79 where the modulus of continuity is about to be violated, and aim to derive a
contradiction. While [31] constructed a piecewise modulus of continuity to treat
the criticality of SQG equation, for our application to (1.3) it turns out the simple
Holder continuity would work.
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Throughout this paper, for any f : R" — R, we denote its Holder seminorm
[f1ce and Holder norm || f||ce as follows:

[flce = sup Lf;y)l I fllce :== 1 fllee + [flce.
X#y lx — ¥l

Theorem 4.4. Let W € WLR[RMY), o € (0,1), p € C4([0, T); C*(R™)) be a
classical solution of (P) and assume

(a) n 2 2, and W satisfies ||W| Lo < Cw, IVW|1n £ Cw and ”AW”L%
(b) po € Li_(R”) satisfies thatf,oo =1, Npo] < 00, and || pgllce < oo.

Then, the rescaled density p(t, y) defined in (3.5)—(3.6) is C% Hélder continuous
uniformly in time, in the sense that

< Cy.

15D llce = K(Cw, e, n, Nalpol, lpollce)  forall T = 0. (4.10)

Before presenting the proof, let us first state and prove a simple lemma that will
be useful in the proof. It shows that if a function has a bounded C* seminorm, as
well as an L log L bound, it must have an L°° bound.

Lemma 4.5. For any function f : R" — Randa € (0, 1), if [ flce < K for some
K > land [g, f1log f| < Co, then we have

[ £l < Cn, o, Co)K ita (log K ) ta. 4.11)

Proof. Let A := | f]|lL, and it suffices to obtain an upper bound of A when
A > 2. Take any xo € R" such that f(xo) = %A. Using the modulus of continuity
[flce < K, we have that f(x) = 3 — K|x — x|% for all x € R”, thus

A 1
f(x) = 5 forall [x — xo| < ro = ()" -

Combining this with the bound f f1log f| £ Cp and the fact that% > 1, we have

RIz
[ST/eS

A
2

coz/ f|logf|dxz/ Fllog fldx = wy ()% 4 log
R” B(x0,70)

where w, is the volume of a unit ball in R”. This inequality can be rewritten as

(é)n:a lo A % < n
2 g( (%) S Cn,a)CoKe. (4.12)

(n+a)

Setting @ := (A/2) « and b := C1K<':71, where Cy := max{C(n, a)Co, 1}, the
above inequality implies that a loga < b. To bound a, it suffices to estimate the
solution a to the equation a loga = b for b > 0. (Note that the function a loga is
increasing fora > 1, thus 1 < a < a.) Since loga < a for a > 1, we have that
b=aloga < a?, hence loga > % log b. This leads to

aloga b ) b
logh’

A

a<a= — = =
loga loga
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Plugging the definition of @ and b into above, we have

nto
A\ «
(5)
where in the second inequality we use the fact that C; = max{C(n, @)Cy, 1} = 1.
Solving this inequality yields (4.11) and finishes the proof. O

C K& 2 K&
=120 < ,
log(C1K«) ~— n logk

A

Remark 4.6. Note that if we replace the L log L bound [ f|log f| < Cp in Lemma
4.5 by an L' bound | f|| 11 < Cy instead, then an estimate very similar to (4.11)
would still hold, except that we would lose the (log K )_ﬁ factor. As we will see

soon, this negative power of log K plays an essential role in the proof of Theorem
4.4.

Proof of Theorem 4.4. By continuous dependence in L' of the initial data, with-
out loss of generality we can assume that pg € W2 (R"), and hence p €
C([0, TT; W32 (R")) with ap/ot € C([0,T] x R") for any T > 0. Note that
these regularity properties are also inherited by /5, since it is a (smooth) rescaling
of p given by (3.5)—(3.6). Once (4.10) is proved for W2 initial data (note that the
bound K is independent of || ogllyy2.), the L' continuous dependence on initial
data in Theorem 2.1 allow us to approximate a C* initial data and pass to the limit.

Recall that p solves the rescaled equation (1.3), and Corollary 3.6 give a
uniform-in-time L log L bound of 7, namely

/Rn p(0)llog p(v)| = Co(n, Wi, Elpol, N2lpo]). (4.13)

Using (1.3) and the bound (4.13), our goal is to show that [p(t)]ce < K for all
7 2 0, where K > ||pollce is a sufficiently large constant to be determined later,
which depends on n, o, Cy, Cp and || oo || c= . Once this is shown, combining it with
(4.13) and applying Lemma 4.5 yields the L bound of p, finishing the proof.

Towards a contradiction, assume that [0(7)]ce < K is not satisfied for all
T = 0. Let us set

w(r) :=Kr* forr 20,

and define 7 as the first time such that the modulus of continuity w is about to be
violated, i.e.,

7 ;= inf{z = 0 : there exist y; # y2 such that |p(z, y1) — p(z, y2)| > @(Iy1 — 2D}

Note that 79 > O since ||pgllce < K and p € C([0,T]; C*) for any T > O.
Assuming 1y < 00, let us take a closer look at p at the “breakthrough” time 7y and
derive various estimates on p(zp) in the next 4 steps, and we will finally obtain a
contradiction at the end of Step 4.

Step 1. We claim that

|p(70, y1) — p(70, y2)| = @(ly1 — y2|) forall yi, y» € R", (4.14)
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and there exist 7, zo € R” such that z; # z2, and

B(t0. 21) — Plt0. 22) = w(lz1 — 220 4.15)
90 90
22 (0. 21) — L0, 22) 2 0. (4.16)
at 0T

Indeed, by definition of g, (4.14) holds when 1 is replaced by any t < 19,
thus (4.14) also holds at 7y due to the continuity of 5 in time. Also by definition

(k)

of 7o, there exists a sequence (1, ¥, ', ¥, )) of points such that 7 € (79, 70 + 1),

%\ 7o, and

(k) _ (k))

(k
oy =y < 5, y*F) - B, yY
k k k
<NVB (ks iz ly® — 01 < EyP — 3P, (4.17)

where C| = supg |IVo(tk, )L < oo since g € C([0, 1o + 11; W2y, Using
that w(r) = Kr%, the above inequality becomes

k k ~_ 1.1
O~y > (kETHTe >0, (4.18)

SO y%k) (k) #> 0. On the other hand, using o = 0 we have that

(k)

k ~ k ~ k ~ =
o(lyP =y < B, vy = B, v 15, iz < Ca,

where éz = supy [10(tk, )|l < ocoagaindueto p € C([0, 1o+ 1]; W?2.%) This
leads to the estimate

1

=31 £ (G (4.19)

meaning that yfk) and yék) cannot be too far apart either.

To obtain a convergent subsequence of (yfk), yék)), we need to show that the
sequence is uniformly bounded in k. Towards this end, recall that the second moment
N3 [p] is known to be bounded by Theorem 3.5, and we will use this to show that

{ yfk } are uniformly bounded. First note that o(zz, A2 )) is uniformly positive since
k k —
P, ) > oy = 3D = K(KETHTe =i ¢ > 0,
where the second inequality follows from (4.18). As a result, by definition of Ci =
supy | Vo(tk, -) || Lo, we have, using the mean value theorem, that

~ €0 k) €0
Ptk y) 2 — forallyeB( ,— )
2 2C,
Combining this with the uniform bound of the second moment in Theorem 3.5

provides an upper bound of | yfk) | independent of k. Notice that

4] .
[ Ponay= S min iy
R" BOYY 58
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Thus | yék) | are also uniformly bounded due to (4.19). Hence, there exists a conver-

gent subsequence of ( yfk), yék)), and letits limit be z; and z,. Note that z; # z> due
to (4.18). Using the first inequality in (4.17) and passing to the limit, we have that
p(0, 21) — (10, 22) = w(|z1 — z2]), and combining it with (4.14) yields (4.15).

Finally, to show (4.16), recall that for any & € (0, tp) we know that p(zo — &, -)
has modulus of continuity w. Combining this with (4.15) gives that

p(ro,21) — p(ro —h,z1)  p(ro. 22) — p(To — h, 22)
h h
s oz — 22 —w(z1 —220) _

> 0.
- h

Passing to the limit as # — O™ finishes the proof of (4.16).
Step 2. Set rg := |z1 — z2| and assume WLOG that z; — zp = rpe;. In this step we
aim to prove the following:

Vp(t9, 21) = &' (ro)er = Vp(ro, 22), (4.20)
1p(t0,21) S " (ro),  9110(10, 22) = —" (r0), (4.21)
aiiﬁ(To, Zl) — 3,‘,’5(‘[0, Zz) g 0 fori = 2, Y (R (4.22)

To show (4.20) and (4.21), define

g(y) == p(10, 22) + w(ly — z220).

Since in step 1 we showed that p(z, -) has modulus of continuity @ achieved at z;
and zp, it implies that g(y) = p(zp, y) for all y € R”", with equality achieved at
y = z1. This yields Vp(z0, z1) = Vg(z1) and 3110(70. z1) < 9118(z1). A parallel
argument can be applied similarly to (7o, z2), which finishes the proof of (4.20)
and (4.21). Finally, to show (4.22), define

h(v) := p(70, 21 +v) — p(T0, 22 + V).

Again, the fact that 5(zp, -) has modulus of continuity w achieved at z; and z; gives
that 2(v) < w(|z; — z2]) for all v € R”, and it achieves its maximum at v = 0.

Thus we recover the estimate (4.22) fori = 2, ..., n. Notice that this is valid also
fori = 1, butin (4.21) we have better quantitative information.
Step 3. Let us estimate A := || p (70, -)|| L and rg := |21 —z2| in terms of K, which

will be helpful for us to obtain a contradiction later. Namely, we will prove that

A= ||p(t0, )iz < C1K 7 (log K) ™ ive. (4.23)
ro < CoK ~ e (log K) ™. (4.24)
where C1, C> > 0 depend only on Cy, n, .

Estimate (4.23) directly follows from Lemma 4.5, where we also used (4.13).
Since p(70,21) = w(ro) + p(70,22) = w(rg) +0 = Kr§ we have that rp <

A% K~ . Combining this with (4.23) yields (4.24).
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Step 4. In this step, we will show that

~ ~

o ap
—(To, Z1) — —(To, 722) <0

if K is sufficiently large (dependmg on Co, n, a, Cy), which would lead to a direct
contradlctlon with (4.16). Since p satisfies the rescaled equation (1.3), 8 - L(tg, z1) —

ar (ro, zp) can be written as 77 + T> + T3 + T4, where the four terms are defined
below. Our claim is that they satisfy the inequalities

Ty i= AB(w0, 21) — AP(t0, 22) < —C3K 54 (log K) e , 4.25)

Tr =V (vP) (0, 21) = V- (3)(10, 22) £ CyK i+ (log K) "7, (4.26)
= (VP V(W * ) (10, 21) — (VB - V(W % 7)) (0, 22) < CsK s (log K) o,

4.27)

Ty = BAGW 3 (10, 21) — FAGW # B) (10, 22) < CoK F (log K) i, (4.28)

where C3,C4 > 0 depend only on Co,n,« and Cs,C¢ > 0 depend only on
Co,n,o, Cw.

To recover (4.25), note that (4.21)-(4.22) yields that T} < 20" (rp) = 2a(a —
HK rg *2, which is negative since o € (0, 1). Combining this with (4.24) gives

a—2
T < 2a( — DKrE2 < —C3K (K*ﬁ(]og K)*ﬁ)

n+2 2—«
—C3K nte (log K) n¥e
For (4.26), we apply (4.20) and (4.24) to get
Tr = Vp(r0, 21) - (z1 — 22) +n(p(r0, 21) — (70, 22))
= &/ (ro)ro + nw(ro) = (@ + n)Kr§ < C4Kﬁ(log K) i,
To compute (4.27) we use (4.20) to deduce
T3 < 20 (ro) [ VW * Bl 2.

We can then apply Young’s convolution inequality to obtain

n—1

IVW % B(zo) Lo < VWL o)l o = Cwllp(fo)||L1 II/O(To)IILoo
< CWAE. (4.29)
This lead to the bound
Ty < Cwo (ro)An = Cla, Cy)Krld ™' An

and we conclude (4.27) by using (4.23) and (4.24).
To compute (4.28) we proceed similarly
Ty < 2015(0) | | AW * 5)(z0) | < 2AIIAVT’II IIP(To)IILnf
n2 5 (4.30)
<24 AW 15, < CAME,



Arch. Rational Mech. Anal. (2023) 247:11 Page 29 of 45 11

and plugging (4.23) into this inequality yields (4.28).

Finally, comparing the powers in T1, ..., T4, note that |T}| (coming from Ap)
has the fastest growth as K — o0, since it has a larger power of log K compared to
the powers of 73, T4. By choosing K large enough we have that 71+ 75+ 73+74 < 0.
This is a contradiction with (4.16). |

Remark 4.7. Note that in step 4, the “good contribution from diffusion” 77 (4.25)
and the “bad contribution from aggregation” 73 and 74 (4.27)—(4.28) carry exactly
the same power of K, although they have different powers of log K. This subtle
difference in the logarithm powers is the key for us to show that 77 dominates
T3 and T4 for K > 1. In this sense, the a priori L log L bound in Corollary 3.6
is playing a crucial role since it contributes the logarithm term in Lemma 4.5.
Also, the assumptions on ||[VW||» and || AW || ;x> are sharp in the sense that if the
assumptions were to be made in L? spaces with any lower p, it would result in a
higher power of K in (4.27) and (4.28), and the proof would not go through since
T would not dominate 73 and Ty for K > 1.

5. Convergence to the Gaussian

In this section we focus on obtaining the asymptotic behaviour based on the
uniform estimates in the previous two sections. We first concentrate on the L'
relative entropy approach as introduced in the linear Fokker-Planck equation in
[2,39] based on the crucial use of the logarithmic Sobolev inequality. As usual
the L? relative entropy strategy can also be applied similarly, replacing the log-
Sobolev by Poincaré’s inequality with respect to the Gaussian measure (see [2]).
For an elementary presentation in this direction we send the reader to [41].

5.1. L' Relative Entropy

Going back to the notion of L' relative entropy given by (1.7), we can can
compute the time derivative as

d - - 1 -
L Nte / logp + 14~y ) 7
d‘L' n 2

1 IS
—[ V(logp+5|y|2>-<Vp+py+pVW*Z>>
= —-L(PIG) — J1 — ]2,

where I is the relative Fisher information

11(5||G>=/]R ﬁ|v1og5+y|2dy=/

Rn

and J; and J, are given by

J1::/ 5y -VW=xp  and .12::/ VH-VVT/*;?:—/ PAW % p.
RVL n
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Remark 5.1. Forthe heatequationi.e. W = W= 0, the above becomes % E1(p||G)
= —1[p]|G]. From the logarithmic Sobolev inequality (see [26]), itis classical that,
when W = 0 we have

~ 1
E\(plG) = 5 11PllG). (5.1

From which E£; < —2E; and we recover the exponential decay E|(5]G) <
Ei(BollG)e™".

Remark 5.2. Applying the Csiszar—Kullback inequality [2,22,32], since 1 + 2t =
%7, we have

E\(PIG) £ CU+)fe™ = |lp— Ul
=17 - Gl £2VEI(PIIG) £ C(1 +1n(1 + 21))

[Sh=3

o
4

(5.2)

where U (f,x) = K (t + %, x). Using the standard decay of the heat equation for
even initial data with bounded second moment, we know that || U (t) — K (¢)[|;1 <
Ct~! (see [24]). This means that, as long as @ < 1, we can always replace U by K
as an intermediate asymptotics profile preserving the rate. Notice also that one can
get the convergence in 2-Wasserstein distance by using Talagrand inequality (see,
e.g., [20,37]). It is a challenging problem to decide whether the Fisher information
I1(p]|G) also decays to 0 as T — oo with an explicit rate.

To prove our convergence results, we will show that |J;| < Cie™%" for some
«; > 0 under certain assumption on W. Once this is shown, using the logarithmic
Sobolev inequality, we recover

d ~ - -
3; E1ellG) S —2E1(plIG) + Cre™ " + Cre™ ™", (5.3)
T

Solving the differential inequality, we conclude that

E1(pG) £ e E1(BolG) + C1Fy, (1) 4 C2Fay (1),
| P 4

_28 o > 2,

Where F (‘L’) — eizr /t 8(2*01)3‘ dS < : _27 i (54)
o - = e a =2,
’ T <2

With this approach, it remains to obtain the best possible rate of decay in J; and
J>.Tn (3.8), one can easily check that || D W (7)||za = ¢! =7 || DW | 14 has the
fastest decay when « is the smallest (i.e. 0) and ¢ is the lowest (i.e. 1). Therefore,
the best possible decay of J; and J; is obtained by moving all derivatives away
from W, and only let || ‘/NV(‘L') |1 appear in the estimate (note that it requires || W|| ;1
be finite). Since || VT/(I)HU = e "Y||W|1, J1 and J; also decay with this rate (the
detailed proof will be done in Theorem 5.3). Plugging this into the inequality (5.4)
for E1, we get the decays: Ey S e Tifn=1,te > ifn =2,and e > ifn > 3.
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It is a challenging open problem to prove or disprove if these decay rates are sharp
in dimensions n = 1, 2 under the assumptions of Theorem 5.3.

In the next two theorems, we will use two different ways to prove the decay
of E1 under different assumptions of W. We first prove Theorem 5.3 assuming
W e L', which leads to the best possible rate of decay using the argument in the
previous paragraph. However, the assumption W e L' is a bit too restrictive, since
itrequires W to have fast decay at infinity. We then prove Theorem 5.4 with weaker
assumptions on W, where W is allowed to have arbitrarily slow power-law decay
such as W(|x|) ~ |x|~¢ for |x| > 1 for any ¢ > 0. This is done at the expense of a
slower convergence rate; in Remark 5.5 we will explain why it is natural to expect
slower convergence when W has slower decay at infinity.

Theorem 5.3. Let n > 1. Assume W € WH(R") N LY (R") with VW € L"(R").
If n 2 2, further assume that AW € L%(R”). Suppose py € LL(R") with
Jgn podx =1, E[po] < oo, and Na[po] < oo. Let p(x,t) be the solution con-
structed in Theorem 2.1 with initial data po. Then the rescaled density p(t, y)
defined in (3.5)—(3.6) satisfies

Ce T n = 1,
Ei(PIG) S 3CU +1)e ™™ n=2,
Ce?r nz3,

where C < 0o depends on py and W. In addition, |N3[p(t)] — n| also has expo-
nential decay in t, with the same upper bound as in E;.

Proof. From the instantaneous regularisation result in Theorem 2.2, the solution o
of (1.3)is in C((0, oo), WK-P(R™)) forany k > O and p € [1, oo]. In particular, we
have p(1,-) € H LR N CY(R") for any @ € (0, 1). Applying the uniform-in-time
propagation of H' regularity proved in Theorem 4.1 with T = 1 being the initial
time yields that

:l;l? 15 g < C, [[W]izoo, IVWiLa, 15D 1, N2[p(1)]) < 00 forn 2 1.

(5.5)

In other words, we can also say that C depends on pg and W in a quite non-explicit
manner.

2
For n = 1, combining the Gagliardo-Nirenberg inequality || oL~ < |[Vo ||Z2

1
511 with (5.5) directly yields that sup, >, [|6(7)[l~ < C.

For n = 2, note that H!(R") is not embedded in L°°(R"). To show that
sup,>; 10(v)]lz= < C forn = 2, one way is to obtain uniform-in-time propaga-
tion of the H* regularity, which we will not prove here (see Remark 4.3). Instead,
let us apply the uniform-in-time propagation of C* regularity in Theorem 4.4 with
7 = 1 being the initial time. It yields that for any o € (0, 1),

sup [|p(D)llca < Cny o, [WliLoe, IVWIILn, [IAW] 5 [6(D) ]l ce
21
M[p(D]) < oo forn 22,
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which directly yields that sup, >, 1o(t) || < C for n = 2. We point out that so

far we have not used W € L1 (R").

Now that we have obtained the uniform-in-time bounds (for all T > 1) of the
L> and H'! norms of p for all n > 1, we will use these to prove the decay with
J1 and J, with the optimal rate when W € LI(R”). For Ji, using Holder’s and
Young’s inequalities we have

1

~ 2~ 3 Lo~
|J1|§(/|p|2|y|2) IVW % Bl 2 < 181 N2[B1Z VW % Bl 2 56)

~h 1~ ~ _
SNPN ;o N2APIZIW L1 IVEl 2 £ Ce™™T,

where in the last inequality we use thg uniform-in-time bound on N>[p(7)] in
Theorem 3.5, as well as the fact that [|[W||1 = [|[W]  1e™"" from (3.8). Likewise
we can estimate J, as

[l SUVBI VW 5 Bl 2 S VAT W < Ce™™ . (5.7)

Plugging these estimates on J; and J; into (5.3), we obtain (5.4) with oy = oy = n,
finishing the proof for E|(p|G).

Finally, note that the convergence of |[NV>(t) — n| immediately follows from the
above estimates for J;. In fact, from (3.15) we have

d
— N2 —n) = -2Ny —n) =2/,
dr

and solving this differential equation gives

T
No(r) —n = e 2T DNL(1) —n) —2e7 7 / T (T dr
1
Using (5.11) into the right hand side gives the exponential decaying bound of
|IN2[p] — n|, finishing the proof. 0

Theorem 5.4. Letn > 1. Assume W € W (R") satisfies VW € L"(R"). Ifn >
2, further assume that AW € L3 (R™). Suppose pg € LL(R") with I]R" podx =1,
E[po] < 0o, and N>2[pg] < oo. Let p(x, t) be the solution constructed in Theorem
2.1 with initial data py. Then the rescaled density p(t, y) satisfies the following:

(a) For n = 1, if in addition we assume that (—A)%_SW e L'(R) for some
e € (0, %), then for all T 2 1 we have that

E\IG) £ C(e72 + (=8 Wl Far(0)) < Ce™
(5.8)

IN2[B] — n| £ Ce™T,

where C < 0o depends on py and W.
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(b) Forn =2, if in addition we assume that VW € LP! (Rz)for some p1 € [1,2),
then for all T = 1 we have that

Dt

2 _
E\IG) £ C(e7 +IVWIn F2 (1)) £ Ce'7i (5.9)
P1

2 _
INa[P] —n| < Cel T,

where C < oo depends on pg and W.
(¢c) For n 2 3, if in addition we assume that VW € LPY(R") and AW € LP2(R")
for some py € [1,n) and py € [1, 3), then for all T = 1 we have that

E\RIG) £ (7 + IVWlLn Fa 1() + [AW [ Fa (@),
(5.10)

ML) =1l £ C(e72T + VW lLn Fa (1),

where C < oo depends on py and W.

In particular, forn = 2 if W € WHOR"), VW € L"4(R"), AW € L%(R”)
(and also AW € L%*E(R”) if n 2 3) for some & > 0, and py satisfies the above
assumptions, then the rescaled solution p satisfies E1(p||G) — 0 and N3[p] — n
as T — oo.

Proof of Theorem 5.4. To begin with, note that the same argument as in the first
half of the proof of Theorem 5.3 gives

sup [|o(T)llze = € and  sup [lp(D)llz = C,

>1 >1

where the constant C again depends on pg and W in a quite non-explicit manner.
Note that we only need W € WLR (R, VW € L"(R"), and AW € L%(R”) (for
n = 2) to get these bounds; in particular they do not rely on the extra assumptions
in parts (a,b,c).

Next we will prove part (a) by obtaining decay estimates for J; and J> fort > 1,
under the additional assumption that (—A)%_EW e L'(R) for some ¢ € (0, %).
We start with controlling J; as in the first line of (5.11), which yields |J;| <
C|IVW x B]|;2, thus

~ ~ 1_ .~ -
171  CIVIW % Bll2 £ CI=A) TS Wl (= A Pl 2
< CI=A) W e, .11)

where in the last inequality we used (3.8), and that sup,_ ; ||p(¢)| g1 < C. For Ja,
we have

~ ~ ~ 1_ _
Il S UVAI2IVW % Bl 2 £ Cl(=A) 2 W[ e 7,
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where we used the J; estimate to control ||Vﬁ7 * p|lz2, and we also used that
sup,-; 16l gn < C. Plugging these into (5.3) gives (5.8). The decay estimate
for |M>2[p] — n| follows in the same way as the last paragraph of the proof of
Theorem 5.3.

We now move on to part (b), under the assumption that VW € LPI(R") for
some pj € [1,2). Again, using that |J1| < C||VW 5|2, for p; € [1, 2) we have

1711 S CIVW % Bll2 < CIVW Lo 15l € CIVWILme 707, (5.12)

For J,, taking q| = 32{12 € (1, 2] we have

~ ~ ~ ~ ~ -
2l S IVBI IV W 5 Bl 2 S IVAI 2 IV W Lo 1Bl S CIVW o770,

which has the same decay rate as the J; estimate. Plugging these into (5.3) gives
(5.9). Again, the decay estimate for |[N3[p] — n| follows in the same way as the last
paragraph of the proof of Theorem 5.3.

To prove part (c), we start with the J; estimate. If p; € [1, 2), the estimate
(5.12) still holds. And if p; = 2, we control J| as

~ ~ ~ 1~ ~
W S 1oy la IVW s pllin < 10117 1)|2N2[m2||VW||LP1 ol
L7

< CIVW e 0T, (5.13)

which gives the same decay rate as (5.12). For J, we apply the usual Young in-
equality

~ ~ ~ 2— 2
1] S 1B AW % D) e € CIAW e £ CIAW |[Lre® 27,

Plugging these into (5.3) gives (5.10). Again, the decay estimate for |N>2[p] — n|
follows in the same way as above.

Once we finish part (b,c), the last statement in the theorem follows as a direct
consequence, since these assumptions of W are covered by part (b) for n = 2, and
part (c) for n = 3. This finishes the proof. ]

The proof of Theorem 1.2 follows directly from from (5.4) and (5.2) (using the
Csiszar—Kullback inequality and the change of variables in (1.2).

Remark 5.5. Note that the assumptions in Theorem 5.4 allows W to have arbitrarily
slow power-law decay at infinity, which is much less restrictive than the W ¢
L'(R™) assumption in Theorem 5.3. To see this, let W € C*°(R") be a smooth
potential with W = —|x|¢ in B(0, 1)¢ for some 0 < ¢ < 1. For n = 1, the
definition of fractional Laplacian gives (—A)%_‘SW ~ —|x|7#t2=1 for |x| >
1, thus (—A)%_SW e L'(R) for 8 € (0, %), which satisfies the assumptions in
Theorem 5.4(a). For n = 2, one can easily check that VW € LP1(R") for all
p1 > ﬁ and AW € LP2(R") for all pp > 2”?, thus there exists p; € (1”?, n)
(and py € (2"?, 5) if n 2 3) that satisfy the assumptions in Theorem 5.4(b,c).
Applying Theorem 5.4 gives E{(p||G) — 0 for any ¢ > 0, although the decay rate
goesto 0 as e — O.



Arch. Rational Mech. Anal. (2023) 247:11 Page 35 0f45 11

From the above example, the assumptions on W in Theorem 5.4 is sharp in the
sense that W = log | x| is the &¢ — O limit of W, = ﬂ, but for such W (even
if we modify it to be smooth near the origin) it is well-known that the steady state
for the rescaled equation (1.3) is different from the Gaussian, thus E; (0] G) has no
decay as T — oo. For this reason, as p; and p approach n and 5 respectively in

Theorem 5.4, it is natural to expect that the convergence becomes arbitrarily slow.

5.2. L? Relative Entropy

We also look at the convergence of the L? relative entropy under different
assumptions on the interaction potential. In order to study the L? convergence, we
define the L? relative entropy as

~ 2
~ ~ _ D
Ez(,OIIG)=/ F-GPG ldy=f L1 Gay.
Rn

n

Recall that G solves the stationary Fokker—Planck equation. In fact, notice that
we can rewrite (1.3) as

0 0 e~

— =V |GV=+pVW=xp].

ot ( G * P )

It is natural that p/ G will provide good estimates. In fact, it well-known that the
space L*>(G~!dy) is natural because it makes the Fokker—Planck operator self-
adjoint. Notice that that G~! > (27)2 > 0 so the L*(G~ ' dy) convergence is
stronger than the usual L?.

Theorem 5.6. Let n = 2. Let p be a classical solution of (1.3) for T 2 1 such that

sup [Pl < +00
=1

and VW € LY (R™). Then,

Ce™ T n>3
E2(FIG) < =2
2PN =0 g 4 o2 pa,

as T — 4oo. In particular, if W satisfies W € WVL(R") with VW € L'(R")
and pg € LL(R”) satisfies fRn podx =1, E[pg] < oo, and Na[pg] < oo, then
the solution constructed in Theorem 2.1 is such that E»(p||G) — 0 with the above
rates.

Remark 5.7. Notice that in this setting we do not use the uniform-in-time bound of
N>[5], nor integrability of D>W.
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Proof of Theorem 5.6. We have

1d E_12Gdy=_/ VE- GVE+5VVV*p dy
2d‘1,' R” G Rn G G
~ 12 ~
=_/ vE Gdy+f PV VW pdy.
Rn G n G
We point out that
5 \/_2 2
Ez(ﬁIIG)zf = G‘ dy:/ —=| dy— L
VG R |G
‘We now write
/ pVﬁ VW*,ody /
n G n
0 ~
< |l—= VW s pl oo
- H«/E L2 L2
- 1 0 ~
= (E2(plG) + 1) x/EVE IVWillLtliollizee.
L2
Hence
1d 7| - 1 o o
Ed*Ez(PllG)< / Va Gdy + (E2(pllG) + 1)2 x/EVE IVWILillollzee.
n LZ

(5.14)

The last term converges to zero for alln > 1, because of the scaling ||VW|| o S
eI=mT | Ivw [[z1. Let us define w = %. In the rescaled heat equation, this converts
the Fokker—Planck into the Ornstein-Uhlenbeck semigroup. We recall the Gaussian
Poincaré inequality

2
[|w—1|26dy=/ |w|2Gdy—</ dey) g/ [Vw|’G dy,
Rll Rn Rll Rn

(5.15)

noticing that G and p = wG have mass equal to 1. To simplify the notations, let

~2
(@) = E,(31G). v(1) = / vg G dy,

and under these notations (5.15) becomes 0 < u < v. We can also rewrite (5.14)
in these new notations as
1

d
U< 220+ CelMT (4 1202,
dr

Let 7p > 1 be such that Ce!!™% < 1, and we claim that Sup, >, u(7)
max{1, u(zo)}. Infact, if u(r) = 1 for some 2> 719, using the facts that Ce! 7

A
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1and 0 < u < v, we have g—’; < 2+ (u+ 1)%1)% < —2v ++/2v < 0, proving

the claim. Using this estimate, we have that

d
d—u < 2v+ Ce(l_")Tv% forall T > 1.
T

1
If n = 2, we isolate the v2 in the above last term and use Young’s inequality to
obtain the following for t > tq:

d

—u<—(2- Ce > (1+1).

= ( l_|_t)v—i— e T(1+71)
Applying the inequality 0 < u < v to the right hand side, and multiplying both
sides of the inequality by the obvious integrating factor A(t) = %, we have

%(Au) <C = u(t) SCA@D) 'A+1) S CcU +1)%e .

If n = 3, we proceed slightly differently in isolating v using Young’s inequality
again

d
—u< —Q2—e v+ CeBT,
dr

274e" "

Using the corresponding integrating factor A(t) = e we obtain

d
5 (Aw) < CeB2MT — y(r) S CAR) ' L Cce7 7.
T

This completes the proof. O

Remark 5.8. We point out that the L? norm of p — U decays faster than that of p
itself. Using the change of variables (1.2), we can translate the result above to

f|p—U|2dx=(2z+1)—%/ 5 — G2 dy
Rn R»

< cr 37! n =3,
e it +log(l +26)2 n=2.

On the other hand, the L? decay of p itself is only

/ prdx = (2t + 1)—%/ p2dy ~ Cr 2.
n Rll
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A. Some Comments on Fractional Sobolev Spaces

We recall the definition of the Sobolev-Slobodecki semi-norm for s € (0, 1) below. For
p € [1, 00), let us define

w17 P
=10 [ [ L )

and for p = oo let

=

lf() = fFODII

[_ ] 5,00 = SU
Fw x;ér; lx — yI*

For s € (k, k + 1) we define

[u]{;w,p = sup [Do‘u]stk,p.
| |=k

The complete norm is constructed via

Hullws P Ilul‘WLSJ P [u]p)/\}s,p-

A discussion on these norms can be found in [11,23]. When s ¢ N the Sobolev-Slobodecki
spaces also coincide with the Besov spaces BIS]’ p(R”) = WS5PR").
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A.l. Scaling of Fractional Sobolev Norm

It is a direct computation that, if s € (0, 1)

A S|P
[f(x)]wj,,_s(l—s)/n/n'f(x) SONIT 4 ay

lx — |n+sp
oo [ B

= )pr—n [f]Ws,;r
Hence, for s € (0, 1), we have that

LG lyysr = 272 [Flyysr.

Therefore, still for s € (0, 1), we conclude that

[D% (£ O Iyys.r = (DY )N lyper = A5 1D flpn.

A.2. A Result for Fractional Laplacians

The fractional Laplacian is defined through the Fourier transform as the operator of symbol

€1
(=)’ u(x) = FHIEP Flul@)).
Due to the properties of the convolution
—A(fx9) = [0S 1% [(—A)'gl.

Through the standard Young inequality we have that

s ; 1 1 1
A %l 1D Fllorll(=A) gllLe,  s€© 1,1+ T + 7

(A.1)
Furthermore, it is known (see [38, Proposition 2.1.7 and Proposition 2.1.8]) that
I(=A) flice = Cllfllcas+es (A.2)
whenever g, 2s + ¢ ¢ N.
A.3. A Result in Norms
Theorem A.1. Let sg, s; = 0, and pg, p1 € [1, 00]. Then, there exists C such that
1/ # glysorsie < Cllfllwsorollghwsie, 5 +1= 90 + 2. (A3)

We will use K -interpolation. We introduce some definitions and results that can be found in
[5, Chapter 5].

K -interpolation Given X, X| we say they are compatible spaces if they can be embedded
into a common Hausdorff topological space Z. We define, for p € [1, co)

1
il </+°° K(t,u; Xo, X1)\? dt\ »
u . = B —— —
0,p; X0, X1 0 10 ;
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and
leellg, o0 x0.x, = supt ™ K (2, u; Xo, X)),
t>0
where
K(t,u; Xo, X1) = inf {{lugllx, + tluillx, :u=uo+ur, uj € X;}. (A.4)
We define

(X0, X1)g,p = {u € Xo + X1 :lllullo, p; x0,x, < 00}

Operators in interpolation spaces The key result we will use is that if for compatible
pairs (Xg, X1) and (Yp, Y1) and an operator 7 : X; — Y; for both i = 0, 1 we have that
T : (X0, X1)k;p,0 =~ (Yo, Y1)k, p,¢ and we have

1-6 6
T ullg, p; vy, v, < 1 Tully, 1 Tully,
sup ————— < | sup — sup
uz0 llullle, p: xo. %, uz0 lullxg uz0 llullx,
This is proved in [5, Theorem 1.12, Chap 5].

Embedding We will also use the embedding formula [5, Proposition 1.10, Chap 5], which
says that

(X0, X1)g.q C (X0, X1)o.r» 0€(0, 1), 1=g=r=o0.

Hence, there exists C (0, g, r, Xo, X1) such that

lello,r. xo,x, = Ci @, 4,7 Xo, X)lullo,g:x0,x,» 0 €O, 1D, 1=¢g=r < oo
(A.5)

Interpolation reiteration An important result [5, Theorem 2.4, Chap 5] states that taking
interpolation of interpolations is, in itself, and interpolation of the original spaces. Let 0 <
o <0 = landq,qo.q1 € [1, 0]

((Xo, X1)69,90+ (X0, X1)9|,q1) = (X0, X1gr g, 0 =(1—0)0 +066;.
0.9
(A.6)

Interpolation of Sobolev spaces According to [5, Theorem 4.17, Chap 5], if s9 # s1.
0 € (0,1)and p, g € [1, co] we have

WSO R™), WP R")g,q = By q(R").

Here and below sy = (1 — 6)sg + 6s1. In particular, we obtain that
WOPR"), WEP(R"))g,p = WP PR"), so# 51,0 €(0,1), pe[l,00], 50 ¢ N.

This can be computed from the interpolation between (L? , W-P) and the reiteration formula
(A.6). To be precise, this means that

1

——————lullwser Zllulllo, p:yysor wsir = Ce(p, s0, 51, 0) |ullyyser,
Ce(p, s0.51,0)

(A.7)
0 €(0,1),s0 #5s1,5 ¢ N, pell, o]
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Proof of Theorem A.1.Step 1. 59 = kg, s1 = k1 € N. Due to the standard Young inequality,
we know that

If*gllLe = 0 flLroliglipe -

Applying the result for derivatives, let us write s = k = kg + k] and ¢ = g + o1

up | D £l Lro || Dalg”Lm

Lf *glyrp = sup | DY(f x|, < s
o|=k | |=k

lo|
= [f lyyko.ro L8yt s -

Thus, we have as expected that

If * glyyer = 11 Typko.po 18kt pi -

Step 2. 5o = 0,0 < 51 ¢ N. We define the map Ty : g — f*g.If 57 < kj € Nand
s1 = (1 —0)0 + 0ky, then

ITrgll 1T ¢ gl
SLELE . and LWy
lglLr g Typtron
By interpolation, we get
szl p: o yi-r
L < |l

g, e v k1o

Notice that the interpolation for g is with p, and not p as we would like. Using the embedding
formula (A.5) since p = p; we have

If gl e o < Cr @ pro ps L2 WKPY oo gl on b

Using (A.7) we deduce the result, multiplying the constant C, to our right-hand side.

Step 3. 50 € N, 0 < 51 ¢ N. We proceed as in Step 1, followed by Step 2.

Step 4. 50, s1 ¢ N. Now we must interpolate in f. For g fixed we define Ty : f +— f xg.
Let sgp < kg € N and 6 such that sg = (1 — 6)0 + 6kg. By Steps 2 and 3 we have that

||Tgf||Wk()+S1.P <

ITq fllyysi-p
8L IV < Clglwsin,  and < Cliglhyyst.ri -

£l zro I.f ypko-po

Hence, by interpolation we obtain that

I7s £ lllo,pywsi-w yiossiin

§ C||8||W51-P1-
”Ifl”g’p;LPO,WkOvPO

We apply again the embedding (A.5) and (A.7) to conclude the result. ]

B. Relating p log p and the Second Moment

We provide a general result relating moment-type bounds and the integrability of F (p) with
the integrability of | F'(p)|. This is very useful to obtain equi-integrability results. In the case
of F(s) = slogs and the second moment, this is very classical (see, e.g. [7,10]). For the
proof we will use symmetrisation techniques (see [29,35].

Lemma B.1. Let F : R — R continuous be such that:
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1. For some py, pa > 0 |F| is non-decreasing in [0, p1], F = 0 in [py, +00)
2. There exists g non-decreasing and locally integrable such that p € LY(®RM),

\

Nglpl = / g(|xDp(x) < oo  anddefine G(s) = / g(r)r'“1 dr.
R® 0

Then, there exists C, ro depending only on p1, p2 and ||p| 1 such that

Nelp]
F g/ F(p) +C F +/ F<7g )’ :
[rons [ Fw 0<p121;1im| o+ [P (sren

Proof. We decompose the F into its positive and negative parts F = F — F_. We consider
p* the decreasing rearrangement of p. We have that

L reo = [ ren. wtott= [ sxn” < [ sxp = Nelol

First, let us estimate f F_(p). Since p* is decreasing, we can apply Lieb’s trick (see [34])
to show that

x|
Nlo] szngqup* > |S”‘1|f0 g(p*r"~Hdr 2 18" p* ()G (1)),

where |S”71 | is the measure of the (n — 1)-dim sphere. Thus, we have that

Ng[p]

* < o5
A T

Since p* is decreasing and tends to O there exists 1,7 > 0 such that {p* > p;} = Birl

Notice that
/ p=/ p*i/ 0" 2 pillp™ > pi}l = pi| B1lr]".
" " p*>pj

Thus, we can estimate

1

Vi§<fRnp> :
pil Bl
o \* [ S\
n n n n
R
p11Bi1| m|Bi|
‘We have that

/ F—(p*)=/ F_(p") é/ [F(p™)]
R» |x|>r2 |x|>r2

é/ |F(p™)] +/ |F(p™)]
r<|x|<ro |x|>ro

< 1B\ Bl sup |F(p*>|+f

r<|x|<rg |x|>rg

We take

F ( Nglp] )‘ .
1S"=1G(1x)

Since Fy = F + F_ we have that | | = F + 2F_ and this proves the result. O
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