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Abstract

We show that for constant rank partial differential operators < whose wave
cones are spanning, generalized Young measures generated by bounded sequences
of .o/ -free measures can be characterized by duality with .7 -quasiconvex integrands
of linear growth. This includes a characterization of the concentration effects in such
sequences that allows us to conclude that, in sharp contrast to the oscillation effects,
the concentration always has .o7-free structure.

1. Introduction

We investigate the oscillation and concentration effects in weakly™ converging
sequences of vector measures that satisfy a system of pde constraints on a bounded
open subset of R”. The pde constraints are given in terms of linear homogeneous
differential operators with constant coefficients on finite dimensional inner product
spaces V, W

o =) = Z Ald%, A, € LV, W) 1.1)
| |=k

that we in the main parts of the paper will assume have constant rank,

rank(%(s)) =ry for & e R"\{0}, (1.2)
and spanning wave cone,
span(Ad) =V, where Ay = U ker <7 (§). (1.3)
EES”*I

These conditions are standard in the theory of compensated compactness [18,21,
38,51], as far as nonlinear integral functionals acting on spaces of maps satisfying
linear pde constraints are concerned.
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The purpose of the present paper is threefold. We provide an abstract characteri-
zation in the spirit of KINDERLEHRER and PEDREGAL [27,28] of .o/ -free generalized
Young measures by duality with «/-quasiconvex integrands of linear growth via
Jensen-type inequalities as in [4,12,29,34,45] under the assumptions that the op-
erator .7 has constant rank and that its wave cone is spanning. For the terminology
used in the statements below we refer to Section 2. On the other hand, we hope that
our relatively simple approach might have a revitalizing effect on the literature: also
when restricting our proof to the basic gradient case, the argument is significantly
shorter and more streamlined than the existing ones. This is even so when compar-
ing with proofs in the literature confined to the case without concentration effects
(including [18,28,30,31,48] without concentration effects and [4,6,12,16,34,45]
with concentration effects). We illustrate the utility of our approach with a result
about generation of Young measures by pde constrained maps in cases that include
general differential operators <7 that do not have constant rank nor spanning wave
cone. The third purpose of this paper concerns the concentration effects in an .o7-
free sequence. It is known that the oscillation effects in the considered case can fail
completely to have o7 -free structure [1], [31, Ex. 7.6]. We were therefore surprised
to find that the situation for concentration effects is entirely different since, as we
show, they always have .o7-free structure. We recently established this result in the
simpler case of gradient Young measures corresponding to <7 = curl [32] and our
results here can be seen as a far reaching generalization. Recall that the situation is
very different for sequences converging weakly in L?, where it is well-known that
for exponents 1 < p < oo one may separate concentration and oscillation effects
and show that each have .7 -free structure (see [19,28,30,31] for the case .7 = curl
and [16,20] for the general case).

In order to make the discussion more precise let us state our main results. As
mentioned already the reader should consult Section 2 for undefined notation.

Proposition 1.1. Let o7 be a linear homogeneous differential operator of order k
on R" fromV to W as in (1.1). Assume it has constant rank (1.2) and satisfies the

spanning cone condition (1.3). Let Q be a bounded open subset of R", v € .# (2, V)
and (vj) a sequence in (2, V) satisfying v; X vin MLV, dv; — v
in nglé’P(Q, W) for some p > 1 and (v;) generates v = (vx, A, vfo) Let A =

A LML Q + A' be the Lebesgue—Radon—Nikodym decomposition with respect to
L. Then there exists an £" negligible subset N® of Q such that

/fdvx + 24 (x)/ FRA® = f(T 4 29 0T) (1.4)
v Sy

holds for all x € Q\N® and all f:V — R that are <7 -quasiconvex and of linear
growth. Furthermore, if A = A% /|v|*|v|* + A* is the Lebesgue—Radon—Nikodym
decomposition with respect to |v|*, then

N
v = U|s (x) e Ayy NSy for |v|® almostall x, (L.5)

lv
=0 for X*L_Q2 almost all x.

X
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The Jensen inequality (1.4) was established by ARROYO-RABASA et al. [5, Thm. 1.6]
under additional assumptions. More precisely they confined attention to .7 -quasiconvex
integrands of linear growth that are bounded from below and they also assumed that
/v = 0. While the lower bound on the considered integrands might seem natural
when discussing lower semicontinuity, and admittedly it has been a standard as-
sumption in the literature, it is essential that we allow truly signed integrands here
when we seek conditions that allow us to characterize the possible concentration
effects of a sequence. We prove (1.4) for signed integrands by use of an approxi-
mation result similar to that found in [29, Sect. 6] that concerned the classical case
o/ = curl. The constraint (1.5) on the centres of mass for the concentration angle
measures is a remarkable result proved in [11]. That our result also applies when
the limit v is not <7 -free follows from general facts about constant rank differential
operators and more precisely that for such operators and exponents p € (1, co)
one can prove the closed-range inequality:

PRy, = lo=vl, = el el (1.6)

holds for all ¢ € LP(R", V). Note in particular that we take infimum over .«7-
free C2°(R", V) fields on the left hand side. This inequality follows if we combine
the local potentials constructed in [42,43] with an inequality due to MURAT [38].
Namely, if P, : L2(R", V) — L2(R", V) denotes orthogonal projection onto the
kernel kere? = {¢ € L>(R",V): «/¢ = 0}, then P, extends by continuity to
L?(R", V) for each p € (1, c0) and

|¢ —Puol, = cpl 7o ]yy-vr (17

holds forall ¢ € L?(R", V). Murat proved this inequality using Fourier multipliers
and the Hormander—Mihlin theorem when the operator .7 has order k = 1, but the
same argument applies to the case of general order k € N. The inequality (1.7)
is also central in the work by FONSECA and MULLER [18], where it is adapted
and stated for periodic fields. We remark that it was recently observed in [22] that
validity of (1.7) fora p € (1, co) in fact is equivalent to the constant rank condition
(1.2) for o7. While (1.6) is proved by use of (1.7) it is possible that the former
could hold even if <7 did not have constant rank. However, as observed in [22],
(1.6) is for p = 2 equivalent to the constant rank condition (1.2), and we believe
this remains true for all exponents in the range p € (1, c0). We present an almost
self-contained, short proof of Proposition 1.1 in Section 4. A brief discussion of
the above inequalities (1.6) and (1.7) can be found in the second half of Section 3.

Observe that (1.5) together with the automatic convexity result of [29] yield the
Jensen inequality

/ v > h(v) (18)
Sv

for all positively 1-homogeneous and A ,/-convex h: V — R and all x € Q\N¥,
where A*(N*®) = 0. Here we may in particular take 7 = f°°, the upper recession
integrand of any .%7-quasiconvex integrand f: V — R of linear growth. General
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results about Young measures [3,33,34,46] and the Jensen inequalities (1.4), (1.8)
then imply lower semicontinuity results in a routine manner.

The next result goes in the opposite direction in that it starts with a Jensen
type inequality for a Young measure and then asserts the existence of a generating
sequence of certain .«7-free fields. We emphasize that we allow exactly the same
differential operators .o to which Proposition 1.1 applies. The result extends [29,34]
from the classical curl-free setting to the setting of differential operators (1.1) and
amounts to a characterization of .o/ -freeness at the level of Young measures in the
spirit of KINDERLEHRER and PEDREGAL [27,28].

Theorem 1.2. Let <7 be a linear homogeneous differential operator of order k on
R" from'V to W as in (1.1). Assume it has constant rank (1.2) and satisfies the
spanning cone condition (1.3). Then there exists a linear homogeneous differential
operator B of orderl < 2kr on R" fromV to 'V that is annihilated by </ and that
has the following property. Let Q be an open bounded subset of R" and assume that
V= (vx, A, vfo) is a Young measure on Q such that A(02) = 0. Letv € 4 (2,V)
be its barycentre and let . = A\*ZL"|_Q + A® be the Lebesgue—Radon—Nikodym
decomposition of A with respect to £".
Suppose o/v = 0 and that

/ Sfdvy “l‘)\a(x)/ food‘))?o 2 f(vy +)¥a(x)i§o) Sfor
\Y% Sy
L _Qalmost all x (1.9)

holds for all <7 -quasiconvex f: V — R of linear growth for which one can find
r =r(f) > 0such that f(z) = f*°(z) when |z| > r.
Then there exists a sequence (uj) of maps in C2°(2,V) such that for any

sequence of mollifiers ¢ ; A 8o in A (R"™) we have

(¢>j * (ULQ) + 9314]') generates v
[l jllyi-11 — O

We consider our main new contribution here to be the proof, that is, the construction
of the generating sequence, rather than the actual result itself. This construction has
two steps. We first deal with the case of homogeneous Young measures, and as was
the case in the KINDERLEHRER and PEDREGAL papers [27,28], this step relies on
a Dacorogna type formula for the .7 -quasiconvex envelope and an abstract argu-
ment based on the Hahn—Banach separation theorem. While this strategy for the
homogeneous measures is well-established we believe our flexible and streamlined
implementation might be of independent interest. In the second step the homoge-
neous Young measures are merged, or inhomogenized, by an approximation and
gluing procedure. Because we treat both oscillation and concentration effects that
in the considered situation necessarily must interact and that cannot be separated,
this procedure is quite delicate. The inhomogenization is the main technical novelty
of this work and is presented in Section 5.3. We emphasize that it is completely
measure theoretic and that it in particular does not rely on any fine structure prop-
erties of «7-free measures. The use of these is confined to the homogeneous step
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that is presented in Section 5.2. Thus no understanding of the blow up limits at
singular points of .o7-free measures is necessary to perform the approximation and
gluing procedure. This sets our approach apart from those in the literature, including
[4,12,34,45], where the arguments are arguably also more involved. We obtained
the result of Theorem 1.2 corresponding to the case when the barycentre v has no
singular part in [41, Ch. 3]. As we show here, the strategy used there is flexible
enough to also deal with the interaction between the singular parts of the barycentre
and concentration measures, as we implement in Lemmas 5.6 and 5.7. We record
that a similar result is discussed in the recent paper [4]; there, the Helmholtz-type
decomposition from [18] plays a key role, whereas our approach here is more
elementary and has a larger scope, cf. Propositions 1.4 and 7.3. Our use of local po-
tentials as in [42,43] ensures that we may work with compactly supported .7 -free
test fields.

In Section 6 we will focus on the concentration angle measures in the diffuse
part of the concentration, a subject which has been largely unexplored. We recently
discussed the problem in the basic case of gradient Young measures [32] and our
intention here is to carry the analysis through in the wider framework of constant
rank differential operators with spanning wave cone. Recall that as a consequence of
the main results in [11,29], the measures vS° are unconstrained for A* almost every
x. Here, we will present a new necessary Jensen-type inequality that v° satisfies
for A?.Z" almost every x if v is o/ -free. In fact, we will show that this inequality,
together with a natural condition on the barycenter, constitute a characterization of
the concentration part of an .7 -free Young measure. The latter, stated in Proposition
6.4, is new even for the basic gradient case 7 = curl, where it also adds precision to
the result of [32]. As a consequence of this new Jensen-type inequality we establish
the surprising facts that for a A null set N C €,

/ FRdv® > X)) for x € Q\N
sv

holds for «7-quasiconvex f of linear growth, and that the concentration part of an
o/ -free measure is <7 -free, a feature that so far was only believed to be true in the
reflexive case p € (1, 0o). We highlight the main result in this direction:

Theorem 1.3. Let o/, A be differential operators as in Theorem 1.2, let Q be
an open bounded subset of R" and p € (1, ;27) an exponent. Assume v Y

in #(Q,V), dv; - Fvin nglg’p(SZ, W) and that (v;) generates the Young
measure v = (vx, A, v;’o) Then there exists a sequence (u ;) of maps in CZ°(2, V)

such that for any sequence of mollifiers ¢ ; A 8o in A (R"™) we have that

(qu * (VL) + @uj) generates (8gx, A, v?o)
[zt j |l yi-11 — O.

We finish the paper with an abstract result that applies to general differential op-
erators (1.1). The main motivation is to illustrate the flexibility of our method.
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Proposition 1.4. Let o7 be a linear homogeneous differential operator of order k
on R" from V to W as in (1.1) (possibly having non-constant rank and a non-
spanning wave cone). Let Q2 be an open bounded subset of R" and assume that
V= (vx, A, vfjo) is a Young measure on Q. Let v € # (2, V) be its barycentre,
let v =1v*4+v"and . = \*ZL"L_Q + A* be the Lebesgue—Radon—Nikodym
decompositions with respect to L.

Suppose </v = 0 and that

f Sdvy +)»a(x)f fEAVE 2 Of Wy 4 A% (x)VT7)
A\ Sy
for " |_Qalmost all x (1.10)

holds for all Lipschitz integrands f: V — R, where

0f@z) = inf{/f(z+¢(x))dx: ¢ € CX(X,V) and o/ ¢ =0}
X

with X = (=1, 1)". (1.11)

Then there exists a sequence (v;) of maps in C2°(2, V) with &/v; = 0 in Q such
that for any sequence of mollifiers ¢ ; A 8o in A (R™) we have

(¢j * (v Q) + vj) generates ((vi)xeq, 2L LQ, (V)xeqe),

where Q¢ = {x € Q : A*(x) > 0}. In fact, the o/ -free fields v; can be realized as
B j, where r j are smooth and compactly supported and 2 is a certain differential
operator constructed from < .

The paper is organized as follows: In Section 2 we recall some properties of
the Kantorovich norm, generalized Young measures, linear partial differential op-
erators, and quasiconvex and directionally convex integrands. In Section 3 we use
results of HORMANDER [26] to construct vector potentials for o7 -free fields in C2°
for general differential operators o7 that do not necessarily satisfy the constant
rank condition. These results generalize and add precision to results of Malgrange.
The second part of Section 3 is devoted to a proof of a Dacorogna type formula
for the «7-quasiconvex envelope. In Section 4 we prove the Jensen inequality of
Proposition 1.1 and discuss the spanning cone condition. In Section 5.2 we prove
Theorem 1.2 in the case of homogeneous Young measures, whereas in Section 5.3
we perform the crucial approximation argument. In Section 6 we prove Theo-
rem 1.3 concerning o7-freeness of concentration effects and state and prove the
related characterization of the concentration part of an .</-free Young measure.
In the final Section 7 we discuss possibilities and challenges beyond the constant
rank condition and briefly sketch the proof of Proposition 1.4 concerning general
differential constraints.
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2. Preliminaries

We use standard notation for measures, distributions and function spaces as
can be found in, for instance, [7,10,17,25,46]. We also follow the convention that
(unimportant) constants can change values within a string of estimates without this
being reflected in our notation. Below we highlight particularly important notation
and adapt background results used in our proofs.

2.1. Basic Notation

Throughout the paper V, W denote finite dimensional vector spaces over R
equipped with an inner product and the associated norm denoted v; - v>» and
[v] = /v - v, respectively, where the ambient space will be clear from context. The
distance between two subsets S, T of Vis dist(S, 7T) = inf{|s —tl:s5€e S, te T}
(understood as oo if one of the sets is empty) and when S = {s} we write
dist(s, T') = dist({s}, T). The open ball in V of center x € V and radius » > 0 is
B, (x), the unit sphere in V is Sy and we write B, (S) for the r-metric neighbour-
hood of a subset S of V, thus B,(S) = {v € V : dist(x, S) < r}. The closure
of the set S is denoted by S. The space of linear maps T: V — W is denoted by
Z(V, W) and equipped with the usual operator norm (again denoted by |T'|).

For an open subset €2 of R” we denote by C2°(€2, V) the space of V-valued test
maps on 2, namely the C*° maps ¢: 2 — V whose support supp(¢) is compact and
contained in €. The space of V-valued distributions on €2 is denoted by 2'(£2, V).
The Lebesgue space relative to Lebesgue measure 2" of (equivalence classes of)
p-integrable V-valued maps on €2 (a bounded open subset of R" or the whole of R")
is denoted by L” (€2, V) and itsnorm by || - || , @ or || - || , when the set Q is clear from
context. The Sobolev space of V-valued maps on €2 whose distributional derivatives
up to order k € N are in L? is denoted WK-P (2, V) and endowed with the norm

1 .. ..
lullwe.r = (ZI <k [[0%u ||§) /p (where standard multi-index notation is used and

with the usual modification for p = o0). The subspace Wg’p (22,V) is defined as
the closure of the space of test maps, C2°(£2, V), in Wk’p(Q, V) when p < o0
(and the weak* closure when p = co). We usually think of L? and W*? maps in
terms of their precise representatives. Negative order Sobolev spaces are defined by

duality: for k € N and p € (1, o0) we let W"”’(Q, V) = W’é’p/(ﬂ, V)*, where
p' = p/(p—1). Accordingly the W57 norm is the dual norm of the WP norm:

lully—+r = sup (u, ).

PeC2(Q.V), Il 1

It is well-known that its elements are those V-valued distributions on €2 that can
be represented as a sum of distributional derivatives of V-valued L? maps, and
more precisely as Y, < 3% fo, Where each fi € LP(§2, V). The local variants of

these spaces are defined in the usual way. For instance, u € W;)];’p (2, V) provided
pu € WkP(R" V) for each p € C2°(2), or, what is the same, if the restriction
of the distribution u|oy € W*P(Q', V) for each Q' € Q.
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A bounded V-valued Radon measure on €2 is a countably additive V-valued
set function defined on the Borel subsets of €2. A bounded V-valued Radon measure
u on €2 has a finite total variation and its total variation measure, denoted |u|, is
a bounded positive Radon measure. The space of bounded V-valued Radon mea-
sures on €2 is denoted . (€2, V) and is normed by total variation. It is well-known
that hereby . (€2, V) is isometrically isomorphic to the dual space of Cy(£2, V),
the space of continuous V-valued maps on €2 that vanish on the boundary 92
(at oo if Q = R") equipped with the sup-norm. In addition to weak™ conver-
gence of a sequence (u;) of V-valued measures we shall also use (-)-strict con-

vergence on a few occasions: u; — u (-) strictly on £ means here that u; S
in Co(£2, V)* and (u;)(2) — (u)(K2), where (u) is the total variation measure of
the R @ V-valued measure (.£", u). Recall that (z) = /1 + |z|? and that hereby
(u)y = (U L"L_Q+ |ul’, whereu = u®*L"_Q+ (u/|u|s)|u|s is the Lebesgue—
Radon-Nikodym decomposition with respect to .£”"*. The Radon—-Nikodym deriva-
tive u/|u|® is occasionally also denoted du /d|u|®.

When u is a bounded V-valued Radon measure on €2 and B is a Borel subset of
2, then the measure u |_ B is defined for all Borel subsets A of R” by (u L B) (A) =
u(A N B). Hereby ul_B is again a bounded V-valued Radon measure on R".

2.2. Kantorovich Norm

Let (X, dx) be a compact and separable metric space. We recall that C(X) with
the supremum norm is a separable Banach space whose dual can be isometrically
identified with the space .Z (X) of signed bounded Radon measures on X normed
by the total variation. The subspace LIP(X) consisting of all Lipschitz functions
®: X — Ris a (non-separable) Banach space under the norm

_ . . _ |P(x) — P(y)
[®llLp = sup [®(x)[ +1ip(®), lip(®) = sup —————
xeX x,yeX, x#y dx(x,y)

The Kantorovich norm of a signed bounded Radon measure p on X is here defined
as

Il = Sup{(u, @) : @ € LIPX), [Pl = 1},

80 it is the dual norm of || - || p restricted to . (X). We shall be interested in its
restriction to the space .+ (X) of positive bounded Radon measures that becomes
a metric space under the Kantorovich metric dgx (i, v) = || — v||k. We start with
the useful fact that for u € .#Z(X)

[llk = pn(X). (2.1)

Proof. Since 1x € LIP(X) and || 1x|lLip = 1 we clearly have ||u|lxk = w(X).
Conversely, if ® € LIP(X) with ||®|Lp < 1, then in particular maxx |®| < 1 so
using that p is a positive measure we get

(, ®) = (u, Ix) = n(X),

hence taking supremum over such ® we arrive at the opposite inequality. O
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As a subset of C(X)* the space .# T (X) also inherits the weak* topology:
{(’) NATX): O eo(CX*, C(X))}.

Lemma 2.1. On .# " (X) the relative weak* topology is exactly the topology de-
termined by the Kantorovich metric dx.

Proof. In order to show that .+ (X) N QO is open relative to the Kantorovich metric
for each weak™ open O it suffices to show that for each ® € C(X) and r € R the
set

{u e MTX): (n, P) < z} (2.2)

is open relative to the Kantorovich metric on . (X). To that end we fix po €
AT (X) with (g, ®) < t. Next, we employ a standard approximation scheme and
put for each j € N,

D;(x) = sup{CD(y) —jdx(x,y): ye X}

Hereby lip(®;) < jand @ (x) \ ®(x) pointwise in x € X (hence uniformly by
Dini) as j " oo. Select j € N so

t + (o, D)

7®'
(o j>< )

If we take any positive r < (t — (o, ®))/2], then we have for each . € .#(X)
with || — wollg < r that

(1, @) = (u, @)

= (U — po, @) +
r.

1+ (o, P)
2

A

It follows that the set defined at (2.2) is open relative to dk.

For the opposite inclusion we fix g € .#7(X) and r > 0 and must show
that the open ball {pl, e MTX) ¢ |ln— mollk < r} is weak™ open relative
to .# T (X). To get started we note that by the Arzéla—Ascoli Theorem the set
S = {CD = 1} is totally bounded in C(X). Hence for each § > 0 we can
find a finite §-net A in S. Without loss in generality we may assume that 1x € A.
Now put, for at € R to be specified,

Hp = {u € AT (X): max(u — po, D) < z}
deA
and note that for u € Hx and ¥ € S we have

(= po, V) = glin((u — o, P) + (i — po, ¥ — <1>)>
eA

<t 4 (nX) + po(X))8s.
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In order to bound the last term we use that 1x € A. It entails that w(X) < t+ uo(X)
and consequently
(i — o, V) < 1+ (2uo(X) +1)8.
We leave it to the reader to check that we may choose
r r
t = — and then any § € (O, —)
2 Apo(X) +r

to complete the proof. O

2.3. Linear Partial Differential Operators

We will work with linear homogeneous partial differential operators of order k
on R” from V to W (two finite-dimensional real inner product spaces):

Ad=d0)= Y Agd*, (2.3)
|o|=k

where the coefficients are linear maps A, € £(V, W) for o € Njj with |a| = k.
Its Fourier symbol is

dE) =) E%A,,

l|=k

and so for each & € R"” we have that &7(§) € Z(V, W). We say that </ has
constant rank when rank <7 (£) = r holds for all £ € R™\{0} for some constant
r7 € No. Moreover, it turns out this assumption is equivalent to the existence of a
linear homogeneous differential operator of order / on R" from V to V, say

B =20 =Y B (2.4)
|BI=1
where Bg € Z(V, V) for g € Njj with || = I and the order [ < 2kr ., such that
we have the exactness relation at the level of Fourier symbols:

ker 7 (£) = im B(€) for & e R"\{0}, 2.5)

see [43, Theorem 1] (and also [42] for a precursor). While the existence of such

4 is assured by this result, it is not in general unique and we emphasize that our

results apply with any choice of operator 2 whose Fourier symbol satisfies (2.5).
We also recall the definition of the wave cone of <7,

Ay = U ker 7 (£).
EES”_I

This is the set of vector amplitudes where the operator <7 fails to be elliptic [38,51].
We record the following Leibniz rule for u € 2'(2, V), n € CX(Q):

1
o (qu) = Z aa“ngﬂ")u, (2.6)
la|<k
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where o7 @ is the differential operator corresponding to the Fourier symbol .7 @) (£) =
Bg‘szf (&). Our core object of study will be .o/ -free measures, for which we record
the following structure theorem of DE PHiLIPPIS and RINDLER [11], a remarkable
generalization of Alberti’s rank-one theorem [2]:

Theorem 2.2. Let <7 be a linear homogeneous differential operator of order k on
R" from'V to W as in (1.1). If v € # (2, V) satisfies «/v = 0 in the sense of
distributions, then

dv
dlv|®

€ Ay |v|° almost everywhere.

2.4. Young Measures

We follow the approach of [3,14] as implemented in [34]. We start by fixing
some terminology. We refer to any real-valued function defined on V, 2 x V or
Q x V as an integrand. We say the integrand f: Q x V — R has linear growth
if there exists a constant ¢ € R such that | f(x, z)| < c(|z| + 1) holds for all
(x,z) € Q x V. The space of continuous integrands f: @ x V — R of linear
growth is denoted by C; (22 x V) and normed by

[f(x,2)]
sup ————.
(x,2)eQxV |Z| +1

An integrand ® € C{(Q x V) is an admissible integrand if it admits a regular
recession integrand, meaning that the limit

®(x, 1
® (. 2) = lim S %12
—00 t

exists in R uniformly in (x,z) € Q x Sy. The space of admissible integrands
is denoted by E(£2, V). For the proof of existence and representation of Young
measures given in [3,34] it was convenient to transform integrands on Q2 x V to

functions defined on X By, where By _denotes the open unit ball in V. Define the
transformation 7: C1(2 x V) — BC(Q2 x By) by

A

Z
11—z

(TP)x,2)=(1-2])® <x > . (x,2) € Q x By.

Here BC(Q x By) is the space of bounded continuous functions, and when it is
equipped with the sup-norm, it follows that 7 becomes an isometric isomorphism.
We can now rephase the definition of admissible integrand by declaring that a
continuous integrand of linear growth, ®: @ x V — R, belongs to E(R2, V) pre-
cisely if the transformed integrand T® € BUC(Q x By), the space of bounded
and uniformly continuous functions. These are of course exactly the functions on
Q x By that admit a continuous (real-valued) extension to the closure Q x By,
where the extension of 7® then is given by ®> on  x Sy. By a slight abuse of
notation we therefore have an isometric isomorphism 7' : E(2, V) — C(Q2 x By).
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Its dual transformation is by general results then also an isometric isomorphism
T*: #(Q2 x By) - E(Q, V)* providing a convenient identification of the dual
space E(Q2, V)* with .Z(Q2 x By), the space of (signed) Radon measures on
Q x By. Well-known compactness results then apply to norm bounded sequences
in E(2, V)* that we employ as follows. A bounded V-valued Radon measure
v e #(R2,V) is identified with &, € E(2, V)* according to the rule

(€y, P)E+ | E/ O (x, v (x))dx
Q

d s
+/ > <x, L(x)> do’|(x) for @ e EB(Q,V),
Q dfvs|

where |v¥| denotes the total variation measure and v = V. £"[_Q + v’ is the
Lebesgue—Radon—Nikodym decomposition of the measure v. We refer to &, as an
elementary Young measure and it is clear that hereby v — &, is an embedding of

A (2, V) into E(2, V)*. If (v;) is a sequence in .# (2, V) such that &y, X vin
E(€2, V)*, then we write v; X v and say that (v;) generates the Young measure
v. The Young measure v will in general not be elementary, but according to [3] (see
also [34] whose notation we follow) its image (T*)_1 v belongs to the set

ﬂ {me///+(QxIB%V):/

9eC(Q)

() (1 — [2]) dm(x,2) = /Q(p dx}.(2.7)

QXBV

This is a weak™ closed convex subset of .Z (2 x By), where the relative weak™
topology is determined by the Kantorovich metric discussed in Section 2.2, so that

. Y
the Young measure generation v; — v amounts to
~1
lew; = vlik = 1(T*) ™ (g0, — v)lIk = 0.

Lemma 2.3. (ALIBERT and BoucHITTE [3]) Any v € E(Q2, V)* such that (T*)_lv
belongstothe set(2.7) can be identified uniquely with a triple ((vx)xeg, A, (0, 65),
where

v, € =///ﬁ(V) for £L"-almost every x € Q and x +—> vy is weakly* "
measurable;

Q) A e AT(Q);

B)vr e ///ﬁ' (Sy) for r-almost every x € Q and x +— vy is weakly* ) measur-
able;

) [ [y 1zldve(2)dx < oo;

and where
(v, <I>>JE*,EE/ / D (x, 2)dvy(z)dx
QJV

+/7/ O®(x, 2)dv®°(2)dA(x) for ® € E(Q,V).
Q JSy
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Strictly speaking this is not the statement given in [3], but the proof given there easily
adapts to give it (see [34]). In view of this result we write v = ((vy)xeq, A, (V%) c5)
or briefly v = (vx, A, v)?o) when the set €2 is clear from context. Following [34] we
say that (vy)yeq is the oscillation measure, ) is the concentration measure, and
(v{®) g is the concentration-angle measure. Note that the conditions (1)—-(4)
entail that the centres of mass

Dy z/zdvx(z) and iiozf zdv®(2)
Y Sy

are well-defined for . almost all x € © and A almost all x € Q, respectively.
Furthermore, x — Vv, is a map in LI(Q, V) and x — 1I° is a A measurable
map valued in the closed unit ball By. The barycenter of v is the V-valued Radon
measureV = v..2" | Q+v>°A. We record that when v is generated by the sequence

(v;) of V-valued Radon measures on €2, then it follows in particular that v ; A5
in . (2, V) since we may test the Young measure generation with the integrands
(x,2) = n(x)z - ¢;, where n € Co(S2) and (¢;) is an orthonormal basis for V. We
also have for vj? =v; /" that v;? — V. in the biting sense (see [3]) and that the
Young measure v is elementary, that is, v = ¢, for some v € .Z (2, V), if and
only if v; — v in the (-)-strict sense (see [33,34]). We refer to [3,34,46] for further
discussion and examples.
For later reference we record the following consequence of the Stone—Weierstrass

theorem:

Lemma 2.4. Suppose that u € M (2 x By) is such that {(u,n ® W) = 0 for
all n € LIP(Q) and ¥ € LIP(R). Then u = 0. Consequently, to identify an
element in E(Q2, V)*, it suffices to test only with n @ ®, where ||n|lLip@) = 1 and
IT®Lp@y) = 1.

We extend the notion of (upper) recession integrand to general continuous inte-
grands f:V — R of linear growth with the definition

iG]
t

£(z) = limsup (zeV) (2.8)

757
Hereby f*°: V — Ris a positively 1-homogeneous integrand of linear growth. It
is Lipschitz when f is, and in that case, the formula simplifies to

F%(2) = limsup A

t—00 t

(zeV).

2.5. Directionally Convex and <7 -Quasiconvex Integrands

Let A be a balanced cone in V, meaning that fv € A whenv € A andr € R.
Anintegrand f: V — R is A-convex provided that for each z € Vand v € A the
univariate function

Rat+— f(z+1tv)
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is convex. We say that the balanced cone A is spanning if span(A) = V. Itis
well-known that real-valued A-convex integrands are locally Lipschitz when A
is spanning, see [37, Theorem 4.4.1] (or [10] and [29, Lemma 2.3] for a slightly
more precise bound). We summarize these observations and include an elementary
consequence of the three-slope inequality that can also be found in [29, Lemma 2.5]
in the next result.

Lemma 2.5. Let A be a balanced and spanning cone in V. If f: V — Ris A-
convex, then f is locally Lipschitz. Furthermore, if f is also of linear growth, then
[ is Lipschitz and for all z € V and w € A we have

f@+w) = f@)+ f(w).

For an invertible linear map of R", § € GL(n), we denote by 6Z" the deformed
integer lattice and say that amap v: R" — Vis 6Z"-periodicif v(x 4+0e;) = v(x)
holds for all x € R" and each direction 1 < j < n. Here (e j);le is the standard
basis for R”.

Definition 2.6. Let < be a linear homogeneous differential operator of order k on
R” from V to W as in (1.1). A continuous integrand f: V — R is said to be
o7 -quasiconvex at z € V if

f(z) §][ fz+v(x))dx
6%

holds for all & € GL(n) and all v: R" — V of class C* that are 07" -periodic,

fex” dx = 0 and &/v = 0. Here X denotes the open unit cube —%, %)”. The

integrand f is said to be .o/ -quasiconvex if it is so at every point z € V.

We will show that for a large class of operators <7 this notion coincides with the one
defined in [18, Def. 3.1] that only requires that the above Jensen inequality holds
when 6 is the identity map of R”. The standard argument based on the Riemann—
Lebesgue lemma (see [37, Proof of Theorem 4.4.2]) shows that .<7-quasiconvexity
of f is a necessary condition for the following lower semicontinuity property: if

¢, ¢: X — Vare o/-free and ¢; A ¢ in L*° (X, V), then

liminf/f(¢j)dx§ff(¢)dx.

The next result is therefore a reformulation of a well-known result due to Tartar:

Lemma 2.7. (TARTAR [51]) If ¢: V — R is a quadratic form, then q is < -
quasiconvex if and only if it is A ,7-convex.

Corollary 2.8. If f: V — Ris o7 -quasiconvex, then it is also A ,7-convex. Hence if
span(A M) =V, then & -quasiconvex integrands are in particular locally Lipschitz.
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Proof. Let (p8)5>0 be a standard smooth mollifier. It is then routine to check that
fe = pe * f is o/ -quasiconvex too, and hence for each z € V, by the second order

necessary condition for a minimum, that
/Xf!(z)(cb(X), ¢(x))dx =0

holds for all X-periodic ¢ € C®(R",V) with &/¢ = 0 and fxqb dx = 0. The
quadratic form w +— f/(z) (w, w) is therefore by Tartar’s lemma A ,/-convex,
hence, by arbitrariness of z, f; is A ,/-convex. Finally we conclude that f is A /-
convex as a pointwise limit of such integrands. O

We recall that an «7-quasiconvex integrand of linear growth, f: V — R, might
not admit a recession integrand in the usual sense of convex analysis (see [39]). In
these situations f°° denotes the upper recession integrand that was defined at (2.8).
It is routine to check that f°°: V — R hereby is an .o/ -quasiconvex integrand that
is positively 1-homogeneous, meaning that f°°(tz) = rf°°(z) holds for all z € V
and ¢ > 0. Finally, we also record a consequence of the main result of [29]:

Lemma 2.9. Let f: V — R be a positively 1-homogeneous and A .7-convex inte-
grand, where A ./ is spanning. Then f is convex at each point of A o.

3. Potential Operators and the .7-Quasiconvex Envelope

3.1. Differential Operators and Vector Potentials

Choosing orthonormal bases for V and W we may identify V = RY and W =
RM . Hence if R = R[] denotes the ring of real polynomials in n indeterminates,
then the Fourier symbol 7 (§) = Z‘ al=k AyE® becomes an M x N matrix with
entries from R that naturally defines an R-linear map between free modules over
R: RN 5 v(&) — o7 (&)v(€) € RM. Consider its kernel

kerpe/ (§) = {v(€) € RN/ (€)v(€) = 0.

This is clearly a submodule of RV that is graded by the degree. Each v(&) €
kerg<7 (&) can be written v(§) = Zf:o vs (£), where vg(€) € RY is a column
vector with s-homogeneous polynomials as entries. Now from 0 = &7 (§)v(§) in
RM follows that 0 = o7 (&)v(&) holds for all £ € R”, and because the entries in
the matrix .o/ (£§) are k-homogeneous polynomials we get <7 (§)vs(§) = O for each
s € {0, ..., d}. In particular we record that

v € ﬂ kerAg. (3.1)
la|=k

The corresponding conditions for the higher degree terms in v(£) are more involved
and seem less useful at this stage. Instead we note that the module kerg.o7 (&)
is generated by column vectors of homogeneous polynomials. By Hilbert’s basis



838 JAN KRISTENSEN & BOGDAN RAITA

theorem R is a Noetherian ring so the module ker g7 (£) is finitely generated (see
for instance [15, Theorem 1.2 and Proposition 1.4]), say

L
kerp/ (§) = {sz(é)bz(é)ipl(é), <o pL@) € R} ,

=1

where any proper subcollection of the generators will not generate kerg .7 (§) and
where each generator b; (£) is a column vector of real and homogeneous polynomi-
als. Reordering the generators if necessary we can arrange that b;(£§) is a column
vector of k;-homogeneous polynomials with k; < --- < kz. Define B(§) to be
the N x L matrix whose columns are the generators b;(£):

BE) = [bl(é) bL(E)]-

We record that the exactness relation kerg.o/ (§) = img%8 (&) holds in the sense
of R-modules, but that no assertion about pointwise exactness entails from this,
see [43] and [24, Thm. 1.3]. In general we only have that im#(§) C kers/(£)
holds for each £ # 0. Note that if we have another matrix €' (&) € RV *X such that
kerg.o/ (€) = img% (&) holds, then € (&) = A(£)X (¢) for some X (&) € RL*K,

We now consider the corresponding differential operators. Corresponding to
P (&) we have

L
Bo=BO) (b1, ... 1) = i@ (3.2)
=1

We call it a potential operator for ./ since we may use Fourier transform to see
that o7 ¢ = 0 holds for all CL-valued tempered distributions ¢ and hence for
all € 2/(Q2, CF) by approximation. It is remarkable that % is in fact an exact
potential operator for .7 on certain classes of distributions, namely flat R-modules,
suchasC°, .7, & ’. see [47] for a discussion and further references. Here we focus
on C2° and sharpen the approach of Hérmander [26, Chapter 7]. Let g, ¢ : C* — R
be two functions such that

0<o0@) =1, 0 +¢)=20(0)
for & ¢ € C" satisfying [Re&;|, [Im&|<1(1<j<n)  (33)
—log o is plurisubharmonic [26, Def. 2.6.1]

and

o +0) — 9] Z o
for & ¢ eC" satisfying |£j] < 0(0) (1< j < n) (34)
¢ 1is plurisubharmonic,

where ¢ is any positive constant. For such o, ¢ and any m € Z define

om (&) = (&) — mlog (&) + mlog(l + [£]%). (3.5)
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Theorem 3.1. [26, Corollary 7.6.12] Given <7 (§), BB(&) as above there exists m €
Z such that for o, @, ¢m as in (3.3), (3.4), (3.5) and all entire maps ©: C" — cN
with o/ (£)®(€) = 0 on C" one can find an entire map V: C" — CL satisfying
®(&) = AE)V(E) on C" and

f lg@)Pe m® d(E g") < ¢ / IfE)Pe @ dE &),
RZn RZn

where § = &' +i&” € C" and c is a constant that only depends on </, % and cg
(the constant from (3.4)).

With this result at our disposal the next goal is to prove existence of rough vector
potentials.

Lemma 3.2. Given differential operators o/, 9 as above. Let ¢ € C°(R",V)
with /¢ = 0 and put K = supp(¢)°, the convex hull of the support of ¢. Then
there exists € 2'(R", RL) such that supp(y) € K and By = ¢.

Proof. The proof relies on Theorem 3.1 and proceeds via a standard application of
the Paley—Wiener—Schwartz theorem (in the form [25, Theorem 7.3.1]). First, the
Fourier—Laplace transform defined as

$@0)= | ¢prerdx, ¢eC,
R}l
where ¢ - x = {1x1 + - -+ + X, (no complex conjugation) is an entire V-valued
map of exponential type. If

Hg () =supn-&, £&eR",
nek

is the support function for the set K, then for each j € N we find according to the
direct part of the Paley—Wiener—Schwartz theorem a constant ¢; > 0 such that

6(0)] £ — L eHxmO) (3.6)
(1+1¢1)’

holds for all ¢ € C". We employ Theorem 3.1 with the choices o = 1, ¢(¢) =
2Hg (Im(¢)) and the Fourier symbols for <7, 2. Itis clear that hereby (3.3) holds.
Because Hg is convex and positively 1-homogeneous also (3.4) holds with ¢g =
maXHEHego§1 Hg (&), and since clearly sz(if)a({) = 0 we find accordingly an

entire map W: C" — CL such that ¢(¢) = Z(¢)¥(¢) and

Ze_ZHK(Im(g)) 7 - 2 —2Hk(I ron
L@ ae e se [ Fofe o e o)
R2n (1 —+ |§’|2) R2n

@9 C? / "N
<c —zjd(§,§):C1<oo
R (14 [¢1)
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provided we take j > n. Because W is entire we estimate for a constant ¢, then
Cauchy—Schwarz and the above bound

@) < C/ (W] dE, &M
Bi()

1
"

/ WP enen)
< 163 | —, ¢ 0
‘ Bi(¢) (1+151%)

1

(/ (1+1517)"e D e, s”>)2
Bi (%)
1

1 m " ;o 2
< ceC? (/ (14117 e xED qe &’ ))
B1(¢)

Here we have for & = & +i&” € Bi(¢), (1 + [£[*)" < 4™(1 + |¢[*)" and
Hg (") = Hk(¢") + ck, where cg = max,ek || is the Lipschitz constant for
Hg . Consequently we have for some new constant ¢ that

(W) < o1 + [¢])"eHrxdmED (3.7)

holds for all ¢ € C". But then the Paley—Wiener—Schwartz theorem yields ¢ €
2’ (R", CL) supported in K of order at most m such that @ = W, and consequently
that ¢ = %Y by Fourier inversion. Finally, since ¢ and % are real we have that
=By =B (Retﬁ), so if necessary we replace i by its real part to achieve a
real vector potential v € 2/(R", RE). 0

A

In order to improve the regularity of the vector potential found in Lemma 3.2 we
let

Vo= () kerpe(£), (3.8)
11=1

where we emphasize that the kernel here is of the map <7(§): V — W so that
Vo is a subspace of V. Let 7: V — V) be the orthogonal projection. Then 7 * is
the orthogonal projection onto Vé, and we can apply the above construction to the
differential operator .o/ 7w * above instead of .«7. We consider /™ as a differential
operator on R” from V(J)- to W and we find hereby a corresponding potential operator
"0 on R" from R to V- similar to the one in (3.2). This time there is no zero
order part (compare (3.1)) so the orders of the differential operators in the columns
of BV0are 1 <k; < -+ < kz.Put £y = dimV and choose an orthonormal basis
(e7) for V. Define the differential operator % on R” from R%*L to V by

L Lo
By =Y B+ Ve, (3.9)
=1 =1
where = (wl, R /5 S P wL_HgO)tr. We record that

Lo
By =B, ... y) and 7By =) Yrpe  (3.10)
=1
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holds for all . Next, we consider the submodule M of RV consisting of all row
vectors a(£) € RPN satisfying a(£)2(&) = 01in R'*L. As before it follows that
M is finitely generated:

J
M= {ij(é)aj(é):m(é), o pi) € R},
j=1

where a;(§) € RN and the collection of generators is irreducible. Put

and note that since </ (&) annihilates Z(§) there exists Y (§) € RM*J such that
A (E) = Y(S)szf(é) It is also not difficult to check that ker g2/ (§) = keer(E)

We now let o = o () be the corresponding differential operator. It is remarkable
that .7 is an exact annihilator for % on C:

Theorem 3.3. [26, Theorem 7.6.13] Let £ and o be as above and let O be an
open convex subset of R". Then for ¢ € C*(0,RY) the equation By = ¢ on O
admits a solution ¥ € C®(0, RLT4) if and only lquﬁ =0on 0.

We are now ready to state and prove the main result of this subsection.

Theorem 3.4. Let the differential operators <7, B be as above. Then for ¢ > 0
and ¢ € CP(R", V) with o/¢ = 0 we can find y € CR", RE+0Y such that
supp(¥) S Be(supp(¢)*°) and By = ¢.

Proof. First we note that by virtue of Lemma 3.2 we find a compactly supported
U e 2'(R", REF00) such that Z¥ = ¢. But then we have for a standard smooth
molliﬁer on H%” , (,ot)t>0, that B(p;x V) = p; *¢,j0 by the easy part of Theorem 3.3,
Pk P = ,Q%(%(,o,*\ll)) = 0. Consequently, .</'¢ = 0 and we find by Theorem 3.3
ay € C®°(R", RET0) such that ¢ = HByr. According to (3.10),

Lo
71*4’ — %No(lﬁl, e 1//L)tr and ¢ = Zl/fHLel.

=1

Itfollowsthatyr 1, ..., ¥r4+e € C°(R") withsupports contained in the support
of ¢. Put K = supp(¢)°, letr > 0 be a small number that will be specified below,
take n = p; * 1p,,(x) and Yo = (1//1, e, WL)H. Observe that n = 1 on B;(K) so
that by the Leibniz rule (2.6)

L
1
Bpo)=mb+Y S D —a B =19 +e.

I=1 0<|a| <k
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say. Here e = 0 on B;(K) and on R"\ B3;(K), so taking k = oy * 185, (K)\B,_,(K)
for s > 0 small, we have k = 1 on B3;(K)\B;(K) and x = 0 near K, whereby
another use of Leibniz yields

L
1
AL (ko) = K%VO(mp) + Z Z an*Bl(a)(nwo)B"‘K =k(m*p+e)=e.

=1 0<|a|Zk
Now ¥/ = nyro — kno € C(R", RY) with supp(y') € B, (K) and
L@Vow/ = L@VO(W/IO) _ %Vo(ano) —¢+te—e=¢.

Consequently, taking 37 +s = & we can use ¥’ + Zf&l Y+ e as vector potential
with the asserted properties. O

3.2. A Dacorogna Type Formula for the Envelope

We recall that for a continuous integrand f: V — R of linear growth its .o/~
quasiconvex envelope is the extended real-valued integrand

o0 = Sup{g(z) : g: V—> R &/-quasiconvex and g < f}.

It follows immediately from the definition that either f9° = —oo or f9° is real-
valued. In the latter case we check that, since .@7-quasiconvexity implies A /-
convexity by Corollary 2.8, f9° is A g/-convex. Since it is bounded from above
by f and f has linear growth a standard argument (see for instance [31]) implies
that f9°¢ has linear growth too. But then it is Lipschitz by Corollary 2.8. It is then
easy to check that f9¢ is @7-quasiconvex. The following result is important for our
approach:

Theorem 3.5. Let of be a differential operator of the form (1.1) that satisfies the
constant rank condition (1.2) and the spanning cone condition (1.3). Let 9 be a
potential operator as in (2.4) satisfying (2.5). Then for any continuous integrand
f:V — R of linear growth we have for each non-empty, bounded open subset O
of R",

Q) = inf{][ fz+ By @) dx:y € C(0, V)} (3.11)
o

foreach z € V. It is not excluded that the common value is —oo here. Furthermore,
for each ¢ > 0 it suffices to take infimum over potentials  satisfying additionally

max|V/y (x)| < e (3.12)
xe0

for derivative orders 0 < j < I, where we recall that [ is the order of 2.

We merely sketch the proof as it is similar to those presented in [10, Theo-
rem 6.9], [27, Appendix] and [42]. We start with the following lemma.
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Lemma 3.6. Assume that A is an operator as in Theorem 3.5. Thenfor f: V — R
continuous and z € V the quantity

R(z) = inf{][ fz+ By(x))dx: ¢ € CSO(O,V)}
o

is independent of the set O within the class of all non-empty, bounded and open
subsets of R". Furthermore, the value is unchanged if we only take infimum over
potentials  satisfying additionally (3.12). Finally, either R(z) = —ooforallz € V
or R is real-valued.

We leave it to the reader to check that [10, Step 1 in proof of Theorem 6.9] and
[27, Appendix] still apply in the present context. Next, it is clear that

€@ =R@ = f(2) (3.13)

holds for all z € V. We may therefore assume that R(z) > —oo for all z € V as
otherwise there is nothing to prove. Our next step is

Lemma 3.7. Assume that </, % are operators as in Theorem 3.5 and let p €
(1, 00). Let ¢ € LP(R", V) with o/ ¢ = 0. Then for any x € C°(R") with x =1
near 0 we have ¢ = (F~'x) x ¢ + BYr, where

¥ = Re(f—l(%ﬁs)*(l - x(E))$(S))> e WhP(R", V).
Here Re(-) denotes the real part taken component-wise, F is the Fourier transform
and BGE)" =171 B(&)T is the Moore—Penrose inverse of B(i&) = i’ B(£).
Proof. We clearly have
p=F 0 x¢+(FA=-x0)x¢

and that both terms on the right-hand side are .o/'-free. For the second term this
means that <7 (&§)(1 — x (& ))a(é ) = 0 for all £ € R". To see that it implies that
we have a vector potential we invoke the exactness relation (2.5) and properties
of the Moore—Penrose inverse. First, the exactness relation implies that also the
operator Z has constant rank and so the Moore—Penrose inverse Z (&) is C> and
—I-homogeneous on R"\{0} (see [42,43] for an easy proof of this). Now with ¥
as defined above we calculate (in sense of V-valued tempered distributions):

By = Re<f1 (%(ié)%(ié)*(l - x(é))$(§)>>
= Re(]—'l (%(S)%(&)?(l - X(S))Q’ﬁ\(é)))
= Re(f_l (projim@(é) ((1 - X(S))$($))))

) Re(F 11 - ) = (F1(1 = 1)) % 6.
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as required. Now using that the W/-” norm is equivalent to the corresponding
one given in terms of Bessel potentials we conclude from the Hérmander—Mihlin
theorem that v € W/?(R”, V). Indeed, the function

£ (E)BE)TU - x(©)

is a bounded map of class C*°(R", £ (V,V)) and so in particular a multiplier of
the required type. O

The next result is a slight strengthening of the closed range inequality (1.6)
mentioned in the Introduction. It is obtained by combination of Lemma 3.7 and
Murat’s inequality (1.7):

Lemma 3.8. Assume that </, 9 are operators as in Theorem 3.5. Then for each
p € (1, 00) there exists a constant C, > 0 such that

wec%n(g@n,V)H(ﬁ =2V, = Col Al

holds for all ¢ € LP(R", V).

Proof. Let ¢ € L?(R", V). By Murat’s inequality (1.7) we have ||[¢ — P o[, =
cpllZ ¢lly-r.p, whereP ¢ € LP(R?, V) is o7 -free. Lete > 0. By useof Lemma3.7
we findu € WHP(R”, V) such that Py ¢—PBul, < e. Next for a standard smooth
mollifier p;(x) = j"p(jx) we take j € Nso large that |[P ¢ — ZB(p; xu)|, < €.
Fix such j and put x, = p; * 1p,). Now by the Leibniz rule (2.6) we have
% (p;j *u) — B(xrpj *ulp — 0asr — oo. Hence for large r > 0 we have
with ¥y = x,p; *u € C2O(R", V) that ||¢p — BY |, < cpllZ ¢l + & concluding
the proof. O

The proof of Theorem 3.5 can now be completed as in [42].

4. Proof of Proposition 1.1

Recall that we are given a linear homogeneous differential operator of order k
on R" from V to W, two finite-dimensional inner product spaces over R:

A=Y Agd® Ay € LV, W).
ler]=k

We do not impose any further restrictions on .7 at this stage. Instead we prefer to
introduce the hypotheses on .27 in the course of the proof as it will then be clear
why they are natural.

For a bounded open set €2 in R” and an exponent p € (1, -”5) we consider
V-valued measures v, v € .4 (L2, V) satisfying

v; 20 in M(R2,V)

4.1
dvj— v in Wil (Q, W), @D

loc
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Under the assumption (4.1); we can extract a subsequence (not relabelled) such
that

v; X v, v =((vx), &, (059)) 4.2)

The task is to find conditions at the level of the Young measure v in the form of
Jensen type inequalities that reflect the convergence (4.1);.

4.1. A First Reduction: the Spanning Cone Condition

Recall that the wave cone for <7 is defined as

Ay = U kere/ (£), where <7/ (£) = Z At € Z(V,W).
£eR"\{0} loe|=k

Put

{Vl =spanA, V)= Vll, 4.3)

;. V— V; the corresponding orthogonal projections.

Observe that the differential operator &7y = o=k Aa7m20 is partially elliptic in
the sense that its wave cone A 57, = V1. A standard use of the Hormander-Mihlin
multiplier theorem yields a constant ¢, > 0 such that

[m2v], = epl mav]y-s (44)

holds for all v € L?(R", V). The next result relates the actions of <7 on a field and
its projection on V.

Lemma 4.1. Suppose that </ is a constant rank operator. Then

[m2v], < cpllov]yysr
forallv e CXR", V).
Proof. We note that for z € V, and £ € S"~!

mz =M, z2=1n  kerar)2 = U0 ker o0 ier 7)1 25

where I1p denotes orthogonal projection on the linear space P. Therefore we can
write in Fourier space, for v € C°(R", V)

—=
730(8) = 13Ty 12 DE) = mal () (§)(8) = ot (%) —lgl(k@

and the multiplier theorem gives the result. Here M ' denotes the Moore—Penrose
inverse of a matrix M. The constant rank condition of .7 is known to be equivalent
with smoothness of 277 (-) on "~ [42]. O



846 JAN KRISTENSEN & BOGDAN RAITA

We return to the Young measure v and fix Q' € Q with A(92") = 0. Write
VL Q' = ((Vx)xeSZ’a AL, (V)?O)XEQ’)-

Choose € C°(Q) satisfying 1oy < n < 1g and record the convergences
nuj = quin.#Z R", V), o/ (v;) — < () in WP (R?, W) and (qv)) Q' =

v L X vl Q. If ('08)8>0 is a standard smooth mollifier on R", then us-
ing a result of RESHETNYAK [44] and the definition of Young measure (see for
instance [34] for such arguments) we find a null sequence &; \, O such that

(p; * (nv))) e X VL Q. Puti = nv and U; = pg; * (nv;). By inspection
of; X 5in MR, V), V; — ZVin WkP(R" W) and in view of Lemma 4.1,
AV — M0 in W—KP (R, W). In particular, &/m0 € W57 (R", W) and
so from (4.4) infer mpv € L?(R", V). But then another application of (4.4) yields
w0 — w0 in LP(R", V), and (710 + m20)|or X v follows. Let us sum-
marize the above discussion:

Lemma 4.2. Assume (4.1), (4.2), (4.3). Then myv € LﬁC(Q, V), mvj +mv l) v,
TV, X mvin A (R, V) and Zmv; — dmvin Wfk‘p(Q, W). In particular,

loc

YOC
TV = ((af(rrzv)(x) * Vy), A, (V)c:o))

and

Supp(B—(mvy(x) * Vx) € Vi for £" almost everywhere x € Q
supp(ve®) € Sy, for A almost everywhere x € Q.

Here the suffix loc on the Young measure generation should be understood as
(m1v; L Q') generates the listed Young measure restricted to €’ for each Q" € Q
with A(02") = 0. In view of this result we can focus on the Young measure
generated by the projected sequence (m v j). To avoid heavy notation we assume
in the sequel that

span(A ) = V. 4.5)

4.2. The Closed-Range Inequality and Conclusion of Proof

Because o7 satisfies the constant rank condition (1.2) we infer in particular
from Lemma 3.8 that there is a constant C, > 0 such that for all ¢ € L?(R",V)
We have

i — <
¢ech(B]su$§<fp),V),w:o”¢ vl = Colrolyer (40

In view of our definition of .o/ -quasiconvexity the hypothesis is natural because, as
we will see below, it allows us to use the convergence (4.2); to relate the fields v;,
v in a straight forward way to o7 -free fields and hence use .27-quasiconvexity to
establish the Jensen type inequalities for the Young measure v. Without (4.6) the
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relation to .«7-free fields will be much weaker and, apart from some special cases
[35,40], any known proof breaks down.

With the hypotheses (4.5), (4.6) in place we return to the arbitrary set Q' € Q
with A(02") = 0 and a cut-off function n € C*®(Q) satisfying 1o0 < n < 1q.
As above we find for a standard smooth mollifier ('08)3>0 on R” a null sequence
€j \¢ 0 such that for v; = pe; * (nv;) we have v;|g X vLLQ. Put o = nv,
Wj = pe; * (f)j) and note w; — v {-)-strictly on R", v; — w; 2 0in M (R",V)
and &/ (¥; — w;) — Oin Wk-P(R", W). We first establish (1.5). Find by (4.6)
Y € CX(R",V) such that &/y; = 0 and |lw; — Vjll, < cplldw)lly—kp
Since especially @79 € W5P(R”, W) we have dw; = Pe; * AV — 27 in
W—5P(R", W), hence it follows easily that (wj — ;) is Cauchy in L? (R", V), say

w;—; — ainLP(R", V). In particular, w; — ¥ in.# (R", V), hence also v —
v+ain.Z (R",V).Butthen </ (V+a) = 0and because v° = (v+a)® we infer from
Lemma 2.2 that the polar v*/|v|* € A,/ for |v]* almost everywhere. If we restrict
the measures to €', then we find v Q' =L Q' =7, 2" Q' +vPALQ/, and
thus 75° € A o for A* almostevery x € Q. After a further Lebesgue decomposition
of A% Q' with respect to |v|* L_Q" we deduce (1.5) by identification of terms in
the above expression for v[_Q'.

For the proof of (1.4) we require an auxiliary result that we adapt from [29].
Anintegrand f: V — Ris called a special </ -quasiconvex integrand if it is .<7 -
quasiconvex, of linear growth and there exists r = ry > O such that f(z) = f*°(z)
holds for all |z] = r. The class of such integrands is denoted by SQ. It is perhaps
not even clear if there are any such integrands at all. But in fact there are plenty of
them as the following approximation result shows.

Lemma 4.3. For each <f -quasiconvex integrand f : V — R of linear growth there
exists a sequence (f;) from SQ such that

[i@ 2 fi+1@ \ f@) and fi°(2) 2 731\ fF@) as j /oo
foreachz € V.

A proof in the case ./ = curl acting row-wise on V = RY*" valued fields can be
found in [29, Lemma 6.3] and we leave it to the interested reader to check that it in
view of Theorem 3.5 also applies to the present more general situation.

Recall the space E(£2, V) of admissible integrands defined in Section 2.4 and
that it is a separable Banach space. We define an autonomous version of it by letting

o _ | f ()]
H={f:15® f € EQ,V)} and ||f||—§251+|z|~

It is easy to check that H hereby is a separable Banach space (compare also Sec-
tion 5.1), hence we can find a countable family Q of .o/-quasiconvex integrands
whose closure Q in H is the cone of all .<7-quasiconvex integrands in H. Let
f € Q. Fix concentric balls B, = B,(xg) € By = Bs(xg) € < such that
MOB, U dBs) = 0 and let n € CX(R") be chosen so 15, < n < 1p,. Next

select as before a null sequence &; “ 0 such that pg; * (7v;)|s, X vl B,.
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Put v; = Pe; * (v, w; = Pe;j * (nv) and record v; — wjiO in .Z(R",V),
o/ (Vj —wj) — 0in W—5P(R", W) and w; — nv {-) strictly on R". From (4.6)
we find ; € CZ(Byq1,V) such that &/v; = 0 and v; — w; — ¢; — 0in
LP(R", V). Pute; = v; — w; — ¥, and note that

Vj = —e; on R"\B;. 4.7

Considering f — f(0) instead of f we can assume f(0) = 0. By virtue of
Lemma 2.8 the integrand f is Lipschitz, say with Lipschitz constant £. From our
hypotheses

limsup [ f(v;)dx = /.(vx,f)dx-l-/(V)C;Oyfm)d)L

Jj—o00 JB; B, r

+ 4 (/ (e, |- ) dx + )»(BS\Br)> . 4.8)
B,\B,

Let v = v Z"_Q + v’ be the Lebesgue-Radon—-Nikodym decomposition with
respect to ", Then using the Lipschitz continuity of f and v; = w; + V¥/; + ¢;
we estimate:

limsup [ f(¥;)dx 2 limsup | f(w;+¥;)dx+0

j—oo J By j—oo JByg

2 lim sup /l‘gn(f(va(x()) + ) — f(v“(xo)) dx

j—o00

+ 2" (By) f (v (x0))
—Zlimsup(/ |wj—va(x0)|dx+/ ijldx>
Jj—00 By R"\ By
.7 i
2> ZL"(Bs) f(v* (x0)) — K/B [nv — v?(x0)| dx — £|v|*(By).
In concert with (4.8) this yields
/B Do frdxt [ O£ 02 £ o) 2" (B

-

- E/B Inv® — v®(xo)| dx — £]v|* (Bs)
_£</ (v, | - |)dx+)h(Bx\Br))-
Bx\Br
Now take n \( 1p, and then s \( r to get
/B(vx,f)der/B(v)?‘},foo)dki f @ (x0)ZL" (By)

- 5/ [v* — v (x0) | dx — £|v|*(By),
B,
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divide by Z"(B,), take r N\ 0 and refer to standard differentiation results for
measures (see for instance [17]) to arrive at (1.4) for xo € Q\Ny, where Ny is £"
negligible. Put N¢ = UfeQ Ny and observe that (1.4) holds for all .27 -quasiconvex
f € Handall x € Q\N. In view of the approximation Lemma 4.3 we may extend
(1.4) for each x € Q\N* to all o7-quasiconvex integrands of linear growth. The
proof is therefore complete.

5. Proof of Theorem 1.2

Fix a differential operator Z as in (2.4) satisfying (2.5). By virtue of the ap-
proximation lemma 4.3 and separability considerations the assumed Jensen-type
inequality (1.9) imply that for some .Z" negligible set N C  the Jensen-type
inequality (1.9) holds for all x € Q\N and all &/-quasiconvex integrands f of
linear growth.

As in [27,28] we start by characterizing the homogeneous Young measures.
Because we consider Young measures for oscillation and concentration this requires
some additional care.

5.1. The Functional Set-Up

It is an autonomous version of that used in Section 2.4 for Young measures. Re-
call the space H from Section 4.2 consisting of continuous autonomous integrands
®: V — R of linear growth that admit a regular recession integrand,

D(r
®®(z) = lim (t2) exists locally uniformly inz € V
t—00 t
and that H is normed by
|P(2)]
[ @[ = sup ———.
zeV 1+ |Z|

We recall that @ € H precisely when the transformed integrand

. . Z

is bounded and uniformly continuous on the open unit ball By (0, 1). The mapping
T: H — C(By) defined by

(1-1z)e(Zg) if <1

() if (2] =1,

TO@2) = {

is then easily seen to be an isometric isomorphism. Hence by general results so is the
dual mapping 7*: C(By)* — H*. By virtue of the Riesz representation theorem
we may identify the dual space C(Bvy)* with the space .# (By) of bounded signed
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Radon measures on the closed unit ball By. Hence given ¢ € H* there is a unique
w € # (By) such that T*u = £. Consequently we have for ® € H,

L(D) = (T, ®) = / Tddu
By

A

zf (1- |2|)<1>< < > du(2)+/ % d.
By (0,1) 1 —1z] Sy

If we put S(Z) = 2 _for? € By(0, 1) and

1-|z|

= S#[(l — 12))u LBy (0, 1)},
u®> = pul Sy,

then u® € .# (V) has a total variation measure with finite first moment, that is,
(101 1) < o0, u™ € A (Sy), and

Z(d)):/d)du0+/ D> due. (5.1)
A% Sy

In view of this representation we identify in the following each £ € H* with the
unique pair of measures (1, £1>°) as above. We also record that

el = /v(l 1) AR+ 161Sy)

and that £ > 0 when 0 > 0, u® > 0, so that T* is a positive operator. This means
that 7* is a homeomorphism of the positive cones, . (By) onto (H*)* with their
respective relative weak™ topologies, and consequently, by virtue of Lemma 2.1,
that the relative weak* topology on (H*)™ is determined by the (push-forward)
Kantorovich metric defined as

dic (1O, 1), W0, v™)) = (10, 1) — W0, V™) Ik

for (u°, u®), (W9, v>®) € H*, where the (push-forward) Kantorovich norm is

0
(", u™)lx = sup
PeH, |TP[Lp <1

/d)du0+/ o> d;ﬁo‘. (5.2)
A% Sy

If v is a bounded V-valued Radon measure on X = (—%, %)n with Lebesgue—

Radon-Nikodym decomposition v = v¢dx 4 v¥, then we define &, € H* by

£, () = /th(va(x))dx+/xd>°°(vs) (® € H). (5.3)
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5.2. The Hahn—Banach Argument

Fix z € V and denote by ¥ = Y, the set of all pairs (0, V™) € /{ﬁ'(V) X
AT (Sy) for which we can find a sequence (v;) in C2°(X, V) such that, as j — oo,
lvjllyi-11 — 0 and

/@(Z+%vj(x))dx—> /@dvo—l—f X dv™® VO e H. (5.4)
X \% Sy

Obviously, we can consider Y as a subset of (H*)* and we clarify that .#*(Sy)
denotes the set of positive Radon measures on Sy, whereas ///1"’ (V) denotes the
set of probability measures on V. The above convergence condition (5.4) for mem-
bership of Y can therefore also be stated in terms of the Kantorovich metric (5.2),
where it takes the form that [le; |z, — W0, v®) |k = 0as j — oo.

Remark 5.1. Using a standard exhaustion argument it is not difficult to show that
eachv € Y canbe generated by sequences with apparently much better convergence
properties: Let v = (vo, V™) € Y and let w: [0,00) — [0, 00) be a sublinear
modulus of continuity (so w(0) = 0, w is continuous, increasing, concave and
w(t)/t — oo ast N\ 0). Then there exists a sequence (¢;) in C(X, V) so
N e

V7o) = Vle]
x,yeX w(l-x - yl)

T#y

Lemma 5.2. The family { €13 u € CO(X, V)} is a weakly-* dense subset of
Y.

Proof. In view of the definition of Y it suffices to show that ,,4, € Y for
each u € C2°(X, V). But this is a consequence of a standard exhaustion argument
that runs as follows: We extend u to R” by zero without changing notation and
subdivide each side of X into j € N disjoint congruent open intervals, and consider
the resulting mesh of j” disjoint congruent cubes. We fix an arrangement of these
cubes, say

Xi=xi+j7'X, iefl,....j").
and define
jﬂ
¢i(x) =Y i u(j(x — x)).
i=1

It is then simple to compute for ® € H that

/d>(z+§§’u)dx:/ d(z 4 Bpj)dx
X X
IV il = IVl — 0 as j — oo

That also ||¢; ||y-1.1 — O follows from Poincaré’s inequality. O
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Lemma 5.3. The set Y is weakly-* closed in H*.

Proof. Let o = (1% n™®) € Y . Let {®;}cn be a countable and dense subset of

H and put g = | - |. Now for each i € N we may select v; € C2°(X, V) such that
1 1

lvi llyyi-11 < 7o ngéi /XCD'/(Z + PBv;)dx — u(P;)| < T (5.5)

Since ¢ = | - | is included above we infer that the sequence (z + Zv;) is bounded

in L'(X, V) and so, by Banach-Alaoglu’s compactness theorem and separability
of H, each of its subsequences admit a further subsequence (not relabelled) so

/Cb(z + Bv;)dx — ((®) YO e H (5.6)
X

for some ¢ € H* that at this stage of course can depend on the particular sub-
sequence. But the density of {®;} e, and the identification of H* with pairs of
measures allow us, by virtue of (5.5), to conclude that £ = p and so that (5.6) in
fact holds true for the full sequence. Taken together with (5.5) we have shown that
w € Y, and the proof is complete. O

Lemma 5.4. The set Y is convex.

Proof. Letvy,v; € Y, € (0, 1)and v, = (1 —t)vg+tv;. In view of Lemmas 5.2
and 5.3 it suffices to show that v; € Y when

n
VO = €4 Bugs VI = E,4.,, and t = (5) ,

where ug, u; € C°(X, V) and p, ¢ € N are coprime. In fact, we shall show that
vy = €424 for some ¢ € CZ°(X, V). We became aware of this possibility when
reading [49].

In order to see this we subdivide each side of X into g disjoint congruent half-
open intervals, and consider the resulting mesh of ¢” disjoint congruent cubes. We
fix an arrangement of the cubes, say

Xi=xi+q 'X, ie{l,....,q"},
and define
pn q)l
¢ =Y qlui(gx —x))+ Y g 'uwolgx —x)) (x €X)
i=1 i=pi41

where we extend ug, u1 to R"\X by 0. Clearly, ¢ € C°(X, V) and for ® € H we
check that &, 4 (®) = v;(P), and therefore v; € ¥ by Lemma 5.2. O

Lemma 5.5. Let v = (09, v>°) € 4" (V) x 4+ (Sy) and z € V. Then v € Y if,
and only if, V° + 7 = z and

/ Fal 4 [ foae > )
v Sy

holds for all <f -quasiconvex integrands of linear growth.
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Proof. To prove the only if part we fix v € Y and an .@7-quasiconvex integrand
f:V — R of linear growth. Select a sequence (u;) in C°(X, V) such that
llujllyi-11 — O and

/@(Z + Buj)dx — v(P)
X

for each ® € H. Thus for ® € H with ® = f we get by &/ -quasiconvexity of f
at z that

v(P) = limsup/f(z—in%’uj)dx > f(2).
j—oo JX

To obtain the required bound we use the approximation Lemma 4.3 to find .o7-
quasiconvex integrands ®; € H with ®; \( f and dJ‘;.o ¢ [ pointwise. Note
that

@ — fl=®; — f SOy — f <[P +|f],

and similarly |<I>7° — | = |®°|+1f°°|. By Lebesgue’s dominated convergence
theorem, we have

/fdv0+ X dv™® = lim v(®)) = f(2),
% SV J—>00

which concludes the proof of this implication.

We turn to the if part of the statement. According to Lemmas 5.3 and 5.4, Y is
a weakly* closed and convex subset of H*, hence by the Hahn—Banach separation
theorem we can write Y = (| H, where we take intersection over all weakly* closed
half-spaces H in H* that contain Y. Fix such a half-space H; it is well-known that
we can find ® € H, ¢ € R such that

H={teH": ¢(d) =1}

Because Y C H it follows in particular from Lemma 5.2 that e, 5, € H for all
u € C°(X, V). Consequently, the inequality

t < e,02,(P) = [X<I>(z + PBu) dx
holds for all u € C°(X, V). But then the relaxation formula Theorem 3.5 yields
t £ ®%(z) and it follows that the envelope ®9° is real-valued, <7-quasiconvex
and of linear growth. Returning to our assumptions on v with this information we
deduce that
v(d) = /dﬂc dvo—i—/ (P1)> dv™® = 0%(z) = 1,
\% Sy

thatis, v € H. O
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5.3. Inhomogenization

Let (qb,) ;-0 be astandard smooth mollifier on R", so obtained by L! dilation by
t > 0 of a nonnegative C* smooth and compactly supported function ¢: R” — R
that integrates to 1: ¢;(x) = t "¢ (x/t). It is convenient to assume that the support
of ¢ is the closed unit cube X = [—%, %]” and that ¢ is strictly positive on its
interior X. For later reference we put

M =max|V¢|. (5.7)
We shall also in this subsection use the £7, -metric on R" and for convenience of
notation we denote it simply by || - ||, thus
lxll = llxllen, = max{|x1|, e, |xn|} for x = (xl, RV x,,) e R".

The following result is the key step in our construction. We emphasize that it is
elementary and purely measure theoretic.

Lemma 5.6. Under the assumptions of Theorem 1.2, given ¢ > 0 we can find
te > 0 such that for each t € (0, t;] there exists ¢ = ¢, € CX(RQ,V) with
lellwi-11(q.v) < €s0

‘/TY(X)CD(O)dX'F/ﬂ(x)(QOO,VfO)d)»S
Q Q
— f 77<I>(¢t * (DAL Q) + %’(p) dx| < ¢ (5.8)
Q

holds uniformly inn: @ — R and ®: V — R of class H with
Inlle = 1 and |T®@lup = 1. (5.9

In line with what we stated at the start of this subsection we use the £2_-metric in
the first bound of (5.9):

_ In(x) = n(y)|
[nllLp = sup[n| + sup ————
Q X, yeEQx#y lx — )’”

It is elementary to check that lip(®) < 2lip(T ®) + max |[T®| < 2| T P||Lip.

Proof. Let ¢ € (0, 1). Apply Luzin’s theorem (see [7, Theorem 3.1.13] for a
statement that applies in the considered generality) to the A* measurable map

Qx> (80,0°) € (V) x AT (Sy) — (]HI*)Jr

to find a compact subset C* = C*(g) C Q such that A*(Q\C*) < £A*(Q) and the
map

C* 3 x > (80, v°) € M (V) x M (Sv)

X
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is (uniformly) continuous. The latter can of course be expressed quantitatively in
the sense that we can find a modulus of continuity o® = {: [0, 00) — [0, c0)
such that for all x, y € C*® the inequality

[ (80, v2®) = (80, v3°) [k = @*(Ilx = y1l) (5.10)

holds. Because A* and .#" are mutually singular we can assume that " (C*) = 0
and because A*(0€2) = 0 we can also assume that

A=A, =inf{lx —y|: xeC* yea}e©D. (5.11)

Letd, m € N be two natural numbers whose precise values will be specified in the
course of the proof. Put r = 2~ and for convenience of notation write ¢ = ¢, so
that we in particular have

>0 if |x|| <t
¢(X){=O it x>t (5.12)

Our first condition on d € N is that it is so large that
2t < Athatisd > log, (%). (5.13)

The collection of (d + m)-th generation dyadic cubes Q € Z;,, in R" with
dist(Q, dR2) = t is denoted F. For each Q € F we define

ro E][ 6% (FLCY) dx. (5.14)
0

In view of the choice of mollifier ¢ we have for cubes Q with rp > 0 that
dist(Q, C*%) = inf{||x —yl:xe€eQ, ye CS} <t,
and may therefore select xg € C* so
dist(Q, xg) = inf{||x —xoll: x € Q} <t.
Summarizing, we denote * = {Q € F : rgp > 0} and have that

VQ e F 3xg € C° suchthat sup |lx —xp| < 2t (5.15)
xeQ

We continue the selection process for these cubes and fix Q € F*. Then for
integrands f € H that are .<7-quasiconvex we get by Lemmas 2.5, 2.2 and 2.9,

frov3y) = F(0) +rof>(03,)

< f(O) +rQ/S f°°dvfz.

In connection with the Hahn—Banach Lemma 5.5 this bound allows us to select
9C € C°(Q, V) satistying |92 |yi-1.1 (g, < £A°(Q) and

|| (80, U;’ZrQ) — Eng)ofoQ+3g(pQ ||K <e. (5.16)
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We recall that this amounts to (where we realize the elementary Young measure on
Q instead of on X)),

sup
IT@lLp=1

@ (0) —i—/ P*dvro —][ @(rQi)fZ + Bp?)dx| <e.
Sy Q

If therefore we define

p= Y 97

QeFs

then clearly
9 € CRQ. V), llglly1gy < A" () (5.17)
and we have (5.16) for each Q € F*. The sought-after map is now
£ =¢x (VA LQ) + By, (5.18)

where we define ¢ = 0 off Q so that in particular £ € C2°(R", V). In 2rder to
check that £° has the required properties, in addition to (5.17), we fix n: Q — R
and ®: V — R of class H satisfying (5.9). We start by writing

/n(@oo,qb*(vf”kSLQ))dx =/n(d>°°,¢>k(vf°°K“LC‘Y))dx
Q Q

+&1, (5.19)

where
&1 = /qb * (A LQ\C*)dx < eA*(Q).
Q

We emphasize that the integrals in (5.19) should be understood as

[t (mx L@ ax = [ noo [ <¢><x - [ <I>°°dv;’°) 43 (y) dx,
Q Q Q Sy

and likewise for the integral on the right-hand side, except that the y-integration is
over the set C* instead of Q. Since for each Q € F withrg = 0 we have

/ n(®d>, ¢ (V.OOASLC“)) dx =0,
0
and Q\ |J F C B (3Q2) we get

/ n{(d>, ¢ x (v,oo)f LCS)) dx = Z
@ QeFs

= Z (Lndx(Qm,v)fg)rQ+53Q> + &,

QeF*

/ n(®>, ¢ x (VA LCY))dx + &
0
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where
|&] < A7(C* N By (3)) = 0,

since Cy N By, (0€2) =  according to (5.11) and (5.13). The local error terms €3Q
are estimated as follows. First,

€7 < V(n —][ n)(@%, ¢+ (v2TLC"))dx
Q Q
e[ (fo ot Lo @)
Q Q

1
< ||n||up$”<Q>zmax|q>oo|/¢*p dx
Sy 0

+||77||L1P/Q/CS¢(X (0%, = v ()
and invoking (5.9), (5.10) we continue with
e8] < tqu*Ade
0
+/ch‘y¢<x =o' (Ily = xol)) 4" () d

< (t+ws(3t))f¢*ksdx,
0

where the last inequality follows from the triangle inequality and (5.15). Next, for
each Q € F* we get from (5.16) that
®(0) + (@, v )ro =][ P(rovy, + B2y dx + £2,
Q

where |54Q| < ¢ uniformly in ® € H satisfying (5.9). Using the triangle inequality,
(5.9) and (5.16) again we estimate

é ”erQVECQ +33¢Q ”K

‘][Q(q>(er§;°Q + Bp?) — ®(0)) dx

180, v3yr0) Ik + &
1+ rg+¢

IA A

and consequently,
/Qn dx][be(rQiiZ + Bp?)dx = /QnCD(rQiiZ + BpQ) dx + £2,

where (recall ¢ < 1 and (5.9))

1E21 < sup|n —][ n’ (1+rg+e)L"(Q)
0 0

<.2"(Q) /(2 + ¢ x 1%) dx.
0
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Finally we turn to
/ n®(rovy + Bp?)dx = / n®(p * (3XA°) + Bp?) dx + 2.
0 0

To estimate the local error term EéQ, Q € F*, we start by using (5.9) to get the
bound

'/ n<q>(¢ * (V%) + Bp2) — (¢ x GXALC) + 93<pQ)> dx
0
< / ¢ * (A LQ\C*)dx.
0
Another application of (5.9) yields

’/ n(@(rQUi‘Q’ + %’(pQ) —®(px WONLCY) + %’(pQ)> dx
9

= /|er;‘; — ¢ % (VX LCY)|dx.
0
We estimate the last term as follows:

/Q|rQE;°Q — ¢ x (VL LCS)| dx

< ’f o * ((i;‘z) — VA LCY)dx
0

+/ ‘][¢*(ﬁ?°AsLCS)dx’—qs*(v?OxSLcS) dx
oo
< [ [ oe-nlg -5 e man
oJCe
+/ ‘f¢*(V?O)LSLCS)dx/—(ﬁ*(V_OO)LSLCS) dx
oo

(5.16)
< W@ | pxatde+EL,
0

where the local error terms 57Q are the mean oscillations on Q € F* times .Z"(Q)
appearing in the penultimate line. Writing out the convolutions we estimate

57Q§/][ / 6" — ) — ¢ x — »)|[D3°1dA° (y) dx’ dx
0JQJC*

1
gﬁf][f ||x’—x||/ IV (x — y + (' — )| de dA*(y) dx’ dx
0J0 JO+tX 0

We now recall that ¢ = ¢, and (5.7), so that we have the pointwise bounds |V¢| <
t_lM(lx),, which implies for x, x’ € O,y € O + X, and t € [0, 1] that

Vo (x — y +1(x" —x)| 17 " M1ax), (x — ),
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so that
n 1
&7 < ﬁM& / (Lox); # 2° dx
0

We now have all the necessary bounds and can start to backtrack through the
estimates to conclude the proof of Lemma 5.6. First we recall that we have r = 2~¢
with d € N satisfying (5.13) and that the considered dyadic cubes are of higher
generation Q € Py, (50 £ (Q) = 27"@+m)) With &% defined in (5.18) we get
by combination of the above

/n(@oo,qﬁ*(vf’OASLQ))dx =/ n®ESHdx + &
Q UFs

where
€l < 2’ () + (¢ +ws(3z))/ ¢ * A5 dx
Uz
H2dmm / (2+¢*2%)dx + / ¢ * (A LQ\C*)dx
Uz Urs
+o®(3t) ¢ %25 dx + /nM27" / (1x)s * A% dx
ur urs

< <2e +27 20" (3. 279) 42747 4 chz—'")xY(sz) + 2= ().

To conclude we add

/ n®E*)dx = / ndx ®(0)
Q\UF* Q\UF*

to both sides, whereby we get
/ n<CI>(O) + (D%, ¢ * (VL LQ))) dx
Q
= / n®EH)dx + &+ / ndx ®(0). (5.20)
Q Us

Here we have that | J F* C By, (C¥) and since Cy is compact with £ (C*) = 0 we
may find dg, m, € N that in view of (5.9) only depend on ¢ > 0 so that ford = d,,
m 2 m, we have that

€]+ < 3e(L" + 1) ().

/ ndx®(0)
Urs

This completes the proof since the left-hand side of (5.20) clearly tends to

/ndx d>(0)+/n(d>°°,v§°)dks(x)
Q Q

uniformly in 5, ® satisfying (5.9) as d — oo. O
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We turn to the absolutely continuous part, where the proof is similar though a
little less technical.

Lemma 5.7. Under the assumptions of Theorem 1.2, given ¢ > 0 we can find
te > 0 such that for each t € (0, t;] there exists y = vy, € CX(RQ,V) with
”‘l’”WZ*l-‘(Q,V) < &S50

/Q 1) ({0, ) +2% () (%, 1) )dx
—/ncb(qs,*((v.+xav?°)$"LQ)+%w) dx| <e (52D
Q

holds uniformly in n: Q@ — R and ®: V — R of class H with
InllLie = 1 and T @[ = 1. (5.22)

Proof. Lete € (0, 1) and put M (x) = (vy, 1+]-|)+A%(x). Apply Luzin’s theorem
to the " measurable map

Q3 x> (v, MR € V) x AT (Sy) = (HY)T (5.23)

to find a compact subset C¢ = C%(g) C 2 such that
M(x)dx < e. (5.24)
Q\ca

Select a modulus of continuity @ = ?: [0, 00) — [0, co) such that for all x,
y € C? the inequality

[ (ves A% CVE°) = (vy, A IV [l = @ (llx = y1I) (5.25)

holds. We consider forad € Nand s € (0, 1) the following family of dyadic cubes
in R” of side-length r = 279,

= {Q € Gy dist(Q,0) > t, L"(QNCY > sf"(Q)},

where we recall that we work with the £°° norm on R”. We will specify conditions
ond € Nand s € (0,1) in the course of the proof. Select xo € Q N C* for
each Q € F“. By Lemma 5.5, we find ¢ € C*(Q, V) with || € lyyi-119 vy <
eLM(Q)/ L () and

H (VXQ, )\,a(XQ)UfZ) — SUXQ+)»“(XQ)§%+(@I//Q “K < €. (526)

We extend ¢ by 0 € V to R"\Q and define ¢ = ZQEFZ 2. Hereby ¢ €
C2°(€2,V) and |W”W"'=1(Q,V) < &. We then estimate for n, ® as in (5.22):

/n(@, V) +A90) (D%, 1)) dx = Z/ (@, vy) +29(0)(D, 1)) dux
@ QeFa
+&i
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where, by virtue of (5.24) and the Lebesgue differentiation theorem,

|51|§/ M(x)dx < ¢
Q\(JF9

for d sufficiently large, say d = d(e, s). Next,

Z/ (0, v} +2%(0) (D%, 139)) d

QeFa
Z][ / (D, vy) +29(x) (D, 1)) dx + &,
QeFa

where by (5.22),
& St Z /\ (@, vy) +2% () (P, v5°)| dx <I/M(x)dx
QeFa

Put f(x) = (P, vy) + 19(x) (P>, vL°) and observe that for each Q € F¢,

‘/Qfdx —f”(Q)f(xQ)' s - (If = fxl+ (1 —S)Ifl)dx+/Q\CdIf|dx

once

and by virtue of (5.22), (5.24) we have | f — f(xg)| £ w®(t) on Q N C%, hence

Vfdx—f”(Q)f(xQ)‘ (t).i””(Q) —f|f|dx+f If]dx.
0 o\C4

Since by (5.22) we have | f(x)| £ M (x) we infer from (5.24) that
> ][ ffdx— > f(xg)/n+&,
QeFa QeFa

where

&) < 210

f”(Q)—i——/de—i—a
We now invoke (5.26) whereby we for each Q € F“ have that

f(xQ)=][ (va + 24 (x)V5, + BY )dx+€4Q,
Q

where |S4Q < e Put v4(x) = vy + AY(x)ve°. Because ®(z) = z - ¢; satisfies
(5.22) for each i, where (e;) is an orthonormal basis for V we get from (5.25) that
[v? — v (xg)| £ w?(r) on Q N C* for each Q € F*. Consequently,

@’ S(t)f"@) + /

/|v“ —v9(xg)| dx <
0 o\C?

1_
|v“|dx+—S/|v“|dx
s Jo
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for each Q € F“. Using that [v*| < M and lip(®) < 2||T®||p < 2 we find

> ][ndx/CD(v «9)+Bydx= ) ][ndx/CD(v + By Q)dx + &

QeF QeFa

and

&) =2

a(t 1-—
¢ ()z"(sz)+ze+2—s/de.
N N Q

Using (5.22) and some of the previous estimates again we get

> ][ndx/cb(u + By dx = ) /nCD(U + By ) dx + &,
QeFa QeFua

and

&<t > /|<I>(v + By )| dx
QeF4

< t|&s|+1 Z /\@(v (xg) + 2y 9)| dx
QeFa
é. 26)
S &)+ L@ +1 Y LMD, vig) + A () (1P, v30))
QeFa
. 25) ( )
< 165|182 (Q) + 122 27 (@) + M dx
Q\C?

Finally we have for a standard smooth mollifier (¢,) ;=0 that
fQ|¢,*(v“Lsz)—v“|dx—>o as 1\ 0
and so by (5.22),
/Qn(b(v” + PBy)dx = /anb(¢, * (V'LQ) + ByY)dx + &7,
where
&) < lip@/ﬂ‘(ﬁt * (vLQ) —v'|dx < 2/Q|¢t * (vLQ) — v dx.

Collecting the above estimates we end the proof. O

We can now conclude the proof of Theorem 1.2 if we combine the Lem-
mas 5.6, 5.7, 2.4 with the following general result.
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Lemma 5.8. Suppose that the sequences (v;), (w;) in LY(Q,V) generate the Young
measures |, v, respectively. Assume that the oscillation measure for  is trivial,
say iy = Sy(x) for some v € LI(Q, V), and that the concentration measures for
W, v are mutually singular, say Q = @, U Q, is a Borel partition with 1, (2,) =
M (82y) = 0. Then the sum sequence (v; + w;) generates the Young measure k,
where the oscillation measure is kx = 8y(x) * vy for " almost everywhere x € Q,
the concentration measure is A, = A, + A, and the concentration-angle measure
is

% — {p@o for i, almost everywhere x €

* v  for X, almost everywhere x € .

The proof relies on the following decomposition result that is closely related to [17,
Lemma 2.31].

Lemma 5.9. Assume (w;) is a sequence in LY(Q, V) that generates the Young
measure v = ((vx), A, (vfc’o)). Then we can decompose wj = g; + bj, where

(gj), (bj) are sequences in LY(Q,V) such that (gj) is equi-integrable, g; X
((vx), 0, n/a) and b X ((80), A, (vfo)). The converse is also true: if (g;) is equi-
integrable, g ; l) ((vx), 0, n/a) and b 1) ((80), A, (ufo)), then gj +b; 1) V.

Proof. Itisnot difficult to see that we may choose k; ,/* oo such that the truncated
sequence g; = w;1 {lwj1<k;) is equi-integrable and generates the Young measure

((vx), 0, n/a). Put b; = w; — g;. In order to show that (b;) generates the Young

measure as asserted we use the integrands n ® ®, where n € C(Q), ® € H with
IT®|Lp < 1 (see Lemma 2.4). Now

/Qn(@(bj)—d>(u)j))dx = [ a0 - e@))a

lw;j|Sk;
+/ " n(®(wj) — ®(wj))dx
= /Qn(CD(O)—CD(gj)) dx
— /r/(CD(O) — (vy, CD)) dx as j — oo,
Q
hence we get that, as j — oo,
/nCD(bj)dx — /n(vx,CD) dx
Q Q
+ﬁn(vf,®“)dk
Q
+/n(<1>(0) — (vy, @) dx
Q

= /ndx d>(0)+/7n(vf°,<b°°)d)».
Q Q
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This is exactly what we wanted to prove.

The opposite direction is a straightforward subsequence argument: any subse-
quence of (g; + b;) admits a further subsequence that generates a Young measure.
~Using th§ properties of (g;), (b J:) itis eas‘ily shown that the Young measure in each
instance is v. We leave the details to the interested reader. O

Proof of Lemma 5.8. We start by writing w; = g; + b; as in the decomposition
lemma 5.9 and put ¢; = v; — v. We will show that

Y
bj+cj = ((Go)xea, by + Ao, (7). cq) (5.27)

where the concentration-angle measure is defined in Lemma 5.8. Once this is ac-
complished the proof is easily completed using that (v + g;) is equi-integrable
and the last part of Lemma 5.9. Note that we have, b; + c; — 0 in £ measure,
so the oscillation measure will be trivial. To identify the other parts of the Young
measure (and to show that one is indeed generated) we employ again Lemma 2.4.
Fix € C(Q) with [|9]loo < 1, ® € Hwith |[T®|ip < 1and ®(0) = 0.Lets > 0
and find disjoint compact sets C;,, C,, C € and open sets in R” with C w C Oy,
Cy C O, suchthat A, (Q\Cp) + 1, (2N 0,) < &, 4, (Q\Cy) +21,(2N0,) < &.
Next, let p € C(R") be a function satisfying 1¢, = p = 1¢,,. Write

1=/Qn(<l>(b,- Fcj) = Dbj) — D(cj))dx = I+ I,
where
”:/Qﬂp(q’(bj+C‘/)—<I>(bj)—¢>(c.,~))dx and [l =1—1I
Note that

lirnsup|II| < limsupZ/,olbﬂdx = Z/pd)w < 2)»‘,(50 Ou) < 2¢,
j Q

j—o0 Jj—00 Q

and similarly,

lim sup|177| < lim sup2/(1 — p)lejldx <23, (Q\Cy) < 2e.
Q

Jj—o00 j—o00
It follows that I — 0 as j — oo, and consequently we have proved (5.27). O

Remark 5.10. By Lemmas 2.1 and 5.7 we find a sequence () in C2°(2, V) such
that || ||yy:-11 — 0 and for any mollifier ¢,

¢ # (0. + 292" Q) + Bu; > (()xeq AL LQ, (02 req),

where Q¢ = {x € Q: A%x) > O}. By properties of Young measures it follows
that Zu; — 0in .4 (Q, V) and

¢j * (AVL" Q) + Bu;j — 0 in the biting sense on Q.
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6. Concentration Angle Measures and Proof of Theorem 1.3

The proof relies on the notion of convex deficiency integrand that we intro-
duced and used in [32] and that we will generalize and develop further here. Let
f:V — R be a Lipschitz integrand. We then define its convex deficiency inte-
grand CDy: V — Ras

CDf(Z)Esup{f(w+tZ't)_f(w):weV,t>O}. ©.1)

Note that hereby CD ¢ is Lipschitz with lip(CD y) = lip( /) and thatitis the smallest
positively 1-homogeneous integrand such that

fw+2) = f(w)+CDys(2) (6.2)

holds for all z, w € V. It might not be immediately clear, but CD is a convex
integrand:

Lemma 6.1. Let f: V — R be a Lipschitz integrand. Then
CDy(z) = sup{f’(w) -z: f is differentiable at w € V}

holds for all z € V. Thus CD s is the support function for the essential range of the
derivative f'.

Remark 6.2. While we shall not make use of this observation here we record that
the compact convex set that CD s is support function for is the set of all Clarke
subgradients of f:

{2/ € V: 7’ is a Clarke subgradient for f} = ﬂ [ZeV:iz wsCDr(w)}.
weV

Proof. Let R(z) denote the integrand on the right-hand side and put d = dimV.
Because f is assumed Lipschitz it follows by Rademacher’s theorem that f is
differentiable .7#¢ almost everywhere on V and that the essential range of the
derivative f’ is compact.

Let w € V be a point of differentiability for f. Then we have for all z € V that

fw+sz) — f(w)

N

, .
f(w)-z—il\tg < CDy(2),
and so taking the supremum over all such w we arrive at R(z) < CD(2).

For the opposite inequality we fix z € V\{0}. By Fubini’s theorem it follows that
for 774~ almostall w’ € {z}*, f is differentiable 7! almost everywhere on w’ +
span{z}. Now fix w € V suchthat f is differentiable 72! almost everywhere on w+
span{z}. By the fundamental theorem of calculus and the assumed differentiability
we have for all > 0,

fw—+1tz) —
t

1 1
fw) = / if(w—}—stz) ds = / f/(w—l—stz) - zds.
o ds 0
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But the right-hand side is bounded above by R(z) and since the left-hand side is
continuous in w it follows that

fw+1z) = f(w)

; S R()

holds for all w € Vand ¢ > 0, and therefore that CD s (z) < R(z). |

The choice of terminology for CD ; is explained by the following result.

Lemma 6.3. Let f: V — R be a Lipschitz integrand. Then f*°(z) < CDg(z) for
all z € V with equality when f is convex in the direction of z (or z = 0). Hence in
particular, CDy = f° when f is convex.

Proof. By Lipschitz continuity,

f°(z) = limsu
—00

pw < CD;(2)

holds for all z € V. It is clear that equality holds when z = 0. Next fix z # 0 and
assume f is convex in the direction of z, that is, for each fixed w € V the univariate
function ¢ — f(tz + w) is convex. Hence for s > 0,

Fo(r) = sup LUET W = Sw) o Gzt w) = f(w)

t>0 t S

and so taking supremum over s > 0, w € V, we arrive at f*°(z) = CD 7(z). The
last argument obviously also yields the last assertion of the lemma, namely that
CD; = f* holds when f is convex. O

We write A = A4.Z" L Q + 1° for the Radon-Nikodym decomposition of A
with respect to £".

Proof of Theorem 1.3. From Proposition 1.1, we have for some £ negligible set
N¢ C Q that

F(Ex+ka(x)D§°) §/dex+ka(x) i Foodvgo for x € Q\N*
\4 v

for all quasiconvex integrands F of linear growth. Suppose we are at a point x € 2
of diffuse concentration meaning that t = A*(x) > 0 (we work with the precise
representative of A¢ here). Consider for ¢ > 0 and & € V the integrand

F(§+ez) — F(§)

fe() =

which is itself quasiconvex and f>° = F°°.If £ is a point of differentiability of F,
then

li\r‘r(l) fe(z) = F'(§) -z locally uniformly in z.
&
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Testing the above Jensen-type inequality with f. and passing to the limit ¢ N\ 0,
we obtain by routine means

@) - (5 +07) < [ P atn@ ot [ o
\% S

v

= F/'(&) - v, +z/ F®dv,
Sy

which is rearranged as F'(§) - v° = (F*,v°) 4. c. Taking the supremum over
such & on the left hand side, we arrive at the “Jensen” inequality

CDfr(v°) < / F®dv® for x € Q\N? with A%(x) > 0. (6.3)
Sy

For x € Q\N* with A?(x) > 0 we take z = Dy, £ = A?(x)vL° in (6.1) to get for F

as above

F(0y + A (x0)0") = F(bx) + CDp(077)A" (x),

and in combination with (6.3) we get
F(bx + A%(0)05°) < F(by) + Aa(x)/ F>®dve. (6.4)
Sy

Clearly this inequality extends to all x € Q\N“ by declaring that O times undefined
is 0. Hence we have obtained Jensen inequalities for all «/-quasiconvex F of
linear growth against the Young measure (8,—,X, AL, v;’o) We can then employ
Lemma 5.7 and find a sequence () in C2°(2, V) such that ||1/[ly-1.1 — 0 and
for any smooth mollifier ¢; on R”,

¢j * ((0. + AL Q) + By generates (85, AL, vY°)

On the other hand, we can use Lemma 5.6 to find a sequence (¢;) in CZ°(2, V)
such that [|¢;[lyi-11 — 0 and

¢j * (VL LQ) + PBy; generates (3o, A*, v5°).

Finally, Lemma 5.8 enables us to add the two generating sequences above and
conclude the proof by setting u; = ; + ¢;. O

The above proof constitutes one direction in the following characterization of
the concentration part of an .o/ -free Young measure.

Proposition 6.4. Let o7 be an operator (1.1) with constant rank (1.2) and spanning
wave cone (1.3).

Leth € AT (Q)withi(d2) = 0and let (/LX)XGQ be a . measurable parametrized
Sfamily of probability measures |1, € ///1'" (Sy). Then (A, 7 X) is the concentration
part of an < -free Young measure if, and only if,

(i) o (mA) € & (LYRQ, V), and



868 JAN KRISTENSEN & BOGDAN RAITA

(ii) for all f € SQ (special <7 -quasiconvex integrands, defined in Section 4.2)
CDs(my) = / [ duy for \4L" almost all x € Q
Sv

holds,

where A = M4 L" + A\ is the Lebesgue—Radon—Nikodym decomposition of A with
respect to £L".

Proof. It remains to prove the if part of the statement. Hence assuming (i), (ii) and
putw = .1 we take v € L!(Q, V) such that &/v = —/w. Thenu = v.¢" +w €
(2, V) and /u = 0. Put . = (8y(x), A, ptx). Then p is a Young measure with
an .o/ -free barycenter, t = v.Z"|_Q + w.A = u. Next, if f € SQ, then by (ii) we
have for .£" almost all x € Q with A?(x) > 0 that

F) + A 0)) = f (&) + CDy ()2 (x)

< Foe) + / £ dpnd (o).
Sy

Consequently Theorem 1.2 ensures that v is an .o/-free Young measure. O

7. Beyond the Constant Rank Condition

Our paper is concerned with the characterization of weak convergence effects
for (asymptotically) <7 -free sequences via Jensen inequalities with respect to <7 -
quasiconvex functions. Throughout, we assumed that the linear differential operator
o/ has constant rank. In this final section, we discuss the difficulties that emerge in
the absence of the rank condition, prove a generation statement for general operators
that follows from our method, show how it can be used to retrieve the constant rank
case, and define a large class of operators where we conjecture that our method
is sufficient for the claim of Theorem 1.2 to hold (obviously, this class contains
constant rank operators).

7.1. Sharp Differences in the non Constant Rank Case: Perturbations and
Quasiconvexity

In this section, we will highlight three important differences between the con-
stant rank and non constant rank cases. In particular, we will give an example of an
operator .« for which

(1) the topology given by convergence v; — v and &/v; — </v is different from
the topology given by v; — v under &/v = 0;

(2) «/-quasiconvexity is different if tested with compactly supported or periodic
of -free fields;

(3) the weak convergence effects for (exactly) <7 -free sequences cannot arise only
from a vector potential operator 4.
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As can be seen by reading our paper, none of these three phenomena can occur
under the constant rank assumption.

Regarding (7.1), this has a dramatic impact on the easier implication of our
characterization result, Proposition 1.1. Most known methods to prove Jensen in-
equalities of this flavour, rely on bounds in the spirit of (4.6), which are known
to fail for non constant rank operators, cf. [22]. In fact, lower semicontinuity for
variational integrals under non constant rank constraints were only established in
a few examples, see [35,40].

Here we use the separate convexity operator from [40] to show that without
the rank condition there exist asymptotically <7 -free weak convergence effects that
cannot be achieved by exactly o7-free sequences.

To showcase this, suppose we are now in the quadratic case and have

vj—v in L*Q,V), &v;— v in H*Q,W), (7.1)

where we consider only Q-periodic vector fields with zero average, Q = (0, 1)".
We can write a formula for the L2-projections of v ; on ker <7, independently
of the rank assumption, using Fourier coefficients:

MV(E) = My ey D(E) for 0#& € 2"

In particular, since projections are uniformly bounded by 1 on Euclidean spaces,
this L2-projection is bounded as well. In particular, a continuous Helmholtz de-
composition

v; =v; + Iy;

with @/ v; = 0 survives. The issue, however, is that the compensation condition is
insufficient to control the second term. It was observed in [22, Cor.] that the bound

Myl 2 < el vl (7.2)

cannot hold, so we can conclude that the second convergence in (7.1) is insufficient
to prove that dist; 2(v; — v, ker &/) — 0 in the non constant rank case. Here we
give an example to show that this convergence need not hold even considering both
conditions in (7.1).

Example 7.1. Let.«Z (v}, v?) = (301, 31vz).Thereexistsasequence vj € L2(Q, R2)
such that (7.1) holds with v = 0 but dist; 2 (v, ker &) = 1 for all j.

To prove this, let v}. (x) = exp(2mi(j, 1) - x) and vjz. = 0. Then clearly v} 2 0in
L*°(Q) and

d(&)ﬁ,-(s)_(s_m 0> ol = — 0
e 0] s Wl =G =

On the other hand, dist; 2 (v, ker &) = ||TTvj[l;2 = [lvjll 2 = 1. In particular, one
needs a new argument to deal with the terms (ITv;). In the known cases, this was
performed by splitting into a strongly convergent part and a part that was controlled
by directional convexity. It is very unclear how one can proceed in general or even if
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it should always be the case that (7.1) implies Jensen inequalities for o7 -quasiconvex
f of quadratic growth.

Another sharp difference between the constant and non constant rank cases can
be immediately identified by examining the very definition of .<7-quasiconvexity.
For the operator <7 of Example 7.1, it is easy to see that solving

odv=0

in C2° (R2, R?) yields only the trivial solution and that the periodic solutions are
of the form (v'(x), v3(x2)). In particular, .«7-quasiconvexity is then equivalent
with separate convexity and it does not follow by testing with compactly supported
o/ -free fields. The sufficiency of testing with compactly supported o7 -free fields
holds true for constant rank operators by [42, Cor. 1] and we used it crucially
when constructing our generating sequence. We will further discuss the meaning
and circumstances of testing the quasiconvexity inequality solely with compactly
supported fields in the next sections; see also [24, Sect. 5] for a comparison of the
notions of compactly supported <7 -quasiconvexity and periodic <7 -quasiconvexity.
This clarifies point (7.1).

As for (7.1), we remark that an important consequence of our main results
is the following: if an operator ./ has constant rank, then all weak convergence
effects of .o7-free sequences can be described by a vector potential operator Z. This
phenomenon was first noticed in [42, Prop. 1] and refined in different contexts in
[20,21,23]. Here we show that for operators of non constant rank, vector potentials
cannot describe the solution space:

Proposition 7.2. Let </ be as in Example 7.1. Then for any vector space U there
exists no nonzero linear differential operator with constant coefficients % (possibly
inhomogeneous) on R? from U to R? such that

{v € C®(Ty, R?): v =0, 5(0) =0} D {Bu: u e C((0, )2, V)},

where (0, 1)? is identified with T in an obvious way.

Proof. The functions on the left hand side are of the form (v'(x}), v%(x2)) for
v; € C*(Ty), v;(0) = 0. We notice that these maps have a nonlocal structure in
T,, whereas the right hand side is local. Indeed, since Z cannot be identically zero,
there must exist a map u € C2°(Q, U) such that Zu is not zero everywhere, say
Pu(X) # 0. Here Q C R? is a cube with edges parallel with the axes which we
identify with the torus. If (%u(x)); = v'(x;), then without loss of generality, we
can assume that (Zu(X1, x2))1 = (Pu(X)); # 0 for all x,. This contradicts the
fact that u = 0 in Q\supp (u). O
Therefore, there are examples of non constant rank operators for which our methods
cannot be used. In the remainder of this section, we will focus on identifying what
we believe is the largest class where our method to prove Theorem 1.2 extends.

7.2. X-Quasiconvexity and Generation: the Proof of Proposition 1.4

We will now place a very general umbrella on top of our main generation result,
which includes the case of constant rank operators and other cases where our proof
is or can be useful.
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We will consider quasiconvex envelopes with respect to an abstract space X =
X (R™), which is alinear subspace of C2° (R”, V) which is assumed to be translation
and dilation invariant. We will also write X (2) = {v € X(R"): supp (v) C R}
for open sets 2 C R”.

We state the following generation result, which holds if we assume appropriate
Jensen inequalities at . almost all points.

Proposition 7.3. Let Q2 be an open bounded subset of R" and assume that v =
(vx, A, v;’o) is a Young measure on Q. Let v € .4 (2, V) be its barycentre and let
A= 20L" Q4+ AF be the Lebesgue—Radon—Nikodym decomposition of A with
respect to L.

Suppose that

/ fdvy + A% (x) / A 2 Ox f(Vx + 29(x)vY°) for L almost all x
\ Sy
holds for all Lipschitz integrands f:V — R, where

Qxf(Z)Einf{/Xf(erfﬁ(X))dx C 9 EX(X)}-

Then there exists a sequence (v;) of maps in X (2) such that for any sequence of
mollifiers ¢ ; A 8o in A (R™) we have

(¢j * (va LQ) + vj) generates (vy, AL Q, (V) xeqa),
where Q% = {x € Q: A%(x) > 0}.

Of course, similar results can be stated for the generation of the singular part of a
Young measure, but this is not our aim; likewise for contexts of weak convergence
inL?, p > 1.! What we highlight here is the flexibility of our generation proof,
which very precisely links quasiconvexification formulas to generation of weak
convergence effects of sequences from very general classes.

To obtain a proof of Proposition 7.3, the reader should follow the ideas in
Section 5.2 and the proof of Lemma 5.7. We remark that the Hahn—Banach argument
of Proposition 5.5 only uses the invariance of the space X (R"). The argument used
to prove Lemma 5.7 does not use any property of this space, just the homogeneous
case of Lemma 5.5 and a purely measure theoretic argument.

This is indeed the power of our main technical advancement: it easily interacts
with both functional analytic and measure theoretic arguments. The only stringent
constraint is the requirement of compact support, which is incompatible with the
operator of Example 7.1, see also the rest of the discussion in Section 7.1.

Despite this restriction, Proposition 7.3 is the backbone of the proof of The-
orem 1.2 and it is also crucial for the proof of Theorem 1.3. In particular, the
limitation of compact support is overcome for constant rank operators by using
[42], a point to which we will return later.

I See also [20] for the implementation of our method in the case 1 < p < oo of constant
rank operators.
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An important example of a space X (R”) which is new is that of .«7-free fields,
with arbitrary operators <7 as in (1.1)

X(Q) ={veCPR",V): v =0}

In fact, one can even take homogeneous rows in <7, of different homogeneities,
which preserves the dilation invariance. In this case, Proposition 7.3 reduces to
Proposition 1.4.

7.3. Sufficiency of Exactness Over Periodic Fields: the Return of Constant Rank

Of course, it may be that the class X (R") is very small and the generation result
of Proposition 7.3 is trivial. This is indeed the case when looking at X = kercx &/
for o/ given by Example 7.1: in this case, X = {0}. We would, of course, like to
know which is the class of operators .7 for which the weak convergence effects of
4/ -free sequences can be described by fields in kercee 7. This class is particularly
relevant in view of Malgrange’s result

kerceo @ = imc> %,

which we improve in Theorem 3.4.
It seems that if we require the exact relation above to hold for periodic fields of
null average, that is,

kerce o/ =imce %, where Cy = {v e C(T"): 0(0) = 0}, (7.3)

then we have that .&/-quasiconvexity can be described by fields Pu, with u €
C°(R",V), similarly to [42, Cor. 1], see also [24, Sect. 5]. This explains how
taking X = kerce « is sufficient to prove our main generation result, Theorem 1.2
in the case when & has constant rank. In that case, the exact relation (7.3) was
established in [42, Lem. 1].

7.4. Speculations Concerning Weak Convergence Effects via Vector Potentials

Though sufficient, the constant rank condition need not be necessary for the
exact relation (7.3). We speculate that this class contains for instance, the linear
part of the formulation of the Euler equations as a differential inclusion from [13],
for which it holds that

kerceo o/ = imco A.

Related facts can be found in [50]. In fact, we will finish with a speculation that the
class of operators for which the exact relation (7.3) holds, coincides with the class
of operators with (real) elliptic uncontrollable part, as introduced in [24, Thm. 1.1]
and characterized by means of algebraic geometry in [24, Cor. 4.6]. This guess is
consistent with the fact that (real) constant rank operators were shown to be part of
this class in [24, Thm. 1.1]. There is evidence that to stretch outside the class of con-
stant rank operators one may need tools of nonlinear algebra, such ascommutative



Oscillation and Concentration in Sequences 873

algebra or, more generally, algebraic geometry. This hope is substantiated by the
recent advances of Sturmfels et al in [8,9,36].

Funding Open access funding provided by Scuola Normale Superiore within the CRUI-
CARE Agreement.

Open Access This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate if changes were made.
The images or other third party material in this article are included in the article’s Creative
Commons licence, unless indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

References

. ALBERTI, G.: A Lusin type theorem for gradients. J. Funct. Anal. 100(1), 110-118, 1991
2. ALBERTI, G.: Rank one property for derivatives of functions with bounded variation.
Proc. R. Soc. Edinb. Sect. A 123(2), 239-274, 1993
3. ALIBERT, J.J., BoUCHITTE, G.: Non-uniform integrability and generalized Young mea-
sures. J. Convex Anal. 4(1), 129-147, 1997
4. ARROYO-RABASA, A.: Characterization of generalized Young measures gener-
ated by A-free measures. arXiv:1908.03186 (version 11/09/2019) and Arch. Ra-
tion. Mech. Anal.242(1), 235-325, 2021
5. ARROYO-RABASA, A., DE PHILIPPIS, G., RINDLER, F.: Lower semicontinuity and re-
laxation of linear-growth functionals under PDE constraints. Adv. Calc. Var. 13(3),
219-255, 2020
6. Bafa, M., MATIAS, J., SANTOS, P.M.: Characterization of generalized Young measures
in the A-quasiconvexity context. Indiana Univ. Math. J. 62(2), 487-521, 2013
7. BOGACHEYV, V.I.: Measure Theory. Vol. I, II. Springer, Berlin. Vol. I: xviii+500 pp.,
Vol. II: xiv+575, 2007
8. Cid-Ruiz, Y., Homs, R. & Sturmfels, B. Primary Ideals and Their Differential Equa-
tions. Found Comput Math 21, 1363-1399 (2021). https://doi.org/10.1007/s10208-020-
09485-6
9. Cip-Ruiz, Y., STURMFELS, B.: Primary decomposition with differential operators.
arXiv:2101.03643 (version 13/01/2021).
10. DACOROGNA, B.: Direct methods in the calculus of variations, 2nd edn. In: Applied
Mathematical Sciences, vol. 78. Springer, New York, 2008
11. DE PHILIPPIS, G., RINDLER, F.: On the structure of 7 -free measures and applications.
Ann. Math. 2(184), 3, 1017-1039, 2016
12. DE PHiLIPPIS, G., RINDLER, F.: Characterization of generalized Young measures gener-
ated by symmetric gradients. Arch. Ration. Mech. Anal. 224(3), 1087-1125, 2017
13. DE LELLis, C., SZEKELYHIDI, L., Jr.: The Euler equations as a differential inclusion.
Ann. Math. 1417-1436, 2009
14. DIPERNA, R.J., MaJDA, A.J.: Oscillations and concentrations in weak solutions of the
incompressible fluid equations. Commun. Math. Phys. 108, 667-689, 1987
15. EisenBuD, D.: Commutative algebra. With a view toward algebraic geometry. In: Grad-
uate Texts in Mathematics, vol. 150. Springer, New York, 1995


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1908.03186
https://doi.org/10.1007/s10208-020-09485-6
https://doi.org/10.1007/s10208-020-09485-6
http://arxiv.org/abs/2101.03643

874

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

JAN KRISTENSEN & BOGDAN RAITA

FonNsEca, 1., KRuZk, M.: Oscillations and concentrations generated by A-free mappings
and weak lower semicontinuity of integral functionals. ESAIM Control Optim. Calc. Var.
16(2), 472-502, 2010

FoNsEcA, 1., LEoNI, G.: Modern Methods in the Calculus of Variations: LP Spaces.
Springer, Berlin (2007)

FoNsEcA, I, MULLER, S.: A-quasiconvexity, lower semicontinuity, and young measures.
SIAM J. Math. Anal. 30(6), 1355-1390, 1999

FoNnseca, 1., MULLER, S., PEDREGAL, P.: Analysis of concentration and oscillation
effects generated by gradients. SIAM J. Math. Anal. 29(3), 736-756, 1998

GUERRA, A., KRISTENSEN, J., Raitd, B.: Oscillation and concentration under constant
rank constraints. OXPDE Technical report 20.16, 2020

Guerra, A., Raitd, B. Quasiconvexity, Null Lagrangians, and Hardy Space Integrability
Under Constant Rank Constraints. Arch Rational Mech Anal 245, 279-320 (2022).
https://doi.org/10.1007/s00205-022-01775-3

GUERRA, A., Raitd, B.: On the necessity of the constant rank condition for L? estimates.
C. R. Math. Acad. Sci. Paris 358(9-10), 1091-1095, 2020

GUERRA, A., Raitd, B., SCHRECKER, M. R.: Compensated compactness: continuity in
optimal weak topologies. arXiv:2007.00564.

HARKONEN, M., NICKLASSON, L., Raitd, B.: Syzygies, constant rank, and beyond.
arXiv:2112.12663v1 [math.AP] 23 Dec, 2021

HORMANDER, L.: The analysis of linear partial differential operators. 1. Distribution
theory and Fourier analysis. Second edition. Springer Study Edition. Springer-Verlag,
Berlin, 1990

HORMANDER, L.: An Introduction to Complex Analysis in Severable Variables, 3rd edn.
Elsevier, Academic Press (1990)

KINDERLEHRER, D., PEDREGAL, P.: Characterizations of Young measures generated by
gradients. Arch. Ration. Mech. Anal. 115(4), 329-365, 1991

KINDERLEHRER, D., PEDREGAL, P.: Gradient Young measures generated by sequences
in Sobolev spaces. J. Geom. Anal. 4(1), 59-90, 1994

KircHHEIM, B., KRISTENSEN, J.: On rank one convex functions that are homogeneous
of degree one. Arch. Ration. Mech. Anal. 221(1), 527-558, 2016

KRISTENSEN, J.: Finite Functionals and Young Measures Generated by Gradients of
Sobolev Functions. Technical University of Denmark. Department of Mathematics.
Technical Report, August, 1994

KRISTENSEN, J.: Lower semicontinuity in spaces of weakly differentiable functions.
Math. Ann. 313(4), 653-710, 1999

KRISTENSEN, J., Raitd, B.: Concentration effects of BV gradients have gradient structure.
arXiv:2112.10897v1 [math.AP] 20 Dec, 2021

KRISTENSEN, J., RINDLER, F.: Relaxation of signed integral functionals in BV. Calc. Var.
Partial Diffe. Equ. 37(1-2), 29-62, 2010

KRISTENSEN, J., RINDLER, F.: Characterization of generalized gradient Young measures
generated by sequences in W1 and BV. Arch. Ration. Mech. Anal. 197(2), 539-598,
2010

LEE,J., MULLER, PF., MULLER, S.: Compensated compactness, separately convex func-
tions and interpolatory estimates between Riesz transforms and Haar projections. Com-
mun. Partial Differ. Equ. 36, 2, 547-601, 2013

MANSSOUR, R. A. E., HARKONEN, M., STURMFELS, B.: Linear PDE with constant coef-
ficients. https://doi.org/10.1017/S0017089521000355

MOoRRrEY, C. B., Jr.: Multiple integrals in the calculus of variations. Reprint of the 1966
edition [MR0202511]. Classics in Mathematics. Springer-Verlag, Berlin, 2008
MuRrat, E.: Compacité par compensation: condition nécessaire et suffisante de continuité
faible sous une hypothese de rang constant. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 8,
1,69-102, 1981

MULLER, S.: On quasiconvex functions which are homogeneous of degree 1. Indiana
Univ. Math. J. 41(1), 295-301, 1992


https://doi.org/10.1007/s00205-022-01775-3
http://arxiv.org/abs/2007.00564
http://arxiv.org/abs/2112.12663v1
http://arxiv.org/abs/2112.10897v1
https://doi.org/10.1017/S0017089521000355

40.
41.
42.
43.
44.
45.

46.
. SHANKAR, S.: Controllability and vector potential: six lectures at Steklov.

48.
49.
50.

51.

Oscillation and Concentration in Sequences 875

MULLER, S.: Rank-one convexity implies quasiconvexity on diagonal matrices. Int.
Math. Res. Not. 20, 1087-1095, 1999

Raitd, B.: Constant rank operators: lower semi-continuity and L!-estimates. Doctoral
dissertation, University of Oxford, 2018

Raitd, B.: Potentials for A-quasiconvexity. Calc. Var. Partial Differ. Equ.58(3), Art. 105,
16,2019

Raita, B.: A simple construction of potential operators for compensated compactness.
arXiv:2112.11773v1 [math.AP] 22 Dec, 2021

RESHETNYAK, YU.G.: Weak convergence of completely additive vector functions on a
set. Sibirsk. Mat. Z. 9, 1386-1394, 1968

RINDLER, F., A local proof for the characterization of Young measures generated by
sequences in BV. J. Funct. Anal.266, 2014

RINDLER, F.: Calculus of variations. Universitext. Springer, Cham, 2018

arXiv:1911.01238, 2019

SYCHEV, M. A.: A new approach to Young measure theory, relaxation and convergence
in energy. Ann. Inst. H. Poincaré Anal. Non Linéaire 16(6), 773-812, 1999

SYCHEV, M.A.: Characterization of homogeneous gradient Young measures in case of
arbitrary integrands. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 29(3), 531-548, 2000
SZEKELYHIDL, L., WIEDEMANN, E.: Young measures generated by ideal incompressible
fluid flows. Arch. Ration. Mech. Anal. 206(1), 333-366, 2012

TARTAR, L.: Compensated compactness and applications to partial differential equations.
In: Nonlinear Analysis and Mechanics: Heriot-Watt Symposium, vol. 1V, Res. Notes in
Mathematics, vol. 39, pp. 773-812, 1979

JAN KRISTENSEN
Mathematical Institute,
University of Oxford,
Andrew Wiles Building, Radcliffe Observatory Quarters, Woodstock Road,
Oxford
0X2 6GG UK.

and

BOGDAN RAITA
Centro di Ricerca Matematica Ennio de Giorgi,
Scuola Normale Superiore,
Piazza dei Cavalieri, 3,
56126 Pisa
Italy.

and

BOGDAN RaITA
Department of Mathematics,
Alexandru-Ioan Cuza University of lasi,
Bd. Carol I, no. 11,
700506 Iasi
Romania.
e-mail: bogdanraita@ gmail.com

(Received December 23, 2019 / Accepted October 5, 2022)
Published online November 10, 2022
© The Author(s) (2022)


http://arxiv.org/abs/2112.11773v1
http://arxiv.org/abs/1911.01238

	Oscillation and Concentration in Sequences of PDE Constrained Measures
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Basic Notation
	2.2 Kantorovich Norm
	2.3 Linear Partial Differential Operators
	2.4 Young Measures
	2.5 Directionally Convex and mathscrA-Quasiconvex Integrands

	3 Potential Operators and the mathscrA-Quasiconvex Envelope
	3.1 Differential Operators and Vector Potentials
	3.2 A Dacorogna Type Formula for the Envelope

	4 Proof of Proposition 1.1
	4.1 A First Reduction: the Spanning Cone Condition
	4.2 The Closed-Range Inequality and Conclusion of Proof

	5 Proof of Theorem 1.2
	5.1 The Functional Set-Up
	5.2 The Hahn–Banach Argument
	5.3 Inhomogenization

	6 Concentration Angle Measures and Proof of Theorem 1.3
	7 Beyond the Constant Rank Condition
	7.1 Sharp Differences in the non Constant Rank Case: Perturbations and Quasiconvexity
	7.2 X-Quasiconvexity and Generation: the Proof of Proposition 1.4
	7.3 Sufficiency of Exactness Over Periodic Fields: the Return of Constant Rank
	7.4 Speculations Concerning Weak Convergence Effects via Vector Potentials

	References




