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Abstract

We study a family of gradient obstacle problems on a compact Riemannian
manifold. We prove that the solutions of these free boundary problems are uniformly
semiconcave and, as a consequence, we obtain some fine convergence results for
the solutions and their free boundaries. More precisely, we show that the elastic
and the A-elastic sets of the solutions Hausdorff converge to the cut locus and the
A-cut locus of the manifold.

1. Introduction

Let M be a smooth n-dimensional compact Riemannian manifold without
boundary. Let b € M be a fixed point. We denote by dj, : M — R the distance
function to b, and by Cut, (M) the cut locus, that is the set of points (cut points)
p € M for which there exists a geodesic y, starting from b and passing through p,
which is length minimizing between b and p, but not after p. The cut locus inherits
much of the topology of M. This is a deformation retract of M \ {b} and has the same
homotopy type (see for instance [25, Chapter III, Section 4]). Moreover, it is also
related to the global geometry of M, for instance, to the geodesic spectrum (every
close geodesics starting from b crosses Cuty, (M)) and the Ambrose’s problem (see
[L7D.

The local structure of the cut locus can be very rich and at the same time
complicated, as it seems to be closely related to the regularity of g. A stratification
theorem is available only when the metric g is analytic (see [22] and [5]), while
in general, it is known that Cut, (M) must have an integer Hausdorff dimension
(when g is C*°) that might even become fractional when g is C k (see [18] and the
references therein). The sensitivity with respect to the regularity of the manifold
(M, g) makes the cut locus difficult to recover by numerical methods involving
discrete structures. A more stable object from this point of view is the so-called A-
cut locus Cutz (M), which we introduce in this paper in analogy with the A-medial
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axis of Chazal and Lieutier, which is a widely studied object in Computational
Geometry (see Section 1.1). We refer to [12] for a detailed account on the impact
of our study to the numerical methods for the computation of the cut locus.

For any A > 0, the A-cut locus is defined as

2

dz(p)

Cuty(M) := {p € M\ (b} : [Vdp(p)]* £ 1 — : (1.1)

the norm of the generalized gradient |Vdj| being defined at every point p € M\ {b}
as

IVdy| (p) :=max {0, sup 0 dy(p)}. (1.2)
veTyM,|v|=1

where 3,7 dp(p) is the derivative of dj in the direction v (see Section 2). The A-cut
locus approximates the cut locus in the following sense: for every A > 0, we have
Cutg (M) C Cuty (M), while the closure of the union of Cutz (M) over A > 0 is
precisely Cut, (M) (see Proposition 2.9). In particular, just like the cut locus, the
A-cut locus is a non-smooth set, with a potentially very wild structure, even when
M is smooth.

In this paper we study the asymptotic behavior of a family of gradient obstacle
problems on the manifold M and we prove that both Cut, (M) and Cutz(M ) can
be recovered from the solutions of these problems. Moreover, even if our study is
purely theoretical, it leads to a new method for the numerical approximation of the
cut locus and the A-cut locus on a compact manifold (see Remark 1.2).

For any m > 0, we consider the variational minimization problem

min{/ IVul> —mu : ue H(M), |Vu| £ 1, u(b):O}. (1.3)
M

This problem has a unique minimizer, which we will denote by u,,. We consider
the sets

Ey :={p e M\ {D}: |[Vun(p)l <1},

2
and Em,)» = {P eEM\ {b}: |Vum(p)|2 g 1 - 2)‘ } (1.4)
U ()

Our main result is the following:

Theorem 1.1. (Approximation of Cut,(M) and Cutz(M )) Let M be a compact
Riemannian manifold of dimension n and let b € M and ). > 0 be fixed. Then,

E, — Cuty(M) in the Hausdorff sense. (1.5)
m——400

Moreover, for any fixed ¢ > 0, we have that

sup d(p, Cutz(M)) —> 0, and sup d(p, Eny) — 0(1.6)
PEEn . m—>+00 pe Cutﬁ“ (M) m—+eo
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Remark 1.2. (About the numerical computation of the cut locus) We notice that the
direct numerical approximation of the cut locus and the A-cut locus is difficult and
requires significant computational resources. Conversely, the variational problem
(1.3) consists in minimizing a convex functional under a convex constraint, which
considerably simplifies this task. The numerical approach based on solving (1.3) is
discussed in [12].

In order to prove Theorem 1.1, we have to study the regularity of the solutions
u, and the convergence of the sequence (u,,), as m — oco. We gather our main
results about the solutions of (1.3) in the following theorem, and we notice that
Theorem 1.1 is in fact an immediate consequence of the claims (T5) and (T6) of
Theorem 1.3 below (see Section 1.3):

Theorem 1.3. (Regularity and convergence of u,, ) Let M be a compact Riemannian
manifold of dimension n and let b € M be fixed. Then, the following holds:

(T1) Regularity of u,,. There exists a constant mg > 0, depending only on the
manifold M, such that for every m > my, the minimizer uy, of (1.3) is locally
chlon M\ {b).

(T2) Propertiesof E,,,. Foreverym > m, E,, is an open subset of M and coincides
with the set {u,, < dp}. Moreover, E,, contains Cut,(M) and is at positive
distance from b, that is u,, = dp in a neighborhood of b.

(T3) Monotonicity of u,, and E,,. For every m > m’ > mo, we have u, > u,.
In particular, E,, C E,p.

(T4) Semiconcavity of u,,. For every p > 0, there are constants C > 0 and
m1 > 0, depending on p and on the manifold M, such that

upy is C — semiconcave onM \ B, (D), (L.7)

for everym > m.

(TS5) Convergence of u,,. The sequence u,, converges uniformly on M to the dis-
tance function dp.

(T6) Convergence of the gradients. Let poo € M \ {b}. Then
e for every sequence p, — Poo, We have

IVdp|(poo) < liminf [V, |(pp) ; (1.8)
m— o0
e there exists a sequence p, — Doo Such that
IVdp|(poo) = lim [V |(pm) - (1.9)
m— 00

Remark 1.4. The semiconcavity of u,, (T4) and the convergence of the gradients
(T6) are the most technical part of the proof and are precisely the properties that
allow to approximate the A-cut locus with the sets Ej, ;..

Remark 1.5. If we replace the manifold M with a smooth domain 2 C R” and d},
with the distance to the boundary of €2, the problem (1.3) becomes the classical
elastic-plastic torsion problem, which we discuss in detail in Section 1.1. We notice
that, for this problem, the claims (T1), (T2), (T3) and (T5) are well-known. The
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Fig. 1. A polygonal approximation of a circle, with its medial axis

elastic-plastic torsion problem has a long history and inspired the study of numerous
problems involving more general (even fully nonlinear) operators. The crucial point
in all these problems is that the gradient constraint in (1.3) can be transformed into
an obstacle constraint on the function (see Section 1.1). Until now, this property
was exclusive for the Euclidean setting and for operators depending only on Vu
and u, but not on the points x € 2 (in fact, for operators with variable coefficients,
this equivalence is known to be false). A consequence of our analysis is that this
crucial equivalence is not exclusively Euclidean but is a property of the underlying
Riemannian structure of the manifold (see Proposition 1.8).

The rest of the introduction is organized as follows: in Section 1.1 we will discuss
the relation of the A-cut locus and the problem (1.3) to the A-medial axis of Chazal-
Lieutier and the classical elastic-plastic torsion problem. In Section 1.2 we will
discuss the key points in the proof of Theorem 1.3 and the plan of the paper.

1.1. Medial axis and A-medial axis in a domain Q

This section is dedicated to the Euclidean counterpart of Theorem 1.1. We go
through the definitions of the medial axis and the A-medial axis of a domain in
the euclidean space. Then, we discuss the approximation theorem of Caffarelli and
Friedman and its relation to Theorem 1.1. Throughout this section, we will use the
following notation: €2 is a bounded open set with C? regular boundary in R” and
dyq : Q© — Ris the distance function to the boundary of €2,

dyq(x) = min{|x —y| 1 ye 852}.

1.1.1. Definition of medial axis and A-medial axis The medial axis M(L2) is
defined as the set of points of 2 with at least two different projections on the
boundary 9€2,

M(RQ)
= {x € Q : dy,z €0, suchthat y #z anddyo(x) =[x — y| = |x — z| }

One crucial geometric property of the medial axis M (€2) is that it is unstable
with respect to small perturbations of the boundary of €2. For instance, the medial
axis of the circle consists of its center only, while the medial axis of a polygonal
approximation (the regularity of the approximating sets can be improved to C*
by rounding the corners) is the star-shaped set on Fig. 1. We refer to [2] for a
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detailed account on medial axis, stability and computability. This instability makes
computing numerically M (2) quite tricky. Indeed, any numerical approximation
of Q (for instance, with polygons) might introduce an artificial (and large) medial
set. In order to deal with this problem, in [11], Chazal and Lieutier defined the so
called A-medial axis of Q by setting, for any A > 0,

M(Q):={xeQ:r(x) A}, (1.10)

where r(x) is the radius of the smallest ball containing all the projections of x on
the boundary 9€2, i.e. the set {z € 92 : |x — z| = daq(x)}. It is known that, for A
small enough, M, (2) has the same homotopy type as M (L) (see [11, section 3,
theorem 2]) and that

M@) = [ Mu().
A>0

These facts justify the that M, (€2) is a good approximation of M (£2), for A small
enough. The crucial difference though is that M, (2) is stable with respect to
small variations of 2, whereas M (2) is not (we refer to [11, section 4] for precise
statements and proofs). Finally, we notice that the A-medial axis can be equivalently
defined (see [11, section 2.1]) as

)\‘2
M (Q) = {x €Q: |Vdya@)P <1 — 2 } , (1.11)

where Vdyq denotes the generalized gradient wherever djgq is not differentiable.

1.1.2. Approximation of the medial axis Given a constant m > 0 and a domain
2, as above, we consider the following elastic-plastic torsion problem

min{/ <|Vv|2—mv>dx ve HU(®), [Vl £ 1}. (1.12)
Q

As in the case of (1.3), the problem (1.12) has a unique minimizer, which we will
denote by v,,. Physically speaking, v,, represents the stress function of a long bar
of cross section €2, twisted with an angle m. The elastic-plastic torsion problem and
the properties of its minimizer v,, have been studied by various authors in the 60’s
and 70’s (see for instance [3,4,8,9,14,26,27] and [7]). In particular, in [4], Brezis
and Sibony proved that the gradient constraint in (1.12) can be replaced with an
obstacle-type constraint on the function. Precisely, the minimizer v,, of (1.12) is
also the (unique) minimizer of

min{/ <|Vv|2 —mv) dx 1 ve H (). v §d39}. (1.13)
Q

Notice that this result was later generalized to a broader class of variational problems
with convex constraints on the gradient (see [21,28] and [24]). However, none
of these will apply to our variant of the problem on manifolds, for which the
equivalence of constraints fails in general (see Section Appendix B).
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Finally, using the equivalence of (1.12) and (1.13), Caffarelli and Friedman (see
[6]) proved that the sequence of elastic sets {|Vv,,| < 1} Hausdorff converges, as
m — 400, to the medial axis M (£2). To be precise, in [6], it was showed that the
elastic sets converge to the so-called ridge R(2) which coincides with the closure
of M(£2), when € has a C? regular boundary. This result from [6] is the euclidean
counterpart of the first part of Theorem 1.1. Nevertheless, the strategies from [4]
and [6] cannot be reproduced on a manifold and do not imply the convergence
of the A-medial axis. In the proof of our Theorem 1.1, we still aim at replacing
the constraint on the gradient with a constraint on the function, but our approach is
different and allows us to deal with the presence of the manifold and to treat both the
cut locus and the A-cut locus. In particular, we obtain the following approximation
result for the A-medial axis:

Theorem 1.6. (Approximation of M, (2)) Let Q2 be a bounded open set in R" with
C? regular boundary. Then, setting

)\'2
Efi:{er:|va(x)|<1}andEn§f)L={er:|va(x)|2<1— - }
’ vy, (X)

we have that, for any fixed ¢ > 0,

sup d(x, M(Q)) —> 0, and sup d(x,E®,) — 0.
XeE ( )’”—)+°° XeEMite(Q) A mes oo

m,a

(1.14)

Remark 1.7. We do not exclude that the convergence rates in (1.6) and (1.14) can be
improved; for instance, it is natural to expect that there is a modulus of continuity
f 110, +00) — [0, +00) for which

Q
sup d(x,E, ;) — O
xer(}\)(Q) m, m——400

1.2. Proof of Theorem 1.3 and plan of the paper

We consider the variational problem
min{f IVul> —mu : ue H' (M), u < d,,} . (1.15)
M

We can immediately check that (1.15) admits a minimizer and that this minimizer
is unique (this follows by the convexity of the functional and the constraint). We
will denote by u? : M — R (°d’ stands for the distance’ constraint) the unique
minimizer of (1.15).



Cut Locus on Compact Manifolds and Uniform Semiconcavity 567

1.2.1. Part I. Equivalence of (1.3) and (1.15) Our first aim is to show that the
problems (1.3) and (1.15) are equivalent, that is the minimizers u,, and u% are the
same. Now, since every function which is 1-Lipschitz and is zero in b stands below
the distance function b, it is clear that u,, can be used to test the optimality of ufn,
that is, we have

/ (|Vuf1|2 —mui) 5/ (|Vum|2—mum).
M M

Notice that, if we are able to prove that the minimizer ui is 1-Lipschitz, then we
can use uZ, to test the minimality of u,,, i.e.

/(|Vuiln|2—muﬁl)2/ (|Vum|2—mum).
M M

This gives that both u,, and uﬁz are solutions of (1.3) (and also of (1.15)), which
means that they have to coincide. Thus, in order to prove that (1.3) and (1.15) are
equivalent, we have to prove that

Vul| <1 on M. (1.16)

In order to prove this, we proceed as follows:

e First, we prove that u% is C'-regular locally in M \ {b} (see Proposition 3.4).
e Then, from Lemma 3.3 and Lemma 3.1, we deduce that

Cuty(M) C {u? < dpy c M\ {b}.

In particular, since dj is smooth away from {b} and Cut, (M), we get that on
the boundary B{ufn < dp} both the distance function dj and the solution ufn

are differentiable and have the same gradient, which entails that |Vu$,| =1lon
dud, < dp).
e Finally, we use the fact that ui solves the PDE

Augl =m in {uf1 < dp}, |Vufn| =1 on {”i =dp)}

to deduce that |Vuﬁ1 | < 1alsointhe set {ufn < dp}. Now, in the flat (Euclidean)
case, this inequality is an immediate consequence of the fact that |Vu§in|2 is
subharmonic. On a general manifold M the situation is more complicated as
the curvature comes into play in the computation of A (l Vufn |2). For this reason
we are able to prove the bound |Vufn| < 1 on M (and so the equivalence of
the two problems) only in the case when m is large enough. Before we give
the precise statement of this result (see Proposition 1.8), let us emphasize that
this is not a mere technical assumption, but a consequence of the geometry of
the manifold. In fact, in the appendix (Theorem B.1), we give an example of a
2-manifold M for which the bound on the gradient fails when m is small.

The following is the main result of this first part of the paper (the proof is given
in Section 4):
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Proposition 1.8. (Equivalence of (1.3) and (1.15)) Let M be an n-dimensional
compact Riemannian manifold and let the constant K = 0 be a lower bound for
the Ricci curvature

Ric > —K, (1.17)

where Ric denotes the Ricci curvature tensor of M. Then, for every

m= %max {\/nl((l T Kdiam(M)?), nI(diam(M)}, (1.18)

we have that

}Vufn‘ =1 on {dy=ul), and ‘Vufn‘ <1 in E = {ud < dg).19)

In particular, for m as in (1.18), we have that ui = u,,, where u,, is the minimizer

of (1.3).

Finally, as a corollary of Proposition 1.8, we obtain the first two claims of
Theorem 1.3.

Proof of Theorem 1.3 (T1) and (T2). By Proposition 1.8 we have that u,, = ufn.
From the regularity of uﬁ’n (Proposition 3.4, Lemma 3.3 and Lemma 3.1), we obtain
(T1) and (T2). m]

Moreover, as in the classical case of the elastic-plastic torsion problem (see [6]),
we can now use the structure of (1.15) to obtain information about the monotonicity
of E,, and the uniform convergence of u,,.

Proof of Theorem 1.3 (T3) and (T5). The uniform convergence ui — dp on M,
as m — 00, is proved in Lemma 5.1. The monotonicity of u,, and E,,, and the
Hausdorff convergence of E,, to Cut, (M), now follow from Proposition 5.2. O

1.2.2. Part I1: Uniform semiconcavity and convergence of the gradients We
recall that our final objective is to prove the convergence of the sets E,;, ; (Theorem
1.1) and E,; §2 5 (Theorem 1.6). Now, from the definition of Ej, ;, it is clear that
this boils down to proving a convergence result for the gradients |Vu,,|. On the
other hand, we cannot expect any uniform estimate on the modulus of continuity
of |Vuy,,|; in fact, the sequence u,, converges (uniformly) to the distance function
dp, which is not even differentiable at all points. Thus, we adopt a different strategy
and we prove that the solutions are uniformly semiconcave, where our definition
of semiconcavity is the following:

Definition 1.9. (C-semiconcavity) Given a constant C > 0, a function u is said to
be C-semiconcave on M if and only if for any unit speed geodesic y : [a, b] — M,
the function t — Ct? — u(y (¢)) is convex. Moreover,

e we say that u is semiconcave if it is C-semiconcave for some constant C > 0;
e we say that u is locally semiconcave if for any p € M, u is semiconcave in a
neighborhood of p.
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The main result of the paper is Theorem 1.3 (T4), which we prove in Section
6. The key result is Proposition 6.1 and applies to both Theorem 1.3 and Theorem
1.6. Let us briefly give the idea of the proof of this proposition here, directly in the
setting of Theorem 1.3 (T4).
Sketch of the proof of Theorem 1.3 (T4) First, we fix a constant C; such that the
distance function dj, is C4-semiconcave on M \ B, (b). Then, for every unit speed
geodesic y : [a, b] - M, and every A € [0, 1], we define the function

c(y, 1)
= A(1 = A)(Cq + 1)(b —a)?

= (1= Mt (v @) + 2t () = (¥ )

where A;p, = (1 — A)a + Ab. We will show that the minimum of this function over
all geodesics y and all A is positive, which will give that u is (C4 + 1)-semiconcave.
First, we show that for any unit speed geodesic y and A € (0, 1), we can build a
unit speed geodesic ¥ : [a, b] — M and ) € (0, 1), such that

(7, hvttm) S c(ys hyu) and P(a,b) C Ey = {tpy < dp).

This follows from the semiconcavity of dj and the inequality u,, < dj (this is
explained in detail in the proof of Proposition 6.1). Thus, we only need to show the
semiconcavity of u,, in the non-contact region E,,. Since u,, is smooth in E,,, we
need to prove that (see Proposition 2.2)

Duy < (Cy+ )Id in E,.

In order to prove this inequality, for every p € E, and X € S”_I(TI,M ) we
consider an auxiliary function of the form

fe(p, X) = D2un(X, X) + & (C1 Vit (p) + Cody (p) = Catm(p))

and we show that for ¢ > 0 small enough and m large enough, we have f. <
Cg + 1/2. We suppose that the maximum of f; is achieved for some g € E,,
and some Y € §"~! (T, M) (the case when the minimum is achieved for g € 9E,,
is a consequence of known estimates for the solutions of the obstacle problem
with variable coefficients, see Section 7). Then, we construct, locally around ¢, a
function of the form

p > fo(p, X(p)) where X(p)eS"N(T,M),

and we compute its Laplacian in the variable p (notice that in the flat euclidean
case we can simply take the section p — X (p) to be constant). Finally, we obtain
that for an appropriate choice of ¢ and m, the Laplacian of this function has to be
positive, which contradicts the minimality of ¢ and concludes the proof. O

The main part of the proof of Theorem 1.3 (T4) is contained in Proposition 6.1,
which applies to both Theorem 1.3 and Theorem 1.6. In the proof of Proposition 6.1,
the function c is the Riemannian counterpart of the Korevaar’s convexity function
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(see [19]); in computing the Laplacian of f.(p, X(p)) we use some of Guan’s
second order estimates for Hessian equations in Riemannian manifolds (see [15]).

Atthis point, the convergence of the gradients | Vi, | (Theorem 1.3 (T6)) follows
from the uniform semiconcavity of u,, by a general argument (we give the proof
of this fact in Section 7). We are now in position to prove Theorem 1.1.

1.3. Proof of Theorem 1.1

The Hausdorff convergence of the elastic sets E,, to Cut, (M) is a consequence
of the uniform convergence (Theorem 1.3 (T5)) of the solutions u,, to the distance
function dp,, as explained in Proposition 5.2. Let us now prove the first claimin (1.6).
Suppose by contradiction that there are a constant § > 0, a sequence my; — oo and
a sequence of points py such that

Pk € Emyp. and d(pr, Cutj;(M)) > 8. (1.20)

By the facts that M is compact and that u,,, coincides with the distance function
dp in a neighborhood of b (that does not depend on k), we may suppose that pi
converges to some po, € M \ {b}. Now, from the uniform convergence of u,,, and
Theorem 1.3 (T6), we get that

A2 A2
IVdp|(poo) < liminf [Viuy, |(pr) < lim |1 — =1-——,
20 = e |k k=00 uz, () dj (poc)

which means that ps, € Cuti‘ (M), in contradiction with (1.20).

Suppose now that the second claim in (1.6) does not hold. Then, there are a
constant § > 0, a sequence my — oo and a sequence of points py € M € {b} such
that

Pk € Cut,’}”(M) and d(pk, EmM) > § forevery k > 0.

Up to extracting a subsequence, we may suppose that py converges to a point pso
such that

8
Poo € Cut?f’s(M) and  d(poo, Em;.0) > 3 forevery k > 0. (1.21)
Now, by Theorem 1.3 (T6), there is a sequence gy — p~o such that

IVdp|(poo) = lim [V, [(gk)-
k— o0

In particular, since p € Cuté” (M), we have that

2 22 26l + &2

< - :
dy(ps) ~  dj(poc)
Thus, the left-hand side is negative for k large enough and so, we have that

gk € Ep, ., which stands in contradiction with (1.21). This concludes the proof of
Theorem 1.1. o

lerr;O <|Vumk|(4k) -1+ ) =|Vdp|(pc) — 1 +

u2, (qr)
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1.4. Proof of Theorem 1.6

As shown in Section 6, we may apply Proposition 6.1 to get that the functions
vy, are uniformly semiconcave on 2. It is already known that the solution v,, of
(1.12) and (1.13) is locally C"! on . It is also well-known that v,, converges
uniformly to dyq as m — oo. As a consequence, reasoning as in Section 7, we get
that, for every xo, € €2, the following holds:

e if x;, = Xo0, then |Vdyql(xeo) < liminf |Vu, |(xy);
m—00

e there exists a sequence x;,, — X such that |Vdyq|(xso) = lim |Vuy,|(xy) -
m—00

Now, the conclusion follows as in the proof of Theorem 1.1. O

2. Notation, Definitions and Preliminary Results

2.1. General notation

We will denote by g the metric on M. T M denotes the tangent bundle of M and
T, M the tangent space of M at p. By Sk (T, M) we will denote the unit sphere
in T, M, that is,

S"NT,M) = {X e T,M : g(X,X)=1}.

Exp : TM — M is the global exponential map, while exp , is its restriction to T, M.
Finally, given a function u on M, Du is the differential of u, Vu is the gradient,
and D¥u is the k-th covariant derivative (in particular, by D we denote also the
Riemannian connection on M). Thus, for smooth vector fields X, Y : M — TM,
we have

¢(Vu,X) = Du(X) = Dxu = Xu and D*u(X,Y)=g(Dx(Vu),Y).

We will also use the notation | Vu|? for g(Vu, Vu), and Au for the Laplace-Beltrami
operator on M. We notice that —A 1is positive, that is, we have the integration by
parts formula

/ g(Vu,Vv):/ (—Au)v
M M

for every u, v € C2(M). Unless otherwise specified, all the integrals will be taken
with respect to the volume form associated to the Riemannian metric g. Finally,
we recall that H'(M) denotes the usual space of Sobolev functions on M, which
is the closure of C!(M) with respect to the H'-norm defined as

el =/ |Vu|2+f u’.
M M
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2.2. Semiconcave functions

In this section, we gather some of the main properties of semiconcave functions
on smooth Riemannian manifolds, which we will need in the proof of Theorem 1.3.
Some of these results can be found in [23], in the context of Alexandrov spaces,
while for a more detailed introduction to semiconcave functions in the framework
of euclidean spaces we refer to [10].

Let M be a Riemannian manifold, # : M — R a given function and y :
[a, b] = M be a curve in M. It is immediate to check that the function

t > Cr* —u(y (1)
is convex on [a, b] if and only if
(1 =Mu(y @) + ru(y (b)) — uy hap))
< Cr(1 —A)(b—a)® forany A € [0, 1], (2.1
where here and throughout the paper, we use the notation
Aap = —A)a+rb forany a,b,AeR. 2.2)

In particular, this means that the function u is C-semiconcave on M if and only
if (2.1) holds for any unit speed geodesic y : [a,b] — M. Analogously, u is
locally semiconcave if for every p € M there is a geodesic ball B,(p) and a
constant Cj, > 0 such that (2.1) holds (with C = C) for every unit speed geodesic
y :la,b] = By(p).

Remark 2.1. On a compact Riemannian manifold, semiconcavity and local semi-
concavity are the same.

Proposition 2.2. (Semiconcavity in terms of D?u) Letu : M — R be C?-regular.
Then

D*u<2Con M ifand only if  u is C-semiconcave on M.

Proof. Let y : [a,b] — M be a unit speed geodesic. Then the function ¢ +—
Cr? — u(y(t)) is convex if and only if

0=s2C-— d—zu(y(t)) =2C — iDu()'/(t))
- dt? dt
=2 — (D), 7 (0) + Du(Dy 7 (1))
=2C — D*u(y (1), y()).
The claim follows. o
The semiconcavity can also be read in local coordinates as follows:

Proposition 2.3. (Semiconcavity in local coordinates) Let u : M — R be a locally
Lipschitz function on a Riemannian manifold M. Then, u is locally semiconcave if
and only if for any chart ¥ of M, u o ¥~ is locally semiconcave as a function on
R".
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We postpone the proof of this proposition to Appendix A. We next show that we
can define the gradient of a semiconcave function at every point.

Proposition 2.4. (The generalized gradient of a semiconcave function) Let u :
M — R be a locally Lipschitz and semiconcave function. Then, at every point
p € M, u admits a directional derivative 3, u(p) in any direction v € T,M \ {0};
it is defined by

u(y (@) —u(p)

+ _d :
dy u(p) = a[u(y(t))]zzo = tgr& ;

where y : [0, 1] = M is any curve such that y(0) = p and y(0) = v. Moreover,
the map v +— 3 u(p) is 1-homogeneous and concave on T, M. Thus, it attains a
unique maximum in the closed unit ball of T, M at a unique vector vp.

Proof. By Proposition 2.3, we can suppose that M = R”, p = O and that y () = tv.
Then the function w(x) = C |)c|2 — u(x) is convex for C large enough and so, the
function ¢ — w is non-decreasing in 7, so the limit 9, u(p) = —3,;  w(0)
exists and is finite. The convexity of the function v — 9, w(0) is a consequence
from the convexity of w. The existence of a maximum of v Blf u(p) follows. O

It 33; u(p) > 0, then the 1-homogeneity implies that v, has norm one, and we
define

Vu(p) := 8;;14(}7)1),7 and |Vu(p)|=a;;u(p).

If a,j;u(p) = 0, then we set Vu(p) = 0. Thus, the norm of Vu(p) is given by the
following formula:

v = 0, A : 23
Vu(p)l = max {0, max  37u(p)} 2.3)

2.3. Distance function, cut locus and cut points

Let M be a compact Riemannian manifold, » € M and dj, : M — R be the
distance function to b. Here we recall the definition and some of the main properties
of the cut locus.

Definition 2.5. (Cut points) Let T > 0 and y : [0,T] — M be a unit speed
geodesic such that y(0) = b, 19 € (0, T) and p = y(ty). We say that p is a cut
point of b along y if y is length minimizing between b and p, but not after p, i.e
dp(y (1)) =t fort < 1y, and dp(y (1)) < ¢ fort > 1.

Definition 2.6. (Cut locus) The cut locus of b in M, Cut, (M), is defined as the set
of all cut points of b.

The following well-known facts about the cut locus can all be found in [25, Chapter
III, Section 4]:
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e Cuty (M) is the closure of the set of points p in M, for which there are at least
two minimizing geodesics connecting b and p;
o the distance function dj is smooth outside Cut; (M) U {b} and

IVdy| =1 in M\ (Cutb(M) U {b}) :

e d, is differentiable at p € M if and only if there is a unique minimizing
geodesics between b and p;

e in particular, Cut,(M) U {b} is the closure of the set of points of non differen-
tiability of dj;

o the exponential map exp,, : T, M — M is a diffeomorphism from an open set
of TpyM onto M \ Cuty(M);

e Cuty(M) is a deformation retract of M \ {b}. In particular, these two sets
have the same homotopy type, and so Cut, (M) inherits much of the topology
of M (like homology groups, for instance). See [25, Chapter III, Section 4,
Proposition 4.5] for a precise statement.

We next recall that in [20, Proposition 3.4], it was proved that, for any chart ¥ on
M \ {b}, the function dj, o ! is locally semiconcave on R”. Thus, by Proposition
2.3, dp, is locally semiconcave on M \ {b} in the sense of Definition 1.9. More
precisely, we have

Proposition 2.7. (Semiconcavity of the distance function) Let M be a compact
Riemannian manifold of dimension n and b € M be a given point. Then, for every
p > 0, thereis aconstant C > Qsuchthat the distance function dy, is C-semiconcave
on M\ B,(b).

In particular, by Proposition 2.4, for any point p € M \ {b} and any direction
v € TyM, dp admits the directional derivative 8;" dp(p) and so we can define Vd,
and |Vdj| atevery point as in (2.3). In Lemma 2.8 we give a geometric interpretation
of |Vdp| (p) in terms of the geodesics connecting p to b. We notice that similar
results holds also in the more general framework of Alexandrov spaces, but with
some additional restrictions on the curvature of the ambient space (see [1, Theorem
4.5.6] and also [1, Lemma 3.2] for the statement in the Riemannian context). We
give the proof directly for the distance function to a compact subset K of M.

Lemma 2.8. (Geometric interpretation of the generalized gradient) Let M be a
smooth Riemannian manifold without boundary, K a compact subset of M, and
dg the distance function to K. Let p be a point of M such that there exist several
minimizing geodesics from p to K. We denote the set of unit speed geodesics from
p to K that are minimizing between p and K by geod(p, K). For any v € T, M,
we have that

) d = i —7(0) - v. 2.4
v dx (p) yegﬁ?p,m y(©0)-v (2.4)

In particular,
|Vdk| (p) = max{0, max min —y(0) - v}. 2.5)

veT, M,|v|=1yegeod(p.K)
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In particular, if y1 : [0,dg (p)] — M and y> : [0, dg (p)] — M are two minimiz-
ing geodesics from p to K, then

1 71(0) - » (0
Vdx (p)] < \/M' 2.6)

Proof. Lety : [0,dg(p)] — M beageodesicof geod(p, K).Leta = y(dkx (p)/2).
As y is minimizing between p and y (dk (p)), we have a ¢ Cut,(M), and so p ¢
Cut,(M).In particular, the function d,, is differentiable at p, and Vd, (p) = —y (0).
Thus, for every ¢ > 0, we have that

dk (exp,(tv)) —dg (p) _ da(exp,(tv)) +dk (a) — dk (p)

t t
_ da(exp,(tv)) — da(p)
t

Passing to the limit as ¢+ — 0, we get

3y dk(p) = yegergcii?p’m —7(0) -v. 2.7
Now, for every 1 > 0, let y; € geod(exp,(tv), K). For ¢ small enough, the length
of y; is bounded by dg (p) + 1. By compactness of the set of geodesics of length
bounded by a given constant, there exists a sequence of positive numbers (#,),,>
that converges to 0, such that y, := y;, converges to a unit speed geodesic y as
n — 4o00. As K is closed, y is a geodesic from p to K. What is more, we have
that

length(y) = lim length(y,) = lim dk (exp, (V) = dk (p),

soy € geod(p, K). Let R = min{inj(M), dx (p)/2}, where inj(M) is the injec-
tivity radius of M. In particular for any (x, y) such that d(x,y) < R and x # y,
the distance function d( -, -) is smooth in a neighborhood of (x,y) in M x M.
For n € N, let b, := y,(R), and by, = Y(R). Let U,V C M be precompact
neighborhoods of p and by, respectively such that d( -, -) is smooth on U x V.
For n big enough, we have exp ,(f,v) € U and b, € V, and so

dg (p) = dg (by) +d(by, p)
= dg (exp, (14v)) — d(bu, exp,,(1,v)) + d(by, p)
= dk (exp, (1av)) — Vad (b, p) - v + 0(ty), (2.8)

where V; is the gradient with respect to the second variable. We have that
Vad(by, p) —> Vad(boo, p) = —y(0)

because d( -, -) is smooth on U x V. Thus (2.8) yields

dr(exp,(tyv) — dk (p)
lim in

n—oo 1‘"

z —y(0) - v.
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In particular,

atd >  min  —y(0)-v.
Ly dk (p) _yegw;(p’m y(©0) v

With (2.7), this concludes the proof of (2.4). Now, (2.5) follows from (2.4) and the
definition of the generalized gradient (2.3) of semiconcave functions. Finally, in
order to prove (2.6), we consider the vector v that realizes the maximum in (2.5)
and we write it as v = —ay(0) — By2(0) 4+ v, where v} is orthogonal to y;(0)
and 1, (0). Then, we have that

—v-y10) =a+By1(0)- 2(0)  and  —v-y2(0) = B+ ay1(0) - y2(0).

In particular,

1
yeg;gc}r(lp,lf) y©-v= 2( v-y1(0) — vyl ))

1 . .
= 3@+A)(1+710) - 720). 2.9)
Now, using the fact that
o + B% + 2aBy1(0) - 12(0) < [v]* =1,

we get that

1
@+8)7 = 1+2aB(1=71(0) - 720) = 1+ 3@+ B (1= 710) - 20),

which implies that

2
2
@ =50 o)

which, together with (2.9), gives (2.6). |

As a consequence of Lemma 2.8 and in particular of (2.6), we obtain the A-cut
locus approximates the cut locus in the following sense:

Proposition 2.9. Suppose that M is a compact Riemannian manifold, the point
b € M is fixed and that dy is the distance function to b. Then, for every X > 0,
Cutz(M) C Cutp(M). Moreover, the cut locus Cuty(M) is the closure of the
union U Cuti‘(M).

A>0

Proof. The inclusion Cutg(M ) C Cutp(M) follows from the fact that dj, is differ-
entiable and |Vdj| = 1 outside Cut, (M) U {b}. In order to prove the second claim,
we fix a point p € Cut,(M). Then, there is a sequence of points p, € Cut,(M)
for each of which there are at least two different minimizing geodesics from p, to
b. Now, from (2.6), we have that p, € Cuté" (M) for some A;, > 0. This concludes
the proof. O
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3. Regularity of ufn

This section is dedicated to the C!! regularity of the minimizer u‘fn of (1.15).
We recall the following result:

Lemma 3.1. (Regularization of the obstacle, [16]) For any m > 0, there exists a
function dp which is smooth on M \ {b}, such that

ui§tfl\;,§db on M, and d,<d, on Cuty(M).

In particular, ujfl is also the solution of the obstacle problem
min{/ IVul> —mu : ue H' (M), u§d~b}. 3.1
M

One could adapt to the manifold framework the regularity theorems for the classical
obstacle problem on a euclidean domain and, with the preceding lemma, deduce
the regularity of ufn. Rather than doing that, we will use Lemma 3.1 to reduce our
problem to a classical obstacle problem on a euclidean domain. Let us start with
the following regularity lemma:

d

o IS continuous on

Lemma 3.2. (Continuity of u}}) For any m > 0, the function u
M.

Proof. We will reduce our problem to a classical obstacle type variational problem
on an open subset of R"”, by a series of elementary modifications, and apply a
classical W ? regularity theorem.

From Lemma 3.1, we know that there exists an open set U C M and ¢ > 0
such that

Cutp,(M) CU  and uﬁl <d,—¢e on U.

As a consequence, on the set U, ufn verifies the Euler-Lagrange equation of (1.15),
i.e Aud = —2m. In particular, it is C> smooth on U. Let  C M be a smooth
open set such that

UScQ, 9QCcU and Cut,(M)NQ =4.

As U¢ C 2, it suffices to show that u% is continuous on . As 92 C U, ui is

smooth on 3€2, so there exists a smooth function v,, on  such that v,, = ufn on

2. Then, one can check that u¢, is a solution of the variational problem
min{/ IVul> —mu : ue H(Q), u <dpinQ, u = vy onaQ}.
Q
As a consequence, uff1 — vy, 1S a solution of the variational problem

min{/ IVu]? = (m + Avy)v : v e HHRQ), v<dy — vy, in sz} (3.2)
Q
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Because we have Cut,(M)NQ = @, the exponential map at b is a diffeomorphism
onto Q. Let ¢ : Q — € C R” be a normal coordinates chart centered at b. Let
g = (g") denotes the metric of M in the coordinates defined by ¢, and det g its
determinant. We recall that the Riemannian volume measure is given in coordinates
by +/det g dx. Thus we have that

(96 = 00+ dunyw) = [ (810067000671 erg
Q Q
— (m + Avp) o qb_])(v o qb_]),/detg) dx,

SO (ui — U)o ¢! is a minimizer of

mm{/( i Jdet g diw d;w — Fw) dx :weH(}(Ez),wgw}, (3.3)

where we have set ¥ := (d, — v) o~ ' and F := (m + Av,,) o ¢~ 1 /det g. We
want to apply [29, Theorem 4.32]. For this we need to write the above variational
problem into a variational inequality. Let w be a competitor in (3.3). Writing down
the minimality of w,, := (uﬁl — U)o ¢_1 against the competitor wy, + ¢ (w — wy,),
for t € (0, 1) small, we find that

(Awp, wy, — w) i (F, wy — w),

where A is the elliptic operator defined on H, (Q) by Aw := —9;(g" /det g d;w).

From there, we can apply [29, Theorem 4. 32] to deduce that, for any p < n, if
Ay A F € LP(Q) then Aw,, € LP(Q) To check that Ay A F € L”(Q) it is
enough to check that A(dp o ¢~ h e LP(Q). As dp, is smooth except at b, it is
enough to check that (A (db o gb 1Y)? is integrable at 0. But this is a consequence of
the fact that —Adp o~ = «/(WA(db o¢~1), and Lemma 3.5 below, from which

we deduce that A(dj o ¢~ 1)(x) is equivalent to 2= L when x goes to 0. Therefore,

for p < n, (A(dp o p~1))P is integrable at 0, and so Aw, € L”(Q) By elliptic
regularity, this implies w,, € W p(Q) forany p < n.By the Sobolev embeddings,
w,, is then continuous on Q and so ud is continuous on £2. This concludes the
proof. O

We can now define the set E¢ := {u¢, < dp}, for any m > 0. It is an open
subset of M, on which ufln solves the equation Auif1 = —2m. We can now prove.

Lemma 3.3. For any m > 0, we have u = dp in a neighborhood of b.

Proof. Let us assume that we have constructed a C ! function v on B g(b) for some
R > 0, such that

v <d, in Bg(b), (3.4
v=adp in B.(b) for some ¢ € (0, R), (3.5
v<0 in d Br (D), (3.6)

Av Z —m  in Bg(b) in the distributional sense. (3.7
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We will then show that we have ufn = v. The construction of v is postponed to the
d

end of the proof. From Lemma 3.2, we know that the function v — uj, is continuous.
Let us first assume that v — u% attains a positive maximum at a point x € Br(b).
‘We have that

0 < v(x) —ud (x) £ dp(x) — ud,(x),

so x € E%. Moreover, we have u¢, > 0 since max(u¢,, 0) is a better competitor

than ufn in (1.15), so
v —ui S<v <0 on dBgr(b),

and so x € Bg(b). Hence the function v — ui attains a positive maximum inside
the open set E;,ﬂ N Br(b), but its Laplacian verifies in the distributional sense:

Aw—uly=Av+m=>0. (3.8)

This yields a contradiction, by the maximum principle. Then, the maximum of
v — uﬁl on Bg(b) is non-positive, and we get

ul >v=d, in Be(b),

which concludes the this proof.

Let us now construct the function v that was used above. Let R > 0 be small
enough so that By (b) is contained in a normal neighborhood of b. In polar coor-
dinates around b, we define v as a radial function. For ¢ > 0 to be chosen small
enough later, let f : [0, R] — [0, co) be the C ! function such that

fr)y=r if r<e,

£+ L = -3 if e 39

If n = 2, the unique C! solution to this system is given by

{f(r):r if r<e,

fr)=e+ % (82 — rz) + (s n %82) 1n(£) if r>e  (3.10)

If n > 3, then the solution is
fry=r if r<e,
m (s 2
fry=e+ (217
4n

L1
b (e o) ( - ) it r>e 3D

2n n—2\gn—2 pn-2

Then, we set in standard polar coordinates v(x) = f(r) forx € Bg(b). Forr < ¢,
the constraint (3.5) is verified by definition. (For » > &, we chose f so that Av is
small, but still bigger than —m.)
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Let us show that (3.4) holds. Let us set g(r) := f(r) —r and prove that g < 0.
We have g(r) = 0 for r < ¢ so it is sufficient to prove that g’(r) < 0 for r = &.
However, as f verifies (3.9), g verifies

n—1, n—1
§ =—m-—

g+ for r > e.
In particular, whenever g’(r) = 0, we have g”(r) < 0. This implies g’(r) < 0 for
r 2 g, and so (3.4) is verified.

Now let us show that (3.7) holds if R has been taken small enough. We use the
following expression of the Laplacian in coordinates:

1 »
Av = ——0; ( det ”8~v>.
det g ! 8879
Here g = (g%/) is the metric of the manifold M, and det g its s determinant. We apply
this formula to polar coordinates to find that, on Bg(b) \ B.(b), we have, in the
classical sense,

1 oy detg
A — a dt !/ — 17 r /
V= e F(Vdetg f'(r) = f" + 2detgf
oy on—1 ordetg n-—1Y\
= r f +(2detg r !
m ordetg n—1 ,
=——= — . 3.12
2 +(2detg r )f ( )

Note that by applying the Laplacian formula in polar coordinates to the distance
function dp (x) = r, we find that

o det
Ady = T8 (3.13)
2detg
Because of Lemma 3.5, we also have that
n—1
Adp(x) = - +o(1).
With (3.12) and (3.13), this last equation yields, in the classical sense,
Av = —% +o() f'(r) on Bgr(b)\ B:(b). (3.14)

Moreover, it is clear from the following expression that f’ is bounded on [¢, R],
by a constant independent of R, as long as we choose R < 1:

1
i =—"r+ (e”*l + ﬁs”) — for e<r <R
n n r

Hence from (3.14) we see that by taking R small enough (independently of ), we
can ensure that

Av > —m on Bg(b)\ Be(b).
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But from (3.14), we see that the above is also true on B (b) if ¢ is small enough.
Thus the function v is C! on B (b) and verifies Av(x) = —m when x ¢ 0B:(b),
hence (3.7) holds. It is also clear from (3.10) and (3.11) that the constraint (3.6) is
verified if ¢ is taken small enough. This concludes the proof. O

We can now prove the C!-! regularity of ui.
Proposition 3.4. For any ¢ > 0, the function ui belongs to C1(M \ B (b)).

Proof. We reproduce the proof of Lemma 3.2, but we replace the open set Q2 with
Q:=Q \ B¢ (b), and the function v,, with a function v,, that is smooth and such
that w,,, = u,, on 9$2. We know that such a function exists because U, 1s smooth
on d B, (b) for ¢ small enough, as it can be seen from Lemma 3.3. This way, we can
apply the stronger W2 regularity result for the obstacle problem [29, Theorem
4.38], since dj, is smooth on Q. We get that ud belongs to w2>* = ¢l 1(Q.) As

d is smooth on Ed and 9Q C Ed thenu is Cl ! onQUEm =M\ B:(b). O

We end this section with the following computational lemma, which we used
in the proof of Lemma 3.3.

Lemma 3.5. We have

1
Ady(p) 1%* o(1). (3.15)

Proof. We compute Ady, in normal coordinates centered at b. Let g = (g'/) be the
metric of M in these coordinates. We have

Ady(x) = 3 ( detg g"fajdb) ).

1
Jdet g

In normal coordinates, the metric is euclidean up to order 1 as x goes to 0. So we
have

¢ (x) = 8 + o(x), a,»( detgg”)(x)=0(1) and e = 1000,

Moreover, in normal coordinates, we have dp(x) = |x|, and so

ij n—1
d aijdb(x) = W,

which gives, precisely, (3.15). O
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4. Equivalence of the Two Constraints

Proof of Proposition 1.8. As above, we denote by ujf, the minimizer of (1.15). In
order to show that ufn solves (1.3), it is sufficient to show that u% is an admissible
competitor in (1.3), that s, qun| < 1 on M. Recall that the function ui is C! except
at b, by Proposition 3.4.

First, suppose that x # b is in the contact set P,‘,f = {ufn = dp}. By Lemma
3.1, we have x ¢ Cut, (M), and so the distance function d}, is differentiable at x. It
is a simple consequence of the constraint ufn < dp and the equality u,dn (x) =dp(x)
that we have Vuﬁl (x) = Vdp(x). The desired inequality |Vufn (x)| < 1 follows.

In the non-contact set E¢ = {u? < dj}, the function uZ, solves the PDE
d
Auy,, = —2m. “4.1)

In particular it is smooth, and we may apply the Bochner-Weitzenbock formula

A <‘Vufin

2 2
. d d 2.d d d
) — 2Ric(Vud, Vud) + 2 ’D um’ rovaul, vul), 42

where Ric denotes the Ricci curvature tensor on the manifold M and D?u¢, is the
second covariant derivative of uﬁl. The last term is 0 because of (4.1). As for the
second term, we have that

2 ] 2 2
‘Dzufn‘ > - (Trace(Dzuff,)> =4m7, (4.3)

where the last inequality is due to (4.1). As the manifold M is compact, there exists
a constant K > 0 (depending on M only) such that the Ricci curvature is bounded
from below by —K . In the end, (4.2) yields

A <)vu§1

Now notice that, by (4.1),

28
> Z“m2. (4.4)
n

2 d
) 12K ’Vum

2

2
A ((wh)?) = 2uf, Aug, +2 ‘Vu;in‘ — —dmul 42 ‘wi ,

so (4.4) gives
ik d\2 8 , d
A ‘Vum‘ + K (u,,) =;m —4Kmu,

8 8
“m? —4Kmdp = —m?* — 4Km diam(M).
n n

v

Thus, if m > % Kdiam(M), the function |Vug, |2 + K (u¢)? is subharmonic in the
non-contact set Effl. From Lemma 3.3, we have E ;’1 C M\ {b}, and with Proposition
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3.4, we get that the function |Vui |2 + K(ujfl)2 is continuous on E_;‘,’1 Cc M\ {b}.
Therefore we may apply the maximum principle to get

2 2
Vug | < |[vui |+ K@iy < sup <)vu§1
dEY
<1+ K sup(dp)® < 1 + Kdiam(M)?
9Ed

m

2
+ K(u;f,)2> =1+ K sup(u?)?
dEY

With (4.4), this last inequality gives
d 2 8 2 . 2
A (wm’ 2 =m? —2K (1 + Kdiam(})?)

Thus, whenever the right-hand side is nonnegative, the maximum principle applied
. 2 . . 2 .

to the function |Vufn| on the open set E¢ implies that |Vug1 < 1 on this set.
This concludes the proof. O

5. Convergence of the Non-contact Set
In this section we show that the non-contact set Egl = {ug1 < dp} (which

coincides with E,,, for m large enough, as we showed in the previous section)
Hausdorff-converges to Cut,(M).

IO

Lemma 5.1. We have ||dp — ufn Loy S —, for some positive constant C de-

pending on M only.
Proof. We only need to prove the proposition for m large enough. Therefore, thanks
to Proposition 1.8, we will assume that m is large enough so that }Vum < 1. We

only need to show the estimate on E¢ since outside this set, u% and dj, are the same.
We will show that for m large enough, we have that

vp e EL 3p e (EY)° suchthat d(p,p) < 5n/m. (5.1)
This will conclude the proof since by the 1-Lipschitzianity of ufn and dp, we then
have that
—_ d ,— < d — _ < 1071
db(P) — iy (P)| < |db(p) =y (p)| +2d(P. p) = 0+2d(p. p) = ——.

which is what we need. In order to prove (5.1), we argue by contradiction and
assume that Bs,/,, (p) C E,‘f, We want to apply the maximum principle to the
function v defined on Bs; /,, (p) by the formula

2
v(p) == ul(p) — inf_ul + = (dp(p)Z — <5_”> ) .
2n m

sn (P)
m

For any p € Bsu/m(p), we have Auﬁl (p) = —2m because we have assumed
Bsu/m(p) C E;‘fq. To estimate the Laplacian of d%, we use some normal coordinates
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(x?) centered at . In these coordinates, the metric is euclidean up to order 1,
uniformly in p since M is compact, and d5(x) = |x| (see Lemma 3.5). We get that,
for m large enough, independently of p,

Vp € Bsym(P), Adi(p) < 2(2n).

All in all, we obtain, on Bs,,», (p) C EZ, that

m
Av S —2m+ —2(2n) =0,
2n

so we can apply the maximum principle to v to get

v(p) = inf v,
b "~ 0Bsn ()

v

2
d— . d m (5n

— f —— | — 0. 5.2
u,, (P) 33151,1, - Un = 4o (m) (5.2)

As we have taken m large enough so that |Vu§1} < 1, we also have

5n m [5n\>
d — . d
u — inf u —_— <=,
m(P) Bs,» T m 4n(m>

A

which contradicts the estimate (5.2). This concludes the proof. |

d

d
o, and convergence of Ef,) For any

Proposition 5.2. (Monotonicity of u? and E
m > m' > 0, we have

u?, < ui <dp, and Cutp,(M) C Ef,l, C Ei/.
Moreover,

E ffl — Cuty(M) in the Hausdorff sense.

Proof. The fact that, for any m > 0, Cut,(M) C Ef‘,’l, is a direct consequence of
Lemma 3.1. Let us prove the second inclusion. For m > m’ > 0, note that by the
respective minimality of ui and ui/, we have

2 2
/ )Vmax(ufn,,ui)’ —m/ max (u?,, ul)) z/ ‘Vui‘ —m/ ud |
M M M M

2 2
and / ‘Vmin(ufn,,ui)‘ —m’/ min(“ﬁw“i) 2/ ‘Vufn, —m// ufn,.
M M M M

Using the formulas
>ud ) + Vuﬁﬂ{ud,gufn}’

d dy __ d
V max(u,,, u,,) = V“m’]l{ui,

. d dy _ d
\ mln(um/’ um) - V”tm]l{u;‘in,>u‘fn}

vul 1
VU b, <ug )
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we obtain

'wd,)z—‘wd‘z > _
wd =gy N\ ")
2 2
and / (’Vud‘ —‘Vud, ) Z—m’/ (ud,—ud).
m m — m m
{ufn/>u§1n} {u;fl,>u"'}

Summing these two inequalities, we get

3
v
<
BN
VoS
=
I X
|
=
I X
N—

0> @m—m) (ud,—ugl),
N {u?,>ug) "
and so u?, > ui,. In particular, E¢ C E¢,.

We are left to show the Hausdorff convergence in £ ,‘,ﬂ to Cutp(M).Givene > 0,
let us set

Q= {x e M :d(x, Cuty(M)) > &}.

We will show that for m large enough we have Ei C (R22¢)¢, which will conclude
the proof. Let ¢ : M — R be a function such that ¢ < dp on M, ¢ = dj on Qo
¢ < dp on 092, and ¢ is smooth on M except at b. We want to apply the maximum
principle to the function ¢ — u¢, on E4 N Q.. We have that

Alp—uly=A¢p+2m on E!NQ,

so for m large enough the function ¢ — ufn is subharmonic on E;‘fl N Q. On 9L,
we have ¢ < dj and ui converges uniformly to dj, as m tends to +o0o (Lemma 5.1)
s0 ¢ —ud, <0, for m large enough. On d E , we have ¢ — u?, = ¢ —d;, < 0. Thus
the maximum principle implies that for m large enough, we have ¢ — ui <0Oon
E;‘fl N Qg. As ¢ = dp, on Q,, we get ufn > dp on E,‘fl N Q2. Since by definition
we have uﬁl < dpon E,i, we get E,% C (22,)¢, which concludes the proof. O

6. Semiconcavity

This section is dedicated to the semiconcavity of the solutions to the obstacle
problems (1.15) and (1.13). The key result is Proposition 6.1, which applies to both
Theorem 1.3 and Theorem 1.6.

In the case of Theorem 1.6, we have M = Qand dM = Q.

Proposition 6.1. Let M = M U dM be a smooth compact Riemanniannian mani-
fold, with (possibly empty) boundary d M. Suppose that, for some constants L > 0
and C > 0, we are given the following:

(a) a function d : M — R, which is bounded and C-semiconcave on M K
(b) a family of functions u,, : M — R, form > 0, such that:

(b.1) for everym > 0, u,, <d on M;

(b.2) for every m > 0, uy, is L-Lipschitz on M;
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(b.3) on the set E,, = {u,, < d}, u,y, is C°° smooth and
—Au,, =2m in Ey;

(b.4) E,, is precompact in M;
(b.5) for every n > 0, for every m > 0, there is a neighborhood Ny », of E,, in
M such that

D*up < (CH+n)1d in Ey 0Ny
Then, for every n > 0, there exists my > 0 such that

.
Uy, is (C + n)-semiconcave on M, for every m > my.

Application to Theorem 1.6. In order to apply Proposition 6.1 to Theorem 1.6,
we take M = Q and 9M = 9. The function d is the distance function dyo
to the boundary of €2, while u,, is the solution v, of (1.13) (thus, the Lipschitz
constant from (b.2) is L = 1), which means that the conditions (b.1), (b.2) and
(b.3) are fullfilled. When € is C2 regular, the set M (£2) is contained in 2. Now,
as the elastic sets {u,, < d} Hausdorff-converge to M(2) (see [6]) we get that,
for large m, u,, coincides with d in a neighborhood of d<2. Thus, (b.4) is fullfilled.
As Q is C2, the function dyq is known to be C-semiconcave in €2 for some C > 0
(see [10, (iii) of Proposition 2.2.2]), so (a) is fulfilled. Finally, condition (b.5) is a
consequence of [13, Chapter 2, Theorem 3.8]. Thus, there exists a constant C > 0
such that for m big enough, v, is C-semiconcave in €2.

Application to Theorem 1.3 (T4). In the case of Theorem 1.3, we take M =
M\ Ep (x0) and M = 9B, (b), where B, (b) is a small geodesic ball centered
at the base point b. The function d is the distance function dj, to the base point,
while u,, is the solution of (1.15). The semiconcavity of the distance function d in
M\ B, (b) was proved in [20], see Proposition 2.7. By Proposition 1.8, for large m,
the problems (1.15) and (1.3) are equivalent and so we can take L = 1 in (b.2), and
we also have that (b.1) are (b.3) are fullfilled. Next, we notice that by Lemma 3.3
we have that u,, = d in a neighborhood of b, which proves (b.4) by choosing the
radius p small enough. Finally, in Lemma 6.2 we will prove that also the condition
(b.5) is fullfilled.

Proof of Proposition 6.1. First, we notice that by dividing all the functions by L,
we can assume that L = 1. Let > 0. As in Definition 1.9, for a, b € R and
A € (0, 1), we will use the notation

Aab = (1 — A)a + Ab.

For any unit speed geodesic y : [a, b] — M, X € (0, 1) and v a function on A;I, let
us define

c(y. h, ) =1 = D(C + b —a)
(0= Do @) + G G) — v Ga)).
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f(t)
.
|
|
) l )
| | |
| | |
! * I I
| X ) |
| L L |
a =
Hab Nap = )\Habb b t
Fig. 2. Construction of 7 and X
We aim to show that:
inf e(y, &, um) =0, (6.1)
Vs

where the infimum is taken over unit speed geodesics defined over finite intervals.
Let us argue by contradiction and assume that (6.1) does not hold.

Let us show that we may assume that the infimum is actually taken over unit
speed geodesics y : [a, b] — M such that

y((a, b)) C Ep = {um < d}. (6.2)
Lety :[a,b] — M be aunit speed geodesic,and A € (0, 1),suchthatc(y, A, u,,) <
0. Let us assume that y does not verify (6.2). We will build a geodesic 7 that does
verify (6.2), and A € (0, 1), such that

M tm) < (¥ hy ttm).

First, notice that if y(As) ¢ En, then we have u,,(y (Aap)) = d(y rap)),
um(y(a)) = d(y(a)) and u, (y (b)) = d(y (b)), and so

ey, A um) Z c(y, A, d) >0, (6.3)
where the last inequality comes from the C-semiconcavity of d. This is contradic-
tory, so ¥ (Aqp) € E;y. As y does not verify (6.2), there exists ¢ € (0, Agp)U(Agp, 1),

such that y(t,5) ¢ E,. Up to reparametrization of y, we may assume that t €
(0, Agp). We can define

w:=minf{s € (0,1) :Vr € (s,X), y(@rap) € Ep,}.
We have y(uap) ¢ Em, and y ((Lap, Aap]) C E,,. Figure 2 may help justify

~

intuitively the following construction. Let A € (0, 1) be such that

Xnh = hab- (6.4)
Let ¥ be the unit speed geodesic defined by ¥ := y|[u,,.b]- Let us set f(r) :=
(C + 1% — u,y (v (1)). Then
(¥, s ttm) = (1= 2) f (tap) + 2 f (B) = f Cepegyp)
= (1 =0 f (ap) + *f (b) = f hap)

= c(y, A ttm) — (1 =2 f@) + O — 1) f(b) + (1 =) f (i)
(6.5)
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Now after some elementary calculations, (6.4) translates into
=1 =1 =00 - w),
A—r =—=(10-=-Mpu,
so (6.5) becomes
(@ hstm) = (s deyum) = (1 =D)L = ) f @) + 1f B) = f (a))
= c(ys hsttm) = (1= Dey, s um).
Using the fact that y (uqp) ¢ Em, we deduce, as in (6.3), that
c(y, iy m) Z c(y, ,d) > 0.
This yields
(T, M ttm) < (¥ by ).

Moreover the unit speed geodesic ¥ : [iap, b] —>~A°4 verifies ¥ ((tap, Xﬂahb]) C
Ey,. Now, arguing as above, if there exists 7 € (4, 1) such that Y tuyt) & Em,
then we may build two numbers v € (&, 1) and 1 € (0, 1) such that the unit speed
geodesic y ==y, . verifies

C(i/\,;\,\, um) < C(J’;{v Xv um)a

and

?((Mub» Vap)) C Ep.

Now we need to show that

inf c(y, A, uy) =0, (6.6)
VA

where the infimum is taken over unit speed geodesics y : [a, b] — M such that
y((a,b)) C E,.

By continuity of u,,, (6.6) is equivalent to simply saying that u,, is (C + n)-
semiconcave on E,,. Therefore, as u,, is smooth on E,,, by Proposition 2.2, we
only need to show the pointwise condition

D%upy < (CHn)ld on Ey,. 6.7)

Now, let C;, Ca, C3 > 0 be some constants to be determined later, and ¢ > 0 to be
chosen small enough later. For p € E,,;, and X € sl (TpM), we define

fe(p. X) = D2 (X, X) + & (C1 [Vt (p) + Cot, (p) = Catn(p)) (6:8)

We will show that for a good choice of constants C1, C2, C3, depending only of M
and |d|;, for any ¢ > 0 small enough, depending only on M, |d|;~ and n, we
have for any m large enough,

2
(. X)SC+ ?'7 forevery p € E, andevery X e S"'(T,M).(6.9)
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This will conclude the proof since, as u,, is bounded by |d|;~ and 1-Lipschitz, we
will then get

2
D2upm(X,X) £ C + ?’7 +eC(M, |d]1).

where C(M, |d|;~) > 0 is a constant depending on M and |d|;~ only. But this
implies (6.7) if ¢ has been taken small enough.
Suppose, by contradiction, that

2

sup fulp, X) > C + 21 (6.10)
PEEy 3

XeS"~N(T,M)

Let us assume that m is large enough so that D?u,, < (C + n/3)Id in a neighbor-
hood of 0 E,,. In particular, we get that for & small enough, depending only on M,
|d|p o and n,

2
fe<C+ ?77 in a neighborhood of JE,,.

Thus, by (6.10) and the precompactness of E,,, there exist ¢ € E,, and Y €
S"‘l(TqM) such that

Jfe(qg, Y) = sup  fe(p, X). (6.11)
PEER

XeS" (T, M)

In the following, CM will denote any constant that depends only on M. Let
us pick some normal coordinates at g such that 9;(¢g) = Y. We then extend the
vector Y into a vector field (still denoted by Y) in a neighborhood of ¢, by setting
Y :=091/101].As Dd1(q) = 0,wealsohave DY (q) = 0. Moreover, as the manifold
M is compact, DY (g) is bounded by a constant that depends on M only: we have
that

‘DZY(q)‘ <cM, (6.12)

We will show that the Laplacian of p — f.(p, Y(p)) is positive at g, which
contradicts the maximality of (¢, Y (g)) in (6.11). Let us estimate A(D?u,, (Y, Y))
at the point ¢, using the abstract index notation.

A(D?up (Y, Y)) = 8" Dy Dp(DZyun Y YY)
— g (Df;bcdumYch + D3 Dp(YeY?)

D3t D (YY) + Dfdumugb(yfyd)) . (6.13)

We may divide the right-hand side into four terms and estimate them at the point g
individually. The second term is null because it contains D (YY) = (D, Y)Y+
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Y¢D, Y4, and DY = 0. The third term is also null, for the same reason. By (6.12),
we can estimate the fourth term as follows:
CM

2
g D2 u,y D2, (YeYd) > —cM ‘D2um‘ > S )Dzum
£

(6.14)

It now remains to estimate the first term of (6.13). Using the notation
D[ab] = Dan - DbDav
we compute that

DyDpD:Dguy, = Dy D[bc] Dguy + D[ac] Dy Dguy,
+ D¢ Dy Dipajim + DeDiaa) Dot + DeDg Dy Dptyy -

By definition of the Riemann tensor we have
Dy Dipe) Dattim = Da(Rbcea Dtm) = (DgRbcea) Dtm + Rbcea Da D um,
and so
| DaDiperDattn] 2 =M [Vty| = € | Dy | 6.15)
Likewise,

| DeDyai Dyttn] 2 =CM (V| = €M [ Dy (6.16)

To compute the term D[aC] Dy Dguyy,, let us pick some coordinates (x%) and write
DpDguty, = Dizjumdxl‘;dxé. Then, we have that
Diac1DpDaum
= D[ac](Dizjumdxédxé)
= (Dlac) D} um)dxjdx) + D}t (Diaidx}))dx] + D udx) (Digedx))
= 0+ D2ty Racep(dx')°dx) + D3 undx), Racea (dx?)¢
= Ruceb D’ Datty 4 Racea Dy Dt

and so
Diac) Dy Dyt | = —CM ‘Dzum‘ . 6.17)
By symmetry of the tensor D?u,,, we have that
D¢DyDppaytty, = 0. (6.18)
Putting (6.15), (6.16), (6.17) and (6.18) together, we find that

¢ DDy DeDaitm| = —CM |Vi| — CM ‘Dzum‘ — |g® Do Dy Dy Dyt .
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In E,,;, u;, has constant Laplacian, so
8" DeDyDyDpityy = DeDag"” Dy Dpityy = DeDa Aty =0,

and we get that

g“bDanDchum‘ > _cM vy, | — CM ’Dzum’.

From this and the fact Y has norm 1, we deduce

‘ 2

2% D, Dy DDyt YCYd‘ > _cMe ! _ | Vu, 2 —¢ ‘Dzum
Combining this equation with (6.13) and (6.14), we obtain at the point ¢,
A(D*up (Y, Y)) = —CMe! — 2¢ ‘1)2“,,, ‘2 — & Vi (6.19)
We recall the Bochner-Weitzenbock formula:
A1Vt ?) = 2Ric(Vity, Vi) +2 )DZMm)Z +2(V Attyy, Vity).

As M is compact, there exists a constant K > 0 such that Ric =2 —K. Using the
fact that u,, has constant Laplacian in E,,, we get

2
A(IVin*) 2 2 ‘D%m‘ — 2K [Vunl?. (6.20)

Furthermore, using the fact that Au,, = —2m in E,, again, we find

A(ui) =2 |Vum|2 —2mu,y,
> 2| Vupl? —2m|d| ;. 6.21)
Ay = —2m. (6.22)

Using (6.20), (6.21) and (6.22), we get

A (8 |Vt |* + (K + Deu, — (K + 1) |d| g + Deuy)
> 2¢ |D2um|2 + & |Vup|? + em.

Setting (C1, C2,C3) = (1, K + 1, (K + 1) |d|p~ + 1)), and recalling the
definition of f. (6.8), we obtain, thanks to (6.19),

A(f&‘(pv Y(p)))p:q z _CMgil + em.

In particular, if m is large enough, depending on M and ¢, this contradicts the
maximality of (g, Y(g)) in (6.11).
This concludes the proof of (6.9) and Proposition 6.1. O

In order to apply Proposition 6.1 to problem (1.15), we will need the following
lemma:
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Lemma 6.2. (Bound of D?u,, near 9E,,) Let u,, be the solution of (1.3), as in
Theorem 1.3. Let ¢ > 0 be smaller than the distance from b to Cut,(M). Let
E, = {u, < dp}). From Proposition 5.2, we know that for m large enough, we
have E,, C M\B(b, ¢). Let C > 0be suchthatdy, is C-semiconcave on M\ B(b, ¢).
Then, for any m large enough, for any n > 0, there is a neighborhood Ny, of 9E,
in M\ B(b, ¢) such that

D*uy < (CH+n)Id in EpnNNypn. (6.23)

Proof. We will use a theorem for obstacle problems on R”. Let us show that u,, is
the solution of an obstacle problem on an open subset of R”. Then, we will apply
[13, Chapter 2, Theorem 3.8] to conclude that (6.23) holds.

The minimality of u,, in (1.15) implies

—Aupy —2m 20, uy <d, and (—Au, —2m)(u, —dp) = 0. (6.24)

Let 2 be defined as in the proof of Proposition 3.4. Let ¢ : € — U be a normal
coordinates chart. Writing down (6.24) in these coordinates, we find

Attyy —2m 2 0, ity S and (At — 2m) (it — ) =0,

where A is the Laplacian of M in the coordinates defined by ¢, ity, = ty o ¢~
and ¢ =dp o ¢_1. This is the form of [13, Chapter 2, equation (3.16)], so we can
apply [13, Chapter 2, Theorem 3.8], to deduce that

Vp € 0E,. VX €R" lim D?in (B () (X, X) = D>y (d(p)(X, X). (6.25)
q€En

Moreover, we have that
D%ity, = D*uyy 0 (D", D¢~ ") + Duyy o D*¢7",
D>y = D*dy o (D¢~", D¢~ ") + Ddp o D*¢p~",
and Du,, = Ddj, on dE,, because u,, is C1. Thus, (6.25) yields

Vp € 9En, ¥X € R" lim D%un(q)(Xg, Xg) < D*dy(p)(Xp, Xp),
q€En

where we have set X, := D¢_l (¢ (g))X.Asdpis C-semiconcave, with Proposition
2.2, we get

Vp € 9En. VX € R" lim D’un(q)(Xy Xg) £ C x>, (6.26)
q€En
From there, we deduce that

for g € E,, close enough to dE,,, we have Dzum(q) <C+n. (627

Indeed, if not, there exist a sequence (gx) of points of E,, whose distance to d E,,
goes to 0, and a sequence (X) of unit vectors of R? such that for any k € N,

D*um (g ((Xi)ge» (Xi)g,) > C + 1. (6.28)
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As E,, is precompact, up to extracting a subsequence, we can assume that (gx)
converges to a point p € dE,,, and (X) converges to a vector Y € R". Because of
(6.26), we have

Jim D?un (qi) (Yy,, Yg) < C. (6.29)
— 00

Furthermore, we know from Proposition 3.4 that D?u,, is locally bounded. As
(X1) g, — Y, converges to 0 when k goes to oo, this implies

Jim D2 (@) (Xidger (Xi)ge) = D?um (@) (Ygi, Yo) = 0. (6.30)

Inequalities (6.28), (6.29) and (6.30) yield a contradiction. So (6.27) is true. This
concludes the proof. O

7. Convergence of the Gradients

In this section, we show that the uniform semiconcavity of u, implies the
convergence of the gradients in the sense of Theorem 1.3 (T6). We notice that
the results from this section also apply to more general sequences of semiconcave
functions.

7.1. Lower semicontinuity

The main result of this section is Proposition 7.2, which proves the first inequal-
ity in Theorem 1.3 (T6). We start with the following lemma:

Lemma 7.1. Let u : M — R be a C-semiconcave function. Let p, q € M be such
that there exists a geodesic from p to q. Then,

C
u(g) < u(p) + Vu(p)ld(p, q) + Sd(p, 9)°,
where |Vul|(p) is the norm of the generalized gradient, defined in (2.3).

Proof. Lety :[0,d(p,q)] = M be a geodesic from p to g. Consider the function
f@) = %Ct2 — u(y(t)). By the semiconcavity of u, we know that f is convex.
Thus, we have

fd(p.q)) = fO)+ f'(0)d(p,q).
On the other hand, setting y (0) := v € T,(M), by construction, we have
C
FO) =—-u(p), f@(p,q)=7d(p,)* —ulg), and ['(0) =3 u(p).

Thus, we obtain

C
u(q) < u(p) +d(p, ), u(p) + 5d<p,q>2 < u(p) + |Vu(p)ld(p, q) +

C
—d(p,q)>. O
3 (p.q)



594 FRrANCOIS GENERAU EDOUARD OUDET & BOZHIDAR VELICHKOV

Proposition 7.2. Let M be a Riemannian manifold and let C > 0 be a fixed con-
stant. Let up : M — R be a sequence of C-semiconcave continuous functions that
converges locally uniformly to a continuous function ux, : M — R. Then, u is
also C-semiconcave, and for any sequence of points px — poo € M, we have

[Vio| (poo) < liminf [Vug| (pg). (7.1)
k— 00

Proof. First, notice that the C-semiconcavity of u. is an immediate consequence
of the pointwise convergence and the C-semiconcavity of uy. In particular, the
generalized gradients |Vumk] (pr) and |Vueo| (poo) are well-defined by Propo-
sition 2.4. Thus, we only need to prove (7.1). We notice that (7.1) is trivial if
|Viso| (Pso) = 0. Thus, we suppose that |Vu| (pso) > 0. In particular, there
are a vector v € S”_I(Tpoo M) and a unit speed geodesic y with y(0) = p and
y(0) = v such that

Uoo (Y (1)) — oo (Poo)
. )

[Vitoo (poo)| = lim
t—0t

In particular, for any ¢ > 0, we can find ¢ € M such that d(p~, q) < € and

Uoo(q) — Uoo(Poo)

Ve (Poo)| <
Vitoo(Poo)l & = 4 pe)

Then, by the uniform convergence of u#; and Lemma 7.1, we get

ui(q) — ur(pr)

C
+e& = liminf |Vug (pr)| + =d(q, pr) + ¢
d(q, pr) k— 00 2 9

[Vitoo (Poo)| < liminf
k—o00
< likm inf [Vu (pr)| + (C + De,

—00

which concludes the proof, as the inequality holds for any ¢. O

7.2. Proof of Theorem 1.3 (T6)

The claim (1.8) follows from Proposition 7.2. Thus, we only need to prove
(1.9). First, notice that, if |Vdp|(peo) = 1, then (1.9) follows from (1.8) and the
fact that u,, is 1-Lipschitz. Let now |Vdj|(pso) < 1. Suppose by contradiction that
there are a subsequence my k—> 400 and constants € > 0 and 19 > 0 such that

——+00
IVdp|(pso) + € < |[Vum,|(p) forevery p € By, (ps) andevery k > 0.
We now fix n < 19, which will be chosen later in the proof. Let (¢;),>( be the
curve defined by -

dg
40 = oo and —— = Vi, (7).
dt
Let T > 0 be such that for any ¢ € [0, T'], d(g:, pso) < 1, and in particular

[Vdp|(poo) + & < |Vum,|(q:) forevery rel[0,T].
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‘We have

T T
U (GT) — Uy (Poo) = /0 Vit ()| dt = /0 (IVdp|(poo) + &) dt

= T(|Vepl(poo) +£)°.

As u,,, is bounded by the diameter of M, this estimate implies that there exists a
finite biggest time T > 0 such that for any ¢ € [0, T, d(¢;, poo) < 1. In particular,
d(pso, qT) = 1. Let y be a unit speed minimizing geodesic between p, and gr.
By Proposition 2.7, there is a constant C; > 0 such that dp, is C4-semiconcave in
By, (poo). In particular, by Lemma 7.1, we have that

dp(qr) — dp(Poo) < IVdy(poo)| d(Poos q7) + Cald(poo, q1))* (7.2)
= |Vdy(po)| n + Can* . (7.3)
On the other hand,
Umy, (gr) — Umy, (Po) (7.4)
r d r d
=/ |wmk(qt>\'§ di z/ (1Vdbl(poo) + £) | 222 as
0 t 0 dr

T dg;
—(|de|(poo>+e)/0 "

= (IVdb|(poo) + ). (7.5)

Combining (7.3) and (7.5), we get that

dr 2 (IVdpl(peo) + €)d(qo, qT)

en=Can <ty (@) —tim (Poc)
(b ar)=db(poo) ) = 2lttm, — dpll =

Now, taking n small enough, we get that
1
€ <2\lum, —dpllLory forevery k>0,

but this is in contradiction with the uniform convergence of u,, to dp. |
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Appendix A. Appendix About Semiconcavity

In this section we prove that defining local semiconcavity through charts (as in [20]), or
through geodesics, is the same (see Proposition 2.3). We recall the notation A, = (1 —
AMa+Ab,fora, b € Rand A € [0, 1] and we notice that the C-semiconcavity of u : M — R
(in the sense of Definition 1.9) can be rewritten as

Ay @uly b)) — 4y Gap)) = CA(L = 1) (b — a)?,
for every unit speed geodesic y : [a, b] — M and any A € [0, 1].

In order to prove Proposition 2.3, we need the following lemma, which shows how to estimate
the difference between two geodesics linking a pair of given points, for two different metrics.

Lemma A.1. Let g be a metric on the unit ball B{(0) C R". There exists a constant B > 0
such that for any unit speed geodesic y : [a, b] — (B1(0), g) and X € [0, 1], we have

[ Cab) = Ay (ayy oy | < BA(L = ) (b — a)*.

Proof. Ttsuffices to prove that the estimate holds for A < %, asthecase A = % canbe deduced
by considering ¥ : ¢t > y(b—t) instead of . A unit speed geodesic y : [a, b] — (B1(0), g)
satisfies the geodesic equation

pl Ty =0,

where Fl! . are the Christoffel symbols of the metric g. As y is unit speed, the (y?) are

bounded, uniformly in y. Therefore, there exists a constant « > 0 independent of y such
that |J| < «. By integration, we find

ly(0) = y(@) = 7(@)(t — a)| < a(t —a)”.
Evaluating this expression at b yields

ly(b) — y(@) — y(@ b — a)| < ab —a)*.
From these two estimates, we deduce

() —y(@
a

() —y@ -2l )| St —0)? + e —a)i - ).
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Taking t = (1 — A)a + Ab in this estimate yields

ly (1 = A)a +2b) — (1 = )y (a) + 1y ()]

1+
<ar(l4+1)b—a)® = %,\(1 — (b — a)>.
Taking B := %, this proves the desired estimate when A < 1/2. This concludes the
proof. O

Proof of Proposition 2.3. Let us assume that u is locally semiconcave. Lety : U — V be a

chart from an open set U of M toonopenset V of R”,andy € V.Let f :=u oxp_l. We want
to show that f is semiconcave in a neighborhood of y, as a function of R”. We first observe
that f is locally semiconcave on the manifold (V, ¥ g). Let V/ C V be a neighborhood
of y that is geodesically convex for the metric ¥, g, and such that there exists a constant
C > 0 such that f is C-semiconcave on (V' ¥.g). Let d denote the distance function on
(V’/, ¥r«g). Up to taking V’/ smaller, we may assume that the metric ¥, g is bounded on V',
and so there exists a constant 8 > 0 such that

Vx,ye V', dx,y) SBlx—yl.

Let x, y € V/ be such that [x, y] C V/,and A € [0, 1]. Let y : [a, b] — V' be a unit speed
geodesic of (V/, ¥, g) from x to y. By the C-semiconcavity of f on (V’, ¥,g), we have that

A fo) = FOxy) =A@y ooy = FOy@yw)
< CA1 =B —a)? + F Cap) = fCoyiayy )
< CA(1 = V(b — @)* + Lip(f) [y (ab) = Ay @)y )| -

Applying Lemma A.1 above, we get a constant B > 0 such that

Ara)foy) — fGay) < (C +Lip(f)HBIA1 — V)b — a)?
= (C +Lip(/)B)r(1 — ) (d(x, y))?
< (C+Lip(/)B)B*A(1 — 1) |x — yI,

and so f is semiconcave on V', as a function of R”.

Reciprocally, let us assume that u o v lis locally semiconcave as a function of R” for any
chart . Then, we can show that u o 1//71 is locally semiconcave for the metric g, for any
chart i, by using the same technique. From there we deduce that « is locally semiconcave.
This concludes the proof. O

Appendix B. A Counter-Example to the Equivalence of (1.3) and (1.15) for
Small m

Theorem B.1. There exist a surface of revolution M and a parameter m > 0 such that
Um # uﬁl

Proof of Theorem B.1. Let ry denote the rotation of R3 of angle 0 € [0, 27) around the
Z-axis.
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i AT
7(3) &

Fig. 3. The curve y

Let T := 1010 and r,h : [0, T] — R be two smooth functions such that

y 1t (r(t),0, h(t)) is a unit speed curve.
M = {rg(y()):(t,0) €[0,T] x[0,2m)]} is a smooth surface,
r0) =r(T) =0,
r<2,
r([1,2]) C[1,2],
r([3,4]) C (0,10719),
r(5, T —1]) C [1,2].

This information is pictured in Fig. 3. We chose b = (0, 0, 0) as the base point on M, and
m = 10719, Letus assume that ufln = u;, and build a better competitor in (1.15) to contradict
the minimality of u% We will first reduce (1.15) to a one-dimensional problem. Note that
the functional we are minimizing is rotation-invariant. More precisely, for any 6 € (0, 27)
andu € Hl(M), we have that

/|V(uor9)|2—m(uorg)=/ IVul> — mu. (B.1)
M M

By the uniqueness of the minimizer ui,ﬁ, we deduce that ufn is rotation-invariant, i.e. there

exists a function p;; : [0,7] — R such that for any 8 € [0,27) and ¢t € [0, T],
ufln (re(y (1)) = pm(t). Thus ufln isaminimizer of (1.15) among rotation-invariant functions.
Letu : M — R be any rotation-invariant function, and p : [0, T] — R be such that for any
0 € [0,2m), u(rg(y(t))) = p(t). We will translate the minimization problem (1.15) on u
into a problem on p.

First, because M is a surface of revolution, all the geodesics starting from b = (0, 0, 0) have
a constant angle 6. Thus, they are of the form 7 +— rg (y (¢)) for some 6 € [0, 27). These are
actually unit speed geodesics as y is unit speed. Hence, d, (rg (y (¢))) = t, and the constraint
u < dp in (1.15) is equivalent to p(¢) < t.
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Secondly, we translate the H I constraint. To this end, let us define some coordinates (t,0)
on M via the map

¢:(0,T)x(0,2mr) > M, ¢,0)=rg(y()).
We have that

2 T
/ |Vu|2=/ [ (IVul? o ¢)Jp dr do
M 0 0

2 T T
= f / IVul? (rg (y (1)))r (1) d 46 = 27 f \Vul? (y(1)r(t)dr, (B.2)
0 0 0

because u is rotation-invariant. Moreover, as u is rotation-invariant, its gradient at the point
y (1) is parallel to y’ (), and so

|0’ )] = [Vuly®) -y @) = IVuy )] |y ®)] = [Vuly )]
Hence (B.2) gives

T
/ |Vu|2=27t/ o' ()% () dt
M 0

Thus, the constraint u € H! (M) in (1.15) is equivalent to v € H! 0, T), r(r)de).
Thirdly, we may compute the functional likewise:

T
/ IVul2 —mu =21 / (,o/(t)2 — mp(t)) r(t)de.
M 0

d

All'in all, as uy,

is a minimizer in (1.15), py; is a minimizer of

T
inf {/ (,o’(t)2 - mp(t)) r(t)dr : p e Hl((o, T),r(t)dt), p(1) < t} )
0
(B.3)

The idea of the rest of the proof is as follows: first, we recall the assumption u% = Um,
which means that ‘Vuﬁl’ < 1, and so |,o;n| < 1. Now, if p;(4) is close to 4, then p,, (t) is
close to 1 for t < 4, so a competitor v such that p’(¢) is small for t < 4 will contradict the
minimality of p;, in (B.3). If on the contrary p;; (4) is significantly smaller than 4, then for
t 2 4, py (¢) will be significantly smaller than 7, so a competitor p such that p(z) is closer
to ¢ for r = 4 will contradict the minimality of py, in (B.3). Because we chose r very small
on the interval [3, 4] (see Fig. 3), we can define a competitor p independently on [0, 3] and
[4, T], without paying much for the behavior of p on [3, 4].

Case one: pp (4) € [3.5, 4]. Let us define a competitor p for (B.3):

0 if €0, 3]
p:[0,T] >R, pk)=34@¢—-3) if te[3,4].
om@) +4—pm@) if t24
Let us call F(p) the functional appearing in (B.3). We have, from the definition of r and p,
4 T P
F(p) = /3 (16 —4m(t — 3))r(z)dl + A (pm t) —mpp (t)) r(t)dt
) T
—m(4 — pm(4))l1 r(r)ds

T
< (16—0)-10_104—/ (p;,%(o—mpm(t))r(z)dt—o, (B.4)
4
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SO
4
F(p) = Flom) £16-10710 — / (o) = mpm ®)) r( d
0
2 4
<16- 10—1°—f P2 (t)r(t) dt—|—m/ om (O (1) dt
1 0

2 4
516-10*10—[ p;,%(t)r(r)dz+m/ 2t dt
1 0

2
=16-10710 - / P2 (t)r(t) di + 16m. (B.5)
1
We are left to bound from below the integral term in (B.5). By, Holder inequality we have
that
2 24 12 / 5 , 1/2
/ pm é / - / ,Omr )
1 1 r 1
and so
2 ( _ 2
pm(2) — pm (1))
/ pr Z T 2 (o (@) = p (D), (B.6)
17
by the construction of 7. Now we use the fact u% = u,;,, which means that ‘Vufil <1,

and so ] p;n| < 1. With the running assumption p,, (4) = 3.5, this implies p;; (2) = 1.5. As
om (1) = 1, we get 0 (2) — pm (1) = 0.5. Then, (B.6) and (B.5) yield

Fo) — Flom) £ 1610710 —0.25 + 16m. (B.7)

Recalling that we have chosen m = 1010 it contradicts the minimality of p;; in (B.3).
Case two: pm(4) < 3.5. We use the same competitor p as in case one. We even per-
form similar estimates, the only difference being that we don’t estimate the term —m (4 —
om(4)) f(4’T) r(t)dt by 0 as in (B.4). Thus (B.5) becomes instead

F(p) — F(om)
2 T
<16-10710 — / P2 (0)r(t)dt + 16m — m(4 — pm(4))/ r(t)dr.
1 4
T
<16-10710 4 16m — O.Sm/ r(t)dt
4
T—1
<16-10710 4+ 16m — O.Smf r(t)dr.
5
Recalling that we have chosen m = 10_10, T =100 and r > 1 between 5and T — 1, it

contradicts the minimality of pp, in (B.3). This concludes the proof. m]
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