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Abstract

In this work we address the question of the existence of nonradial domains
inside a nonconvex cone for which a mixed boundary overdetermined problem
admits a solution. Our approach is variational, and consists in proving the existence
of nonradial minimizers, under a volume constraint, of the associated torsional
energy functional. In particular we give a condition on the domain D on the sphere
spanning the cone which ensures that the spherical sector is not a minimizer. Similar
results are obtained for the relative isoperimetric problem in nonconvex cones.

1. Introduction

In this paper we study an overdetermined problem for domains in a cone. This
topic shares similarities with the question of characterising constant mean curvature
hypersurfaces inside a cone (see [22,23]) and hence with the isoperimetric problem.
Thus we will also show some results for it.

Let D be a smooth domain on the unit sphere S¥ ! and let X p be the cone
spanned by D, namely

¥p = {x e RY; x=sq, q €D, s € (0,400)}. (1.1)
For a domain 2 C Xp we set
g =02NZXEp, Nqg:=0QNJIXp,
andassume that Hy_1(I'1,@) > 0, where H y_1 () denotes the (N —1)-dimensional

Hausdorff measure. The set I'q is usually called the relative (to X p) boundary of
Q.
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We consider the overdetermined mixed boundary value problem

—Au =1 in €2,

=0 .
o onte (1.2)
=0 on T g\ {0},

g—‘v‘ =—c<0 onlg

for a constant ¢ > 0, where v is the exterior unit normal. If I'g is not smooth then
the constant normal derivative condition is understood to hold on the regular part
of Ig.

The overdetermined problem (1.2) arises naturally in the study of critical points
of arelative torsional energy of subdomains of the cone X p subject to a fixed volume
contraint. Indeed, for any domain €2, as in (1.2), let us consider the torsion problem
with mixed boundary conditions

—Au =1 inQ,
u=20 on g, (1.3)
=0 onlyg\{0h

It is easy to see that (1.3) has a unique weak solution ugq in the Sobolev space
HO1 (2; p) (see Sect. 6 or [9]), which is obtained by minimizing the functional

1
J(v) = —/ |Vv|? dx—/ v dx. (1.4)
2 Jo Q
‘We then define the value

E(Q: Tp) = J(ug) = —1/ [Vug|? dx = —1/ ug dx, (1.5)
2 Jg 2 Ja
and we call it the torsional energy of Q2 in X p. Note that the second and third
equality in (1.5) hold since ug, is a weak solution of (1.3). By definition, the domain-
dependent functional  — £(£2; X p) represents a relative version of the classical
torsional energy functional usually defined using the solution of the analogous
Dirichlet problem.

Using domain derivative techniques, as for other similar problems in shape-
optimization theory it can be proved that the critical points of the functional
E(§2; Xp) with respect to volume-preserving deformations which leave the cone
invariant, correspond to domains €2 for which 5‘52 is constant on I'q, i.e. ugq sat-
isfies the overdetermined problem (1.2) (see [23, Proposition 4.3] if I'g is smooth
and ugq has some Sobolev regularity, or Proposition 7.4 in the present paper in the
nonsmooth case).

In this paper we intend to study the existence and the properties of domains
for which a solution of (1.2) exists. It is easy to see that for any spherical sector
Qp.r = Br N Xp, where Bgp = Bg(0) is the ball with radius R > 0 centered at
the origin (which is the vertex of the cone), the radial function
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is a solution of (1.2) for 2 = Qp g. Therefore the question is whether the spherical
sectors 2p g are the only domains for which (1.2) admits a solution. In the case of
convex cones the answer was provided in [22], obtaining the following result (see
[22, Theorem 1.1]):

Theorem 1.1. If X p is convex, I'q is smooth and u is a classical solution of (1.2)
such that u € W () N W>2(Q), then

Q= Xp N Br(Py),

where Br(Py) is the ball centered at Py with radius R = Nc, and either Py = 0,
i.e. 2 = Qp g, or Py € 0Xp and Q is a half-ball lying on a flat part of 9 X p.

Hence, if X p is a convex cone, not flat anywhere, then the radial domains Q2p_g are
the only domains admitting solutions of (1.2). Let us observe that the assumption
u € WhoQ) N w22(Q) can be seen as a “gluing condition". Indeed it is au-
tomatically satisfied whenever ['q and 0 X p intersect orthogonally (see [22, Sect.
6]).

In the context of the variational formulation of problem (1.2) described above,
the result of Theorem 1.1 gives a characterization of the smooth critical points
of £(R2; Xp), restricted to the class of subdomains of fixed volume, in the case
of convex cones. In particular any local minimizer of £(2; £p) with a volume
constraint is a spherical sector. Actually, using symmetrization methods in cones
[19,24] it can be proved (see [23]) that this holds in a more general class of cones
which are the ones having an isoperimetric property.

In contrast, the case of nonconvex cones is largely unexplored, which is the
main motivation of the present paper. The variational formulation of the overdeter-
mined problem suggests that to look for nonradial domains for which there exists
a solution of (1.2) is equivalent to look for nonradial critical points of £(2; X p)
under a volume constraint. In particular, if there are cones for which a minimizer
of £(2; X p) (fixing the volume) exists and if we are able to show that it is not
the spherical sector then we achieve our goal. This is the content of our first main
result.

Let us denote by A1 (D) the first nontrivial eigenvalue of the Laplace-Beltrami
operator —Agn-1 on D with zero Neumann boundary condition.

Theorem 1.2. If D is a smooth domain of SN~ such that
A(D) < N — 1 and Hy-1(D) < Hy—1(S}™h, (1.7)

where S_’X “lisa half unit sphere, then there exists a bounded domain @* which
is a minimizer for £(2; L p) with a fixed volume, but Q* is not a spherical sector
Qp . r for R > 0.

Moreover there exists a critical dimension d* which can be either 5,6 or 7,
such that for the relative boundary T g« it holds that

(i) Do« is smooth if N < d*;
(ii) Do+ can have countable isolated singularities if N = d*;
(iii) Tqx can have a singular set of dimension N — d*, if N > d*.
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aug

o * is constant, where

In addition on the regular part of U qx the normal derivative
uqx is the torsion function of Q*.

The condition A{(D) < N — 1 in (1.7) is the one which ensures that a spherical
sector 2p g cannot be a local minimizer for £(2; ¥ p) among the class of smooth
subdomains of ¥ p with fixed volume, because it implies that it is not a stable critical
point with respect to volume-preserving deformations (see Theorem 5.1). To prove
this, we restrict the torsional energy functional to the class of strictly star-shaped
sets 2 in X p with fixed volume ¢ > 0, and we show the instability of the spherical
sector Qp g with |Q2p r| = c within this class. The reason to consider strictly
star-shaped domains is that the relative boundary ', of a strictly star-shaped set is
aradial graph of a function ¢ on D. This allows to study £(£2; Xp) as a functional
on ¢ € C*(D).

On the other hand, the condition Hy_1(D) < Hy_1 (S_}\l 7]) is the one which
allows to prove the existence of a minimizer for £(2; Xp) (see Theorem 6.8 and
Corollary 6.9). In the Appendix we give examples of domains D on SV ! satisfying
both conditions in (1.7).

Let us observe that, since Xp is not bounded, the existence of a minimizer
for £(2; Xp) is not obvious. To prove Theorem 1.2 we use the concentration-
compactness principle of P. L. Lions (see [17]). It was first used in shape-optimization
Dirichlet problems in [6]. Having mixed boundary conditions, we cannot make use
of the same proof as in [6]. We also stress that, as the cone X p is not convex and
since we do not have any information on the contact angle between X p and g+,
some care is needed to prove that the normal derivative agff* of the torsion func-
tion ug+ is constant on the regular part of I'g+ (see Proposition 7.4). Finally, the
regularity statements follow from the results of [11,15] and [27].

As announced we also consider the isoperimetric problem in the cone to get a
analogous nonradiality result using the same strategy.

The isoperimetric problem in the cone consists in minimizing the relative
perimeter P(E; X p) among all possibile finite relative perimeter sets E contained
in the cone X p, with a fixed volume. It was proved in [18], and later in [10, 13,25],
that if ¥p is a convex cone then the only minimizer of P(E; X p) with a fixed
volume are the spherical sectors 2p_g. This holds also in “almost" convex cones
as shown in [2] (see also [23]). If the cone is not convex, a counterexample is given
in [18].

Here we show that under the same conditions (1.7), a minimizer of P(E; Xp),
exists, but is not the spherical sector 2p_g. Thus we have

Theorem 1.3. If D is a smooth domain of SN~' such that (1.7) holds then there
exists a bounded set of finite perimeter E* inside X p which minimizes P(E; Xp)
for any fixed volume and E* is not a spherical sector Qp r, R > 0. Moreover for
the relative boundary T g it holds that

(i) U'gx can have a closed singular set T of Hausdorff dimension less than or
equalto N —7;
(ii) Tg= \ T g+ is a smooth embedded hypersurface with constant mean curvature;
(iii) if x € Tg= \ T+ NS then Tps \ T e+ is a smooth CMC embedded hyper-
surface with boundary in a neighborhood of x and meets 0¥ p orthogonally.
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As for Theorem 1.2, the condition A{ (D) < N — 1 is the one which ensures that
Qp,r cannot be a local minimizer (see Theorem 8.3) and to prove this we again
work in the class of smooth star-shaped sets. Instead the existence follows by results
obtained in [25], while the regularity of minimizers derives from classical results
for isoperimetric problems.

As aconsequence of Theorem 1.3 we get that whenever (1.7) holds there exists a
CMC hypersurface in the cone, namely I"g+, intersecting d X p orthogonally, which
is not a spherical cap centered at the vertex of the cone. It is important to notice
that '+ cannot be a smooth radial graph. Indeed, by [22, Theorem 1.3] and [23,
Theorem 1.1], we know that if 'z« was a CMC radial graph intersecting 0% p
orthogonally then E* would be a spherical sector Qp g, and this holds in any cone
without requiring convexity hypotheses. It would be very interesting to understand
what kind of CMC hypersurface I"g+ could be.

Finally we observe that, from our results and [ 18, Theorem 1.1] (or [22, Theorem
1.1]), we easily recover the inequality A; (D) = N — 1 whenever D is convex. This
was proved in [12, Theorem 4.3] (see also [1, Theorem 4.1]).

The paper is organized as follows: in Sect. 2 we provide some geometric pre-
liminaries. In Sect. 3 we study the torsional energy functional £(€2; X p) on strictly
star-shaped domains in the cone, while in Sect. 4 we derive the formulas for the first
and second variations of £(2; X p) when the volume is fixed. In Sect. 5 we prove
that the first condition in (1.7) allows to prove that the spherical sector is not a local
minimizer for £(2; X p). The long Sect. 6 is devoted to study the question of the
existence of minimizers of £(2; X p) with a volume constraint. Their properties are
described in Sect. 7 where the proof of Theorem 1.2 is deduced. Finally in Sect. 8
we study the isoperimetric problem and prove Theorem 1.3. In the Appendix we
give examples of nonconvex domains satisying the condition (1.7).

2. Some Preliminaries

In this section we fix some notation and we collect, for the reader’s convenience,
some definitions and known facts from Riemannian Geometry that will be used
throughout the paper.

Given a smooth manifold M, we denote by 7}, M the tangent space at p € M,
by 7 (M) the space of tangent vector fields on M and by 7'M the tangent bundle.

We denote by (., ) or - the standard scalar product in RV, by | - | the Euclidean
norm, and by VO the flat connection of RY. In the special case M = D, where
D c SV~!is a domain of the unit sphere in R, we denote by V the induced
Levi-Civita connection on D,namely

VxY := (V¥Y)T, foranyX,Y € T(D),

where T : TRY — TD is the orthogonal projection. If we further assume that
D is a proper and smooth domain of S¥~! it will be always understood that D is
considered as a submanifold with boundary, equipped with the induced Riemannian
metric.
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If ¢ : D — R is a smooth function, we adopt, respectively, the notations d¢,
Vo, to indicate the differential and the gradient of ¢, which is the only vector field
on D such that

dp[X] = (X, Vg), forany X € T(D).

We will also use sometimes the notation Vgn-1¢ instead of V¢ to make a distinction
with respect to the usual gradient of real valued functions defined in open subsets
of RV The second covariant derivative of ¢ is defined as

Vx.yo := VxVyp — Vy,yp, forany X,Y € 7(D), 2.1)

and the Hessian of ¢, denoted by V2¢ or by D?¢, is the symmetric 2-tensor given
by

V2<p (X,Y):=Vxyp, forany X,Y € T (D).

The Laplacian of ¢, denoted by Ag, is the trace of the Hessian. Again, when there is
a chance of confusion with the standard Laplacian we will use the notation Agnv-1¢
instead of Ag.

Let {e1,...,en—1} be a local orthonormal frame field for D. For any i, j €
{1,..., N — 1} we define the connection form w;; as
w;j(X) = (Vxej,e;), X € T(D). 2.2)

We recall that the connection forms are skew symmetric and in terms of the w;;’s
we can write

N-1
Ve ej = Z wy;j(e)ek. 2.3)
k=1

We denote by ¢; the covariant derivative V¢, and we recall that, by definition,
Ve, = dgle;]. It is easy to check that the gradient of ¢ can be written as

N—-1
Vo = Z pie;.
i=1

Finally, taking X = e;, Y = ¢; in (2.1) and using (2.2) we have

N—-1
Vei.e; 9 = Ve #j = Y 0rj(€)r. (2.4)
k=1

From now on we will use the notation ¢;; to denote V, .;¢. In particular the
Laplacian of ¢ can be written as Ag = ZlNz_]l Dii-
Now we consider the special case of radial graphs.

Definition 2.1. Let D ¢ S¥~! be a domain and let ¢ € C2(D). We denote by I'y
the associated radial graph to ¢, namely

T, = {x eRY; x =¢Dyq, g € D).
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Clearly I'y is a (N — 1)-dimensional manifold (of class C?). We consider the map
Y : D — I'y defined by
V() =¢"Pq, qeD. (2.5)

For any fixed ¢ € D, lety; : (—6,8) — D, y; = yi(¢) be a curve contained in D
and such that y; (0) = ¢, yl/(O) =e¢;(q),fori =1,..., N — 1. Since

d(Yoy)

T AN = e’(piq + i) (2.6)

then a local basis for Ty )Ty is given by
Ei(q) =e*(ei +@iq), i=1,....N—1,
and the components of the induced metric are
gij = (Ei, Ej) = e ({ei, ¢)) + 019;(q. ) = € Bij + 0ig)).

We denote by v()(q)) the exterior unit normal at Y(q) € I'y. It is easy to check
that

¢ -5 viei _ q—Ve
(14 Vo2 (1+|VeHl/2

In addition by direct computation we see that the coefficients of the second funda-
mental form are

v(V(q)) =

2.7

¥ (8ij + pivj — vij)
IL;; = .
(14 |VepH/2
foranyi, j =1,..., N — 1 (see [20] or [4] for more details).
Finally, since the mean curvature at Y (q) € I'y, is given by
N-1
NHOY() =Y g/,
ij=1
where (g'/) is the inverse matrix of (g; ), namely

T 0ip;j
gl =e <5,~j - #VJW) : (2.8)

then, by a straightforward computation we see that ¢ must satisfy the following
equation

N—1
> (A +1VePsy — giop) @ij= (N = D1+ Vo)
ij=I
~(N = De? (1 + Vol PH(Y(9))- 2.9)
Writing (2.9) in divergence form we obtain the well known equation for radial
graphs of prescribed mean curvature (see [20] or [26])

v N1
—divey-1 4 + — (N — De?H(eq) in D. (2.10)
VIHIVeR ] 14Vl
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3. Torsional Energy for Domains in Cones

In this section we define and study the torsional energy for smooth domains in
cones and then we focus on the class of strictly star-shaped domains.

Let D be a smooth proper domain of S¥~! and let = p be the cone spanned by
D. For a bounded domain 2 C Xp we set:

N'g:=0QCXp, T q:=02Nn0dxp,

and assume that Hy_1(I'1.@) > 0 and that I'g is a smooth (N — 1)-dimensional
manifold whose boundary dI'q = dI'1.@ C dXp \ {0} is a smooth (N — 2)-
dimensional manifold. The set I'g is often called the relative (to X p) boundary of
Q.

We consider the following mixed boundary value problem:

—Au=1 inQ,
u=20 on g, 3.1
=0 onlg\{0}

It is easy to see that (3.1) admits a unique weak solution ug in the space HO1 QU
I'1.@) which is the Sobolev space of functions in H 1(Q) whose trace vanishes on
I'q. Indeed ug is the only minimizer of the functional

1
J(v) ::—/ |Vv|2dx—/vdx
2 Ja Q

in the space HO1 (QUT,q) and we remark that ug > 0 a.e. in €2, by the maximum
principle (we refer to [22,23] for more details).

Usually, the function ug, is called forsion function of 2 and its energy J(ug)
represents the forsional energy of the domain 2. This allows to consider the func-
tional

E(Q; Xp) = J(ug)

which is defined on the domains contained in X p.
From the weak formulation of (3.1) we have

/|WQ|2 dx:/ug dx,
Q Q

1 1
E(92; ZD)=—§/Q|VMQ|2dx =—§/ng2 dx. (3.2)

which implies that

Now we focus on the special case when 2 is strictly star-shaped with respect to the
origin which is the vertex of the cone X p. Thus we consider the relative boundary
I'q as the radial graph in Xp of a function ¢ € C2(D, R) as defined in Sect. 2.
Therefore we denote 2 by €2, which can be described as:

Qy:={x € Zp; x =3¢, 0<s <e?@, q € D}. (3.3)
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We restrict the torsional energy functional £ to this class of domains and we denote
itby &, i.e. we set

E(p) :=E(Qy; Tp).

We observe that & is a functional defined on C2(D, R) and we compute its first and
second derivatives. To this aim we point out that taking variations of ¢ in C?(D, R)
corresponds to taking variations of €2, in the class of strictly star-shaped domains
(of class C?).

Let us set for simplicity

[y = FQw, = Fl,Qw'
Ifve C*D,R)andt € (=6, 8), where § > 0 is a fixed number, we consider

the domain variations Qg4+, C Xp,t € (—6,8). Let& : (=38,8) x Xp — Xp be
the map defined by

E(t,x) = etv(m)x.
It is elementary to check that, for a fixed ¢ € (-4, §) the restriction

Ela, (1, ) 1 Qp = Qpin (3.4)

is a diffeomorphism whose inverse (‘§|g¢)7] : Qg — Qp is given by

(Elg,) " (1) = e "W x = £(—1,x).

Moreover by definition we have £(¢,x) € dXp \ {0} for all (t,x) € (—6,8) x
0Xp \ {0}. In particular £ is the flow associated to the vector field V on Xp given
by

Vix) = (i) X, (3.5)

x|

since £(0, x) = x and %(r, x) = ew(m>v (Ii_\) x =V (@, x)),and (Qp110)re(-5.5)
is a deformation of €2, associated to the vector field V (see [16, Deﬁniti_on 1.1D).
We now compute the derivative of & with respect to a variation v € C2(D, R).

Lemma 3.1. Let ¢ € C*(D, R) and assume that ug, € W (Qy) N W22(Q).
Then, for any v € C 2(5, R), it holds that

/ __l No aqu [ ?
E(p)v] = Z/De v( o (e q) do,

where do is the (N — 1)-dimensional area element of SN~ 1.
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Proof. Let ¢ € C%(D, R) as in the statement and let v € C2(D, R). By definition
we have

1
é’((p+lv)=5(9¢+,v; ED)Z_E/ U1 dx, (3.6)
SZw##u
where ugq,,,, is the only (positive) weak solution to

—Au =1 1in Qyisy,
u=20 on Ly, 3.7
=0 onTygim\ {0}

Writing (3.6) in polar coordinates we obtain that

¥t

E(p +1v) = ——// “ug, ., (pq) dpdo.

Let & : (—48,8) —> HO1 (824 U T p) be the map defined by
q,s(t) = ﬁl’

where i, 1= UQy o &(t, ')|QV) € H(}(Q(p U Fl,(p),fmw(t, ) 1 Qy = Qi is the
diffeomorphism given by (3.4). From the proof of [23, Proposition 4.3] we know
that & is differentiable and thus we infer that uq v 18 differentiable with respect
to t. Hence, by the Leibniz integral rule for differentiation of integral functions we
get that

1
(5(¢ +1v)) = ——/ N=D@H) 010y g . (€9717g) do

e¥tiv

. / / (42y..0) (0g) dpdo

Inview of (3.7) we have ug,, , (e*Tg) = 0on D forany ¢t € (-8, 8). In particular
computing at t = 0 we have

FWW

d
&' ()] = 7 C@ )iz

o\

(uszw,u) |,_o (pq) dpdo

N\'—I\J\

-0 dx.

MQW‘H‘I

Q-‘Q‘

2,
sl

(3.8)

Setting u’ := % (ugwm) (o and arguing as in the proof of [23, Proposition 4.3],
where the assumption ug, € W1’°°(§2¢) N W2’2(Q¢) is used, we infer that u’ €
HO1 (24 UT,p) satisfies

—Au' =0 in Qy,
8u9¢

u = (V,v) onTy, (3.9)
%—”vzo on Ty, \ {0}
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In particular, in view of (3.5) and since I'y, is a radial graph we have v(x) =
‘%—VSN—I‘P(ﬁ)

,forany x € I'y (see (2.7)), and thus
1+|V§N—l‘/’<‘§ﬁ)|2

_ Al (1)
(V,v) v onT,. (3.10)
il Gl

Rewriting (3.8) in terms of u’, applying Green’s second identity (which holds also
in conic domains, since it is a consequence of the divergence theorem, see e.g. [22,
Lemma 2.1]) and taking into account (3.1) (with Q = ), (3.9) and (3.10) we get
that

&' (p)[v] 1/ u' dx.
2

2
! / 'Aug, dx — » / Au ug, d
== u' Au X — = u u X
2 Jo o 2 Jq, P
1/ ,dug, 1/_ | dug,
= - u dor + = u dor, \10 3.11)
2 r, v ¢ 2 1, \(0} v l'q)\{}
=0

1 9 2 -
_Ef < gf)"%x)) = 2”(|i|) oty
r‘ﬂ X
\/1+ ‘VSN—I(p<m)‘

where dor - dorl’ J\{0) are the (N — 1)-dimensional area elements of I'y, I'1 o \
{0}, respectively. Finally, writing x = ¢¥?q, ¢ € D, observing that dor, =

eWN=De /T + [Vsn-1¢]2do and ﬁ = ¢, then from (3.11) we obtain that

9 2
5’(¢)[v]=—% / eN“’v< g““’ (e‘ﬂq)) do,
D v

and this completes the proof. O

For the second variation of the functional & we have

Lemma 3.2. Let ¢ be as in Lemma 3.1. Then, for any v, w € C*(D, R), it holds
that

2
&' (@lv, w] = —% / eN%w(a”QW (e“’q)> do

/

(e"’q) el (e"’q) do

N(pv

D
/ N‘”vw ‘ﬂ(e“’ )Dzug (" Dg)e?q -vdo (3.12)
D
@
+/ eN‘pv Qw( v )Vugw(e q) « Vgn-1w do
D

\/1 + |Ven-1¢]?

+/ eN“’v( T2 (¥ )) Vor19 - Vgn-1w VSN_]Zw do,
D (I 4+ [Vgn-19]%)
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where ), = % (“Qw+xw)|s=0 is the solution to (3.9) with V given by V(x) =
w <|i> X.
x|

Proof. Letus fix v, w € C*(D,R), by definition and by Lemma 3.1 we have

d 1 ou 2
@p//((p)[v’ w] = a (_Ef N @tsw) (%(Efﬁ-swq)) da)
D

’

s=0
(3.13)
and thus
1 du 2
", w] = — _/ NONpw [ 2 (e“’q)) do
2Jp g 3”d e (3.14)
—/ NPy — (eq) — | (9 T5g) do.
D av ds av $=0
Since I'y4 5y 1s a radial graph, then, in view of (2.7), we have
u i — Ven-—
M(6<ﬂ+swq) — qu(p-Hw (e(p'qu) . q SN 1(p + sw) . (3.15)
v * V14 | Ven-1(p + sw)|?

As in the proof of Lemma 3.1 we consider the map o : (—48,8) —> Hé (QyUTI' ),
defined by

(i)(S) = ﬁs = MQ¢+SM' ° g(sa )|Q¢

Moroever, let G : H} (2, UT1 4) — L*(Q, UT; 4, RY), given by G(f) := V f.
Since G is a bounded linear operator, then G is differentiable, G'(f)[g] = Vg
for any g € HO1 (2 UT'1,p). In addition, as @ is differentiable (see the proof of

[23, Proposition 4.3] for the details), then the composition G o o - (—48,8) —
L?(Q, U T4, RY) is differentiable and

(G o @) (s) = G'(P(5)[D(s)] = VP'(s5) Vs € (=3, ).

In terms of i, this means that

d . diig
a(v”5>—v(ds>' (3.16)

In addition, since ugq,,,, = is 0 £(—s, )|, ,,, it follows that also s > Vug
is differentiable. We claim that

o+sw

d d
5 Vg, ) =V ( Tua,. ) (3.17)
Indeed, setting & := &(—s, -)|q,.,,, since
a a . . A&,
Ay “Rernw = 5o (B 0 &) = Vils(8) - 55
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then, using (3.16), we get that

3 (v ) = (7 (%) @0+ D %)

9 d& 9 d
Vit () g T = a5 (d542pe0)

and, thus by a straightforward computation, we obtain

d (0 (o (di 2n o AE\ &
E(ax $2<p+v1:)>_(v( )(Ss)"'D A(é& s)'axi

TR N P Ay
u —_
S 9xy X; ds ox; ds s

foranyi =1, ..., N, which proves Claim (3.17).

Thanks to (3.15) and (3.17) we have

& <8M%—ﬂw (e“’”“’q)>

ds 8U 5=0
— Ven_
= (Vuiu(e(p‘ﬂ + D2MQ¢ (e“’q)e“’wq) 4= Vvl
V14 |Ven-19]?
Ven— — Van- Ven-1¢+Ven-
4 Vug, () [ SN-1W (g sv-19)(Vgn 1;,03 2§N 1w)
V1 + [Venv-19]? (14 |Vgn-19]%)%/

= (Vul,(e*q) + DZMQ«J (e?q)e?wq) -v

Ven- Vev-1¢+Vgn-

— v
V14 |Ven-1¢]? (1 + [Vev-19[%)
/

ou
= S +w D?ugq, (e*q)e?q-v

Vugw (e?q)-Vgn-1w 3MQ¢, % )VSNfl @+Vgn-1w
—_ — e q .
1+ [Van-19[? v (14 [Vgn-19]%)

(3.18)

Finally, combining (3.14) and (3.18) we readily obtain (3.12). The proofis complete.
O

4. Volume-Constrained Critical Points for the Torsional Energy of
Star-Shaped Domains

Forany ¢ € C 2(5, R), the volume of the associated star-shaped domain €2,
(see (3.3)) is given by

1
V(p) = Q] = N/ eN? do, 4.1
D
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where do is the (N — 1)-dimensional area element of SV=1 Tt is easy to check that
YV is of class C? and for any v, w € C%(D, R) it holds

V' (p)[v] = / N v do, (4.2)
D

and
V' (o), w] = N/ N v w do. (4.3)
D

For a number ¢ > 0 we define
M = {p € C*(D,R); V(p) =c}. (4.4)

Clearly M is a smooth manifold and for any ¢ € M it holds
T,M = {v e C*(D,R); f N do = 0} . (4.5)
D

We consider the restriction of the torsional energy to the domains corresponding to
functions ¢ € M, namely the functional defined by

1(@) = E@lyenr = EQp3 T0)| ey (4.6)
If ¢ € M is critical point of I then there exists A € R such that
&'(p) =NV (@). (4.7)
As a straightforward consequence of Lemma 3.1 and (4.2) we have

Lemma 4.1. Let ¢ € M be acritical point for I and assume thatug,, € wloe (24)N
W2’2(SZ¢). Then the Lagrange multiplier A is negative and

augw
av

=—+—2N onTly.

Proof. Let ¢ € M be a critical point for / and assume that ug, € W1’°°(Q(p) N
W22(§,), then, from (4.7) and exploiting Lemma 3.1 and (4.2), we have

1 N dug, ? N
——/e‘pv (e‘pq) do:?\/e‘/’vdo,
2 D Jv D

for any v € C2(D, R). Hence we readily obtain that

P 2
/ Ny [(ﬁ (e‘/’q)) + 27\:| do =0,
D av

and from the arbitrariness of v € C2(D, R) we easily deduce that A < 0 and

9 2
< ”Q¢’> — 2\ onT,. (4.8)

ov
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Now, recalling that ug,, is the only (positive) weak solution to

—Au=1 inQ,,
u=20 onTy, 4.9)
fu=0 onlyy\ {0}

then from standard regularity estimates we infer that ug,, is smooth in €2, and from

) . .
Hopf’s lemma we get that L{;s‘f“’ < 0onTy. Hence, in view of (4.8), we obtain

8MQ¢
av

= —+/—2A on .
O

Remark 4.2. From Lemma 4.1 we deduce that each critical point of / produces a
star-shaped domain €2, for which the overdetermined problem (1.2) has a solution.
We recall that, as shown in [23, Proposition 4.3], each critical point of the functional
E(2; ¥ p) on the whole family of domains in X p, with a volume constraint, is a
domain for which (1.2) has a solution. Hence Lemma 4.1 shows that the same
statement holds even if the variations are taken only in the class of star-shaped
domains.

In the next result we compute the second derivative of I at critical point along
variations in T, M.

Lemma 4.3. Let ¢ € M be a critical point for I and let v, w € T,M. Then
(@), w] = " (p)[v, w] = AV (p)[v, w],
where A is the Lagrange multiplier.

Proof. By definition if ¢ € M is a critical point for I, the second variation
1" (¢)[v, w] along the variations v, w € T, M is given by

V), w] = LI 9)
8t8s (t,5)=(0,0)

where W : (—¢, €) x (—¢€, €) — M is a smooth surface in M such that
ow ow
v(0,0) =¢, —(0,0) =v, —(0,0) = w.
dt as

We recall that by definition it holds I (W (¢, s)) = &(W(, 5)). Since

d o
75 (EW(t,5)) =E(V(1, ) |:—(t, S)} ,
s as

we have

33 e s))) =& W )[3—\Pt ) )] £ (Wt ))[82—\”0 )]
o1 5y G = E V@) | Tt 9), ZH9) | +EWE ) | 770 9) |-

(4.10)
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On the other hand, since ¥ (z,s) € M we have V(¥ (¢,s)) = c for any (¢, s) €
(—e, €) x (—¢, €), and thus differentiating with respect to ¢ we infer that V' (¥ (¢, s))
[3\11 (z, s)] = 0. Differentiating again with respect to s we obtain

VWt s))|: @, s) (r s):| +V(U(t, 5)) [ 9.9 o (t,s):| =0 (4.11)

Hence, computing (4.10) at (z, s) = (0, 0), since ¢ = W(0, 0) is a critical point of
I and taking into account that (4.7), (4.11), we get that

(éa(‘l’(t I r.5)=0.0) = 6" (W (2, 9)) [v, w] + & (P (1, S))[ 35 — (0, 0)]

ot ds
= &"(¥(1,9) [v, w] + AV (9) ——(0, 0)
at ds
= &"(¥(1,9) [v, w] = AV () [v, w],
which proves the desired relation. O

Remark 4.4. When ¢ = 0 then 2, is the unit spherical sector Qp 1 = Xp N By,
where By = Bi(0) is the unit ball in RY centered at the origin. We denote it by
€0, while I'g will be its relative boundary. In this case the torsion function ug, is

2
known to be the radial function ug,(x) = % Then we can choose ¢ = ||
in the definition of M and the tangent space to M at ¢ = 0is ToM = {v €

CZ(B, R); fD vdo = 0}. Itis easy to check that Vug, = —%x,forx € XpNBhBy,

and ag% = —% on Iy, so that £ is a critical point for I with A = —5 N2 Finally
Dzugo (x) = —#HN, for x € ¥p N By, where Iy is the identity matrix of order N,
and thus we readily have that ugq, € Whoe(Qo) N W22(Qo).
For the second variation we have
Proposition 4.5. For any v € ToM it holds that
1"(0)[v, v] ! / do+ L [ 24 (4.12)
v,v]=—— [ v do v— do, .
N2 N Jp ov

C / . . .
where u' = % (MQO‘HU)’t:O (see (3.9)) and %iv is the normal derivative of u' on

I'o = D.

Proof. First we observe that, taking ¢ = 0, from (3.9) and (3.5) we have that u’
satisfies

—Au' =0 in Qp,
"=1v  onTy, (4.13)

’

> &
<

=0 on I’ p.

o5

%
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Then, taking v € C2(D, R) such that f p v do =0, from Lemma 3.2, Lemma
4.3, Remark 4.4 and (4.3), (4.13) we obtain

N 1 2 1 /
—/ IRl p—— da—/ vl —— a—Mda
2 /o N D N ) ov
1 1 1
) o [
1 2
——— |N | vido
2N2 D
1 1 n 1 /‘ 2 do 4+ d
=|—-—— - — —_— v° do — v— do,
2N N2 2N ) Jp N Jp v

", v]

(4.14)

since Vug, - Vgnv-1v = 01in D because Vg, is proportional to the radial direction.
]

Remark 4.6. We observe that thanks to (4.12), since u’ = %v on g, by (4.13) and
recalling that I'g = D, we can write

3 /
I%Muﬂ:_fom%g+[uﬂim.
D D v
Then by Green’s identity and (4.13) we infer that

ﬂ@mu:-/wﬂm+/|me.
D Qo

5. A Condition for Instability

In this section we provide conditions on the domain D c SV~! such that the
corresponding spherical sector (i.e. the domain €2 associated to the function ¢ = 0,
see (3.3)) is not a local minimizer for the torsional energy functional under a volume
constraint. This is achieved by showing that €2 is an unstable critical point of /,
i.e. its Morse index is positive.

More precisely, let M be the manifold defined in (4.4), with ¢ = |2¢| and let
I be as in (4.6). As observed in Remark 4.4 the function ¢ = 0 belongs to M and
Q is a critical point for /. The main result of this section is the following:

Theorem 5.1. Let D C SV~! be a smooth domain and let \\ (D) be the first non
trivial eigenvalue of the Laplace-Beltrami operator —Agn-1, with zero Neumann
condition on d D. It holds that

(i) if \Mi(D) < N — 1, then Qq is not a local minimizer for I;
(ii) if \{(D) > N — 1, then Qg is a local minimizer for I.

Proof. To prove (i), let (w;) jen be a L?(D)-orthonormal basis of eigenfunctions
of the eigenvalue problem

—Agv-1wj =Ajw; inD, 51
Baij =0 ondD, G-
9D




1022 ALESSANDRO IACOPETTI, FILOMENA PACELLA & ToBIAS WETH

where v,,, is the exterior unit co-normal to 9D, i.e. for any g € 9D, v,,,(g) is the
only unit vector in TqSN ~1 such that v,,(q) L T,0D and v,,(¢g) points outward
D. We define the following extension of w; to the cone ¥ p

1
w;(rq) = Nr“fwj(q) qeD,r>0, (5.2)
where
S [ e W (5.3)
aj = 5 > i .
We claim that w = w; Q0 is the unique solution of
—Aw =0 1in Qo,
w=gw, onTy, (5.4)
w — on Iy .

Indeed, writing the Laplace operator in polar coordinates and exploiting (5.1) we
easily check that

?w; N-1low; 1 s
0%r r ar +r_2ASN71wj

A} =
reiw;(q) _

= (Olj(Olj —D+oa;j(N-1)— 7\./) N

0,

because «; satisfies a? + (N —2)a; — A; = 0. Moreover, by definition, we have
’Z)J'|D = %wj and % =0onTIp.

Now, letus take j = 1.Itis well known that the first eigenfunction w; is smooth
and satisfies fD wy do = 0, i.e. w; € ToM. Computing 1" (0)[w;, w;], thanks to
Proposition 4.5 and taking into account that w; | % is the solution of (5.4), with
Jj =1, we get that

0w

. 1 1
1"(O)[wy, wi] = —W/Dw% do+N/Dw1 <W> do. (5.5)

Then, since the LZ(D)-norm of w is equal to 1, the exterior unit normal v to ['g is
the radial direction, and

ow 1
% = Notlr"”*lwl = aﬁlwl on D, (5.6)
from (5.5) we obtain
1 (031
I"(O)[wy, wi] = N2 + N2

Thus we deduce that

I"(0)[wy, w1] <O ifandonly if — 1+« <O.
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Finally, from (5.3) it is immediate to check that oy < 1 is equivalent to A (D) <
N — 1 and the proof of (i) is complete.

Toprove (ii), letv € To M and assume, without loss of generality, that f D vido =
1. Taking (w;) jen as in the proof of (i), since v € ToM we can write

o0
v = Z(v, wj)LZ(D)wj-
j=1

Let w; be the harmonic extension of w; defined in (5.2). Then, as w . is a solution

Q
to (5.4) for any j € N, we infer that v := ij’:l (v, wj)p2(pyw; is a solution to

—Au =0 1in o,
1
u=xyv on I'g,
d
5, =0 on Iy p.

Thus, by Proposition 4.5, we get

PO, o =~ [ v do+ [ 02
v,v] = N2 v dcr—i—N v do.
D

Asin (5.6) we have that % = %wj on D, forany j € N. Hence, since fD v2do =
1, we deduce

1

1 > 11«
'O, vl = —=5 + 45 /D v e wj) 2 pyw; do = v ta D@ W)y
j=1 j=1

Now, if A (D) > N — 1 it follows that oy > 1, and, as (o) jen is a nondecreasing
sequence, we obtain

1 —
I//(O)[U, U] > _m + m Z(Uv w])iZ(D) = 07 (57)
Jj=1
having used that Z?’;l (v, wf)i2(D) =1l,as [, v2(¢) do = 1. Hence (ii) holds. O

We conclude this section with a useful criterion for checking the property
A(D) < N — 1. To this end let e € S¥~! and let u, € C®([R") be the func-
tion defined by

Ue(x) =x - e, (5.8)
which satisfies
— Agv-1tte = (N — Du, on SV=1, (5.9)

We have
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Proposition 5.2. Let D be a smooth proper domain of SN~ and let ¢ € SN™!

satisfy
/ u,do =0.
D

Assume that either one of the following holds:

. aue
(i) / ue

(ii) / uc—da = 0, and u, isnot an eigenfunction of{

o < 0;

—Agyv-1w = Aw in D,

%"‘j =0 onadD,

where d6 is the (N — 2)-dimensional area element of D and v = v, is the
exterior unit co-normal to dD. Then A\ (D) < N — 1.

Proof. Taking u, as test function in the variational characterization of the first
non-trivial eigenvalue of —Agny-1 with zero Neumann condition on 9 D, applying
Green’s identity and exploiting (5.9), we have

9 9
/quelsz:/ 1y e do—/ ueAugda:f 1y e d&—f—(N—l)/ u? do.
D ap v D ap 0V D

Therefore, if (i) holds it follows that
[p |Vue|* do
JpuZdo
which implies that A; (D) < N — 1. This completes the proof for the case (i). On
the other hand, under the assumption (ii), the equality sign in (5.10) holds, but as

u, is not an eigenfunction it follows that N — 1 cannot be the smallest non-trivial
eigenvalue. O

<N-—1 (5.10)

6. Existence of Volume-Constrained Minimizers for the Torsional Energy

Let D ¢ SN~ be a domain of the unit sphere and let ¥, be the cone generated
by D. We will always assume that D is smooth so that ¥ p is smooth exept at the
vertex. In Sect. 3 we defined the torsional energy £(2; Xp) for smooth domains
Q C Zp strictly star-shaped with respect to the vertex of the cone. In this section we
study the minimization problem for the torsional energy under a volume constraint
in a larger class of sets. Thus we recall some definitions.

Definition 6.1. We say that @  R¥ is quasi-open, if for any & > 0, there exists an
open set A, such that cap(A.) < ¢ and QU A, is open, where cap(A.) denotes the
capacity of A, with respect to the H!'-norm (see [14, Sect. 3.3] or [9, Sect. 2.1]).

For any quasi-open set 2 C Xp we consider the Sobolev space:
HI(Q: =p) = {u e H'(Sp); u=0 qe.onSp\ sz} ,

where g.e. means quasi-everywhere, i.e. up to sets of zero capacity.
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Definition 6.2. We say that u is a (weak) solution of the mixed boundary value
problem

—Au=1 inQ,
u=20 ond2N Xp, (6.1)
u=0 ondZp,

if u € H} (Q; £p) and

/ Vu - Vo dx =f vdx Vv e Hy(Q; 2p).
Xp %p

Remark 6.3. As Xp is connected and smooth (execpt at the vertex) then Xp is
uniformly Lipschitz. Thus if |2| < 400 the inclusion H(} (2; Xp) — LZ(ED) is
compact (see [9, Proposition 2.3-(i)]). This implies that the functional

1
J(v) = -/ [Vv|? dx—/ v dx (6.2)
2 Js, p

has a unique minimizer ug € HOl (2; ¥ p) which is the unique (weak) solution to
(6.1), which is called energy function or torsion function of Q2. We also recall that
Q = {ug > 0} up to a set of zero capacity (see [9, Proposition 2.8-(e)]). Moreover
we denote by A1 (€2; X p) the first eigenvalue of the Laplacian in HO1 (2; Zp), ie.

[ |Vv]? dx
AM(Q; Zp) = min = (6.3)
veH @ Ep\(0) g, V¥ dx

Then, as before, we define the torsional energy of Q2 (relative to Xp) as:

1 1
E(Q Tp) = J(ug) = —-/ |Vug)? dx = ——/ ug dx. (6.4)
2 Jo 2 Ja

We want to study the problem of minimizing the functional £(2; £ p) among
quasi-open sets of uniformly bounded measure. Therefore, fixing ¢ > 0 we define

O (Zp) :=inf{&€(Q; Xp); K quasi-open, @ C Tp, || < ¢} (6.5)

Our aim is to give a sufficient condition on the cone Xp (hence on D) for the
infimum in (6.5) to be achieved. We begin by recalling some known properties of
the function ug that will be used in this section.

Proposition 6.4. Let ¢ > 0. There exists a positive constant C depending only on
N, Xp and c such that, for any quasi-open subset Q of X p with |2| < c, it holds
that

(i) ug is bounded and |ug||1~(s,y) < C|Q*/V;
(ii) [, |Vugl? dx < C|Q1"F;

(iii) [y, uf dx < CIQIF
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Proof. Letus fix ¢ > 0. Since the cone X p is a uniformly Lipschitz connected open
set of RV then we can apply [9, Lemma 2.5]. Hence, for any quasi-open subset
Q C Tp, with |] £ ¢, fixing p €]N/2, +oo[ and taking f = xq, where xq
denotes the characteristic function of 2, we obtain from [9, Lemma 2.5] that there
exists a positive constant C depending on N, p, £p and ¢ only such that

lugliesy) < CllfllLe sy QPP = Clo/Pi/N=1r = ¢V,

which gives (i).
Next, taking ug as test function in the weak formulation of (6.1) we get

/|Vug|2 dx:/ug dx,
Q Q

/ Vug? dx < C|QPV|Q = |9V,
Q

and, by (i), we obtain

i.e. (ii). Finally (iii) is a trivial consequence of (i) since
2 < 2 < 21014/N 10 — 2105
ng dx S fluglizeos,) 182l = CTQIYTQ = C7[Q A

O

Notice that as a straightforward consequence of the previous result it holds that
O:(Ep) > —o0.

Remark 6.5. Asremarkedin [23, Remark 4.2] there is a natural invariance by scaling
in our problem, which, in particular, allows to claim that the infimum as in (6.5),
but with volume bounded by another constant A > 0, can be easily computed from
O.(Xp). Namely we have

AV ONED) =N Ou(Ep) = O1(Zp). (6.6)

Indeed, for any quasi-open Q2 C Xp, for any ¢+ > 0 it holds that rQ C Xp,
12| = tV|Q, and it is easy to check that u;0(x) = t*ug (¥) and

EtQ; Tp) = tNT2EQ: =p). 6.7)

In particular O.(Xp) can be defined by taking |2] = ¢ in (6.5) and either a
minimizer exists for any fixed volume or there are no minimizers whatever bound
for the volume is chosen.

Among the quasi-open sets in X p we can consider the spherical sectors
Qp.r = Zp N Br(0). (6.8)
In this case the solution of (6.1) is radial and explicitly given by

2 2 .
RZA\/X| leEQD‘R,
MQD‘R(X) =

. (6.9)
0 leEED\QD,R,
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and its energy is

1
EQp.r:Tp) = ——————RV P2 Hy_1(D). 6.10
(Qp,r: p) NN 1 2) Hn-1(D) (6.10)
Therefore, by (6.5), we have
Oc(Zp) = E(Qp,r.: p) <0, (6.11)

where R. = R.(D) > 0 is such that |Q2p g.| = R?’HN_1(D) = ¢, namely

1
N
Re(D) = (HNfl<D)> :

Remark 6.6. Notice that for any ¢ > 0 it holds

1

—mc N [HNfl(D)] (6.12)

E(Qp,r.(D); Xp) =

which means that £(2p r,; £ p) is monotone increasing with respect to Hy —1 (D).

Remark 6.7. When D is a hemisphere, let us say for convenience the upper hemi-

sphere, denoted by Sﬁ_l =SV 1N{(x,...,xy) € RY; xy > 0}, then the cone

X nv-1 coincides with the half-space Rﬁ. In this case it is well known, for example
+

by symmetrization, that O, (ESN_l) is achieved by any half-ball of measure ¢ and
+

O, (ZSﬁ—l) =& <QSX‘1,R(,(S§:_1); ES{X‘])

N+2

wN < 2¢ )N
- . (6.13)
4N(N +2) \ Noy

In the general case, using the smoothness of the cone, we prove in Proposition 6.10
that it always holds

0. (Zp) < O, (281171) . (6.14)

The main result of this section is to show that if the strict inequality holds in (6.14)
then the infimum is achieved. Indeed we have

Theorem 6.8. Let ¢ > 0 and assume that
Oc (Ep) < O, (zgﬁq) . (6.15)
Then O.(Xp) is achieved.

Proof. Let (2,), C X£p be a minimizing sequence for O.(Xp) and consider the
corresponding energy functions ug, € HO1 (2,; £p) for any n € N. By definition,
we have

1
E(Q,; Xp) = _5/ ug, dx - O.(Xp), asn — +oo.
Q2
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Setting u,, := ug,, since |2,| < ¢, for any n € N, by Proposition 6.4 we find a
positive constant C independent of n such that

lunll gz, = C1 Vn e N. (6.16)

In particular, up to a subsequence (still denoted by (u,),), we have | u, ||i2 =

A, for some A = 0. We first observe that A > 0. Otherwise, if A = 0, by Holder’s
inequality and exploiting the uniform bound |2,| < ¢, we would have

lunllpi(s,) = 0, asn — +o0, (6.17)

which implies that £(2,,; ¥p) — 0,asn — +00, contradicting O.(Xp) < 0 (see
(6.11)). Therefore, as (u,,), is bounded in H!(Zp) and

lnllF 25,y = A forn — +oo, (6.18)

forsomeA > 0, we can apply, with small modifications in the proof, the concentration-
compactness principle of P. L. Lions (see [17, Lemma III.1]). Hence, there exists a
subsequence (u,, )y satisfying one of three following possibilities:

(i) there exists (yn, )k C Zp satisfying

Ve >03R >0 suchthat/ u,%kdxzh—s Vk € N;
BR(Yilk)sz

(i) lim sup / u? dx =0, forall R > 0;
Br(y)NZp

k=400 yex), i
(iii) there exists a €]0, A[ such that for all & > 0, there exist kp = 1 and two

sequences (U1 x)k, (U2.x)kx bounded in HY(Zp) satisfying, for k = ko

N, —ur ke — uakll2csy) S 4e,

/ ”%k dx —«
Zp

dist(supp(u1 ), supp(u2,k)) —> +00, ask — +00,

<e,

/ u%vkdx—()\—a) <eg,
2p

liminf/ Vi |* = |Vuy k> = [Vuzel* dx 2 0.
k—+o0 =n

We now divide the proof in some steps. We begin by showing that the “vanish-
ing” case (ii) cannot occur.

Step 1: (ii) cannot happen.

Assume by contradiction that (ii) holds. The idea is to show that u,, — 0
strongly in L%2(Zp), as k — +o0, contradicting (6.18). To prove this we invoke
[28, Lemma 1.21] (whose proof can be easily adapted for functions in H L=,
which claims that (ii) and (6.16) imply u,, — 0in LP(Xp),forany2 < p < 2%, as
k — 400, where 2* = % is the critical Sobolev exponent. Then, exploiting that
Up, € HOl (2n,; Tp) and |2, | < ¢, by Holder’s inequality we readily conclude
that u,, — 0in L>(Zp), as k — +oo.
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In the next step we prove that the “dichotomy” case (iii) cannot occur.
Step 2: (iii) cannot happen.

Assume by contradiction that (iii) holds. We claim that, up to a further subse-
quence, there exists another minimizing sequence (fznk)k C Xp, with S~2nk C 2y,
for any k, satisfying:

° S~2nk = Qj x U Q9 1, for some quasi-open subsets 1 i, 22 x of 2, ;
o dist(21 x, 22) = 400, as k — 400;
o ¢ :=liminfy_ o0 |2 k] > 0, fori =1,2.

Indeed, by (iii) and a diagonal argument, we find bounded subsequences (u1 x)«,
(ua.0)x in H'(Zp) (still indexed by k) satisfying

lun, — w1k — M2,k||L2(2D) — 0,

/ u%k dx — «a, / u%’k dx > A — ), ask — 400,
p %p

dist(supp(u1 k), supp(uz x)) — +00, as k — 400, (6.19)

k—+00

liminf/ Vit |* = |Vur x> = |Vua x> dx = 0.
%p

By the proof of [17, Lemma III.1] we see that u; x, u2 x can be chosen to be non-
negative and in addition, since u,, € H(} (2,,; Xp), we also have that uy x, up x €
Hj (Q,; Tp) for any k. In particular, as uy ¢, ux € H'(Ep), setting Qi =
{urx > 0}, Qo := {uzr > 0} it follows that 2 4, 2, x are quasi-open subsets
of X p. Therefore, flk 1= Qi U Q9 is a quasi-open set contained in €2, and
denoting by u,, = ug,, the torsion function of §~2nk and arguing as in [6, Sect.
3.3] (with obvious small modifications), we infer that

it = fing 1) — O, s k — +o0. (6.20)

From (6.20) it follows that (an)k is a minimizing sequence for O, (D). Moreover,
by construction and (6.19) we readily deduce that dist(€21 ¢, 22x) — 400, as
k — +oo. Finally, setting

¢i :=liminf |Q;«|, i =1,2, (6.21)
n—-400
it holds that ¢; > 0 for i = 1, 2. Indeed, assuming by contradiction, for instance,

that c; = 0, by Holder’s inequality and Sobolev’s inequality (note that ¥ p satisfies
the cone condition) we get

2
2 < 2* > 2 2 2
ujpdx = lu = dx ) Q¥ = C(N, Zp) Vi i |” dx |21 4] V.

Zp %p Zp

Now, recalling that (11 x)x is a bounded sequence in H 1 (Xp), from the previous
inequality and since we are assuming c; = 0 we deduce that

liminf/ ui, dx =0,
p

k— 400
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which contradicts (6.19). Hence ¢; > 0, and by the same argument we infer that
c2 > 0. The proof of the claim is complete.

In order to conclude the proof of Step 2 we show that the previous claim leads
to a contradiction. To this end we begin observing that by invariance by dilatation
(see Remark 6.5) it follows that our minimization problem is equivalent to

& z
M(Zp) :=inf {(—Nﬂm; Q quasi-open, Q C Xp, |2 >0
|2~

N

In particular by (6.6) and a straightforward computation we check that
N+2 N+2
Oc(Ep) =c¢ ¥V O1(Ep) =c ¥ M(Zp),

and a minimizing sequence for M(Xp) is given by Ay = |§,,k |_% ?2,,,{. Then,
setting A; x 1= |S~2nk |_%Qi,k, i = 1,2, and in view of the previous claim, up to a
subsequence, we have Ay = A UAp g, where |A; x| — HCT’Q > 0,ask — +o0,
i =1,2,and A1 N Ay = ¥ for all sufficiently large k. Now, as A; x C Xp are
quasi-open subsets with positive measure, then by definition of M(Xp), for any
i =1,2, we have

EAj i 2
£hik ¥p) MD) > M(Ep). (6.22)
|Al k|
In addition, assuming without loss of generality that |Aj x| = |A2x|, by an ele-
mentary computation, we deduce that

N+2

Ni2 N2 N42 2
(IALEl+1A2k]) ™ = [Arxl ¥ +7|Al.k|N|A2,k|

N +
t—NT (|A1k|+§k) F Aol

2 (Arsl + 8077 [Asyl2,
(6.23)

where & € [0, |A2.k|]. Then, setting My(Xp) := &Ak—,ﬁ’z’) < 0, recalling that
[Akl N~
(Ag)x is minimizing for M(Xp), exploiting the properties of Ay and taking into

account (6.23), (6.22), we infer that for all sufficiently large k it holds

z |A1,1<|T + |A2,k|T + N2

Mi(Ep)|Axl W .
N+2
(M(Ep) + o) (IA1kl +1Azkl) ¥

N+2 M N+2
(M(Zp) +o(1)) <|A1,k| N+ (Aol N N2 Sk \Azﬁklz)

Ni2
MEp)| Al

+ M(Zp)|Az, k| +M(ED)N+2(|A1k|+Sk) |A2k\2+0(1)
S E(A1x Zp) + E(A2g; Ep) .
+ MEp) M2 (A« +sk>“T|A2k|2 +o(1)

E(Ax; Xp)

Al

=E(A; ZDH—M(ZD) N2 (|A1k|+§k) P lAsl +o(D)
< &(Ak; Zp)
(6.24)
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where the last inequality is strict because |A; x| — Clﬁicz > 0, fori = 1,2,
k — +o00,and M(Xp) < 0. Clearly (6.24) is contradictory and this concludes the
proof of Step 2.

From Step 1 and Step 2 we know that the only admissible case is (i). Roughly
speaking (i) states that, there exists a sequence (y, )k C > p such that for a suffi-
ciently large ball Bg(yy, ), the mass of u,,, is concentrated in Bg (yp, ) N 2, , while
the part in the complement B]E (yk) N K, is negligible. With (i) at hand we can
show that the same happens for the energy, in particular the possible tails of €2,
do not play a role. This is the content of the next technical step.

Step 3: For any fixed ¢ > 0 there exist R > 1 and k € N, both depending only on
g, such that

E(Qn; p) = EBar(Yn) N Qs Tp) — 2¢+/2e, Vk =k VR = R.
(6.25)

Let us fix ¢ > 0 and let R > O be tha radius given by (i). Let ¢ € C2° (RM)
suchthat 0 < ¢ < 1,9 = 1in Bg(0), ¢ = 0in BgR(O) and |Vg| < % in RV,
where Cy > 0 is a constant independent of R. We set ¢ (x) := ¢(x — yy,,) and
observe that

/ |Vitn, | dx g/ |Vin, 297 dx
Zp %p

|V (i) dox
sk (6.26)

— 2/ Up, @k Vity, -Vei dx —/ u,2lk|V<pk|2 dx .
2p %p

@ (II)
Then, exploiting the properties of ¢y, Holder’s inequality and (6.16) we infer that

CoC?
R

Co
D] = ?”Vunk”]}(zu)”blnk||L2(ED) = )
where Cg, C; are both independent of k and R. Similarly, for |(IT)| we have

C3Cy
R’

|AD| =
and thus by (6.26) and assuming without loss of generality that R > 1 we obtain
that
2 > 2 G
[Vitg, |~ dx 2 IV (@)™ dx — —, (6.27)
p R

%p

where C> > 0 is independent of k and R. In addition, let us write

—/ Upy dx=—/ Uy Pk dx—/ un, (1 — @r) dx—/ (1 — @p) dx.
=p Sp =pNBrOK) £pnBS ()

() IV)
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We first observe that (III) = 0, because ¢ = 1in Br(yx), while for (IV), applying
Holder’s inequality, taking into account that u,, = 0 q.e. on X \ £2,, and the
properties of ¢, we get that

1

2
IaV)| < / w2, dx | [Bar (k) N Q.
=pNBS ()

Now, thanks to (i) and (6.18) it follows that ”u”k”Lz(ZDﬂBB(yk)) < /2¢ for all
R
sufficiently large k, and thus, as |2, | < ¢, we deduce that

IaV)| < V2ee.

Summing up, we have proved that
—f Uy, dx = —f U, o dx — ~/2ec. (6.28)
p p

Hence, combining (6.27), (6.28) and recalling the definition of the functional J
(see (6.2)) we obtain

C>
J(unk) 2 J(“nk‘/?k) - ﬁ — +/2ec.

Since ¢ is fixed and C3 is independent of R and k, up to taking a larger R, we can

assume that % < +/2&c. Then, observing that u,, ¢y € HO1 (Bor (Yny) N 2y5 Xp)

we finally get
E Qs Zp) = J(un) Z J (unpr) — 2328 2 E(Bar (yny) N Qi3 Tp) — 24/ 26,

so that Step 3 is proved.

In the next step we prove that the sequence of points (y,, )x C X p provided by
(i) is bounded.
Step 4: The sequence (y,, )k C b existing by (i) is bounded.

Assume by contradiction that there exists a subsequence (still indexed by k)
such that

lim |y, | = +4o0.
—+00
Thanks to the assumption (6.15) we can fix ¢ > 0 sufficiently small so that
Ou(Sp) +2cv26 < O, (zsﬁfl) , (6.29)

and by Step 3 we find R sufficiently large depending only on ¢, such that for all
sufficiently large k

E Qs p) = E(Bar () N Qs Tp) — 2¢3/2e. (6.30)

We observe that Byg(y,,) N €2, intersects the boundary of X p. More precisely,
for all sufficiently large k, it holds that

Hy_1 <(BZR(y,,k) A, N azD) > 0. (6.31)
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Indeed, on the contrary, setting for convenience Og  := Bag(yn, )Ny, there exists
a subsequence (still indexed by k) such that Hy_1(@g xNdXp) = O forall k € N,
and by the same argument of [9, Remark 4.3] we conclude that HOl (Orx; Zp) =
HO1 (®g k), and thus

EOri; Tp) = E@p i RY), (6.32)

where E(OR k; RY) denotes the “free” energy of ®p x, under a homogeneous
Dirichlet condition, namely, £(®g k; RY) is the minimizer in HO1 (®g k) of the
functional J (v) = % Jgv IVV[* dx — [ v dx. Then, by considering the Schwartz
symmetrization u"(:)Rvk of the energy function ug, , associated to O i, and thanks
to the classical Pélya-Szegd inequality, we infer that

1
E(OR; RN) = 5/ |V”®R,k|2 dx _/ Uep, dx
OR k OR k

|
2 Jey,

E@F : RY),

v

|Vu>!(:)R’k|2 dx — / M?;)Rvk dx (633)

Q)%
OR,k

v

Hence, as ®*R’k is a ball, with ¢} := |®}},k| = |Or k| £ ¢, then from (6.32),(6.33),
taking into account Remark 6.6 and (6.13) (noticing that & (@”,}’ o RM)
= E(Qgn-1 Ry (SN1)3 Ygn-1), where Qgnv-1 Rep (S is the ball centred at the ori-
gin of radius R, (V1) with |Qgn—1, Re, V1) = ¢k see (6.8), (6.12)), we deduce
that

EORki Ep) 2 E@ i RY) > O (Zgnat) 2 Oc (Zgpm1) . (634)

Finally, recalling that ®g = Bag(yu,) N 2y, then from (6.25) and (6.34) we
have, for large k,

E(Qu; Zp) > O, (Esﬁ—l) — 2¢/2e.
Hence passing to the limit as k — 400 we conclude that
O:(Zp) 2 O, (ESN—I) — 2¢4/2¢,
+

which contradicts (6.29).

Then, by (6.31), there exists ko € N such that dist(y,,, dXp) < 2R for all
k = ko and we can find a sequence of points (zx)r C dXp \ {0} such that z; €
(Bar(yn,) N Q2p,) N OEp and Bag(yn,) C Bar(zi), for all k = ko. Then, by
monotonicity of the torsional energy £ with respect to the set inclusion, noticing
that H} (Bag (yn,) N Qy; Tp) C Hy (Bar(zk) N Qs Tp), we have

E(B2r(Yny) N 2y Xp) 2 E(Bar(zik) N Qs Ep), (6.35)

for all k = ko. Clearly, by construction, |Bag(zk) N 2y, | < ¢ for all k = ko and
|zxk| = +00,as k — +o00. We claim that, up to a further subsequence (still indexed
by k) it holds

E(Bar(z0) N Qi Tn) 2 O (g1 ) +o(D), (636)
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for all sufficiently large k, where o(1) — 0 as k — 4o00.

Notice that if Claim (6.36) holds then the proof of Step 4 is complete. Indeed
combining (6.30), (6.35) and (6.36), up to a subsequence, we have

E(Qu; Tp) Z Oc(Zgy-1) + o(1) — 2¢v2e,
for all sufficiently large k. Then, passing to the limit as k — +o00 we get
Oc(Zp) 2 O (2%71) —2c4/2¢,

but this contradicts (6.29).

Proof of Claim (6.36): We first observe that since d X p \ {0} is a smooth hypersur-
face, then, for any fixed ¢ € 9D C 0% p \ {0} there exists an open neighborhood
V of g in dXp \ {0} such that V — ¢ is the graph over 7,,0 X p of a smooth function
g : U — R, with g(0) = 0, where U is an open neighborhood of the origin in
T,0%p (without loss of generality we can assume that U is a ball and g is smooth
in U). Namely, fixing a orthonormal base B’ := {v,...,vy—_1} of T,0%p and
choosing B := {v1, ..., vn_1, —v(q)} as orthonormal base of R", where —v(q)
is the inner unit normal of dXp at ¢, denoting by x" = (x{, ..., x),_,) the coordi-
nates of the points in 7,0 X p with respect to 3 and by x = (x’, x») the coordinates
in RV with respect to B, we can identify

V—qg={(,xy) eRY; X' =], xy_) €U, xy =g, Xy ),

where U is the orthogonal projection of V — g onto T;,0Xp. To be precise, if
@ is a local parametrization centered at g, i.e. ¢(0) = ¢, by writing ¢ — g =
Y@ — @) - vilvi + (9 — q) - (—v(g)), and since 317 [(@ — g) « vily; is
a locally invertible map from an open neighborhood of the origin in RV~! to an
open neighborhood of the originin 7,0 Xp = RN~! then, denoting by G its local
inverse and taking g(x") := [(¢ — ¢q) o G(x")] - (—v(q)) we obtain the desired map.
In particular, notice that since W(O) € T,0Xp it follows that %(O) =0,
foranyi =1,...,N — 1. ' '

Now, since dXp is a cone it follows that for any t > 0, 1;,0Xp = 1,0Xp,
v(tq) = v(g) and tV — tq is the graph over 7,0Xp of the map g, : tU — R
defined by

/
Q) =1g (’%) X etU. (6.37)
For any x” € tU, foranyi = 1,..., N — 1, we have
g dg (x' 0g 1 0g £ ,
Wy =25 ()22 o)+ -v, [ Z2((2).x, 6.38
3xl{(x) ax; \ t ax;( )+t x ax; t . ( )

where & = £(x’, 1) belongs to the segment joining 0 and "T/, and V,s denotes the
gradient with respectto x|, ..., xy,_,. Hence, for any fixed ball Bg, (0) C T,dXp,
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for all + > O sufficiently large such that Bg, (0) C tU, recalling that % 0) =0,

we have
oo ]m

lim max |Veg (x| =0. (6.40)

t— 400 x’EBR )

N—

max |ng,(x)|< max Z
x'€Bg, (0) =

C
Ry = s (6.39)

where C is independent of ¢, and, in particular,

LetC glﬁ opE + ( g | Br, (0)> be, respectively, the upper cylinder generated by Bg, (0)

and the epigraph associated to g; | Br (0) namely
1
C;Rl(o) = {(x’ XN) € RN' x' = (xi, ...,x}\,_l) € Bg,(0), xy > 0},
E* (81, ) = (20 € RY; ¥ = (X)) € Bri ), (6:4D)
x> g(x], .. Xy Dk

Then, the map F; : C;RI(O) — E+ (g’|BR1(0)> defined by

Fi(x' xn) = (& xn + &), (s xn) € Cg ) (6.42)

is a diffeomorphism whose Jacobian matrix is of the form

T
Jac(F) (', xw) = [vﬂ,’;‘(}/) Ot ] : (6.43)

where [y_ is the identity matrix of order N — 1, On_1 is the null vector in RN-1,
T is the transposition. Notice also that Jac(F}) is independent of x and in view of
(6.40) it holds that

z—lgrfoo [Jac(Fy) — Iy 0(+7> =0. (6.44)

BRI(O)

Now, let us consider the sequence (gx)x C 9D, where g = ‘Z B and (zx)r C
02 p \ {0} is the sequence appearing in Claim (6.36). Since d D is a compact subset
of SN~ we deduce that, up to a subsequence (still indexed by k) it holds that
distgv—1(qk. g) — 0, as k — +oo, for some g € 9D, where distgv—1 denotes
the geodesic distance in S¥~!. Then, from the previous discussion there exist an
open neighborhood Vi of ¢ in d¥p \ {0}, a convex open neighborhood U; of
the origin in 750X p and a smooth function g; : U, — R such that g1(0) =0,
Vyg1(0) = 0, and Vi — g is the graph over 750X p associated to gl‘u.’ where

= (xi, el x}\,_ 1) are the coordinates with respect to fixed orthonormal base
{vi,...,oy_1}of T30 X p. Since distgn-1(gk, g) — 0,ask — +o0, then definitely
gr € Vi, Mz55, (qx — ) € Uy, where Mz.55, : RN — T;3%p is the orthogonal
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projection onto 73d¥p and Ir;5%,(gk — ) — 0, as k — +oo. Let =
(¥ 4> -+ +» Xy_ 1) be the coordinates of 7,55, (g« — ¢) and set

Ui :=U — i,
gir(x) =g (X' + %) — g1(x), x' € Uy

Then we readily check that V| — gy is a cartesian graph over 7;0 X p, associated to
g1k - U x — R. Notice that, since )E,’( — 0, as k — 400, then there exists a ball
B{(0) in T;0 X p such that Bz (0) C Uy for all sufficiently large k. In particular,
setting #x := |zx|, recalling that |zx| — 400, as k — 400, then, #,U;  invades
T;0Xp. Asin (6.37) we consider the rescaled map Ay, : Uy x — R defined by

x' x _
hy (X') = teg1 i <E> = Ik [81 (E +x1/¢> - gl(x;():| , X' e Uyg,
and arguing as in (6.38) we have the expansion

ohy ., ag1 (x' g1 ,_, 1 og1 (& ,
= — + = — + — V, — | = —+ . s
ox; ) ox! \ Tk ax; (xk) | * ax; \ 1 Tk .

l (6.45)

where £ belongs to the segment joining X; and ’l‘—k/ .Letusfixaball Bg, (0)in 70X p,
with R to be chosen later and independently on k, and observe that Bg, (0) C # U
for all sufficiently large k. Since x; — 0, as k — +o0, and V,/g1(0) = 0 we get
that the first term in the right-hand side of (6.45) goes to zero as k — 400, and
arguing as in (6.39) for the second term, we conclude that

lim  max [Vyh, (x")] =0. (6.46)
k—400 x'€Bg, (0)

Let Fy, : C;Rl o~ ET (h,k | Br, (0)) be the diffeomorphism defined by
Ftk (-x,’ )CN) = ('x/7 XN + hl‘k (-x/))a (-x,’ )CN) € C;_Rl 0)°

where E*t (h,k| 5 (0)) |55, 0 (52° (641)) and
where we recall that x = (x/, xy) are the coordinates with respect to the orthogonal
base {vy, ..., ony—1, —V(q)}.

Now, let us consider the set B4g(zx) N £2,,, appearing in (6.36). Recalling that
Zk = qk, since ty — +00, as k — 400, and since R is independent of k, then,
for all sufficiently large k it holds

is the epigraph associated to Ay,

(Bar(zi) N ) NOXp — 2k C (Vi — qi)-
We observe that for any k we have

E(B4r(zr) N Qs Lp) = E(Bar(zx) N Q. — 2k5 Xp — 2k) (6.47)
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and we set for brevity
Qr ok = (Bar(zk) N Q) — 2k (6.48)

Notice that since £ R.k 1s a uniformly bounded subset of RN and 7 (V; — gy ) is the
cartesian graph of i;, : ;U x — R then we can choose R; > 0 (independent of
k) in such a way that

! (m) C B, (0) x [0, +00l, (6.49)

for all large k. Let us denote by 1y := Ug,, € H(} (£~2R,k; ¥p — zx) the energy
function of Q R.k and let l7k := Uy o Fy,. Notice that by construction and thanks to

(6.49), it follows that 0k extends to a function l]k € H(}(F,k_l(fZR,k); Ri’).
Thanks to (6.43) we have that det(Jac(Fy,)) = 1 and thus

/~ uy dy :/ _ UgoFy ]det(Jac(Ftk))] dx :/ B l7k dx,
Qrx Fy ' (@0 Fy (@)
(6.50)
and
|F, ' Q)| = 1Qril < c. (6.51)

Moreover, setting

My = max__ max [[Jac(Fy,)(x", xy)1nl,
(X/,XN)EC;;RI © =1

which is well defined (see (6.43)) and taking into account that

VUi, xv) = (Jac(Fy) (', xn)) T Vyiig (F (1, xy)) forace. (x', xy) € Fy7 ' (Qrp).

we obtain that

fﬁl VL Ok dx £ Mﬁ,{/f1 ~ |Vylig o Fy | dx
Fy QR0 F QR (6.52)
= Mﬁkf Vi |* dy.
QR k
In view of (6.46) and recalling (6.43), (6.44) we deduceﬁhat M — lask — +oo.
Therefore, recalling that iy is the energy function of Qg x = Bagr(zk) N R, — 2k
and thanks to (6.52) we get that f thl(QRvk) |V Uk|2 dx is bounded by a uniform

positive constant. Moreover, by definition and thanks to (6.50), (6.52) we have

- 1 ~ ~
EQri; Xp — ) = 5/_ |V, 2ik]? dy —/N i dy
QR k QR k
L1 |V, Ue|* d / Uy d
2 = N xUr|” dx — N & dx
2 Mlz,k Frzl(QR,k) Ft;l(QR,k)

s 1{ 1 5
=JU)+=-|— -1 f VUi dx.
2 (Mlz,k ) i @r)

(6.53)
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1 —1
' € Ho(Fy

(fZ R.K)S Rﬁ) the energy function of Ftk_1 (Q r.k) then by reflection, symmetrization
and taking into account (6.51) and (6.13) we infer that

Hence, as Uy € HJ (F, ' (Qr); RY), denoting by Wy := u,,-
Ik

- 1 1 -
EQri; Tp =2 ZJW)+5 | 5 =1 / L VO dx
Ml,k Fo (Qrx)

Ik

1 1 -
2 OCk(Esﬁfl) + 3 <W2k - 1) /F"(s'z”) |V, U|? dx
R 1 ,
1 1 -
> . 3 I 2
> Oc(Sgy-) + 5 (M%k I /F,k‘@zR.k) IV O dx.
(6.54)

Finally, since fF—'(QR 0 |V ﬁk|2 dx is uniformly bonded and M ; — 1, as k —
Ik N
+00, then from (6.47), (6.48) and (6.54), we get

E(Bar(z) N Qi Tp) 2 Oc(Egy-1) +o(1),

for all sufficiently large k, and this proves Claim (6.36).

In the next step, we prove the pre-compactness of the sequence (uy, ) in
L*(Zp).
Step 5: The sequence (u,, ), admits a subsequence which strongly converges in
L*(Zp).

We first show that

lim sup / uz dx =0 (6.55)
R—+ooken JBSONEp

Indeed, if (6.55) is not true there exist &’ > 0, a sequence (R,;),, C R™ such that

R, — 400, as m — +o00, and we find a subsequence (ny,, ), such that for all
meN

v

8/
/ . u,%km dx 5 (6.56)
BR (ONZp

On the other hand, taking ¢ = %/ in (i) we find R’ > 0 depending only on &’ such
that for all k € N

/ uj, dx 2 A= 6.57)
Br(yi)NEp

Now, in view of Step 4 we know that (y,, )« is bounded, and thus there exists
R” > 0independent of k such that Bg/(yx) C Bg~(0) for all k. Hence, from (6.57)
we get that

/ uy, dx 2 / uy, dx 2 A— =, (6.58)
BR”(())OZD Brr (yr)NZp 4
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for all sufficiently large k. Finally, by writing

ur  dx = u?  dx + u? dx,
Mk Mkim c N
=p Bg,, (0)NZp B (ONEp

and recalling that R,, — o0, then, we have R,, > R”, for all sufficiently large
m, and thus from (6.56), (6.58) we deduce that

for all sufficiently large m, but this contradicts (6.18) and (6.55) is thus proved.

In order to prove the relative compactness of the sequence (u,, )k in L%(Zp), it
suffices to find, for any given & > 0, a relative compact sequence (vi) in L>(Zp),
depending on ¢, with the property that

ln, — vill 25,y <€ Vk €N (6.59)

Indeed, the latter property readily implies that the set {u,,; k € N} is totally
bounded in L2(X p), and therefore it is relative compact since L(% p) is a Banach
space. So let ¢ > 0. By (6.55), there exists R > 0 with

/ u? dx <e VkeN.
c k
BR(0)NZp

Hence (6.59) holds with vy := xpgg)un, for k € N, where xp, ) denotes the
characteristic function of the ball Bg(0). Moreover, by (6.16) and the compactness
of the embedding H! (Br(0)NEp) — L2(Br(0)NEp) the sequence of functions

Un, | Br(0)’ k e Nisrelatively compactin L?(Bg(0)N X p), which obviously implies

that the sequence (vy)y is relatively compact in L2( p), as required. We have thus
established the relative compactness of the sequence (uy, )k in L%(Zp), as claimed.
Step 6: Existence of a minimizer for O.(Xp).

In the previous steps we proved that the sequence of energy functions (i),
associated to a minimizing sequence (2,), C Xp for O.(Xp), is bounded in
HY(Zp) (see (6.16)) and possesses a subsequence which strongly converges in
L?(Zp). Hence, up to a subsequence (still indexed by n for convenience), we have
u, — iiin H'(Xp), forsomeii € H'(Xp),andu, — iin L>(Tp),asn — +oo0.

We set Q := {ii > 0} C Zp. Since it € H'(Zp) then Q is a quasi-open
subset of X p, in addition, arguing as in [8, Proof of Lemma 5.2], namely using that
U, — U in LZ(ED), as n — +o0, and applying Fatou’s Lemma, we infer that

Q2| = / x>0y dx < lim inf/ X{u,>0) dx = liminf |2, < c.
=p n— b n— 400

+00

We claim that 2 is a minimizer for O.(Xp) and that i is the torsion function of
uq. To prove this we first observe that as u,, — i in L?(Xp) and since |22,| < c,
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|| < c it follows that u, — i in L'(Zp). Indeed by construction we have
up € Hy (Q; Tp), it € Hy(Q; p), and by Holder’s inequality we deduce that

1
2 1
/ juy — il dx < (/ |un—a|2dx) 120 U1 < g — il 25, V2.
Zp Q,URQ

Now, as u, — i in H (Zp), we have
-2 < Tim 2
”u”HI(ZD) = }1121-',1-132 ”u””Hl(ED)’

and thus, since u,, — u in L2(E D), we readily get that

n—-—+0oo

/ |Vi|? dx < liminf/ |Vu,|*> dx
Xp + %p

Then, recalling the definition of the functional J (see (6.2)), exploiting that u,, — u
in LY(Zp) and since u,, are the energy functions associated to €2,, we obtain that

J (@) < liminf (l/ |Vu,1|2 dx —/ Uy dx) =liminf £(2;,; Xp) = O (Zp).
n—+o0o \ 2 o b n——+00
(6.60)
Finally, considering the energy function ug, associated to €2, i.e. the minimizer of
J in HO1 (2; X p), then, by the minimality of ug, since u € H& (2; X p) and thanks
to (6.60) we have
E(Q; Ep) = J(ug) = J(@) = O(Zp). (6.61)

Therefore £(2; £p) = O.(Xp), and (6.61) implies that J (ug) = J(u). Hence Q2
is a minimizer for O.(Xp) and it = ugq in H'(Tp). m|

Corollary 6.9. If D c SV~ is a smooth domain such that
Hy-1(D) < Hy-1(SE7 (6.62)
then O.(Xp) is achieved, for any ¢ > 0.

Proof. By (6.9)—(6.13) we readily check that (6.62) implies the condition (6.15),
and by Theorem 6.8 we conclude. O

We conclude this section with

Proposition 6.10. Ler D SN~ be a smooth domain and let ¢ > 0. Then

O (Ep) £ O (Zgy-1). (6.63)
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Proof. Letusfixq € 0D C 9%p \ {0} and let {vy, ..., vy—1} be an orthonormal
basis of 7,0 X p. We denote by x = (x', xp) the coordinates of points in R with
respect to {vy, ..., vy—1, —V(q)}, where —v(q) is the inner unit normal to X p at
q. As seen in the proof of Claim (6.36) there exist an open neighborhood V of ¢
in X p \ {0}, an open neighborhood U of the origin in 7,0 X p, and a smooth map
g:U — R, g = g(x') such that V — g is the graph over 1,0%p ofgiU

Let B;(0) C RY be a N-dimensional half-ball such that |B} (0)| = c, i.e.
B;(O) is a half-ball of volume ¢ contained in the upper half-space delimited by
T,0Xp. Letu B ©) € HO1 (B;er 0); Rﬁ ) be the energy function of B;{ (0). Then, by
definition and recalling Remark 6.7, we have

OC(Egi—l) = S(B;Q(O); Rﬁ) = J(uB;(O)). (6.64)
Let Bg,(0) be aball in 7,0 X p, with Ry > R. Clearly

B} (0) C Bg,(0) x [0, +o00]. (6.65)

Let (#)x C R* be a sequence such that #; — +o00, as k — oo, then, setting
Zk = txq we obtain a diverging sequence of points on X p \ {0}. We consider the
rescaled map g;, : U — R defined by (6.37) and the associated diffeomorphism

~+ : +
CBR © E+ (gtk |BR| (0)) given by (6.42), where ET (gtk |BR] (0)>’ CBR| )
are defined by (6.41). The inverse diffeomorphism F,;l is given by

Fl o) = &y = g 0, &) € EF (g, ) (6:66)
and as done in (6.43), (6.44) we readily check that

Det(Jac(F, ) =1, lim |Jac(F, ") —Iy|| ,———— =0.
ORI T )
" | BR, (0)

(6.67)

Moreover, setting Uy := “B+(0)°F ! we notice that since U gt (0) € HO1 (B;(O); Rﬁ)
(actually u gt g = 0 in RY \ B} (0), see (6.9) with D = SY~1), then, by con-
struction, taking into account (6.65), it follows that Uy extends to a function
Ux € H)(Fy, (B5(0)): p — zk). Arguing as in (6.50)-(6.52), taking into ac-
count (6.67), we infer that | Fy, (B (0)) | = |BE(0)| =c,

J:

k

Uy dx:/ Up+y dy, (6.68)
(B () sio) K

/ |V, Ui |? dx < Mg,kf Vyitg o> dy. (6.69)
Fy (B (0) B} (0) K

R
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where

My = max max |[Jac(F, ") (x', x)nl,

<
(o )eE ( gy | =
: kg, 0

and Mr; — 1, as k — +oo. Hence, combining (6.64), (6.68) and (6.69) we
deduce

1
O(szl)z—/ |Vyu e |2dy—/ Upt o dy
cl g ) B;(O) Y4BE(0) B;(O) B (0)
11
2 -— IV Ug)? dx — Uy dx
2 My JE (B 0) Fy (B ©) (6.70)

1{ 1
JU)+ = — —1 / |V, Ug|? dx
2\ M3, Fi (B (©)

2 & (Fy (Bg (@) +o(1)

where in the last inequality we used that Uy € Hol(F,k (B;(O)) ; 2p — Zk), the
definition of torsional energy of Fj, (B;(O)), My — 1, as k — +oo and that
f Fy (BE () |V Uk|2 dx is uniformly bounded. Summing up, from (6.70) and the
definition of O.(Xp) we finally have

Oc(Egn-1) 2 E(Fy (B (0): Tp — 26) +o(1) = E(Fy (B (0))
+21; Tp) + o(1) Z Oc(Ep) + o(1),

and passing to the limit as k — 400 we obtain (6.63). O

7. Properties of Minimizers and Proof of Theorem 1.2

In this section we show some qualitative properties of the minimizers of the
torsional energy functional with fixed volume (we refer to Sect. 6 for the notations).
In view of the scaling invariance of our problem (see Remark 6.5) it suffices to
focus on the case O1(Xp). We begin by proving that any minimizer for O;(Xp)
is bounded.

Proposition 7.1. If Q is a minimizer for O1(Xp) then Q is bounded.

Proof. We argue as in [3, Sect. 2.1.2] with slightly changes. Let €2 be a minimizer
for O1(Xp). In view of [7, Theorem 1], in order to prove that €2 is bounded it
is sufficient to show that €2 is a local shape subsolution for the energy 7p, which
means that, there exist§ > 0 and A > 0 such that for any quasi-open subset QcQ
with [lug — ugll;25, < d, it holds that

E(Q Tp) + AlQ| £ E(Q; p) + AR
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Let us assume, by contradiction, that there exist a sequence (A,), C RT with
A, — 0,as n — 400, and an increasing sequence (£2,), C €2 of quasi-open
subsets such that

E(Q; Tp) + AslQl > E(Qu; Tp) + AnlQul, (7.1)
and [|ug —ug |25, — 0,asn — +oc. Then, let us fix , > 1 such that
|10l = 1, 1] = 1 = |21
Obviously, #, — 1t,asn — 400, and by the minimality of €2 we have
iy T2E Qs Tp) = E(1a; Tp) Z E(Q; Ep).
Thus, from (7.1) we obtain

(AR

An(1Q] = |24]) > E(Qu; Zp) — E(Q: Tp) = s

(=& Xp)),

I$2|

and dividing by ¥ — 1 = N

— 1 we get
—E(@: 2p) (P~ 1) A U2l - 12,)

N+2 N "N
Nt tN —1 tN —1

= An|Ql. (7.2)

This gives a contradiction because, as n — 400, the left-hand side of (7.2) con-
verges to —NTHE (2; X p), while the right-hand side converges to zero. m]

Proposition 7.2. If Q is a minimizer for O1(Xp) then the torsion function ug €
HOl (2; ¥p) is Lipschitz continuous in any Lipschitz domain w C X p such that
w C Xp and Q = {ug > 0} is an open subset of L p.

Proof. Theresultfollows essentially as in the case of Dirichlet boundary conditions,
which was addressed in the work [5]. The extension to the case of mixed boundary
conditions was done in [21, Theorem 2.14] for the problem of minimizing the first
eigenvalue. In our situation the proof would be similar. O

Next, we prove that any minimizer is connected.

Proposition 7.3. If Q is a minimizer for O1(Xp) then Q2 is a connected subset of
¥p.

Proof. As seen in the proof of Theorem 6.8, Step 2, we notice that, as |2| = 1,
then €2 is also a minimizer for

E(R; Zp) .
— 2 quasi-open, Q2 C Xp, |2 >O0¢.

QW

M(Zp) ;= inf

Assume by contradiction that 2 is not connected. Then there exist two open subsets
Q1, Q) of Zp, with Q1, Q2 # @, such that 21 N 2y = ¥ and

Q=QUQ.



1044 ALESSANDRO IACOPETTI, FILOMENA PACELLA & ToBIAS WETH

In addition, since €2; is an open nonempty subset of X p then |Q2;| > 0, fori =1, 2,
and by construction we have
E(24; Xp)
'V
E(2; Zp) = E(Qu; Tp) + E(Q; Zp), 2] = |21 + [22].

> M(Zp), fori =1,2, and

Then, since % > 1, by the convexity of + + ¢ N , taking into account that

[21] > 0, |22] > 0and M(Xp) < 0, we deduce that

MEDIQIT = M(Sp) (] + @)V
N+2 N+2
< M(Ep) (1201 + 121 )
S E(Q; Zp) + E(0; Tp) = E(Q; Zp),

which is a contradiction. O

Concerning the regularity of the minimizing set, by the theory of free boundary
problems we have

Proposition 7.4. Let Q@ C X p be a minimizer for O1(Zp) andletT' = 02N Zp
be its relative boundary. Then there exists a critical dimension d* which can be
either 5,6 or 7, such that

(i) U is smooth if N < d*;
(ii) T can have countable isolated singularities if N = d*;
(iii) T can have a singular set of dimension N — d*, if N > d*.

Moreover on the regular part of T the normal derivative %’—‘? is constant, namely

35‘—52 =—,/ % |O1(Xp)|, where ug is the torsion function of Q2.

Proof. The points (i)—(iii) follows from the results of [11, 15] and [27]. Let us prove
the last statement.

Let I';.q be the regular part of I' (which is a relative open set of I'), let xg € Iy,
and let B, (xo) be a small ball such that By, (xg) C Xp and I' N By, (x0) C I'yeg.
Moreover, let ¥ € C°(B(x0)) and consider the vector field V given by V = v,
where v is a smooth extension of the normal versor v|rnp,, (vy) Of I' N Bar(x0)
to a smooth vector field defined in B, (x(). Hence, by construction, we have that
V : RY — RV is a smooth vector field with compact support in B, (xp), and in
particularitholdsthat V(0) = 0and V(x) = 0 € Tyd X p forallx € dXp\{0}. This
means that the associated flow £ : (—tg, fg) X X p — X p,forsomery > 0, preserves
the boundary ¥ p and we consider the induced deformation of €2, (2/)re(—1y,1)>
where Q; := £(z, ). Actually, since supp(r) C B,(xo) we infer that £(¢, x) = x
for x € Bgr(xo), t € (—ty, to).

2

Letug, € HO1 (R2;; X p) be the torsion function of ;, fort € (—1g, ty) and let us
setu; := ug,. Arguing as in the proof of [23, Proposition 4.3] we can prove that the
map from (—1y, #p) to H L=p), t — u, is differentiable. In particular the function
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f i (=to,t9) — LY(Zp), given by f(t) = |Vut|2 is differentiable. We also
notice that, since ug is a weak solution to (6.1), then by standard elliptic regularity
theory ug € W22(2 N B, (x0)). In particular it holds that V £(0) = ¥v|Vug|* €
Wl1(Zp, RY) and by easy modifications to the proof of [14, Theorem 5.2.2] we
infer that the function ¢ — £(; p) = —5 |Vu,| dx is differentiable at
t =0and

d 1
— (1 Zp)eo = —/ Vug - Vu' dx — —/ div(V|Vug|?) dx,
dr Q 2 Jo

where u’ = % (us)|;—¢ 1s a solution to (see the proof of [23, Proposition 4.3])

AW =0 inQ,
W =—2% (v vy onT, (1.3)
=0 onT \ {0}.

We point out that since the flow & leaves invariant Bgr (xg) forall r € (—tg, ty), we
3

have u”’ =0in QN BE,(XO) and thus
3

d
S @i Tla=- /

1
Vug - Vu' dx — —/ div(V|Vug|?) dx .
QNB3 (x0) 2 Ja
2}’

D
@

(7.4)

Let us analyse (I). We first observe that as I' N By, (x9) C I'yeg and u' is a so-
lution to (7.3), then by standard elliptic regularity theory, it follows that u’ €

w22 (Q NnB 3 r(x0)> and it is smooth inside 2. Hence, applying the Green’s for-
mula, taking into account that Au’ = 01in N B3 (X0, ‘5—“/ =0on QN aBa - (x0)

(because u’ = 0in BG (xo) and u’ is smooth 1n51de Q)andug =0onl'N Ba »(x0)

we get that (I) = 0. For (II), applying the divergence theorem, and recalhng the
definition of V, in the end, we obtain

d 1
4 @ TNy = —+ f Vugl?y do. (1.5)
dr 2 JraB o)

On the other hand, for the volume, we have

d
2Dl =/<v, ) do =/ ¥ do. (1.6)
t r NB, (xo)

Now, since €2 is a minimizer for O{(Xp), then, recalling Remark 6.5 and as ob-
served in the proof of Step 2 of Theorem 6.8 we get that €2 is also a minimizer for
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—fgrf%g) . Thus from (7.5), (7.6), since |2| = 1 and £(R2; Tp) = O1(Tp) < 0, we
readily obtain that

d E(Q X 1 2(N +2
& (& 2n) ’Nf) =——/ (|V“Q|2—¥|OI(ED)|)1//(10=O-
[N 2 JraB, (o) N

Finally, from the arbitrariness of ¥ and xo we conclude that | Vug|? = 2(N+2) |O1(Zp)]

on I'yee, and as ug = 0 on I'y,e then by Hopf’s lemma it follows that "“9 =

— 252 01(Ep)l on Treg. o

We conclude this section with the following:

t=0

Proof of Theorem 1.2. 1t follows from Theorem 5.1, Theorem 6.8, Corollary 6.9
and Proposition 7.4. O

8. The Isoperimetric Problem and Proof of Theorem 1.3

In this section we study the isoperimetric problem in the class of strictly star-
shaped domains in cones, i.e. domains in £ p whose relative boundary is a radial
graph.

Using the same notations of the previous sections, if ¢ € C%(D,R) and Ry, Ty
are, respectively, the associated star-shaped domain (see (3.3)), and the associated
radial graph (see Definition 2.1), the (relative) perimeter of 2, in Xp is given by

P(Qy; Bp) = Hy_1(Ty) = / VD0 /T T Vol do,
D

where do is the (N — 1)-dimensional area element of S¥ 1. Let us observe that P
can be seen as a functional on the space C 2(5, R) and, contrarily to the torsional
energy functional of Sect. 3, its expression does not involve the associated domain
Q. Thus we set for brevity P(p) = P(Q2y; Xp).

The derivative of PP along a variation v € C*(D, R) is given by

’P/(go)[v]=/ (N=Dg ((N—1)¢1+|V<p|2v+ vy ) do
V1 |v¢|2

Let V be the volume functional (see (4.1)). We are concerned with critical points ¢
of P subject to the volume constraint {) = c}. Namely we consider the manifold
M defined by (4.4) and the restriction Z := P|,,. A critical point ¢ € M for 7
satisfies

P'(e) =NV (), 8.1)

with a Lagrangian multiplier A € R. In the next two propositions we prove that the
radial graph I'y, associated to a critical point ¢ € M is a CMC hypersurface which
intersects orthogonally 0% p \ {0}.

This is well known if the variations of the domains are taken in the whole class
of subsets of X p of finite relative perimeter (see [25]) but not obvious in our case.
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Proposition 8.1. If ¢ € C*(D, R) is a volume-constrained critical point for P,
then the associated radial graph Iy, has constant mean curvature H = ﬁ
Proof. Let v € Cg(D) be a variation with compact support. By definition (see

(8.1)) there exists A € R such that

2
WN=D¢ [ (N = D)/T+ Voo + —2 YV Ve: do':?\f ey do.
/ ( + Vol D

(8.2)
Let us observe that
/ e(N—l)(ﬂ V(p Vv o= V(p . V(Ue(N—l)‘/’) do
D V1+1|Vel? D 1+ |Ve]?

\v/ 2
_/ (N — 1)6(/‘/*1)(/’&1) do.
D

V1+[VeP

Hence we can rewrite (8.2) as

Vo . V(welN—D¢ N -1
¢ Vve ) do +/ eN-De__——  —  ydo = )\/ Ny do.
D D

p  J1+|Ve]? V14 |Ve?

Now, since ¢ is smooth and v has compact support in D, integrating by parts, we
get

Vo - V(e v
wdo:—/ divgy-1 YO ) Ney, do, (8.3)
V14 |Ve|? D V14 |Vol?

and thus we deduce

Vo N
—divgy1 | ——— | eV NV )y do = / ANy do.
/D( <‘/1 + |V<p|2> VI + Vel P

Therefore, as v is arbitrary, we obtain

\% N —1
—divgn-1 (_W) eNhe o NTDe — ANV in D,

V1+|Vel? V1+|Vel?

i.e.

. Vo N -1 .
— divgn—1 + =Ae? in D. (8.4)
VI+1Vel2) V14|Vl

Comparing (8.4) with (2.10) it follows that the mean curvature of I'y is constant
and it is equal to N7‘1 O
Proposition 8.2. If ¢ is as in the statement of Proposition 8.1 then Iy, intersects
orthogonally 0% p \ {0}.
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Proof. Letv;y ~be the exterior unit normal to % p \ {0}, and let v, be the exterior
unit normal to I'y. By (2.7) we have

_a4-Ve
(1 + Vg2

where ) is the standard parametrization of Iy, defined by (2.5). Notice that, since
by assumption ¢ is smooth up to the boundary, then (8.5) is well defined on D. If
pe@Xp\{0hN F_(p, then by definition the intersection is orthogonal at p if and
only if v,5. (p) - v, (p) = 0. Therefore, writing p = ) (g) this is equivalent to

Vs, (V(@) + (g — Vo(q)) = 0.

Since p = Y(¢q) € 0Xp \ {0} and dZp \ {0} is the boundary of a cone we have
Vs, (YV(g))-g = 0 and thus the intersection between d X p \ {0} and I', is orthogonal
if and only if

v, V(@) = (8.5)

Voz, V(@) - Vo(q) =0 Vg €dD. (8.6)

Exploiting again that X p is a cone, we have Vazp (p) = Vosp (tp) for any p €
0Xp \ {0}, t > 0. Hence, since Y(g) € dXp \ {0}, we have Vs, V(@) =
V5, (@) = v, (q) forany g € 9D, where v, is the exterior unit co-normal to 9 D,
and thus (8.6) is equivalent to

dp
av

=0 ondD. (8.7)

aD
To prove this, we argue as in the proof of Proposition 8.1. Taking a variation
v € C'(D, R) and integrating by parts we have

Vo.V(veN—De \v4
9-V(ve ) do =/ e —Dey, S S aD do
aD

e —— ,V
D 1+ |Vg|? V14 |Vel?
Ve
— | divgy-1 [ ———= | e™ V¥ do.
/D (‘/1+|Vg0|2>

Using this and arguing as in the proof Proposition 8.1, since ¢ satisfies the equation
(8.4) we obtain

Vo

(N=De A

e v )V, do =0.
./BD <,/1 + |Vol|? )D>

Since v € C! (5, R) is arbitrary we can choose v such that v = <\/%, v, D>
on 0D and thus

2
Vo
(N=Dg -
e —_ v do =0,
/aD <\/1+|V¢|2 “’>
which gives <¢%, v3D> = 0 on dD, and thus (8.7) is proved. O
®
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Analogously to Lemma 4.3, if ¢ € M is a critical point for Z then
I"(@) = P"(p) — NV (9).

Choosing ¢ = || = |Zp N B1(0)] in (4.4) we observe that the function ¢ = 0
belongs to M and it is a critical point for Z. In particular (8.1) yields A = N — 1.
Moreover, for any v, w € ToM, since

P(0)[v, w] = / ((N — )ow+ Vu- Vw) do,
D
and recalling (4.3), it follows that

7 (0)[v, w] = P"(O)[v, w] — (N — DV [v, w] = / (Vv-Vw — (N — Hvw) do.
D

(8.8)

From (8.8) we easily have the analogue of Theorem 5.1 for the perimeter functional
7.

Theorem 8.3. Let A; (D) be the first nontrivial eigenvalue of — Agn-1 on the domain
D with zero Neumann condition on d D. Then

(i) if \Mi(D) < N — 1 then ¢ = 0 is not a local minimizer for I;
(ii) if \{(D) > N — 1 then ¢ = 0 is a local minimizer for Z.

Proof. Since TyM is made by functions with zero mean value (see (4.5)), consid-
ering the L?-normalized eigenfunction w; corresponding to the eigenvalue A (D),
from (8.8) we get Z”(0)[wy, wi] < O whenever A; (D) < N — 1. This proves (i).

Viceversa, if A{ (D) > N — 1, from (8.8) and the variational characterization of
A1(D) we get that Z”[v, v] > O for all v € TyM with v # 0, and hence (i) holds.
O

To find examples of domains D C SV~ satisfying A; (D) < N — 1 we can use the
function u, € C*°(SV~1) introduced in (5.8) and Proposition 5.2. Hence for the
nonconvex domains constructed in the “Appendix”, the spherical sectors are not
the minimizers of Z.

Concerning the existence of a minimizer for the relative perimeter P(E; Xp)
in the whole class of finite perimeter subsets of Xp, with a fixed volume, we
summarise in the following the results stated in [25].

Theorem 8.4. Let D C SN~ be a domain such that Hy_1(D) < Hy_1 (Si\_’_l).
Then, there exists a set of finite perimeter E* inside X p which minimizes the relative
perimeter under a volume constraint, for any value of the volume. Moreover any
minimizer of the relative perimeter, with fixed volume, is a bounded set.

Proof. 1t follows from Proposition 3.5 and Proposition 3.7 in [25]. O

We conclude this section with the following:



1050 ALESSANDRO IACOPETTI, FILOMENA PACELLA & ToBIAS WETH

Proof of Theorem 1.3. The existence of a set of finite perimeter E* inside p
which minimizes the relative perimeter under a volume constraint, and its bound-
edness, follows from Theorem 8.4. From Theorem 8.3 we infer that E* cannot be
a spherical sector, while the properties (i)-(iii) of I' g+ derive from classical results
for isoperimetric problems (see e.g. [25, Sect. 2] and the references therein). O
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Appendix A. Examples of Non Convex Domains Satisfying Condition (1.7)

In this section we construct two classes of non-convex domains of SV 1 satisfying hypoth-
esis (1.7) of Theorem 1.2. In particular to show the instability condition Aj (D) < N — 1 we
will prove the inequality (i) of Proposition 5.2. We begin with some preliminary technical
results.

Let N > 3, let{eq, ..., ey} be the standard basis in R, fix 6 € (=%, %) and consider the

vector ey € SV ! defined by
eg = e1sinf + e cosb.

By construction the vector ey lies in the sector {x; > 0, xy > 0} if 6 € (0, %), in
{x1 <0, xy >0}if6 € (—%, 0), and coincides with e if 6 = 0. For any givenr € (0, 1)
we consider the hyperplane Hy , orthogonal to eg and passing through reg, i.e.

Hy , ={x€RN; Xe.ep=r}.
Let Dy , be the region of SV=1 above Hy ,,namely Dy , is the spherical cap given by

De,r:{xeSN_l; X-eg >r}. (A.1)

s . /T—2 .
By definition it is easy to check that Dy , has angular radius arctan % . We consider

the function u,, defined in (5.8), namely u,, (x) = x - e; = xj. The first result we prove
is an explicit formula for the boundary integral appearing in Proposition 5.2 applied to the
function u,, and to the domain Dy ;.
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Lemma A.1. For 6 € (=%, 5) andr € (0, 1) it holds that

d —1
f Ue, ey do =r(l — rZ)NTcN(l — NsinZ9), (A.2)
3Dy, av

where v is the exterior unit co-normal (i.e., for any x € dDg , v(x) is the unique unit
vector in TSN~V which is orthogonal to Ty Dg , and pointing outward Dg ), d6 is the
(N —2)-dimensional area element of Dy , c is a positive constant depending only on N
which is explicit (see (A.13)).

Proof. Let6 € (=%, %), r € (0,1). We begin observing that for any x € 3Dy, it holds
that
(A.3)

v(x) =

1
ﬁ(}’x _60).

Indeed, x -eg = r and thus (rx —ep) - (rx —ep) =1 —r2, namely \/%(rx —ep)| =1,
1—72

1 1 i

V1-r2 V1-r2

— eg) € TxSN~!. In addition, if v € 743Dy, and y : (=8, 8) — 3Dy, is

and we readily check that (rx —eg) x = (r —x - ep) = 0, which means

_1
that m(rx
curve such that y(0) = x and y’(0) = v, for some small § > 0, then as 9Dy, C sN-1,
differentiating the identity ly|? =1 we get x - v = 0. Similarly, differentiating the identity

. 1 . .
.eg = r weobtainv.-eg = 0. Hence, —— (rx —ep)-v = 0 and thus from the arbitrariness
Y-€en 0 m( 0)

ofv € Ty 0Dy , weinfer that 0Dy ,sothatv(x) =

ﬁ(rx—eg) 1 Ty :I:ﬁ(rx—eg).
To choose the right sign we now show that #(rx — ep) points outward Dy . To this
V1-r2 >
. ! s .
end, let x € 3Dy, and consider thezvector Vs i=x + ﬁ(rx — ep), with |s| small. As
s(re—1)

V1=r2"

\;jl € Dy ifand only if s < O with |s| is small enough,

(rx — eg) points outward Dg .

r € (0, 1) and since yg+eg = r+ then, using the definition (A.1) and by elementary

computations we readily check that

. 1
and this proves that —
p V1-r2

With (A.3) at hand, and recalling the definition of u,, we easily obtain that

Ote, 1 2 .
Ue (X) — (x) = ——=(rx7 —sinfxq), A4
el ( ) v ( ) m( 1 1) ( )
forany x = (x1,...,xy) € dDg . In order to compute the integral in (A.2) we determine
a suitable parametrization for d Dy ,. To this aim, we recall that x = (x1,...,xy) € dDg ,

if and only if x satisfies

x12+...+x12vzl,

x18in6 + xycosf =r,
and by elementary computations we find that

. 2 .

(x1 —rsinf) 2 2 2 r sin 6

—_—— +X5...+x =1—r= xy= —X .
2 N-1 N cos 6 1cos@

(A.5)

cos2 6

Using the spherical coordinates for SN2 < RN~! and the second equation in (A.5)
we find a parametrization for d Dy . Indeed, first assuming that N = 4 and denoting by
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é1, ..., Pn—o the angular coordinates, where ¢1, ..., ¢y _3 have the range (0, 7) and
¢n—o ranges over (0, 277), we easily check that

X1 cos 6 cos ¢1 r sin 0

X2 sin ¢1 cos ¢ 0

L =V1-2 : +| (A.6)
XN_2 singy ...singpy_3cosdpy_2 0
XN—1 singy ...singy_3singy_o 0

is a parametrization of the ellipsoid in RN=1 (or the sphere if & = 0) described by the
first equation in (A.5) (up to a zero measure set with respect to the (N — 2)-dimensional
Haussdorf measure). Hence, exploiting the second equation in (A.5), we deduce that ¢ :
0,7) x ... x (0, 7) x (0,27) — RY defined by

cos f cos ¢ rsin 6
sin ¢ cos ¢y 0
¢(¢17"'7¢N—1):= Vl_rz . : + : (A7)
singq...cospn_» 0
singq ...singpy_» 0
—sin 6 cos ¢ r cos 6

is a parametrization of the (N — 2)-dimensional sphere 0 Dy ,. Then, arguing by induction

and after a straightforward computation we see that the coefficients g;; = <%» %>,
i,j=1,..., N =2, of the induced metric on d Dy ,, are given by
1—r? ifi =j =1,
(1 —r?)sin® ¢ ifi =j =2,
87 =) (1 = r2)sin? ¢y ---sin ¢y ifi = jandi # 1,2,
0 ifi # j.

In particular, the matrix (g;;);, j=1
of its determinant is given by

N—2 1s diagonal, positive definite and the square root

.....

(1 —r2)sin ¢y if N =4,

J Det(gij) = l(l —r2)3 (sin 1) (sin 62) if N =35,

(1= )" sing )N 3 (sing)N 4. .singy_3 ifN = 6.

Therefore, when N 2 6 (the other cases N = 4,5 being similar and easier) the (N — 2)-
dimensional area element of d Dy , is expressed in these local coordinates by

d6 = (17 sing)N 3(sing)V 4. singy_3 dy - - - dpy_3ddy_2.

Setting for brevity G(¢2,...,dNn_2) = (sind)z)N*4 coesingy_3, d® = d¢o---
d¢—_3d¢n_2, and observing that

f Gdarn. by d® = SV = (N — Doz, (A8)
0,7)N=4x(0,27)
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where wp _» is the volume of the unit ball in RN=2 then, recalling (A.4), exploiting Fubini’s
theorem and taking into account (A.7), (A.8) we get that

ou,
1 ga
/ ey = do
dDg v

_ 2
= (-7 r (\/1 —r2cosf cos¢) +rsin 0) (sing)V 3G dg1dd
0,m)N-3x(0,27)

— sin 6 (\/ 1 — r2cosé cos ¢y + r sin 9) (sin ¢1)N73G d¢1d<I>]
(0,m)N-3 x(0.27)
— (N = oyl — )T / [r(1 — %) cos? 0 cos® ¢y + > sin® 6 — rsin® 9] (sing)N 3dgy,
0
(A.9)

where in the last integral we have discarded the linear terms in cos ¢ because

[)ﬂ cos ¢y (sing))VN 3 dg; = 1_2(8in ¢1)N_2|g =0

Rearranging the terms in the last integral of (A.9), we obtain

[ Outey
Ue 3 do
3Dy, v . (A.10)
5 N=l 2 ) .2 . N=3
— (N =y _or(l —rH)"2 (cos 0 cos ¢y — sin 0) (sin )V 3dep.
0

Now, let us observe that, for any k € N, k = 2, integrating by parts, we have

f cos” 1 (sin ¢1)" dgy = / (sin¢)* — (sin gy dgy

0

/() (sinp)F doy — 7/ (sin 1)K dop;
/ (singX d;.

k+2
(A.11)

Combining (A.10) and (A.11) (with k = N — 3) we get that

el 1
/ Ue ”:1d = (N —2)oy_ gr(l—r) 2 / (smq)l)N 3d¢1( 1cos 6 — sin 0)

3Dgyr d
M (1-nsino)
= (N = 2)wy—or(l —r%T/ sin )73 dpy ~———F, (A12)
0 _
and this proves (A.2), with ¢ given by
N -2 T _
CcN = wN—Z/ (singp)N 3d¢>1. (A.13)
N -1 0

The proof of the Lemma is then complete for N = 4.
When N = 3 the proof is much simpler. Indeed, in this case, a parametrization of the circle
0Dy, is given by the map v : (0, 27) — R3 defined by

cos 6 cos ¢ rsin 6

Y(p) :=v1—r2 sin ¢ + 0

—sin 6 cos ¢ r cos 6
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Hence, using the definition, (A.4), and taking into account that |/ (¢)| = v 1 — r2, we
easily check that

u R
[ ey = “Ldg
aD(-),r v

2
=ﬁ-/(; [r(ﬂcos@cosd)—l—rsin@)z
—sinf (\/1 — 2 cos 6 cos ¢ +rsin9>] v/ ()] déb

2
(1 — r2)/ cos2 6 cos2 ¢ — sinZ 0 dp =nr(l — r2) (COS2 0 — 2 sin? 9)
0

ar(l—r2) (1 — 3sin? 9).

In particular, as w; = 2, (A.12) holds true with ¢ given by (A.13) even for N = 3. The
proof is complete. o

Remark A.2. Let 6 € (0, %). From the analytic expression of Dy , given by (A.5) or,
equivalently, by using (A.7), but with ¢ varying in [0, 277), it is easy to check that d Dy ,

is contained in the sector {x € SN_I; x1 >0, xy > 0}if —/1 — r2cos + rsinf > 0

and —/1 — r2sin6 + r cos® > 0, which both hold true if r > \/max{cos2 0, sin? 0}.Bya

similar argument, we take —6 € (—%, 0), and under the same condition on r, then D_g

SN—I.

is contained in{x € ; x1 <0, xy > 0}.

An immediate consequence of the previous remark and Lemma A.1 is the following:

Corollary A.3. Let 0 € (arcsin(ﬁ), %) and set rg = +/max{cos2 6, sin? 0}. Then, for
any r € (rg, 1), the spherical cap Dy , is contained in {x € sN-1, x1 > 0, xy > 0},
while the symmetrical domain (with respect to the hyperplane {x| = 0}), namely D_g , is

contained in {x € sV-1, x1 <0, xy > 0}. Moreover, it holds that

d ad
/ ey —L d6 +/ ey —<L d6 <0 (A.14)
3Dy, av aD_g., av

and

/ ue; do = 0. (A.15)
D(),)‘UDf().r

Notice that (A.15) follows from the symmetry of Dy , U D_g ,, as u,, is odd. Since Dy , U
D_y , is not connected, in order to apply the instability criterion given by Proposition 5.2
our idea is to join the two domains Dy ,, D_g , by a suitably “small” tunnel-like domain
which is symmetric with respect to the hyperplane {x; = 0}. More precisely, we have the
following:

Example A.4. Let ¢ > 0 be a small number to be determined later and consider the open
region Ag C SN=1 between the two symmetric hyperplanes {xy_1 = —¢} and {xy_1 =

+¢}, namely

Ag = {x esN—1, ¢ <x-ey_] <é&}
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Setting 9AF := {x € SN, x ey = ¢}, A7 == {x e SN, x o (—ey_1) = &)
and arguing as in the proof of Lemma A.1 (see (A.4)) we can check that the exterior unit
co-normal to dAg = dA; U Ag‘, pointing outwards Ag, is given by

1 ; +
——(ey_1 —ex) ifx e dAl,
v(x) = Vie? . ° (A.16)
m(—eN_l —ex)ifx € 0A, .
In view of (A.16),and as ej - ey —1 = 0, it follows that v(x) - e; = —ex| forallx € A, =
A7 U AL, and thus
Buel 2
Uey (X) ™ (x) = —exy forall x € dA. (A.17)

Now, fixing 6 and r € (rg, 1) as in Corollary A.3 we can choose ¢ > 0 sufficiently small
(depending on r and 6) so that d A, intersects Dy , U D_g . We then take as tunnel-like
domain the connected subset of

Ag\ (Dg,UD_g,)={x eSVNl —e<x-ey_i <6, x-e9<r x-e_g<r)
containing ey, and we denote it by Ty 5 .. We set
Depr:=DgrUTep,UD_p,.

By definition it is easy to check that Dg g , is a domain symmetric with respect to the
hyperplane {x; = 0} and thus, as u,, is odd, we have

/ e, do = 0.
Ds,@,r

Then by (A.14) and (A.17) we easily check that

Oty |,
Ue, do <0
aDeg, OV

if ¢ > 0 is sufficiently small, so that D; g , satisfies (i) of Proposition 5.2 and hence

A1(Dgg,r) < N — 1. Moreover, by construction Dg g , C S_‘Af—l and also the inequality

HN-1(Dep,r) < Hy—1 (Sﬁ_l) holds. Note that the domain Dy g , is not smooth but we
can take a smooth domain close to Dy g , for which the same properties hold.

Next we exhibit another class of non-convex domain satisfying condition (i) of Proposition
5.2 which is not contained in a hemisphere.

Example A.5. Letus fixk € {1,..., N — 2} and let

k+1
SF =2 xp .0, 0) e RY Y uZ =13 sV (A.18)

i=1
Moreover, we fix r € (0, %) and consider
Dy == {x e SN distgy-1 (x, §5) < 1),

where distgy-1 denotes the geodesic distance in SN=1 If e € Sk, we have f D, Ue do =0
since D, is symmetric with respect to reflection at the hyperplane

Hy={xeRY: x.e =0}
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and u, is odd with respect to this reflection. We write points in SN—1 g
X =ycosf + zsinb,

with y € SF (see (A.18)), 0 = distgy—1 (x, S5) € (0, %) and

N
2esN 2= 10, 0 xppa, o xy) € RV D P =11 sV
k+2

In these coordinates, and since e € S, we have Ue(x) = (e - y)cos6. In addition we check
that

oD, = {x esV-1L, X = ycosr +zsinr, yeSk, zeSN_z_k},

and the exterior unit co-normal in a point x = ycosr + zsinr € 9D, is given by v(x) =
—ysinr + zcosr. Consequently, for any x € 0 D, we have

e
%(x) = (cosr)e - (—ysinr +zcosr) = —cosrsinr (e -y) = —sinr ue(x).
v

Hence it follows that

]
uek <0 ondD, \ He,
av

and thus
9
/ e 2 45 < 0. (A.19)
3D, v

By Proposition 5.2, the inequality (A.19) implies that A; (D,) < N — 1. Finally if r is small,
the condition Hy_1(Dy) < Hy—1 (Sﬁ_l) also holds.
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