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Abstract

This article is concerned with uniform C'% and C!! estimates in periodic
homogenization of fully nonlinear elliptic equations. The analysis is based on the
compactness method, which involves linearization of the operator at each approx-
imation step. Due to the nonlinearity of the equations, the linearized operators
involve the Hessian of correctors, which appear in the previous step. The involve-
ment of the Hessian of the correctors deteriorates the regularity of the linearized
operator, and sometimes even changes its oscillating pattern. These issues are
resolved with new approximation techniques, which yield a precise decomposi-
tion of the regular part and the irregular part of the homogenization process, along
with a uniform control of the Hessian of the correctors in an intermediate level.
The approximation techniques are even new in the context of linear equations. Our
argument can be applied not only to concave operators, but also to certain class of
non-concave operators.
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1. Introduction

This paper is concerned with the uniform estimates in periodic homogenization
of fully nonlinear elliptic equations subject to a Dirichlet boundary condition,

2.6 X\ _ .
F (D™ %)= f ?nQ, (L)
ut =g in 092.
Here we establish uniform C-¢ and C!-! estimates for viscosity solutions u® up to
the boundary. The analysis is based on the compactness method [3,4], along with a
new, sophisticated treatment on the nonlinear structure of the governing functional.

Uniform regularity in the theory of homogenization has been of great interest
for many years. A notable development was carried out by M. Avellaneda and F.-H.
Lin in the series of works [3,4], where the compactness method is adopted in the
framework of homogenization to prove uniform regularity estimates, which was
primarily a technique for minimal surfaces and calculus of variations. Since then,
the uniform estimates have been developed under various settings, such as singular
integrals [5], Neumann boundary conditions [15], parabolic problems [13], oscil-
lating boundaries [16], almost-periodic settings [25]. Some direct and constructive
approaches were taken in [9,23] and also in [8,21] for homogenization problems
of soft inclusions and highly oscillating obstacles. Recently, some new technique
was developed for almost-periodic [2] and stationary ergodic problems [1] and Lip-
schitz domains [26], and it was also applied to nonlinear scalar equations [29] of
divergence type. To the best of our knowledge, a sharp uniform interior estimate
is available for nonlinear scalar equations of divergence type by [29], but a sharp
estimate up to the boundary is still left unsolved for the nonlinear equations.

However, a sharp uniform estimate of #® up to boundary for nonlinear problems
has not yet been achieved in both divergence and non-divergence type equations,
to the best of the authors’ knowledge. Also the amount of the literature on non-
divergence type equations is considerably smaller than that on the divergence type
equations/systems. In this paper, we achieve a sharp uniform estimate, i.e., C!!
estimate up to the boundary for fully nonlinear elliptic problems of type (1.1). Our
method can be carried out in various settings, such as nonlinear systems in diver-
gence form, for which everywhere regularity is available, and parabolic problems.
Nevertheless, we shall focus on the elliptic problems of non-divergence structure
here, and leave the generalizations for the future.

In what follows, we shall briefly explain our approach, and illustrate the main
challenges arising from the nonlinearity of the governing operator F.

The compactness method in a nutshell is a technique to approximate the solu-
tions u® by its limit profile, say i, which is expected to have better regularity than
u®, since u is meant to solve an effective problem that is homogeneous in small
scales. One iteration step yields an approximation in an intermediate (yet universal)
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scale, say u, which could be much larger than the small scale, which is of order
€. Hence, one needs to iterate the approximation as many times as possible, e.g.,
k-times to reach uf < & < k=1,

At each iteration step, we linearize the problem (1.1) around the data obtained
from the previous approximation step. Now if the governing operator F' were linear,
ie., F(M,y) = a;j(y)M;;, then the linearized operator coincides with the original
one. Hence, one can only focus on the linearization of the source term and the
boundary condition.

Nonetheless, if F is nonlinear, the linearized operator records the data from the
previous approximation step, and the data accumulates as the iteration continues.
The accumulation effect itself is a generic issue in the analysis of the nonlinear
equation; for instance, a similar issue appears in the Schauder estimate for fully
nonlinear equations [6, Theorem 8.1]. The difference here is that the accumulated
data includes the (Hessian) of the interior and the boundary layer correctors, in
order to bring back nice estimates for the limit profile i to u®. This is exactly where
the analysis becomes difficult.

To give a more precise picture of the accumulation effect, suppose that i satisfies
a (universal) interior C>¥ estimate at a given point. Then we can obtain along with
a compactness argument that an interior C?%¥ estimate, with & < &, modulo an
interior corrector, e.g.,

1
sup |u(x) — 5( fx,x)— Swp (Mf, f) < JEute,
s

XEBy

where J¢ is the initial bound for u® and f, w is the universal intermediate scale
in which the Hessian of u* is approximated by M?, modulo the interior corrector
wr (M7, ) of F at M®; more specifically, wr (M7, -) is chosen by the periodic
(viscosity) solution to the cell problem,

F(D*w + M, y) = F(M{) inR".

This suggests that in the next approximation step, we need to linearize the operator
F at M{ + D%w r(M7, -), instead of M7 alone, i.e., the linearized operator is given
by

F(Ju*N + Mt + Dng(Mf, V), y) — F(M*® + Dng(Mf, y),y)

Je . (1.2)

F{(N.,y) =

Now we have to verify whether F} satisfies all the structure conditions that were
required in the compactness argument used in the first approximation step. This is
the accumulation effect due to the nonlinear structure, since if F' were linear, we
would have F{ = F which leaves us nothing to check.

The uniform ellipticity and periodicity are preserved under the linearization.
However, the regularity of the linearized operator F} in the space variable now
depends on that of F in the matrix variable as well as the Hessian of the interior
corrector wg(M¥£, -) in the space variable.
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A quick remedy for this issue is to impose a strong assumption on F, such as
Cl! regularity in the matrix variable and Holder regularity in the space variable.
Nevertheless, we present a new compactness argument (Lemma 6.2) that does not
require any assumption other than uniform ellipticity, continuity and periodicity of
the given operator; in particular, the argument does not require any control over
the modulus of continuity. This argument is based on the observation (Lemma 3.1)
that regardless of how irregular F7 is in its space variable, the effective functional
F} stays homogeneous and has the same ellipticity bounds as those of (F;, hence
of) F.

The strength of the general compactness argument (Lemma 6.2) is that we
obtain a uniform interior C!! estimate for u® up to a deleted neighborhood of size
& (Theorem 6.1 (i)), for any uniformly elliptic, periodic functional F that admits
C?-regular correctors. Moreover, the modulus of continuity of the Hessian of the
correctors is not involved in the estimate. This provides us a better understanding of
the homogenization process, as the regularity estimate decomposes u® into regular
partand irregular part. In particular, the irregular part is regularized under a stronger
assumption that the governing operator F is Holder continuous in its space variable
(Theorem 6.1 (ii)). In other words, a (standard) uniform interior C!'! estimate of
u® is established, with more regularity assumption on F. Let us remark that such a
decomposition of u® is even new in the context of linear equations.

A more challenging issue appears in the analysis of the sharp, uniform boundary
estimate. Again we linearize the problem around the approximating data from the
previous iteration step, and the data accumulates due to the nonlinearity of the
given operator F. This times, however, the accumulated data does not only include
the interior correctors but also the boundary layer correctors. The problem is that
the boundary layer correctors do not adhere the same periodic pattern in the rapid
oscillation as the interior correctors do. Thus, once the boundary layer correctors
appear in the linearized operator, the operator no longer oscillates periodically in
the space variable. This implies a qualitative change of the oscillating nature in the
next approximation step.

The authors encountered a similar issue in [19], while studying the higher-order
convergence rates in periodic homogenization of oscillating initial data. Here the
problem is more delicate because the oscillatory patterns of the boundary layer
correctors are more ambiguous than those of the initial layer correctors considered
in [19]. Still, we shall need an analogous treatment that the effect from the boundary
layer correctors dissipates fast as we stay away from the boundary layer, but at the
same time it can be controlled uniformly up to the boundary with respect to certain
norm, which is less sharper, yet sufficient for the analysis.

To explain the issue regarding the boundary layer correctors in more details, let
us suppose that we have approximated u® by its limit profile i, which satisfies a
boundary C 2.8 egtimate at 0 € 082, as
sup |u®(x) — % (fo, x) — 2wp (Mf E) — ()| < JEpurte,
Q

with some & < a, where J* is the initial bound for «®, f and g, 2, = QN B, and
¢{ is the boundary layer corrector. Here the boundary layer corrector ¢ is given
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by the (viscosity) solution to

1° ¢

¢f = —ewp (M{, ) on 9%2;.

{F (M5 + Dwp (M, %) + D3e, £) = F(M) in @,
1’ ¢

In other words, ¢{ is chosen so as to correct the error on the boundary layer,

'y = 92 N By, left from the interior correction by ssz(Mf, ;) in 1. Then the

linearized operator for the next approximation step will be of the form,

G{(N,x,y) = F(J*u*N + M§ + Diwp(M{, y) + Dicf (ux). y)

JS MO[
- J%MQF(Mf + D2wp(MS, ) + D (), ¥).

It is noteworthy that G{ depends on x, and the dependence is through
D2§f , which is an irregular term. If F were linear in the matrix variable, say
F(M,y) = a;j(y)M;j, then the effect of D2§f is cancelled out, and we end up
with G{(N, x, y) = a;;(y)N;; = F(N, y). For this reason, the main focus for the
linear problems is set to the uniform control of the linearized boundary condition,
as shown in [4].

If the dependence of G{ on x were regular and uniform (e.g., of class C*
uniformly), this would not be an issue either. However, the dependence here is far
from being uniform continuous, since both the interior equation and the boundary
condition for ¢{ are rapidly oscillating in 7. In fact, we do not have a uniform L
bound on ng“f up to the boundary at this stage, as it is what we are aiming for.
This suggests that we need to control ngf with some weaker uniform estimates.

We overcome this difficulty (in Lemma 7.3) as follows. First, we observe that
the effect of D2§f becomes negligible in the interior, or more precisely,

2

2.6 _
D=0 <dist(x, )2

) for x € Q1,2,
where Q1,2 = Q N By,. This is proved with the uniform interior C L1 estimate
(Theorem 6.1) that we establish prior to the boundary analysis, together with an
elementary a priori estimate ¢ = 0 (%) in 1, which follows immediately from
the boundary condition for ¢; and the maximum principle.

On the other hand, the boundary condition for ¢} also implies that Dﬁ{f =
—D%wp(Mf, 2) = O(1) on I'y, from which we observe a uniform control of
D2§f up to the boundary in L? sense, for any p > n large, i.e.,

| D

LP(R12) owm.
This is based on a uniform W?? estimate up to the boundary (Proposition 7.2),
which we derive by combining the above uniform interior C!-! estimate with the
uniform boundary C'-# estimate (Theorem 5.1) in a standard way.

These two observations allow us to decompose the aperiodic, linearized operator
G4 into a sum of a periodic operator and a source term, which is uniformly bounded
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in the L? space and dissipates away from the boundary layer in the L sense. For
this reason, we can maintain the periodic nature of the original problem (1.1) during
the entire iteration scheme (Lemma 7.5), through a suitable compactness argument
(Lemma 7.3).

As afinal remark, let us discuss about the effective operators in the homogeniza-
tion of fully nonlinear problems. It is by now standard [12] that if F is uniformly
elliptic and periodic, then the problem (1.1) is homogenized into

F(D*i) = f in%,
u=g on 0€2,

for some homogeneous, elliptic, or the so-called effective operator F, in the sense
that u® — i uniformly over Q. Hence, if i is a regular solution, e.g., i € C>¢,

then one may expect to use this information to derive better regularity for u®, Wh1ch
constitutes the basic idea of the compactness method.

Unlike linear problems, the homogeneous equation H(D?u) = 0 does not
always admit classical solutions. According to Nadirashvili and Vladut [22], there
are homogeneous, elliptic functionals H that admit viscosity solutions belonging
to CL.A \ C! for some B € (0, 1). For this reason, we shall focus ourselves on the
periodically oscillating operator F such that not only the homogeneous equation
F(D?u, yo) = 0obtained by “freezing coefficients” at each yy, but also the effective
one F (Dzu) = 0 admit classical, or more precisely, C 2. golutions; this notion will
be made precise in Definition 2.1 and Definition 2.2.

One may ask under which condition on F, viscosity solutions to the homoge-
neous equation F(D?u) = 0 verify a universal interior C> estimate. Let us stress
that the class of such operators F is non-void. A typical example would be concave
operators F (i.e., F (M, y) is concave in the matrix variable M and periodic in the
space variable y). Note that if F is concave, then so is the effective operator F,
according to [12]; then by the Evans-Krylov theory [6], interior C>* estimates are
available for both homogeneous equations F' (Dzv, yo) = 0 and F (Dzu) =0.

However, there has not yet been any observation of a class beyond concave
operators in the literature, for which the effective operators inherit the Evans-Krylov
type estimates. Here, we present certain class (Proposition 8.6) of non-concave,
periodic operators F whose effective operators F admit interior C>% estimates.
This shows that the uniform regularity estimates we establish in this paper are
applicable for a wide class of periodic functionals F.

On a different note, we believe that it deserves independent interests to find
the largest class of such periodic operators. This can be reformulated as follows: if
F is a uniformly elliptic, periodic functional such that F(-, yo) admits an interior
C>“ estimate 1ndependent of yg € R", does the effective functional F also admit
an interior C2¢’ estimate, possibly with some other «’? In an abstract level, it is
a question concerning the structures of periodically oscillating functionals that are
preserved during the homogenization process. Uniform ellipticity and concavity
are some typical properties that are preserved, as shown in [12]. More recently,
the authors have proved in the series of papers [18—20] that higher regularity of F
in the matrix variable is also inherited to F, i.e., if F(-, yo) € Clko’c1 uniformly in
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yo € R" then F € Clkozl’l. From this point of view, here we only present a partial
answer to the question, and aim to give a more complete picture in the future.

We are in a position to state the main theorem of this paper. Here the classes
So, S1, S2, Ro, R; regarding the structure and regularity conditions of governing
functionals are defined in Definition 2.2, and F is the effective functional as in
Definition 2.4.

Theorem 1.1. Let F € So(A, A) be a periodic functional on " x R", Q@ Cc R”
be a bounded domain with 92 € C2, f e L®Q) and g € cleQ), for some
0 <A< Aand0 < a < 1. Let u® be the viscosity solution of (1.1) for each
e > 0. Letk, y, k, v, ¢ and a be additional positive parameters withy <y <1
ando <o < 1.

()If F € S1(A, A,k,y) N Ro(k, y) having F € Si(h, A, ¢, &), then ut €
Ch%(Q), with o, = min{e, 7} and

||M£ ||C1~‘1*(Q) S Cl (”f”LOQ(Q) + ”g”Cl"(aQ)) ) (13)

where C| depends onlyonn, A, A, &, y, k, v, ¢, &, o, diam(2) and the maximal
curvature of 0<2. B i
(i) If F € Sy(h, A, ik, 7) N Ri(k,y) having F € S2(A, A, ¢, @), Q2 € C>%,
feC¥Q)and g € C>*(IRQ), then u® € CH1(Q) and
||u8Hcl,l(Q) S C25 (14)
with C2 dependlng Onl)’ onn, )") A; IZ) 17; K, Y, E: &) o, ”f”c"‘(Q)) ||g||C2’05(8Q))
diam () and the C*% character of 9.

It should be remarked that the assumption of Theorem 1.1 (i) on the class S is
always satisfied, if the exponents y and & are small enough, since a homogeneous,
elliptic functional always admits an interior C 1.3 estimate for some § € (0, 1),
depending only on the space dimension and the ellipticity constants [6, Corollary
5.7]. On the other hand, the assumption of Theorem 1.1 (ii) on the class S, espe-
cially regarding F, is essential, since a nonlinear functional fails to have an interior
C?? estimate in general.

Let us briefly introduce the notation used throughout this article. Numbern > 1
will always denote the space dimension. S” is the space of all symmetric n x
n matrices. For N € §", by N > 0 we shall indicate that all the eigenvalues
of N are nonnegative. By |N| we shall denote the (L%, L?) norm of N, that is,
IN| = (szzl N;j)!/?. Given a set A C R”" and a point x € R", d(x, A) =
min(dist(x, A), 1). By a domain, we refer to an open connected set. For a domain
2, by 02 we denote the topological boundary of €2. Occasionally, we shall also write
by I' the boundary 9€2. We shall also write 2,(z) = QN B, (z), I, (z) = T'N B (2),
Q, = Q,(0)and ', = TI',(0). Note that 02, (z) = T'(z) U (RN 3B, (z)). Given a
domain €2, we define Holder spaces, Ck2(Q) and cke (€2) in the usual sense. Also

loc

when k = 0, we shall simply denote them by C%(£2) and respectively C{* (£2).

loc
The paper is organized as follows. In Sect. 2, we list up some preliminaries

required for this paper. In Sect. 3 we observe new stability results that will be used
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in the compactness method in the subsequent sections. Section 4 is devoted to the
uniform interior C1-¢ estimates (Theorem 4.1). Section 5 is concerned with the
uniform interior C+¢ estimates (Theorem 5.1). In Section 6, we study the uniform
interior C1-! estimates (Theorem 6.1), and in Sect. 7, we consider the uniform
boundary C!-! estimates (Theorem 7.1). The proof of Theorem 1.1 is omitted, as it
follows straightforwardly from these four theorems. Finally, in Sect. 8, we present
certain class of non-concave functionals satisfying the assumptions of Theorem 1.1.

2. Preliminaries

Let us first introduce some terminologies that will appear throughout this paper.

Definition 2.1. Let Y C R” be a domain, and F be a continuous functional on
S"xY.
e [ is said to be uniformly elliptic with constants A and A, if

AMN|<FM+N,y)—F(M,y) <AIN|, NeS",N=>0, 2.1

forany M € S"andy € Y.
e When Y = R”, F is said to be periodic, if

F(M,y+k)=FM,y), kelZ', (2.2)

forany M € §" and y € R”.
e I is said to have zero source term, if

F(0,y)=0, yeV. (2.3)

e F is said to have an interior C*7 estimate with constant «, if for any yo € ¥
with a = F(0, yg) and any viscosity solution v € C(By) of F(Dzv, Yo) = a
in By, one has v € Ck’V(Bl/g) and

Ivllekr B,y < & IVllLos) -
We shall consider several classes of functionals defined as follows.

Definition 2.2. Let F be a continuous functional on " x Y, and let A, A, i, 7,
k and y, with A < A and y < y < 1. Class Sp, S1 and $>, regarding structure
conditions of governing functionals, are defined as follows.

e F € So(x, A), if F is uniformly elliptic with ellipticity constants A and A, and
has zero source term.

o FF e S1(A, Ak, yp),if F € So(A, A) and has an interior Cl7 estimate with
constant k.

e Fe S\ A k,y),if FeSyh,AN)and (M, y) — (F(M+N,y)—F(N,y))
has an interior C2¥ estimate with constant &, uniformly for all N € §”.

Classes Ro, Ry and R} will refer to regularity conditions of governing functionals,
as follows.
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e FF e Ry(k,y),if Fe C(S" xY)and
|F(M, y1) — F(M, y2)| < «|IM|ly1 — 21", (2.4)

forany M € §" and y, y» € Y.
e F € Ri(k,y),if F € Ro(k,y) and F(-, y) € C1(S") for any y € Y satisfying

Dy F(My, y1) — Dy F(Ma, y2)| < k(IMy — M|+ |y1 — »217),  (2.5)
for any pair (M;, y;) € 8" x Y withi € {1, 2}.

If the parameters are not important, or are well understood from the context, we
shall omit them and simply write Sg, S1, and so on.

Next we define the class of C%% domains.

Definition 2.3. Given a domain 2 with 0 < ¢ < 1 and 7 > 0, we shall say
Q € D(%, ), if 3Q is locally a C*>7-graph around the origin, with C?-character
being controlled by 6. More specifically, we indicate that 0 € 92 and there are a
function ¢ € C>? (R"~!) with

$(0) = IDr¢©)] =0, lpllc2s@ny < 7.

and a rotation ® : R" — R”, which maps the inward unit normal v to 92 at the
origin to e, such that with Q1 = Q N By,

D(Q1) C (', x0) € Br i x> d(X)).

Let us remark that as ® being a rotation, |D7¢(0)] = 0 does not imply that the
inward normal vector v to 92 at the origin is the same with e,,.

Let us introduce the notation for effective functional and interior corrector,
whose existence and uniqueness of effective functionals are well understood, and
we refer to [12] for a proof.

Definition 2.4. Let F be a uniformly elliptic, continuous and periodic functional
on 8" x R". By F we shall always denote the functional on S” satisfying for each
M e 8", F(M) is the unique number for which there exists a periodic viscosity
solution to

F(M + Diw,y) = F(M) inR". (2.6)

F will be called the effective functional of F. Equation (2.6) will be called the cell
problem associated with F.

Moreover, by wr we shall denote a functional on " x R” such that for each
M € 8", wr(M, -) is the unique periodic viscosity solution to (2.6) satisfying

wp(M,0) = 0. @2.7)

w g will be called the normalized interior corrector associated with F'.
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In what follows, we shall list up some basic facts that will be used frequently
throughout the paper. Since the proofs are elementary, and we believe are well
understood by the experts, we shall not present them here.

First, we state the closeness of the classes S; and S».

Lemma 2.5. Fixi € {1, 2}. Lez‘{Fk},f‘;1 C Si(A, A, k, y) be asequence of continu-
ous functionals on 8" x Y, withY C R" adomain, and suppose that Fy — F locally
uniformly on 8" x Y, as k — o0, for some functional F. Then F € S;(A, A, ik, V).

This ensures the well-definedness of normalized interior correctors. Let us list
up some basic properties that will be used throughout this article.

Lemma 2.6. Let F € So(A, A) be a continuous and periodic functional on 8™ x R".
(i) F € So(r, A) on S, in the sense that F(0) = 0 and
AM| < F(M+N)—F(N) <A|M|, NeS" N >0, (2.8)
forany M € S".

(ii) There are 0 < a < 1 and Co > 0, depending only on n, A and A, such that for
eachM € §", wp(M, ) € C*(R") and

lwr (M, )llca@ny < ColM|. (2.9)

(iii) Moreover, if F € Ry(k, y), then there are an exponent 0 < 8 < 1, depending
only on n, A and A, and a constant C1 > 0, depending only on n, A, A, k and
v, such that for each M € 8", wp (M, -) € CLB(R") and

lwr (M, llcrs@n = C1IM]. (2.10)

(iv) Assume further that F € Sa(A, A, k,y) N Ro(k, v). Then there is C» > 0,
depending only on n, A, A, k, y, k and y, such that for each M € S",
wr(M, ) € C*Y(R") and

lwr(M, ‘)||C2-V(Rn) < C|M]|. 2.11)

In the subsequent two lemmas, we shall define, given a periodic functional
FeSNRyonS" x R",
F(UN + M + Djwg(M, y), y) = F(M + Djwp(M, y), y)

nw
F(uN + M + Djwr(M, y), y) — F(M)

uw

FM,[L(Nﬂ J’) =

2.12)

First we observe how such a scaling affects the regularity of the associated func-
tional.
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Lemma 2.7. Let F € S>(A, A, k,y) N Ro(k, y) be a periodic functional on 8™ x
R". Then for each M € 8" and 1 > 0, Fuy ;o € S2(A, A, k, y). Moreover,

ColM|
FM’MER() K 1+T sV )

where Cy depends only onn, A, A, k, y, k and y. Moreover, if F € Ry (k, y), then
forany M € 8" and 1 > 0,

Fyru € Ro(e(ColM| + 1), y).

Next lemma amounts to the change of the effective functional and the normal-
ized corrector under the given scaling.

Lemma 2.8. Let F' € So(r, A) be a periodic functional on S™ x R”", and suppose
that wp (M, -) € C2(R") for any M € S". Then for each M € 8" and 11 > 0, one
has

F(uN + M) — F(M)

Fy . (N) = " , and

wrp(UN +M,y) —wpr(M, y)
" ,

Wry, (N, y) =

forall N € 8" and y € R".

3. Stability in Homogenization

Let us present a stability result of viscosity solutions in periodic homogenization
problem. A key difference from the classical stability theory such as [6, Proposition
4.10] is that we do not assume the family of governing functionals to be convergent.
Although the proof involves a minor modification of the classical argument [12,
Theorem 3.3], we find the assertion itself interesting, and for the sake of complete-
ness, we shall contain the full arguments here.

Lemma 3.1. Let {Fi}22 | C So(A, A) be a sequence of continuous periodic func-
tional on 8" x R". Let Q be a domain, { fi}}2, a sequence of continuous functions
on Q converging locally uniformly to f. Given a sequence {si};2 | of positive num-
bers decreasing to zero, suppose that {uy )72 | is a uniformly bounded sequence of
viscosity solutions to
(220.5) =5
Fr | Dup, — | = fr inQ
Ek

Then there are a functional F € Sy(r, A) on 8", and a function u € C(S2) such
that Fy, — F locally uniformly on 8" and uy — i locally uniformly in Q, after
extracting a subsequence if necessary. Moreover, u is a viscosity solution of

F(D*i) = f inQ.



708 S. Kim & K. LEE

Proof. Since Fy € Sp(h, A) on 8" x R”, the effective functional Fy on S" also
belongs to Sp(XA, A), c.f. Lemma 2.6 (i). In particular, it ensures the uniform Lip-
schitz continuity of the sequence {Fk},fil on S§". Hence, after extracting a subse-
quence, if necessary, there is a functional F on S” to which {I:"k}}z‘; | converges
locally uniformly on S”. It is clear that F is a functional on S" belonging to
So(A, A).

Since f is locally bounded in €2 and uy is uniformly bounded in €2, it follows
from the Krylov-Safanov theory [6, Proposition 4.9] that {u;}72, is a bounded
sequence in C*(K), for each compact K C €2, where 0 < @ < 1 depends only on
n, A and A. Here we used that the ellipticity constants of Fy are fixed by A and A.
Therefore, after extracting a subsequence if necessary, uy — u locally uniformly
in Q.

Hence, we are left with proving the main assertion of this lemma that F (D2i1) =
f in Q in the viscosity sense. The rest of the proof follows closely the argument of
[12, Theorem 3.3].

Without loss of generality, let us assume that Fy — F and u; — i along the
full sequence as k — oo. In order to prove that & is a viscosity subsolution, we
assume towards a contradiction that for some xg € 2, there exists ¢ € C 2(Q)
touching u strictly from above at xg, but

F(D*¢(x0)) < f(x0) — 36,

for some 6 > 0. Since Fy(D%*¢(x0)) — F(D*¢(x0)), and fi(xo) — f(xo) as
k — 00, one has

Fr(D*¢(x0)) < fi(xo) — 26, (3.1)

for all sufficiently large k’s.
As F being the effective functional of Fy, with the normalized interior corrector
wp,, one has

Fi(D3¢ (x0) + Dywr (D3¢ (x0), ¥), y) = Fr(D3p(x0)) < fi(x0) =36 (3.2)

in the viscosity sense in R”. Since Fy € Sp(A, A), we know from Lemma 2.6 (ii)
that

| wr oo | = Co(l+ D3 (xo))). (3.3)

Loo(RA

forallk = 1,2, -, where Co depends only on n, A and A.
Define

X
900 = ¢ () + wp, (Do), =)
and let us claim that ¢y is a viscosity solution to
X .
Fi <D2¢k» ;) < fk(x) =6 1in B,(xo), (3.4)

provided that r is sufficiently small.
Let us choose r small enough such that B, (xp) C €2, and

AID*¢(x) — D*p(x0)| + | fi(x) = fi(x0)| <6 forany x € B.(xp), (3.5)
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by utilizing the continuity of D?¢ in © and the assumption that f; — f locally
uniformly in 2. Moreover, taking r smaller if necessary, we may assume that

u(xo) = ¢ (xo), algl?X)(ﬁ —¢) <0, (3.6)

r (X0

since ¢ was taken to be a function touching u strictly from above at x.

In order to prove the claim, let x; € B,(xp) be arbitrary, and suppose that
¥ € C2(B,(xp)) is a function touching ¢y from below at x;. Then the auxiliary
function

1 1
ny) = 5 W (ey) — dexy)) = — (W (ery) — drlery)) + wr <D§¢(XO), i)
&7 &7 &k

belongs to the class C2(B€;1r(e,:1xo)) and touches wy from below at y; = 8,:1x1.

As wg, (D%q&(xo), -) being a viscosity solution to (3.2), we have
Fi(D3¢(x0) + Din(y1), y1) < fi(xo) — 26,

and since Dgn(y1) = D)%w(xl) — D)%d) (x1), one may deduce, from (3.5) and the
fact that A is the upper ellipticity bound of Fj, that

Fi (D%dx(xl), j—i) < Fi(D3¢(x0) + Din(y1), y1) + AIDi¢ (x1) — D3 (x0)|

< fi(xo) = | fu(x1) — fu(xo)| — 0
< fix(x1) — 0,

which proves the claim (3.4), for any large k’s.

Now that Fj is a uniformly elliptic functional, the comparison principle yields
that

ur(xo) — ¢r(xo) = max (ur — @),
9By (xo)

for all sufficiently large k’s. Passing to the limit with k — 00, and using the uniform
convergence of uy — u on B,(xp) together with the uniform estimate (3.3), one
arrives at

u(xo) — ¢(xo) = max (u —¢)
9By (x0)

which is a contradiction to (3.6). Hence, one should have F (Dzﬁ) > fin Qin the
viscosity sense. The reverse inequality can also be proved in a similar argument,
and we omit the details. |

Next let us state a stability result in order to formulate a suitable approximation
lemma for boundary estimate. Now we require the sequence { F;}72 ; of functionals
to lie in the class S> N Ry, with fixed parameters, since we are going to allow certain
aperiodic perturbation proportional to the size of the Hessian variable.



710 S. Kim & K. LEE

Lemma 3.2. Let {fi )72, {ex}p, and Q be as in Lemma 3.1. Let {Fi 2, C
Sr(A, A, k,y) N Ry(k, y) be a sequence of periodic functionals on S" x R", and
suppose that {G}p2, C So(A, A) is another sequence of periodic functionals on
S" x Q x R" such that for any compact K C Q andn > 0, there exists a sufficiently
large ko > 1 for which

|Gk(N, x,y) = Fi(N, y)| = nIN|, ifk = ko,

forall N € 8", x € K and y € R". Under this assumption, let {ur}7>, be a
sequence of locally uniformly bounded viscosity solutions to

Gy (Dzuk,x, ﬁ) —f inQ
e

Then there are a functional F € S)(A, A, k,y) N Ro(k,y) on 8" x R" and a
function u € C(R2) such that F, — F locally uniformly in S" x R" and uy — u
locally uniformly in 2, after extracting a subsequence, and that

F(D*i) = f inQ.

Proof. Note from Lemma 2.5 that the class S>(A, A, k, y) is closed under a
locally uniform convergence, while the uniform estimate (2.4) on the Holder con-
tinuity of Fj yields the compactness of the sequence {Fy}2 . Thus, we obtain
F € S2(A, A, k,y) N Ry(k, y) such that Fy — F locally uniformly in 8" x R”,
after extracting a subsequence. Then it is clear that F;, — F locally uniformly on
S", along a subsequence, where F now is the effective functional corresponding
to F. In addition, one may follow the same argument in Lemma 3.1 and obtain
a function u € C(2) to which {u;}72, converges locally uniformly in 2, after
extracting a subsequence. Here we shall assume without loss of generality that all
the convergence listed above holds along the full sequence.

Assume to the contrary that there exist some xo € €2 and certain ¢ € C 2(Q)
such that ¢ touches u strictly from above at x( but

F(D?*¢(x0)) = f(x0) — 49,
for some 6 > 0, and hence
Fr(D*¢(x0)) < f(x0) — 36, (3.7)

for all sufficiently large k’s. Let us denote by N the matrix D¢ (xp), so that
wp, (N, -) is a periodic viscosity solution of

Fi(N + Dywg (N, y), y) = F(N) < f(x0) =36 inR". (3.8)

From the assumption that Fy € S>(A, A, k, ¥) N Ro(k, y), Lemma 2.6 (iv) yields
that wg, (N, -) € C>Y (R") and satisfies

Dlwg (V.| < CoINI,
|Drwr o], = Covi
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where Cqy depends only on n, A, A, k, ¥, k and y. Thus, the auxiliary function
) X
Or(x) = ¢ (x) +giwp, [ N, -

belongs to C 2(Q), and moreover

520 = %]

< +CoIN| = (1+Co) || D%
Lo°(K) L

L*(K) (k)
for any compact set K C €2 containing xp; note that the last inequality follows
from |N| = |D*¢(x0)| < || D?¢ || oo -

Let ko > 1 be such that { fk},fiko is uniformly continuous over K. Such a
number k exists, since f;y € C(£2) and f; — f locally uniformly in 2 as k — oo.
Now from the assumption that ¢ touches u strictly from above, the hypothesis that
¢ € C%(), and the choice of kg, we can choose r > 0 small enough such that

min (¢ —it) > 0, (3.10)
9By (x0)
and
A D% - + sup I fi = fe@o)lleqs,on <6- (B

L®(Br(x0))  k>ko

Next we choose 1 so small that

(+Com [ D] <6 (3.12)

with Cy as in (3.9), and then correspondingly select a sufficiently large k1 > kg
such that

|Gr(N, x,y) — Fr(N,y)| <n|N|, ifk > ko, (3.13)
forall N € 8", x € By(xp) and y € R". Then for any k > ko, it follows from
(3.11), (3.12), (3.13), (3.9) and (3.8) that

X X
Gy (qubk(x),x, g) < Ft (1)2¢k(x>, g) +1 I D?6k || 1 5, (50

2 X X 2
< Fi\ N+ Dywr, (N, = ). = ) + AID*¢(x) = NI +6
< f(x0) — 0 — [ fx(x) — fr(x0)|
< f(x) -0,

for any x € B,(xp), in the classical sense. Consequently, one may follow the
argument in Lemma 3.1 and arrive at a contradiction to (3.10). This finishes the
proof. O
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4. Interior C!* Estimate

In this section, we study uniform interior C!-¢ estimates of viscosity solutions
to fully nonlinear elliptic equations. The main result is stated as follows.

Theorem 4.1. Let F € So(A, A) be a periodic functional on S" x R" with F €
S1(A, A, c,a), f € L®(By) and let u® be a viscosity solution to

F (Dzus, g) — f inB. 4.1)

Let o € (0, @) be arbitrary.

&

(i) Then for any xo € Bi,2, and any ¢ € (0, %), there exists an affine function lxo,

with I3 (x0) = u®(xo), such that

Juf (x) — I, ()

VN +swp e < O ([ gy 1 )
X€B3/4(x0)\ Bg (x0)
4.2)
where C1 > 0 depends only on n, A, A, ¢, @ and .
(i) If F € S(h, A, &, 7) N Ro(k, y), then u® € C™n@Y)(By ) and
0 | crmmen gy = C2 (10 | ey + 1F Nimipy) - @3)

where Co > 0 depends in addition on k, y, k and y.

The first part of the theorem shows that without any control on the modulus of
continuity for F in its spatial variable, we can still obtain a C'¢ estimate all the
way up to an g-neighborhood, essentially proving that the irregular part of u® due
to the rapid oscillation in the governing operator can be isolated in e-cubes. Such
an observation was deduced from the stability result established in Lemma 3.1) that
allows the compactness method to work in a very general framework. Now if one
assume stronger regularity on F, we can also control the oscillating behavior of u®
inside the e-cube, and recover a full C1* estimate (part (ii) above).

Let us also mention that the almost C ¢ estimate (Theorem 4.1 (i)) will be used
essentially in the subsequent analysis, where we establish uniform C!-! and W>?
estimates.

Our analysis begins with an approximation lemma.

Lemma 4.2. Let ¢ € (0, 1] and o € (0, @) be arbitrary. One can choose small
positive constants | and &, depending only on n, A, A, ¢, @ and «, such that if
e <& F € So(r, A) is a periodic functional on 8™ x R" with F e S1(L, AL e, ),
and f € L*(B)), u® € C(B)) satisfying

I fllLooemyy < & (4.4)

F (Dzzf, f) — f inB, (4.5)
e

u?(0)=0 and |u’ HLOO(BI) <1, (4.6)
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then

sup |u(x) — <u'te, @.7)

X€B,

1
/ (@) 4o
wn " JoB, Iz

where wy, is the volume of the unit ball in R".

Proof. The proof is the essentially same with the argument in [4, Lemma 4], whence
we shall provide the details for the points where the arguments differ. Suppose by
way of contradiction that this lemma fails to hold. Then there are a sequence {&¢};2
of positive numbers decreasing to zero such that foreachk = 1, 2, - - -, a sequence
{Fi}p2, C So(, A) of periodic functionals on §" x R" having F e Si(h A, ¢ a)
on 8", sequences { fi}72; C L*(By) and {ug}p2, C C(By) satisfying

I fell L)) < &k, 4.8)
2, X :
Fi | D7uy, 8_ = fr 1in By, 4.9)
k
up(0) =0 and |lugllpoep) <1, (4.10)
such that

1 , 2
sup |ug(x) — n f ui(z) b, 2) do| > p'te. 4.11)

xeBy, wn " JoB, 4

Since Fj has the same ellipticity constants for all k, and uy is a uniformly
bounded solution of (4.9), it follows from the Krylov-Safanov theory [6, Proposition

4.9] that {ug },‘:il isuniformly bounded in C ff) .(B1),forsome0 < B < 1,depending

only onn, A and A. Without loss of generality, one may assume that thereisu € Clﬁoc
for which

ur — u locally uniformly in Bj. (4.12)

In particular, it follows from the uniform bound (4.10) of uy that
lullpoopyy = 1. (4.13)

On the other hand, (4.8) implies that fy — 0in L°°(B)) as k — oo. Hence,
Lemma 3.1 _yields a functional F € Sp(A, A) on S”, which can be characterized as
a limit of { F;};2, under the locally uniform convergence on S”, such that

F(D*i) =0 in By, (4.14)

in the viscosity sense. Dlle to the assumption that F. € 8 (A, A,c,a) on §",
Lemma 2.5 ensures that F' € S1(A, A, ¢, @) as well. In view of (4.13) and (4.14),
we have

||12||cl.&(33/4) <c. 4.15)

From this point the proof is the same with [4, Lemma 4], so we skip the details. O

Next we proceed with an iteration lemma.
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Lemma 4.3. Let o, ¢, o, 1 and € be as in Lemma 4.2. [fe < ;Lk_l_é for some integer
k>1, F € So(r, A) is a periodic function on 8" x R" having F € S1(:, A, ¢, &)
on 8", f € L (By) and u® is a viscosity solution of

F (Dzug, f) — f inB, (4.16)
&
then for each | € {1, - - - , k}, there exists a; € R", with aj = 0, such that
laf —af 4| < Con'"V*J¢,  and 4.17)
sup [u(x) — u®(0) —{af, x) | < Jou! 1+, (4.18)

XEBHI

where Cy is a positive constant, depending only on n, A, A, ¢, @ and «,

1
I = [ut | rey T3 I fllzoomy) - (4.19)

Proof. Let Cy be a constant to be determined later. The case ¢ < € (i.e., k = 1
in the statement) can be treated easily from Lemma 4.2, by applying the lemma
to (J&)~!ut. Hence, we shall assume that Lemma 4.3 is true for the case when
e < Mk —1% for some k > 2, and we shall attempt to prove that it continues to hold
when & < X for the same integer k. In particular, from the induction hypothesis,
we already have a; € R”, for/ € {1, -- -, k}, such that both (4.17) and (4.18) are
satisfied.
Consider the scaled functions,

u® (' x) — uf(0) — p* af, x)
Jsﬂk(l-i-a)

pkA=9) £ (ukx)
JS

. i) = . (4.20)

up(x) =

which are defined for x € Bj. From the induction hypothesis (4.18) for u, which
is a viscosity solution of (4.16), we know that

k
Ff (Dzu,i, ﬂ) = £ in B, 4.21)
&
up© =0 and [ui|| iy, < 1. (4.22)
where we wrote
. Mk(l—oz) JE
F{WN,y) = —F—F (Mk(l_a)zv, y) : (4.23)

It is clear that F}} is a periodic functional on 8" x R" belonging to Sp(A, A).
Moreover, Lemma 2.8 ensures that

k(l—a) 5
- M _ J
Fk (N) - Je F<Mk(1—a)N> ’

and hence it is clear that F,f € S1(A, A, ¢, @) as well on S".
On the other hand, since 0 < o < 1, it follows that

1 —_
I ooy = 5 1 Neoei i = 4.24)



Uniform Estimates in Periodic Homogenization 715

Thus, one can apply Lemma 4.2 and obtain

1 )
sup |ug(x) — n/ up (2) . 2) do| < p't® (4.25)
xeB, wp k" JoB, |z]
Rewriting this inequality in terms of u®, we see that
sup  Juf (x) — uf(0) —af,, - x| < JEpKFDUF), (4.26)
XEB k+1
W
with
Jaluka z
a,, =a + —— / ui(z)— do. 4.27)
T e Sy, T 1z

From (4.18) we deduce that
lag,, —af| < nJfpre!

verifying (4.17) for k + 1. Thus, the proof is finished with Co = nu~!, which
certainly depends only on n, A, A, ¢, & and «. O

We are ready to prove the uniform interior C' estimates.
Proof of Theorem 4.1. The first assertion of Theorem 4.1 follows directly from

Lemma 4.3. The second part of the statement is also similar with the proof of [4,
Theorem 1 (i)], due to the same lemma. Hence we omit the details. |

5. Boundary C'-“ Estimate

The main objective of this section is to prove uniform boundary C'¢ estimates.
Theorem 5.1. Let F € S1(A, A, k,y) N Ro(k,y) be a periodic functional on

S" x R", Q be domain with T € C? containing the origin, f € L>®(Q) and
g € CH(), for some 0 < a < 1. Suppose that u® is a viscosity solution of

{F(D%ﬁ,;-‘):f in i, 5

ut =g onT.

Then u® € CH™M@Y)(Q ») and

H uS H Cl,min(u,y)(Ql/z) S C (H MS H L%°(Q1) + ||f||L°°(Ql) + ||g||clﬁ(r‘1)) ) (52)

where C depends only on n, A, A, k, v, k, ¥, « and the maximal curvature of I'y.
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It is noteworthy that the boundary C* estimate is rather straightforward than
the interior case. For instance, it follows from the work [27] by L. Silvestre and B.
Sirakov that u® satisfies a uniform boundary C!¢ estimate with  depending only
on n, A and A, since the equation (5.1) essentially belongs to the Pucci class. This
is also the reason why we do not formulate the discrete boundary C!¢ estimate in
contrast with the interior case.

What is new here is that one can improve the Holder exponent as much as one
desires. This is due to the fact that homogeneous functionals always have interior
C%% estimate for some universal &, again due to [27].

As in the previous subsection, we shall begin with an approximation lemma.

Lemma 5.2. Let 0 < o < 1 be arbitrary, and Q be a domain such that T' € C?
contains the origin and the maximal curvature of I'1 is bounded by 1. One can
choose 0 < pu, & < %, depending only on n, A, A and «, such that if F € Sp(,, A)
is a periodic functional on 8" x R", f € L®(Q1), g € CH*(')), u® € C(Q))
satisfying

I f Loy <&, (5.3)
g0) =|Drg)| =0, liglcreqr, <&, 5.4
2 _ .
F(D us,ﬁ)_f, uf| <1 inQq, 5.5)
ut =g onTy,
then one has
£ du® 1+o
sup |u”(x) — ——(0) (x,v)| < ™, (5.6)
xXeQ, ov

where v is the inward unit normal to I at the origin.

Proof. The idea is similar to Lemma 4.2, whereas the proof here is only more
simpler. Let « be chosen later. Assume towards a contradiction that for each k =
1,2, ---,thereexistsaconstant g, > Owithe, — 0,adomain ; suchthatI'y € C?
contains the origin and the maximal curvature of I'; y = I'x N Bj is bounded by 1,
a periodic functionals Fy € Sp(x, A) on &" x R”, and functions fi € L*(Q2%.1)
(here and thereafter, we shall denote 2;, = Qx N B, and 'y, = I'x N By),
gk € Cl""(FkJ, up € C(Q.1) satisfying

I fill oo ) < €k (5.7)
8k(0) = [D7rgr (O =0, lgkllcrer, ) = . (5.8)
2 X\ :
{Fk (D U, 5) = fio il =1 inQpqp, (5.9)
up = gk on Tl 1,
such that
8uk 14«
sup |ug(x) — —(0) (x, ve)| > p ™7, (5.10)
XEQ avk

where vy is the inward unit normal to 'y at the origin.
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Since Qx € D(1, d), we can assume, after extracting a subsequence if neces-
sary, that Q; —  for some 2 € D(1, o) in the sense of the Hausdorff distance.
In particular, vy — v for some v € dBj, and v is the unit inward normal to 92
at the origin. Also denoting by ®; and ® the rotation mapping associated with £2x
and respectively 2 (as in Definition 2.3) such that 4 (vy) = e, = ®(v), we have
o) — @ in R,

Due to the standard boundary C LB estimate [27, Theorem 1.1], there exists
0 < B < o depending only on n, A and A such that %" € Cﬂ(Fk,l/z) with

= €1 (il ey + il ey ) + Igllcraqr, ) < 2€1,

(5.11)
where the second inequality follows from (5.7), (5.8) and (5.9). In particular, one
has

ouy

av

CP(T12)

ou
g (x) — a—w’{‘m) (x, v)| < Calx |, (5.12)

for any x € € 1/2. Here both Cy and C, depend only on n, A, A and o (note
that the maximal curvature of I'x | is bounded uniformly by 1). On the other hand,
it follows from the standard global Holder estimate, c.f. [28, Theorem 2], that
up € Cf;c(rl,k U Q) and |lukllcsgy < ce for each E € Ty U Q0 k, where
cg depends only on n, A, A and dist(E, 9821 ¢ \ I'1 ), with a possibly smaller B.
Extracting subsequences if necessary, one may assume without loss of generality
that

Uy o dbk_l o ® — u locally uniformly on I'y U 7, (5.13)
for some u € C,ﬂoC(Fl N 1), and

9
2 0y - a, (5.14)
ov

for some a € R. Hence, taking k — oo in (5.12) we know that u satisfies
li(x) —a (x,v)| < Calx|'*7,

for any x € 21,2, which shows that %(O) exists and

_ ou
= —(0). (5.15)
av
Moreover, it follows from (5.8) and (5.13) that
||IZ||LOO(QI) < 1 and =0 in F]. (516)
In addition, arguing as in the proof of Lemma 4.2, one may deduce from the
stability result in Lemma 3.1 (here we should apply this lemma for each fixed

subdomain of €21 N2 1 and thenletk — o0, so that the stability result holds for any
subdomain of €21, and thus itself), the uniform convergence (5.13) of u o @, o —
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it and the assumptions, (5.7) and (5.9), on f; and uy that Fy — F locally uniformly
on §" for some F € Sp(1, A), and

F(D*i) =0 in Q. (5.17)
This combined with (5.16) yields, owing to the standard boundary regularity [27,
Theorem 1.2, Lemma 4.1], that

u(x) — %(O) (x,v)| < elx)?, (5.18)

for any x € 21,2, where ¢ depends only on n, A, A and the maximal curvature of
;.

Now let us take 0 < u < % such that ZE/LI_O‘ < 1, which is possible since
0 < a < 1. Then we have from (5.18) that

sup plre (5.19)

xeQy,

=

N =

u(x) — ?(O) (x,v)
V

However, this leads us to a contradiction from (5.10), due to (5.13), (5.14) and
(5.15). This finishes the proof. |

Again it follows an iteration lemma.

Lemma 5.3. Ler @, «, u and & be as in Lemma 5.2. Then there is 0 < n < 1,
depending only on n, A, A and o such that if ¢ < gu*=1 for some integer k > 1,
F € So(r, A) is a periodic functional on 8" x R", f € L®(Q)), g € CH¥(I'})

satisfiesg(0) = |D7g(0)| = 0, u® is a viscosity solution of
F(D*u®, %) = f inQy,
(D%, 3)=f in (5.20)
ut =g onT,

and the maximal curvature of I'y is bounded by n, then there exists a; € R such
that

n
lag| < ———J%, and (5.21)
KT ud - e
sup [uf (x) —af (x,v) | < JEutIT, (5.22)
XEQM/(
where
R R 1 2
I = [t | gy + 2 W @ + 5 lgleraqry) (5.23)

Proof. Now that we have Lemma 5.2, one may iterate it under the appropriate
scaling. Since the argument is very similar to Lemma 4.3, we shall leave the details
to the reader. O

We are ready to prove the discrete and uniform boundary estimates.

Proof of Theorem 5.1. The proof is similar to the proof of Theorem 4.1. Here we
use Lemma 5.2 and Lemma 5.3 instead of Lemma 4.2 and respectively Lemma 4.3.
Also note that the smallness condition on the maximal curvature of I'; in Lemma
5.3 can always be achieved by a standard scaling argument. Thus we omit the details
to avoid any repeating argument. O
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6. Interior C!'! Estimate

This section is devoted to the uniform interior C!-! estimates.

Theorem 6.1. Let F' € So(A, A) be a periodic functional on 8" x R" such that
Fe S A c,a)onS" and f € C*(By) for some a € (0, &). Suppose that u®
is a viscosity solution of

F (Dzug, ’;C) — f inB. 6.1)

() If F € S2(A, A, -,-) N Ro(-, -), then for each xo € B2 and any ¢ € (0, %),

there exists an affine function I3, with I3 (xo) = u®(xo), such that

Juf (x) — 15, (0)]

IVIgI+ sup ol <C (“”5 HLoo(Bl) + ||f||ca(B.)) ,
X€B3/4\Bg (x0)
(6.2)
where C1 > 0 depends only on n, A, A, ¢, @ and .
(ii) Moreover, if F € Sy(,, A, &, 7) N Ro(k, y), then u® € C-1(By)2) and
||”€ ||C1-1(Bl/2) =G (H”e HLOO(Bl) + ”f”Ca(Bl)> ) (6.3)

where Co > 0 depends further on ik, y, k and y.

As in Theorem 4.1 (i), the first assertion above amounts to a uniform C!-!
estimate for u® up to deleted neighborhoods of size . Again this assertion holds
without any control on the modulus of continuity of F in the space variable. This
is also new in the context of linear equations (see Remark 6.4). Now the second
assertion shows that if F admits C>? regular solutions in the microscopic scale,
then we can fill in the regularity of #° in the neighborhoods of size &, completing
the full C!-! estimate.

Let us begin with an approximation lemma.

Lemma 6.2. Let ¢ € (0, 1] and o € (0, @) be arbitrary. There are n € (0, %],
depending only on ¢, @ and o, and ¢ € (0, %], depending only on n, A, A, ¢, a
and o, such that for any ¢ < g, any continuous periodic functional F € So(A, A)
on 8" x R" having F € Sy(A, A, ¢, &) on 8", any function f € C%(B) and
uf € C(By) satisfying

I fllcecs) <€, (6.4)
2 ¢ X .
F(Du ,-):f in By, (6.5)
€
u?(0)=0 and |u’ ||LOO(BI) <1, (6.6)
there are some a® € R" and M*¢ € S" such that
la¥| < Co, |Mf|<C, F(M®) = f(0), and (6.7)
1
sup |u®(x) — (ag,x> S (x, M£x> — wp (Mg, f) < e (6.8)
x€B, 2 €

where Co > 0 depends only on n,  and A, and C > 0 depends further on ¢.
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Proof. Set C = 2¢ > 0, and let Cg and p be determined later. Suppose towards
a contradiction that there is no such ¢ that the conclusion of this lemma is true.
Then there exists a sequence {e};2; of positive real numbers decreasing to zero,
a sequence {Fi}p2, C So(k, A) of periodic functionals on §" x R" having
Fr € SH(A, A, ¢, @) on S™, and sequences {fidee, € C*(By), {ur )2, C C(B)),
satisfying

I fillcecmyy < ks (6.9)
2, X :
Fi | D7uy, — )| = fx 1in By, (6.10)
Ek
we(0) =0 and fugllpoezy < 1, ©.11)

such that for any a € R” and M € S" satisfying
laf <C, M| <C and F(M)= fi(0), (6.12)

one has

1
sup |up(x) — (a, x) — 5 (x, Mx) — 8]%ka (M, gx—k> > pte, (6.13)

X€By

Observe from the Krylov-Safanov theory [6, Proposition 4.9] and the uniform
bound (6.11) of uy that {uk},fi | is uniformly bounded in Cfic(Bl), for some 8 €
(0, 1), depending only on n, A and A. Hence, one may assume without loss of
generality that

up — u locally uniformly in By, (6.14)

as k — oo, for some u € Cllic(Bl)' Since Fj € So(A, A) is a periodic functional
on 8" x R", and f; — O uniformly in B as k — o0, it follows from Lemma 3.1,
(6.10), (6.11) and (6.14) that

Fi — F locally uniformly on S”, (6.15)

for some F € So(A, A) on §", along a subsequence, and # is a viscosity solution
to

F(D*i) =0 in By, with (6.16)
i1(0) =0 and |ill;p,) < I. (6.17)

Moreover, one can assume without losing generality that (6.15) holds in the full
sequence.

On the other hand, from F; € So(x, A) along with the Krylov theory [6,
Corollary 5.7] we also know that Fr € 8 (A, A, ¢, ap), for some ¢y > 0 and
ap € (0, 1), both depending only on n, A and A. Thus, we can apply the almost

X . . . .
C!'7 estimate (Theorem 4.1 (i)) to ug, from which we obtain a vector a; € R”

such that

a4+ sup Dl ol o (6.18)

J— 1+% -
X€B1/2\Bey x| 2



Uniform Estimates in Periodic Homogenization 721

where Cy > 0depends only onn, A, A, co and g, hence on the first three parameters
only.

As {ar )32, being a bounded sequence in R", one can extract a subsequence
{ar, )72, of {ar}p2, such that ay, — a, as i — oo, for certain a € R". Passing to
the limit in (6.18), we observe from the uniform convergence (6.14) of uy, — u
over By, that

@+ sup lu(x) —{a, x) |

- < Co. (6.19)
xeBip\O) x|

However, since F € So(A, A), we also have F e S (A, A, co, @), which along
with (6.19) implies that a = Vu(0). Therefore, we deduce that
ay — a, (6.20)

as k — oo along the full sequence.

Now since we assume Fj, € S (A, A, ¢, &) foreach k € N, Lemma 2.5 together
with (6.15) yields that F € S(A, A, G, Q). Noting that u is a viscosity solution of
(6.16), it follows from the definition of the class S that

”ﬁncla(gl/z) <c. (6.21)
In particular, with M = D%i(0) (and @ = Vii(0)), we have

lit(x) — (@, x) — 3 (x, Mx)|

IM| < ¢ and <é. (6.22)
xeBy 5\ (0} |x |2+
Thus, selecting a sufficiently small p < % such that
= a 1 o
Cut = Sut (6.23)
we arrive at . :
sup |i(x) — (a, x) — E(x,Mx) < E“M' (6.24)

X€By

Clearly, the smallness of © depends only on &, « and c. Let us also remark that as
u being a classical solution of (6.16) in By /2, one has

F(M) =0. (6.25)

We are going to find a sequence {M}7° , C S" converging to M and satisfying
(6.12). Setting o
8k = [Fr(M)]

we know from (6.15) and(6.25) & — O, so it follows from the property Fy €
So(x, A) and the assumption (6.9) that

Fe(M + 3" (e +801) = Fi(M) + 8¢ + ex = e = | fi(O)],
where in the last inequality we used (6.25). Similarly, one has

F(M — A e + 80 1) < F(M) — 8 — e < fi(0).
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Thus, by the intermediate value theorem, there must exists My € S”", for each
k € N, satisfying

Fr(My) = fi(0) and [My — M| < 2~ (e + 8). (6.26)
Especially, My — M as k — oo, and it follows from (6.22) that
|M;| < C, (6.27)

for all sufficiently large k’s, since we have taken C = 2¢ from the beginning.
Therefore, for all large k’s, a; and My satisfies (6.12), so we deduce from (6.13)
that

1
sup |ux(x) — (ar. x) — = (x, Mx) — gfwp, (Mk,gx—k) > Pt (6.28)

Xe€By 2
Due to (2.9) and (6.27),
| wr (Mic, || oo ny < C1IMi| < 2Ci€, (6.29)

where C| depends only on n, A and A. Hence, from (6.14), (6.20), (6.28) and (6.27),
passing to the limit in (6.28) yields that

1 _
Sup |ii(x) — (@, x) = = x, Mx)| = p*,

X€By,

a contradiction to (6.24). Thus, there must exist € € (0, %] such that the assertion
of this lemma is true. Moreover, the smallness of £ is determined only by the fixed
parameters chosen from the beginning, which are precisely n, A, A, ¢ and «. This
finishes the proof. O

Next we establish an iteration lemma.

Lemma 6.3. Let o, 1, &, Co and C be as in Lemma 6.2. If ¢ < eu*=! for some
integer k > 1, F € S2(A, A, -, ) N Ro(-, -) is a periodic functional on 8" x R"
having F € S2(A, A, c,a) on S", f € C*(B)) and u® is a viscosity solution of

F (D%ﬁ, g) — f inB, (6.30)

then for eachl € {1, --- |k}, there exist a; € R" and M| € S", such that aj = 0,
Mg =0,

laf —af_;| < CoJep=DUF®), (6.31)

IMf — M; | < CIEp=D with F(Mf) = £(0), and (6.32)

1
sup [u®(x) —u®(0) — (af, x) — 3 {x, M x) — Swp (Mf, f) < JEu ),
&

xeB
S M

(6.33)

where |
JE = |[uf]] Loy T3 I fllcany) - (6.34)
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Proof. As in the proof of Lemma 4.3, we shall assume that Lemma 6.3 holds with
e < éuk_l for some k > 1, and prove that it continues to hold when ¢ < éuk.
Thus, we have aj € R" and M € §" forl € {1,--- , k}, with |aj| = |M{| = 0,
satisfying (6.31) as well as (6.32), and construct a; | € R" and M | € " that
verify (6.31), (6.32) and (6.33) with / replaced by k + 1.

Define, for x € By,

uf (ukx) — uf(0) — uk (a,ﬁ, x) - %MkaTM,fx —2wp(ME, e kx)

& _
up(x) = e k)
(6.35)
and
f(ukx) — £(0)
fi) = BTN TE (6.36)
Also set, for M € §" and y € R”,
F(JEpukEN + M2 + D2wp(ME, y), y) — £(0)
FEN,y) = —= DM NN =IO )

JsMkoc
which is clearly a uniformly elliptic, continuous and periodic functional on
S" x R", with ellipticity constants A and A; here the continuity of F; fol-
lows from Dgw r(M;,) € C(R"), which is again ensured by the assumption
F € S, A,-,-) N Ry(-,-). As u® being a viscosity solution to (6.30) and
wr(M?, ) € CE2(R"), uj, becomes a viscosity solution of

k

F (Dzu;, ﬂ) = £ in By, with (6.38)
&

il ey = 1 (6.39)

where the last inequality follows from the induction hypothesis (6.33). Moreover,
it is clear from the choice (6.34) of J¢ that

1 -
15 W coayy = 72 1/ lcwqp, < & (6.40)

From the last identity in the induction hypothesis (6.31), and the definition of
the effective functional F', we know that

F(J*pk* N + M + D2wp(M§, y), y) — F(Mf)
nglvka
F(Jp*N + M{ + Dywr(Mf, y), y) — F(M{ + Djwr (M, y), y)
J{-?'ukot

F{ (N, y)

)

(6.41)
so Fy has zero source term. This implies that F; € So(A, A) on " x R”".
Let us denote by F,f the effective functional corresponding to Fy. Following
the notation in Lemma 2.7, we have F,f =F M J¢ ket > SO

F(uMN + Mp) — F(ME)
Mk(x ’

F,f( N) = (6.42)



724 S. Kim & K. LEE

and

w(h N + M{, y) — wM, y)
Hka ’
for any (N, y) € 8" x R". In particular, we have F,f € S2(A, A, ¢, @) as well.
As F € So(X, A) being a periodic functional with F € S2(A, A, ¢, @), f €
C%(B)) with the smallness condition (6.40), and ex~% < &, we can apply the

approximation lemma (Lemma 6.2) to the normalized equation (6.38). This yields
a vector by € R" and a matrix N, € §", satisfying

wre (N, y) = (6.43)

Ib¥] < Co, INf|<C and F{(Nf) = f£(0)=0, (6.44)

where Cyy and C are the same constants appearing in (6.7), such that

< u*t (6.45)

1 &2 ka
sup |uf(x) — (bf. x) — 3 (x, Nix) — P < e T)

XeBy

Therefore, setting

af = af + JEpkITOpe (6.46)
and
Mf ., = M+ J¢ P NE, (6.47)
we can rephrase (6.45), through (6.42) and (6.43). as
1 X
sup |u®(x) —uf(0) — (a,ﬁ+1,x) ~3 (x, M,fﬂx) — 2wp (M,fH, ;)

X€B jt1

< JsM(k+1)(2+a)_

Due to (6.44) and the induction hypothesis (6.31), we have
laf,, — af| < CoJ ),
and from (6.32) we also derive that
\M{,, — M{| < CJt k.
Moreover, it follows from (6.42) that
F(M{, ) = F(M{) + X F{ (N) = f(0).

Therefore, both (6.31) and (6.32) are verified with [/ replaced by k + 1, which
finishes the proof owing to the induction principle. O

Remark 6.4. One can see that if F were a linear functional so that F(M,y) =
tr(A(y)M) for some uniformly elliptic matrix A(y), then F;} defined as in (6.41)
becomes

F{(N,y) =tr(A(y)N), (6.48)

whence there is no need to use C2 regular interior corrector to construct the equation
for uy . This is the main reason why it is enough to assume uniform ellipticity only
to work with the argument above, in the framework of linear equations.
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Let us prove Theorem 6.1.

Proof of Theorem 6.1. With the iteration lemma (Lemma 6.3), we can prove The-
orem 6.1 by following the argument in the proof of Theorem 4.1 as well as that of
[4, Theorem 1 (iii)]. We omit the details. |

7. Boundary C!-! Estimate

This section is devoted to the uniform boundary C!:! estimate.

Theorem 7.1. Let Q € D(7, 0), and suppose that F € S2(A, A, k,y) N Ri(k, y)
is a periodic functional on S" X R" having F € Sh(,, A, ¢, @) onS", f € C*(2)),
g € C>%(T'), with some 0 < a < &, and u® is a viscosity solution of

F(D*u®, %)= f inQ,
6( u s) f sy (71)
u® =g onl.
Then u® € C11(Qy)2) and
H”SHCH(QUZ) =C, (7.2)

where C > 0 depends only on n, &, A, i, y, k, ¥, ¢, &, o, T, 0, | fllceq)
||g||c2.a(1-\1) and sup€>0 ||M8||LOO(QI)‘

We have already seen in the iteration scheme for the interior C!'! estimate that
the nonlinearity of the governing equation results a new equation at each iterative
step, which amounts to the effect coming from the correction in the previous steps;
see the functional F;} defined in (6.37) that appears in the k-th iteration step. In
the case of the boundary estimates, one has to involve a boundary layer corrector,
and the same phenomenon occurs. However, the problem becomes more difficult,
since the boundary layer corrector does not oscillate in the periodic manner, and
since it also solves a rapidly oscillating nonlinear equation. It should be stressed
that we do not encounter this issue in the context of linear equations, since the
linearity annihilates the effect coming from the previous correction; see Remark
6.4 for instance.

Let us begin with a uniform boundary W27 estimates, for any p > n. This can
be understood as a byproduct of the uniform interior C!! estimates (Theorem 6.1)
and the boundary C1¢ estimates (Theorem 5.1), for any o € (0, 1).

Proposition 7.2. Let Q be a domain with boundary T' € C? containing the origin.
Suppose that F € Sy(A, A, k,y) N Ro(k, y) is a periodic functional on 8" x R"
having F € Si(A, A, ¢, 1) on 8", f € C*(Q) for some a € (0, 1), g € C11(I'))
and u® is a viscosity solution of
2 _ .
F(D ug,f)—f in Q1, 73)
ut =g onT.
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Let p > 0 be any. Then u® € Wz’p(Ql/z) and

15 2y = € (1 1 iy + 1 flca@n + Igllcriry) . (0.4)

where C > 0 depends only on n, A, A, k, v, k, ¥, ¢, «, the maximal curvature of
'y and p.

Proof. To simplify the notation, let us call § (x) the distance function d (x, I"1). Fix
Xo € 1,2 and consider an auxiliary function v® on Bs(,,)(xo) defined by

V¥ (x) = u® (x) — u®(x0) — Du®(xo) - (x — xp).
In view of (7.3), v solves

F(D%S, )—C) — f inQ,
£

and since F and f satisfy the assumption of the uniform interior C!'! estimate
(Theorem 6.1), it follows from a scaled version of (6.3) that

V%Nl oo (Bs(a ) (x0))
2 ¢ 2. 5(xg) (X0
|D u (x0)| — |D v (x0)| S Cl ( 8(X0)2 + ”f”c"‘(Bg(Xo)(X())) 5

(7.5)

where C depends only on n, A, A, k, ¥, k, y and «.
In order to estimate the L° norm of v® on Bs(x,)(x0), we consider a uniform
boundary C1@ estimate for u¢. From the assumption that F e Si(x, A, G, 1), one
can apply Theorem 4.1 (ii) to derive that u® € C“"(Qg/‘;), forany 0 < o < 1, and

H u’ H Cl.a(93/4) = (H u’ H L®(Q)) + ”f”C“(Q]) + ”g”Clvl(I‘l)) ’ (76)
where C, depends only on n, A, A, &, ¥, k, ¥, ¢ and «. Especially this implies that
1+
H v° HLOO(BS(XO)(XO)) = CZS(XO) “ (”ué;“ || L®(Q)) + ”f”COvl(Ql) + ”g”Clvl(Fl)) s
which in turn yields in (7.5) that
D% o)l = C38G0) ™" ([ | e gy + 1 iy + gl ) s D)

where C3 depends on the same parameters that determine both C and C».
Now given p > 0, let us choose « as close as 1 from below such that (1 —«)p <
1. Then we have

/ §(x) @ VP gx < 4,
Q12

where C4 depends only on the maximal curvature of I'y and p. This together with
(7.7) implies that

H D2ua

< & a .
o = Cs (116 [| gy + 1/ lewcan + Iglcrnary) s (78)

where Cs depends only on n, A, A, &, ¥, k, ¥, ¢, the maximal curvature of I'; and
p. Hence, the proof is finished. O
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As in the previous sections, let us present an approximation lemma.

Lemma 7.3. Let Q € D(1, ). Then there are 0 < & < & and C > 0, depending
only on n, A, A and &, such that thefollowing is true: forany0 <o <&, L > 0
and p > n, one can choose 0 <p< 7, depending only on depending only on n,
A A oanda,and( < & < 5 dependmgonlyonn A A K Y, K, Y, 0, L and
p, such that for any ¢ < g, any periodic functional F € Sy(A, A, k,y) N Ry(k, y)
on 8" x R", any periodic functional G € So(r, A) on 8" x Q x R", satisfying for
any (N, y) € 8" x R",

IGN,-.y) = F(N.Y)llLr,) = INIL, and (7.9)

|ac.rrGw. - Fovy | <ivE @0

and any f € C*(Q1), g € C>%(I"1) and u® € C(R)), satisfying

I fllce(ay < & (7.11)
g(0) =1[Drg0)| =0, lglcrer,) <& and (7.12)
2 _ .
G(D ug,x,f)—f, [ué| <1 in QN By, (7.13)
ut =g on 92 N By,

there exist a matrix M¢ € 8" such that

M| <€, (I —v®v)M® = D3g(0), F(M®) = f(0), and (7.14)
sup |u (x)——(O) (x,v) — : (x,Mg )—8 W (Mg )—ve(x) < (#1%)
xXe€Q, 2

where v¢ is the viscosity solution of
G (M*+ Djwr (M°, ) + DI x. 1) = FMY) = f0) in@1.
v = —g2wp (Ms x) on 0L2. -

Proof. Let @ and ¢ be determined later, set C =2Cand ix 0 < @ < @&. Also
set w to a small positive constant to be determined later. Assume to the contrary
that there is no such & so that the conclusion of this lemma holds. Then for each
k =1,2,---, one can choose a constant g, > 0 with gz — 0, a bounded domain
Qr € D(1, o) with v, being the inward unit normal at the origin (we shall write
Q. = Q N By and I'y , = I'r N B, throughout this proof), a periodic functional
Fr € S2(A, A, k, )N Ry(k, y) on " x R", another functional G; € Sp(A, A) on
8" x Q.1 xR" such that G¢ (N, x, -) is periodic on R” foreach (N, x) € 8" x Q¢ 1,
and thatfor any (N, y) € §" x R",

IGK(N. - y) = Fx(N. Y)llr(e ) < INIL, and (7.17)

|4 Te DG, - ) = RV, ) | < INle,  (7.18)
L2°(Q4,1)
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and functions f; € C*(%.1), gk € C2""(Fk,1), ur € C(S2,1) satisfying

I fillcaqqy ) < &k (7.19)
8k(0) = |Drgr(0)| =0, ligkllc2e(r, ) <&k, and (7.20)
2 _ .
{G&Dwxwg—ﬂ,muslmmm )
Uk = 8k on Ik 1,

such that for any M € S" satistying

M| < C, (I—w®v)M = D}g(0), F(M)= f(0), (7.22)
one has
8 1 2 X 24«
sup uk(X)——(O) (x,ve) — = (x, Mx) —ggwr \ M, — | —ue(x)| > 1
XE€Q vk 2 Ek
(7.23)

where v € C(S2,1) is the viscosity solution of

G (M + D2wp, (M, £) + D2ug,x, ) = FulM) = /(@) in .1,

Vg = _Slszk M,* on BQkyl.

" o

(7.24)
Note that such a viscosity solution exists, since €2 1 satisfies a uniform exterior
sphere condition, due to the assumption that Q2 € D(1, o).

Since Q¢ € D(1, o), we can assume, after extracting a subsequence if neces-
sary, that Q; — 2 for some 2 € D(1, o) in the sense of the Hausdorff distance.
In particular, vy — v for some v € dBj, and v is the unit inward normal to 92
at the origin. Also denoting by ®; and & the rotation mapping associated with
and respectively €2 (as in Definition 2.3) such that @4 (vr) = e, = ®(v), we have
o) — @ in R,

Arguing similarly as in the proof of Lemma 5.2, one can also argue from the
assumptions G € So(A, A), Qr € D(1,0), (7.19), (7.20) and (7.21) that there is
i e C! (@ UT)) for which

ouy

9
Ui o <I>]:1 o ® — u locally uniformly in ; Uy, —(0) — a—u(O), (7.25)
Vi v

possibly after extracting a subsequence. In particular, from (7.20), (7.21) and the
convergence above, we have

i=0 only, lul<1 inQ. (7.26)

In order to derive the interior equation for u, we apply Lemma 3.2. Due to (7.19)
and (7.18), we know that f; o <Dk_1 o ® — 0 uniformly in €2 and

— 0, locally uniformly in €2;.

NeS"*, yeR® [N|

<|Gk<N, @, (@), y) — Fi(N, y>|)
sup
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Thus, applying Lemma 3.2 to any fixed subdomain of €21 N € and then letting
k — oo, we deduce that Fy — F locally uniformly in " x R", for some periodic
functional F € S>(A, A, k,y) N Ro(k,y) on S" x R",

Fy — F locally uniformly in S”, (7.27)
and that u is a viscosity solution of
F(D*1) =0 in Q. (7.28)

In view of (7.26) and (7.28), it follows from the standard boundary C*> estimate
[27, Theorem 1.4] that tllere is0 < @ < 0 and ¢ > 0, depending only on n, A, A
and G, such that i € C%%(Q;2), and

il c2a ;) =€

In particular, one can choose 0 < u < %, depending only on n, A, A, ¢, @ and «,
such that

su _ = _ l l 24«
p |u(x) (0) <x Mx)| < —p*te, (7.29)
xXeQ, 2

and moreover, (since vy — V)
M| <é, (I—v®vM=0, F(M)=0. (7.30)

Now let us construct a sequence {Mk}k | C 8" such that each My satisfies

(7.22) and My — M as k — oo. As Fy being elliptic with ellipticity constants
fixed by A and A for all k’s, denoting by

= F(MD)|, pe=2"" G + (A + Dep),
and noting that vy ® v > 0 and |V ® vi| = 1, one has

Fi(M + DTgk(O) + i (Vi @ vk))
> Fi(M) — A|D7gr(0)] + 8 + (A + Dex > & = fi(0),

due to (7.19) and (7.20). Similarly, one obtains
Fi(M + D7.8k(0) — pe(vi ® ) < —ex < fi(0).

Thus, the intermediate value theorem implies that for each k = 1,2, -- -, there
exists some 0 < 7 < 1 such that

M = M + D7.81(0) + trpr (vk ® vi), (7.31)

satisfies .
Fr(My) = fx(0). (7.32)

Moreover, it follows from (7.30) and (7.27) that

(I — vk @ )My = D7.1(0), My — M. (7.33)
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and that B
Ml = C, (7.34)
for any large k, since C was given in the beginning of this proof by C = 2¢ > ¢ >
[M]|.
Due to (7.34) and the fact that F, € S2(A, A, k, ¥) N Ro(k, y), it follows from
Lemma 2.6 (iv) and (7.34) that

| wr, (Mg, < ColMy| < CoC, (7.35)

) || CZy (R")
where Cq depends at moston n, A, A, k, v, «, y and . Now let v be the viscosity
solution of

Gk (Mk +D? swr (Mg, £) + D2y, x, o ) Fr(My) = fi(0) in

Vg = —s]%wpk (Mk, 5) on 082.
(7.36)
Note from (7.35) that v, € C%1(3€;) with

vl cor o,y < &k ” Dywp (Mg, -) || Lo@®m) = CoCey. (7.37)

Let us claim that
veo®; o ® — 0 uniformly in €. (7.38)

If the claim (7.38) is true, then from (7.25), (7.33), (7.35) and (7.38), we see
that passing to the limit in (7.23) with M = M, yields a contradiction to (7.29).
Thus, the proof will be finished, once we have the claim (7.38).

To justify this claim, we shall construct a suitable barrier function. Utilizing
the cell problem (2.6) associated with F at My, we see that the interior equation
in (7.36) can be reformulated as

Hi(D*v, x) = hy in 1, (7.39)

where H and hy are defined by

X X
Hi (N, x) = Gg <Mk + Dink (Mk, 8—) + N, x, —)
k

and respectively

2 X X
hk(x)ZGk Mk+Dwak Mk7_ y Xy —
Ek €k

5 x\ «x
— Fy Mk—‘,-Dwak My, —),— ).
Ek Ek

Note that both Hy and hy are well-defined, since wg, (Mg, ) € C ZY(R").
Moreover, we have Hy € So(x, A) on S x Q1 x R", as G € So(A, A). On the
other hand, (7.17) and (7.35) together imply that

Vil oy ) = (|Mk| + || D2ws o | )L =1+ CCL, (740)

Loo(RR)
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and similarly from (7.18) with (7.35) it follows that

|l T < (1+ Co)Cex. (7.41)
Lo(Q,1)

Now from (7.37), (7.39) and (7.40), we can invoke a global a priori estimate

[6, Proposition 4.14] such that vy € C(€2,1) and there is a modulus of continuity
o such that

[k (x) — vk (x0)| < p(Ix — x0l), X, x0 € L2¢,1- (7.42)

In particular, p is determined only by 7, the ellipticity constants of H, the diameter
of .1, the radius with which €2 1 satisfies the uniform exterior sphere condition,
the L" norm of & on €2 1 and the modulus of continuity of vy on 92 1. Thus, the
dependence of p reduces to the parameters n, A, A, &, Co, Cand L; especially, it
is independent of k, and it also has nothing do with either v, and v being rational
or irrational direction.

Let 0 < § < 1 be arbitrary. Then from (7.42) and (7.37) we know that

e ()] < p(8) + CoCey, ifd(x,Tx1) < 8. (7.43)
On the set Q1 N {d(-, Tx,1) > 6}, consider an auxiliary function

(14 Co)Cex

e U 1x1%) 4+ p(8) + CoCex.

Yi(x) =
Clearly, on the boundary, we deduce from (7.43) that
Yr(x) > ve(x), ifd(x, k1) =34. (7.44)

On the other hand, in the interior, from the fact that H; € So(A, A) as well as the
estimate (7.41) for hy, it follows that

(14 Cy)Cex
A

Hi(D* Y (x), x) < < hg(x), ifd(x,Tk1) >36. (7.45)

Hence, v is a supersolution to the boundary value problem (7.39) that vy solves
in the viscosity sense, so it follows from the comparison principle that

1+Co)\ -~ .
v (x) < Yr(x) < (Co + Tﬁo) Cer +p(8), ifdx,Tr1) =6 (7.46)

Letting k — oo in both (7.43) and (7.46), with § fixed, we obtain

limsupvg o @, ' 0o ® < p(8) in Q.

k— 00

Since é can be arbitrarily small and p is a modulus of continuity, the last inequality
implies that lim sup;_, o, vk © CDIZ] o ® < 0in Q1. By a similar argument, one can

also show that lim inf_, o v; © <I>,:1 o ® > 0in 1, verifying the claim (7.38). O
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Remark 7.4. If L = 0, hence p = oo in Lemma 7.3, G coincides with F every-
where. Then we can replace Lemma 3.2 with Lemma 3.1. Since the latter works
with the class So(A, A), the dependence of € can be restricted to the parameters n,
A, A, 0 and «. This will be used in the initial step (k = 0) in the iteration lemma
below. From the second step (k > 1), one has to work with L > 0 and some finite
p > n.

Next follows an iteration lemma.

Lemma 7.5. Let &, @, C, o and u be as in Lemma 7.3. Let F € Sy(A, A, k, 7) N
Ri(k,y) be a periodic functional on S" x R", and suppose that Q € D(n, o),
f e C¥Qy), g € CP4T), and ut € C(Q) satisfy

¢(0) = [Drg(0)| =0, (7.47)
?(O) =0, and (7.48)

F D2 s X Q1.

(D%, 5) =1 in (7.49)
ut =g onT.

Also let K > 0 and p > n be given. Then there are 0 < n,& < 5 dependmg only

onn, A, A, & and a, and 0 < & < &, depending only on n, A, A K, Y, K, ¥, 0,0,

K and p, such that if ¢ < éuk_lfor some integer k > 1, Q € D(n, o) and

= Hué‘ ”LOO(QI) = ||f||c0t(Q]) + = ”g”Cz“(Fl) = K (750)

then there are a;, € R and M| € S", satisfying

C,Cel—P .
af| < === J°, |Mf| <

i a F(Mp) = £(0), (7.51)
-

1 -

as well as a viscosity solution §; to

F (Mf + Dwp (Mf, %) + DIgE £) = FM) = f(0) in @01,

§k = —&?wp (Me x) onT k-1,
£f| < fzfj JE on 02, \ T i1,
(7.52)
such that
1
sup [u®(x) —a (x,v) — <x ka) —*wp (Mk, —) — i) < < JEpkCre)
xEQMk 2
(7.53)

where B < 1, C1 and Cy depend only on n, A and A.

Proof. Letus choose £ such that Lemma 7.3 holds with L = 0. As noted in Remark
7.4, such £ depends only on n, A, A, & and «. Let &, n, B and C| be determined
later.
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Henceforth, suppose that ¢ < & ,uk for some integer k > 0, and we have already
found some a; € R, M; € S" and a harmonic function ¢; in .k satisfying (7.53).
If k£ = 0, we choose aj = 0, M§j = 0 and ¢; = 0, so that (7.53) clearly holds.
If k > 1, let us assume that a,‘f € R satisfies the first inequality in (7.51), and that
M; e S" satisfies

k

CiCne'=F -
1Lne Jg’ |M]§| < CJEZ/JL(I_l)av (7.54)

(I —v@ M = D7gO) < —————
—H =1

as well as the last equality in (7.51). Moreover, suppose that ¢ the viscosity solution
to (7.52).
Define, for x € ,LL_kQMk ={x € B; : ufx € Q},

2k
ut (ukx) — ;Lka,‘i (x,v) — % (x, M,fx) — ssz(Mi, el ukx) — {,f(ukx)

ug(x) = ]5Mk(2+oz)

(7.55)
and ;
Jf(uhx) = f(0)

fi () = BTN (7.56)

Also set, for x € ,LL_kFMk ={x € B, : ufx e T},

2k
g(*x) — pkag (x, v) = o= (x, Mfx)

& (x) = Je kT . (7.57)

As u® being a viscosity solution of (7.49), and since u® satisfies (7.53) as an induc-
tion hypothesis, we have

k
{GS f(D2f 0 ) = L <1 it s

up =g on [ kl"uk

in the viscosity sense, where G, is defined by

G{(N,x,y) = F(J "N + M{ + Djwp(M§, y) + Digf (ukx), y)

Js ko

~ Jea T M + DIwr(M{, y) + D3 (1Fx), y),

(7.59)
so that G, is a periodic functional on S" x (;kaMk) x R" belonging to Sp(A, A).
From (7.56) and (7.50), it is clear that

”fk Hca(;rksz 0= Je [f]C“(Q 0 = <e. (7.60)
On the other hand, we also have

[Fs? ||cz»a(,rkruk) =& (7.61)
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Let us stress that this estimate is irrelevant to the nonlinear structure in the interior
homogenization, and moreover it has nothing to do with the PDE that ¢; satisfies
in the interior. Hence, one can follow exactly the same argument in [4, Lemma 11].
Since the argument is long and technical, we shall not repeat it here. Still let us
remark that a direct computation yields

g;(0) = IDTg/f(O)I =0, and (7.62)

D7.8;(0) = ———=(a; D7¢(0) + (I —v ® v)M} — D7g(0)), (7.63)

Js Te, ka

where ¢ : [T — R is the parameterization of I'; with respect to the hyperplane
[Ty = {x € By : {x, v) = 0} such that

N ={z+¢v:zeTIl}, and
#0) = [DroO)| =0, [¢llc25qmnp,) < 0-

Such a characterization of I'; exists uniquely up to a rotation which fixes the
direction v, due to the assumption 2 € D(n, o). Following the argument in [4,
Lemma 11] carefully, one can also observe that the smallness condition of n < 1
is determined only by Cj, C, W, o and €, hence on n, A, A, 0 and «, provided that
C1 depends at most on 7, A and A; we shall choose Cj at the end of this proof.

In order to verify that one can apply the approximation lemma, Lemma 7.3, let
us define F; on §" x R" by

F(JEpukEN + M2 4+ D2wp (M2, y), y) — £(0)
FE(N, y) = ” ¢+ Dywr M. y). ) = 1O (7.64)
k JsMkoc

From the induction hypothesis F(M ) = f(0), we also have the alternative defini-
tion (6.41). Hence, Fy is a periodic functional on S x R" belonging to Sp(A, A).
Moreover, since F € S> (A, A, i, y)NR1(k, y),itfollows from the second assertion
in Lemma 2.7 (or as in the proof of Theorem 4.1 (iii)) that

CoCK
Ff € Ro(kc(ColME| + 1), ) C Ry <K (1 O_Ma + 1) , y> , (7.65)

with Cp depending only on n, A, A, &, y, ¥ and y, where the second inclusion is
due to the induction hypothesis (7.54) on M ,f and the assumption (7.50) on J¢.

On the other hand, in view of (6.41), the interior equation in (7.52) of ¢; can
be reformulated as

Fe (D% g) =0 in Q. (7.66)

This together with the boundary condition in (7.52) yields from the Alexandroft-
Bakelman-Pucci estimate [6, Theorem 3.6] and the L* estimate (2.9) of wg (M£, -)
that

Czée
60 i@ = T (7.67)
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provided that C» is chosen by the constant in (2.9), which depends only on n, A and
A. Moreover, it follows from the a priori gradient estimate, such as [27, Theorem
1.1], and the C!# estimate (2.10) of wr(M¢, -) that

CiCelP
=c { L P A /31 1)} e
(7.68)
where § < 1, C3 and C4, depending only on 7, A and A ; here we used the assumption
that 2 € D(n, o) C D(1, o), implying that the maximal curvature of I is bounded
by 1.
In addition, in view of (7.66) and the boundary condition in (7.52) for g“,f, one
can apply the boundary W?? estimate (7.4) with p > n, after a scaling argument,
and deduce from (7.67) and the C%? estimate (2.11) of wx(M¢, -) that

‘ Tl 0)

161 1o e
5 k=1 k= 1)
| D¢ ||LI’(Q 1) < Csplmimir l G HwF (Mk’ *> Hcl N

Ce?Je

k=Dn/p (=% &
=< Cﬁ,bL ((1 — ,u“)uz("*U + |Mk|)
- C7C“(k—l)n/p+2 .

e
with Cs, C¢ and C7 depending at most on n, A, A, k, ¥, k, ¥, K, Cp and C,
hence on the ﬁrst eight parameters only, where in the third inequality we used the
assumption ep* < & < 1 5- In particular, since p < 5, we have Qv C €21, and

~ . kn/p
< C7C[L Je

7.69
Lrp —  1—pe (7.69)

| D%

On the other hand, we also have the uniform interior C-! estimate (6.3) for ;,f .
This along with (7.67) one can deduce that

~ 2
- CgCe

Jé‘
L)~ 1 —po

H d(, 9,1 D¢

where Cg depends at moston n, &, A, i, y, k and y. Again since Q x C Q k-1,
we have d (-, €2 k-1) = d (-, I' ;&) in €2,x, which implies that

~ 2
- CgCe

d ',F 2D2 &
“ (. D) D78 Lo@u) ~ 1 —p®

JE. (7.70)

Now we are ready to verify that F, kF and Gi also satisfy (7.9) and (7.10) with

some L possibly larger than L, such that we can apply the approximation lemma,
Lemma 7.3. Note that one can write F;; and G by

F (N, y) = tw(Ap(N, y)N), Gp(N,x,y) =tr(Bg(N, x, y)N),
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where A7 and B} are defined by
1
AL(N.y) = /0 Dy F(tJ "N + M{ + Diwp (M. y)., y)dt,
and respectively by
1

B{(N.x,y) = / Dy F(tJ* " N + M + Dywr (M, y) + DIge ('), y) d.

0 )

Thus, the structure condition (2.5) on F implies that
IGE(N, x,y) — FE(N, y)| < |Bf(N,x,y) — A{(N, Y)IIN| < k| D*¢f (¥ x)|IN],

forany N € 8", x € u~*Q ukand y € R”. This estimate combined with (7.69)
and (7.70) yields that

kC7Cpu2="/p e
IGEWN. ) = FEN- ) [ vy = <# NI, (7.71)
and respectively

d(-, 0(u*r 1 ))*(GL(N, -, y) — FE(N, H

|ae 20t rur @@ = R g
CsCJ* 2

< (S22 (L) v (1.72)
1 — po Mk

We are finally in a position to determine the smallness condition on &. Let us
first take € < £ in such a way that Lemma 7.3 holds with

_ kC7Cp*>"PK
= [

L (7.73)

and the parameters involved in the class R for F, ,f , given by (7.65), as well as 7,
« and p. Then & depends only on n, A, A, k, ¥, k, ¥, 0, a, K and p. Then we let &
even smaller, if necessary, so as to satisfy

CsCJ* z CsCK
kCs L) < (k=8 82 <g, (7.74)
1 —po /ka 1 —pe
where the first inequality follows from the assumption that ¢ < &uX. This will not
change the dependence of & specified above.

From (7.60), (7.61), (7.71), (7.72), (7.73) and (7.74), as well as the fact that
/,L_kQMk € D(n,0) C D(1,0), we can apply Lemma 7.3 to the problem (7.58),

with ¢ replaced by e ~*. This yields N ¢ € 8", which satisfies

INfl<C. (I —v@wN} =D2gf(0). FL(N))=ff©0) =0, (175
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and the viscosity solution v} to

Gy (Vg + D2wr (Vg 152 ) + DRugx, B25) = FE(N) =0 in k@,
2 k
v = —Zrwg (V7 ) on a1 2,0),
(7.76)
such that for any x € ,u’kQMk NB, = u*kﬂﬂkﬂ,
ous 1 g2 ukx
E(x) — —K(0) (x, v) — = (x, Néx) — ——wpe [ N2, 52 ) — i ()| < 2.
uy (x) 8\1()( ) 2< k> MZk Fk(k 8) P <
(7.77)
Note from the Alexandroff-Bakelman-Pucci estimate [6, Theorem 3.6] that
2 )
8 o 08, = 25
| vg ||Lm(u_kguk) < o || v (Ng. ) Lo, <= (7.78)

where we used the fact that G} € So(A, A), the first inequality in (7.75) and the L>
estimate (2.9) for w Fe (N{, -); in particular, we chose C3 by the constant appearing
in (2.9), which depends only on 7, A and A.

To this end, we define

5 & e k(14+a) aui & aé‘/f
ak-‘rl Zak+J M W(O)Z_SU'D),LUF(M](,O)— 90 (0), (779)
and
M, = M+ J N (7.80)
Let us also define ¢f; on Q,« by
x
CEo () = gf () + JEpF Ty (E) . (7.81)

Due to (7.80), the definition (7.64) of F;, and Lemma 2.8, we have the additive
structure (6.42) of F,  and w Fg»as in the proof of Lemma 6.3. Especially, we have

F(M{, ) = F(M{) = f(0), wr(Mf,,,y)=wp(M{,y)+J 1w (N, y),

(7.82)
where in the first equality we used (7.75) and (7.51). Hence, one can rephrase (7.77)
in terms of u¢, as we have, for all x € QﬂkJrl ,

1 X
uf(x) — a,i_H (x,v) — E(x, M,f_Hx) — wp <M1§+1’ E> — ;,f+l(x)

< Jelu(k+1)(2+a) .

This estimate verifies the induction hypothesis (7.53) with newly obtained a; ,,
M,f+] and ;,fH. Thus, the proof is finished if one verifies (7.51), (7.54) and (7.52)
for k + 1.

The first inequality in (7.51) for £ + 1 follows immediately from (7.68) and
(2.10), if we select C1 by 2C4, with C4 as in (7.68); hence, C| depends only on n,
A and A. This shows that a;_, verifies its induction hypothesis.
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Regarding M ,f Iy it is clear that the second inequality in (7.54) for k + 1 holds,
owing to the induction hypothesis (7.54) for M¢, and the first inequality in (7.75)
for N;. On the other hand, the first inequality in (7.54) for k + 1 can be deduced
from the second identity in (7.75), the first inequality in (7.51) and the observation
(7.63). The last identity in (7.51) for k + 1 is already verified by (7.82). Therefore,
M; 41 also satisfies its induction hypotheses.

Finally, the proof will be finished if we verify that ;| solves to the boundary
value problem (7.52) for k + 1. Utilizing (7.80), (7.82), the interior equations in
(7.76) and (7.52) that v; and ¢ satisfy respectively, one can proceed as

X X
F <M1§+1 + D?“’F (le+15 g) + DYgfy (), g)

X
—F (M,f + D2wp (M,i, ;) + D2E(x)

k ) X ) X X
+J e (N,f + Dywpe (N;f, g) + Dyv; <E>> , g)

—F (M,f + D2wp (M,f, g) + D2E(x), g)
= f(0),

for x € €2k, which verifies that ¢4 4 satisfies the interior equation in (7.52) for
k + 1. The boundary condition for ¢, can be verified in a similar way. Thus, the
proof is finished. O

We are ready to prove the uniform boundary C'! estimates.

Proof of Theorem 7.1. With the iteration lemma (Lemma 7.5) at hand, the proof is
similar to [4, Theorem 1], whose argument can be easily extended to fully nonlinear
equations. Some necessary detail adopting the nonlinear structure can also be found
in the proof of Theorem 6.1. For this reason, we shall omit the detail and finish the
proof here. O

8. Examples

In this section, we shall present some classes of periodically oscillating fully
nonlinear functionals F that verify the assumptions for the uniform C!! estimates,
namely Theorem 6.1 and Theorem 7.1. The key assumption for these theorems
is that both periodically oscillating functional F and the corresponding effective
functional F admit interior C>? estimates when the coefficients are fixed. More
precisely, F, Fe S5 in the sense of Definition 2.2.

This condition becomes straightforward, when F is a concave functional. First,
we have F € S, by the Evans-Krylov theory [6, Theorem 6.1]. Next, according to
[12, Lemma 3.2], if F is concave, then so is F, proving F € S by the same theory
again.

Henceforth, we shall find a class of non-concave functionals F that both F
and F belong to class S>. This will imply that the class of periodically oscillating
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functionals F that verify the assumptions of Theorem 6.1 and Theorem 7.1 strictly
wider than the class of concave functionals.
Let us being with a lower bound for the Hessian of the interior corrector.

Lemma 8.1. Let F € S>(A, A, k,y) N Ry(k, y) be a functional on S" x R" that
is periodic in the second argument. Then there is some constant L > 1, depending
onlyonn, A, A, k, v, k and y, such that for any M € S", one has

M
rﬁin|D§wF(M, )4+ M| > % ifIM| > L. (8.1)

Proof. Letusfix M € 8", and denote by w the interior corrector w (M, -). Accord-
ing to [12], w is the limit function of sequence {w8 — wS(O)}5>0, where w? is the
unique, periodic viscosity solution to

F(Dyw’ + M, y) — 8w’ =0 inR".
In particular, constant functions 8§ mings F(M, -) and 8! maxg: F(M, -) are

a periodic viscosity subsolution and respectively supersolution to the penalized
problem above. Owing to this fact, one can deduce that

r%{inn F(M,)<FM) < max F(M, ). (8.2)

For this reason, one can also derive a sharper interior C>? estimate
lwllczy@ny < CiI1FM, )l oo wny » (8.3)

compared to (2.11), where C; > 0 depends only on n, A, A, k, ¥, k and y.
Let x > 1 be a given number, fix L > 1 by a sufficiently large number to be
determined at the end of the proof, and suppose that

IM| > L. (8.4)
Let us first consider the case where

(L-1)
Cy

I1FM, ) po@ny < X (8.5)

Then it follows from (8.3) that
|D*w+ M| > |M| — |D*w| > Lx — Ci |F(M, )| poc gy > X-

This proves (8.1) under the additional assumption (8.5).
Next, let us consider the other case where
(L—-1)
Cq

I1F (M, )l Loowny = X- (8.6)

Due to the assumption F € Ry(k, y), we have oscge F(M,-) < ik+/n. Hence,
taking L sufficiently large such that (L — 1)x > Cjk+/n, then owing to (8.6), we
may assume loss of generality that

L—-1
1

min F(M, -) >
Rn

X —k/n > 0.
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Therefore, it follows from (2.6), (8.2) and the ellipticity assumption F € Sp(X1, A)
that

L-1 2 2 : n
c X —kvn < F(D“w+ M,y) < A|D"w+ M| inR". (8.7)
1
Finally, we choose L large enough so as to satisfy
L—1
—k+/n > A; (8.8)
Cy

note that L depends only on A, x and C, hence on n, A, A, x and y only. Then
one may verify from (8.7) as well as the assumption x > 1 that

|D?>w + M| > x inR",

again proving (8.1). Hence, we have verified that (8.1) holds under the other assump-
tion (8.6), from which we conclude that it holds in general. This finishes the proof. O

Next, we present some monotone property of effective functionals.

Lemma 8.2. Let F and F, be uniformly elliptic, periodic and continuous func-
tionals on 8" x R". Then

min{Fi, F>} < min{Fy, F»} on S". (8.9)

Remark 8.3. In general, we do not have equality in (8.9), even if F; and F, are
linear functionals. For example, if n = 1, and F{(M,y) = (2 + cosQry))M,
F>,(M,y) = Q2+ sin(2ry)) M, then

_ 1 dy -1 1 dy -1 _
Fl(M)=</ —) M=<f —) M = F,(M),
0o 24 cos2my) 0 2+ sin2my)

forany M € S I — R, and therefore,

dy
2 + minf{cos(2my), sin(2ry)}

1 —1
min{F;, F}H(M) = (f ) M < Fi(M) = F>»(M),
0

for any M # 0.

Proof of Lemma 8.2. Set Fy = min{F1, F;,}. Suppose towards a contradiction that
(8.9) fails at some M € S". Foreachi € {0, 1, 2}, denote by w; and y; the interior
corrector wr, (M, -) and respectively the value F;(M) of the effective functional
corresponding to Fj, in the sense of Definition 2.4. Then for each i € {1, 2},

F;(M + D*wo, y) > Fo(M + D*wp, y) =y > y; inR", (8.10)

in the viscosity sense. As w; being a periodic viscosity solution to F;(M +
D?w, y) = y; in R”, we deduce that

PH(D*(wy — wi)) >0 inR",

in the viscosity sense, where P is the Pucci maximal operator associated with the
ellipticity bounds for both Fy and F;. However, as both wg and w; being periodic,
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wp — w; attains a maximum at some y; € Q1, where Qg is the unique periodic
cube, so
2
PT(D*(wo — wi)(yi)) <0,

in the viscosity sense, a contradiction. O

Our strategy is as follows. We shall use the Evans-Krylov theory developed
by Cabré and Caffarelli [7] for the class of non-concave functionals F given by
the minimum of a concave and a convex functional, say F" and respectively F".
The advantage of this class is that those functionals F admit the interior C27
estimates with constant « for certain k > 1 and y € (0, 1) that depend only on the
dimension and the ellipticity constants, whence the estimates do not change under
translation and scaling, i.e., F € S2(A, A, k, y) from [7, Theorem 1.1]; recall
that class S> (X, A, k, y) requires that not only F but also all of its the translated
versions, (M, y) — (F(M + N, y)— F(M, y)), satisfy the interior C%7 estimates
with the same constant «.

The question is if F € S>(A, A, ¢, a) holds for some ¢ > 1 and @ € (0, 1).
Here, we shall impose some additional conditions on F M and FY, whose minimum
produces F, such that F = min{F", FY}. As a byproduct, F € S)(A, A, i, )
with k and y as above.

Remark 8.4. Let us stress that the condition F = min{F", FV} is sufficient to
have F € S, but by no means necessary. A good example is shown in Remark
8.3: with the specific choice of the linear functionals F M and FV there, we have
F < min{F", FY} on 8" \ {0}, while F as the minimum of two linear functionals
is concave, and so is F, from which we obtain F € S».

Lemma 8.5. Let F"' and F be uniformly elliptic, periodic and continuous func-
tionals on 8™ x R, with ellipticity constants } and A, such that F" is concave,
while FV is convex in the first argument, and that {F", F¥} C Ro(x, y) for some
k > 0andy € (0, 1). There exists some L > 1, depending only on n, A, A, k and
v, such that if F™ and F" also satisfy, for some R > 0,

oscgrn F7' (M, -) = oscgn FY(M, ) =0, whenever |M| < LR and (8.11)
I%in (FU(M, y)—F "M, ) — Kn%|M|) >0, whenever|M|> R, (8.12)

then o
min{F", FY} = min{F", F"} on S". (8.13)

Proof. Define F = min{F", FV} on 8" x R". The first condition (8.11) implies
that oscgr F(M, -) = 0 for all M € S" with |[M| < LR. Hence, we have F(M) =
F(M,-), F"(M) = F"(M,-)and F¥(M) = GY(M, -) on R". In particular, (8.13)
holds for all M € S" with |[M| < LR.

Hence, we are left with proving (8.13) for M € S§" with [M| > LR, with L to
be determined as in Lemma 8.1. To be more precise, we choose L as follows. Since
A and A are the ellipticity bounds for both £ and F", the Evans-Krylov theory [6,
Theorem 6.1] for concave functionals implies that {F"— F™(0, -), F¥—FY(0, )} C
S>(A, A,k,y) for some k > 1 and y € (0, 1), depending only on n, A and A.
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With such k and y, let us select L > 1 by the large constant as in Lemma 8.1
such that (8.1) holds for any G € S2 (X, A, i, y) N Ro(k, y), in particular for any
G e {(F—F(0,-), F"—=F"(0,.), FY — FY(0, -)}. Due to the universality of i and
y, L depends only on n, A, A, x and y.

Fix any M € §" such that |M| > LR. For the sake of simplicity, denote by w,
wn and wy the interior corrector wr (M, -), wgn (M, -) and respectively wru (M, -)
in the sense of Definition 2.4. Since Lemma 8.1 applies to F, we observe from (8.1)
that

M|

min | D? M| > — > R,
R”' ywt M= L

so the assumption (8.12) implies that FO(D*w(y) + M, y) < FY(D*w(y) +
M,y) —kn?? M| < FY(D*w(y) + M, y) for all y € R”. Thus, F(D>w(y) +
M,y) = F(D*>w(y) + M, y) for all y € R", which in turn yields that

F(D*w + M, y)= F(M) inR".

As w being a periodic function and F(M) being a constant, it follows from the
uniqueness of the effective functional that

F(M) = F"(M). (8.14)

To this end, we claim that F* (M) < FY(M) if [M| > LR. Note that wn, and
wy are periodic functions on R”, and that wn, wy € C27 (R"); these are ensured
by the fact that {F" — F"(0, ), F¥ — FY(0, )} C S2(A, A, ik, ) N Ro(k, y).
Hence, we can find some yn, yy € Q1 = [—%, %]" be such that |D2wm(ym)| =
|D2wy(yu)| = 0. In view of the assumption (8.12) and FV € Ry(k, y), as well as

the cell problems that wn and wy solve, we derive that
FO(M) = F' (M, yn) < FY(M, yn) — kn?”?|M| < FY(M, yu) = F(M).

This together with (8.14) finishes the proof of (8.13) for M € §" with |[M| > LR.
O

Consequently, we obtain a class of non-concave, periodic functionals whose
effective functionals admit interior C>% estimate. In particular, the nonlinear
homogenization problem with this class of functionals admit uniform interior C!-!
estimates.

Proposition 8.6. Let F"' and F“ be as in Lemma 8.5, and define F =
min{F", FY}. Suppose that F(0,-) = 0 on R*. Then F € S,(A, A, k,7) N
Ro(k, y), and F e So(A, Ak, y), where k > 0 and y € (0, 1) are as in Lemma
8.5, while k > 1 and y € (0, 1) are some constants depending only on n, A and A.
Moreover, if f € C¥(By) and u® € C(By) is a viscosity solution of

F (Dzus, f) — f inB,
&£
then u® € C“(Bl/z) and

| u? ||c1~'<31/2) =C (“”6 ||L°°(Bl) + ||f||c'1(31))’

where C > 0 depends only onn, A, A, k, y, k, y and «.
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Proof. The fact that F € S>(A, A, k,y) N Ro(k, y) follows immediately from
the assumption on F™ and F" in Lemma 8.5 as well as the discussion above
the statement of the lemma. On the other hand, since the effective functional to a
concave/convex functional is also concave/convex [12, Lemma 3.2], it follows from
(8.13) that F is the minimum of a concave and a convex, homogeneous functional.
Thus, we infer from [7, Theorem 1.1] that F € S, (A, A, &, y). Therefore, F and
F verify the assumptions of Theorem 4.1, from which the uniform interior C!-!
estimate of u® follows. O

Remark 8.7. We do not claim a uniform boundary C'! estimate for F as in Propo-
sition 8.6. Note that F, as the minimum of a concave and a convex functional, is
Lipschitz in the matrix variable in general. Hence, F' € R\ R, while Theorem 7.1
requires F to belong to Ry; recall from Definition 2.2 that R consists of functionals
whose derivatives in the matrix variable are Lipschitz.
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