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Abstract

We analyze generic sequences for which the geometrically linear energy
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remains bounded in the limit » — 0. Here e(u) :=1/2(Du + Du’) is the (lin-
earized) strain of the displacement u, the strains e; correspond to the martensite
strains of a shape memory alloy undergoing cubic-to-tetragonal transformations
and the partition into phases is given by x; : By (0) — {0, 1}. In this regime it is
known that in addition to simple laminates, branched structures are also possible,
which if austenite was present would enable the alloy to form habit planes. In an
ansatz-free manner we prove that the alignment of macroscopic interfaces between
martensite twins is as predicted by well-known rank-one conditions. Our proof
proceeds via the non-convex, non-discrete-valued differential inclusion

ewye | J conviei e,
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satisfied by the weak limits of bounded energy sequences and of which we clas-
sify all solutions. In particular, there exist no convex integration solutions of the
inclusion with complicated geometric structures.
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1. Introduction

Due to the many possible applications of the eponymous shape memory effect,
shape memory alloys have attracted a lot of attention of the engineering, materi-
als science and mathematical communities. Their remarkable properties are due to
certain diffusionless solid—solid phase transitions in the crystal lattice of the alloy,
enabling the material to form microstructures. More specifically, the lattice transi-
tions between the cubic austenite phase and multiple lower-symmetry martensite
phases, triggered by crossing a critical temperature or applying stresses; see BHAT-
TACHARYA [6] for a thorough introduction.

As aresult, these materials often form microstructures. In shape memory alloys
undergoing cubic-to-tetragonal transformations, see Fig. 1, one frequently observes
the following types of microstructures:

1. Twins: Fine-scale laminates of martensite variants, see Fig. 2a and both sides
of the interface at the center of Fig. 2b.

2. Habit planes: Almost sharp interfaces between austenite, and a twin of marten-
sites, where the twin refines as it approaches the interface, see Fig. 2a.

3. Second-order laminates, or twins within a twin: Essentially sharp interfaces
between two different refining twins, see Fig. 2b.

4. Crossing second-order laminates: Two crossing interfaces between twins and
pure phases, see for example Fig. 2c.

5. Wedges: Materials whose lattice parameters satisfy a certain relation can form
a wedge of two martensite twins in austenite, see [6, Chapter 7.3.1] and Fig. 2d.

Furthermore, at least in Microstructures 1, 2 and 5, all observed interfaces form
parallel to finitely many different hyperplanes relative to the crystal orientation. In
this paper, we present a theorem characterizing all possible microstructures whose
energy is comparable to that of a habit plane in the geometrically linear theory.

Fig. 1. A sketch of the cubic-to-tetragonal transformation. The left-hand side represents the
cubic austenite phase, while the right-hand side represents the martensite variants that are
elongated in the direction of one of the axes of the cube and shortened in the other two.
Adapted from [6, Figure 4.5]
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Fig. 2. a Optical micrograph of a habit plane with austenite on the right-hand side
and twinned martensite on the left-hand side in a Cu—Al-Ni alloy undergoing cubic-to-
orthorhombic transformations. Reprinted by permission from Springer Customer Service
Centre GmbH [17]. b Optical micrograph of a second-order laminate in a Cu—Al-Ni alloy,
by courtesy of C. Chu and R.D. James. ¢ Optical micrograph of two crossing second-order
laminates in an Indium-Thallium crystal. The bottom region is in the austenite phase. All
other regions show twinned martensite variants with the twinning in the left-hand side one
being almost parallel to the surface of the sample. Reprinted from [4], with permission from
Elsevier. d Optical micrograph of a wedge in a Cu—Al-Ni alloy, by courtesy of C. Chu and
R.D. James

1.1. Contributions of the Mathematical Community

1.1.1. Modeling The first use of energy minimization in the modeling of marten-
sitic phase transformations has been made by KHATCHATURYAN, ROITBURD and
SHATALOV [24-26,36,37] on the basis of linearized elasticity. This allowed predic-
tion of certain large scale features of the microstructure such as the orientation of
interfaces between phases.

Variational models based on nonlinear elasticity go back to BALL and JAMES [2,
3]. They formulated a model in which the microstructures correspond to minimizing
sequences of energy functionals vanishing on

K =[Jso®u

i=1
for finitely many suitable symmetric matrices U; withi = 1,...m and m € N.
In their theory, the orientations of interfaces arise from a kinematic compatibility
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condition known as rank-one connectedness, see [6, Chapter 2.5]. For cubic-to-
tetragonal transformations, Ball and James prove in an ansatz-free way that the
fineness of the martensite twins in a habit plane is due to only certain mixtures
of martensite variants being compatible with austenite. Their approach is closely
related to the phenomenological (or crystallographic) theory of martensite inde-
pendently introduced by WECHSLER, LIEBERMAN and READ [42] and BowLEs and
MACKENZIE [8,33].

A comparison of the nonlinear and the geometrically linear theories can be
found in an article by BHATTACHARYA [5]. Formal derivations of the geometrically
linear theory from the nonlinear one have been given by KoHN [28] and BALL and
JAMES [3]. A rigorous derivation via I"-convergence has been given by SCHMIDT
[41] with the limiting energy in general taking a more complicated form than the
usually used piecewise quadratic energy densities.

1.1.2. Rigidity of Differential Inclusions The interpretation of microstructure
as minimizing sequences naturally leads to analyzing the differential inclusions

m
DuecK = U SOB3)U;,
i=1

sometimes called the m-well problem, or variants thereof such as looking for se-
quences uy such that dist(Duy, K) — 0 in measure. In fact, the statements of BALL
and JAMES are phrased in this way [2,3]. A detailed discussion of these problems
which includes the theory of Young measures has been provided by MULLER [34].

However, differential inclusions in themselves are not accurate models: MULLER
and SVERAK [35] constructed solutions with a complex arrangement of phases of
the differential inclusion Du € SO(2)A U SO(2)B with det(A) = det B = 1, for
which one would naively only expect laminar solutions, in two space dimensions
using convex integration. Later, CONTI, DOLzZMANN and KIRCHHEIM [15] extended
their result to three dimensions and the case of cubic-to-tetragonal transformations.

But DoLzMANN and MULLER [19] also noted that if the inclusion Du €
SO(2)AUSO(2)B is augmented with the information that the set { Du € SO (2) A}
has finite perimeter, then Du is in fact laminar. Also this result holds in the case
of cubic-to-tetragonal transformations as shown by Kirchheim.! There has been a
series of generalizations including stresses [13,16,22,31,32]. However, these are
more in the spirit of the geometric rigidity theorem due to FRIESECKE, JAMES and
MULLER [21], since they rely on the perimeter being too small for lamination and
as such do not give insight into the rigidity of twins. In the presence of a single
rank-one connection and an additional anisotropic pertubation of the energy, this
problem has more recently been overcome by DavoLl and FRIEDRICH [18] by ex-
ploiting a version of the geometric rigidity theorem for matrix fields with non-zero
curl.

! Kirchheim, B.: Lipschitz minimizers of the 3-well problem having gradients of bounded
variation. Preprint, Max Planck Institute for Mathematics in the Sciences (1998). URL: http://
www.mis.mpg.de/de/publications/preprints/1998/prepr1998-12.html.
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In contrast, the differential inclusion arising from the geometrically linear set-
ting

1
5 (Du+ Du’) € {ey, ea, €3},

where e; fori = 1, 2, 3 are the linearized strains corresponding to the cubic-to-tetra-
gonal transformation, see (4), is rigid in the sense that all solutions are laminates
even without further regularizations as proven by DOLZMANN and MULLER [19].
Quantifying this result CAPELLA and O1TO [10,11] proved that laminates are stable
in the sense that if the energy (1) (including an interfacial penalization) is small
then the geometric structure of the configuration is close to a laminate. Additionally,
there is either only austenite or only mixtures of martensite present. Capella and
Otto also noted that for sequences with bounded energy such a result cannot hold
due to a well-known branching construction of habit planes (Fig. 2a) given by KOHN
and MULLER [29,30].

Therein, Kohn and Miiller used a simplified scalar version of the geometrically
linear model with surface energy to demonstrate that compatibility of austenite with
a mixture of martensites only requires a fine mixture close to the interface so that
the interfacial energy coarsens the twins away from the interface. Kohn and Miiller
also conjectured that the minimizers exhibit this so-called branching, which CONTI
[14] affirmatively answered by proving minimizers of the Kohn—Miiller functional
to be asymptotically self-similar.

In view of the results by Kohn and Miiller, and Capella and Otto it is natural
to consider sequences with bounded energy in order to analyze the rigidity of
branching microstructures.

1.1.3. Some Related Problems So far, we have mostly discussed the literature de-
scribing the microstructure of single crystals undergoing cubic-to-tetragonal trans-
formations. However, the variational framework can be used to address related
problems, for which we highlight a few contributions as an exhaustive overview is
outside the scope of this introduction.

An overview of microstructures arising in other transformations can be found in
the book by BHATTACHARYA [6]. Rigorous results for cubic-to-orthorhombic trans-
formations in the geometrically linear theory can be found in a number of works by
RULAND [38,39]. For the much more complicated cubic-to-monoclinic-I transfor-
mations with its twelve martensite variants, CHENCHIAH and SCHLOMERKEMPER
[12] proved the existence of certain non-laminate microstructures in the geometri-
cally linear case without surface energy.

For an overview over the available literature on polycrystalline shape memory
alloys we refer the reader once again to Bhattacharya’s book [6, Chapter 13] and
an article by BHATTACHARYA and KOHN [7].

Another problem is determining the shape of energy-minimizing inclusions
of martensite with given volume in a matrix of austenite, for which scaling laws
have been obtained by KonN, KNUPFER and OtTO [27] for cubic-to-tetragonal
transformations in the geometrically linear setting.
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1.2. Definition of the Energy

In order to analyze the rigidity properties of branched microstructures we choose
the geometrically linear setting, since the quantitative rigidity of twins is well
understood due to the results by CAPELLA and Ot1To [10,11]. In fact, we continue
to work with the same already non-dimensionalized functional, namely

E;(u, X) = Eelast,n (1, X)+Eimer,n(u, X (1)
where
3 2
2
Eetast.n(t, x) =13 / e(w) =y xiei| dL7, )
B1(0) i=1
3
1
Einter.(t, x) =13 Y _ |Dxil(B1 (0)). 3)

i=1

Here u € WH2(B; (0);R3) is the displacement and e(u) = %(Du + DuT)
denotes the strain. Furthermore, the partition into the phases is given by y; €
L*°(Bj (0); {0, 1}) fori = 1, 2, 3 with Z?:l xi = 1 and the strains associated to
the phases are given by

-2 0 0 1 0 0 1 0 O
eg:=0,e;: =10 1 0}),ep:=10 -2 0],e3: =10 1 0 |.4
0 0 1 0o 0 1 0 0 -2

In particular, we assume the reference configuration to be in the austenite state, but
that the transformation has occurred throughout the sample, i.e., there is no austenite
present. This simplifying assumption does rule out habit planes, see Fig. 2a, but a
look at Fig. 2b suggests that we can still hope for an interesting result. Besides, the
responsible mechanism for macroscopic rigidity is the rank-one connectedness of
the average strains e(u;) — e(u) in L2, which cannot distinguish between pure
phases and mixtures.

The condition of the material being a shape memory alloy is encoded in the fact
that tr(e;) = O for all i = 1, 2, 3 as this corresponds to the transformation being
volume-preserving.

Further simplifying choices are using equal isotropic elastic moduli with van-
ishing second Lamé constant for all martensite phases and penalizing interfaces by
the total variation of Dy; for i = 1, 2, 3. Of course, as such it is unlikely that the
model can give quantitatively correct predictions. Bhattacharya for example argues
that assuming equal elastic moduli is not reasonable [5, Page 238].

We still expect our analysis to give relevant insight as we will for the most part
prove compactness properties of generic displacements u,, € Wh2(By (0); R?) and
partitions x; for > 0 such that

lim sup E; (uy, xp) < 00.
n—0
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Fig. 3. a Geometry of an interface parallel to the plane {x - n = 0} in a laminate joining
the strains M| and M;. b Sketch relating the martensite strains with the cone C (dotted)
of symmetrized rank-one matrices in the two-dimensional strain space S. Note that C is a
union of three lines parallel to the edges of the triangle 2

This regime is the appropriate one to analyze branching microstructures: On the
one hand, (generalizations of) the Kohn—Miiller branching construction of habit
planes have bounded energy. On the other hand, the stability result of CAPELLA and
OtToO [11] rules out branching in sequences with asymptotically vanishing energy
by ensuring that in a strong topology there is either almost exclusively austenite or
the configuration is close to a laminate. In other words, the branching construction
implies that the stability result is sharp with respect to the energy regime as pointed
out by Capella and Otto in their paper.

1.2.1. Compatibility Properties of the Stress-Free Strains It is well known,
see [6, Chapter 11.1], that for M|, M, € R¥>3 and n € S? the following two
statements are equivalent:

— There exists a continuous function u : R — R3 such that for almost all x € R3
it holds that

M, ifx-n>0,
= 5
() {Mz ifx-n<0, ®)

see Fig. 3a.
— The two strains are (symmetrically) rank-one connected in the sense that there
exists @ € R? such that

1
M1—M2=a®n:=§(a®n+n®a).

Note that the condition is symmetric in @ and n thus every rank-one connection
generically gives rise to two possible normals. Additionally, as rank-one connected-
ness is also symmetric in M1 and M5 this allows for the construction of laminates.

In order to present the result of applying the rank-one connectedness condition
to the case of cubic-to-tetragonal transformations notice that

ey,...e3 € S:= {eeR3X3 : e diagonal, tre:O]. (6)
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Here, we call the two-dimensional space S strain space. It can be shown, either by
direct computation or an application of [ 12, Lemma 3.1], that all rank-one directions
in S are multiples of e; — e1, e3 — €2 and e — e3; this means that they are parallel
to one of the sides of the equilateral triangle

3
H = Jreirr + (1= Weimr - 1 € [0, 1]) ™

i=1

spanned by ej, e and e3 shown in Fig. 3b. In particular, the martensite strains
are mutually compatible but austenite is only compatible to certain convex com-
binations of martensites which turn out to be %ei + %e j fori, j = 1,2,3 with

i #j.
1.3. The Contributions of the Paper

We study the rigidity of branching microstructures due to “macroscopic” effects

in the sense that we only look at the limiting volume fractions yx; ; A 0; in L™
after passage to a subsequence, which completely determines the limiting strain
e(uy) — e(u)in L2

Similarly to the result of CAPELLA and OtTO [11], our main result, Theorem
1, is local in the sense that we can classify the function 6 on a smaller ball B, (0)
of universal radius 0 < r < 1. As such, having posed the problem on B (0)
instead of a more general domain does not present a significant restriction of the
result. As the characterization of each of the four possible cases is a bit lengthy, we
postpone a detailed discussion to Section 2.3. An important point is that we deduce
all interfaces between different mixtures of martensites to be hypersurfaces whose
normals are as predicted by the rank-one connectedness of the average strains on
either side. In this respect our theorem improves on previously available ones, as
they either explicitly assume the correct alignment of a habit plane, see e.g. KOHN
and MULLER [30], or require other ad-hoc assumptions; for example, BALL and
JaMEs [2, Theorem 3] show habit planes to be flat under the condition that the
austenite phase defines a connected set.

The broad strategy of our proofis to first ensure that in the limit the displacement
satisfies the non-convex differential inclusion

e(n) e ¥

encoding that locally at most two variants are involved, see Definition (7) and
Fig. 3, and then to classify all solutions. We strongly stress the point that we do
not need to assume any additional regularity in order to do so. In particular, the
differential inclusion is rigid in the sense that it does not allow for convex integration
solutions with extremely intricate geometric structure. To our knowledge this is the
first instance of a rigidity result for a non-discrete differential inclusion in the
framework of linearized elasticity.

The main idea is that “discontinuity” of e(u) and the differential inclusion
e(u) € ¢ balance each other: If e(u) ¢ VMO, see Definition 1, a blow-up
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argument making use of measures describing the distribution of values e(u) € %,
similar in spirit to Young measures, proves that the strain is independent of one
direction. If e(u) € V M O the differential inclusion gives us less information, but
we can still prove that throughout some smaller ball B, (0), r € (0, 1), only two
martensite variants are involved by using an approximation argument. Finally, we
classify all solutions which are independent of one direction.

The structure of the paper is as follows: in Section 2 we state and discuss our
main theorem in detail. We then give an in-depth explanation of most necessary
auxilliary results required to prove Theorem 1 in Section 3. All proofs of the state-
ments in Sections 2 and 3 are presented in Section 4 in the order of their appearance.
The “Appendix A” finally contains two lemmas of a technical nature, along with
their proofs.

2. The Main Rigidity Theorem

Theorem 1. There exists universal radii r,7 € (0, 1) such that the following
holds: For n € N let n, > 0 be a sequence with lim,_,oon, = 0. Let u,,, €
W12(By (0); R?) and x,, € L®(By (0); {0, 1)) with Y3_, x,.i = 1 almost ev-
erywhere be sequences of displacements and partitions such that
lim sup,,_, o Ey, (Un,> Xn,) < 00 and such that there exist u € W2(By (0); R?)
and € L™ (B (0); [0, 11?) with

wy, — uin WY2(By (0): RY), x,, — 6 in L(B; (0); R)

in the limit n — oo. Then for almost all x € By (0) we have 0;(x) € [0, 1] for
i=1,2,3

3 3
e(u)(x) = ZG,-(x)ei and e(u)(x) € 4 = U{,\em + (1= MNei_1 : A [0, 1]}

i=1 i=1

Furthermore, all solutions to this differential inclusion are two-variant configu-
rations, planar second-order laminates, planar checkerboards on B, (0) or planar
triple intersections on Bj (0), according to Definitions 2—6 below.

Note that after modifying u,,, for n € N so that

1
/ Uy, dx =0, / = (Du,," — (Du,,n)T) dx =0,
B1(0) Bi(0) 2

any sequence with asymptotically bounded energy has subsequences (not relabeled)
such that u,, — u in W'2(B; (0); R?) and x,, X9 in L®(B; (0); R?) due to
Korn’s and Poincaré’s inequalities.

The first part of the conclusion states that the volume fractions 6; fori = 1,2, 3
act as barycentric coordinates for the triangle in strain space with vertices eq, e>
and e3. In terms of these, the differential inclusion e(«) € 2% boils down to locally
only two martensite variants being present.

In plain words, the classification of solutions states that
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1. only two martensite variants are involved, see Definition 2,

2. or the volume fractions 8 only depend on one direction and look like a second
order laminate, see Definition 4,

3. or they are independent of one direction and look like a checkerboard of up to
two second-order laminates crossing, see Definition 5,

4. or they are independent of one direction and macroscopically look like three
second-order laminates crossing in an axis, see Definition 6.

Comparing this list to the list of observed microstructures in the introduction,
we see that three crossing second-order laminates are missing. Indeed, we are
unaware of them being mentioned in the currently available literature. One possible
explanation for the absence of planar triple intersections in observations is that they
could be an artifact of the linear theory. Another one is that their very rigid geometry,
see Definition 6, could lead to them being unlikely to develop during the inherently
dynamic process of microstructure formation.

Furthermore, we see that the theorem of course captures neither wedges (which
are known to be missing in the geometrically linearized theory anyway [5]) nor habit
planes due to austenite being absent. Unfortunately, an extension of the theorem
including austenite does not seem tractable with the methods used here: The central
step allowing to classify all solutions of the differential inclusion is to show that
most configurations are independent of some direction. Even those that do depend
on all three variables have a direction in which they are very well-behaved, i.e.,
they are affine. However, with austenite being present this property is lost, as the
following example shows:

Lemma 1. There exist solutions u : R3 — R3 of the differential inclusion e(u) €
U {0} such that e(u) has a fully three dimensional structure.

Note that Theorem 1 strongly restricts the geometric structure of the strain, even
if the four cases exhibit varying degrees of rigidity. Therefore, we can interpret it
as a rigidity statement for the differential inclusion e(u#) € #". For example, it can
be used to prove that u(x) = M € £ is the only solution of the boundary value
problem

e(n) e X in By (0),
ulx) = Mx on dB; (0)

with affine boundary data, for which convex integration constructions would give a
staggering amount of solutions with complicated geometric structures. This can be
seen by transporting the decomposition into one-dimensional functions of Defini-
tions 2—-6 to the boundary using the fact that they are unique up to affine functions,
see [11, Lemma 5].

2.1. Inferring the Microscopic Behavior

In order to properly interpret the various cases Theorem 1 provides, we first
need a clear idea of precisely what information the local volume fractions contain.
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Fig. 4. Experimental picture of a two-variant microstructure in a Cu—Al-Ni alloy, by courtesy
of R.D. James and C. Chu

In principle, they have the same downside of using Young measures to describe
microstructures: They do not retain information about the microscopic geometric
properties of the microstructures. In fact, the Young measures generated by finite
energy sequences are fully determined by the volume fractions via the expression
Z?:l 0; 8., , since the Young measures concentrate on the matrices e, e and e3,
which span a non-degenerate triangle.

Asevery rank-one connection has two possible normals, see Equation (8), giving
rise to two different twins, we cannot infer from the volume fractions which twin
is used. Consequently, what looks like a homogeneous limit could in principle be
generated by a patchwork of different twins. In fact, Fig. 4 shows an experimental
picture of such a situation.

Additionally, without knowing which twin is present the interpretation of changes
in volume fractions is further complicated by the fact there are at least three mech-
anisms which could be responsible:

1. If there is only one twin throughout B (0) then the volume fractions can vary
freely in the direction of lamination because there are no restrictions on the
thickness of martensite layers in twins apart from the very mild control coming
from the interface energy.

2. If there is only one twin, the volume fractions may, perhaps somewhat surpris-
ingly, vary perpendicularly to the direction of lamination in a sufficiently regular
manner. Constructions exhibiting this behavior have been given by ConTI [14,
Lemma 3.1] and Kohn, Misiats and Miiller? for the scalar Kohn—Miiller model.

3. There is a jump in volume fractions across a habit plane or a second-order twin.
As such a behavior costs energy, one would expect that it cannot happen too
often. However, in the present setting we can only prove, roughly speaking,
that the corresponding set of interfaces has at most Hausdorff-dimension 3 — %,
which will be presented in a forthcoming paper.>

2.2. Some Notation
The rank-one connections between the martensite strains are

62—61261);@\}3_

2 Kohn, R.V., Miiller S., Misiats, O.: Zigzag patterns in martensite phase transformations
(2016). In preparation.

3 Simon, T.M.: Quantitative aspects of the rigidity of branching microstructures in shape
memory alloys via H-measures. ArXiv e-prints (2018). arXiv:1801.01338
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e3—e2=6vfr®vf,
el—e3=6v;@v2_, (8)
where the possible normals are given by
1

1
v = —=011), v; = =

V2
1 1 -
vy = —(101), v; :=—(101),
2 2

7

O11),

SIS

1

1 _
+ -
vy = —=(110), v; = (110). 9
3 \/5 3 \/E
Here, we use crystallographic notation, meaning we define 1:= — 1. In addition,

we use round brackets “( )” for dual vectors, i.e., normals of planes, while square
brackets “[ ] are used for primal vectors, i.e., directions in real space.

These normals can be visualized as the surface diagonals of a cube aligned
with the coordinate axes and with side lengths Lz see Fig. 5a. We group them into
three pairs according to which surface of the cube they lie in, i.e., according to the
relation v; - E; = 0, where E; is the standard i-th basis vector of R3: Let

Ni:={v v}
Ny:={f, 07},
N3 := {v;, vy}

Note that this grouping is also appears in Equation (8). We will also frequently
want to talk about the set of all possible twin and habit plane normals, which we
will refer to by N := Ny U N> U N3.

Throughout the paper we make use of cyclical indices 1, 2 and 3 corresponding
to martensite variants whenever it is convenient.

Remark 1. An essential combinatorial property is thatfori € {1, 2, 3}andany v; €
Ni, vit1 € N;41 there exists exactly one v;_; € N;_ such that {v;, viy1, vi_1} s
linearly dependent: Indeed, the linear relation is givenby v;-d = Ofor j € {1, 2, 3}
and a space diagonal

d e 2:={[111], [111], [111], [111]} (10)

of the unit cube; see Fig. 5b. By virtue of |v - V| = % forv € N;and Vv € N;
with i # j, the two vectors form 60° or 120° angles. In particular, we have for all
ve N andv e N;j withi # j, all x € span{v, v} and r > O that

|x -v| <rand|x V| <rimply |x| < 2r. (11)

Additionally, forevery v € N there exist precisely two d, d € P suchthatv-d # 0
andv-d # 0, and forevery b € N\{v} wehavev-d = 0orv .d=0. Furthermore,
forallv € N;and v € N;y1 withi € {1, 2, 3} there exists a single d € Z such that
v-d =7 -d =0.In contrast, for each d € .@wehavev;r-d =0andv; -d #0
or vice versa.
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Fig. 5. a Sketch relating the normals v;' V3 € N3 of the gray planes and E3. Primal
vectors are shown as dashed, dual vectors as continuous lines. The picture does not attempt
to accurately capture the lengths of the vectors. b Sketch showing the linearly dependent
normals vi", v;' and vy~ spanning the gray plane. The point p indicates the intersection of
the affine span of the space diagonal [111] € 2, see definition (10), with the span of the
normals

Additionally, we will frequently want to express e(u) in terms of barycentric
coordinates with respect to e1, e and e3, which are given by the function 6 :
B (0) — [0, 11% due to e(n) = Z?:l 6;e;, see Theorem 1 or Lemma 2 below. For
almost all x € B (0), the inclusion e(u)(x) € ~# can then be expressed as

3
O(x) € H = {ée[o, 1]3:Zéi=1,é]ézé3=0}. (12)
i=1

Furthermore, for v € N, x € R3 and o € R we will also set
my(x):=v-xand H(a,v) := {EGR3:i-v=a} (13)

to be the projection onto span(v), respectively the plane normal to v containing
av. For x € R3 and r > 0 the symbol B, (x) denotes the corresponding three-
dimensional ball, while for y € R? the symbol Br2 (y) denotes the two-dimensional
ball. The essential infimum of a function 2 € L*°(U) for U C R”" is defined as
ess infyh := — ess sup;; — h.

For the convenience of the reader, we also provide a definition of the space
VMO (U) for an open Lipschitz domain U C R” for n € N, which is modeled
after the one given by SARASON [40] in the whole space case.

Definition 1. Let U C R” with n € N be an open domain and let f € L1(U). We
say that the function f is of bounded mean oscillation, or f € BMO(U), if we

have
sup 7[ VAGY) —][ f(z)dz| dy < 0.
xeU,0<r<1JB,(x)nU B, (x)NU
If we additionally have
lim Sup][ f) - ][ f(2)dz| dy =0,
r=0xeu JB, (x)nU B, (x)NU




1720 THERESA M. SIMON

then f is of vanishing mean oscillation, in which case we write f € VM O(U).

It can be shown that at least for sufficiently nice sets U the space VMO is
the BM O-closure of the continuous functions on U and as such it serves as a
substitute for C (U) in our setting. Functions of vanishing mean oscillation need not
be continuous, although they do share some properties with continuous functions,
such as the “mean value theorem”, see Lemma 8 below. We stress that the uniformity
in x of the convergence as r — 0 1is crucial and cannot be omitted without changing
the space, as can be proven by considering a function consisting of very thin spikes
of height one clustering at some point.

Finally, for two real numbers s, > 0 we use the notation s < 7 if there exists
a universal constant C > 0 such that s < Ct. In proofs, such constants may grow
from line to line.

2.3. Description of the Limiting Configurations

In what follows we describe all types of configurations we can obtain as weak
limits. We start with those in which globally only two martensite variants are in-
volved.

Definition 2. Let u € W!2(B; (0); R?) solve the differential inclusion e(u) € 7,
i.e., there exists a measurable function 8 : By (0) — [0, 177 ' such that for almost all
x € By (0) we have e(u)(x) = 21'3:1 0; (x)e; and O(x) € &, see defintion (12).
We say that the configuration e(u) is a two-variant configuration on B, (0) with
r > 0 if there exist i € {1, 2,3}, A € R and functions fvi+, f‘)f € L*®(—r,r) for

v € N; such that for almost all x € B, (0) we have
bi(x) =0,
Ois1(6) = for (v - 2) + £, (v - x) + i + 1,
1) = e (7 -x) = £y (o -x) —
For a definition of the normals v see Section 2.2.

An experimental picture of a two-variant configuration resolving the acutal
microstructure can be found in Fig. 4. In contrast, Fig. 6a only keeps track of the
local volume fractions and indicates how they can vary in space. The deceptively
similar overall geometric structure of both figures is due to the rank-one connections
for the microscopic and macroscopic interfaces coinciding. This is also the reason
why we cannot infer the microscopic structure from the limiting volume fractions.
We can only attribute the affine change in x; to Mechanism 2 from Section 2.1.

In the context of the other structures appearing in Theorem 1, two-variant config-
urations are best interpreted as their building blocks, since said structures typically
consist of patches where only two martensite variants are involved. In the follow-
ing, we will see that on these patches the microstructures are much more rigid than
those in Fig. 6a as a result of the non-local nature of kinematic compatibility.

Apart from two-variant configurations, all others will only depend on two vari-
ables. We will call such configurations planar.
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€i

Ci| — . €it+1

(a) (b)

Fig. 6. a Cross-section through a two-variant configuration with i € {1, 2, 3}. The con-
figuration may be affine in the direction perpendicular to the cross-section. Created using
MATLAB. b The grayscale color code indicates the volume fractions of the martensite
variants e and eg

Definition 3. In the setting of Definition 2, a configuration e(u) is planar with
respecttod € 9, see (10), on a ball B, (0) with r > 0 if the following holds: For
i € {1, 2,3} let v; be the unique normal v; € N; with v; - d = 0, see Remark 1.
Then for all i = 1, 2, 3 there exist functions f,, € L°(—r, r) and affine functions
gi: R3 — R with 9 gi = 0 such that for almost all x € B, (0) we have

01(x) = fi,(x - v2) — fis(x - v3) + g1(x),
O2(x) = — fu,(x -v) + fi,(x - v3) + g2(x),
03(x) = fu, (x - v1) — fi,(x - v2) + g3(x). (14)

There will be three cases of planar configurations, which at least in terms of
their volume fractions look like a single second-order laminate, a “‘checkerboard”
structure of two second order laminates crossing, or three single interfaces of second
order laminates crossing in a common axis.

The first two cases are closely related to each other, the first one being almost
contained in the second. However, the first case has slightly more flexibility away
from macroscopic interfaces. Despite the caveat discussed in Section 2.1, we will
name them planar second-order laminates.

Definition 4. In the setting of Definition 2, a configuration e(u) is a planar second-
order laminate on a ball B, (0) for r > 0 if it is planar and takes the following
form: There exist an index i € {1,2,3},v € N;, A C (—r, r) measurable and a,
b € R such that for almost all x € B, (0) we have

Oi—1(x) = (1 —ax v —>b)xac(x - v),
6;i(x) =ax-v—+b,
Oir1(x) = (1 —ax-v—=>b)xalx - v).
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e

M| My | My |My| M, | M, M, M,

(a) (b)

Fig. 7. a Cross-section of a planar second-order laminate with i € {1,2,3},a = 0 and
average strains M| and M. b Sketch relating the strains M| and M> in strain space. ¢
Second-order laminate in a Cu—Al-Ni alloy, by courtesy of C. Chu and R.D. James

A sketch of a planar second-order laminate can be found in Fig. 7, along with a
matching experimental picture of a Cu—Al-Ni alloy, which, admittedly, undergoes
a cubic-to-orthorhombic transformation.

Indeed, such configurations can be interpreted and constructed as limits of
finite-energy sequences as follows, using Fig. 7 as a guide: for simplicity let us
assume that A is a finite union of intervals, and that i = 1. Then on the interior
of {x - v € A} the configuration will be generated by twins of variants 1 and 2,
while on the interior of {x - v € A®}, it will be generated by twins of variants 1 and
3. At interfaces, a branching construction on both sides will be necessary to join
these twins in a second-order laminate. In order to realize the affine change in the
direction of v we will need to combine Mechanisms 1 and 2 of Section 2.1 because
v is neither a possible direction of lamination between variants 1 and 2 or variants
1 and 3, nor is it normal to one of them.

The second case consists of configurations in which two second-order laminates
cross. In contrast to the first case, the strains are required to be constant away from
macroscopic interfaces leading to only four different involved macroscopic strains.

Definition 5. In the setting of Definition 2, we will say that a configuration e(u) is a
planar checkerboard on B, (0) forr > 0ifitis planar and takes the following form:
There existi € {1,2,3}, A, B C (—r, r) measurable, a,b > O witha +b = 1 and
v; € Nj for j € {1, 2, 3}\{i} such that for almost all x € B, (0) we have

0i(x) = —axa(x -vig1) —bxp(x -vi—1) + 1,
Oir1(x) = bxp(x -vi_1),
Oi—1(x) = axa(x - vit1).

For a sketch of such configurations, see Fig. 8. Again, we briefly discuss the
construction of such limiting strains. On {x - v;11 € A%} N {x - v3 € B®} there is
of course only the martensite variant i present. On all other patches there will be
twinning and the macroscopic interfaces require branching constructions unless the
interface and the twinning normal coincide, which can only happen if both strains
lie on the same edge of 7. In particular, on {x - v;;] € A, x - v;_1 € B} there
has to be branching towards all interfaces, i.e., the structure has to branch in two
linearly independent directions.
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ej =M,
M,
My
€j €y
M3
(b)
Fig. 8. a Sketch of a planar checkerboard with strains M1, ..., M4. The cross-section can

be chosen such that the average strains are independent of the direction perpendicular to
the cross-section. b Relation of the the strains in strain space. ¢ Checkerboard structure
in an Indium-Thallium crystal. Note that here the bottom region is in the austenite phase.
Reprinted from [4], with permission from Elsevier

Lastly, we remark on the case of three crossing second-order laminates.

Definition 6. In the setting of Definition 2, a configuration is called a planar triple
intersection on B, (0) forr > 0ifitis planar and the following holds: Fori =1, 2, 3
let v; € N; and let V; € {v;, —v;} be oriented such that we have V; + U, + V3 = 0,
see Remark 1. Foralli = 1, 2, 3, there exist sets J; C R and xo € B, (0) such that
we have either

JiN(=r,r)y=(—r,xo-vj]foralli =1,2,3
or
JiNn(=r,r)y=[xo-v;,r)foralli =1,2,3.

Furthermore, for all i = 1, 2, 3 there exist a, b; € R such that Z?:] b; = 1 such
that for almost all x € B, (0) we have

O1(x) = (ax - v2 + b2) x e (x - V2) + (ax - V3 + b3) x5 (x - V3),
0 (x) = (ax - vy + b1) xy, (x - V1) + (ax - V3 + b3) x jye (x - V3),
03(x) = (ax - V1 + by) x e (x - V1) + (ax - V2 + b2) x g, (x - D2).

A sketch of a planar triple intersection can be found in Fig. 9. Note that due to the
requirement xo € B, (0), i.e., we ask the axis of intersection of the discontinuities
to intersect B, (0), the restriction of a planar triple intersection to a smaller ball
does not necessarily yield a triple intersection again, which is why Theorem 1 is
formulated for two different universal radii.

There are a number of possible choices of microscopic twins for constructing
triple sections. We will only describe the simplest one here, which is depicted in
Fig. 9a. Going around the central axis the macroscopic interfaces alternate between
being a result of Mechanism 1 from Section 2.1, namely varying the relative thick-
ness of layers in a twin, and Mechanism 3, i.e., branching, otherwise. Similarly
to the case of second-order laminates, the affine changes require a combination of
Mechanisms 1 and 2 on the individual patches in Fig. 9a.
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Fig. 9. a Sketch of a planar triple intersection with a = 0 with average strains M1,..., Mg.
Again the cross-section is chosen such that the strains are independent of the direction per-
pendicular to the cross-section. The hatching indicates a possible choice for the microscopic
twins, but does not encode the necessary branching. b Relation of the strains in strain space

3. Outline of the Proof

We will give the ideas behind each individual part of the proof of our main
theorem in its own subsection. The contents of each are organized by increasing
detail, so that the reader may skip to the next subsection once they are satisfied with
the explanations given.

3.1. The Differential Inclusion
We first mention that the inclusion e(u#) € % holds.

Lemma 2. Forn € Nletn, > 0 be such that lim,,_, o, 1, = 0. Consider sequences
of displacements and partitions u,, € WL2(B; (0); R?) and Xn, € L(B1(0);
{0, 13%) with Z?:l Xnni = 1 almost everywhere such that limsup,_, ., E,,
Uy, Xn,) < 00andsuchthat there existu € wl2(B, 0); R3)and6 € L™®(B, 0);
[0, 11%) with

wy, — uwin WY2(By (0): RY), x,, — 0 in L(B; (0); R)

in the limit n — oo. Then almost everywhere on B (0) we have

3
e(u) = Zéiei, 0 e ¥ and e(u) e .

i=1

The statement e(u) = 21'3:1 O;e; is an immediate consequence of the elastic
energy vanishing in the limit, while the proof of the non-convex inclusion relies on
the rescaling properties of the energy and the Capella—Otto rigidity result [11]. For
x € R? and r > 0 we will set

A A

. 1 R .
rx =x,u(x) = ;M(X), X(X) = xx),rn=n,
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where 7 needs to be re-scaled as well due to it playing the role of a length scale, to
obtain

A A 242
E;(i, ) =r T3 E (u, x).

The right-hand side consequently behaves better than just taking averages, which
allows us to locally apply the result by Capella and Otto to get the statement.

3.2. Decomposing the Strain
Next, we link the convex differential inclusion
ew)e S=f{ecR¥>3 ¢ diagonal, tre = 0},

see also definition (6), to a decomposition of the strain into simpler objects, namely
functions of only one variable and affine functions. Already DoLZMANN and MULLER
[19] used the interplay of this decomposition with the non-convex inclusion e(u) €
{e1, ea, e3} to get their rigidity result. In our case, it will however be more conve-
nient to directly state the decomposition in terms of the barycentric coordinates 6
with respect to e1, e; and e3. For all cyclical indices i = 1, 2, 3 the relation, valid
almost everywhere in B (0),

3
e(u)ii = ZQ/é’j = —20; + 041+ 0i—1 = 1 — 30
j=1

ensures that both viewpoints are equivalent.

Lemma 3. There exists a universal r € (0, 1) with the following property: Let the
displacement u € WH2(By (0); R3) and the function 6 € L*(B; (0); R3) almost
everywhere on By (0) satisfy

3 3
Y ti=landew) =) b
i=1

i=1

Then for all v € N and all cyclical indicesi = 1,2, 3 there exist f, € L>(—r,r)
and affine functions g; : R> — R such that for almost all x € B, (0) we have

Gix)= Y fulx-v)— D flx-v)+gi). (15)

VEN;4+1 VEN;_|

The only (marginally) new aspect of Lemma 3 compared to the previously
known versions [19, Lemma 3.2] and [11, Proposition 3.9] is the statement f,, € L™
for all v € N. We will thus only highlight the required changes to the proof
of CAPELLA and OtToO [11, Proposition 3.9]. Essentially, the strategy here is to
integrate the Saint—Venant compatibility conditions for linearized strains, which in
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our situation take the form of six two-dimensional wave equations, see Lemma 5.
Thus it is not surprising that the decomposition is in fact equivalent to

e(u)11 0 0
0 e(u)2 0
0 0 e(u)33

being a symmetric gradient.

A central part of the proof of Lemma 3 is uniqueness up to affine functions
of the decomposition [11, Lemma 3.8]. We can apply this result to characterize
two-variant configurations as the only ones with 8; = 0 for some i = 1, 2, 3, i.e.,
as the only ones that indeed only combine two variants.

Corollary 1. Almost everywhere on By (0), lete(u) € # withu € W2 (B (0); 1&3)
be such that the barycentric coordinates & € L™ (B (0); [0, 11°) satisfy 6 € % .

Furthermore, for all v € N and all cyclical indices i = 1,2,3 let there exist

fo € L®(—=1,1) and affine functions g; : R> — R such that for almost all

x € By (0) we have

Gix)= Y flc-v)— D fulrv) +gix). (16)

VEN; 41 veN;_

If for some i € {1,2,3} we have 0; = 0 a.e. on Bj (0), then the solution of
the differential inclusion is a two-variant configuration on B (0) according to
Definition 2.

Another very useful consequence of the decomposition (15) is that such func-
tions have traces on hyperplanes as long as none of the individual one-dimensional
functions are necessarily constant on them. See Fig. 10 for the geometry in a typical
application.

Lemmad4. Let m,n, k, P € N\{O} withn > 2 and k < n. Let € C R™ be a
closed, convex set. Fori = 1,..., P letv; € S"! and fi € LIIOC(R; R™) be such
that F : R" — € for almost all x € R" satisfies the decomposition

P
Fx)=Y_ filx-v). (17)
i=1

Furthermore, let V. C R" be a k-dimensional subspace such that v; ¢ V= for all
indicesi =1,..., P.

Then the decomposition (17) defines a locally integrable trace Fly : V — €,
and for all § > 0 and #*-almost all x € V we have

Fs(x) = ][ FO)AZL"(y) — Fx)
Bs(x)

in the limit § — O.

Finally, we give the wave equations constituting the Saint—Venant compatibility
conditions.
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E;3
E;

Fig. 10. Sketch indicating that 8, has traces on hyperplanes with normal v;' since its de-

composition only involves continuous functions and the normals vii

we do not keep track of the lengths of the drawn vectors

fori =1, 3. As usual

Lemma 5. For u € W'2(B; (0); R®) and & € L*®(B; (0); R?) such that for al-
most all x € B; (0) we have Z?:l 0;(x) = 1and e(u)(x) = Z?:l 0; (x)e;, the
barycentric coordinates 0 distributionally satisfy the following wave equations:

a[111]8[T11]91 =0, a[lTl]a[“T]el =0,
Oyndninb2 =0, ;102 =0,
Indmbs =0, 1y dmints = 0. (18)

3.3. Planarity in the Case of Non-trivial Blow-Ups

While the statements in the previous subsections either rely on rather soft ar-
guments or were previously known, we now come to the main ideas of the paper.
As ', see definition (12), is a connected set, there are no restrictions on varying
single points continuously in Ji/ However the crucial insight is that two different
points D, 6@ e % with 6 9 > 0 are much more constrained.

To illustrate this r1g1d1ty, we ﬁrst for simplicity assume that there exist func-
tions fi, f2, f3 € L°(—1, 1) such that for almost all x € B; (0) we have the
decomposition

01(x) = fo(x2) — f3(x3) + 1,

th(x) = — fi(x1) + f3(x3),

O3(x) = fi(x1) — fa(x2).
Furthermore, suppose that fj is a BV -function with a jump discontinuity of size
8f1 at x; = 0 and that the other functions are continuous. Thus the blow-up of

0 at some point (0, x’) € Bj (0) takes two Values oM 9@ ¢ ,/“i/ which agree
in their first component. Specifically, we have 9]( = 9(2) = 01(0, x"). A look at
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91 el

0T o e

Fig. 11. Illustration of the argument for two-valuedness of 6 near x; = 0. The length of

the dotted line has to be 3+/2 8f7, where 8f] > 0 is the size of the jump of f] at zero.
Consequently, the function 61 can only take the two values O or 1 — §f;

Fig. 11 suggests that 61 (0, x) can take at most two values, which furthermore are
independent of x’. As it is a sum of two one-dimensional functions some well-
known, straightforward combinatorics imply that one of the two functions must be
constant. Consequently 6 only depends on two directions.

This can be adapted to our more complex decomposition (15), even without
any a priori regularity of the one-dimensional functions. To this end, we require
a topology for the blow-ups which respects the non-convex inclusion e(u) € %,
and a quantification of discontinuity for f,, which ensures that its blow-up is non-
constant.

In order to keep the non-convexity, we for x € R and & > 0 consider the
push-forward measures

f > f(O(x + ey))dy for f € Co(R?)
B1(0)

in the limit ¢ — 0. This approach is very similar in spirit to using Young-measures,
but without a further localization in the variable y. Positing that f, does not have
a constant blow-up along some sequence then means that f;, does not converge
strongly to a constant on average, i.e., it does not converge to its average on average.
If one allows the midpoints x of the blow-ups to depend on ¢, we see that this is
equivalent to f,, ¢ VM O according to Definition 1 given above.

The resulting statement is

Proposition 1. There exist universal radii r € (0, 6L4) and v € (0, r) with the fol-
lowing property: Almost everywhere on By (0), lete(u) € & withu € W1-2(By (0);
R3) bef\:mch that the barycentric coordinates 6 € L°° (B (0); [0, 11 satisfy
0 € . Furthermore, for all v € N and all cyclical indices i = 1,2,3 let
there exist f, € L®(—1, 1) and affine functions g; : R? — R such that for almost
all x € By (0) we have

Gix)= Y fulx-v)— D flx-v)+gi). (19)

vEN; 4] veN;_

Additionally, let there exist i € {1,2,3} and v € N; such that f, ¢ VM O(—F, 7).
Then there exists d € 9, see (10), with d - v = 0 such that the configuration is
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planar with respect to d on B, (0) or we have 0; = 0 on on B; (0), i.e., a two-variant
configuration.

Furthermore, in the first case there exist o € [—7, 7], 0 < b < 1 and a Borel-
measurable set B C H (a, v)NB1/8(0) with A2 (BNB,(0)) > 0such that the trace
0i | H (a,v) defined by Lemma 4 satisfies 0; | g («,v) = bxp on H(a, v) N B15(0), A2
almost everywhere. (Here, Lemma 4 applies due tov-v # Oforallv € Njy1UN;_1,
which are precisely the normals of the decomposition (15) of 6;, see Fig. 10.)

There is another slightly more subtle issue in the proof of Proposition 1: As
already explained, our argument works by looking at a single plane at which we
blow-up. Consequently, we can only distinguish the two cases 6; = 0 and 6; # 0 on
said hyperplane. Therefore we need a way of transporting the information 6; = 0
from the hyperplane to an open ball. Given our combinatorics this turns out to be the
3D analog of the question: “If F(x, y) = f(x) + g(y) is constant on the diagonal,
is it constant on an non-empty open set?”’ Looking at the function F(x,y) = x —y
one might think that the argument is doomed since F vanishes on the diagonal but
clearly does not do us the favor of vanishing on a non-empty open set.

However, the fact that O is an extremal value for 6 saves us: If F is constant on
the diagonal of a square and achieves its minimum there, then it has to be constant
on the entire square, see also Fig. 12a. For later use we already state this fact in its
perturbed form.

Lemma 6. Let f, g € L°°(0, 1) and ¢ € R be such that f(x1) + g(x2) > c for
almost all x € (0, 1) . Let ¢ > 0 and let one of the following two statements be
true:

1. For almost all x € (0, 1)? the sum satisfies f(x1) + g(x2) < ¢ + €.
2. For almost all t € (0, 1) the sum satisfies f(t) + g(t) < c+e.

With the essential infima as defined in Section 2.2, it then holds that

3. Foralmosteveryt € (0, 1) we have f (1) < ess inf 1y f+e, g(t) < essinfy g+
gandc < essinfg ) f +essinfo g <c+e.

If e = 0, then all three statements are equivalent.

This statement can be lifted to three-dimensional domains. Its analogue states
that in order to deduce that 6; for some i = 1,2, 3 is constant and extremal, it
is enough to know that the extremal value is attained on a line parametrized by
(1) :=x0+ V2t E; fort € I and some interval I C R. Here, E; is the i-th standard
basis vector of R and the restriction of 6; to the image of [ is defined by Lemma
4. It will later be important that we have a precise description of the maximal set
to which the information #; = 0 can be transported, which turns out to be the
polyhedron

pP.= ﬂ xeR :v-x=v- IO}

VEN; +1UN; |

see Fig. 12b. The general strategy of the proof is described in Fig. 13.
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(a) (b)

Fig. 12. a For f, g € L°°(0, 1), the information f(x1) + g(x2) = c along the dashed
diagonal can be transported to the whole gray square provided f(x1) 4+ g(x2) > c. b Sketch
of the polyhedron P with normals vl.jE for i = 2, 3, which in the setting of Lemma 7 is the
maximal set to which we can propagate the information ) = 0 or 6 = 1 on the dashed line
I(I)

(a) (b)

Fig. 13. a In the setting of Lemma 7 we first transport the information {0; ~ 0} from the
dashed line /(/) to the gray plane H (0O, %(01 1)) N P using the two-dimensional result. b

In a second step, we use {0 ~ 0} along another dashed line /(1) parallel to Eq to propagate
the information to H (c, \%(O IH)NPforalla € R

There is also a generalization of the one-dimensional functions being almost
constant in two dimensions: In three dimensions, the one-dimensional functions are
close to being affine on P in the sense that the inequality (23) holds. (Lemma 13, see
Appendix A, ensures that then there exists an affine function which is uniformly
close.) As we only need this part of the statement in approximation arguments
we may additionally assume that the one-dimensional functions are continuous to
avoid technicalities.

The resulting statement is the following:
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Lemma 7. There exists a universal radius r € (0, 1) with the following property:
Let 0 € L°°(B; (0); [0, 11%) be such that for all v € N and all cyclical indices
i =1,2,3 there exist f, € L>(—1, 1) affine functions g; : R — R such that for
almost all x € B (0) we have

Gix)= Y fulx-n)— D flx-v)+gi). (20)

VEN;+1 VEN;_1

Leti € {1,2,3}. Let I C R be a closed interval and let xy € R3 such that
X0 + ﬁIEi C By (0). Fort € I we define l(t) :=xo + \/EIE,- and the polyhedron
P to be

P = m xeR¥:v.xev I},
VEN;+1UN;

see also Fig. 12b. For ¢ > 0 assume that either
0; ol(t) < e foralmostallt € I or 1 —0; ol(t) < ¢ foralmostallt € I. (21)
Then it holds that P C B (0) and we in the respective cases have

0 <6;(x) <9¢ foralmostall x € P or1 —9¢ < 6;(x) <1 foralmostall x € P.
(22)

Furthermore, if additionally for all v € Nj41 U N;_| the one-dimensional
functions f, are continuous, then they all are almost affine in the sense that for all
(s,h,ﬁ) e R3withs,s+h,s+h,s+h+he v-I(I) forallv € Niy;1 UN;_|
we have

fols +h+h)+ fu(s) — fuls +h) — fuls + h)| < 36e. (23)

3.4. The Case f,, € VMO forallv € N

Having simplified the case where one of the one-dimensional functions is not
of vanishing mean oscillation, we now turn to the case where all of them lie in
VM O. The statement we will need to prove here is the following:

Proposition 2. There exists a universal constant r € (0, 1) such that the following
holds: Almost everywhere on By (0), let e(u) € # withu € W'2(B; (0); R”)
be such that the barycentric coordinates & € L™ (B (0); [0, 11°) satisfy 0 € A .
Furthermore, for all v € N and all cyclical indices i = 1,2,3 let there exist
fo € VMO(—1,1) and affine functions g; : R> — R such that for almost all

x € By (0) we have

i)=Y flx-v)— Y fulr-v)+gi). (24)

VEN; 41 VEN;_|

Then e(u) is a two-variant configuration on B, (0) in the sense of Definition 2.
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91 el

0T o e

e(u)(x)

Fig. 14. Sketch of how e(u)(x) lies in JZ". At the boundary of 0, ! (0) the strain needs to
take the two values e> and e3

A= === ===

(b)
Fig. 15. In the setting of Remark 2: a Sketch of a connected component P of 6 ! (0) with

normals v;' , v3 and v;' . On the gray face we get the information ) = O or 6 = 1. In
particular, we get it along the line /, which is parallel to E5. b Sketch of the polyhedron O
that transports the information 6, = 0 or # = 1 along [ to the inside of P

Remark 2. To fix ideas, let us first illustrate the argument in the case of continuous
functions in the whole space: By the mean value theorem the case e(u) € {e1, ez, 3}
is trivial. Therefore, we may suppose that there is a point x € R3 such that e () (x)
lies strictly between two pure martensite strains, e.g., we have 6;(x) = 0 and
0 < 62(x),603(x) < 1, see Fig. 14. By continuity of 6, and 63, the set {#; = 0}
has non-empty interior, and, by the decomposition (15), any connected component
of it should be a polyhedron P whose faces have normals lying in No U N3, see
Fig. 15a. Additionally, continuity implies that

e(u) = ey or e(u) = e3 on each face.

Unfortunately, on a face with normal in N; for i = 2,3 only 6; will later be a
well-defined function due to Lemmas 3 and 4 after dropping continuity. Therefore
on such a face we can only use the above information in the form

6i=0o0rf; =1.

Using Lemma 7 we get a polyhedron Q that transports this information back
inside P, see Fig. 15b. The goal is then to show that we can reach x in order to get
a contradiction to e(u)(x) lying strictly between e, and e3, which we will achieve
by using the face of P closest to x.
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In order to turn this string of arguments into a proofinthecase f, € VM O(—1, 1)
for all v € N the key insight is that non-convex inclusions and approximation by
convolutions interact very nicely for V M O-functions. This elementary, if maybe
a bit surprising fact has previously been used to in the degree theory for VM O-
functions, see BREzIS and NIRENBERG [9, Inequality (7)], who attribute it to L.
Boutet de Monvel and O. Gabber. For the convenience of the reader, we present a
proof in Section 4.

Lemma 8. (L. Boutet de Monvel and O. Gabber) Forn,d € Nlet U C R" be open
and let K C R? be compact. Let f € VM O(U) with f € K almost everywhere.
Fors > 0andx € U, let fs(x):= JCBa(x) f(y)dy, where we extend f by 0 outside
of U. Then fs is continuous and we have that dist( fs, K) — 0 locally uniformly
inUasé — 0.

Unfortunately, formalizing the set {#; s ~ 0} in such a way that connected
components are polyhedra is a bit tricky. We do get that they contain polyhedra on
which the one-dimensional functions are close to affine ones, see Lemmas 7 and 13.
(The latter can be found in the Appendix A.) However, we do notimmediately get the
other inclusion: As the directions in the decomposition are linearly dependent, one
of the one-dimensional functions deviating too much from their affine replacement
does not translate into 6 deviating too much from zero.

We side-step this issue by first working on hyperplanes H («, v1+) for some
o € (—r,r) where r € (0, 1). In that case, the decomposition of 8; simplifies to
two one-dimensional functions and thus we do get that connected components of
{61,s =~ 0} N H(a, vfr) are parallelograms. The goal is then to prove that at least
some of them do not shrink away in the limit 6 — 0. Making use of Lemma 7 we
can go back to a full dimensional ball and get that the set {#; = 0} has non-empty
interior. This allows the argument for continuous functions to be generalized to
V M O-functions.

3.5. Classification of Planar Configurations

It remains to exploit the two-dimensionality that was the result of Proposition
1. It allowed us to reduce the complexity of the decomposition (15) to three one-
dimensional functions with linearly dependent normals and three affine functions.
We first deal with the easier case where one of the one-dimensional functions is
affine.

Lemma 9. There exists a universal number r € (0, 1) with the following property:
Almost everywhere on By (0), let e(u) € ¥ withu € WH2(B; (0); R?) be such
that the barycentric coordinates & € L°(Bj (0); [0, 11°) satisfy 6 € #. Let
the configuration be planar on By (0) with respect to the direction d € 2, and
let the functions of one variable involved in the decomposition (14) be given by
Sv € L®(—1,1) forvi € Ny withv; -d = 0 foralli = 1,2,3. Furthermore,
assume that there exists j € {1,2,3} with v; € N; such that the function f,; is
affine on (—1, 1).

Then, on B, (0), the configuration is a two-variant configuration, a planar
second-order laminate or a planar checkerboard.



1734 THERESA M. SIMON

While the preceding lemma is mostly an issue of efficient book-keeping to reap
the rewards of previous work, we now have to make a last effort to prove the rather
strong rigidity properties of planar triple intersections:

Proposition 3. There exists a universal radius r € (0, %) with the following prop-
erty: Almost everywhere on By (0), let e(u) € & withu € Wl’z(Bl 0); I@i) be
such that the barycentric coordinates 6 € L (By (0); [0, 11%) satisfy 0 € J# . Let
the configuration be planar on By (0) with respect to the direction d € 2 and
let the functions of one variable involved in the decomposition (14) be given by
fv, € L®(=1,1) forv; € N; withv; -d = 0 forall i = 1,2, 3. Furthermore, let
all f,, fori =1, 2, 3 be non-affine on (—r, r).

Then the configuration is a two-variant configuration on B, (0) or a planar
triple intersection on By, (0).

Letting 7; (x) :==v; - x fori = 1,2,3 and x € R3, the idea is to prove for all
i =1, 2, 3 that there exist J; C (—%, %) such that we have

6;1(0) N By (0) = 72y Uie) N2 (J21) N By (0),

i.e., they are product sets in suitable coordinates. Note that the condition e(u) € %
almost everywhere is then equivalent to Ui3=1 Qi_l(O) = B (0). Writing this in
terms of J; withi = 1, 2, 3 allows us to apply Lemma 10 below to conclude that
J;i is an interval for all i = 1, 2, 3. The actual representation of the strain is then
straightforward to obtain.

Lemma 10. Let vy, vz, v3 C S! be linearly dependent by virtue of vi +vy+v3 = 0.

Fori = 1,2,3 and x € R? let wi(x) = x -v. Let J1, Jp, J3 C (—8,8) be
measurable such that

1. we have
B3O N (77 N G s )| =0,
B3O N (=7 @D Nt U N D) =0, 25)

2. and the two sets J and Jo neither have zero nor full measure in (—1, 1) in the
sense that

0<|JiN(=1,1] <2,
0<|hn(=1,1]<2. (26)

Then there exist a point xy € 322 (0) such that
[(JiA(=2,x0-vi))N(=2,2)|=0 forall i =1,2,3
or

I(JiAGxo - vi,2)) N (=2,2)| =0 forall i =1,2,3.
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/ /7 7 /7 /e
v |

oo ryyys |

SIS
/7 7 7 /7 7 /.
IO Poweys |

A

(b)

Fig. 16. Sketches illustrating the proof of Lemma 10. The arrows in the middle indicate the

three linearly dependent directions vy, v, v3. a In the setting of Lemma 10, the set 75~ ! (J3)
(hatched) may only intersect 7| 1 15N Ty 1(J2C) (light gray) and its complement may
only intersect 77| ! D Nmy ! (J2) (dark gray). b The line 75~ ! (s) intersects both a subset
of w7 ' (1) Ny 1 () (dark gray) and a subset of ;1 (/1) N 75 ' (J2°) (light gray)

To illustrate the proof let us first assume that J; and J; are intervals of matching
“orientations”, e.g., we have J; = Jo = (—00, 0), in which case Fig. 16a suggests
that also J3 = (—o00, 0).

If they are not intervals of matching “orientations”, we will see that, locally and
up to symmetry, more of J lies below, for example, the value 0 than above, while the
opposite holds for J,. The corresponding parts of J; and J, are shown in Fig. 16b.
One then needs to prove that sufficiently many lines 75 1 (s) for parameters s € R
close to 0 intersect the “surface” of 7, ! JpNnm, ! (J2), see Lemma 11 below. As a
result less than half the parameters around 0 are contained in J3. The same argument
for the complements ensures that also less than half of them are not contained in
J3, which cannot be true.

To link intersecting lines to the “surface area” we use that our sets are of product
structure, i.e., they can be thought of as unions of parallelograms, and that the
intersecting lines are not parallel to one of the sides of said parallelograms. In the
following and final lemma, we measure-theoretically ensure the line 5 I (s) for
s € R intersects a product set 711_1 Jpn 712_1 (J2) by asking

/ X (v X (x - v2) A (x) > 0.
{x-v3=s}

Lemma 11. Let vy, vy, v3 € S with v + vy + v3 = 0. Let J1, J» C R be measur-
able with |J1|, |J2| > 0. Then the set
A= {SGR:/ le(x-vl)sz(x-n)d%”l(x)>0}
{x-v3=5)

is measurable and satisfies A C 13 (nfl JpnN n;l (Jz)), aswellas |A| > |J1|+
| J2].
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4. Proofs

Proof of Theorem 1. We firstuse Lemma 2 to see that the limiting differential inclu-
sione(u) € J# infactholds. Furthermore, we obtain a function € L (B (0); R3)
almost everywhere satisfying e(u) = 21'3:1 Oie; and 8 € £ . Next, we apply
Lemma 3 to deduce the existence of a universal radius r; € (0, 1) such that for
all v € N and all cyclical indices i = 1, 2, 3 there exist f,, € L°°(—ry, r1) affine
functions g; : R? — R such that for almost all x € B, (0) we have

i)=Y flx-v)— Y fulr-v)+gi).

VEN; 41 vEN;_|

Letr; < rp € (0, %) be the two universal radii of Proposition 1. By a rescaling
argument, we may suppose that r is also the universal radius of Proposition 3. Let
rq :=r1ry and r5 :=r1r3, so that by another rescaling argument, the conclusions of
Propositions 1 and 3 hold for the respective radii r5 < r4. If f, € VM O(—rs5, r5)
for all v € N, then a rescaling argument and Proposition 2 imply that there exists
a universal rg € (0, r5) such that the solution of the differential inclusion is a two-
variant configuration on B, (0). If f,, ¢ VM O(—rs, rs) for some v; € N; and
i € {1, 2,3} we can use the same rescaling argument and Proposition 1 to deduce
that the configuration is planar on B,, (0) or a two-variant configuration on B, (0).

We are thus left with classifying planar configurations on B, (0), i.e., there
exists d € 2 such that for all j = 1,2, 3 there exist v; € N; withd - v; = 0,
functions f:,j. € L°°(—ry4, r4) and affine functions g; : R3 — R with 048; =0
such that for almost all x € B, (0) we have

0;(x) = foypy (x - vjp) = fo, (x-vjo1) + & (x).

If, additionally, one of the functions f~u i for j € {1,2,3}\{i}is affine on (—r4, 1),
we can apply Lemma 9 after rescaling to see that the configuration is a two-variant
configuration, a planar second-order laminate or a planar checkerboard on B, (0)
for some universal r7 > 0. Otherwise fvj is not affine on (—r4, r4) for all j €
{1,2,3}\{i}, and f,, is not affine on (—r4, r4) by virtue of f,, € VM O(—rs,rs)
and r5 < rs. Therefore, remembering that we can apply Proposition 3 with the
radius r4, we obtain that the configuration is a two-variant configuration on B, (0)
or a planar triple intersection on By, (0).

Let r := min{ra, r5, r¢, r7} and 7 :=2r4. Restricting to the smaller ball B, (0)
where possible, we see that we have a two-variant configuration, a planar second-
order laminate or a planar checkerboard on B, (0), or a planar triple intersection
on B; (0), concluding the proof. O

4.1. Construction of a Fully Three-Dimensional Structure in the Presence of
Austenite

Here we flesh out the previously announced example in Lemma 1. The idea
is to construct a two-variant configuration which can be shifted in strain space to
include austenite, see Fig. 18.
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E;3
E
2 v
E

Fig. 17. Sketch showing the basis { vi", vl_, v3} and, in gray, a plane normal to v3, parallel
to which the cross-sections of Fig. 18 are chosen

€]

G My M oey=M

(b) (c)

Fig. 18. a Cross-section of the construction for Lemma 1 with x - v3 = ¢. If ¢ € R is such
that x3(c) = O then the strains M1, M, M3 are as in Subfigure (b) if x3(c) = 1 they are as
in Subfigure (c)

Proof of Lemma 1. Recall vf’ = \%(01 D,y = %(OIT) from Section 2.2 and let
V3= v; = %(110). It is clear that {v1+, V|, v3} is a basis of R3, see also Fig. 17.

Let X1+ . X1 » x3 : R — {0, 1} be measurable characteristic functions. For x € R3,
we define the volume fractions to be

1
91(36)1:5)(3()6 - 13),

1o+ TR -, 1
O2(x) =1 = 2y (x - v) = 3xp (@) = Zxa(x - v3),

1 1 _ _
93(x):=§x]+(x o)+ @),

which clearly a.e. satisfy 0 < 6; < 1 foralli = 1,2,3 and 61 + 6, + 63 =
1. As {vr, V|, v3} constitutes a basis of R3, the structure is indeed fully three-
dimensional.

Straightforward case distinctions ensure that §; = 0 for some i = 1,2,3 or
0; = % for all i = 1, 2, 3 almost everywhere. Setting G := Z?:l 0;e; we see that
this implies G € J# U {0} almost everywhere. A sketch of cross-sections through
G on H(c, v, ) both with x; (¢) = 0 and x, (c¢) = 1 is given in Fig. 18.

Finally, in order to identify G as the symmetric gradient of a displacement we
define functions F 1+ , F[", F3 : R — R such that for almost all s € R we have

(FHY (s) = vV2x;7(5), (F7)'(s) = ~2x; (s) and (F3)(s) = v/2x3(s).
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For x € R3 we then set

ui(x) = — F3(x - v3) +x1,
ua(x) == Fi" (x - v{") + F (x - v) + F3(x - v3) — 232,
uz(x) = — F; (x - v) + F; (x - v)) + x3.

The identity e(u) = G a.e. on R? is straightforward to check. O

4.2. The Differential Inclusion

Proof of Lemma 2. For simplicity, we suppress the sequence parameter in the no-
tation throughout the proof. Let n > 0. For Borel sets B C Bj (0) we interpret the

energies
_2
E)(B):=n3
B

as finite Radon measures on Bj (0).

Let y € B1(0) and r > 0 be such that B, (y) C Bj (0). We rescale B, (y)
to the unit ball by setting 7 := 'r—7, and defining i € Wb2(By (0); R?) and X €
L*(By (0); {0, 1}%) with 37_, %5, = 1 a.e. for & € By (0) to be

2
3
1
dx + 77 ) 1Dxil(B)

i=1

3
() =y xiei

i=1

Lo ] . A .
uﬁ(x)::;u,] (rx + y) s X7 (X) == Xy (rx + y) .

By the Capella-Otto rigidity result [11, Theorem 2.2] there exists a universal radius
0 < s < 1 such that

min {1 X131 21 8,0y X2, L1 Boony» 183,011 80y} S Eiy (e X5)2 -

The energy of the rescaled functions is

2
FA n\~3
Eﬁ(uﬁ,Xﬁ)Z(;> /3(0)
1

1
3

+ () 1D;181 ©)

= r 3 E,(B, (7).

3 2
e(u))(rx +y) — Z Xxi(rx + y)e;| dx
i=1

so that rescaling back to B, (y), we get

L i < (r3*3E,B :
r—3m1n {“Xl,n“Ll(B”(y)y ||X2,r;||L1(B”(y))a ”X3,77”L1(B”(y))} ~ (" ) 77( r ()’))) .
After passing to a subsequence (not relabeled), we have E; X E as Radon

measures in the limit n — 0. Consequently weak lower semi-continuity of the
L'-norm and upper semi-continuity of the total variation on compact sets imply

- DI
r—3m1n{||91 It By o 1020121 By, (> 1630121 By ()} S (” SE(B, ()’))> .
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For T := {y € By (0) : limsup,_, r33E (Br () > 0} and for all ¢ > 0 we

get %3_%+8(T) = 0 by [1, statement (2.40)]. Using [1, Theorem 2.49 (iii) and
Theorem 2.53], along with Lebesgue point theory we thus for almost all y € By (0)
obtain

min {01 (y), 2(y), 63(y)} = 0.

4.3. Decomposing the Strain

Proof of Lemma 3. First we notice that for alli = 1, 2, 3 and almost all x € B; (0)
the relation e(u)(x) = Z?:l 0; (x)e;, the definition (4) of e; and the assumption
i_1 6:(x) = 1 imply

3
e(u)ii(x) = ZQj(x)ej = —20;(x) + 6i1(x) + i1 (x) = 1 = 36;(x).
j=1

Therefore, we only have to argue that for alli = 1, 2, 3 a decomposition for e(u);;
analogous to the Equation (15) holds.

The remaining proof is essentially a translation of the proofs of CAPELLA and
OrTo [11, Lemma 3.7 and Proposition 3.9] into our setting. To this end, we use the
“dictionary”

e(u)11 <— X1,
e(u) < x2,
e(u)33 <— x3,

0 <— xo.

where the left-hand side shows our objects and the right-hand side shows the cor-
responding ones of Capella and Otto. The two main changes are the following:

1. In our case all relevant second mixed derivatives vanish (see Lemma 5), instead
of being controlled by the energy. Furthermore, whenever Capella and Otto refer
to their “austenitic result”, we just have to use the fact that e(u)11 + e(u)22 +
e(u)33 =0.

2. We need to check at every step that boundedness of all involved functions is
preserved.

We will briefly indicate how boundedness of all functions is ensured. The func-
tions in [11, Lemma 3.7] are constructed by averaging in certain directions. This
clearly preserves boundedness. The proof of [11, Proposition 3.9] works by apply-
ing pointwise linear operations to all functions, which again preserves boundedness,
and by identifying certain functions as being affine, which are also bounded on the
unitball. O
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Proof of Corollary 1. By symmetry we can assume i = 1. Applying [11, Lemma
3.8] to 61 we see that for every x € B (0) there exists r > 0 such that the functions
y = fu(y -v) for v € Ny U Nj3 are affine on the ball B, (x). Consequently, they
are affine on B; (0). Thus we can find affine functions g3, g3 : R3 — R such that
for almost all x € Bj (0) the decomposition (16) reduces to

01(x) =0
02(x) = — fr (x-v)— £, —(x ) + &),
03(x) = £+ (xv) + for (x-v) + & 0).
As the vectors vl and V1 form a basis of the plane H (0, E1) defined in (13), we

can find functions f vt f v € L>®(—1, 1), an affine function g3 : R> — R and
A € R such that for almost all x € By (0) we have

Gz(x):—f+(x~vf)—ff(xw)l_)—}—)»xl—}—l.
03(x) = f (x- v1)+f (x-v) + &3(x). 27)

Therefore, for almost all x € By (0) we have 83(x) = —Ax due to the assumption
0(x) € £ in the form of Z?=1 0; (x) = 1, and thus the decomposition simplifies
to

01(x) =0,
Oh(x) = 1+( 1+) l—(x v ) + Axy + 1,
03(x) = fv1 ( ) (x V| ) AX1.

O
Proof of Lemma 4. Fort € R and § > 0 let
(1) = / ;XB O, x)dL" " (x') and 5 (1) := l¢> <£>
=} LB (0) 77 §°\8
For all x € V and all § > 0 we have that
P

D sk filx-v) = ][ F(y)dZ"(y) €€,

i=1 Bs(x)
since By (0) is invariant under rotation and % is convex. Leti € {1, ..., P}. By

[20, Theorem 4.1 (iv)] and [20, Theorem 1.33] we get a measurable set 7; C R
with .Z(R\T;) = 0 such that for all t € T; we have ¢s * f;(t) — f;(¢) in the limit
8 — 0.Foralli =1, ..., PletV; € VN B (0)\{0} be the orthogonal projection of
v;onto V. Asforallx € Vwehavex-v; =x-v; € T; ifandonlyifx ol ¢ \v,

Fubini’s Theorem for all measurable sets U C V of finite %k—measure gives

A ({x eU:x-v e R\T}}) =0.
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Thus for almost all x € V we have in the limit § — 0 that

P
]{g o FOIILT ) > Flv ()= Y filk-v)e?.
5 (X

i=1
O

Proof of Lemma 5. By symmetry it is sufficient to prove the equations involving
01. We calculate

11119711y = —07 + 0102 + 3193 — 9102 + 05 + 0203 — 0193 + 3203 + 97
= —37 4+ 05 + 87 + 20205

and, similarly,
2 2 a2
OOy = 01 — 95 — 95 + 20203,

For almost all x € B; (0) we have due to %(Du + DuT)(x) = e(u)(x) € S, see
definition (6), the distributional identities

(— 812 + 822 + 832)141 = —812141 — 0p01Ur — 0301U3

= —01tr Du
=0.
Distributionally, we also know that
0203u1 = —0201u3 = 0103up = —0203u1,
which gives
drd3u; = 0.

Taking a further distributional derivative we see

8[111]8[111]31u1 =0and a[m]a[lmalul =0.
For almost all x € By (0) we have the identity dyu(x) = 1 — 36;(x), as a result of
the assumptions e(u)(x) = 21'3:1 0; (x)e; and 2?21 0; (x) = 1, so that the above

turns into

On1ndgynfr = 0and dyy7y9yy )01 = 0.
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4.4. Planarity in the Case of Non-trivial Blow-Ups

Proof of Proposition 1. Step 1: Identification of a suitable plane to blow-up at.

By symmetry, we may assume v = —1(011). Recall that for y € R and r > 0
the symbol Br2 (y) refers to the two-dimensional ball. Additionally, we always drop
the factor —= in the index of f; for ¥ € N whenever we explicitly write out 7.
Throughout the argument, 0 < 7 < r < & are fixed, universal radii we will
determine later.

As fo11y ¢ VM O(—7, 7) by assumption, there exist sequences oy € (—F,7)
and §; > O for k € N such that (ax — 8, @ + 8;) C (—7,7) and

1.

lim
k=00 (o —8y,c+81)

ds > 0, (28)

fory(s) — ]L Sforn(5) ds
(atg =8, ot +6k)

2. limkﬁoo 5]( = 0,
3. limgo oo =a € [—F, T

For k € N we parametrize the plane H (o, Lz (011)) at which we will blow-up
using B, y € Rsuch that (8, y) € 312/8(0) and

1 1 1 — 1 1 _
Xr(B, = — (011 - = —[111 - = —[111].
(B, v) Olkﬁ( ) + <,3 20tk> \/5[ ]+(V 2011() ﬁ[ 1

Note that X; (8, y) € B1 (0) forall k € Nand all (8, y) C B12/8(0) duetor < &.

It is straightforward to see that then for all k € Nand (8, y) € Blz/8 (0) we have
the relations

1 1 -

Xi(B.y) - E(Oll) =ar, Xk(B, V)E(Oll) =y =B (29)
1 1 —

Xc(B,y) - E(lol) =B, Xi(B,v)- E(IOD =ar— Y, (30)
1 | I

Xi(B, V)-E(”O):V, Xi(B, V)-E(“O):ﬂ—ab 3D

Note that they nicely capture the combinatorics we discussed in Remark 1: The

expression X (8, y) - vl+ depends on neither 8 nor y, while X (8, y) - v;” depends

on both. Furthermore, we see that X, (8, y)- vijE fori = 2, 3 depend on precisely one

of the two. For a sketch relating H (a, v;") with the normals v € N see Fig. 19a.
For all (8, y) € BIZ/S(O) and k — oo we get the uniform convergence

1
Xi(B.y) = X(B,y) = Ot—2(011)

V2
: : 111 : : 1171 32
+<,3—§0!)ﬁ[ ]+<V—§Ot>ﬁ[ ] (32)
and the relations with the normals turn into
1 1 _
XB,y) - —Ol1) =«a, X(B,y) —(011) =y — 8, 33
B,7) ﬁ( ) =« B, v) ﬁ( )=v—8 (33)
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v +

: Ej
E; e >E]
Vf._: --------------- 7 V;r E, .............................

(a) (b)
Fig. 19. a Sketch relating planes H (&, v; ) for @ € R, shown in gray, with allv € N. b

Planes H («, V| ) for @ € R contain lines parallel to E

1 1 —

X (B, )/)~E(101) =B, X(B, J/)~ﬁ(101)=0!—% (34)
1 | R

X (B, V)‘E(110)=)/, X (B, J/)~ﬁ(110)=ﬂ—ot. (35)

We still have X (B, y) € By (0) for all (B, y) € BI/S(O)'
Fori =1,2,3;v e N; (B,y) € 31/8(0), & € B1(0); and k € N sufficiently
large to have Xy (B /8(0)) + Bt (0) C By (0) we define the blow-ups

60 (B, y: &) =6 (Xi (B, y) + 28:6),
FOB, v &) = fu(v - (Xx(B, y) + 25:8)),
OBy 8) =g (Xk (B, y) +28:6),

where 0% € L®(B2(0) x By (0): ), FARE € L®(B24(0) x By (0)), and

(k) : R5 — Ris affine. We furthermore remark that for all v € N\ (L 7 (011} and
(,8 y) € B 8(0) the composition f, o X (B, y) := f, (v - X(B, y)) is well-defined
almost everywhere due to Lemma 4, see also Fig. 19a.

Step 2: There exists a subsequence, which we thl not relabel, and a probability
measure ju on R? such that for almost all (B, y) € B 8(0) allv € N\ {}(011)}
alli =1,2,3; and all y € C(R?) we have in the llmlt k — oo that

1AE B v @) = fuo XB L0 = O

8B v: 9) — 8 0 X(B. V)i a0y — O
o vig))d / AduH. (36
]il(o)w(( foin f(ou)) B,y 5)) §— R2¢(f) w(f) (36)

Additionally, | is not a Dirac measure.
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Forall k € Nand all v € N\ { f(01 1)} we have by definition of £* an
Fubini’s Theorem that

/312/8(0) ][B. Q)

=/ ][ o 0 Xk (Boy) + 2500 - &) — fulv- X (B, y))] dE d(B. )
]/8(0) B1(0)

OB,y &) — f,0 X(B.y)| dEd(B. y)

1
/ (0)][1 [fu(v- Xp(B, )+ 28s) — fov- X(B,y)| dsd(B, y).

]/8

Asv - Xi(B,y)andv- X (B, y) depend on at least 8 or y, see Equations (29)—(31)
and (33)—(35), and we have the uniform convergence X, — X fork — oo, we can
apply Lemma 12 from the Appendix A to deduce that the integral in the last line
vanishes in the limit. Passing to a subsequence, we get strong L'-convergence in &
for almost all (B, y) € Bl/8(0) Also, for all (8, y) € BI/S(O) andalli =1,2,3

we have glk)(,B y; ®) — gi o X(B, y) pointwise and in L' in the limit k — oo by
continuity of affine functions.

Due to the fact that X (8, y)- }(01 1) = o forall (B, y) € B 8(0) we see that
f(01 1 does not depend on 8 and y . Hence we may drop them as arguments of f ©o11)-
As fio11) is a bounded function, the sequence of push-forward measures deﬁned by
the left-hand side of (36) have uniformly bounded supports. Consequently, there
exists a limiting probability measure u such that along a subsequence (not relabeled)
we for all ¥ € C(R?) have in the limit k — oo that

/ w((—fjk),fj?> <s>> &~ [ wihauh.
B1(0) 1 1 R2

Finally, towards a contradiction we assume p = § ; for some f € R?, inter-
preted as a constant function on R?. Then for all k € N'we would have

][ fo11(s) —][ Sfo1H () ds| ds
(ot —8k ok +6) (otk — 8k ok +0k)
]ik—ﬁk,ak-i-ék)

<2f
(ok — 0k otk +31)

Testing the convergence (36) with the function ¥ (g) :=|g> — le for § € R? and
using the assumption = § 7 we would in the limit kK — oo see that

]{ak—skﬂk'ﬂ;k)

foin(s) — fr— ][

(o — 0k otk +3 )

(f(011)(§) - fz) ds| ds

Sfoin(s) — fz‘ ds. 37

1
. 2 .
Soin(s) — fz‘ ds = / 1 ‘f(Oll)(Olk + 28s) — fz‘ ds
-2

cof
B1(0)

de - 0.  (38)

fE® =
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However, the combination of (37) and (38) would contradict the condition (28).
Before we come to the third step, we for (8, y) € 312/8(0) define the two shifts

22,23 € L°°(Blz/8(0)) via

208 v) = (10 + firo) = form + 82) 0 X(B. 7). (39)
3B y) = (f(oﬁ) — faony — faon + g3) o X(B,v), (40)

and the push-forward measure & on R3 via for ¥ € C(R?) setting
iy (#):= /R V(Go X f+ @) du(h. @

Step 3: For almost all (B, y) € 312/8(0) and all € C(R3) we have in the limit
k — oo that

F (6. y) &t~ g, ). “2)
B1(0)

and the measure [ig ., is supported on ]57, see definition (12).
The previous calculations immediately give that for almost all (8, y) €
312/8(0) the sequence Ql(k) (B, v; e) converges strongly in L'(Bj (0)) as k — oo to

010 X(B.v) = (faon + fgon = faro) = fuio +&1) o X(B.v). 43)

Similarly, for almost all (8, y) € 312/8 (0) the blow-ups (Gz(k) + f @ )(B, y; e)and

©11)
(059 — fio1)(B. v; #) converge strongly in L!(B) (0)) to z2(B, ) and z3(8, )

in the limit k — oo.

As the required convergence (42) is induced by the metrizable weak*-topology
on compactly-supported measures, we only have to identify the limit along subse-
quences, which may depend on 8 and y, of arbitrary subsequences. Let (8, y) €
312/8(0). Given a subsequence, we may extract a further subsequence (neither
are relabeled) to upgrade the above convergences in the limit k — oo to point-
wise convergence for almost all & € Bj (0) of the sequences Ql(k) o X(B,v),
(Gz(k) + f(((;cl)l))(ﬂ, y; &) and (93(k) — (gcl)l))(ﬁ, y; &) to expressions independent
of £&. Applying Egoroft’s theorem, for any ¢ > O there exists a measurable set
K. C B (0) such that |B (0)\K.| < ¢ and such that on K, these convergences
are uniform. Consequently, suppressing 8 and y, and in the last step exploiting the
definitions (36) and (41) of 1 and [, respectively, we get for all ¥ € C (R3) that

lim sup ][ v (69@) d& - / wdﬂ‘
k—oo |JB1(0) R3
< lim sup ][ v (610X, 22— fig) ©). 23+ 1)) dé — / wd/:e'
k—oo |JBi(0) R3

+ 2[[¥lloo! B1 (0\ K|
= 2[¥ [l oot
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1

07 e3 e

Fig. 20. For all B, y € B, the intersection of the dotted line with ¢ is given by the two
points 01 (B, y)e1 + (1 — 61(B, y))ez and 01 (B, y)er + (1 — 01(B, ¥))ez

Ase > Owas arbitrary, the convergence (42) follows. Testing with ¢ = dist (o, %73
we obtain supp it C .

Step 4: For some 0 < b < 1 and some measurable set B C 3128(0) we have
that 61 o X = byp almost everywhere. Furthermore, there exist 72,73 € R such
that for almost all (B, y) € B we have (z2,23) (8, ¥) = (22, 23).

Note that what we claim to prove in Step 4 is an empty statement if 6] o X = 0
a.e. in BIZ/S(O). We may thus suppose that

B = {(ﬁ, y) € Big(0): 610 X(B.y) >0

and the conclusions of Steps 2 and 3 hold]

satisfies | B| > 0. Let T, for z € R? be the translation operator acting on measures /i
onR? via the formula (7, /1)(A) = 1(A—z) for Borel sets A C R2. Let (8, y) € B.
We have by Step 3 and definition (41), see also Fig. 20, that

supp g,y C AN {é eR: 0, =0, o X (8, y)} ,
and thus in combination with definition (12) and 61 o X (8, y) > 0 that

supp I (z5,z5) Byt C {0, 1 =610 X(B,¥)), (1 =010 X(B,y),0)}.

Together with the fact that p is not a Dirac measure by Step 2 we therefore obtain
0 <X < land f, g € R? with f # g such that

n= )»8];. + (1 —21)d;.
Consequently, we get
(f,8) = (2.23)(B,¥) = {0, 1 =010 X (B, 1)), (1 =61 0 X(B,¥), 0)}. (44)
Calculating the distance of the two points in both representations gives
2(1=61oX(B.y) =1f— &l >0.

Therefore, we have 61 o X < 1 on B. Furthermore, as y is independent of (8, y)
also f and g are, which implies that there exists b € (0, 1) such that 61 o X = b
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on B. To see that (z2, z3) is constant on B note that for all (8, y), (,5, y) € B the
representation (44) implies

(£, 8)— (22, 23)B, ) = {f, &) — (22, 23)(B. V).

As a non-empty set which is invariant under a single, non-vanishing shift has to
at least be countably infinite, we see that there exists Z3, z3 € R such that for all

(B,y) € B we have (22, 23)(B, y) = (22, 23).

Step 5: We can choose a sufficiently small, universal number r € (0, 6—14) such
that if |B N Br2 (0)| > 0, then there exists d € 9, see definition (10), such that the
configuration is planar on B, (0) with respect to d.

By the decomposition of 0] o X, see (43), and its interplay with the coordinates
X, see (33)—(35), there exist A1, Ap, ¢ € R such that for almostall 8, y € (— 1]—6, %)
and

Fi(B) == faon(B) — fui)(B — ) + 1B,
F(y):= f(T()l)(a —-y)— fai(y) + iy +c¢

we have

b1 0 X(B,v) = fuon(B) + faon (@ —v) — fuio ) — fuio (B —o) + 1B+ ray +¢
= F1(B) + Fa(y).
As by Step 4 the function 67 o X takes at most two values almost everywhere we
have that either Fi is constant or F; is constant almost everywhere on (—11—6, %).
We only deal with the case of F, being constant. The argument for the other
one works analogously. Consequently, we get a measurable set D C (—r, r) such
that |D| > 0 and D x (—%, 11_6) C B. We will follow the notation of CAPELLA

and OtTo [11] in writing discrete derivatives of a function ¢ : I — R from a
non-empty, open interval I C Rfory,h e Rwithy,y +h eI as

Np(y) =y +h) — ). (45)

We proved in Step 4 that the shift (z2, z3) is constant almost everywhere on B.
Thus we get for almost all y € (—3%, 3%), BeDandh e (—3%, 3%) that

0=00220 X(B, 1) B 9l (fin10) + futoy = Soormy +82) 0 X (B, )
CO= ! (fu10 ) + 10/ B = ) = Forn v = B) + dliga 0 X (B, )

=3]’f (f(llO)(V) — forn v — ﬂ)) + Bffgz o X(B,y). (46)

The fact that g is affine implies that 8)’,’ g2 o X is independent of . Thus, “differ-
entiating” again under the constraint 8, 8 € D we for almost all y € (—3%, 3—12)
and h € (—31—2, %) get

0= 8]’/lf(01T)(y -B) - aﬁf(oﬁ)()’ - B)
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Fix 8 € D.Settingt :=y—p and h := B—f the above turns into hah f(om (1) =
0 for almost all ¢ € (—6i4, 6i4), h e (—3%, 3—12) and h € —D + B dueto D C
(—é, 6]—4). As aresult of | — D 4+ B| > 0, we can choose a sufficiently small,
universal number r € (0, 6i4) and apply [11, Lemma 3.11] to get for almost all
t € (—4r, 4r) and shifts h, h € (—4r, 4r) that

3"0" for1) (1) = 0.

Consequently, the function f,,7, is affine on (—4r, 4r), see e.g. Lemma 13 in the
Appendix A. Referring back to Equation (46) we see that also f(110) is affine on
(—2r, 2r).
The upshot is that for x € By, (0) and with the affine function
g2(x) == f <1(110) > f <1(01T) >+()
&2(x) = Jfaio | —= R ol — - X o x
(110) ﬁ 011) ﬁ

the decomposition (19) for 8, can almost everywhere be re-written as

1 |
02(x) = — forn (E(O“) -X> + futo (ﬁ(“()) -x> +&0). @)

By Equation (46) we furthermore have 9,82 o X = 0 on Bzzr (0). In the standard
basis of R this translates to

3[11T]g2 = 0 on By (0),

since 9, corresponds to differentiating in the direction of [1 11] by Equation (32)
and 8[1 1] g2 is constant on By, (0).

The analogue of (46) using z3 rather than z, gives that f(TOl) is affineon (—r, r)
and that we may find an affine function g3 with d;;,7,g3 = 0 such that for almost
all x € B, (0) we have

03(x) = foin <%(011) -x) — faon (%(101) ~x) +g3(x). (48

For almost all x € B, (0), the assumption 6 (x) +62(x) +63(x) = 1, see also (12),
and the observations a“mez(x) = a“meg (x) = 0, due to (47) and (48), imply
3[ 111]91 (x) = 0. Together with the decomposition (19) we see for x € B, (0) that
the affine function

1 - 1
&1(x) = fion) <E(101) 'x) — fao) (E(“O) .x> +g1(x)

satisfies
8[11T]g1(x) = a[lﬁ]gl (x)=0
as well and we almost everywhere get the decomposition

1 1 -
01(x) = faon (E(lol) 'x> = futo) <E(110) 'x> +81(x). (49
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Equations (47)—(49) together with the affine function g; being independent of the
[111]-direction constitute planarity on B, (0) of the configuration, see Definition
3.

Step 6. There exists a universal constant v € (0, r) such that if we have |B N
Br2(0)| =0,i.e.,010X(B,y) =0foralmostall (B,y) € Brz(O), then the solution
u is a two-variant configuration on Bj (0).

Asthe plane H («, \/LE (011)) contains plenty of lines parallel to E, see Fig. 19b,
an application of Lemma 7 together with « € [—F, 7] ensures that 6; = 0 on Bj (0)
for some universal 7 € (0, ). Corollary 1 then implies that we are dealing with a
two-variant configuration on By (0). O

Proof of Lemma 6. Without loss of generality, we may assume
essinfy ye,nf(x1) +gkx2) =0>c. (50)

Step 1: We have ess inf f + ess infg > 0.
Let § > 0. We know that

>0

{l €0, 1): f() <essinff+g}

and

> 0.

8
{t € (0,1):g(¢t) <essinfg + 5}

Consequently, we have that
Hx € (0,1)2: f(x1) + g(x2) < ess inff + ess infg +5” -~ 0.

For all § > 0 we with (50) thus know —§ < ess inff + ess infg, which gives the
claim.

Step 2: Statement 1 implies statement 3.

For almost all x € (0, 1)2 we know that

e+c> f(x1)+g(x2) >essinff 4 g(x2) > essinff + ess infg > 0 > c.
In particular, we know
essinff + essinfg < e+ c.

By Fubini’s Theorem there exists an xo € (0, 1) such that for almost all x; € (0, 1)
we have

e+c> f(x1) +glx) >essinff 4+ g(x2) > c.
With such an x; € (0, 1) we thus we for almost all x; € (0, 1) see
f(x1) —essinff = f(x1) + g(x2) — (essinff + g(x2)) < e.

A similar argument ensures g < ess infg + ¢.

Step 3: Conclusion.

The proof for the implication “2 = 3” is very similar to Step 2. Lastly, if
& = 0, the implications “3 = 1, 2” are trivial. O
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Proof of Lemma 7. The radius r > 0 is only required to ensure that P C Bj (0).
After choosing it correspondingly, we may thus translate, re-scale and use the
symmetries of the problem to only work in the casei = 1,x9o =0and I = [—1, 1].
For all v € N» U N3 these additional assumptions imply

v Il(I)=~2E;-v[—1,1] = [—1, 1]

and, consequently, P = ﬂve NoUN3 {x € R3: |[v - x| < 1}. Furthermore, we only
have to deal with the case 6] o/ < &, as the other one can be dealt with by working
with éj :=1—0; for j = 1,2,3. We remind the reader that Fig. 13 depicts the
general strategy of the proof.

Step 1: Extend 0 < 0 < ¢ to the plane H(O, \%(Ol 1)).

For (a, B) € [—1, 11> we parametrize H(O, %(011)) via

X (a, B) ;=aL2[1 11] + ﬂi[m].

NG NG

As usual, we omit the factor \% in the index of f, for v € N, see decomposition

(20). By said decomposition and the existence of traces, see Lemma 4, we have for
almost all (o, B) € [—1, 1]? that

0=<010X(a,p) = faon(—a) — fuaioy(@) + faon(B) — fu)(B) = 1.

As for r € [—1, 1] the line #(1, 1) parametrizes the diagonal and I(¢) = X (¢, 1),
the assumption (21) of #; almost achieving its minimum along / and the two-
dimensional statement Lemma 6 imply that for almost all points ¢, 8 € [—1, 1] we
have

Jaon (=) = faio (@) S&ees[s_ilmf] (f@m)(—&) - f(110)(5t)) +e,
Jaon(B) = fato)(B) = 568[8_131:] (f(101) (ﬂ) = fato) (ﬁ)) +e
and

lgees[s_iﬁf] (f(101) (5) — faio (5)) + aees[s_iinf] (f(To])(—&) - f(110)(55)> <e.

Adding the first two inequalities and using the assumption (21) we get for almost
all (o, B) € [—1, 1]? that

0<6)0X(a,B) <3e.

Changing coordinates to y := % (a+B),z:= % (¢ — B) weseeforalmostall (v, z) €
R? with y +z, y —z € [—1, 1] that

0=<6 («/i(y, zZ, —z)) < 3e.

Step 2: Prove inequality (22) on a subset of P of full measure.
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Forall y € Rwehave y+z,y—z € [—1, 1]ifandonlyify € I(z) := [—1 + |z],
1 — |z|]. Therefore, Fubini’s theorem implies for almost all z € [—1, 1] and for
almost all y € 1(z) that

0 <6 (ﬁ(y, Z, —z)) < 3. (51)

We may thus repeat the above argument for almost all z € [—1, 1] with It) =
V2tE| + v/2(0,z,—z) for t € I(z) and the plane H(2z, %(Ol 1) to see for
almost all «, B € I(z) that

0 <6, (ﬁ(o, 7, —2) +ai[111] + ﬂi[hl]) < 9.
< 7 7 <

It is straightforward to check that the conditions z € [—1, 1] and o, § € I(2) are
equivalent to

V20,2, —2) + a—=[111] + ﬁL[Tn]eP.
«/_ V2

Due to measurability of 61, another application of Fubini’s theorem implies that for
almost all x € P we have the inequality

0=<6i(x) =9

Step 3: Prove that for all v € N> U N3 the function f, is almost affine in the
sense of estimate (23) if f; € C([—1, 1]) forall v € N.

We will only deal withv = -1.(101). The advantage of working with continuous
functions is that we do not have to bother with sets of measure zero. Let (s, &, ﬁ) €
R3 be such that s,s+h,s+ ﬁ, s+h+he [—1, 1]. In order to exploit Remark 1
we set

x1:=~/2sE],

1

X2 =~/25E; +hﬁ[111],
~ 1 _

x3:=+/2sE; +hﬁ[111],

X4 —fsE1+hf[111]+hf

Let j € {1,2,3,4}. To prove x; € P, we check xj v e [=1,1] for all
v € Ny UNj3: Forv = \%(101), this is clearly the case due to x; - ¥ = s and

[1T1].

1 5= L1111y = 7= L1
ﬁ[lll]-v = ﬁ[lll] V= }.Incontrast, forlthei)thernormalv = ﬁ(IOI) e N,
we have xg - V = —s and 75[111] D = 75[111] - v = 0, which still implies

el[—1,1].
For v € N3 we have xo - V = s and

1 _
—[111]-v, —[111] 0,1
{ﬁ[ ] f } 1)
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which also implies x; - b € [—1, 1].
By Step 2 we then have

101 (x4) + 61(x1) — 61(x2) — O1(x3)| < 36¢.

Inserting the decomposition (20) and the definition of the points x; for j =1, 2, 3,4
we see that all functions except f(101) cancel and we get

faon(s +h 4+ )+ faon(s) — faon(s +h) — faon(s +h)| < 36e.

4.5. The Case f, € VMO forallv € N

Proof of Proposition 2. For v € N, x € By;3(0) and § € (0, 3) we define
the convolutlon 0s € C(B23(0); [0, 11%) via 05(x) —fBﬁ(x)G(y)dy and f, s €
C([— ]) such that

frsx-v) = f(y-v)dy. (52)
Bs(x)

For functions u : By (0) — R3and6 : B (0) — %7 see definition (12), satisfying
the assumptions of the proposmon andr € (0, 3) we say that (u, 0) € %, if there
exist n > 0, 89 € (0, 3) a function £(8) > 0 for § € (0, §g) with £(§) — 0 as
6 — Oandi € {1, 2, 3} such that the following holds:

1. The set

Ary.80.6,i (U, 0) = {x € B, (0): 6i(x) =0, < 6i11(x), 6i—1(x) < 1—n,

O,5(x) < &(8),n < Oi11,5(x),0;—1,5(x) <1 —=nVs € (0, 50)} (33)

satisfies | Ay so,¢,i (1, 0)] > 0.
2. Forall § € (0, 8p) and all x € By;3 (0) we have that

05(x) € Hois):= (H + Bes) (0)) Nconv (A, (54)

Here conv(a"? ) denotes the convex hull, see Fig. 21.

Similarly, we say that (u, 0) € % 0 if there exist n > 0,68 € (0, %), a function
&(8) > Oforé € (0, §g) withe(§) — 0as§ — Oandi € {1, 2, 3} such that we have
the inclusion (54) forall 6 € (0, 8p) on By 3 (0) and such thatO € Ay/3 5 50.6,i (1, )
is a point of density one. By this we mean that as k¥ N\ 0 we have

|A1/3,n,80,,i (1, 0) N By (0)]
| B (0)]

Step 1: Let u and 0 satisfy the assumptions of the proposition. For r € (0, %)
assume that (u,0) ¢ %,. Then there exists i € {1,2,3} such that for almost all



Rigidity of Branching Microstructures in Shape Memory Alloys 1753

/\61 eq
1 +

61 b ¥ . .,
3 2

Fig. 21. Sketch of the strains taking the form e = ZL] Oje; for 6 € Ji’;; The strain
e(ug)(0) = Z?:l 0; se; essentially lies strictly between e and e3

x € B, (0) we have e(u)(x) = e;, which in particular implies 0;(x) = 1 and
Oi+1(x) = 0;—1(x) = 0.

We argue by proving the converse, meaning we assume that foralli = 1,2, 3
we have e(u) # e; on B, (0). As convolutions are convex operations we obtain
0s € conv(Z ) ae. on By3(0) for § € (0, %). Furthermore, Lemma 8 gives
existence of £1(§) > 0 for § € (0, %) such that 1 (§) — 0 as § — 0 and such that
the fuzzy inclusion (54) holds on B3 (0) with &;.

Next, we prove that there exists i € {1, 2, 3} such that we have

l{x € By (0) : 6i(x) = 0,0 < 6;11(x), 6i—1(x) < 1}| > 0. (55

Otherwise, for almost all x € B, (0) we would by the assumption 6 € # have
e(u) € {ej, ez, e3}. Using the uniform convergence of averages provided by the
mean value theorem for V M O-functions, Lemma 8, it would hold for some i €
{1, 2, 3} that e(u) = ¢; on B, (0), giving a contradiction.

Let i € {1, 2,3} be the index such that (55) holds, which implies that there
exists n > 0 with

{x € B, (0) : 6i(x) = 0,21 < 0i41(x), 6i—1(x) <1 —=2n}| > 0.  (56)

Lebesgue point theory implies that 65 — 6 pointwise almost everywhere as § — 0.
Using Egoroff’s theorem, we may upgrade this convergence to uniform convergence
on some measurable set

AcC{xeB (0):6;(x) =0,2 < Oi11(x), 61 (x) < 1 — 2n}

with |K | > 0. Using both uniform convergences above we get §p € (0, %) such
that there exists £2(8) > 0 for § € (0, §p) with £2(8) — 0 as § — 0 and with the
property that for all x € A and § € (0, §p) we have 6} s(x) < €2(5) and

n<6s(x),03s5x) <1—n.

For £(8) := max{e1(8), £2(8)} with § € (0, §p) we thus have |A, ; s,.¢,i (1, 0)] > 0
and (u,0) € %,.
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Step 2: In order to prove the proposition, it is sufficient to prove that there exists
a universal radius ry € (0, %) such that if (u,0) € U0 then e(u) is a two-variant
conﬁguratlon on By, (0).

Letr:= 3r2 By Step 1 we know that if (u, ) ¢ %, then e(u) is a two-variant
configuration on B, (0) on account of being a pure phase. If we do have (u, 0) € %,
then by defintion there exist n > 0, §p € (0, 3), a function £(8) > 0 for é € (0, &)
with e(§) — O0asé — 0,and i € {1, 2, 3} such that |A, ; s,,¢,i (1, 0)] > 0.

Let xo € Ay j.50,6,i(u,0) C B, (0) be a point of density one. For x € B; (0)
andi = 1, 2, 3 we define

u(x):=

O(x):=0((1 — r)x + x0),
8i(x):=gi((1 = r)x + x¢),

1
u((l —r)x + xo),
1—r

and fv € L°°(—1, 1) for v € N such that
frv-x) = fo - (1= 1r)x +x0)) .

Then i satisfies the assumptions of the proposition with 0, fv and g; for v €
N and i = 1,2, 3. Furthermore, for all x € By3(0) and § € (0, 8yp) we have
I(1 = r)x + x| < 2 and 5(x) = O1—ps((1 — r)x + xo), so that ds satisfies
the inclusion (54) on B3 (0). Additionally, due to xo € A, ; 5., (1, 0) being a
point of density one we get that 0 € Aq3 5 50, (i, é) is also a point of density
one. Therefore we have (i1, é) X By the assumption of Step 2, e(i) is a two-
variant configuration on B, (0) and thus e(u) is a two-variant configuration on
B(1—ryr, (x0). For x € B, (0) we have |x —xo| < 3r2 < (1 —r)ryduetor < 1.
Therefore e(u) is a two-variant configuration on B, (0).

Throughout the rest of the proof we assume that (u, 6) € %° and we accord-
ingly choose n > 0, 8o € (0, %), a function £(8) > 0 for é € (0, §p) withe(8) — 0
asd — 0,and i € {1,2,3} such that 0 € A:=Aj3 5., 0) is a point of
density one. By symmetry we may furthermore choose i = 1.

Step 3: On the plane H (O, v1+ ) we split up 01 into two one-dimensional functions
and find maximal intervals on which they are essentially constant.

Similarly to the proof of Proposition 1 we parametrize the plane H (O 2 ) for
B, v € Ryvia

| R 1 -
X(B,y)=p—7=[11114+y—=[111].

V2 V2

Let 7 be the universal radius of Lemma 7. For a small enough, universal number
ri € (0, 3) N (0, 7) we have X (B, y) € Byy3 (0) N B; (0) forall B,y € [—ry, r].
Thus, recalhng (54) forallv € N and § € (O 80) the functions 6,5 o X €
C(—r1, 1% %(5)) and f, s 0 X € C([—ry, r11%) are well-defined. Furthermore,
for all 8, y € [—r1, r1] we have the relations

1
X(B,y)-vi =X, )/)'ﬁ(()ll):O, (57)
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X(B,y) - vf = X(B, y)~%(101)=ﬁ, (58)
X(B.y) v = X(B.y)- %mo) v, (59)
X(B.y) Vi = X(B.y) =01 =y — (60)
XB.y) v = X(B,y)- %(‘on _— 61)
X(B,y) v = X(B,y)- %(ﬁm = 5. (©2)

Absorbing the affine function g| in decomposition (24) into the four functions
fv € L*®(—1,1) for v € Ny U N3 and redefining the affine functions g, and g3
accordingly, we may, for almost all x € B; (0), assume that

O =Y filv-x)= Y flv-x), (63)

VEN> VEN3

while the decomposition (24) is still valid for 6, and 63. As in the proof of Proposi-
tion 1, we exploit the combinatorial structure of the normals discussed in Remark
1 and sort the functions f, with v € N, U N3 according to their dependence on
B or y on the plane H (0, v;") by for B,y € [—ri.r1] and § € (0, 8)) defining
Fi, Fp € L®((—=r1, 1)) and Fi 5, F 5 € C([—ry, 1)) via

Fi(B):= 1,3 (B) — [, (B),
Fi5(8):= 1,4 5(B) = fo; 5(B),

B(y)=fr (=y) = £ (),
Fs()i=for s(=v) = for s(r)-

In particular, by the decomposition (63) we get 61 o X (B, y) = F1(B) + Fa(y) for
almost all B8, y € [—r1, r1], which for § € (0, 8g) then turns into

O150X(B,y) = Fi15(B)+ Fs(y) (64)

after averaging.

Let § € (0, 8p). Due to our assumption that 0 € A and the fact that the inequal-
ities for 65 in the definition (53) are open conditions, continuity of 65 implies that
there exists x (§) > 0 such that for all 8, y € [—« (), k(§)] we have

Or15 0 X(B,y) <&(d),
n<btsoXB,y)<l—n
n<60350X(B,y)<1l—n. (65)
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By (64) and (65), 01 s is small and a sum of two one-dimensional functions. Lemma
(6) implies that the individual terms are small, i.e., we for all 8, y € [—« (), k()]
have

Fis(8) — Fis < &(9),

min
[—x(8),k(8)]

F5(y)— min  Fp5 <),
2) [~ (8),k(3)] @

where we used continuity to replace the essential infima by minima. In particular,
for the oscillations on closed intervals I C [—ry, r1], defined as

osc;i Fis:=max Fj s — min Fps,
' ! [—K(3),k ()]

osci Fos:=max Fp 5 — min  Fas,
I [« (&), (8]

we have that
0 < osci—i(8).k(8)] F1,5 < £(8),
0 < osci—x ).k (®)] F2.8 < €(5).
By continuity of Fj s and F» s the oscillations are continuous when varying the

endpoints of the involved intervals. Thus there exist unique maximal, closed inter-
vals

[—«(8),«()] C s Cl—r1,r1] and [—«(8), k(8)] C Ir,s C [—r1,71]
such that
osc s Fis < €(8) and oscp, ; Fo 5 < €(8).

For the remainder of the proof, we aim to argue that there exists r € (0, ry)
universal such that [—r, r] C I; s and [—r, r] C I> 5. However, the goal of the next
couple of steps will be to first make sure the intervals do not shrink away as § — 0,
see Fig. 22 for an outline of the argument.

Step 4: Forall § € (0,80) and all (B,y) €0 (11,3 X 12,,3) N (=ry, r1)? it holds
that

min{6 5(B, ¥). 03,5(B, y)} < &(3).

Let § € (0, 8p) and let us consider the case B € 311 s N (—ry, r1). We then have

Fis(B) — min  F5=¢(5).
[—K(8),k(8)]

Together with (64) we obtain for all y € I s that

015B,y)=Fs(B)+ Fs5(y) =€)+ min Fis+ F5(y).
[—x(8),k(3)]

K
The same decomposition and (54) in the form of 61 5 o X > 0 everywhere then for
all y € I 5 imply

O15(B,y) =¢(6)+ min Fis+ Fs(y) >e(6)+ min 6150 X > &(5).
[—x(8),k(8)] [=r1,r11?
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l(tmaxﬁ,)“'

e
l(tmin,ﬁ)// 11*5 x 12’8

Fig. 22. Sketchrelating I1 5 x I s for 6 € (0, §p) and the line [(t) = #(1, 1) for t € R. Step
4 ensures min(6, s, 03.5) < £(8) on d(Ip x I3).In Step 5 we will show that 6, is almost affine
along the dashed part of /, which we will exploit in Step 6 to argue that 6 o [(tmin,s) ~ 0
and 0 o [(tmax,s) ~ 1 or vice versa due to 6, o [(0) % 0, 1. The function 6, being of
vanishing mean oscillation allows us then to deduce that #n;, s and #,x 5 cannot get too
closeasé — 0

Due to the assumption (u, 8) € % and the inclusion (54) we for all parameters
Bed}N(—ri,r)and y € I 5 see

min{fa 5(B, y). 03,5(B, )} < &(6), (66)

which is one part of the claim. Swapping the roles of 8 and y we obtain the
remaining part.
In the following we for ¢ € R define [(f) :=¢(1, 1) and let —r| < tmins <0 <
max,s < r1 be the two parameters for which [/ intersects d(/1 5 x I s), see Fig. 22.
Step 5: Let § € (0, 80). Then the functions 6> 5 o X and 03 5 o X are almost
affine along | on [tmin, s, tmax.s] in the sense that for all t, h, h € R with t,t+h,
t+ht+h+he [?min,s» tmax.s] we have

02560 X 0l(t +h+h)+ 650X ol(t)
—6rs0Xol(t+h)—brs0Xol(t+h)| <216e(),
03,560 X ol(t +h+h)+6350Xol(t)
—60350X ol(t+h) —0350Xol(t+h)| <216e(). (67)
Note that as 0 s ayd 03,5 are continuous, existence of traces is trivial.

For all points 8 € arg minj_,s) 5y F1,6 and y € arg minj_s) (5 F2.5 we
have

0150 X(B,7) <€)

due to decomposition (64) and estimate (65). Consequently, together with the as-
sumption f; > 0 almost everywhere, we have for any (8, y) € I 5 x I s that

0<6150X(B.y) <0O50X(B.7)+oscy; Fis+osch; Frs <3e(5). (68)

As we have that X o [(t) = «/_tEl for all t € [—ry, r1] and we chose r|
sufficiently small at the beginning of Step 3, we can apply Lemma 7 to get for all
ve N,UNszandallz, h, he Rwitht,t+h, t+h t+h+he [#min, s, fmax,s] that
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|fosoXol(t+h+h)+ fis0Xol(t)
— fusoXol(t+h) — fusoXolt+h)| < 108(5).

We now plug this information into the decomposition (24) of 6, and 63. Observing
that affine functions drop out in second discrete derivatives and that fvl+ s and fv; 5

drop out as the line X o/ is parallel to £, we obtain the claim.
Step 6: There exists §1 € (0, §o) such that the following holds: Let § € (0, 61).
If we have —r| < tmin,s < 0 < tmax,s < I'1, then we either have

02,5 0 X o l(tmin,s) < €(8),
03,5 0 X ol(tmin,s) > 1 —4e(5),
025 0 X ol(tmax,s) > 1 —4e(5),
03,5 0 X ol(tmax,s) < €(8)

or

025 0 X o l(tmin,s) > 1 —4e(d),
03,5 0 X o l(tmin,5) < £(8),
Ors50Xo l(tmax,é) < (),
0350 X ol(tmax.s) > 1 —4e(6).
Once the upper bounds by €(§) are proven, the lower bounds by 1 — 4&(§) follow
from the fact that 61 5 + 625 4+ 635 = 1 everywhere (resulting by linearity of
convolutions from Z?:l 0; = 1 almosteverywhere) and the inequality (68). Aiming
for a contradiction we assume that
83,56 0 X o l(tmin,s) < €(3),
03,5 0 X o l(tmax,s) < €(5). (69)
Recalling Step 4 we see that the only other undesirable case is 63 5 0 X ol (tmin,s)) <

£(8), 02,5 0 X ol(tmax,5)) < €(8), which can be dealt with in the same manner.
In order to transport the information (69) to the point /(0) we use that 63 5 o X

is almost affine along I: For ¢ := fiin,s, h := — tmin,s and h := tpax s We have
t+h=0 € [*min,s5, tmax.s]
t+h= 'min,s 1+ fmax,s € [*min,s5, tmax.s]

t+h+h=tnas
Therefore estimate (67) implies

03,6 0 X 0 (tmax,5) + 63,5 © X 0 [(Imin,s)
—6350X01(0) — 0350 X 0l(tmin,s + fmax.s)| < 216&(8).

Combining this inequality with 63 5 0 X o (#min,s + fmax.s) > 0 and the assumption
(69) we arrive at

035 0 X 0l(0) < 218¢(9).
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However, this is in contradiction to the strain lying strictly between two martensite
strains at O for all 6 € (0, §1) with §; € (0, §p) sufficiently small, see estimate (65),
which proves the claim.

Step 7: We do not have lim infs_, o (fmax.s — fmin.s) = 0.

Towards a contradiction, we assume that the difference does vanish along some
subsequence, which we do not relabel in the following. By tmax.s < 0 < fmin,s for
all § € (0, §p) we have lims_, ¢ fmax,s = lims—0 tmin,s = 0. For s € [0, 1], let

Gs(s):=025 0 X ol((1 — $)tmin,5 + Stmax,s5)- (70)

We can apply estimate (67) and Lemma 13 from the Appendix A to get that the
sequence G converges uniformly on [0, 1] to an affine function G : R — R. Due
to Step 6 and lims_, ¢ fmax,s = lims—.0 tmin,s = 0 we know that the linear part of g
has to be nontrivial, and we thus get that

1 1
lim/ ds :/
8—0 Jo 0

Due to X o I(t) = V2tE; forall t € [—ry, 1], the functions fV]Jr’(S o X ol and
fu; 50X ol are constant. Furthermore, g is affine by definition and thus continuous.

Undoing the rescaling in the definition (70) and using (24), (59), and (62) together
with [(t) = ¢(1, 1) for all # € R, we therefore conclude that

1 1
G(g(s)—/ Gs(5)ds G(s)—/ G(@5)d5| ds > 0.
0 0

Imax,s
lim dr > 0.
60 Imin,

(fops+ i) © - ]{tmax’s (gt frys) i

§ min, 8

By the analogue of (37) for maps defined on (#max.s, fmin,s), we get for all § > 0

that
Imax,s
]{min,é (fv;,,s + fvg’é) ®- ]{

min,s —9
1 tmax,s
2 —
2 Imin,s

The above two inequalities, together with Young’s inequality for convolutions, then

Imax,s +0

dr

(g +4ic) D

dr.

(fugs+ furs) O = ]{tmax’s (Frs+ fiss) @7

min,§

imply
tmi\x,5+6 lmax.8+8 B »
lim inf ftm_a ( for + fvg) (1) — ]{mmﬁ_a ( fur + fU;> () di| dr > 0.

However, this is a contradiction to our assumption that fv3+, fU; e VMO(-1,1)
since we have fimax.s — fmin,s +26 = 0asé — 0.

Step 8: For n € Nwithn > 1 let 8, € (0, §1) be such that lim,,_, ~ 8, = 0 and
such that there exist tmin := lim,— 0o tmin,s, and fmax = liM,— o0 tmax,s,. Then the
open set

o
Bi={xeBis: lim 615,00 =0]
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has a connected component P such that O € P. Furthermore, for all v € Ny U N3
there exist open, non-empty intervals I, C R such that the set P satisfies

P= lxeB%(O):v-er,,},
veN,UN3

i.e., up to localization it is a polyhedron whose faces’ normals are contained in
Ny U N3.
Letn € Nand for 7 € (0, 1) let

Pisoi= [ {x€B130):31€ (tmins, tmax5,) N (—F A :v-x=v-Xol®)}.
veNUN3

Estimate (68) gives forallt € (tmin,s, » fmax,s,) that0 < 01 5, 0 X ol(t) < 3&(5,).
For 7 € (0, %) small enough we can thus apply Lemma 7 to obtain 0 < 6y 5, (x) <
27¢(8,) forall x € Py s,. We have tin < 0 < tmax and, by Step 7, fmin < fmax, SO
that passing to the limit n — oo the set

P; = ﬂ {x € Biy3(0) : 31 € (tmin, tmax) N (—F, F) 1 v-x = v - X 0l(1)}
veNLUN3

is non-empty, open, and satisfies P C B and 0 € P;. Consequently, we have for
the connected component P of B containing P; that0 € P.
Recall that by Equation (63) we for almost all x € P have

Do)=Y fve0) =61() = lim 615, (x) =0.

VEN> VEN3

For every v € Ny U N3 there exist two different directions d, d € 9 such that
by distributionally differentiating this identity in the directions d and d only f,
remains, see Remark 1. Therefore, we get that x — f,,(x - v) is locally affine on
P. By connectedness of P, there must exist an affine function g, : R — R for all
v € Ny U N3 such that for almost all x € P we have f,(x - v) = g,(x - v). As
we have ZveNz gv(x -v) — ZVEN3 gv(x -v) =0 forall x € R3, we may for all
v € Np U N3 and i = 2, 3 redefine the functions f, € L°°(—1, 1) and the affine
functions g; to satisfy

fy=0on P. (71)

and to leave the decompositions (63) and (24) still valid (the latter for 6, and 65).

Since P is open and connected, the image /,:=v - P forallv € N, U N3
is open and connected, and thus an interval. It is also clearly non-empty and by
construction we have

P C ﬂ {xeBl/3(0):v-erv}.
veNUN3
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V2
T H(bs,v5)
R o 2ck
| e )
3
(a) (b)

Fig. 23. a Inside Bj (xq), the polyhedron P looks like a half-space with boundary R
and exterior normal v;' . b The dichotomy 6, 5 ~ 0 or 65 s ~ 1 on the dashed line
H=H (bs, v; ) N By /2 (x¢) can be propagated to the gray neighborhood of x¢ as long
as dist(xg, H (bs, v;')) is small enough

As by (71) for all v € No U N3 it holds that f; = 0 on ﬂveNzUNS{x € By3(0) :
v-x € I,} we get the other inclusion

(| {xeBys©:v-xeln}cP,
veN,UN3

which proves the claim.

Forv € N UN3 leta, < 0 and b, > 0 with a, < b, be such that I, =
(ay,by). Step 9: Let i € {2,3} and v € N; be such that R = H(a,,v) N P
or R = H(b,,v) N P, see definition (13), is a face of the polyhedron P with
R N By, (0) # @. Then we have 6;(x) = 0 for almost all x € R N B, (0) or
0;(x) = 1 for almost all x € R N By, (0), which is meaningful by decomposition
(24) and Lemma 4.

In order to keep notation simple, we assume that v = v; and that it is the outer
normal to P at R, i.e., for b :=bv2+ we have {b} = v;’ -Rand P C {x - v;’ < b}.
A two-dimensional sketch of this situation can be found in Fig. 23a, while a less
detailed three-dimensional one is shown in Fig. 15a. Furthermore, by connectedness
of the convex set R N B,, (0), we only have to prove the dichotomy locally, i.e., for
all xo € R N By, (0) it is sufficient to find some k = k (xp) > 0 with

By (x0) C By, (0),

By (xo) N H(b,v¥) C RN By, (0),

B (xo) Nf{x-vy <b}C P (72)
such that on R N By (xp) we have either 6, = 0 or 6, = 1 almost everywhere.

Letxp € RNB,, (0) andletx; > 0 be such that the inclusions (72) hold. We can
use the identity (71) to get fv2+ (x- v;) = O for almost all x € By, (xp) N{x - v; <

b} C P. Similarly, for all b € N U N3\ {vy} and almost all x € B, (xo) with
some k» € (0, k1) we obtain f;(x - b)) = 0. For all § € (0, %2) we therefore get
after averaging

g sb=8)=0 (73)
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and f55(x - D) = 0 forall ¥ € Ny U N3\ {v; } and almost all x € B, /> (xo).
In particular, the latter together with the decomposition (63) for almost all x €
By, /2 (x0) implies

Fog st vy) =615(x) > 0. (74)

Letc € (0, 4) be a universal number to be chosen later. Towards a contradiction,
assume that for all § € (0, ) there existed § € (0, 8) with f + a(b ) < €(8) for
all b’ € (b — ckp, b + ck2), where €(8) — 0as 8§ — 0Ois as 1n the definition of
9. Then we would have fv; (x - v; ) = 0 for almost all x € B, (xp), and we
would get B, (xo) C P by the definition of P, see Step 8. As a result, the fact
P C {x - v < b} would give the contradiction B, (xo) C {x - v < x¢ - v}.

Consequently, there exists § € (0, %2) such that for all § € (0, §) there exists
by € (b — cka, b + ck2) with f, + 5(]7/) > £(8). In the following, let § € (0, §).
By Equation (73) and continuity there even exists bs € (b — K2, b + ckp) with
f + S(b(s) = £(8). Due to Equation (74) this implies for all x € H:=H (bs, vy N
B%z (xp), see Fig. 23b, that

O1.5(x) = &(9). (75)

Combining this with the inclusion 85 € :%/ + Bg(s) (0) on By/3 (0), (see (54) and
the definition of %) we get, for all x € H,

min{6 5(x), 035(x)} < £(8),

which, due to the assumption 61 (x) + 62(x) 4+ 63(x) = 1, (see also (12)) can be
converted into

min{6 s(x), 1 — 62 s(x)} < 2&(9).
For § > 0 small enough, continuity then implies the dichotomy
62.5(x) <2e(8) forallx € H or 1 — 6y.5(x) < 2e(8) forallx € H.  (76)
In order to propagate this information back to x¢, see again Fig. 23b, let

x5 :=x0 + (bs — b) vy". The line I5 () := x5 + /2t E; for all 1 € [— 4‘f/<2, 4[,@]

satisfies [5(t) € By, 2 (xo) on account of |x5 —xo| = |bs —b| < cxz and ¢ € (0, 4)
1 1
Furthermore, for all ¢ € [—sz, mKZ] we have

1
Is(t) - vy =1s(1) - E(IOI) = by,

by xo € R C H(b, v; ). Thus, the dichotomy (76) implies

1 1
025 0l5(t) <2e(5) forallt [——K , ——=K ]
2,5 O ls WG 2 WG 2

1 1
orl —6rs0ls(t) <2e¢ S)forallte[——K,—K].
b5 0ls ( 4ﬁ24ﬁ2
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As we have [(1) € By, /2 (x0) C By, (0) forallz € [——=k2, —L-k>] and in Step 3
4277 427

we chose r1 > 0 to be small enough to apply Lemma 7, we get a universal constant

¢ > 0 such that

02,5(x) < 18¢(8) for all x € Bz, (x5)
orl — 6 5(x) < 18¢(8) forall x € Bz, (xs). a7

Recall |xg — x5] < cko. As aresult, the choice ¢ = min{%, é} < }1 ensures that
estimate (77) holds on B, (xg) for k = cky. In the limit § — 0 this gives 6>(x) = 0
for almost all x € By (xp) or 62(x) = 1 for almost all x € B, (xo). By Lemma 4
and the decomposition (24) we see that 6 = 0 or 8 = 1 on B (xp) N R. As the
inclusions (72) hold for x < « this concludes Step 9.

Step 10: The universal radius r =% satisfies that for all v € Ny U N3, the
intervals I, = (ay, by) of Step 8 with a,, < 0 and b,y > 0 satisfy a, < —ry and
by, > 12, which allows us to conclude the proof by Corollary 1 and Step 2.

Towards a contradiction we assume that there exists v € Ny U N3 such that
a, > —rp or b, < rp. For the sake of concreteness we assume that

bi=by = min {—ay by} €[0,r2), (78)
2 veN,UN3

so that the combinatorics here match those of the previous step. All other cases
work the same.

Let R:=H(b, v2+) NP.Fort € Rleti(r) ::b\12+ +2tEy. Let J:=1"Y(RN
B, (0)) and note that J is an interval with O € J due to Equation (78). By Step 9,
decomposition (24) and Lemma 4 we have

0 0l(r) = 0 for almost all 7 € J

or6 ol(r) = 1 for almostall 7 € J.

At the beginning of Step 3 we chose r such that we can apply Lemma 7 on B, (0).
Therefore, we get 6, = 0 or 6, = 1 on the convex polyhedron

0:= ﬂ {xeR3:v.xzv-i(t)forsometef} C B (0);
vEN1UN3

see Fig. 15b for a sketch relating P and Q in three dimensions.

Let A:={0; = 0,0 < 6,63 < 1}. By definition (53) and (u, 0) € %9, the
point 0 € A C A is a point of density one of A and, therefore, also of A. In order
to arrive at a contradiction, we only have to prove 0 € Q, as all points in Q have
positive density and Q C B (0)\1& by virtue of 6 = 0 or 6y = 1 on Q.

Step 11: Prove 0 € Q.

In the case b = 0 we have 0 € R, which trivially gives 0 € I(J) c 0.
Therefore, we only consider the case b > 0 in the following.

As aresult of b < rp = 2 we obtain f(—%b) = %(ITI) € B, (0). Further-
more, by 0 < b = minyen,un;{—av, by} we have
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b> - —=(110) =0 < by,

Therefore, for all ¢ > 0 sufficiently small, we have [ (—%b) —¢E| € P, which

=

implies i(—%b) € R. Thus we have —%b € J. Computation gives f(— 1p)- v] =
0:0~1)I|r andl~(—%b)~v§|r :0:0-\);'.Forv = vr and v = v3 this proves

0e {xeR3:v-x:v~i(t)f0rsomete]].

Similarly, we have [(1b) = %(111) € By, (0). We also get [(3b) € R by the
computations

-1
a+ <l <—b> . —(101) =b=0>b v
2 2 \/_
e 1 -
a,- < l (Eb) —(101)=0<b
-1
av%{— <l<§

sothatwehawe%7 € J.DuetolN(%b)mf =0=0-v/ andi(%b)-v; =0=0-vy,
we getO € {xeR¥:v.x=1v.1(t) forsomes € J} forv = v and v = v},
which finally ensures 0 € Q. O

Proof of Lemma 8. The fact that f5(x) = fBa ) f(y)dy for x € U is continuous
follows from the observation that f; is the convolution of an extension of f with

the kernel 7=z (O)I X Bs(0)- Let U cC U be open. Let x € U and § > 0 small enough
to have Bs (x) C U. We then have that

dist(fs(x), K) = inf | fs(x) — f|
fek

—f itiae - fldy=f 1A - FOIdy >0
B, Bs(x)

5(x) feK

where the convergence in § — 0 is uniform in U by definition of VM O. O
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4.6. Classification of Planar Configurations

Proof of Lemma 9. As the configuration is planar, there exist d € & and, fori =
1,2,3and v; € N; withv; -d = 0, functions fv‘. € L*°(—1, 1) and affine functions
g R3 - R with 9, gi = 0 such that for almost all x € Bj (0) we have the
decomposition

01(x) = fo, (x - 12) — frn (x - v3) + &1 (%),
02(x) = — fo, (x - V1) fog (x - v3) + G2(x),
03(x) = fo, (x - V1) — fo, (x - 12) + &3(x). (79)

Without loss of generality, we may assume that fvl is affine.

Because v, and v3 span the space {x € R3:x.-d= 0} and we have d;g; = 0,
there exist a,,, a,;, ¢ € R such that for all x € R3 we have g1(x) = ay,x - vy +
ay;x 3 +c. Fort € (—1,1) and x € B; (0) we define f,,, fi,, € L°°(—1, 1) and
g : B; (0) — R affine via

Fir(8):= fo, (1) + anyt +c — 1,
S (@) = fw(t) — ayl,
g(x):=2(x) — fu, (x - V1) + apyx - v3

and note d;8(x) = d782(x) = 0 for all x € By (0). We thus for all x € By (0) get
by the decomposition (79) and the assumption 6 € JZ a.e., (see also (12)) that

g(X) + 8300 + fu,(x - v) Fapx v e —1=g1(x)+ &)+ &) —1
=01(x) +6(x) +603(x)—1
=0,

so that in turn the decomposition (79) for almost all x € By (0) simplifies to

01(x) = fvz(-x SVp) — fv3(x “v3) + 1,
02(x) = fu;(x - v3) + g(x),
03(x) = — fu,(x - v2) — g(x). (80)

LetO <rm <r < 61—4 be the two universal radii of Proposition 1. If we have
Svas frs € VM O(—rp, r2), then Proposition 2 implies that e(u) is a two-variant
configuration on B, (0) for some universal constant » € (0, r2). Therefore, it is
sufficient to consider the case f,, &€ VMO(—r,r2), the remaining one being
similar. Then Proposition 1 tells us that there exist « € [—ry, 2], b € (0, 1)
and B C H(a, v2) N By3(0) with 5#%(B N B,,(0)) > 0 such that #>-almost
everywhere on H (o, v2) N Byg(0) we have

021 H (o, v2)nBy50) = bxB- (81)
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As vy and v3 span {x € R? : x - d = 0}, we can find two affine functions
22,83 : R — R with g,(a) = 0 so that for all x € By (0) we have g(x) =
82(x - 12) + &3(x - v3). Thus for #?-almost all x € H(a, v2) N By 5 (0) we have

foa(x - v3) + 83(x - v3) = 62(x) = bxp(x). (82)

Exploiting (11) and 5 € (0, 64) we get that for all 7 € (—1¢ 6, i 6) there exists x
H(a, v2) N Byg (0) with X - v3 = t. Consequently, there ex1sts aset B C (——6 %)
with |B N (—r1, r1)| > 0 such that for almost all r € (— 16’ 16) we have

Jos (1) + 83(1) = by (D). (83)

Similarly, forall x € Bj16(0) thereexists X € H(a, v12)NB1g (0) withx-v3 = x-v3
and we almost everywhere get from (83) that

O2(x) = fi;(x - v3) + g(x)
= fi, (X -v3) + &2(x - 12) + g3(X - v3)
=bxg(x -v3) + ga(x - v2). (84)

Case 1: We have |1§ N (—31—2, 31—2)| < %

Again by (11), for every ¢t € (—31—2, 31—2) we can choose x € Bj;16(0) with
x-v3 € B°N (—3%, 3i2) and x - vy = ¢, so that (84) implies g,(¢) > 0. Thus it
is an affine function which achieves a local minimum at g, («) = 0, which in turn
makes sure that g&o = 0 on R. Consequently, for almost all x € Bj,16(0), we get
02(x) = by (x - v3), so that together with the identity (83) the decomposition (80)
becomes

01(x) = fr,(x -v2) —bxg(x-v3) + 1+ g3(x - v3),
Oh(x) =bxp(x - v3),
03(x) = — fu,(x - v2) — g3(x - v3). (85)

As we have |[B N (—ry, r1)| > 0 and the assumption 6 € ~%f}/a.e. on B (0), see
also (12), we have for almost all x € By,16(0) with x - v3 € B that

01(x) =1 —b, 03(x) = 0o0r0;(x) =0, O3(x) = | —b. (86)

Looking at all x € By,16 (0) for which in addition x - v2 € (—31—2, 31—2) is a Lebesgue
point of f,,, this implies that there exists ¢ € R such that g3 = ¢. In a second step,
considering all x € Bi,16(0) such that x - v3 € BN (=ri,r1) C (—é, 61—4), the
alternative (86) and the third line of (85) imply that there exists a measurable set
A C (—35, 35) With — 1, () = ¢ = (1= b) xa(s) forall s € (—35, 55). Hence the
decomposition (85) can for almost all x € By,32(0) be written as

O1(x) = —(1 =D)xa(x - v2) = byz(x-v3) + 1,

Or(x) = by p(x - v3),
03(x) = (1 = b)xa(x -v2),
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meaning the configuration is a planar checkerboard on By ,32(0) according to Def-
inition 5.

Case 2: We have |1§ N (—%, 31—2)| = %

In this case, (84) gives that f, is affine on (—%, %) and that there exist
a,b € R such that for almost all x € B1/32(0) we have 6>(x) = a(x - vp) + b.
Therefore, if we have [{x € B1;32(0) : 62(x) = 0}| > 0, then 6, = 0 on By;32(0).
By Corollary 1, the strain e(u) then is a two-variant configuration on By,32(0). In
the following, we may thus assume 65 (x) > 0 for all x € Bj;32(0). Due to the
assumption 6 € 1’7 we may furthermore also assume

16, 1(0) N Bi/32| > 0and |65 ' (0) N Bij32| > 0 (87)

as otherwise e(u) is also a two-variant configuration on B1 /32 (0) by virtue of Corol-
lary 1.

By (87), since f,, is affine on (—3i2, 3%) and constitutes the only x - v3-
dependence of 0 in the decomposition (80), there exists ¢ € R suchthat f,,(¢) = ¢
forall t € (—%, %). Similarly, we see that 63 only depends on x - v for x €
B1/32(0). Therefore, there exist two functions A1, A3 : (—3%, %) — R such that
(80) for almost all x € By/3 (0) simplifies to

01(x) = hi(x - v2),
0r(x) = ax - va + b,
03(x) = h3(x - v2).

For almost all x € Bj32(0), by the facts 62(x) > 0, 0; (x)@z(x)93(x) = 0 and
01(x) +02(x) +03(x) =1 resultlng from the assumption 0(x) € Jf/ we get that
there exists a measurable set A C (— 32 32) such that

01(x) = (1 —ax - vy —b)xz.
0>(x) = ax - va + b,
03(x) = (1 —ax - v2 — b) xze-

Consequently, e(u) is a planar second-order laminate on Bj,32(0) according to
Definition 4.
Finally, the lemma follows due to r 31—2 O

Proof of Proposition 3. Step 1: Rewrite the problem in a two-dimensional domain
and bring the decomposition (14) into an appropriate form.

We will show that we may take » := % Using the specific form of the normals
v;, see Section 2.2, we can find orientations v; = +v; fori = 1, 2, 3 which satisfy
V1 + vy + V3 = 0. Furthermore, the strain e(u) and the affine function g only depend
on directions in V := span(Vy, v, v3). Thus we can rotate the domain of definition
such that V = R? and treat e(«), 6 and g as functions defined on BIZ(O) Cc R%. In
the following we will abuse the notation by writing v; for the images of v; under
this rotation.
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It is straightforward to see that the angle between v; and v; 1 for cylical indices
i = 1,2,3 is given by 120°, and hence the two vectors are linearly independent.
Similarly to (11), we therefore have for all x € R2,7>0andi = 1,2, 3 that

|x-v| <7and|x-v| <rFimply |x| < 2r. (88)

Additionally, for all 7, j € {1,2,3} with i # j there exist functions f; ; €
L°°(—1, 1) such that for cyclical indices k = 1, 2,3 the sum fiy1.4 + fi—1k
coincides almost everywhere with an affine function and such that for almost all
x €B 12 (0) we can rewrite the decomposition (14) as

O01(x) = fia(x - v2) + f13(x-v3),
02(x) = fo1(x - v1) + f23(x-v3),
03(x) = f3,1(x - v1) + f32(x - v2). (89)

The assumption that for all i = 1, 2, 3 the functions f,, are not affine on (—r, r)
then translates into f; ; also not being affine on (—%, %) forall i, j € {1,2,3}

with i # j due to the choice r = %.

Step 2: If k € {1,2,3} is such that ‘0,(_1(0) N 312/2(0)‘ > 0, then we can
additionally assume fi x+1, fi.x—1 € L°(—1,1) to satisfy fix+1(), fik—1(t) >
0 for almost all t € (—%, %), and fi k+1(x - Vkx1) = frk—1(x - ve—1) = 0 for
almost all x € 6;'(0) N B, (0).

Let k € {1, 2, 3} be as in the claim. As a result of (88), we have for almost all
x €6, (0) N B2, (0) that

0= frar1(xveg1) + fir—1(x - ve1)

> ess inf(,%’%)fk,k+l + ess inf(i%’%)fk,k_l
> essinfy g2 ) ikt 1 (V- Vit 1) + fi k=1 (y - vie—1)

> 0.

Since the decomposition (89) is invariant under adding a constant to f x+1 and
subtracting it from fj x—1, the claim then follows by arranging for

ess inf(fl 1)fk,k+1 =ess inf(fly%)fk,k_l =0.

(S]]
[S]

Step 3: For all k = 1, 2, 3 there exist measurable sets J, C (—%, %) such that
we have

(6 @ (3! G N (90))) N B =0 ©90)
and
(77 @0 Nzt 0 N @) N B O =0,

(=" P Ny ) N D) N BELO) =0, ©1)
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Letk € {1,2,3).1F |6 0) N B, (0)] > 0 we set

- 11
Legsr:= (fexs1)” (0N (_5’ 5) ,

1 11
Ii—1:= (fix=1) ON[==,2). 92)
2°2
Otherwise we set Ii k41 := Ix k—1 :=¥. In any case, by Step 2 we have

‘(QEI(O)A (JTk_Jrll (Ik,k+1) N nk_JI (Ik,k—l))) N B]2/2(0)‘ =0. (93)

Claim 3.1: For all k = 1,2, 3 we have |I 1k N Ir—1x| = 0.
Letk € {1,2,3).If |6, (0) N BZ,(0)| = 0 or 6, (0) N BY,(0)| = 0 then
there is nothing to prove. Otherwise we assume towards a contradiction that

| L1k N L1k | > 0.
In that case, the affine function fy1 x+ fk—1,x vanishes on a set of positive measure.

Consequently, we see fiy+1k = — fk—1.k. Since both functions are non-negative

on (—%, %) by Step 2 we get fi+1.x = fk—1.k = 0 on (—%, %). However, this

contradicts our assumption that they are non-affine on (—11—6, %), which proves

Claim 3.1.
As a result of the equality (93) and Claim 3.1 we forall k = 1, 2, 3 get

‘(91:] O\ (”1;11 (Tkr) N (Ikc+1,k—1))) N 312/2(0)) =0,
which in terms of
Jir=li_yifori=1,2,3 (94)
reads

(67 O\ (7l Ges N () ) N B, =0 95)

Together with the assumption 6 € A almost everywhere on Blz/2 (0) in the form
of 016,03 = 0 we therefore get

Bi,ON | U 7 G Ny () || =0, (96)
k=1,2,3

so that some straightforward combinatorics ensure the two equailities (91) by virtue
of
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312/2(0)\ U ”k_+11 (Je+) N ”1:1 (ch—l)
k=1,2,3

= Bl,(0)N ﬂ 7 o | U ﬂ N9
k=1,2,3 k=1,2,3

In order to get the identity (90) we by the equality (95) are only left with for all
k =1,2,3 estimating

(it G Ny (72.)) V6 ©) 0B (0)
= (il Gren Nt (42.0)) 65, ) 0 B O)
+ ‘((nk_-i-ll (Je+1) 0 ”k_—ll (Jlf—l)) N 91:—11 (0)) N 312/2(0)) ,

where we again used 616,63 = 0 almost everywhere on B i (0) Together with (95)

and the fact that for all i = 1, 2, 3 the sets 7, +1 (JigD) N (ch |) are pairwise
disjoint by definition, we thus obtain the equality (90).

Step 4: The conclusion of the proposition holds.

We now make sure that we can apply Lemma 10. Unless we are dealing with a
two-variant configuration on B ]2/16(0), by 616,03 = 0 almost everywhere and the
identity (90) there exists 7, j € {1, 2, 3} withi # j such that

‘( i Uik N, (JC 1)) n Bl/lG(O)‘ > 0,
(s ey i (450)) 0 BT )] > 0

By relabeling, we may suppose i = 3 and j = 1. Consequently, we get

1 1 1 1
Jlﬂ(_ﬁ’ﬁ)‘>o’ ‘( G 16)\"2

1 1 1 1
20 (‘R’ E)\ =0 \(‘E’ %) Vs

which, in particular, implies 0 < |J2 N ( 16’ 16) < %. As a result of (94) and
(92) we have for almost all # € J; that f3 1(¢) = 0, so that the assumption of f3.1
not being affine on (—%, 116) implies 0 < |J; N (— 16, 16)| < —. After arescaling,
Lemma 10 implies that there exists a point xg € B? i73(0) such that we have either

1 11
’(JkA <_§’x0 . vk)) N <—§, §>’ =O0forallk=1,2,3
1 11
JieA | xo - v, = N{——=,=)|=0forallk =1,2,3.
8 8§ 8

> 0,

7
> 0,

or
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Tracing back the definitions using (94) and (92), we see that forall k = 1,2, 3
we have f;_1 x = 0 almost everywhere on Ji. From (90), (93) and (94) we get for
allk =1, 2, 3 that

(s (U0) AT (k) ) Ny G 0 B =0,

Therefore, Fubini’ s theorem together with (97) and (92) implies f3,
everywhere on ( 8 8) \12 and f1,3 = 0 almost everywhere on (

/1,3 1s not affine on ( 16, 16) by assumption we get that |J3 N ( % %) | > 0,
which in turn implies f7 ; = 0 almost everywhere on ( 3 8) \J1. As a result we
can rewrite the decomposition (89) of 6 for almost all x € 312/8 (0) to be

O1(x) = fia(x - v2)xye(x - v2) + f1.3(x - v3) x5 (x - v3),
02(x) = fa,1(x - vi)xs (x - v) + f23(x - v3)x e (x - v3),
03(x) = fa(x - v)xye(x - v1) + f32(x - v2) x5 (x - v2). (98)

The condition that the function fi41x + fk—1.x is affine for all k = 1,2,3
implies that there exist ai, by € R such that for almost all ¢ € (—%, %) we have

(fkfl,kX]kC + fk+1,kXJk) (t) = axt + by.

Due to the assumption 22: 1 Ok = 1, see also (12), summing the equations in the
decomposition (98) gives for all x € 312/8(0) that

3

Zakx v+ b =1.
k=1

Comparing the coefficients of both polynomials, we see that

3 3
Zbk =1, Zak\}k =0.
k=1 k=1

Subtracting aj (vi + v2 4+ v3) = 0 from the second equation and remembering from
Step 1 that v, and v3 are linearly independent, we see that a :=a; = a> = a3. The
decomposition (98) thus for almost all x € 312/8 (0) turns into

01(x) = (ax - va + b2) x e (x - v2) + (ax - v3 + b3) x5 (x - 13),
02(x) = (ax - vi + b)) xg (x - vi) + (ax - v3 + b3) x o (x - 13),
03(x) = (ax - vi +b1)xye(x - vi) + (ax - v2 + b2) s, (x - 12),

withY3_ by =1. O
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| f X | ﬁ X,
0 I I I I d > 0 L I I I I

[ T 1 [T T UL

-4  P1 P20 4 —4 0 9 92 4
Fig. 24. Graphs of yx, (left) and x j, (right) in the case that J; and J; are intervals such that
one of them has an endpoint at —4 and the other one at 4. In this case we choose p1, p and
q1, q2 on opposite sides of the respective other endpoint

XV

Proof of Lemma 10. Claim I1: There exist ay, ay € (—4, 4) such that we have either
(1A (=4,a1) N (=4, 4)| =0and [(LA (4, a2)) N (=4, 4] =0
or
|(J1A (a1, 4) N (=4, 4| =0 and [(2A (a2,4) N (-4, 4] = 0.

Towards a contradiction we assume the negation of Claim 1.
Step 1.1: Up to symmetries of the problem, find Lebesgue points —4 < p; <
D2 <4of xj and —4 < q1 < q2 < 4 of xy, such that

x5 (P1) = x5 (q2) = 1 and xy, (p2) = x5,(q1) =0.

We first demonstrate that if the negation of Claim 1 holds, then we can find Lebesgue
points —4 < p; < p2» <4 of x;, and —4 < g1 < g2 < 4 of x, such that

xn(p1) # x5 (p2),
X1 (q1) # xn(q2),
xn(p1) # xn(q1),
X5 (p2) # xn(q2).

If there exist ap, ap € (—4, 4) such that
[(J1A (=4,a1)) N (=4, 4)| =0and [(L2A (a2, 4) N (—4,4)]| =0,

then one may take, for § > 0 small enough, Lebesgue points p; € (a1 — 8, ay),
p2 € (ai1,ar + 8) of xy, and Lebesgue points g1 € (az — 8,az) and g2 €
(a2, a2 + 8) of x;,, see Fig. 24. The case [(J1A (a;,4)) N (—4,4)] = 0 and
[(JLA (=4, ar)) N (—4,4)] = 0 works the same.

By the assumption (26) we have neither |J1 N (—4,4)| = Onor |(—4,4) \J1| =
0. Thus, if there exists no a; € (—4, 4) such that

|(J1A (=4, a) N (=4, D[ =0or [(J1A (a2,4)) N (=4, 4)] =0, 99)

then there exist three Lebesgue points —4 < p; < p2 < p3 < 4 of xy, such that
XJ1(P1) # x4, (P2) # x4, (p3), see Fig. 25. Since also J; has neither full nor zero
measure in (—4, 4) by (26), there exist Lebesgue points —4 < g1 < g2 < 4 of x,

with x,(q1) # x1,(q2). Inthe case x,(q1) # x5, (p1), set p1:= p1 and p; := pa.
Otherwise set p1 := p> and p> := p3.
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XJI xJZ
O ‘ ; " " " . \ 0 L " " L

} — — T t | B
_ _ _ XV %
4 p1 P2 0 p3 47770y 0 a1 g 4*%

Fig. 25. Graphs of yxj, (left) and y , (right) in the case that J; is not an interval with one
endpoint at —4 or 4. In this specific instance we choose p1 = pp and py 1= p3

le< le> ?Cjz< X12>
1f - "L 1 S
0 =—F—> 0 —X— N
s1—06 5| s1+06 XV s5o—8 55 sH+6 XV

Fig. 26. The sets J;~ and J;~ (both left), and J5= and J5~ (both right) locally split up J1 and
Jo. The graphs of their characteristic functions are shown in black

If similarly there exists no ay € (—4, 4) such that the analogue of (99) holds
for J», the same reasoning applies.

Furthermore, we may assume x j, (p1) = 1 because the statement of the lemma
is clearly invariant under replacing all sets by their complements. The above col-
lection of unordered inequalities then turns into x;, (p1) = x5(g2) = 1 and
x5 (p2) = x5(q1) =0.

Step 1.2: Find § > 0 and s1, 52 € (—4 + 6,4 — 8) such that for

JT =T N (s1 =8, 51), J7=J1 0 (s1, 81 +8),
Jy =D N(s2— 8, 82), Jy =0 N (52,82 4+ 8),
we have
[J5] > [J7 | and |5 | > |J5°],
see Fig. 26.

By Step 1.1, there exists 8 > 0 such that we have pi £ 35, gi £ 35 e (—4,4)
foralli = 1,2 and
1’1+5 QZ+5 3
][ _ XA dt,][ o Xn dr > Zv
p1—34 q—9

pa+8 a1+8 1
][ _ ledl‘,][ B ijdl‘<—.
p2—36 q1—98 4

Since the map s +— f;j; xJ; dt with s € [p1, p2] is continuous, there exists

S+(§ ]
§1:= max p1§s§p2:][ xndt=—1¢.
5—38 2

Let sy :=5; + § and & :=25. Then we have s1 € (—4+4,4—06)and

)
[J1 N (sp —6,s)| = 5> [J1 N (51,81 +0)],
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which with the notation J= = J1 N (s; — &, s1) and J” = Jy N (s1, 51 + ) reads
|-]1<| > |J1>|,

Using the same reasoning we can find s € (=4 + §,4 — 6) such that for J;° =
N (s2 —8,50) and J5~ = Jp N (s2, 520 + &) we get

15| > 5]

Step 1.3: Derive the contradiction.

In Fig. 16b, which illustrates the strategy of the argument, 77~ Yy DnNmy, ! )
is the darker set, while 77, ((s1, 51 +8)\J7) N7y (52 — 8, 52)\J[°) is the lighter
one. Let

D ;=nf1(s1 —4,51) 07'[271(&, 52 +9),
Ds :=7T1_1(S1, s1+6) ﬂn{l(sz — 4, 82),

and note that by s1, 5o € (—4,4) and the still valid fact (88), we have D, D> C
BZ(0). Let

Al= {seR:/ Xa= (- vD) Xz (x - v2) A (x) >0} (100)
{x-v3=s}
and
Ay = {s eR: /{ }X(sl,s1+a)\11> (X VD X(53-8,5)\J5 (X - 1) ! (x) > 0} .
X V3=§

By Lemma 11 we have
|AL] >[I+ 7]
and
|Aa] > [[s1, 51+ 8N\J7 | + |Is2 = 8, 521\J5 | =28 — |J7| = I |.

Summing these two inequalities and using the strict inequalities of Step 1.2 we see
that

ALl +1A2| = 28 4 [JT| = I+ 1J5 | = [y | > 28 = |m3(Dy)|.
As we also have A; C m3(D1) and Ay C mw3(D;y) by Lemma 11, the observation
w3(D1) = (—s1 —s2—8, —s1 —s2+8) = m3(D»), resulting from v; + vy +v3 = 0,

implies

|A; N Azl > 0. (101)
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By Fubini’s theorem and assumption (25), we have

/ / X (VD)X (- 12) X2 o) (0) A (x) ds
A1NJ3 J{x-v3=s}
= ‘7[1_1(]1) Ny '(h) Ny (A1 N J3) N BE(0)

=0. (102)

As aresult of ]Tl_l(.]1<) N 712_1(]2>) c Dy C 382(0) we have, for almost all s € R,
/ X (VD) (6 - v2) X2 o) () 4! ()
{x-v3=s}
> / Xz (v s (x- v2) ! (x),
{x-v3=s}

so that the inner integral on the left-hand side of (102) is positive on Aj, see
definition (100). Consequently, we must have |A; N J3| = 0, and we similarly also
get |A; N J§| = 0. However, together with (101), this would imply

0<|A]ﬁA2|=|A]ﬂAzﬂJ3|+|A1ﬂA2ﬁJ3C|=O,

which clearly is a contradiction and allows us to conclude the proof of Claim 1.
Claim 2: There exists x € 822 (0) with xo-vi = a1 and xo-v2 = a. Depending
on the “orientation” of Ji and J we either have

I(J3A(=2,x0-13)) N (=2,2)[ =0or [(J3A(x0 - v3,2)) N (=2,2)| =0.

Here, Fig. 16a offers an illustration of the argument. Assumption (26) together with
Claim 1 gives aj, ay € (—1, 1). Again using the fact that v; and v, form a 120°
angle in the form of (88), there thus exists xo € B22(0) with xo - vi = a; and
X0 - V2 = ap. This ensures that J; and J, have the form advertised in the statement
of the lemma.

Let us assume we are in the case

[(J1A(=4, x0 - v1)) N (=4, 4)| = 0and |(J2A(=4, x0 - v2)) N (=4,4)| =0,

the other case being similar. By (88) we have 711_1 (—4, x0-v1) ﬂnz_l (=4, x0-1p) C
382 (0), so that using (25) we as before get

/ / X(—doxgon) (X - VD X(—doxgovy) (x - v2) A1 (x) ds
J3 J{x-v3=s}

= / / X(=4,x001) (X = VD X (=4,x002) (X - V2) X g2 0) () d (x) ds
J3 J{x-3=s}

= |7 o0 Nzt O Nt 0 0 BEO)
o, (103)
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Recall that xg - v3 < 2. Fors € (x¢ - v3,2) let o > Osuch thats — xg-v3 > o
and —4 < xg-v; —o. Then forall t € (xg - v — 0, xp - v1) and x € R? with
x -vy =t and x - v3 = 5 we have by xp - v; < 1 that

X-m=—t—s€(—xg-vi—2,—X0 Vi +0 —5)
C (=4, —x0 - v — X0 - v3)
= (=4, x0 - v2).

Thus we see, for almost all s € (xg - v3, 2), that
/ X(—4 3000 (X * V1) X (=4, xg0) (X - 12) A7 (x) > 0,
{x-v3=s}

which, together with (103), gives [J3N (xg - v3, 2)| = 0. A similar argument ensures
|J3C N(—2,x0-13)|=0. O

Proof of Lemma 11. The measurability of
AZ{SERI/ le(x'vl)sz(x-vz)dt%”l(x)>O}
{x-v3=s}

is a consequence of Fubini’s theorem. For all x € RZ and i = 1,2, 3 we recall
;i (x) = x - v;, so that the statement A C n3(nf1(J1) N n;l(Jz)) immediately
follows from the definitions. By monotonicity of the Lebesgue and 72! measures
it is sufficient to prove the statement for bounded J; and J;.

Step 1: If t1 is a point of density one of Jy and t> is point of density one of Ja,
then —t1 — tp is a point of density one of A.

For convenience, we may assume t; = f, = 0. Let ¢ > 0 and let
D, ::nfl(—a, e) N n{l(—s, g). As for A, B C R, sets of the form nfl(A) N
Ty '(B) are product sets in some transformed coordinates, we can compute

1 — — |7, ' (J) Ny () N D
| De|

1
| De|

(1Del = |7 @ s 2 N D,

)

(n;‘ I8N Dg) U (@1(120) N Dg)

| De|

AN

1
= (elJf N (=&, )|+ ¢lJ5 N (=&, 8)])

1 Cc C
Z(U‘ N (=&, &)+ [Jy N (=&, &)]).
As 0 is a point of density one for J; and J,, we obtain that

. 1
Iim 1 —

—1 -1
N N D¢| = 0. 104
lim |Dg||n1 (J1) Ny " (J2) N Dyl (104)
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EV]

(a) (b)

Fig. 27. a Sketch of D, = rrl_l(—s, e) N 712_1(—5, ¢). b A significant part of the dashed
line/:={x - vy = s} fors € (—ce, ce) intersects D¢

By scaling arguments there exist 0 < ¢ < 1 and n > 0 such that forall ¢ > 0
and all s € (—ce, ce) we have

/ X0, (1) A (x) = ne; (105)
{x-v3=s}
see Fig. 27. Let ¢ > 0 and

S = {s € (—ce,ce) : X5 (x - vD)xn(x- vz)djfl(x) = 0} ,

{x-v3=s}

so that (105), together with Fubini’s theorem, implies ‘713_ 1(Sg) N D,
By the definition of S; we furthermore for almost all s € S; have

> ne|Sel.

/ XIO(—e.e) (X - VD XHn(—e.e) (X - v2) dA (x) = 0.
{x-v3=s}
Therefore, another application of Fubini’s theorem gives
77 S0 N G Ny () N D =0,
and consequently we have
() Ny ' (12) N De| < |De| = el el

By algebraic manipulation of this inequality we see that

el (B AlALESIVALYN)
2ce ~ 2ncs? ! 2
I B
S1— —|n ' () Ny () N Dyl
D, |

As the right-hand side of this inequality vanishes in the limit ¢ — 0 due to (104),
we see that 0 is a point of density one for A by definition of S,.
Step 2: We have |A| > |J1| + |J2].
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Vi

V3 V2 \
Aj i

Fig. 28. Sketch of nfl Jpn n{l (J2) with the corner p € R2 satistying p - vi = inf Jy)

and p - vy = sup Jp. Lines parallel to / := {x - v3 = p - v3} intersecting nl_l(.ll) n nz_l(.lz)
are sorted into A if they lie on the left of / or into A, otherwise

The geometric situation in the following argument can be found in Fig. 28. For
i =1,21letJ; C J; be the points of density one contained in the respective sets.
By Lebesgue point theory we have |J;| = |J;| for i = 1,2. Let t; := inf J; and
12 := sup J. Since both sets are non-empty and bounded, we have foralli = 1,2
that r; € R. Letn e N. Lett, € J1 withO <#, —1 < ; andlett , € J2 with

0<th—h,< L et

n
1
Al =AN|—-00,—t1 ———tn
n

1
Arpi=AN (—1‘1,” —th+ —, OO) .
n

and

Adding the conditions of closeness for t , and 12 ,, we see that

2
Hhn—tih+Hh—t,<-—,
n

which in turn implies
1 1
N —ly— - <—lix—hH+-—.
n n
Thus A; , and A5 , are disjoint and we have

|Al = [A1 ] + [A2nl. (106)

As 1y, 1s a point of density one of J>, we know by Step 1 that there exists a set
A1, C R of measure zero such that the set

. 1 .
(—tz,n - Jl) N (—OO, —1 — i fz,n> CAnUA,,

consists of points of density one for A. We thus know that |[Ay | > | J1 N(t +1 00)|.

n’
Similarly we obtain [A ,| > |12 N(—oo, ) — Z)|' Combining both inequalities
with inequality (106), we see that
- 1
JHN <—C>O,t2 — —)‘
n

~ 1
Jlﬂ<ll+—,00>‘+
n

|A] =
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In the limit n — 00, we obtain

|A| > |J1] + || = | /1] + | 2.
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A Appendix

Here, we present two technical lemmas needed in the main argument. Their
proofs immediately follow their statement. The first provides a replacement of
Lebesgue point theory in situations where the centers of the balls are allowed to
slightly shift as one averages over smaller and smaller balls.

Lemma 12. Let f € LP(R") for some dimension n € Nand 1 < p < oo. For
T >0andy,z € R" we have

lim /][ |f(x+z+71y)— f(x)|Pdydx =0.
" J By (0)

7,]z]—0

Proof. Density of continuous functions with compact support in L? implies
lim [ f(x+h)— f(x)|Pdx =0.
Ih1—0 Jpn

For z €e R" and y € Bj (0) setting h = z + ty we thus get

lim |[fx+z+71y)— f(0)Pdx =0
lzl, =0 JRn
uniformly in y. After integration in y we obtain the claim

lim /][ |f(x+z+1y) — f(x)|Pdydx = 0.
" J By (0)

7,|z]—0
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We furthermore need to prove that for any almost affine function in the sense
described below we can find an affine function that is sufficiently close in the L°°-
topology. This is closely related to the so-called Hyers-Ulam-Rassias stability of
additive functions, on which there is a large body of literature determining rates
for the closeness to linear functions, see e.g. JUNG [23]. As such, the following
statement may well be already present in the literature. However, as far as we can
see, the corresponding community seems to be mostly concerned with the whole
space case, while we require a statement on bounded intervals.

Lemma 13. There exists a universal constant C > 0 with the following property:
Let G € L*(0, 1) and

£:=ess Supz,t+h,z+ﬁ,t+h+ﬁe(o,1)|G(l +h+h)—G@t+h) —G@t+h) +G@).
(107)

Then there exists an affine function G : R — R such that
~ 1 1
G — G”LOO(O,I) <C <||G||12400(0’1)82 +5) .

Proof. By alimiting argument, it is sufficient to prove that there exists a universal
constant C > 0 such that for all k € N there exists an affine function G with

- 1 1
G — GillLea/ki-1/0 = C (IIGIIzoo(OJ)SZ + 8) .

Convolving G and rescaling (%, 1— %) to (0, 1), we may assume G € c(o, 1).
Without loss of generality we may additionally assume G (0) = 0.

By induction, we can prove that for all n € N and x € R” with x; > 0 for all
i=1,...,nsuchthat )/ | x; <1 wehave

G (Xn:x,’) — i G(x,')
i=1

i=1

< ((n-—1e.

Indeed, the case n = 1 is trivial. By continuity, we can complete the induction by
choosingt =0, h = Zf’;ll x; and h = x, as competitors for (107) to get

n—1 n—1 n—1 n—1
G (z +xn) -5 G - G| < |6 (z) ~5 G
i=1 i=1 i=1 i=1

In particular, for all x € [0, 1] and all n € N such that nx € [0, 1] we have that

< + e.

|G (nx) —nG(x)| < (n—1)e, (108)

which implies

‘G (x) — %G(nx) <e. (109)
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For all |x| < 4 choosing n = | 1 | in this inequality gives

—1
KHMISLLJ G({le)w+8§2xwﬂbo+&
X X

where we used L%Jx > (% — 1)x =1—-x > % For all x,y € [0, 1] with

lx—y| < %we can therefore in (107) choose r = 0, 4 = min{x, y} andh = [x —y]
and get

IGx) =G = |G(x —yDI+& = 2lx = y[ Gl + 2e. (110)

Let k, m € N with k < m. Plugging x = L 7 = k into estimate (108) and x = L

E ’ m 9
n = m into estimate (109) gives

5 (5e) oo =fo () =26 () +pe () -
Gl=)-=cW|=<lg(=)=-kG(—=)|+kG[—) = =G| < @k — De < 2me.
m m m m m m
(111)
Additionally note that for all x € [0, 1] and all N € N we have
! INx]| < (112)
x — — |Nx —.
N - N

Collecting the inequalities (110), (111) and (112), we see for all N > 2 and all
x € [0, 1] that

|G(x) —xG(1)]
<|Gx)—G (% LNxJ)' + ‘G (% LNxJ) — % [Nx] G(l)‘ + ’% INx] —x||G()]
1 1
<2x - m [Nx]| IGllL=,1) +2(N + De + |x — m LNx]| 1G> 0,1)
< 2 l1Glo + 4Ne. (113)

If |Gl L (0,1) = 4 we may choose N € N with N > 2 such that

1 1 1 1
”G”IZ‘OC(OJ)E 2 <N< ||G||12‘oo(0’1)8 24+ 1,

for which (113) together with the choice G(x) :=xG(1) for x € [0, 1] gives
- 1 1
|6-6|_ <1616t +2 S 1GI1ReA.
o0

If instead we have |G|l =(0,1) < 4& we set G =0and trivially get HG — (N;H <
o
de. O
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