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Abstract

We rigorously derive pressureless Euler-type equations with nonlocal dissipa-
tive terms in velocity and aggregation equations with nonlocal velocity fields from
Newton-type particle descriptions of swarming models with alignment interactions.
Crucially, we make use of a discrete version of a modulated kinetic energy together
with the bounded Lipschitz distance for measures in order to control terms in its
time derivative due to the nonlocal interactions.

1. Introduction

In this work, we analyse the evolution of an indistinguishable N -point particle
system given by

)Ejl'zvi’ i:l,...,N, t>0,

N N
. 1 1
ENVi = —yvi — Vi V(xi) — I E ViW(xi —xj) + N E v xi —xj)(j —v)
=1 j=1

(1.1)

subject to the initial data
(xi, v)(0) =2 (x;(0), v;(0)), i=1,...,N. (1.2)

Here x; = x;(t) € R and v; = v;(r) € R9 denote the position and velocity of i-
particle at time 7, respectively. The coefficient y = Orepresents the strength of linear
damping in velocity, ey > 0 the strength of inertia, V : RY — R, and W : R¢ —
R stand for the confinement and interaction potentials, respectively. ¢ : RY — R,
is a communication weight function. Throughout this paper, we assume that W and
Y satisfy W(x) = W(—x) and ¥ (x) = ¥ (—x) for x € R4, They include basic
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particle models for collective behaviors, see [12,20,25,34,36,46,47,63] and the
references therein.

Our main goal is to derive the macroscopic collective models rigorously gov-
erning the evolution of the particle system (1.1) as the number of particles goes to
infinity. On one hand, we will derive hydrodynamic Euler-alignment models given
by

9p + Vy - (pu) =0,
0 (pu) + Vi - (pu @ u) = —ypu — pVyV — pVi W p

(1.3)
+p /Rd Yx —y)@y) —ulx)) p(y)dy

in the mean-field limit: when initial particles are close to a monokinetic distribution

P0(x)844(x)(v) in certain sense and ey = O(1) as N — o00. On the other hand, we

will show that the particle system can be described by aggregation equations of the

form

9 p + Vx - (pu) =0, (1.4)

where
ypu=—pVyV—pViWxp+p /Rd Yx —y)@(y) —ux)p(y)dy (1.5)

in the combined mean-field/small inertia limit when initial particles are close to
a monokinetic distribution p(x)d,,x)(v), ¥ > 0 and ey — 0 as N — oo. For
simplicity of notations when dealing with the mean-field limit, we will take ey = 1
in the sequel.

1.1. Mean-field limits: from particles to continuum

As the number of particles N tends to infinity, microscopic descriptions given
by the particle system (1.1) become more and more computationally unbearable.
Reducing the complexity of the system is of paramount importance in any practical
application. The classical multiscale strategy in kinetic modelling is to introduce
the number density function f = f(x, v, t) in phase space (x,v) € RY x R? at
time t € Ry and study the time evolution of that density function. Then at the
formal level, we can derive the following Vlasov-type equation from the particle
system (1.1) as N — oo:

Wf+v - Vaf —=Vy (Y + ViV VW pp) f) + Vy - (Fa(f) f) =0,
(1.6)

where py = py(x,1) is the local particle density and F,(f) = F,(f)(x,v,1)
represents a nonlocal velocity alignment force given by

prx,t) ::/ f(x,v,t)dv
R4
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and
Fo(f)(x,v,1) = // Y(x—y)(w—v)f(y,w,t)dydw,
R4 x R4

respectively. Let us briefly recall the reader the basic formalism leading to the
kinetic equation (1.6) as the limiting system of (1.1). We first define the empirical
measure 1% associated to a solution to the particle system (1.1), that is,

N
1
nl (x,v) = 5 > " 8001 (1)
i=1

As long as there exists a solution to (1.1), the empirical measure p satisfies (1.6)
in the sense of distributions. To be more specific, for any ¢ € C& R x RY), we get

d d1 &
Y = T ; .
d_t/_/Rded @(x,v) py (dxdv) = TN ;w(x,(z), i (1))
. (1.7)

N
=N D (Vi (1), vi(0)) - vi (6) + Vo (i (1), vi (1) - Ui (1)) .
i=1

Notice that the particle velocity can also be rewritten in terms of the empirical
measure 1 as

Ui(t) = —yvi — Vi V(x;) — // VW (x; — y) Y (dydw)
R4 x R4
+ ff (i — y)w — vp) e (dydw).
R4 xR

This implies that the right-hand side of (1.7) can also be written in terms of the
empirical measure " as

E// @(x,v) uf (dxdv) = // Vep(x, v) ul (dxdv)
dr J Jrd e 4 Rd
-/ vmx,v)-(vamxw [, wwe=sud (dydw)) i (drdv)
Rd xRd d Rd

+ /f Voo, v) - (// Y — 9w —v) u,”(dydw)) il (dxdv),
RY xR4 RI x R4

This concludes that u/v is a solution to (1.6) in the sense of distributions as
long as particle paths are well defined. In fact, if the interaction potential W and
the communication weight function v in the classical Cucker—Smale alignment
model are regular enough, for instance, bounded Lipschitz regularity, then the
global-in-time existence of measure-valued solutions can be obtained by estab-
lishing a weak-weak stability estimate for the empirical measure, see [46, Sec-
tion 5] for more details. The mean-field limit has attracted lots of attention in the
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last years in different settings depending on the regularity of the involved poten-
tials V, W and communication function . Different approaches to the deriva-
tion of the Vlasov-like kinetic equations with alignments/interaction terms or the
aggregation equations have been taken leading to a very lively interaction be-
tween different communities of researchers in analysis and probability. We refer to
[3,4,10,20,30,31,35,44,47,50,54-56,64,67] for the classical references and non-
Lipschitz regularity velocity fields in kinetic cases, to [48,49] for very related in-
compressible fluid problems, and to [7,9,16,17,37,43,45,51,52,61,63,65,66] for
results with more emphasis on the singular interaction kernels both at the kinetic
and the aggregation-diffusion equation cases.

1.2. Local balanced laws, the mono-kinetic ansatz, and the small inertia limit

The classical procedure in kinetic theory of deriving equations for the first 3
moments of the distribution function f leads to the standard problem of how to
close the moment system since the equation for the second moment will depend on
higher order moments. Suitable closure assumptions are not known so far even in
cases where noise/diffusion is added to the system. However, at the formal level, we
can take into account the mono-kinetic ansatz for f, as done in [18,21], leading to

f(x,U,t) :p(xvt)(su(x,l)(v)v (18)

where p and u are the macroscopic density and the mean velocity of particles, that
is, the first two moments of f in velocity variable

o= fdv and pu:= / vf dv.
R4 R4

It is standard to check that the strain tensor and heat flux become zero and the
moment system closes becoming the pressureless Euler equations with nonlocal
interaction forces (1.3):

qp+ Ve (ou) =0, (x,1)eRY xRy,

ou+u-Vyu=—yu—VyV —ViWxp+ /Rd Yx = y)@(y) —ux))p(y)dy,
(1.9)

and

Juf? Juf? 2
81‘T+M'Vx7 =—y|M| —M'VXV—M'VXW*,O

[ v = 9 (w60 1) = o) 00 dy
R4

on the support of p. The last equation coming from the closed equation on the evolu-
tion of the second moment is redundant but it gives a nice information about the total
energy of the system. Although the monokinetic assumption is not fully rigorously
justified and it does not have a direct physical motivation, it is observed by particle
simulations that the derived hydrodynamic system shares some qualitative behavior
with the particle system, see [12,18,20-22,33]. Note that (1.3) conserves only the
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total mass in time in this generality. However, the total free energy is dissipated due
to the linear damping and the velocity alignment force as pointed out in [19] for
weak solutions of this system. The hydrodynamic system (1.9) has a rich variety of
phenomena compared to the plain pressureless Euler system. This fact is due to the
competition between attraction/repulsion and alignment leading to sharp thresholds
for the global existence of strong solutions versus finite time blow-up and decay to
equilibrium, see [13-15,26,63,68]. We emphasize that the additional alignment,
linear damping and attraction/repulsion terms can promote the existence of global
solutions depending on the intial data. We will show that these hydrodynamical
solutions can be obtained directly from particle descriptions as long as they exist,
so their physical relevance is dictated by the time of existence of these solutions.

It is worth noticing as in [18] that the mono-kinetic ansatz for f is a measure-
valued solution of the kinetic equation (1.6). More precisely, one can show that
p(x, 1)8y(x,1(v) is a solution to the kinetic equation (1.6) in the sense of distri-
butions as long as (p, u)(x, t) is a strong solution to the hydrodynamic equations
(1.3). Indeed, for any ¢ € Cé (R x R?), we obtain

d
dr //Rded Px, V)P (X, 1) Su(x,ry (dv) dx

:i (p(x’u(xat))p(xvt)dxzj (p(xvu(-xat))atpdx
dt Jpd Rd

+ /Rd(vvgp)(x, u(x,t)) - (u)ypdx =: I + .

Using the continuity equation in (1.3), I; can be easily rewritten as

I :/ Ve (@(x, ux, 1)) - (pu) dx
R‘l

=// (Vx@)(x, v) - (PV)Syu(x.r)(dV) dx-ir/ (Vo) (x, u(x, 1)) - p(u - Vy)udx.
R4 xR4 Rd

By multiplying the velocity equation in (1.3) by p and using (V) (x, u(x, t)) as
a test function to the resulting equation yields
b= [ (Ve ) Guop ds
R
- /d(Vuw)(x, u(x, 1)) - (yu+ ViV + Ve Wxp)pdx
R

+ f/ (Vo) (x, ux, 1)) - (u(y) —u(x) ¥ (x — y)p(x)p(y) dxdy.
R4 x R4
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Then similarly as before, we can rewrite the second and third terms on the right
hand side of the equality by using the mono-kinetic ansatz (1.8). This implies

12 = _/ (Vv(p)(-xv M(.X, l)) : (8114),0 dx
R4

[ T 0 T VW ) ()
R4 xR

N
R4 x R4 x R4 x R4

(w—v)Y(x — y)p(x)au(x,y)(dv)p(y)au(y,t)(dw) dxdy.

Combining all of the above estimates yields

d
d*/f @ (x, v)p(x, 1)8y(x,n(dv) dx = // ((Vx@)(x, v) - v) 3y (x,r)(dv) dx
t JJRrdxRrd RY xRA

[ 50 04 TV VW ) b ()
X

T / / / / (Vo) (. v)
R4 xRd xR x R

(W = )Y (x = y)p(x)8u(x,y) (@V)p(¥)Bu(y.n (dw) dxdy.

This shows that p(x, )8,(x,r) (v) satisfies the kinetic equation (1.6) in the sense of
distributions.

Finally, we will be also dealing with the small inertia limit for both the kinetic
equation (1.6) and the hydrodynamic system (1.3) combined with the mean field
limit. In the small inertia asymptotic limit, we want to describe the behavior of the
scaled kinetic equation

@ f+v-Vef) = Vy - ((Yv+ ViV 4+ VW pp) f) + Vo - (Fa(f) ) =0,

(1.10)
and the scaled hydrodynamic system
0o+ Vy - (pu) =0,
€0 (pu) + Vy - (pu @ u)) = —ypu — pVyV — pViWx p (1.11)

+ p/Rd Yx —y)uy) —ukx)) p(y)dy,

in the limit of small inertia ¢ — 0. At the formal level, the equations (1.11) will
be replaced by (1.4)—(1.5) as ¢ — 0. The limiting nonlinearly coupled aggrega-
tion equations (1.4)—(1.5) have been recently studied in [39,40]. Several authors
have studied particular choices of interactions V, W and comunication functions
Y for some of the connecting asymptotic limits from the kinetic description (1.10)
with/without noise to the hydrodynamic system (1.11) in [8,11,42,57], from the
hydrodynamic system (1.11) to the aggregation equation (1.4)—(1.5) in [23,59,60],
and for the direct limit from the kinetic equation to the aggregation equation (1.4)—
(1.5) in [8,53].
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1.3. Purpose, mathematical tools and main novelties

Summarizing the main facts of the mean-field limit and the monokinetic ansatz
in Sections 1.1 and 1.2, both the empirical measure 11" () associated to the parti-
cle system (1.1) and the monokinetic solutions p (x, )8, (x,r) (v), with (o, u)(x, t)
satisfying the hydrodynamic equations (1.3) in the strong sense, are distributional
solutions of the same kinetic equation (1.6). In order to analyse the convergence
of the empirical measure u to p(x, 1)8u(x,1)(v), the goal is to establish a weak-
strong stability estimate where the strong role is played by the distributional solution
p(x, 1)8,(x,n (v) associated to the strong solution of the hydrodynamic system (1.3).
Our main goal is then to quantify the following convergence

(X, 0) > p(x, D8u(ey(v) as N — oo

in the sense of distributions for both the mean-field and the combined mean-
field/small inertia limit for well prepared initial data. Our main mathematical tools
are the use of a modulated kinetic energy combined with the bounded Lipschitz
distance in order to control terms between the discrete particle system and the
hydrodynamic quantities. Let us first introduce the modulated kinetic energy as

1
-// flv — ul*dxdv, (1.12)
2 J Jrdxwrd

where f is a solution of kinetic equation (1.6) and u is the velocity field as part of
the solution of the pressureless Euler equations (1.3). Modulated kinetic energies
were used in conjunction with relative potential energy terms for quasineutral limits
of Vlasov like equations [5,6,62] for instance. We would like to emphasize that
the quantity (1.12) gives a sharper estimate compared to the classical modulated
macroscopic energy. Indeed, the macro energy of the system (1.3) is given by

EWU) = @ with U := P , m = pu.
20 m
Thus its modulated energy, also often refereed to as relative energy, can be defined
as

EUs|U) := E(Uy) — E(QU) — DEU)(Uy —U) with U := (Zf;) , mp=pruy.

A straightforward computation gives

1
/ E(UfIU)dxz—/ prluy —ul®dx. (1.13)
R4 2 R4

On the other hand, by Holder inequality, we easily find that

prlusP? g/ WP f dv.
]Rd
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/f f|v—u|2dxdv—/ pfluy —ul*dx
R4 x R4 R4

=/f |v|2fdxdv—/ prlupl*dx = 0.
R4 xRd R4

In fact, we can easily show that

// f|v—u|2dxdv=f ,0f|uf—u|2dx
R4 xR4 R4

+// flv—uf|2dxdv. (1.14)
Rd x R4

This shows that the convergence of the modulated kinetic energy (1.12) implies the
convergence of the modulated macro energy (1.13). We notice that if f is a monoki-
netic distribution, f'(x, v,7) = pr(x,1)du,(x.n(v), then the second term on the
right hand side of (1.14) becomes zero, and the two modulated energies (1.12) and
(1.13) coincide. For notational simplicity, we denote by ZN) = {(xi (1), v; (t))}fV:l
the set of trajectories associated to the particle system (1.1). Then let us define the
first important quantity that will allow us to quantify the distance between parti-
cles (1.1) and hydrodynamics (1.3), it is just the discrete version of the modulated
kinetic energy (1.12) defined as

This yields

VN OIU @) = lff 1 — v 1 (dxdv)
2 R4 x R4

1 N
= oy 2 n i@, 0 — v, (1.15)
i=1

The second quantity that will allow us our quantification goal combined with
the discrete modulated energy (1.15) is a classical distance between probability
measures, the bounded Lipschitz distance, used already by the pioneers in kinetic
theory [4,64,67] in the early works for the mean-field limit. Notice that the pressure-
less Euler system (1.3) includes the nonlocal position and velocity interaction and
alignment forces. Furthermore, its relative energy/entropy has no strict convexity in
terms of density variable due to the lack of pressure term. In order to overcome these
difficulties, ideas of combining the modulated macro energy and the first or second
order Wasserstein distance have been recently proposed in [8,11,32] quantifying
the hydrodynamic limit from kinetic equation to the pressureless Euler type system.
More recently, in [24], a general theory providing some relation between a modu-
lated macro energy-type function and p-Wasserstein distance is also developed. In
particular, in [24, Proposition 3.1], it is discussed that the p-Wasserstein distance
with p € [1, 2] can be controlled by the modulated macro energy functional.

In the present work, we will employ the bounded Lipschitz distance to provide
stability estimates between the empirical particle density pV defined as

1 N
Pl (x) = /R i (d) = ;ax,-o)(x)
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with ,uﬁv be the empirical measure associated to the particle system (1.1), and the
hydrodynamic particle density p solution to (1.3). More precisely, let M (R9) be the
space of signed Radon measures on R, which can be considered as nonnegative
bounded linear functionals on Co(R?). Let u, v € M(R?) be two Radon mea-
sures. Then the bounded Lipschitz distance, which is denoted by dp; : M(R?) x
M@R4) — R, between p and v is defined by

9

dpr(u,v) ;= sup / ¢ (x)(u(dx) — v(dx))
Q|JRd

¢e

where the admissible set €2 of test functions are given by

P) —pW| _ 1}_

Q:=1¢:R' > R:pl~ = 1, Lip(¢) := sup
xX#£y lx — ¥l

We also denote by Lip(R?) the set of Lipschitz functions on R?. In Proposition
2.2 below, we provide a relation between the bounded Lispchitz distance and the
discrete version of the modulated kinetic energy (1.15). This key observation allows
us to overcome the difficulties mentioned above.

1.4. Main results and Plan of the paper

We will first assume that the particle system (1.1), the pressureless Euler-type
equations (1.3), and the aggregation equations (1.4)—(1.5) have existence of smooth
enough solutions up to a fixed time T > 0. We postpone further discussion at the
end of this subsection, although we make precise now the assumptions needed on
these solutions for our main results.

Our first main result shows the rigorous passage from Newton’s equation (1.1)
to pressureless Euler equations (1.3) via the mean-field limit as N — oo.

Theorem 1.1. Let T > 0, ZN (1) = {(x; (1), v; (t))}lN:1 be a solution to the particle
system (1.1), and let (p, u) be the unique classical solution of the pressureless
Euler system with nonlocal interaction forces (1.3) satisfying p > 0 on R4 % [0, T),
p €C(0,T1; P(RY)) andu € L®(0, T; W (R?)) up to time T > 0 with initial
data (po, ug). Suppose that the interaction potential W and the communication
weight function  satisfy Vo W € WL RY) and € WL (RY), respectively. If
the initial data for (1.1) and (1.3) are chosen such that

//Rd Rd v — ug(0) g (dxdv) +dg; (pg', po) = 0 as N — oo,
X

then we have

N
1
/ v (dv) = = v 8y, — pu weakly in L0, T; M(R?)),
R4 N

N
1
/]R/(U ®v) pLN (dv) = N Z(v,- ®vj) 8y, — pu®u weakly in L0, T; M(Rd)), and

i=1

wN = ps, weakly in L®(0, T; M(R? x RY))
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as N — oo. In fact, we have the following quantitative bound estimate:
// v —u(x, D1 p [dxdv) +di (o) (), pC, 1))
R4 x R4

<c ( [, o= wotoP @) +d3, o} ,00)) ,
Rd xR4

where C > 0 only depends on ||ul| L 7. yy1.00) ¥ [y, IVx Wi, and T.

The main novelty of this first result resides in how to control the alignment
terms via the modulated energy combined with the bounded Lipschitz distance.

Remark 1.1. (Singular repulsive interaction) The previous result also applies to
singular repulsive interaction potentials. In particular, it holds for the Coulomb
interaction potential on R¢ given by

|x|

- ford =1,
2
1
Nx) = —Elog|x| ford =2,
1 1
ford = 3,
d(d —2)ay |x]|9-2

and for Riesz potentials in a sense to be specified in Section 2.3. Here oy denotes
the volume of the unit ball in R¥. In order to deal with the singularity on the inter-
action potential, the diagonal term should be eliminated in the modulated energy
functional. This has been recently solved in the recent breakthrough result in [66]
by introducing a different relative potential energy avoiding the diagonal terms.
The details for singular interaction potentials cases are postponed to Section 2.3,
see Theorem 2.1.

Section 2 is devoted to the proof of Theorem 1.1 and the generalization to
singular repulsive potentials using [66] in its last subsection.

Our second main result is devoted to the asymptotic analysis for the particle
system (1.1) under the small inertia regime: ey — 0 as N — oco. By Theorem 1.1,
we expect that for sufficiently large N > 1, the system (1.1) in the mean-field/small
inertia limit can be well approximated by

00 + Vx - (pu) =0,
en0:(pu) + enVy - (ou @ u)
=—ypu—pViV = pViWxp+p /Rl Yx —y)u(y) —ux)) p(y)dy.
At the formal level, since ey — 0 as N — o0, it follows from the momentum

equations in the above system that the hydrodynamic system (1.3) should be re-
placed by (1.4)—(1.5) as N — oo. In order to apply our strategy above, we rewrite
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the equations (1.4)—(1.5) as
00+ Vy - (pu) =0,
enO(pu) +enVy - (pu®u) = —ypu — pVyV — pViWxp (1.16)
+5 /Rd Y — 0y — 400) 50) dy +en e,

where e := o,u +u - Vyu.
We can now state our second main result related to a weak-strong stability
estimate in the combined mean-field/small inertia limit.

Theorem 1.2. Let T > Oand d = 1. Let ZN (t) = {(x; (1), v; (t))}lN:1 be a solution
to the particle system (1.1), and let (p, i) be the unique classical solution of the
aggregation-type equation (1.4)—(1.5) satisfying p € C([0, T1; P(R?)) and p > 0
onRE %[0, T), it € L¥(0, T; WH*RY)) and 3,ii € L®(R? x (0, T)) up to time
T > 0 with the initial data py. Suppose that the interaction potential W and the
communication weight function  satisfy V. W € W (R?) and ¢ € W (R4),
respectively, and the strength of damping y > 0 is large enough. If the initial data
for (1.1) and (1.4) are chosen such that

/./Rd na v — ﬁo(X)|2M{)V(dxdv) —l—dBL(,OéV, p0) >0 as N — oo,
X

then we have
1 N
[ v N (dv) = ¥ > i 8y, — pii weakly in L'(0, T; M(R?)) (1.17)
R4 X
i=1

and
uN — p8; weakly in L' (0, T; M(RY x RY)) (1.18)

as N — oo (and thus ey — 0). In fact, we have the following quantitative bound
estimate:

t
dpr (o (). p(. 1) +/ /f v —a(x, $))*ul (dxdv) ds
0 R4 x R4
<ce [ w00 Pud @edv) + a3, off o) + e}
R4 xRd
and
1 _ _
L3, (oM (), 50 + / / v — (e, P (dxdv)
EN R4 xR4
_ C _
< C(l +ey) / f v — o (x)|* 1§ (dxdv) + —dp (pg» Po) + Cen
R4 xRd EN

forallt € [0, T], where C > 0 is independent of both e and N but depending on
il oo 0,7, w100y, N0l oo, [IVx W lyyroo, [¥Iy1.0, and y .



1540 JosE A. CARRILLO & YOUNG-PIL CHoOI

Remark 1.2. Theorem 1.2 implies that if the initial data satisfies

/ / =0 Pug (dxdv) +dpL(pg . po) < Coen
R xR

for some Cy > 0 which is independent of both ey and N, then we have

t
d§L<p,N(->,ﬁ(-,r)>+/ /f lv —di(x, s)[* i (dxdv) ds < Ce%
0 R4 x R4
and
f/ lv — i(x, )N (dxdv) < Cey
R4 xR

forallt € [0, T], where C > 0isindependent of both ¢y and N. This further yields
that the convergences (1.17) and (1.18) hold in weakly in L*°(0, T'; M(R)) and
L2, T; M(R? x RY)), respectively.

Remark 1.3. If V = 0 and y > 0 is sufficiently large, then we can check that
litll oo 0,710y and [|3yit]| L can be bounded from above by some constant,
which depends only on ||V Wl 1.0, [ [yyt.00, 101 Looco, 7: 1> and y . We refer to
[24] for details. For general confinement potentials, we can also deal with general
strong solutions for compactly supported initial data since their support remains
compact for all times. We refer to [1, 15] for particular instances of these results.

Remark 1.4. One may follow a similar argument as in [40, Theorem 2.4] to have
the existence and uniqueness of classical solutions (p, i) to the equations (1.4)—
(1.5) satisfying the regularity properties and assumptions of Theorem 1.2. For the
Coulomb or Riesz interaction, an idea of proof proposed in [28] would be employed
to establish the local-in-time existence and uniqueness of classical solutions to the
equations (1.4)—(1.5) without the confinement potential.

Section 3 is devoted to the proof of Theorem 1.2 and the generalizations to
singular repulsive potentials. Finally, we complement these results by showing the
existence of solutions to the particle system (1.1) in Appendix A, and the existence
and uniqueness of classical solutions stated in Theorem 1.1 for the hydrodynamic
system (1.3) in Section 4.

2. Mean-Field Limit: From Newton to Pressureless Euler

In this section, we provide the details of the proof for Theorem 1.1. As mentioned
before, one of our main mathematical tools is the discrete version of the modulated
kinetic energy EV(ZN (1)|U (1)) defined in (1.15).
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2.1. Modulated kinetic energy estimate

In this part, our main purpose is to give the quantitative bound estimate of the
discrete modulated kinetic energy EY (ZV (1)|U (1)).

Proposition 2.1. Let T > 0, ZN(1) = {(x;(¢), vi (t))}lN=1 be a solution to the
particle system (1.1), and let (p, u) be the unique classical solution of the pres-
sureless Euler system with nonlocal interaction forces (1.3) under the assumptions
of Theorem 1.1 up to time T > 0. Suppose that the interaction potential W and the
communication weight function  satisfy V. W € W (R?) and y € W (R9),
respectively. Then we have

d .
EEN(ZN(t)IU(t)) +2pEN N U (1) + e UZZI Wi — xj)|vi — u(x)
< cENEN U@ + Cd3, (N (), p(-, 1)),
2.1)

where C > 0 is independent of N and y.

Proof. By the notion of our classical solution, we obtain from the momentum
equation in (1.3) that

0 (u(xi (1), 1)) = i (1) - Vxu(xi (1), 1) + (3u) (x; (2), 1)
= (i (1) —u(x; (1), 1)) - Vau(xi (1), 1) — yu(x; (1))
—VaV(xi (1) = (VW * p)(xi)

+ /Rd Y (xi (1) — )y, 1) —uxi (), ))p(y, 1) dy.

Then using this and (1.1), we estimate the discrete modulated kinetic energy func-
tional as

d 1 &
EeN(ZN(mU(r)) = ;j(um ), 1) — v; (1))

-~ (Qpu(xi (1), 1) + i (1) - Vyu(x; (1), 1) — 0; (¢))

| X
=% D @i @), 1) = vi(0) - (i) = uCxi (), 1)) - Voulxi(t), 1)
i=1
N

D luxi(), 1) = v ()

Y
N

1
D i), ) v ) - (VW x ) x0) — (W 50" (x0)
N 1 ’ l X 1 X 1

i=
N
i=1
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N
+ % Z(u(xz' (0, 1) —vi (@) - F(x;(1), vi (1))

i=1
4

= Z[,», (2.2)
i=1

where

F(xi(1), vi (1)) := /Rd V(i (1) = y)(uly, 1) —ulxi (1), 1)p(y, 1) dy

1 X
Y D Wi = xp () i) — vi(1)).

j=l1

Here I can be easily estimated as
N
1 .
h=~ ; Viu(xi (1), 1) (u(xi (), 1) = vi (1) ® i) — u(xi (1), 1))

1 N
S IV, Dlle 2 > luCi(0), 0 = i)
i=1
=2|Veu(, )l EN ZN ) |U 1)).

By definition, we obtain I, = —2yEN(ZN (t)|U (t)). We next estimate I3 as

N
h=-e 2w, D= (1) (VW % ) @ (1), D= (VW p™) (i (0),1))

1 N
= 5 2 Wi —u (), 0) - (VW x (o = p") (i (1), 1),
i=1

On the other hand, the fact V, W e wl.eo gives
I(VeW x (o = p"NC Dl S VW lyroedsL (o™ p).
and subsequently this asserts

1

=

I < VW lhroedsr (", p) ( i (1) — u(x; (1), t)l)

1

N
2
N 12
< IV WllredsL (o™ p) ( > Jui () — uxi (o), r>|2)
i=1

= [IVaWlhwreedpr(p” , )y EN(EN DU 1))

=]
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For the estimate of 14, we note that
| X
v Z Y(xi (1) — x; (1) (v;(F) — vi (1))

j=1

| X
= D W) = xj(0) Wi (1) — ulx; @), 1)

j=1

+l§:1/f( i (1) — xj (0)(ux;(2), 1) — v (1))
szl X Xj u(x;(1), Vi
=:J1 + />

Then we rewrite J; as
b= /R 0 = @0~ )V 6,0 dy.

This yields

N
1
= 2w — v Zl/f(xz X)) (u(xj) = vj)
i=1

1 N
+5 l;(u(xi) - )

([, v = 9w = utmpmar = [ vt = nwo - wetma)

= I} + 1.
Here we can easily estimate [ 41 as

2

1 N 1 N
4 S Wil (ﬁ D (u(x) — w)) < Wl D) — wil?
i=1

i=1
= 2| =N 2N 0)IU@)).

Note that

N
N Z/Rd Y(x; — }’)(Ui — u(xi))(,oN(y) — p(y)) . (u(y) —u(x;)) dy
i=1
|
=N Z/ Y = @ = ui)p™ () - @) —ux)dy
i=1 /R
LN
+ 13— N ;/}Rd Y — Y)W —u@xi)p" (y) - ((y) —vi)dy

N
1
=13+ 53 D Wi —xplv —uG)l,

i,j=1

1543
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that is,

1 N
=52 /R i = N = uG@) (N () = () - @) — ulxi)) dy
i=1

1 N
— a7 2 Y = — ).

ij=1

On the other hand, we can estimate

1 N
N ) /Rd ¥ (xi — )@ —u@x) (N () = p(¥) - () — u(x;)) dy
i=1
1 N
=N l;(vt —u(xi) - /Rd ¥ i = Nue™ () — p(n) dy

N
- % ;(vi —u(xi) - ulx;) fRd ¥ =N ) = p()dy

=: K1+ Ka,

where

1 N
Kil = 5 ) Jo — o) ‘/Rd ¥ (xi — Pu@) (e () = p(y) dy
i=1

N
1
< Wullwroe s D o = uCe)l dpr (o™, p)
i=1
12

1 N
< Iyullyyroe (NZM - u(x,-)|2) (™, p)
i=1

< YullwieV2\ ENEZN OIU 1)) dpL(p™ . p).

Similarly, we also find that

N

1
Kol £ 5 D I = e (x| '/R ¥ =" () = p()) dy

i=1

< Null o1 o V2 EN (ZN U (1)) dpL(p" , p).
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Combining all of the above estimates, we have

d -
&N E W) + 2 ENET OV ®) + 17 Y Y0 = xplv —u)?
i,j=1
S 2(IViu(, Do + ¥ lLe) ENEZN 0)|U (1))
+ V2 (I ullyproo + luC Ol 19 o + Ve W lpieo)

VENENOIU @) dpr(p) (), p(, 1).

This completes the proof. O

Remark 2.1. We assumed that the communication weight 1 is nonnegative, which
takes into account the velocity alignment forces, however a similar bound estimate
for the discrete kinetic energy £V to that in Proposition 2.1 can be obtained. Indeed,
if ¢ can be negative, but bounded, then the third term on the left hand side of (2.1)
can be estimated as

N

1

e > Y —xplv —u@)P| S 20y N (ZV ).
i,j=1

This yields

d
& E W) +27e" E 00 0) £ CENEN OV @) + Cdp (6 (), p( 1),
where C > 0 is independent of N and y.

In order to close the estimate in Proposition 2.1, we need to estimate the bounded
Lipschitz distance between p”V and p. In the proposition below, we provide the
relation between the bounded Lipschitz distance and the discrete modulated kinetic
energy.

Proposition 2.2. Let pV and p be defined as above. Then we have

t
da (N (1), p(, 1)) £ Cda (pd), po) + C /0 ENzZN (5)|U(s)) ds,

where C > 0 depends only on ||u| L<@,T;Lip) and T.

Proof. Consider a forward characteristics n = n(x, t) for the system (1.3) satisfy-

ing the following ODEs:
dn(x, 1)
—dt :M(n(x,l),t) (23)

subject to the initial data: n(x, 0) = x € R . The characteristic 1 is well-defined be-
cause of the Lipschitz continuous regularity of u. Note that along the characteristic,
the solution p can be written in the mild form

t
p((x, 1), 1) = po(x) exp (-/O (Vi -u)(n(x, s), S)dS> ,



1546 Jost A. CARRILLO & YOUNG-PIL CHOI
and thus we get
po(x) = p(n(x, 1), 1) exp (/OI(VX ~u)(n(x, ), S)dS) = px, 1), det (V) (x,1)).
This together with using the change of variables yields
/Rd ¢ (n(x, 1)) po(x)dx = /Rd ¢ (n(x, 1)pm(x, 1), det (Vin)(x, 1)) dx
= /Rd ¢ (x)p(x,1)dx 2.4)

for ¢ € W2 (R?). Moreover, we find from (2.3) that

n(x, 1) —n(y, )| =

t
X =y +/ (u(n(x,s),s) —u(y,s),s)) ds
0 ) (2.5)
S lx—yl+ IIMIILipfO In(x,s) =n(y,s)lds,

and applying Gronwall’s lemma to the above gives

In(x, 1) —=n(y, 0 = Clx —yl,

where C > 0 depends only on |[u||z~0,7;Lip) and T, that is, 1 is Lipschitz contin-
uous in R?. We also get

t
lxi (1) = n(x, O] = |xi (0) — x| +/0 vi(s) —u(n(x,s),s)|ds.

Here the second term on the right hand side of the above inequality can be estimated
as

t
/0|v,~(s)—u(77(x,s),s)|ds
t t
§/ |vi(s)—u(xi(s),s)|ds+/ lu(xi(s),s) —u(n(x,s),s)|ds
0 0
t t
§/ |vi<s>—u(x,-<s),s>|ds+||u||up/0 Ixi(s) — n(x. )] ds.
0
Thus we get
t t
|x,~(z)—n(x,t>|§\xi<0)—x|+/0 |v,-(s>—u<x,-<s),s>|ds+||u||up/0 Ixi(s) — nGx. 5)] ds.

and applying Gronwall’s lemma to the above deduces

t
|xi (£) — n(x, 1)] §CIXi(0)—XI+C/ lvi (s) — u(xi(s), s)|ds,
0
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where C depends only on [|u|| L= (,7;Lip) and T'. In particular, by taking x = x;(0),
we get

t
lx; (1) — n(x;(0), )| = C/O [vi (s) — u(x;(s), s)|ds. (2.6)

Then for any ¢ € W' (R?) we use (2.4) to estimate

/R SN — p)dx

N
1
5 ;mxi(t»—/w é(n(x, 1) po dx

N X @2.7)
D GG )= (r(xi(0), )+ 3 (1(xi (0), 1)) fR SO D)podx|
i=1

i=1

BE
“IN

N
1
éﬁ E ¢ (xi (1)) — ¢ (n(x; (0), 1))+
i=1

N
% E(Z’(n(xi(o), t))—[;gdzﬁ(n(x, 1)) po dx

Ly + Ls.

For L1, we use the Lipschitz continuity together with (2.6) to obtain

Ly

A

16l & 191y [
N D) = ni (0),0)] £ N“”fo D 0i(s) = u(xi(s), )| ds
i=1 i=l

1/2
t 1 N
< lplLipV'T (/0 5 2 i) - u(xi(s>,s>|2ds)
i=1

t 1/2
— $lipVT ( /0 5N<ZN<s>|U<s>>ds) .
2.8)

For the estimate of L,, we notice that

1 N
" ;Mn(x,-(o), 0) = fRd ¢ (n(x. )l dx.

Using this identity, the Lipschitz estimate for n in (2.5), and the fact ¢ € w0 (Rd),
we find

< (Il + IdlLiplnlLip) dgr (o, po).
2.9)

L= ‘/ (e, D)o — po) dx
]Rd

Putting (2.8) and (2.9) into (2.7) yields

t 1/2
dpr(pN (), p(, 1)) £ Cdgr(p, po) +C ( /0 ENEZN($)|U(s)) ds)

for0 =< ¢ = T, where C > 0 depends only on ||u||z~,7:1ipy and T. O
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2.2. Proof of Theorem 1.1

2.2.1. Quantitative bound estimates Applying Gronwall’s lemma and Young’s
inequality to the differential inequality in Proposition 2.1 yields

VN nlum) = ceV(Zy Vo) + € /O B O, ) s,
where C > 0 is independent of N. We then use Proposition 2.2 to have
EVEN W) +dg (0] (), p(.0) £ CEN(Z|Up) + Cdi (P + po)
+C /Ot dg (N (), p(,$)ds + C /Ot ENEZN()|U(s)) ds.
We finally apply Gronwall’s to the above to conclude the desired result.

2.2.2. Convergence estimates For the convergence estimates, it suffices to prove
the following lemma:

Lemma 2.1. (i) Convergence of local moment:

12
da (/ v i (dv). pu>§<// |v—u(x>|2uN(dxdv)> T CdgL (o™ p).
R4 R4 xR

(ii) Convergence of local energy:

dsL (/ (we vt @), pu ®u>
R(

1/2
< f / v — u(x)*u" (dxdv) + C ( f f v —u<x>|2uN<dxdv>)
RI x R4 R4 xRd

+ Cdgr(p", p).

(iii) Convergence of empirical measure:
G oo <€ [[ - utol i @i + iy (V. .
Rd xRd

Here C > 0 is independent of N.

Proof. (i) For any ¢ € WL (RY), we get

‘/ ¢<x>(/ quu,dv)—(pu)(x)) dx
R4 R4

=‘ // ¢ () (v — u(x)) n (dxdv) + / ¢ ()ux)(p" (x) — p(x)) dx
R4 x R4 R4

< gl (//R y lv — u(x)M(dxdv)) + lpullyyro dpr(p”, p)

1/2
S gl (//Rd y v — u(x)lzuN(dxdv))

+ (Ipllzoellulizoe + gl oo llullip + luell o Ipllzip) dBL (o™, ).
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(i) Adding and subtracting, we notice that
/ (v v) 1N (dv) — pu @ u
R4
= (v—u)®(v—u),uN(dv)+u®</ qu(dv)—pu>
Rd R4

+(/lvMN(dv)—pu)®u+(p—pN)u®u.
R{

This yields for ¢ € W (R?)

‘/ ¢ (x) (/ (W@ v) 1N (dv) — (pu)(x) ® u(X)) dx
R4 R4

S // v — ul® 1N (dxdv) + 2|l pull Lxnrip dr (/ v (dv), pu>
RI x R4 Rd
+ 11l Iy daL (0", p).

(iii) For any ¢ € W1 (R? x R?), we find that

’ I, ot (¥ @aw - puoixs 81,(x><dv>)’
R4 x R4

// o(x, v) i (dxdv) — / o, u()p(x) dx
R xR Rd

= ) f f (p(x,v) — @(x, u(x))) 1 (dxdv) + / o, u(x)(p" — p)(x)dx
R4 xRY R4

Sl [ 10—l @sdo) + Gl + ol lellip)doe (0, )
4 x

172
<c (/f lv— u<x>|2uN<dxdv>) + Cdpr(p", p).
]R‘IX]R"

2.3. Singular interaction potential cases: Coulomb and Riesz potentials

In this part, we discuss the singular interaction potentials. Let d = 1 and
consider a potential W has the form

W) =|x|7% max{d —2,0)<a<d Vd=1 (2.10)
or
W(x) = —log|x| ford =1or2. 2.11)

Note that the case « = d — 2 with d = 3 or (2.11) with d = 2 corresponds to
the Coulomb potential, and the other cases are called Riesz potentials. With these
types of singular potentials, in a recent work [66], the quantitative mean-field limit
from the particle system (1.1) to the pressureless Euler-type system when y = 0,
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V =0 and ¢ = 0. More precisely, in [66], the following modulated free energy is
employed to measure the error between particle and continuum systems:

1 ~
FNEN0IU@) = 3 / / Wx — (" — ) @) (Y — p)(y) dxdy,
R4 xR\ A

where A denotes the diagonal in R? x R?.

Theorem 2.1. Let T > 0 and ZN (1) = {(x;i (1), v; (t))}lN:1 be a solution to the
particle system (1.1), and let (p, u) be the unique classical solution of the pres-
sureless Euler system (1.3) with nonlocal interaction forces W, which is appeared
in (2.10) or (2.11), instead of W up to time T > 0 with initial data (po, uo).
Suppose that the communication weight function \ satisfies € W (R?). As-
sume that the classical solution (p,u) satisfies p € L0, T; (P N L®)(R%))
and u € L0, T; WH®(RY)). In the case a 2> d — 1, we further assume that
p € L®(0, T; C°(RY)) for some ¢ > o —d + 1. Then there exists B < 2 such that

// v —u(x, 01> u (dxdv) +dg, () (), p(-, 1)
R4 x R4
+ / / Wx — (Y = p)x) (" — p)(y) dxdy
R4 xRI\ A
<c / / v — uo ()2 1 (dxdv) + Cd3, (ol po)
R4 x R4

+C / / W (x = (05" = po) ) (pg — po) () dxdy + CNP72,
R4 xRI\ A
(2.12)
where C > 0 is independent of N.

Remark 2.2. If the interaction potential W is singular at the origin, then the term
related to W in (1.1) should be replaced by % Zj;j#i VW (x; — x;) since W(0)
can not be well defined. This is why the diagonal A is excluded in the integration
in the modulated potential energy.

Remark 2.3. If the right hand side of (2.12) converges to zero as N — oo, then
we also have the same convergence estimates in Theorem 1.1.

Remark 2.4. Our quantified mean-field limit estimate from (1.1) to (1.3) also apply
with a simple combination of Theorems 1.1 and 2.1 for interaction potentials of
the form W := W + W with W satisfying VW € W' (R?) and W appeared in
(2.10) or (2.11).

Proof of Theorem 2.1. For the proof, we only need to reestimate I3 term in the

proof of Proposition 2.1. Although this proof is almost the same with that of [66],
we provide the details here for the completeness of our work. Let us denote by

~
Il

1Y -
-~ ;fw(u(xim, 0= @) VW0 - vy, dy

1 ~
t 52 D @xi(t), 1) = vi() - Ve W (xi (1) — x(1)).
i#]
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On the other hand, we find that

1d 1 ~
fN(ZN(lNU(l)) = Sdr (m%W(xl —Xj))

5 Ni:l y xi —y)p(y)dy
1d ~
+3d ( / / W@ = yp@)p) dxdy)
R4 x R4

N2 ZV W (x; —Xxj) v — —Z/ VoW (i — y) - vip(y)dy
i#]

1 ~
-5 Z/ VWi —y) - (pu)(y)dy
i=1 VR

+ f f VW (x — ) (o) (1) p(y) dxdy.
R4 x R4

Here we used
V,W(—x) = =V, W(x) for xeR%\ {0}. (2.13)

This implies

1:=—5d—// Wx = 00" = @Y — p)(y) drdy
t JJRAxRA\A

Zu(xt) VXW(X, xXj)— — Z/ wa(xt =y - (u(x;) —u)p(y)dy
i#]j
+ / [, W= e .
RI xRY

We next use (2.13) to get

1 ~ 1 ~
7 D) VWi —xj) = S5 > (i) —uy) - Ve W — x))

i#]j i#]j

R =

and

[ ma Ve W (x = y) (o) (x)p(y) dxdy
=3 [frdrra VxW(x — ) u(x) — u(y)) p(x)p(y) dxdy.

Thus we obtain

I::—Ed—// W — " — 2" — p)(y) dxdy
1 JJRExRI\A

+ 7 // W(x) —u(y)) - Ve W(x — ) (0" = p)(0) (0" — p)(y) dxdy.
R"de\A



1552 JosE A. CARRILLO & YOUNG-PIL CHoOI

This together with the estimates in Proposition 2.1 yields

d N/ =zN N =N
(e EN o+ E o)

N
+2yENEY DIV @) + % Zl Vxi = x)lv —ulx)|?
L, ]=
S CENEZNMIU @) + CdE, (pV, p)
1

+3 / / W(x) —u(y) - Vi W(x — ») (oY — p)0) (0" — p)(y) dxdy.
R4 xRI\ A

We then apply [66, Proposition 1.1] to have that the last term on the right hand side
of the above inequality can be bounded from above by

CFNEN U )) + CNP2

forsome 8 < 2, where C > Oisindependent of N. Applying the Gronwall’s lemma
to the resulting inequality concludes the desired quantitative bound estimate. The
convergence result can be directly obtained by using Lemma 2.1. This completes
the proof. O

3. Combined Small Inertia & Mean Field Limits: From Newton to
Aggregation

3.1. Proof of Theorem 1.2

We first start with the case of smooth interaction potentials as in previous section
and apply a similar strategy to the proof of Proposition 2.1 to the system (1.16).
Then we get

d N, N 3 _.L . 7 T
L& EOIUW) = p_ <;L)+Is,

where I_,-, i = 1i 2,3,4aretheterms [;,i = 1, 2, 3, 41in (2.2) with replacing (p, u)
by (p, u), and I5 is given by

N
Isi= 5 D _(@G) = v) -2,
i=1
where e = d;u + u - Vyu. This can be simply estimated as

N
_ _ 1 _
15| < ||e||LooN2 |t (x;) — vil
1=
C 1

< _
—ev N

N
C _
> liCxi) — vil* + Cey = —ENEN 1)U 1)) + Cen.
N EN
i=1
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where C > 0 depends only ||e|| o, independent of N and ¢y. For the rest, we
employ almost the same arguments as before to have

(Zl) <- 5N(ZN
i=1 ij=1

+ —NsN(ZNwU(r)) +Cdy, (pN (), p(, 1)),

= x ) — a(x))?

where C > 0 is independent of N, ey, and y > 0. This yields

d
T sN(Z”(r>|U(r>>+ o 5N(ZN(z)|U<r>> < —dBLmt (), p(-, 1)) + Cen,

(3.1

where C > (Oisindependentof N, ey, and y > 0.On the other hand, by Proposition
2.2, we can bound the first term on the right hand side of the above inequality from
above by

C _ C ! _
—d%, (o}, o) + — / ENZN(5)|U (s)) ds,
EN EN Jo

where C > 0 is independent of N, ey, and y > 0. This together with integrating
(3.1) in time implies

ENEN0I0 @) 42

/ ENZN(9)|U(s)) ds

N2 Z / Y (xi(s) — x; ()i (5) — (x; (5), 5) | ds

i,j=1

<ehzy |U0)+ dBL(po p0) + Cen.

We finally apply Gronwall’s lemma to conclude the desired result in Theorem 1.2.

3.2. Singular interaction potential cases

Similarly as before, Theorem 1.2 can be also easily extended to the case with
Coulomb or Riesz potentials W defined in (2.10) or (2.11). More specifically, we
have the following theorem.

Theorem 3.1. Let T > 0 and ZV (t) = {(xi (1), v; (t))}lN:] be a solution to the par-
ticle system (1.1), and let (p, u) be the unique classical solution of the aggregation-
type equation (1.4)—(1.5) with W, which is appeared in (2.10) or (2.11), instead of
W, under the assumptions of Theorem 1.2 up to time T > 0 with the initial data
00. Suppose that the strength of damping y > 0 is large enough and (p, u) satisfies
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p € L®MRY x (0, T)). We further assume that p € L*(0, T; C°(R?)) for some
o >a—d+1inthecases = d — 1. Then there exists B < 2 such that

dg (N (), p(-. 1) + / / W — (Y — o)) (" — p)(y) dxdy
R xRI\ A

t
—+—/ // [lv —u(x,s)] /LN(dde) ds
0 R4 x R4

< a2y (ol o)+ C / / W = 9 = 5@ — 5o)(y) dxdy
R4 xR\ A

+ Cey // lv — iio(x)|*ud) (dxdv) 4 Ce3, + CNP2
dXRd

and

1 1 ~
—dy, (N (), pC 1) + — f f W(x — (" = p)x)(p" — p)(y) dxdy
EN enN JJRIxRA\A

// v —u(x, t)| Hy N (dxdv)
R4 x R4

< _dBLmo o)+ — / /R oo T =208 = 000 — ) dxdy
B2

N
+C +ep) /f lv — ito(x)[>ud) (dxdv) + Cen + C
R9 xR EN

forallt € [0, T], where C > 0 is independent of ey and N. In particular if
/ / v — o (x)]* 1§ (dxdv) < Cey
R4 x R4

and
1ol 7o) + / / W= 0l — Bl — p)(y)dady < Ce3,
R4 xRI\ A
for some C > 0 which is independent of ey, then we have
By (oM (). 51 + f / W= 0" = DY - 5)(3) dxdy
RY xRI\A
< CeX + CNP2

and
=2

N
// lv —ii(x, H)* N (dxdv) £ Cey + C
Rd xRd EN

forallt € [0, T], where C > 0 is independent of ey and N.
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4. Local Cauchy Problem for Pressureless Euler Equations with Nonlocal
Forces

In order to make the analysis for the mean-field limit from the particle system
(1.1) to the pressureless Euler-type equations (1.3) fully rigorous, we need to have
the existence of solutions for both systems. As mentioned in Introduction, we
postpone the existence theory for the particle system (1.1) in Appendix A, and here
we provide local-in-time existence and uniqueness of classical solutions for the
system (1.3). For the reader’s convenience, let us recall our limiting system:

dp+Ve-(pu) =0, (x,1) € R x Ry,
0 (pu) + Vy - (pu @u) = —pu — pVyV — pVyWxp

+prd W — V@0 — ux) p(y) dy,

4.1)

with the initial data
(p(x, 1), u(x,1))|i=0 =: (po(x), up(x)), x € RY.

Here we set the coefficient of linear damping y = 1.

For the one dimensional problem, the well-posedness and singularity formation
for the system (4.1) without the linear damping, the confinement and interaction
potentials, called Euler-alignment system, are discussed in [ 13]. To be more precise,
the sharp critical threshold which distinguishes the global-in-time regularity of
classical solutions and finite-time breakdown of smoothness is analyzed. The sharp
critical threshold estimate is also obtained in [15] for the pressureless damped
Euler—Poisson system with quadratic confinement potential in one dimension, that
is the system (4.1) with replacing W by N, V = |x|?>/2, and = 0. For the
pressureless Euler—Poisson system, the critical threshold is also discussed in [2,38],
see also [69] for the case with pressure. More recently, in [27], the local-in-time
existence of classical solutions and finite-time singularity formation are taken into
account.

We introduce the exact notion of strong solution to the system (4.1) that we will
deal with.

Definition 4.1. Let s > d/2 + 1. For given T € (0, 00), the pair (p, u) is a strong
solution of (4.1) on the time interval [0, T'] if and only if the following conditions
are satisfied:

(i) p € C(0, TT; H*RY), u € C(0,T]; LipRY) N L}, (RY)), and Viu €
C([0, T1; H~1(RY)),
(1) (p, u) satisfy the system (4.1) in the sense of distributions.

Notice that due to the choice of s in the previous definition, these strong solutions
are also classical solutions to (4.1). Our main result of this section is the following
local Cauchy problem for the system (4.1).
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Theorem 4.1. Let s > d/2+ 1 and R > 0. Suppose that the confinement potential
V is given by V = |x|?/2, the interaction potential V, W € OV n WL2)(RY),
and the communication weight function \r satisfies

v € CLRY) and supp(y) < B(0, R), 4.2)

where B(0, R) C RY denotes a ball of radius R centered at the origin. For any
N < M, there is a positive constant T* depending only on R, N, and M such that
if po > 0 on R? and

2
loollms + llwollL2¢po,ryy + IVxuollLee + I Viuoll gs—1 < N,

then the Cauchy problem (4.1) has a unique strong solution (p, u), in the sense of
Definition 4.1, satisfying

sup (||,0(', Dllas + [, Dll2o,r) + 1Veul, DllLe + IV2u(, l‘)||HH) =M.
0St<T*

Remark 4.1. The assumption on the communication weight function (4.2) implies
v € WP (RY) for any p € [1, oo].

Remark 4.2. By the standard Sobolev embedding theorem, the solution (p, u)
constructed as in Theorem 4.1 is a classical solution, that is (p, u) € C'(R? x
0, T%)).

Remark 4.3. The L2-norm of u on the ball is introduced due to the confinement
potential V. In fact, if we ignore the confinement potential V in the momentum
equation in (4.1), then under the following assumption on the initial data

lpoll s + lluoll gs+1 < N,

we have the unique strong solution (p, ©) to the system (4.1) satisfying

sup (oG, Ollas + u, 1)l gs+1) < M.
0t <T*

Remark 4.4. In case of a singular interaction potential beyond the Coulomb case,
we refer to [27] for the well-posedness theory for the Euler—Riesz system. More
precisely, in [27], the local-in-time existence and uniqueness of classical solutions
to the system (4.1) with W defined in (2.10) instead of the regular W, y = 0,
V =0, and ¢ = 0 are discussed. One may extend the arguments used in [27] to
study the well-posedness for the system (4.1) with W.
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4.1. Linearized system

In this part, we construct approximate solutions (p", u") for the system (4.1)
and provide some uniform bound estimates of it.
Let us first take the initial data as the zeroth approximation:

(P°Cx, 1), u’(x, 1) = (o (x), uo(x)), (x,1) € RY x Ry.

We next suppose that the nth approximation (0", u") with n = 1 is given. Then
we define the (n + 1)th approximation (p"'“, u" 1) as a solution to the following
linear system.

8tpn+1 +un.vpn+l +pl’l+1V.un =07 (.X,t) ERd XR+,
pn+18tun+l + pn+lun . Vun+l — _pn+lun+1 _ pn+l(vxv + VXW*,On+])

0 [ =060 ) =)o )y, (43)
with the initial data
(" (x,0), u"(x,0)) = (po(x), uo(x)) forall n>1, xeR.
Let us introduce a solution space Vs g(T) with s > d/2 4+ 1 as
Vor(T) i={(p,u) : p € CUO, T H* ®D), w € €10, T:

L*(B(0, R))) NC([0, TT; Wh®(R?)),
V2u € ([0, T); HS_I(R"))}.

Then by the standard linear solvability theory [58], for any 7 > O we have that the
approximation {(p", u")}7° , C Vs r(T) is well-defined.

For notational simplicity, in the rest of this section, we drop x-dependence of
the differential operator V,.

Proposition 4.1. Suppose that the initial data (po, uo) satisfies po > 0 on R? and
lpoll s + lluoll 280, ry + I Vol + V2uoll gs—1 < N,

and let (p", u™) be a sequence of the approximate solutions of (4.3) with the initial
data (po, ug). Then for any N < M, there exists T* > 0 such that

sup sup (10" C, Ollas + 14" ¢ Ol 280, 7))
n200<t<T*

HIVu" )l + IV ) o1 ) £ M
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Proof. For the proof, we use the inductive argument. Since we take the initial data
for the first iteration step, it is clear to find

sup (10 Dllae + 1. Dl 2 0.y + 198G D + IV Dl o)
0<t<T

= lpollms + luoll 2(s.ry) + I Vuo L + 1V 2uoll g1 < N < M.

‘We now suppose that

sup (HP"(', Dllas + 14" G0l 280,y + V6" GOl + V" f)lle*') =M
0<t<Ty

for some Ty > 0. In the rest of the proof, upon mollifying if necessary we may
assume that the communication weight function v is smooth. Since this proof is a
rather lengthy, we divide it into four steps:

e In Step A, we provide the positivity and H* (R¢)-estimate of p"*!:
P >0 V) eRYx[0,T] and [lp" ¢ D)llas < llpollmse™

for t £ Ty, where C > 0 is independent of n.
e In Step B, we show W' (R%)-estimate and L2(B(0, R))-estimate of u”*!:

1 1
IV o)z + 16" G D 2 s0.Ry)

< IVl oo D"+ lluoll 1250, 7)) + E @)

for r < Ty, where C > 0 is independent of n, and E : [0, To] — [0, c0) is

continuous on [0, Tp] satisfying E(t) — Oast — 0.
e In Step C, we estimate the higher order derivative of u
V2" gomt S 1V 2u0 || s—1e“M" + E(1)

fort £ Ty, where C > 0 is independent of n, and E satisfies the same property
as in Step B.

e In Step D, we finally combine all of the estimates in Steps A, B, & C to con-
clude our desired result.

Step A.- We first show the positivity of p"*!. Consider the following charac-
teristic flow 7*! associated to the fluid velocity u" by
"l )y =u" (" (x, 1), 1) for t>0 (4.4)

with the initial data 7"*!(x,0) = x € R?. Since u” is globally Lipschitz, the
characteristic equations (4.4) are well-defined. Then by using the method of char-
acteristics, we obtain

" o x, ), 1) = =" T o, 1), OV - T (x, 1), 1),

and applying Gronwall’s lemma yields
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P " (. 1). 1) = po(x) exp (— fo o ) dr) > po(x)e M7 > 0.
We next estimate H*-norm of p"*!. We first easily find
%np"“niz < CIVU" [[ollp™ 7, £ CM ",
%nv/)"“niz < CIVu |l V"2,

+ CIVE" (2110 T e IV o Tl 2 £ CM " s IV 0" 2,

and
li |vkpn+1|2 dx
2dt R4
— _/l%d Vkpn+l . (un . Vk+1pn+1)dx
_ /d Vk,()n+l . (Vk(vpn+l . un) —un. Vk+1pn+l)dx
R
_ / vpn+1 . (Vk(v . un))anrl d.x
R4
_ /d Vkpl’l-‘rl . (Vk(pl‘H-lV . un) _ pvk(v . un)) dx
R
4
=: I;
i=1
for 2 £ k < 5. Here we use Moser-type inequality to estimate [;,i = 1,--- ,4 as

IS V" [ I VE "7, £ CMIVF ",
12 g ”Vk(vpn+1 . un) _ un . Vk+1pn+l||L2||vkpll+1 ||L2
< € (IVA 12199 e + 190" 1 IV " 2 ) 19504 12
< CM|IVE" e IV 0" 2,
I " e IVE " T 2 IVEF ™ 2 £ M 1 as 1VE 0" 2,
I S VRV -y = p" TV ) |2 V"
< C (V%" N Vu" oe + 199" e V512 ) 19504 2
< CM|V " st IV 0" g2

Combining all of the above estimates entails

d .
— " s S CM " gs, thatis [[p" G Ol < Nlpoll s M

dt
4.5)
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for t < Ty, where C > 0 is independent of 7.
Step B.- Due to the positivity of p"*!, it follows from the momentum equation
in (4.3) that u"*! satisfies
atun+1 +ut. VunJrl — _un+1 VvV — VW*,O”+1
n n n+1 (46)
+/Rd Yx =)' (y) —u"(x))p" " (y)dy.

Taking the differential operator V to (4.6) gives
atvun-Fl + Mn . V2un+1 — _vun Vun+1 _ VMn—H _ ]Id _ VW * Vpn+1
+ / L") =" () ® Vo (x = y)p" () dy
R:

—vu' | Y- e t(y)dy, 4.7
Rl
where we used VV = x and I; denotes the n x n identity matrix. Note that
IVu" Vi < MV )l
and
IVW > V" [ S VW2 V0" 2.
We also estimate the last terms on the right hand side of (4.7) as
’ /R ") =" (@) ® Vi (x = 3)p" () dy
<[ W) =Wl = e 0 dy
lx—yISR
= IIVM”IILoo/ ly = x[|Var (x — )" (y) dy
[x—yISR

S AIVU" LRIV |l 2 110" 2
S M|Vl

and
‘w" fRd U = yp" ) dy| S IVl Il 2 10" 2 < CMIY 210" 2

These estimates together with integrating (4.7) along the characteristic flow 7"+
implies

t
VU D e £ [ Vuglipe + CM f e IVu" (., 7)) e de
0

t
+CA+0 / o™ T e d
0
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By using Gronwall’s lemma, we obtain
1 cM ! 1
T Dl S [uolime + O+ M) [ e o) de
0

+ CM( + M)eM! /

t 3
oM f ¢TI ) drds,
0 0

This together with (4.5) asserts
Va1, )l < ([ Vugll e =D 4 B (1), (4.8)

where E1 : [0, To] — [0, 00) is continuous on [0, Tp] satisfying Ey(¢) — 0 as
t — 0T,

For the L2-estimate of u*! on B(0, R), we multiply (4.6) by "' and integrate
it over B(0, R) to yield

1d

2 dt B(0O,R)
— / unJrl . (_un . Vun+l _ uﬂ+1 _ VV _ VW *pﬂ+1) d.x
B(0,R)

|un+l |2 dx

+/ u't (/ Yx = )" (y) - u"(x))p"+1(y)dy> dx
B(0.R) R4

+1 +1 +1)2
S Vu" | e ||Mn||L2(B(o,R))||Mn ”LZ(B(O,R)) — [lu" ||Lz(B(0’R))
+ RIW" M paego.ry + CUP 2 + 10" o) 16" L1 eso.my)

1 1
+ IV o RIY N 210" 2 e L1 g0, mY) -

Here we used
‘ fR U= () = wx))p" () dy
< / Y (x — " () — u" ()" () dy
lx—y|<R

< |IVu" |l / V= Wl =yl () dy
x—yISR
SAIVU e RIV 210" 2

Thus we obtain

d
I 2 ao.ry S CMIVE™ i+ CA+ A+ M"Y ae),

where C > 0 depends only on R and ||/ || ;2. Integrating this over [0, t] witht < Ty
and using the estimates (4.5) and (4.8) imply

™! lL280,R) = luoll2p k) + E2(1), 4.9)
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where E; : [0, To] — [0, oo) is continuous on [0, Ty] satisfying E>(t) — 0 as
t — 0T,

Step C.-For2 < k < s + 1, we find

li |Vkun+1|2 dx
2dt Jpa
— _/ Vkun+1 . (un . Vk+1un+1)dx
R4
_ f Vkl/t . (Vk(un . Vun—H) _ ul’l . Vk+1un+1) dX
R4

_/ |Vkl/ln+1|2 dx _/ Vkun+1 . Vk(VW*IoVH-l)dX
R4 R4
+ / vhr vk f Yx — Y)W (y) — u" (x)p" " (y) dydx
R4 R4
5
k=1
where J; and J, can be estimated as
T SNV [ | VR, £ MVERH,

and

k 1 k, n+l k, n+1
h=C (IIV W2 IVl oo + [ VU || oo || VEu"F ||L2> IVEu" 2

< CM(IVU" oo 4+ IVFR" T ) IIVER" ) 1o

For the estimate of J4, we use the fact that W is the Coulombian potential to deduce
| Jal = ‘/ IVS VW o V" | S VR VAWV 0 e
R4
‘We next divide Js into two terms:

= 5 () [ v i = o) -t o) ayax
t) J Jrdxrd

0<e<k

=- Y (E) / / VR () Vi (x = ») VET (00" (y) dydx
RY xR4

0<e<k—1
4 / / TR () Vg (x — y) W () — " ()" () dydx
R4 x R4

=: 15' + .152.
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Note that

‘//Rd 2 VR ) Vi (x — y) VECu (00" () dydx
X

- ‘ [ = P v 9 ) dyd
R4 x R4

Thus for £ = k — 1 we get

‘ J[L, v =9 w9 9 o ) dy

< VU / / U — IV ) lIVE 1 ()] dyda
R4 xR

k, n+l k=1 n+1
SAVU e |l IV " 2 IV
k, nt1 k=1 nt1
S MV 2V,

and for 0 < ¢ < k — 2 we obtain

‘ [, = 9 v v ) dy
Rd xR4

k 1 k—¢ 12 1
S VS 2 IV S 2 1 2 V" 2

< CMIVR T 2 IV T

This asserts

k _
oM VR e Y <£>vap"“||Lz+CM\|vku"+1|\Lz||vk P
0<0<k—2

k 1 1
S CMIVS T " g

Similarly, by integration by parts, we notice that

‘ / / VR ) VEY (x — y) @ (p) — " () p" T () dydx
R4 x R4

= // VA ) VI Vg (0 — y) @ (p) — u” ()" T (v) dydx
R4 x R4 :

=[], T v = 0V (@) - 0p" ) dy
RY x R4

=/ > (kzl) /f VR () Ve (c — ) VET @ (v)
R4 xR4

0<e<k—1

" ()P () dydx]
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On the other hand, we find that
’ [, T @9 = ) - ) v ) dya
R4 xRd

< Va1 / VK Q)| Ve (= p) I = yIIVE " ()| dydi
lx—yI<R

< RIVU oo Y I VR 2 IV o

< MV IVE

and
k. n+l1 n k—2 n+1
‘ / f VR ()T (x — )y (1) VR 2 () dyd
R4 xR4

< Va1 f / TR Ol Ve (x — WITE20m (y)] dyd
R4 xR4

k, n+1 k=2 n+1
S VU Lo IV I VSR 2 V2"

k, ntl k=2 n+l
S CM VS| 2 IVE72 0" o

Moreover, for 0 < £ < k — 3 we obtain

‘ / / VAT (Ve (e = VT () Vi () dydar
R4 x R4
S AIVETY IV IV 2V "
< CM|IVR Y 2 IV " o

Thus we have

k—1 _
2L CM|VRr e Y ( . )nvfp”“nm+CM||vku"+‘||Lz||vk 2" g
0<0<k-3

< CMIVE T )™ e
and subsequently we get
k, n+l 1
Js S CM V5" 2]l 0" | g

We finally combine all of the above estimate to have

d

a||v2u'1+1 o=t + V2" ot £ CM| V2| et
+CM V" oo + CM 0" s,

and applying Gronwall’s lemma gives

V2" | et S (V200 grs—1e“M + E3(), (4.10)

where we used the estimates in Steps B & C and E3 : [0, Tp] — [0, 00) is
continuous on [0, Ty] satisfying E3(t) — Oast — 0%,
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Step D.- We now combine (4.5), (4.8), (4.9), and (4.10) to have

”pn+l(.’ Olgs + ”Vun+1(" Ol + ”un+l(.’ l)”LZ(B(o,R)) + ||V2un+1 [l gs—1

M Vgl Lo e MV 4 fluoll 2o, Ry + 1V 710l gro-1€“M" + E 1)
(4.11)

= llpollase

for t < Tp, where C > 0 is independent of n, and E : [0, Tp] — [0, 00) is
continuous on [0, Ty] satisfying E(t) — 0 ast — 07. On the other hand, the right
hand side of (4.11) converges to || oo | as +1luoll 250, ry) T VU0 | oo+ V2uo Il gs—1
as t — 0T and that is strictly less than N. This asserts that there exists T, < Ty
such that

sup (1" GO lms + IV C O + 1™ D 208000y
0<t<T,

+HIVU" e £ M.

This completes the proof. O

4.2. Proof of Theorem 4.1

n

We first show the existence of a solution (p, u) € Vs r(T%). Note that ,0”‘H —p
and u" ! — 4" satisfy

8t(,0n+1 _ pl'l) + (ul'l _ unfl) . Vpﬂ+1 + un71 . V(anrl _ pn)

n+l _ n n n n_ on—1y _ (4.12)
+ (p POV -u" + "V —u""") =0
and

at(un—H _ un) + (un _ un—l) X Vun+l + un—l X V(un—i-l _ un)

— _(un—i-l _ un) _ VW*(,O”+1 _ p)’l)

+ /R V=@ ) = u" T e () dy
— =) [ = e dy
+ /R Ve =T ) = u T @) (0" = o) () dy,

respectively. Then multiplying (4.12) by p"+! — p" and integrating it over RY gives

t
(" = oM DI £ Cfo (u(p"“ =MD+ @ — ", r)H%,]) dr,
(4.13)
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where C > 0 is independent of n. On the other hand, for k = 0, 1, we find that
1d
2 dt Rd

— _/ vk(un+l _ un)vk ((un _ Mn—l) . Vun+l> dx
Rd

Ivk(uVH-] _ Mn)|2 dx

_/d Vk(un+l _ un)vk (unfl . V(un+l _ un)> dx

R

_/ Ivk(uil+1 _ uVl)|2 dx _/ Vk(u"'H _ un)vk(vw* (pVH-l _ p")(x))dx
]R" IR‘I

4 / VR — v ( / V= D) — " )" () dy) dx
]Rd Rd

- / VR — vk ((u"(x) W) / Y — )™ () dy) dx
R4 R4

+ f VE@ ! — umyvk ( / Y= o) —u" ) (e = "M () dy)
]Rd ]R’[

7
dr =: ) K;,
i=1

where we easily estimate

3

1 2 —12
DK S Cl T = |7+ Cllut — w1
i=1

Here C > 0 is independent of n. We next use the following estimates

/R ) @ —u"y(x) - (VW % (p" T — p™)(x)) dx

1 1
S Clu™ = a2 VWl o™ = o2

1 1
S Clu™ = ul 210" = 0"l

and

fR T =) (W M ) ) d

SIVEWIL V@™ —u) ) 2llp™ ! = o™l
to have K4 < Cllut! — u”ll%il +Cllp"tt — pn ||iz. For the rest, if k = 0, then

Ks < " — | 2yl e = w2l 2
S Cllu™ = w3, + Cllu” —u" 3,
Ko < llu™™ =™ 2l — w21l 210" 2
< Cllu™ — w7, + Cllu™ —u" 7,
K7 S RIVW" pollYli ol = w2l 0" " = p" 2

1 2 1 2
< Cllu™ = "2, + Cllp" = o112,
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On the other hand, if £k = 1, we obtain
Ks S IV = a2 VY2 llu® — a2 e e
< CIV@™™ —uM)l 2 + Cllu™ — w112,
Ko S IV —u™)| 12
(V@ = =Dl + " = w21V 2) o™
S CIV@™ —u" 2 + Cllu™ — w3,
K7 SV —u"))
(RIV" = N IVl + 1 IV ) 1™ = o7
S CIUVE"T —uM) 2 + Clp™™ = p" 13

We now combine all of the above estimates to have
d

1 2 1 2 —12 1 2
I = S I = G+ Cllt =+ Cl" = "

and subsequently this yields

@™ —u™) e Dl £ C/o (||(p"+‘ =MD+ @ —u" r)\\%,l) dr,

where C > 0 is independent of n. This together with (4.13) asserts that (p", u™) is
a Cauchy sequence in C([0, T']; L2(R%)) x C([0, T1; H (RY)). Interpolating this
strong convergences with the above uniform-in-n bound estimates gives
p" = p inC(0, T.J; H'(RY),
u" — u inC(0, Tx]; H' (B(0, R))) asn — oo,
Vu" — Vu inC(R? x [0, Ti]), and
V" — Vi inC([0, Tol; H2(RY)) asn — oo,
due tos > d/2 + 1. We then use a standard functional analytic arguments, see for
instances [29, Section 2.1], to have that the limiting functions p and u satisfy the
regularity in Theorem 4.1. We easily show that the limiting functions p and u are
solutions to (4.1) with regularity properties and assumptions of Theorem 1.2.
We finally provide the uniqueness of strong solutions. Let (p, ) and (p, iz) be

the strong solutions obtained above with the same initial data (pg, uo). Set A(t) a
difference between two strong solutions:

A = NlpC ) = pC DNz + luC, 0) —a, Dl g1

Then by using almost the same argument as above, we have
1

At) £ C/ A(s)ds with A(0) =0.
0

This concludes that A(¢) = 0 on [0, 7] and completes the proof.
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Appendix A. Well-Posedness of the Particle System

In this appendix, we study the global existence and uniqueness of classical solutions to the
particle system (1.1)—(1.2).
Let us first consider the case with singular interaction potentials with d = 2. In this case,
we can use the repulsive effect from the interaction forces, and this also enables us to have
the uniqueness of solutions.

Theorem A.1. Letd = 2. Suppose that W is of the form (2.10) or (2.11) and the confinement
potential V satisfies either V. — +00 as |x| — 00 or VyV has linear growth as |x| — oo.
If the initial data x( satisfy

min  |x;o — xg| > O.
1Si#j<N !

Then there exists a unique global smooth solution to the system (1.1)—(1.2) with W instead
of W satisfying

CZ max |x;(t)—x;(®)]= min |x;¢) —x;@)]>0
1Si#EN ’ ISi#jEN ’

fort = 0, where C > 0 is independent of t.

Proof. For the proof, we first introduce the maximal life-span Ty = T (xq) of the initial data
data xg as

Ty := sup {s > 0 : solution (x(7), v(¢)) for the system (1.1) exists up to the time s} .

Then by the assumption and continuity of solutions, we get 7o > 0. We now claim that
Ty = oo and for this it suffices to show that there is no collision between particles for all
t = 0 and that particles cannot escape to infinity in finite time.

A straightforward computation yields
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for t € [0, Tp). Note that

d N N
3 2 Ve =D v ViV
i=1 i=1

and
IR 1S -
N D ZW( xXi—xj) = ﬁzvxwm —xj) - (v —vj) = ﬁzvxwm—xj»vi,
i#] i#j
where we used VW(—x) = —VW(x). Similarly, we also find
1 .
N DoV —x)Wj—v) v = Y Y — X))y — vil?.

2N
i,j=1 i,j=1

Combining all of the above estimates, we obtain

N N
d 1
GFN )y Y il s 30 v —xplyy — vl =0

i=1 i,j=1

fort € [0, Tp), where F N (x, v) denotes the discrete free energy given by

FN(x,v) = Z|U,|2 Zv(x,)+ N ZW(x, —xj).

1—1 i=1 itj
If d = 2, then we have either
Ly L (xo, vo) or ——Zlogm(z)—x 0] £ 7N (x0, v0),
2N i#j i = xjl ’ i#] ' ,

where a € (0, 2). On the other hand, if d = 3, we obtain

1 1
_ - - < EN
2N ; PO TO

forall t € [0, Tp), where o € (d — 2, d). Since the right hand side of the above inequality
is uniformly bounded in ¢, we conclude Ty = oo for the case d = 2. An upper bound
estimate of the distance between particles is a simple consequence of the uniform-in-time
bound estimate of the free energy % due to the confinement potential whenever is present.
If V = 0, one can obtain that particles cannot escape to infinity in finite time as soon as
VxV has linear growth as [x| — co. O
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Remark A.1. If the interaction and confinement potentials W and V are regular enough,
thatis V, W € WI’OO(Rd) and V, V € Wl’oo(Rd), we have global-in-time existence and
uniqueness of solutions by the standard Cauchy-Lipschitz theory. Moreover, an uniform-
in-time bound of the distance between particles can also obtained due to the confinement
potential if V — 400 as |x| — oo.

Let us finally comment on the one dimensional case. If d = 1 and the interaction potential
W is given by (2.11), then we apply Theorem A.1 to get the global unique classical solution
and uniform-in-time bound estimate. If W is given by the Coulomb potential, that is

X .
— ifx #0

1
W' (x) = Esgn(x), where sgn(x) :={ |x| (A.1)
0 ifx=0

Thus the interaction force —W’ is discontinuous, but bounded. In this sense, it is not so
singular compared to the other cases. Since the velocity alignment force is regular, we can
use a similar argument as in [50, Proposition 1.2], see also [10,41], to have the following
proposition.

Proposition A.1. Let d = 1. For any initial configuration ZN(0), there exists at least one
global-in-time solution to the system of (1.1) with (A.1) in the sense that (x;(t), v;(t))
satisfies the integral system:

t
xi(t)=xi(0)+/ vi(s)ds, i=1,...,N, t>0,
0

t t t
vi (1) = v (0) — yf vi(5) ds —f V/(xi(s)) ds — % Z[ W' (xi(s) = x;(5)) ds
0 0 j#i 70

N
1 t
+NE /01//(Xi(S)—Xj(S))(vj(S)—vi(S))ds.
j=1

Even though Proposition A.1 does not provide the uniqueness of solutions, it is not necessary
for the analysis of mean-field limit or mean-field/small inertia limit from the particle system
(1.1) to the pressureless Euler system (1.3) or the aggregation equation (1.4).
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