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Abstract

We consider an analogue of the Lieb—Thirring inequality for quantum sys-
tems with homogeneous repulsive interaction potentials, but without the antisym-
metry assumption on the wave functions. We show that in the strong-coupling
limit, the Lieb—Thirring constant converges to the optimal constant of the one-body
Gagliardo—Nirenberg interpolation inequality without interaction.

1. Introduction

The celebrated Lieb—Thirring inequality is a combination of the uncertainty and
exclusion principles, two of the most important concepts in quantum mechanics.
In the context of the kinetic energy of Fermi gases, it states that for any dimension
d > 1, the lower bound

N
143
<w, > —Ax,w> > Hix(d) /d py ¢ (x) dx (1)
: R
i=1
holds true for any wave functions ¥ € L?(R4N) that is normalized and anti-
symmetric, namely, [W||;2gavy = 1 and

WXL, ooy Xy ey Xy ey XN) = —W(X1, 0o, Xy ooy Xy oo, XN,
Vi #j, VxR 2)

For any normalized wave function ¥ € LZ(R"N ), the function

N
2
py(x) = Z/ |\Il(x1,...,xj_l,x,xj+1,...,xN)| l_[ dx;
X RW@-DN L
Jj=l1 RE
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is called the one-body density of W. We can interpret |, o Pw as the expected number
of particles in € R, in particular fRd pw = N is the total number of particles.
We ignore the spin of particles for simplicity.

It is important that the constant J#{r(d) > 0 in (1) is independent of not only
the wave function W but also the particle number N. The inequality (1) was derived
by Lieb and Thirring in 1975 as an essential tool in their proof of the stability of
matter [23,24]. Thanks to a standard duality argument, the kinetic bound (1) is
equivalent to a lower bound on the sum of negative eigenvalues of Schrodinger
operators —A 4 V (x) on L*(R?), making it very useful to semiclassical analysis
(see [22, Chapter 12] for a connection to Weyl’s law). In fact, up to a constant factor,
the right side of (1) agrees with the Thomas—Fermi approximation for large N:

N
143
<W’Z_Axlw>%%1(d)/l‘%ilo\y d(-x) d-x7
i=1

where

472
J(d) = .
ald) = 5 B HPA

is called the semiclassical constant (| B(0, 1)| is the volume of the unit ball in R?).
Note that the anti-symmetry condition (2) is crucial for (1) to hold. Without
Pauli’s exclusion principle, the best bound one can get from the kinetic energy is

N
Con(d) 1+3
<w,Z—AxiW>z v [, pe @ dx, 3
i=1

where Con(d) is the sharp constant in the Gagliardo—Nirenberg interpolation in-

equality
(/Rd |Vu(x)|2dx) ( /Rd |u(x)|2dx)2/d

> Con(d) / w2 Dax, vu e H'(RY) )
Rd

(see e.g. [27]). One can think of (4) as a quantitative version of the uncertainty
principle. Clearly the lower bound (3) is optimal when N = 1, but it is not very
useful when N becomes large because the factor N =2/ on the right side becomes
very small. The appearance of this small factor is due to the fact that the particles
are allowed to be stacked on top of each other, in which case the left side of (3)
scales like N while the integral on the right side scales like N 147, Intuitively, for
an inequality similar to (1) to hold one needs some conditions to control such an
overlapping of the particles, namely some version of the exclusion principle.

Computing the sharp constant #{r in the Lieb—Thirring inequality (1) is an
important open problem in mathematical physics. In [24], Lieb and Thirring con-
jectured that

Ha(d) ifd >3,

%T(d) = mm{Jifc](d), CGN(d)} = CGN(d) ifd=1.2
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We refer to the recent work [13] for the best known estimate on #{1(d). See
also [12] for a recent investigation on the conjectured bounds on eigenvalues of
Schrodinger operators.

As regards to the semiclassical constant, it was proved in [33] that foralld > 1
and for all § € (0, 1) one has

Cy
<w DA \If>>(1—a)%(d)/ Py (o) dx - 53+4/d/ IVVpul®
i=1
)

for any anti-symmetric normalized wave function W in L>(R?V) and for any N.
This bound implies the Lieb—Thirring inequality (1) with a non-sharp constant
because the gradient term is bounded by the kinetic energy, thanks to the Hoffmann—
Ostenhof inequality [18]. See [21] for a related upper bound and the application in
local density approximation, and see [5,6] for discussions on related interpolation
inequalities.

In the present paper, we will focus on the one-body Gagliardo—Nirenberg con-
stant and study its relation to a Lieb—Thirring inequality with repulsive interactions.
In 2015, LunpHOLM, Portmann and Solovej [28] showed that for any dimension
d > 1 and any constant A > 0, the Lieb—Thirring inequality

N
<\1/, d A+
i=1

holds true with a constant Crr(d, ) > 0 depending only on d and 1. Remarkably,
(6) holds true for any normalized wave function ¥ in L2(R4N), even without the
anti-symmetry condition (2). Later, the bound (6) was extended in [27, Theorem 1]
to the fractional case, namely for all A > 0 and s > 0, one has the Lieb-Thirring
inequality

N
)\. 1 2s
<\Iv’, Z(_Axi)s + Z I Y ‘I’> > CLT(S, d, )\)/ p\;_d dx

i=1 I<i<j<N |xi _xj|

A
— ‘1’> > Crr(d, k)/ ,Oq, i dx. (6)
I<i<j<N ixi —x/~|

(7

with aconstant Cry(s, d, A) > 0. Here the power 2s in the interaction potential is the
natural parameter such that the interaction energy and the kinetic energy scale the
same under dilations. In [27], the authors also discussed briefly the behavior of the
optimal constant Cr(s, d, A) in (7). They conjectured that in the strong-coupling
limit A — oo, the Lieb—Thirring constant Crr(s, d, A) in (7) converges to the
optimal constant in the corresponding one-body Gagliardo—Nirenberg inequality.
Heuristically, this conjecture is easy to understand because in the strong-coupling
limit each particle is forced to stay away from the others and the many-body inter-
acting system reduces to a one-body non-interacting system. However, proving this
rigorously is nontrivial since we have to prove estimates uniformly in the number of
particles. In the present paper, we will justify this conjecture rigorously. Moreover,
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in the case 25 < d, we also obtain a similar result when the fractional Laplacian is
replaced by the Hardy operator (—A)* — Cs 4|x|~%*. The precise statements of our
results are presented in the next section.

To our knowledge, there are very rare rigorous results connecting the Gagliardo—
Nirenberg constant to Lieb—Thirring inequalities. In a remarkable paper in 2004
[4], Benguria and Loss noticed that the Lieb—Thirring conjecture in the special case
d = 1 and N = 2 is related to an open problem concerning a sharp isoperimetric
inequality for the lowest eigenvalue of a Schrodinger operator defined on a closed
planar curve (see also [7,25] for related results). This is an illustration for the
difficulty of the Lieb—Thirring conjecture when the Gagliardo—Nirenberg constant
is expected to emerge. We hope that our approach will give new insights to this
challenging question.

2. Main Results

As usual, for any constant s > 0 the operator (—A)* on L2(RY) is defined via
the Fourier transform

f~ ~ 1 »
(=A)*u(p) = |p|2" u(p), u(p):= . / u(x)e™ P dx.
2m)2 JRY

The domain of (—A)* is denoted by H* (R?) with the corresponding norm

el s gty 2= N7 2y + 03y = NallZ 2y + (1, (= 2)°u).

2.1. Lieb—Thirrring Inequality with Strong Interactions

Our first main result is

Theorem 1. (Lieb—Thirring constant in the strong-coupling limit) Fix d > 1 and
s > 0. Forany A > 0, let Cr1(s, d, L) be the optimal constant in the Lieb—Thirring
inequality (7), namely

N A
vYEa)+ Y v
. . i=1 1<i<j<N 1Xi = xj]
Crr(s,d, A) := inf inf .

N=2 yepgs RV 1+%
A Jra by’
Then we have
lim Cypr(s,d, A) = Con(s, d),
A—>00
where
(u, (=A)u)

Con(s,d) == _— .
ueH* (R%) w24+
lull, 2 =1 St 1]
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Remarks.

1. For the general power s > 0, the Lieb—Thirring inequality for fermions

N
) 1+
<w, Z(—Ax,.>*\v> > Hr(s, d) / py (®)
i=1 R
with 1 1(s, d) > 0 was proved by Daubechies in 1983 [8]. The optimal con-
stant #{ 1(s, d) is unknown; see [13, Theorem 2] for a recent estimate. Without
the anti-symmetry condition (2), the best replacement for (8) is

N
Con(s, d) 1+%
<‘1’, E (—Ax;)s‘l'> = TN iy R )
i=1

with the Gagliardo—Nirenberg constant Cgn (s, d) given in Theorem 1 (see e.g.
[27]). In Theorem 1, we do not assume the anti-symmetry condition (2) but we
save the factor N>/¢ on the right side of (9) provided that the interacting term
is sufficiently strong.

2. The upper bound Cr1(s, d, A) < Cgn (s, d) can be seen easily by putting each
of the N particles far from the others; see [27, Proposition 10] for details. The
difficult direction of Theorem 1 is the lower bound. Here in the definition of
Crr(s, d, A) in Theorem 1 we put inf y>2, but the result remains the same if we
putinf x>, forany m > 1 (form = 1 we recover Cgn(s, d) trivially as there is
no interaction term). In general, if we introduce the constant Cyr(s, d, A, N),
with obvious definition, then it is decreasing in N, and hence the infimum is
always attained in the limit N — oo.

3. Theorem 1 establishes a conjecture in [27]. As also conjectured in [27] and
proved recently in [20], lim;_, g+ Crr(s, d, A) is nontrivial (i.e. strictly positive)
if and only if 25 > d. Theorem 1 thus completes the picture on the range of the
Lieb-Thirring constant Cr(s, d, A) with A € (0, c0).

4. Whend = 1 and s = 1, the interaction potential is so singular that the wave
functions in its quadratic form domain must vanish on the diagonal set [20,27].
Therefore, by the well-known bosonic-fermionic correspondence in one di-
mension [17], we obtain lim; _, o+ Crr(1, 1, A) = J#1(1), the fermionic Lieb—
Thirring constant in (1). Thus given Theorem 1, in order to prove the Lieb-
Thirring conjecture 1 1(1) = Cgn(1), it remains to show that the constant
Crr(1, 1, A) is independent of A. Note that Cyr(s, d, A) is always increasing in
A.

5. One may ask about other types of interactions which would be sufficient for
exclusion (e.g. a nearest-neighbor type interaction) as well as the A dependence
of the constant Cr1(s, d, A). In principle our method is constructive and could
be adapted to address these issues, but we do not pursue these directions.

2.2. Hardy-Lieb-Thirring Inequality with Strong Interactions

Now we focus on the case 0 < 25 < d, where we have the Hardy inequality

(=A) —Cyalx|™* >0 on L*(RY)
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with the sharp constant

2 (T +25)/9))
Cod =27 77777 -
' I'((d—2s)/4)
The following improvement of (7) has been proved in [27, Theorem 2]:

N s Cs,d A
(i) Z e )

X,
i=1 I<i<j<N !

> Crir(s, d, x)/ W (10)

This inequality holds for any normalized wave function ¥ € L%(RY) (without
the anti-symmetry condition) and the constant Cyrr(s, d, A) > 0 is independent
of N and V. For s = 1/2 and d = 3, the left side of (10) can be interpreted as the
energy of a system of N relativistic quantum electrons moving around a classical
nucleus fixed at the origin and interacting via Coulomb forces.

As explained in [27, Theorem 4], the Hardy—Lieb-Thirring inequality (10) with
a non-sharp constant is equivalent to the one-body interpolation inequality

<”’ <(_A)s - Csyd|x|—23>u>1*25'/d

5 2s/d
(// |u(x)|? Iu(2y)| dxdy)
RiIxRd X — y[**
> C(s,d)/ lu@)PA2/D gy, wu e HS(RY). (11)
Rd

A slightly weaker version of (11), when the Hardy potential —Cy_ 4 |x| ™2 is removed,
has been proved by Bellazzini, Ozawa and Visciglia for the case s = 1/2,d = 3
[3], and by Bellazzini, Frank and Visciglia for the general case 0 < s < d/2 [2].

In the present paper we consider the asymptotic behavior of the optimal constant
Curr(s, d, A) in (10) when A — oc. Similarly to Theorem 1, we have

Theorem 2. (Hardy-Lieb—Thirring constant in the strong-coupling limit) Fix 0 <
2s < d. For any ) > 0, let Cyrr(A) be the optimal constant in the Hardy—Lieb—
Thirring inequality (10), namely

Curr(s,d, )) := inf inf
N=2 yeqs®RIN)

W), 2=1
N C A
v, ((_Ax,-)s - “’;’Y) + Y — |V
i=1 |x; [~ 1<i<j<N |x; —)Cj|
1428 :
fRd Py 7

Then we have

lim Cyrr(s,d, A) = Cuon (s, d),
A—00
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where
O N
Cron(s. d) = Lﬁﬁ%?z(ﬂidl) fRd |M|2(1+%) '
Remarks.

1. The Hardy-Lieb—Thirring inequality for fermions

2
<w, 2o (a0 - Cs*d'x'zs>‘y> = Aur(s. d) fRd Pyt (2)

i=1

with 11 (s, d) > 0 was proved for the non-relativistic case s = 1 by Ekholm
and Frank in 2006 [11], for the fractional powers 0 < s < 1 by FrRANK, Lieb
and Seiringer in 2008 [14], and for the full range 0 < s < d/2 by Frank in
2009 [15]. The sharp constant #fjr(s) > 0 is unknown.

2. The upper bound Cyrr(s,d, X)) < Cugn(s, d) is easy to see by putting one
particle close to the origin and putting N — 1 particles at infinity such that each
particle is far from the others. The main point of Theorem 2 is the lower bound.

3. From our proof, it is possible to extract an explicit error estimate for the con-
vergence limj_, oo CHrT (s, d, X) = CHgN (S, d) in Theorem 2 (as well as the
convergence lim)_, o, Crr(s, d, ) = Cgn(s, d) in Theorem 1) in terms of A.
We will not do it here in order to keep the proof ideas more transparent.

2.3. Proof Strategy

We will use the method of microlocal analysis. The idea goes back to the
seminal work of Dyson and Lenard in 1967 [9, 10] where they proved the stability
of matter using only a local formulation of the exclusion principle which is a
relatively weak consequence of (2). In 2013, Lundholm and Solovej [29] found
that one can actually obtain the Lieb-Thirring inequality (1) (with a non-sharp
constant) by combining the local exclusion in [9, 10] with a local formulation of the
uncertainty principle. They used this method to derive the Lieb—Thirring inequality
for particles with fractional statistics in one and two dimensions [29-31]. Later, this
method has been developed by many authors to derive several new Lieb—Thirring-
type inequalities [16,19,20,27,28,32,33]. We refer to Lundholm’s lecture notes
[26] for a pedagogical discussion. All of the existing results are not concerned with
the optimal constants, except the fermionic semiclassical bound (5) in [33].

In the present paper, we will revisit and improve the microlocal analysis for
interacting systems developed in [20,27-29]. We follow the overall strategy in [27],
by combining some local uncertainty and exclusion on an appropriate covering of
the support of py. In order to recover the sharp Gagliardo—Nirenberg constant in
the strong-coupling limit, we need three new ingredients.
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e For an open bounded set Q2 C RY, consider the localized kinetic operator
(=A)ig on L?>(R%) defined by

2
(M, (_A)fQu>L2(Rd) = ||M||HV(Q)

(see Section 3 for details). The uncertainly principle in [27, Lemma 8] states
that

142s/d
Q Py C(s,d)
< Z( sz)lﬂ > C(s d) >2s/a' o |Q|2s/d Q'O\I" (13)

(fszp‘l’

When the mass fQ pw is not small, the desired term fQ Py in (13) will be
coupled with a small factor. In the present paper, we improve this by making the
optimal constant Cgn (s, d) appear explicitly. Roughly speaking, in Lemma 4
we prove that for bounded domains 2 CC & c RY, which up to translation
and dilation belong to a finite collection of sets, and for any § > 0 small,

14+2s5/d .

N 142s/d
A, 5) 2Py CGs.d. )
<\I’[’ (_Axl)lvﬁly> > CGN(S7 d)(l 2s/d - |Q|2S/d
qov)

_PY.
i=1 Q

(14)

This bound is useful when the mass fﬁ ow is smaller than 1 + §.

e In order to control the error in the local uncertainty principle, namely the last
term of (14), we need to use the interaction energy. A lower bound for the
interaction energy in cubes is given in [27, Lemma 6] (see also [28, Theorem
2]). In Lemma 6, we prove a refined version of the local exclusion principle
which allows the flexibility of the diameter of the sets; i.e. the bound is good
for not only cubes, but also for “clusters of cubes”. More precisely, we prove
that if {€2,u}n.m>1 1s a collection of sets in R4 such that

diam(Qn,m) <é", / ow > 1434, Z]lﬂn,m =M,
Q)lm m

with fixed parameters ¢, 6 € (0, 1) and M > 0, then
1

1
v Loy s
< Z |x; _xj|2s = ’; C(s, e, 8, M)gsn mZ:] /gz,l,,,, pu- (15)

I<i<j<N

Heuristically, it is clear that we can extract a nontrivial contribution from the
interaction energy in a set with a small diameter (i.e. diam(S2, ) < &") if the
local mass is large enough (i.e. an , Py = 1 + 8). The significance of (15) is
that we can count the interaction contribution from all sets of different length
scales, provided that the sets of each length scale do not overlap too much (i.e.
> la,, < M).Inthis way, we allow a huge overlap from the sets of different
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length scales (i.e. Zn‘m 1g, ,, can be arbitrarily large), which is important in
application. The smallness factor of 1/C(s, ¢, 8, M) will be compensated by
the large coupling constant X in the interaction potential.

e Most importantly, we introduce a new construction of covering sub-cubes for
the support of pg, which is very flexible and hopefully will be useful in other
contexts. In [27], the support of py is covered by disjoint cubes which are
obtained by a standard stopping time argument: any cube Q with the mass
/, o P bigger than a given quantity will be divided into 2¢ sub-cubes. In this

way, the masses in final sub-cubes may differ up to a factor 2¢, leading to a
similar factor loss in the Lieb—Thirring constant. In the present paper, in order
to have access to the optimal constant Cgn(s, d), we apply the stopping time
argument to “clusters of cubes” rather than to individual cubes. More precisely,
by induction, in the n-th step we obtain a collection G" of cubes of side length
e" with a fixed parameter ¢ € (0, 1), which can be decomposed further into
three disjoint sub-collections

G" = Gn,O U Gn,l U Gn,2.

Heuristically, G™? | J G™! contains “good sets” concerning the uncertainty
principle. More precisely, G™° contains the cubes such that the mass in each
cube is less than §, making (13) useful. Moreover, G™! contains the cubes that
can be distributed to “disjoint clusters” such that the mass in each cluster is
smaller than 1 + §, making (14) useful. Technically, thanks to the removal of
the cubes in G, all clusters in G"1, up to translation and dilation, must be-
long to a finite collections of sets which is important to apply Lemma 4. On the
other hand, G™2 contains disjoint clusters such that the mass in each cluster
is bigger than 1 4 §, making the exclusion principle in (15) useful. Finally, in
order to estimate the kinetic energy of the cubes in G™°, we have to divide
them further and obtain a collection G"*! of cubes of side length £”*!. Since
the cubes in G cover the cubes in G"+1-0 J G"*1'1, the interaction energy
from G™0 can be used to compensate for the error resulted from applying the
uncertainty principle to G"+1.0 | G"+11,

The paper is structured as follows: we discuss the local uncertainty principle
in Section 3 and the local exclusion principle in Section 4. Then in Section 5 we
explain the construction of covering sub-cubes and prove Theorem 1. In Section 6
we provide the proof of Theorem 2, which follows the same overall approach of
Theorem 1 but the detailed analysis is more complicated because we have to deal
with the singularity of the negative external potential.

In the rest of the paper we will denote by C a general large constant whose value
may change from line to line. In some cases, the dependence on a given parameter
will be noted, e.g. Cs depends on §. We will often ignore the dependence of the
dimension d and the power s to simplify the notation (e.g. we will simply write
Crr()2) and Cgn for the constants Crr(s, d, A) and Cgn (s, d) in Theorem 1). On
the other hand, it is important that all constants are always independent of the wave
function W and the number of particles N.
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3. Local Uncertainty

In this section we discuss Gagliardo—Nirenberg inequalities on bounded do-
mains.

Let us recall the definition of the fractional Sobolev space; classical references
are [1,35]. For any power s > 0, we write s = m + o withm e Nand0 <o < 1.
Then by working in the Fourier space it is straightforward to check that

|
(i (=8)'u) = 37 T (D u, (—8) Du).

la|l=m
Here, foro = (ay,...,04) € {0,1,2, .. .}d and x = (x(l), .. .,x(d)) e R4, we
denoted
al =alw!. . ag!, D*=03%8% ... 0%,

If 0 = 0, then (—A)? = 1 (the identity). Moreover, for 0 < o < 1 we have the
well-known identity (see e.g. [14, Lemma 3.1])

lu(x) — u(y)l* 220-11(d/2 + o)
A)u) = dxdy, = ,
(s, (=2)u Cdo/Rd /Rd x —y|d+2" xdy, c4.o A T IT o)

and hence
|D“u<x> Du(y)®
u, (—A)'u) = ¢y, E / / dxdy
< ) Ula‘: rd Jra y|d+20'

For a domain  C R? we introduce the seminorm || - || A bY

||u||2y(9) Z = / |D°‘u| dx, ifoc =0(.e.s =m)

l|=m

and

2
2 _ |DO‘M(X) D%u(y)| :
lul}ys gy = .o ) / / ENTE dxdy, if0<o <Il.

Ia\=m

We define the operator (—A)‘SS2 on L2(R%) via the quadratic form formula
(u, (=D)jqut) L2 ey = ||M||§;S(Q), Vu € H*(RY)

and Friedrichs’ extension. Note that ||u||i1A @

can also restrict (—A)‘SQ to L2(Q) using the same quadratic form formula. (The

depends only on u|g, and hence we

reason we want to think of (—A)fQ as an operator on L2(R?) is that later we can
write (W, (—Axi)fQ\IJ) for wave functions W in L2(R9Y).) We denote by H®(2)
the space of all functions u : 2 — C such that the norm

el oy = Ml o + 3 / D%u|? dx

| <m
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is finite. Note that for disjoint domains {€2;}; of R¢ we have the monotonicity
2 2
D el gy = Ml g
1

Recall the Gagliardo—Nirenberg inequality (9): for any normalized wave func-
tion ¥ € L2(RNY) we have

0,3 o) s SO
,Z(— xi) Z Nos/d de\p ,
i=1

where Cgy is the optimal constant in the one-body case

Con = inf &AW

25y
ueH'®Y) [ |20+
llull 2 =1 Je

The bound (9) is not very useful when N becomes large. However, we can derive
its local versions which are more powerful. Let us recall a key estimate from [27,
Proof of Lemma 8].

Lemma 3. (Local uncertainty principle I) Letd > 1, s > 0. Let V be a normalized
wave function in L*(RN). Then for any cube Q C R? we have

N 1425/d
1 Jo Py c
<\I” Z(_Ax,- ISQ\I'> Zc 25/d |Q|2s/d/ Py
i=1 (fQ IO\I/) Q

Here the constant C = C(d, s) > 0 is independent of Q, ¥ and N.

In [27], the bound in Lemma 3 is used for the cubes Q such that f 0 PV is
bounded independently of Q and N, leading to estimates uniform in N. In the
present paper, we need a refined version of Lemma 3 which gives access to the
optimal Gagliardo-Nirenberg constant CgN.

We will state our results here for a general s-extension domain €2, namely an
open subset of R such that there exists a linear operator 7 mapping functions
defined a.e. in  to functions defined a.e. in RY satisfying that forall 0 <t <,

T : H'(Q) — H'(R?) is a bounded linear operator, Tujq =u, Yu € H'(Q).

For our application, a cube or a finite union of connected cubes is a s-extension
domain for all s > 0 (see e.g. [1, Theorem 7.41] or [35, Theorem 4.2.3]). Our new
result is
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Lemma 4. (Local uncertainty principle I) Letd > 1, s > 0. Consider two domains
Q cC Q c R? where  is a s-extension domain. Then for any normalized wave
function ¥ in LZ(}R””v ) and any constant § € (0, 1) we have

1+2s/d

N
s Q Py
(0. 3205 %) = Con1 — ) w7~ Cont [ rv-
i=1 5,0\1/)

The constant Cy ¢ & > 0 is independent of W and N; moreover, it scales as
~ — 725
Csao=Csraral™, VL>D0.

Here we write @ CC € when @ C Q and dist(€2, Rd\ﬁ) > 0. As usual
LS = {Lx, x € Q}. The scaling property C; g & = Ca’LQ’LQLZS follows by a
change of variables. '

We will deduce Lemma 4 from its one-body version

fQ |u|2(1+25/d)

()"

lull2, 5 = Con(l —8) ~Cyoa /Q ul. Vi e HYRY),

HS (@) =

(16)

Proof of Lemma 4 using (16). We follow the proof strategy in [27, Lemma 8]. We
introduce the one-body density matrix yy : L>(R?) — L2(R9) given by the kernel

N

yu(x,y) :=Z/ W(X1, e X1 X, Xjg 1y o e XN)
— JR@-DN
]:

\Il(xl, ...,xj_l,y,Xj+1,...,xN)l_[ dx,-.
i#]

Since yy is a non-negative trace class operator on L*(R?), we can write

Yo, y) =) un()un(y)

n>1

with an orthogonal family {u, },>1 C L2(R?) (the functions u,,’s are not necessarily
normalized in L%(R?)). From this representation one obtains py = Y, .| lu,|? and

N
<\I/, Z(—Axi)f5W> =Tr [(—A)‘l‘ﬁm] = Z(un, (—A)fﬁun) =D lunllFye )

i=1 n>1 n>1
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Using the triangle inequality, the one-body bound (16) and Hoélder inequality for
sums we can bound

1/(142s/d) 1/(1+2s/d)
[Cant1 - 8] w12y = [ Can(l = 8)]
1Y unlPll 142570 g
n>1
1/(142s/d)
= [canti - 9] it 112000
n>1

d/(d+2s) 25/(d+2s)
= > [l +cmg~2/ it ] [/ ]
(&) Q.2 [y 5
n>1 2 £
[Znunan(QﬁCmQZ/ ] Z/Junﬁ]
n>1 Q2
s d/(d+2s) 2s/(d+2s)
=[{w. Z(—Ax,.>‘~\11>+cmg~2 _ou] i .
1 <2 U Q
1=

n>1
This is equivalent to the desired inequality in Lemma 4. O

d/(d+2v) 25 /(d+2s)

It remains to prove (16). We will need the following general estimates for
Sobolev norms on extension domains.

Lemma 5. (Comparison of Sobolev norms) Let d > 1 and s > 0. For any s-
extension domain Q@ C R? and u € H* () we have

lelhs i@y < Clul e g + 1220 (17)
Moreover, for any t € (0, s) and § > 0 we have

el gy < 8l g + C 2 g - (18)
The constant C = C(S2, §) is independent of u.

Proof. Proof of (17) Write s = m + o withm € Nand0 < o < 1. We only prove
the case o > 0, namely s > m (the case s = m is easier). Note that by Holder’s
inequality in Fourier space we have for all f € H*(RY):

1 Ve < € [ 1+ 1P TP

o B Ao NI
sc( [ a+iPriFmray) ([ 17wPap)
R4 R4

2m 2(1=1)

S C ”f”HX(Rd) HfHLZ(Rd)

Let T be an extension operator, namely 7 : H(2) — H'(R%) is a bounded linear
operator for all 0 < ¢t < s and Tujq = u. For any u € H*(R2), using the above
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estimate with f = Tu and Young’s Inequality we obtain, for every ¢ > 0,

et () < T2t 3
< CIITullyy gy 1Tl )
= C(e ITullyeay) * (€ 57 1Tl 250!~
< C(e I Tull gy oy + Ce I Tul7aga)
< Ce lullfys (g + Ce llulljaq)-
Rearranging the terms we find that

(1= Co) llullfgmg) = Cle llulFyu g + Ce lullg))-

By choosing € > 0 small enough we arrive at (17).
Proof of (18). Let T be an extension operator. Then for any € > 0

el 31 gy = 1T 00350
2L 2(1-4)
< ClITull, gy 1 Tully

2 L L 211
= Ce I Tulyy, ga))* (€ 7 I Tul3)' s
I
< Cle Tl gay + € ITull3)

2 -4 2
< C(e ”u”Hs(Q) +e s ||u||2)

where the second step follows from Holder’s inequality in Fourier space and the

third step follows from Young’s Inequality. Now (18) follows from (17).

Now we provide

Proof. (Proof of (16))
Step 1. Let x, 1 : RY — [0, 1] be two smooth functions such that

X2+772= 1, x(x)=1ifx e Q, suppx C Q.

By the definition
CgNn = in w
(P P
we have
Jra |yu|20+25/d) [y lu[20+25/)

2
”Xu”['{x(Rd) = CGN

It remains to compare ”X””iﬁ(Rd) with ||u||2s(§~2).

357d = Con 25/d °
(o 1) (/5 1uP)

19)
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Step 2. Now we prove that for any § € (0, 1)
el gy < (14 O lxuelzy, g5, + CollullZa - (20)

If s € N, then ||XM||2 s RD) = | xu ||?13(Q) since supp(xu) C Q (thus (20) is
trivial). Conglder the case fors = m + o withm € Nand 0 < o < 1. Since
suppx CC 2 we have

¢ := dist(suppy, R\Q) > 0.

Therefore,
2
”Xu”Hs(Rd)
| DY (xu)(x) — D*(xu)(y)|*
— el s+ 3 24, // dxdy
H3(2) lo;_:m o ]Rd\SZ |)C _ y|d+26
| DY (xu) ()]
— el + 3 24, // dxdy
) |D;m o ]Rd\Q |x_y|d+2z7

1

ol RO\By(0) |X]1F27
= llxul}y g, + Cd.om.e ||xu||§~{m(§) :
In the second equality we used D¥(xu)(x) = 0 when x ¢ Q. By (18) we have
xulF g < 8 Ixulyy g + Collxulls g,

Thus (20) holds true. It remains to bound ||y u||% 5 (©) from above.

Step 3. Now we prove that for any 6 € (0, 1)
Ixulys g < L+ 8) lulfy g + Collull?a g, 1)
We use the fractional IMS localization formula from [27, Lemma 14]:
e sy — Iy, — Il | = € (Il + Il
for some ¢ € (0, s). By (18) again we have, for any § € (0, 1),
2 2
2
||nu||Ht(m < 8llnull%, g + Csllnul’?
Therefore, for any § € (0, 1),

5(8) LX)

e g — D0 ) — Il |
= 8 (Ixully g, + Il ) ) + Collul2a g
- S(€2) S(€2) L2(Q)
and hence
el s, = (=8 (xul g + Ml g ) = Colulia g,

The latter bound implies (21). The inequality (16) follows from (19), (20) and (21).
O
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4. Local Exclusion

We now prove our local exclusion bound which will allow us to control the error
terms from the local uncertainty bounds. Here we have to refine the local exclusion
in [27, Lemma 6] (see also [28, Theorem 2]) as the existing bound is only good
for a cube, and it becomes very weak for a set with small volume to length ratio,
for example a long chain of cubes. In the following, we will deal with general sets
which can be decomposed into several pieces with small diameters. Also, we allow
that the sets in different length scales may be overlapping.

Lemma 6. (Local exclusion principle) Let d > 1 and s > 0. Let {Rp}n,>1 be
a decreasing sequence of positive numbers. Let {Qy m}n.m>1 be a collection of
subsets of R? such that

diam(Qn,m) = Rn, ZﬂQn_m = Cn-
m

Then for any normalized wave function ¥ € L*(RN) we have

v X <_x|zy>

Xi

l<l</<N
= Z 20, (RZJ - RZs Z / / P = 1)' (22)
n>1 m>1 S2n.m

Here we use the convention Ry = +00.

Proof. We start from an elementary but very useful formula

1
|x|25

1
> Z Wmm < Ix| < Ry)

=)

n>1

Z( ] )11(|x|<R)

1 }’L

(11(|x| < R) = 1| = Rosn))

with the convention Ry = 400. Moreover, from the assumption

dlam(gzn,m) S Rl’l’ Z ]lQn.m S Cn
m

we can bound

1
Lxi = xj] < R) = — ) Ta,, ()lg,, ().
n m
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Consequently, we have the pointwise estimate

1 ( 1 1 )
2D (%5 — = ) L% = xjl < Ra)
|xi _ lezs Z R2.s erzs—l l J n

1
> Z Z <R2s - 2 1>]]‘Qn m (‘xl)ﬂQn m ('xJ)
n_

n>1 m>l

Next, similarly to [27, Lemma 6], by the Cauchy—Schwarz inequality we have

(v, > e, G)le,,@)Y)

I<i<j<N

1 Y 241
=3{v (;ﬂﬂn,mw) ¥)-5fv Z
> 2 |lw. éng ) - 3w, PRI (x)v)
SRS

This ends the proof of Lemma 6. 0O

.MZ

1g,, (xi) ‘11>

=

5. Proof of Theorem 1

Proof. By a standard density argument, we can assume that the normalized wave
function W € L?(R?N) is smooth with compact support. By scaling, we can assume
that W is supported in [—1/2, 1/2]¢"N. Consequently, the one-body density py is
supported in [—1/2, 1/2]¢

Step 1: A decomposition of covering sub-cubes. We fix constants § € (0, 1) and
& = ny ! with an integer number no > 2 (we can choose ng = 2). We divide
—1/2,1/2]¢ into disjoint sub-cubes by induction: in the n-th step we obtain a
collection G" of sub-cubes of side length ¢”, which can be decomposed further
into three disjoint sub-collections

n_ Gn,O U Gn,l U Gn,2‘

Heuristically, G™° | J G™! contains “good sets” concerning the uncertainty princi-
ple while G™2 contains “good sets” concerning the exclusion principle. The precise
construction is as follows.

Initial step. When n = 0, we simply take
G’ =G"? ={(-1/2.1/21}, ¢**=G"" =9

Induction step. Let

Gn—l — Gn—l,O U Gn—l,l U Gn—l,2
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be the collection of sub-cubes of side length "~ ! obtained from the (n — 1)-th step.
In the n-th step, we divide each sub-cube in G”~1:2 into ¢ ~¢ sub-cubes of the same
size. Thus each new sub-cube has the side length ¢”. Let G" be the collection of
all these new sub-cubes. We decompose

G" = Gn,O U Gn,] U Gn,2

as follows:

e We denote by G™ the collection of all sub-cubes Q in G” such that

/owrs-
0

e We can think of the sub-cubes in G"\G™? as a graph where we put edges
between neighboring sub-cubes (a cube Q1 neighbours to a cube Q; if dist
(Q1, Q2) = 0). Thus the sub-cubes in G\ G™? can be decomposed into disjoint
connected components that we call clusters (here the connectivity is considered
in the graphical sense, which is different from the topological sense). For any
cluster K C G”\G”'O, we define

— S d g &
Qx = QLEJK 0, Ok = {x e RY, dist(x, Q) < 7}' (23)

Note that each closure S is topologically connected and the closures { Qi) of
different clusters K are disjoint (the sub-cubes in G™? serve to separate these
components).

e We denote by G™! the union of all clusters K such that

/~ oy < 1+6,
Qg

and G2 the union of all clusters K such that

/N ow >146.
Qg

Only the sub-cubes in G™2 will be divided further in the (n + 1)-step.

Since py € L' ([0, l]d) the construction terminates after finitely many steps.
We now have a division of [0, 1]¢ as the disjoint union of sub-cubes

supppy C [0, 117 = | J ( U Q). (24)

n>l  QeGnOUGH!

Step 2: Uncertainty principle for G"°. For any sub-cube Q0 € G™°, we have

10| = " and
/ pw < 6.
0



Lieb—Thirring Inequality in the Strong-Coupling Limit 1187

Therefore, the local uncertainty principle in Lemma 3 implies that

14+2s/d

N /.
[ dr-swon)= & = f

1 142574  C 0
= e |, [ e ve e o)

Since the sub-cubes {Q} pcgno > are disjoint, we have

514w, XN:(—Axi)fqu’}ZZ > afw, XN:(_AX")ISQ‘I'>
i=1 i=l

n=l QeGn0
(/d
14254 C&°
>Z Z ( Sr/d/ Py - g2sn ,0\11).
n>1 QEG”O 0
(26)

Step 3: Uncertainty principle for G*!. Letn > 1. For any cluster K C G™!,

/pwzé, VO e K,
0

Z/pxy /ﬂxy</N ow < 14+6.

Qek

while

Here Q k is the closure defined in (23). Thus the cluster K is the union of at most
(=1 + 1) disjoint sub-cubes. Consequently, the rescaled set

e "Qg = U (e"0)

Qek

is the union of at most (§~! + 1) disjoint unit cubes in R?. Moreover, these sub-
cubes are connected in the graphical sense (recall that a cube Q1 neighbours to a
cube Q> if dist(Q1, Q2) = 0). Therefore, up to translation (such that there exists
one cube in K centered at 0), 67" Qg belongs to a finite collection of subsets of
R and the collection depends only on d and § (but independent of &, n). By the
definition of the closure, we have

S 1
eT"Qk = {x € Rd,dist(x,s_”QK) < Z}

This implies that up to translation e "Qx also belongs to a finite collection of
subsets of RY which depends only on d and §.

Now we apply the local uncertainty principle in Lemma 4 with Qx CC Qk C
R4, Recall that up to translation, e 7" Qk and Pe) k belong to a finite collection
of subsets of R? which depends only on d, 8. Since the kinetic operator (—A)*
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is translation-invariant, we deduce that the constant Cs .- g, in Lemma 4
depends only on d, s, §. Combining with the bound fflx py < 1468 we get

N f 1+2v/d
R Q
(. 380, ) = Cantl =2 -G 5 [ o
i=1 ( Ja, pw) Gk

1-6 C
( ) / p\ly+25/d_ s /~ po.  27)
Qx Qg

> Con 1+ 5)2s/d g2sn

Since the sets {Q Kln>1.kcgnt are disjoint, we find that

(1= 5/ w Z( RIS <1—6f/d)(w,i(—Axi )
i=1

nzl Kcgml

(1 —8)(1 —5/%) 1425/ Cs
z Z Z (CGN 1+ 5)23/0] Qx Py - g2sn /ﬁK pq’)' (28)

n=1 KcGnl

Here the sum is taken over all clusters K C G™!.
Step 4: Local exclusion principle for G”-2. Letn > 1. Forany sub-cube Q € G™2,
we denote ¢ the center of Q. Our key observation is that

/ py =148, VOeG", 29)
B(co.Rn/2)

where
Ry :=2d (57" +2)e".

Indeed, any sub-cube Q € G™? must belong to a cluster K. The set Qk is a
connected union of sub-cubes of diameter Jds" . Therefore, the ball B(cg, R,/2)
contains either the whole set Q x,oratleast 3~ + 1) disjoint sub-cubes. Thus
(29) follows from the facts that

/N owv > 1436.
Qg

and
/ pw =8, VYO €K.

On the other hand, since the sub-cubes in G2 are disjoint, the distances of the
centers of the sub-cubes are at least /de". Therefore,

> 1Beg k2 < Cs (30)
Qek

for a constant Cs > 0 depending only on d, §.
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Now we apply the local exclusion principle in Lemma 6 for the balls {B(cg,
Rn/2)}Q€Gn.2 withn =0, 1,2, ... Using

diamB(cg, Rn/2) = R, = 2/d(87" 4+ 2)"
together with (29) and (30) we obtain

1
v, —\I’>
( Z |xi _ xj|25

I<i<j<N
> Y (x 1)2(/ (] )
> oo — o pw pw —
2Cs \R¥ Rﬁil ocgne U BCo.Rn/2) B(cg.Ru/2)
> (3D
; CSSZ‘” %2/(% R /2)

where the constant Cs depends only on d, s, .
Next, recall that for any n > 1 the sub-cubes in G2 will be divided further to
get the smaller sub-cubes in G*t1.0, G*+1.1 G"*+1.2_ Consequently,

U Beor2o( U 9U( U &)
QeGn2 QeGnt1.0 KcGntl.l

Here the last union is taken over all clusters K € G"t1:1, Recall that all sub-cubes
in G"t1.0 are disjoint, and all the closures Q2x of the clusters K C G"tLT are
disjoint. Therefore,

ow >max / Pw, / ,0\11
‘/;(CQ»Rn/z) Z Z

QEG”-Z QEGnJrl 0 KC(;nJrl 1

Hence, we deduce from (31) that

1<i<j<N
DI iaal ID VR WD DR A
n>1 QeGn+l1o KcGn+ll

for a constant Cs5 > 0 depending only on d, s, § but independent of n. By shifting
n +— n — 1 and redefine Cs, we obtain

(‘I’ 1<Z _x|2vqj>ZZC882m Z /)0\1/7 Z / qu
t</<N Q eGn0 KcGm!

for a constant Cs > 0 depending only on d, s, €, § but independent of n. Moreover,
since suppW¥y C [0, 119N and N > 2, we have the obvious bound

L S

1<l<j<N

- VD %max{ Zf Z/Q

QeG1o KcGh!



1190 K. KOGLER & P. T. Nam

Thus in summary, we have the local exclusion bound

<‘~1’ Z _x|2s >_ZC582S" Z /pw+ Z / ,O\y

1<z<]<N Kcgnl
(32)

for a constant Cs > 0 depending only on d, s, €, § but independent of n (the value
of Cs has been changed from line to line). Here the last sum is taken over all clusters
K c G™!.

Step 5: Conclusion. By summing (26), (28) and (32) we have

N N
1
<\II,Z(—AXI. gv,\v>+xz<w, > mxp)
i=1 i=1

I<i<j<N
/d
142s/a C8°
z Z Z ( css/d / Py - g2sn /O\JJ)
n>1 QEG”O o
(1= 8)(1 —8%/4) 1+2s/a  Cs
n>1 KCG”I K K
Z C5€25n Z / P + Z / ’0‘1’
GnO KcGgnl
d
1+25/d (1 —8)(1 —85/9) / 1+23/d
=2 (X + CoN 3 gymi Z
d/ 2s/d
n>l  QeGn0 co (1+9) / Gnl Qx
/d A
+ Z ( -Cs 82?}1 Z f pv + Z 82m Z / pv-
n>1 cGnl

For any given é € (0, 1), we can choose A > 0 sufficiently large such that

A A
—C8' >0, = —Cs>0.
Cs Cs

Then the above estimate reduces to

N N 1
<\P,;(—Axi)ﬁkd\ll>+)»;< 3 ﬁqJ)

1<i<j<N
14+2s/d (1=8)(1 -5 1+2s/d

z Z( > s/d " +CoN 25/d Z

Cé (1+96)

n=l gegn.0 cgn!
1 1—8)(1 -84
Zmin{ *d’CC‘N( )( _ ) Z / 1+2s/d+ Z f 1+2;/d
for 1+ 8)2s/
n>l eGn0 Kcgnl

g1 (1—8)(1—8%9) 142s/d
_mm{C(SJ/"” GN (1+5)2s/d }./]R .

In the last equality we have used the covering property (24).
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Thus for every § € (0, 1), with A > 0 sufficiently large we have

(1—8)(1 —55/01)}

. 1
Crr(A) > min { Co/d’ CoN (1 +08)25/d

This implies that

liminf Cpr()) > Cgn.
L—00

Together with the known upper bound Cy1(1) < Cgn (see [27, Proposition 10]), we
conclude that Crr(A) — Cgn as A — oo. This completes the proof of Theorem 1.
O

6. Proof of Theorem 2

First, we adapt the local uncertainty principle for Hardy operator (—Ay;)% —
Coalx| 7.

Lemma 7. (Local uncertainty principle for Hardy operator) Letd > 1, s > 0. Let
W be a normalized wave function in L(RN)). Then for any cube Q C R¢ centered
at 0 we have

N | f p1+2s/d c
(¥ 2 (=)o = Coali ™ Lo )W) = £ 2y |Q|2S/d/ pu.
i=1 (-/Q p\I/) Q

(33)

The constant C is indepdent of Q, WV, N. Moreover, for two domains Q CC QCRY
where S is a s-extension domain, we have

N
(¥, D (A0 = Coalil ™ Ta(i)¥)
i=1

pl+2s/d
= Cuon(1 = )27 — Cs0.5 / pu (34)
<f§ Py @

Jor any § € (0, 1). The constant Cy ¢, & > 0 is independent of W, N and it scales
as

Cs05="Csraral™, VYL>0.
Proof. The first bound (33) is taken from [27] ([27, Lemma 13] contains the one-

body version and the N-body version follows from a general argument explained
in the proof of Lemma 4).
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For the second bound (34), by following the proof of Lemma 4, we only need
to prove the following one-body counterpart: for any u € H*(2) and § € (0, 1),

2 |u(x)[?
||u||HS(§) - CS,d |X|2s dx
|M|2(1+23/d)
> Cron(1 =g l2 cmfzﬁ ul?. (35)
Q

(o)™

Note that the scaling property Cs o & = C5 0. ;&L follows from a simple change
of variables. In the following, we will prove (35) for fixed (€2, 2), and hence we
will write Cs instead of Cy o, & for simplicity.

Step 1. We start by proceeding as in the proof of (16). Let x, 7 : R? — [0, 1] be
two smooth functions such that

x>24+n’=1, x(x)=1ifxeQ, suppx C Q.

By the definition
(i (a7 = Coalx™)u)
CHGN = inf >y .
ueH* (RY) 2(1+3)
lall 2 =1 St 1
we have
|xul? Jra Lxu?H25/D)
||XM||§S(Rd) —Csd /Rd S dx > CHGNR—ZSM, Yu € H*(RY).
(fa Lxul?)
(36)

Moreover, we will use the following powerful improvement of Hardy’s inequality:
foralls > ¢ > 0and ¢ > 0,
C
(—A) — ﬁ > (57(=A) — Cyyrl on L2RY).
X128
This bound was first proved for s = 1/2,d = 3 by SOLOVEJ, Sgrensen and Spitzer
[34, Lemma 11] and then generalized to the full range 0 < s < d/2 by Frank [15,
Theorem 1.2]. Consequently, for any fixed s > ¢ > 0O and § € (0, 1) we have
(g~ Ot [ T ) 2 57 el g — Coalxulageey. BT
X HS(Rd) s,d Rd |)C|2S - X Ht(Rd) 1,8 X LZ(RL])'
Multiplying (36) with (1 — §) and then summing with (37), we deduce that for any
fixeds >t >0andd € (0, 1),

2
2 _ | xul
010 g, — Coa /R e
fRd |Xu|2(1+2s/d)

= (1 — S)CHGN 2s/d + 871 ”Xu”%t(Rd)

(oo 1)

— Cuslxuljagay, Vue H ®R?.
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Since 1 < x < 1§ the latter estimate reduces to

2
2 [xul

Il xull %y gay — Cs.a
HS (R4) I |x|25

[ Ju 20425/

2s/d
(/5 1xul)
Yu € HS(RY). (38)

> (1 — 8)CuoN + 8 Mxul?

H! (R)

- Ct SHMHLZ(Q)’

Step 2. Now let us compare xull with ||u||2 @)

S (RY) )

We can compare ||y u 1|2 with || X””?p @ in the proof of (20). Recall

HS (RY) _
that if s € N, then ||)(1,¢||HY (Rd) = ||)(u||%s(f~2 since supp(xu) € Q. If s =m+o
withm € Nand 0 < o < 1, then from proof of (20), we find that

Il ) < Ixtl e gay < Ixulys g + C Xl s,

+ C llxull?

- ”Xu”HY(Q) Hm(Rd)

Thus in summary, for any s > 0 we can find 0 < #; < s such that
ey < 0l gy < Dxul g + €l gay - 39)

Next, we compare ||Xu||2.s(9) with ||u||2 Hs (@) 3 in the proof of (21). Recall that
by the IMS formula in [27, Lemma 14], we can find 0 < #, < s such that

ey = ey = Il | = € (Il @) + 1l ) -
Moreover, thanks to (18) we can estimate further
+C llnull?

C lnul? < lInul%

H2(®) = (@) L2(R)
and
Clxuln, < C Il s +C Ixulsg,
/
< C ”Xu”th(Rd) + C ”Xu”LZ(Q)
Thus
2 2

for a constant C independent of u. By the triangle inequality, we find that

Combining (39) and (40) we conclude that
s gty < Nl 5, + € Ul ey gy + € 1l oy ey + Clluell 2, (A1)
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for some constants t1, > € (0, s). The constant C is independent of u.

Step 3. Finally, we deduce from (38) and (41) that

2
2 . [ xul
||u||HS(Q) Cs,d Q |x|2Sd

fQ |u|2(1+25/d) . 5

2 (1 - S)CHGN 5 2S/d +8_ ”Xu”Ht(Rd)
(Ja i)

—C llxull?, —C lxull% — Crsllul?, 5 (42)

H(RY) H?2(RY) 1,811 2y

This bound holds for all ¢ € (0, s). Therefore, we can choose max{z;, 2} <t < s
and use the pointwise estimate

57! pP = Clpl*" = Clp*® = ~C5. VpeR?
in the Fourier space to get
8™ Xt e gty — € 1x1 0y gy — € Ixutll s gy
> —Csllxuljagga, = =Collul}2g)-
Thus (42) reduces to

,[Q |u|2(1+25/d)

()"

Ixul?

2
T — Csllull
o |

a1 Cs.a dx = (1 - 8)Cron 2@

@~
(43)

forallé € (0,1) andu € H® (Rd). The constant Cs depends on §, €2, 's“z, but it is
independent of u. Thus (35) holds true. This completes the proof of Lemma 7. 0O

We are ready to provide

Proof of Theorem 2. Again we can assume that the normalized wave function ¥ €
L?(R4N) is smooth and supported in [0, 119V,

Step 1: Covering sub-cubes. We fix constants § € (0, 1) and ¢ = n ! with an odd
integer number ng > 3 (we can choose ng = 3). We construct the collections of
sub-cubes

G" = Gn,O U Gn,l U Gn,2

exactly as in the proof of Theorem 1. Thus as in (24), supppy is covered by disjoint
sub-cubes:

swppow (0,117 =J (U 0). (44)

n>1 QEG"'OUG"‘l



Lieb—Thirring Inequality in the Strong-Coupling Limit 1195

The choice ¢ = ny ! with ng odd gives us an additional property: for any sub-cube
Q0 € GV U G™!, either 0 is the center of Q, or

|Q|1/d gl
—_— 45
5 5 (45)

dist(0, Q) >
Step 2: Uncertainty principle I. We prove that for any sub-cube Q € G"0UG™!,

14+2s/d

N
o

(40)

Indeed, if O is the center of Q, then (46) is exactly the first bound (33) in Lemma 7.
Otherwise, if 0 ¢ Q, then using (45) we have

(w, > (a0 = Cralxil ™ 100 ) W)

=1
pw(x)
Ax, > CS’d,/Q |x|2s dx

1
225
(—A¥ —C,d—/pw,
Wie®) = Cuaipra 0

'Mz ii Mz

v

<\11

and hence (46) follows from Lemma 3. Thus (46) always holds true.
From (46) and the covering property (44) we find that

3 (s
i=1
=) X <‘If ((—Axi)fQ—cs,d|xi|—2f11Q(x,.))\p>

1 QEG"'OUG"'I i=1

1

=

1+2s/d

22: 5 <1pr - /QW)'

2s/d 2s/d
EGnoanl (fQ pq;) |Q|

Recall that [Q| = &" for all 0 € G™° U G™!. Moreover, if 0 € G™°, then
f o PV = §. Therefore, we obtain the lower bound

<\I/,XN:<(—AX,»)SR¢1—Cs,d|xi|—2S) > Z Z Caz;/d/ 142s/d

i=1 n>1 QGG"O

C
_Z Z g2sn /;qu 47

n=1 QeGnouGn!
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Step 3: Uncertainty principle IL. We prove that for any cluster K ¢ G™!,

N
(W, 32 (A0, — Coalxil > Ta, ()W)
i=l1
1+2s/d
1Y C
zCHGNa—a)fQK—‘” 5/~ . (48)
Qg

2s5/d ~ g2sn
(Jase )

We distinguish two cases.

Case 1. If 0 € Qk, then as argued in the proof of Theorem 1 (Step 3), 7" Qg
is a union of at most (8~! + 1) disjoint unit cubes in R¢ which are graphically
connected (recall that a cube Q1 neighbours to a cube Q> if dist(Q1, @>2) = 0).
Moreover, we know additionally that O is the center of one of these sub-cubes.
Therefore, e "Qg and ¢ " Q k belong to a finite collection of subsets of RY which
depends only on d, §. Thus we can use the second bound (34) in Lemma 7 with
the constant C 5.e-nQk oSy depending only on d, s, §, which leads immediately
to (48).

Case 2. If 0 ¢ Q, then using (45) we have

2s

Ix|7* < Vx € Qk.

g2sn’

Thus

N
(W, D (A0 = Coaltil T () V)
i=1

N 22s
§ : s

> <\IJ, . 1(_Ax,~ ‘5\1’> - Cs,d 82”! /QK Pw
=

and hence (48) follows from Lemma 4 (of course we have Cgn > CHGN).
Thus in both cases, (48) always holds true. From (48), we use

/N pu <148, VKeG"', Vn>1
Qg

and then sum over all clusters. This gives

N
> Y (e X (A, — Gkl e, 0n) @)
n>1 gcGgm! i=l1
1-6 1425/ Cs
=Yy (CHGN—(l_i_(S)zs/d/ Py _827[ Pw) (49)
n>1 KCG"*I QK QK

Step 4: Uncertainty principle ITI. Note that (49) allows us to control the negative
potential —Cy 4|x|~%* on the clusters K C G™!, but we used a bit more than the
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kinetic energy in Qg (we used (_A)Tﬁx)' Therefore, to complement for (49) we

have to deal with the negative potential in the cubes Q € G™° using a bit less than
the kinetic energy in Q. To be precise, we take a sub-cube Q € G™ and distinguish
two cases.

Case 1. If 0 ¢ Q, then we simply use (45) and deduce that

22s
—2s
(w Z( Coaltil ™ 1o() W) = sd/ FEkaE Cs,d|Q|zs/d/QPw

(50)
Case 2. If 0 € Q, then O is the center of Q. Denote
1
=—0= X €
Qo W 0 { 2 f x| 0 }

Then using the first bound (33) in Lemma 7, we have

=28 . L
< Z(( Ax‘ [Qo s’d|xl| 1Q0(xl))lp> =" |Q0|2s/d /QO s

(Here we do not need the first term on the right side of (33).) Combining with

——101", vx e 0\Qo

x| >
||‘8JZ

we find that

N
s oy C
<‘IJ, ;((_Axi)@o —Cyalxil™ ﬂQ(xi))‘I’> > —W/pr. (51)

Next, let us show that the set Qg is disjoint with Qx for any cluster K ¢ G™! for
any m > 1. Indeed, forany Q' € K ¢ G™!, using0 ¢ Q" and Q N Q' = ¥ we
obtain

Lo a1 l/d} Loa b od ,
> = , = > - - , Vxe Q.
x| = max {311, 5101} = 71071 + 7101, vxe @
By the definition of the closure Qx and the triangle inequality, we deduce that
1 ~
¥ = Z101M, Vx € k.

On the other hand,

Jd 1
x| < 7|Qo|1/d = §|Q|W, Vx € Qo.

Thus Qg is disjoint with Qx for any cluster K C G™! for any m > 1. Conse-
quently,

(=D)pi = (=A)g, + D D (AN

m>1 g cGgml
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Hence, from (51) we conclude thatif 0 € Q € G for some n > 1, then

(w Z(( A= D0 2 (A, — Coalil o) V)

mzl gcgm!

c
= _|Q|—2s/d/Q’O‘I" (52)

Combining (50) and (52): Since the sub-cubes in Unzl G"0 are disjoint, there
is at most one sub-cube containing 0. Therefore, by summing over all Q € G"°,
n > 1 we obtain from (50) and (52) that

<\pé(( Al = 2o D (“Ang, )Y)

m>1 K cGm-!

_Z Z <\Ij’§:cs,d|xi|_zsﬂg(xi)\lf>

n>1 QeGn.0 i=1
==Y Y g [ v (53)
& o 10PT

Step 5: Conclusion of the lower bound. Summing (49) and (53) we get

<qj’ Z (( Ax)ipa = Cx,dlx,-|_25)1p>

i=1

-6 1+2v/d
= CHg (1 +5)2s/d Z Z [
nzl gcgn!
i X [ovr T [ ) (54
n>1 QeGno KcGgnl

Moreover, recall the exclusion bound in (32):

<\y, Z ﬁ >_ZC582M Z/ P+ Z / ,0\11

1<i<j<N ! n>1 QeGn0 Kcgn!

Finally, we multiply (47) with §°/¢, multiply (54) with (1 — §°/¢), and then sum
them with the above exclusion bound. For any given § € (0, 1), we can choose
A > 0 sufficiently large such that
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namely the interaction energy from the exclusion bound dominates the error terms
in (47) and (54). We thus obtain

(w. 5 (A = Coalua ™) )

i=1

1 14+2s/d (1 —8)(1 —8/4)
= css/d Z Z /Q’O‘I’ + ChoN (14 §)2s/d

n>1 QcGn0
14+2s/d
> [
n>1 KcGgn-1 Rk
P (1 —8)(1 —5%/4)
n>1
14+2s/d 14+2s/d
(B A 2 [ A
QCGn.O Q KCG"’I QK
o (1—8)(1 -8 1425/
= min { Cosid CHGN a+ 5)23‘/11 } /Rd Pu - 6

Here in the last equality we have used the covering property (44). Thus we have
proved that for any constant § € (0, 1) and for A > 0 sufficiently large, the optimal
constant in the Hardy—Lieb—Thirring inequality satisfies

(1=8)(1 — 849
1+ 3)2s/d }

Curr(2) = min { CSIS/d’ HGN

By taking A — oo and then § — 0, we get
]ixrii;?:f ChHLr(A) > CHoN.
Step 6: Upper bound. To conclude, let us prove that

Cyrr(A) < Chgn, A > 0.

We construct a 2-body state as follows. Take u, v € Cfo(Rd) with ||ullp2rey =
lvllz2(ray = 1. Then for any z € R? we consider the trial state
U (x, y) = ux)v(y —2).

It is straightforward to see that

(we X2 (At — Coalil ™) we)

1+2s/d
Rd Py

<u, <(_A)S - Cs’d|x|_2s)”> + <v, (—A)Sv>

fRd |M|2(1+2s/d) + fRd |v|2(1+2s/d)

Curr(A) < lim
|z]—>00
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Then we replace v by vy (x) = £9/29(¢x). Note that
<ve, (—A)‘ng> _ £2s<v, (_A)sv)’ / |W|2(1+2s/d) _ £2s/ |ve|2(l+2s/d)'
R4 R4
Therefore, by taking £ — 0* we obtain
(i (=8 = Coalel™ Ju) + (v, (=) ve)
f]Rd |u|2(1+2s/d) + f]Rd |vl|2(l+2s/d)

e (ar — Coalx 7))

fRd |u|2(1+2s/d)

Cyrr(d) < lim
{—0t

, Yu e CPMRY.

Optimizing over u we find that Cyrr(}) < Chgn for all A > 0.
Thus we conclude that Cgrr(X) — Cugn as A — 00. This completes the proof
of Theorem 2. 0O
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