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Abstract

We study optimal regularity and free boundary for minimizers of an energy
functional arising in cohesive zone models for fracture mechanics. Under smooth-
ness assumptions on the boundary conditions and on the fracture energy density, we
show that minimizers are C!'!/2, and that near non-degenerate points the fracture
set is C1¢, for some « € (0, 1).

1. Introduction

Inrecent years, a variational formulation of fracture evolution has been proposed
by Francfort and Marigo [21], and later developed by Dal Maso and Toader [17],
and Dal Maso, Francfort, and Toader [15,16] (see also [22] and the references
therein, for a variational theory of rate independent processes). Such evolution is
based on the idea that at any given time the configuration of the elastic body is an
absolute minimiser of the energy functional (see also [4,11,14,18] in the context
of plasticity where, more in general, critical points of the energy are allowed).

In this paper we study optimal regularity and free boundary for minimizers
of an energy functional arising in cohesive zone models for fracture mechanics.
Such models describe the situation in which the energy density of the fracture
depends on the distance between the lips of the crack (see for instance [4,11-
13,19]). We consider the energy functional associated to an elastic body occupying
the open strip R” x (—A, A), withn > 2 and A > 0. Denoting a generic point
z€R"x (—A,A) by (x,y), withx € R" and y € (—A, A), we shall consider
deformations ensuring that cracks can only appear on the hyperplane {y = 0}. The
assumption of confining fractures to a given hyperplane is a standard simplification
that avoids some technical difficulties but does not prevent the crack set from being
irregular, thus keeping the main features of the problem.

We consider the situation in which the elastic body can only undergo defor-
mations that are parallel to a fixed given direction lying on {y = 0}. In this way,
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the displacement can be represented by a scalar function v : R x (—A, A) — R.
According to Barenblatt’s cohesive zone model [7], the energy associated to a
displacement v € H'(R" x (—A, A)\{y = 0}) is given by

1
E(v) := 5/ |VV|2dz+/ g(I[v]]) dx. (1.1)
R x(—A,A)\{y=0} Rr

Here, [v] = vgr — V.1, Where v and v, ; are the right and left traces on {y = 0} of
V |Rrx(0,4) and v |rn (— 4,0, Tespectively, and g € C?[0, 00)NC3(0, 00) is strictly
increasing, bounded, with g(0) = 0 and g’(0") € (0, +00). The parameter g’(0")
has an important physical meaning, and it can be identified with the maximal sus-
tainable stress of the material along {y = 0}, see [11, Theorem 4.6]. A critical point
u of (1.1) with boundary conditions u,, u_, satisfies (see [11, Proposition 3.2]):

Au=0 in R" x (—A, A)\{y =0},
U=Uy on {y = A},

U=1U_, on{y = —A},

Oylpr = Oyltyy on {y = 0},

1dyu| < g'(0%) on {y = 0},

dyu = g'(|[ul]) sgn([u])  on{y =0} N {[u] # 0},

where sgn(-) denotes the sign function. Note that, because dyugr = dyu,r, we can
use the notation dyu to denote the y derivative of u on {y = 0} without paying
attention to the side on which the derivative is computed.

For simplicity, we will assume that u,(x) = —u_,(x) for every x € R", and
we will focus on solutions that are odd with respect to the hyperplane {y = 0}. In
this situation, our problem reduces to the study of a function u € H'(R" x (0, A))
satisfying

Au=0 in R* x (0, A),
U=Uas on {y = A}, (12)
|ayul < g'(07) on {y = 0}, :

dyu = ¢'Qlul)sgn(u)  on {y =0} N {u # 0},

where we used the notation u(x, 0) = uzy(x, 0) for every x € R”. In this setting,
the crack K, is represented by the discontinuity set of u#, and is given by

Ky :={(x,0) :x € R", u(x,0) # 0} Cc R". (1.3)
We assume that the boundary condition u, satisfies the following:
uy € H2(R") N C>P(R") for some B € (0,1) and lxlli_r)noo us(x) = 0.
(1.4)

Under these assumptions, we want to the study optimal regularity of the restriction
of u toR" x [0, A], and the regularity of the free boundary d K, (where the boundary
is defined in the topology of R" x {0}).
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A major obstacle to the regularity of solutions is the possible presence of fracture
points where u changes sign. Indeed, at such points the normal derivative dyu(-, 0)
is discontinuous with a jump of 2g"(0™), due to the term sgn(u) appearing in (1.2).
Our main contribution in this paper is to show that this possibility can never occur.

Problems of this type, where two phases (in this case the sets {x € R" :
u(x,0) > 0} and {x € R" : u(x,0) < 0}) can “touch” at a lower dimensional free
boundary, have recently been studied by Allen and Petrosyan, [3], Allen [1], and
Allen, E. Lindgren and A. Petrosyan [2]. In these papers, to show the separation of
phases the authors use in a clever way the Alt-Caffarelli-Friedman and the Weiss
monotonicity formulas. Our approach is different and, although it requires g to be
sufficiently smooth, it does not rely on monotonicity formulas. Therefore, it can be
applied to problems where the Laplacian is replaced by more general operators.

To show the separation of phases, we begin by proving some interesting general
properties of the solutions, such as the fact that the crack set K, is bounded (see
Lemma 3.2 and Proposition 3.3). After that, we prove that certain regularity prop-
erties of u, “propagate” to u(-, y). More precisely, for every y € [0, A) we prove
that u(-, y) is Lipschitz continuous, that u* (-, y) := max{u(-, y), 0} is semiconvex,
and that u~ (-, y) := min{u(-, y), 0} is semiconcave, see Lemma 3.4, Lemma 3.5,
and Lemma 3.6. Let us mention that, to show these regularity properties, we need
to assume 2||g” ||~ < 1/A. That is, we need the size A of the strip to be suffi-
ciently small, once the elastic properties of the material are given. As shown in
Lemma 3.1, under this assumption critical points are unique and therefore coincide
with the global minimizer. We think this bound to be sharp, and this is in agree-
ment with an explicit example given in [11, Theorem 9.1 and Theorem 9.2], where
uniqueness fails if 2||g” || Lo > 1/A.

Actually, in Lemmata 3.5 and 3.6 we prove a stronger property than the semicon-
vexity (resp. semiconcavity) of u™ (resp. u ™), since we need an estimate that allows
us to “connect” the behavior of ™ and 1~ near the set {# = 0} (see Remark 3.7).
This indeed plays a crucial role in the proof of Proposition 4.1, where we prove that
the two phases {x € R" : u(x,0) > 0} and {x € R" : u(x, 0) < 0} are well sepa-
rated. We achieve this in the following way: first of all, exploiting Remark 3.7, we
prove that if (x, 0) € 0K, is any free boundary point where the sign of u changes,
then u(-, 0) is differentiable at X and V,u(x,0) = 0. This, in turn, allows us to
construct some suitable barriers from which we reach a contradiction.

Once we know that the sets {u > 0} N {y = 0} and {# > 0} N {y = 0} are well
separated, we can adapt to our setting the arguments used in [5,8,24] to prove the
optimal regularity of solutions.

Theorem 1.1. Let u, satisfy (1.4), and let g € C2[0, 00) N C3(0, 00) be strictly
increasing and bounded, with g(0) = 0 and g’'(07) € (0, +00). Suppose, in
addition, that 2||g" |1~ < 1/A, ||g"”" |~ < 00, and that u € H'(R" x (0, A)) is
a solution of (1.2). Then, u € cl/z,

Once both phase separation and optimal regularity of u are obtained, we deal
with the regularity of the free boundary. To this aim, we proceed by applying
more standard techniques, which are specific to operators for which monotonicity
formulas are available. Assuming without loss of generality that we are at a free
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boundary point coming from the positive phase, we subtract from u the linear
function g’(0")y, and then we reflect evenly with respect to the hyperplane {y = 0},
defining

u(x,y) —g'(0M)y forevery (x,y) € R* x (0, A),

i (1.5)
v(x, —y) for every (x, y) € R" x (—A, 0).

v(x,y) = {

Then, inspired by [9], we prove a variant of Almgren’s monotonicity formula. More
precisely, suppose that (0, 0) € 0K, and set

d
®,(r) :=r— log (max{FU(r),r"+4}), Fy(r) := / VAdH",
d}’ 9B,

where B, is the ball of R"*! centred at 0 with radius r, and H" denotes the Hausdorff
n-dimensional measure. We show that there exists C > 0 such that for r sufficiently
small the function r > @, (r)e€" is nondecreasing (see Proposition 5.1). This
implies that ®,(0™) exists, and we can show that either ®,(07) = n + 3, or
®,(07) > n+4 (see Proposition 6.1). This allows us to classify subquadratic blow
up profiles of v: more precisely, considering the family {v,},~¢o of functions

vr(2) =

v(rz) 4 e Fy(n\'?
dr ’ roe— rn ’

we can classify the possible limits as r — 07 provided f—; — +00.
In other words, provided v decays slower than quadratic, we obtain the following
theorem, which is the second main result of the paper:

Theorem 1.2. Let the assumptions of Theorem 1.1 be satisfied, and let u €
H'(R" x (0, A)) be a solution of (1.2). Suppose that (0, 0) € dK,,, withu(-,0) > 0
near (0, 0), and let v be defined by (1.5). If

d
lim inf — = 400, (1.6)

r—0t 72

then the free boundary 3K, is of class C'* near (0, 0), for some a € (0, 1).

To prove Theorem 1.2 we show that (1.6) implies that @, attains its smallest possible
value, namely ®,(07) = n + 3, and that in this case blow up profiles of v are
homogeneous solutions of the classical Signorini problem (that is the classical thin
obstacle problem), with homogeneity degree 1/2(®,(0") —n). Thanks to this fact,
the blow ups can be easily classified (see Proposition 6.2) and the result follows as
in the classical theory.

The paper is organised as follows. In Section 2 we introduce the notation and
the setting of the problem. We show basic regularity properties of the solution u in
Section 3, while Section 4 is devoted to the separation of phases and the optimal
regularity. Frequency formula is the subject of Section 5, and in Section 6 we study
blow up profiles. Finally, in Section 7 we prove the regularity of the free boundary.
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2. Notation

In this brief section we introduce the notation that will be used, and we give the
main assumptions. Throughout the paper, we fix n € N, withn > 2, and A > 0.
For every point z € R" x [—A, A] we will write z = (x, y), with x € R” and
y € [—A, A]. The canonical basis of R+ is denoted byei,...,e,+1.Fora,b e
R*t! . b denotes the Euclidean scalar product between a and b, and | - | denotes
both the absolute value in R and the Euclidean norm in R” or R"*!, depending on
the context. For every k € N, H¥ stands for the Hausdorff k-dimensional measure.
Ifz=(x,y) € R"*+! and r > 0, we will denote by B, (z) the ball of R+ centered
at z with radius r:

B.(x)={ZeR"™ 1 Z—z <r),
and with B} (x) the ball of R” centered at x with radius r:
Bl(x)={x eR":|x —x| <r}.

We will write B, and B} for B;'(0) and B} (0), respectively, and we will use the
notation §" := 9B and S"! := 0By, while w;, 11 denotes the (n+ 1)-dimensional
Lebesgue measure of Bj.

Throughout all the paper, C will denote a universal constant, possibly different
from line to line. For any function v € H'(R" x (—A, A)\{y = 0}), we will denote
by vgr and v, 7 the right and left traces on {y = 0} of v |rn (0, 4) and v [rrx(—4,0),
respectively, while we set

vT :=max{v,0} and v~ := min{v, 0},

so that v = vt 4+ v~. When v is sufficiently regular, Vv and D?v stand for the
gradient and the Hessian of v, while Vv and D2 v are the gradient and the Hessian

of the function x — v(x, y). We will say that v is homogeneous of degree u if v

can be written as
Z
v(z) = |z|*h <—> ,
|z|

for some function i : S* — R. Let Lo, Dy > 0. For a function f : R" — R, we
say that f is Lipschitz continuous, with Lipschitz constant L, if

[ f(x2) — f(xD)] -

Lo.
X1#£X2 |)C2 _xl|

Also, f is said to be semiconvex, with semiconvexity constant Dy, if
S +h)+ f(x —h) = 2f(x) = —Do|h|*,

for every x, h € R". Similarly, we say that f is semiconcave, with semiconcavity
constant Dy, if

fGx+h)+ f(x —h) —2f(x) < Dolh|?,
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for every x, h € R”".

We are now ready to state our assumptions. In the following, g € C2[0, c0) N
C3(0, 00) is strictly increasing and bounded, with g(0) = Oand g’(0™) € (0, +00).
We assume, in addition, that 2||g” ||z~ < 1/A and ||g"” ||~ < oo, where ||g”|| L~
and ||g"|| o denote the L*°-norms of g’ and g’”, respectively. Moreover, we
assume that u, : R” — R satisfies (1.4), that is

u, € H/2®R" N c>P(R") for some B € (0,1) and | llim us(x) = 0.
X|[—> 00

Remark 2.1. The assumptions above imply, in particular, that u, is Lipschitz con-
tinuous with Lipschitz constant L4 := ||Vuy || . Moreover, denoting by Apin(x)
and Amax (x) the smallest and largest eigenvalue of D%u a(x), respectively, we have
that u, is semiconvex with semiconvexity constant D4 := ||(Amin)~ ||z, and is
semiconcave with semiconcavity constant C 4 := || (Amax) " || L.

We will study optimal regularity and free boundary for a function u € H'(R" x
(0, A)) solving Equation (1.2):

Au=0 in R" x (0, A),
U =1y on {y = A},
|ayul < g'(0T) on {y = 0},

dyu = g'(2|u]) sgn(u) on{y =0} N{u #0}.
Note that the equation above implies that
—¢'Qlu(x,0)]) < dyu(x,0) < g'Qlu(x,0))) foreveryx e R". (2.1)
Also, by the maximum principle,
llullzee < lluallze < oo.

In the next section we prove some basic regularity properties of u.

3. Basic Properties of the Solution

We study in this section the basic regularity properties of a solution u of Equation
(1.2). We start by showing that condition 2|g” ||~ < 1/A implies uniqueness.

Lemma 3.1. Let u, satisfy (1.4), and let g € C2[0, 00) be strictly increasing and
bounded, with g(0) = 0 and g'(0%) € (0, +00). If2||g" |L < 1/A, then there
exists a unique u € H'(R" x (0, A)) solving (1.2). In particular, there is a unique
critical point of (1.1) that coincides with the global minimizer.
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Proof. Suppose, by contradiction, that there exist uy, up € H LR" x (0, A)) solu-
tions of (1.2), with u1 # u». In particular, since u; = up on {y = A}, this implies

1V @t = u2) 172 g 0,49 > O- 3.1)

We will prove the statement into two steps.

Step 1: We show that

IV @t = ) 12 0.0y < 208" e llir — w2]17 2 -

Using the weak formulation of the equation (see [11, Proposition 3.1]) we have

/ Vup - Viyrdz
R7x (0. A)

+/Rn (Vf g 2lur|) sgn(uy) Ly, 20y + g’(0+)|1/f|1{u.=0}) dx >0, (3.2

forevery ¥ € H'(R" x (0, A)) with ¥ = 0 on {y = A}. Choosing u» — u; as test
function in (3.2) we obtain

/ Vup - V(uy —uy)dz
R % (0, A)

+/ ((Mz —u1) g lur|) sgn(uy) 1, 20p + & (07)|uz — M1|1{ul:0}> dx > 0.
Rll

Analogously, using the weak formulation of the equation for u;, with test function
up — up, we get

/ Vuy - V(uy —ur)dz
R” (0, A)
+/ ((ul—uz) g’ 2lual) sgn(2) 1,20y +8 (01| (uy —Mz)ll{u2=0}) dx > 0.
]Rn
Adding together the last two relations, we obtain
||V(I/t1 - MZ)”%,Z(R”X(O,A))
< / ((uz —u1) g Qlur]) sgn(ui) 1, 20) + &' (01)|uz — uy |1{u1=0}) dx
R’l
+/ ((ul — u2) ' (2luz]) sgn(uz) 1,20 + &' (07)[(uy — uz)ll{uz=0}) dx
Rn
= / (u2 = ) (' @lur]) sgn(un) — g/ Clual) s8n(02) ) Lz dx
Rn

[ lual(5/07) = ¢/ @luab) H=orepnsor
Rn

[ (g0 = @l Hysrniannor .
Rn
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‘We now observe that

(u2 = ) (' Clur]) sgn(un) — g Clual) sgn(u2)) < 0 whenever uyuz < 0,

therefore,
IV @t = u) 2@ 0.0
< /Rn luz — w11 &' Qlur]) — &' Qluzl) | 1ujuy >0y dx
+ /]R” qul(g/(OJr) - g’(zluzl)) 1wy =0)n{ur 20} dX
+ [ (0 = g/ @lunh) 1 sorin-o) 0
< Z/RH 18"l Loelur — ua*1uyuy=0y dx
+ 2/Rn Ig” lzoo 1 — u2]*1 {uy =0ynfur 20} A6
+2/Rn 18" Il zoo lu1 — w2 |* 1w, 20ynfur=0) dx
< 201g" lzoe lur = w2117y »
where we also used the fact that |up — u1| = | |ua| — |u1| | whenever ujuy > 0.

Step 2: We conclude.
First of all, note that

A
us(x) =u;(x, A) = u;(x,0) +/ dyuj(x,t)dt  foreveryx e R" andi = 1,2.
0

Therefore, for every x € R",

A
uz(x,0) —ui(x,0) = / dy(uy — uz)(x, r)dr
0

A 1/2
<Al (/ V(s —uz)(x,r>|2dr) ,
0

so that

lur = wall 32 gy < ANV = 421720 0,00
Then, thanks to Step 1

IV (u1 2A118" L IV (uy

2 2
—uz) ”Lz(R”X(O,A)) = - u2)|lL2(R”><(0,A))'

Since 2A||g" || < 1, this implies

IV (uy =0,

2
- M2) ”Lz(R” x(0,A))

against (3.1). O
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We now show that x — u(x, 0) is infinitesimal as |x| — oo.

Lemma 3.2. Let u, and g be as in Theorem 1.1, and let u € HY(R" x (0, A)) be
a solution of (1.2). Then,

lim u(x,0) =0.

|x]—00

Proof. Suppose, by contradiction, that there exists a sequence {x; }reny C R” such
that |x;| — oo and

lim u(xg,0) =a # 0.
k—00
Define now, for every k € N, the function uy : R” x [0, A] - R as

ur(x,y) :=ulx + xg, y).

Since uy, is harmonic for every k € N and {uy }xen is uniformly bounded in R" x
[0, Al and [lug |l g1 (rr x(0.4)) < C, up to subsequences we have

uy — u uniformly on compact subsets of R"” x [0, A] (3.3)

for some harmonic function u# : R"” x [0, A] — R such that u(-, A) = 0 and
u(0,0) = a, withu € HY(R" x (0, A)). Since uy is harmonic for each k, we have

0 =/ ug Auy dz =/ div(ug Vi) dz 7/ [Vig|? dz
R" % (0,A) R x(0,A) R x(0,A)

:/ uA(x-l—xk)(B_vuk)(x,A)dx—/ uk(x,O)(Byuk)(x,O)dx—/ |Vug|* dz
R JRn

R” x(0,A)

=/ uA(x+Xk)(ayuk)(st)dx_/ \le(x,0)|g/(2\uk(x,0)|)dx—/ |Vug | dz
JRe JRe JR7%(0,4)

5/ wa(x + x0) @yur) (x, A)dx—/ [Vig|* dz. (3.4)
Rn

R % (0,A)
Letting k — oo, since u,(xx + -) — 0, we obtain
/ V)% dz < lim inf/ |Vug|>dz = 0,
R x(0,A) k=00 JRnx(0,A)
where we also used the fact that uy — u weakly in HIIDC(R” x (0, A)). Since

u(-,A) = 0 this implies u = 0, which contradicts the fact that #(0,0) =
a#0. O

We now prove that the crack set K, defined in (1.3) is bounded.

Proposition 3.3. Let u, and g be as in Theorem 1.1, and letu € H'(R" x (0, A))
be a solution of (1.2). Then, u(-, 0) has compact support.
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Proof. We start by showing that there exist positive constants R = R(g, A), ¢ =
c(g,A),and r = r(g, A) € (0, 1) with the following property: if x; € R”" is such
that |x1| > R and u(x, 0) # 0, then

dz; € B_?()q) such that / |Vu|2 dxdy > c. 3.5)
B(z1)x(0,A)

Before proving the claim, let us show that this implies the conclusion. Indeed,
suppose by contradiction that the support of (-, 0) is not bounded. Then, there exists
a sequence {xg}reny C R" with [x¢| — oo such that |x;| > R and u(x, 0) # 0 for
every k € N. By (3.5), for every k € N there exists z; € B{ (xx) such that

/ |Vu|2dxdyzc.
B (zk)x(0,A)

Without loss of generality, we can assume that |x; — x| > 4 for every j # k, so
that the balls { B]' (zx)}xen are pairwise disjoint. Therefore,

/ |Vul?dxdy >
R*x(0,A)

against the fact that u € H'(R" x (0, A)).
Let us now show the claim. By Lemma 3.2,

oo

Z/ |Vul> dx dy = oo,
= B0 x(0.4)

lim u,(x) = lim wu(x,0) =0. 3.6)
|x]—00 [x]—00

LetV : B_f x [0, A] — R be the solution of the following problem:
AV =0 in By x (0, A),
V=[x on B} x{y=0}
V=1 on B x {y = A},
V=1 on dB} x (0, A),

and leta = a(g, A) > 0 be so small that

/ 0+ / 0+
sup |3,V (x, 0)] < 0D a2 o5 <l
1 2a 2
3.7)
By (3.6), there exists a constant R = R(g, u,) > 2 such that
u(x, 0)] < i—: and  |u(x, A)] = |us(x)| < %, for every x with |x| > R — 2.
(3.8)

Let x; € R" be such that |x;| > R and u(x1, 0) > 0 (the case u(xy, 0) < 0 can be
treated in the same way). We will show that there exist z; € B} (x1), ¢ > 0, and
r € (0, 1) such that (3.5) holds true.
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For every b > 0 define Vp(x, y) :=aV (x — x1, y) + b and set
b:=inf{b > 0:Vy > uin B}(x1) x (0, A)}.

Note that we necessarily have b > 0, since Vo(x1,0) = 0 < u(xy, 0).
By maximum principle, there exists (X, y) € 9(Bj (x1) x (0, A)) such that

Vpx,y) = u(x,y).

By (3.8) it follows that y # A, since u(x, A) < a/4 <a+b = V5 (x, A) for every
x with |[x — x| < 1. We then have only two possibilities.

Case i: y = 0. Let us show that this is not possible. First of all, note that in this
case it must be |[x — x1| < 1/2. Indeed, for every x € B (x1) with [x — x| > 1/2

Vi (x,0) = alx — x1|2 +b> % > u(x, 0),
thanks to (3.8). Thus, using (3.7) and the fact that u(x, 0) = V5 (x, 0) > 0, we have

g'(0h)
< &' Qu(x,0)) = 0,u(x, 0) < 3, V5(X,0) = ad, V(X — x1,0) < 5

g'(0")
2

which gives a contradiction.

Caseii: 0 <y < A and |x — x1| = 1. Let us show that, for a sufficiently small,
there exists a positive constant c; = c1(g, a, A, u,) such that

O<ci<y<A—c <A. 3.9
From (1.2) and (1.4) it follows that
[dyu(x,0)] < g (07)  [dyu(x, A)| < Co, for every x € R”

for some positive constant Cy > g’(07). Therefore, setting C| := (Co—g'(0%))/A,
by the maximum principle (note that d,u is harmonic)

—g'(0") = Cry < dyu(x,y) <g'O0") + Cry (3.10)

for every (x, y) € R" x [0, A]. Therefore,

_ Y
a<a+b=uXx,y)=ux,0) +/ oyu(x,y)dy
0

a y 1 a A — yz
<=+ O +Ciy)dy=~-+gON)y+C1—
4"/, 4 2

where we used (3.8). The above inequality implies

_ —28/(0") 4+ /4g/(07)% 4 6aCy
y > > ]

2Cy

> 0.
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Analogously, we have

A
a<a+b=u®Xy) =u,A) —/ dyu(x, y)dy
y

A \2
a a _ (A=Y
< - +/ 'O+ Ciy)ydy=~=+g0HA -3 +C———,
4 7 4 2
which implies A —y > ¢y, so that
min{y, A —y} > ¢y,

thus giving (3.9).
We can now show (3.5). At the contact point, we have

u(x,y) = Vz(X,y) =a+b.
Then, by Harnack inequality and by (3.9), there exists a radius » = r(cy) € (0, 1)
such that
u(x,y) > g forevery (x,y) € B'(X) x 3 —r,y +7r).
The inequality above implies that for every x € B/ (x) (note that |[x| > R — 2 for
x € B!'(x), so we can use (3.8))

1

a B A f A ) 2
1 =u(x,y) —ulx,A) < [ |9yul(x,y)dy = VA A @yu)“(x,y)dy |
y
from which
A 2
/ IVulP(x, y)dy > —— Vx e B'(®).
o = 16A r

Integrating with respect to x, we obtain

29mpn(+
H*(B
/ |W|2dxdyzw'
B (@)% (0, A) 16A
Setting
71 1= f and c— w
1 . 9 . 16A b

the claim follows. O

We now show that, under the assumption 2A||g” ||~ < 1, the Lipschitz continuity
of u, implies the Lipschitz continuity of u(-, y), uniformly with respect to y.

Lemma 3.4. Let u, and g be as in Theorem 1.1, let u € H'(R" x (0, A)) be a
solution of (1.2), and let L 4 be given by Remark 2.1. Then, for every y € [0, A]
the function u(-, y) is Lipschitz continuous, with Lipschitz constant W

[P
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Proof. Let 7 € R"\{0}, @ > 0, and define for every C > 0

z/é’a(x, y) :=u(x +h,y)+ Clh| [1 +a (1 — %)] , (x,y) €e R" x [0, A].

Setting C := inf {C >0: ulé’“ > u}, we claim that

2A i s
C* <L, fora> ”g—”f. G.11)
1 —2Alg" L

Let us first show that the claim proves the lemma. Indeed, if (3.11) is true then for
every (x,y) € R" x [0, A] we have

)] > u(x,y).

WX +h, )+ La(l +a)|h| > ux +h, y) + Lalh] [1 ta (1 -

e =

2u(x+h,y)+CZ‘|h|[1+oz<l—

Since x, y and h are arbitrary, from the last inequality and letting o« — % ,

we get

L
e +hy) = ux, )| < g

—— Al
2A118" Lo

thus concluding.
Let us now prove the claim. By maximum principle and thanks to (3.6), there
exists (x,y) € R" x {0, A} such that

ho,— — — = . h,o
O=uy0 X, y)—ulx,y)= inf (U e —u).
@) —u@y) = inf @ —w

In the following we assume C; > 0, since otherwise (3.11) is trivially satisfied.
We have two possibilities.

Case 1: y = A. Since u,(-) is Lipschitz continuous, at the contact point (x, A) we
have

—Lalh] < us(x +h) —ua(x) = =Cj|hl,
from which (3.11) follows.

Case 2: y = 0. We conclude the proof of the lemma, showing that for « sufficiently
large this case is impossible. At the contact point, the following equality holds true:

u( +h,0)+ (1 +a)Cy|h| =u}é’§‘()—c, 0) =u(x,0). (3.12)

We consider now three possible subcases, in which we will always reach a contra-
diction.

Case 2a: y = 0 and u(x,0) < 0. Thanks to (3.12), it has to be u(x + ,0) <
—(1 + a)C}|h| < 0. Therefore, recalling (2.1) we get

—§/(=2u(x, 0)) < 9,u(¥. 0) < dyuc (x.0)
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_ aCylhl
= 0yu(x +h,0) —

’ — O‘Cglhl
=—g'(-2u(x + h,0)) —

Ch
= —¢/(— 2u(®. 0) +2(1 + &) C2h]) — = Akl

— a
< —g/(=2u(%. 0)) + Ci1hl (2(1 + ) 18" 1 — )

_ 1
= —g'(=2u(x,0)) + Cj|A| [ZIIg”Ile +a (2||g”||Loo - Z)}
< —g'(-2u(x,0)),

241" [l L0

for o > W

Case 2b: y = 0 with u(x, 0) > 0 and u(x + %, 0) < 0. In this case we have
aCy|hl

0 < ¢'(2u(x, 0)) = dyu(x,0) < ayu’gg‘(z 0) = dyu(x + h, 0) —

, _ aCy|h|
=—g'(—2u(x +h,0)) —

<0,

which is still impossible.

Case 2¢: y = 0 with u(x, 0) > O and u(x + h, 0) > 0. This follows as in case 2a:
§'(Qu(x, 0)) = dyu (¥, 0) < dyuc (¥, 0)

N «CPlhl «C¥|h|
= 0,u(X +h,0) — < g Qux +h,0) —
Cylh
=g'(2u(x,0) — 2(1 + a)C{|h]) — ¢ Z' |
/ v o " o
< §'Qu(E. 0) + Ci 1l (20 + )8l — 7

/! v o " 1 ]
=g (2u(x,0)) + Cj|h| [ZIIg l[Lee 4+« <2||g Lo — X)}
< &' u(x,0)),

24l¢"” . . .
fora > 2Alellie  Tpig proves the claim and, in turn, the lemma. O
1-2A]g" |l o0

We now show a property that implies the semiconvexity of u™ (-, y), for any y €
[0, A].

Lemma 3.5. Let u, and g be as in Zheorem 1.1, and letu € H'(R" x (0, A)) be a
solution of (1.2). Then, there exists D > 0 such that for every (x, y) € R" x [0, A],

— o
[M(X+h,y)+u(x—h,Y)+D|h|2] >2u(x,y) VheR"

In particular, for every y € [0, A] the function u™ (-, y) is semiconvex, with semi-
convexity constant D.
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An analogous result holds true for u ™.

Lemma 3.6. Let u, and g be as in Zheorem 1.1, and letu € HY(R" x (0, A)) be a
solution of (1.2). Then, there exists C > 0 such that for every (x, y) € R" x [0, A],

[u(x S hy) +ulx —h, y) —E|h|2]_ <2 (x,y) VheR"

In particular, for every y € [0, A] the function u™ (-, y) is semiconcave, with semi-
concavity constant C.

The following remark will be useful in the proof of Proposition 4.1.
Remark 3.7. Combining Lemmata 3.5 and 3.6 , we obtain
[ 43 4wt =)+ DIR] = 2t e, 3) = 2utr, )
> 20”6, y) = [uCx + by y) +ulx = hyy) = TP
for every (x, y) € R” x [0, A], and h € R".

Remark 3.8. Let L4, D4 and Cy4 be given by Remark 2.1. A careful inspection of
the proof of Lemma 3.5 shows that one can choose

— 1 4B — 1 4B
D=—|Dy+ ?’g and C=—|Cys+ ?’g ,
CA CA CA CA

where

"

ca:=1=2A|g"lre,  Ba,g = ALamax{Lallg" I, 2cacgllg” I},

and ¢, > 0 is a positive constant such that
LA 17 Vi 2 !yt
4Z||g Lot + Dallg” llLet” < g'(07) foreveryt € [0,1/cg). (3.13)

We only give the proof of Lemma 3.5, since that one of Lemma 3.6 is analogous.

Proof of Lemma 3.5. Forevery 7 € R"\{0},« > 0,& > 0,and C > 0, we define
the function

+
u(x +h,y) +ulx —h,y) + Clh|?
. :z{( y) (2 y) + Clh| +aC|h|2<l—Z)i| e,

and set C;"* := inf{C > 0: u}é’("’g > uT in R" x [0, A]}. We claim that

e Allg" Nl Lo
C,” <max{Dj — 2¢, fe(a)} forevery ¢ > ———— and 0 <& < Dy/2,

cA
(3.14)
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where
Bag +eciAllg ||

A (aca — Allg" =)

fe(a) =2

and the constants c4, B4 4, and ¢, are defined in Remark 3.8. Before proving the
claim, let us show how this will imply the lemma.
Setting

Ge(@) := (1 +2a) max{Dy — 2, fe(a)},
from (3.14) and by definition of C,"* it follows that
21" 2
[+ 13+ e = )+ Ge@IhP |+ 26l
o,E 2 + 2
> [u(x+h,y)+u(x—h,y)+Ch’ (1 + 2a)|h| ] + 2¢l|
_ a.e Y 2]+ 2
> [u(x+h,y)+u(x h.y)+C (1 + 2 (1 A)) hP|" + 2eln|
> 2ut(x,y), (3.15)

for every (x,y) € R" x [0, Al, o > A|lg"|lL>/ca, and ¢ € (0, D4/2). One can
check that for every fixed ¢ € (0, D4/2)

G.(@) = (1 +2a) fe (@) for Allg" |z /ca < & < ate,
U (A 4 20)(Dy —2¢e) fora > ay,

where

_Allg" Iz LB +ecA Allg” |l Lo
. cA ci(DA —2¢) ’

From this, it follows that for every ¢ € (0, D /2)
min {G,(a) : & > Allg" 1% /ca} = Gelae) = D — 2e,

with D defined in Remark 3.8. Therefore, minimizing in « the left hand side of
(3.15) we obtain

_ +
[u(x Y hy) Fute —h,y)+ (D — 28)|h|2] 1 26lh? = 2ut(x, y),

forevery (x, y) € R" x [0, A], and ¢ € (0, D4/2). Taking the limit as ¢ — 0% we
conclude.

Let us now show (3.14). By definition of CZ"‘E, the maximum principle, and
thanks to (3.6), there exists (x, y) € R"” x {0, A} such that

_h,O(——_+—__. h’a__;’_
0= ucg,g(x, y)—u (x,y) = 1§n+f(ucz,,g u"). (3.16)

In what follows we assume that CZ"S > (, since otherwise (3.14) is trivially satisfied.
We have two possibilities.
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Case 1: y = A. At the contact point (x, A) we have

+
X +h) +us(x —h) + Cren)?
MX(E)Z[MA()C ) MA(; )+ C, |l Lelhl? > 0,

so that u 7 (¥X) = u,(x) > 0. Therefore

2

- us(X +h) +us(x —h) + Cy¥|h?
= 2

2u,(X) — Dalhl* + C;°|h)?
= 2

T+ h s—h)y+cenr]’
uA(x)_[u,«H )+ un(® —h) + CFF| |} el

+elh|?

1
+elh* = us® + 5 (G = Da+2¢) h|?,
which implies

Cp® < Dy —2e. (3.17)

Case 2: y = 0. At the contact point (x, 0) we have

+
0 < [u@@+h,0) +u@—h, 0+ C*(1+ 20| +2¢lhf® = 20+ (X, 0).
(3.18)
Therefore, u™ (x, 0) = u(x, 0) and

0 < g Qu(, 0) = dyu(F, 0) < (Byulice) ., 0)
h

_ _ +
u(@ +h,y) +u®—h,y)+Cp°h? y
— 3y H b ta i (1= ) | o

2
(3.19)

From the fact that the right hand side in the above expression is positive, it follows
that

U+ h,y) +u® —h,y)+Cy°lh?
2

+ CZ"E|h|2 (1 - %) > (0 foryclosetoO,

and from (3.19) we get

aCyf|h?

0 <g'(Qu(x,0)) < % [8,u(X 4, 0) + dyu(x — h,0)] — (3.20)

Moreover, identity (3.18) becomes
ux+h,0)+ux—hnh,0) + C,(f’g(l + 20{)|h|2 + 28|/’l|2 =2u(x,0), (@3.21)

Observing now that the role played by u(x + &, 0) and u(x — h, 0) is symmetric,
we only need to consider three subcases.
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Case2a: y = 0 with u(x + h,0) > 0 and u(x — i, 0) > 0. In this case, recalling
(2.1), from relation (3.20) we obtain

’ — 1., — ’ — O‘CZY€|h|2
0 <g'Qu(x,0)) < 3 [¢'Qux+h,0) +g Qux—h,0)] - ——0.
(3.22)
Let us now show that for every a, b > 0
g'(a) 4+ g'(b) a+b 1
=g ) 58 @ - ). (3.23)

Indeed, there exist 6, t € (0, 1) such that

@) = ¢ a+b+a—b _ ,fa+b 4o a+b\a—->b
sWW=8"2 2 )78\ 2 £\ 2 2

and

Summing up the last two relations we obtain the claim. Applying (3.23) witha =
2u(x + h,0) and b = 2u(x — h, 0), and using (3.21), relation (3.22) gives
g Qu(x,0)) < ¢'(2u(®,0) — (1 +20)C}** |h|* — 2¢|h|?)
1 aCyfin)?
" L E + 7, 0) = u(E = h, 0)* = ——.

By Lemma 3.4 it follows that u (-, 0) is Lipschitz continuous, with Lipschitz constant
La/ca. Therefore, recalling that c4 = 1 — 2A||g" || Lo, We get

§'Qu(x,0) < g'Cu(x,0)

L aCytlh?
+ [+ 20)C° + 2e] 1Rl | L + zc—;‘||g”/||m|h|2 -
A

_ L
=g Qu(,0)) + | [2C—ZA||g”’||Loo
A

CA
268" Il + €5 (g I~ —a )|

2
LA

2
Ca

"

g MW}

=g (Qu(,0)) + A [2 Iz +2ellg"llLe — Cy, "
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The inequality above is only possible if the last term in the right hand side is
non-negative, that is, if

2A(L5 118" I + echllg” L)

a,e
Ch = 2 Allg”
cylaca — Allg” l|Le)

(3.24)

Case 2b: y = 0 with u(x + h,0) > O and u(x — h, 0) < 0. In this case, recalling
(2.1), (3.20) implies that

aCyf|hf?

1
0 <g'Qux,0) < 2 [¢'QuGE + 1, 0)) — g’ Qlu — h, 0))] — 2

(3.25)

By Lemma 3.4, u(-, 0) is Lipschitz continuous, with Lipschitz constant L4 /c4.
Therefore, the right hand side of the above expression can be estimated as follows:

1o, L aCye|h?
3 [¢'CluEx +h,0)) — g'QluE —h,0))] — —
" _ _ aCyf |h|?
< |Ig" oo | [u(x = h, 0)] — |u(X + h,0)] | — —
L aC®%|h|?
<2248 | poo || — —2—
cA A

On the other hand, thanks to (3.21) we can estimate the left hand side of (3.25) as

g Qu(x,0) = ¢ (lu + h,0)| — [u(® — h, 0)| + C* (1 + 2a) |h|* + 2¢|h|?)
> ¢/ (07) = l1g" e [lu@ + h, 0)] — |u(x — h, )| — 1g" |l [CR e (1 + 2e0) + 2¢] R

L /) o
>g'(0") 2?:”8””L°°|h| — 118" L[} " (1 + 20) + 2] [h|*.

Combining the last two inequalities and (3.25) we obtain

aCyélh?
A

} |h)?. (3.26)

g'(0%) < 4 Ilg ol + llg" 1L [Cy e (1 4 2a) + 2611 |* —

ca — Allg"llLe

=4_ AT 2 oo — Cot,sa
o g™ Lo |+[ ellg” Il h "

We now distinguish two subcases.
Case 2bi: Small values of |z]. Let ¢, > 0 be defined by (3.13). From (3.26) it
follows that for every || € [0, 1/c,) we have

g'0") < 4 IIg o]l + 268" | oo I
- 4Z“g”llmlhl + Dallg" < h* < g'(0™),

which is impossible. Therefore, (3.26) can only be satisfied for |2] > 1/c,.
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Case 2bii: |/| large. Suppose now that || > 1/c,, where ¢ is given by (3.13).
Then, k]| < cglhl2 and thanks to (3.26) we obtain

Lac acy — Allg" L=
g'(0") < [(4 CAg +2s> lg" I — C,‘;"ff |h|?.

Last inequality is impossible, unless

Lyc
(454 +2¢) Allg" )11

acpy — Allg"|lL=

CZ’g <

_ 2AQLycacgllg” i + ecilig” )

(3.27)
i (aca — Allg"ll>)

Case2c:y =0withu(x+4,0) <O0and u(x — h, 0) < 0. In this case, inequality
(3.20) becomes

a,e712
aCF |hl
_— <<

0,
A

1
0 <g'u(x,0) < —5 [¢'(ux + 7, 0)) + g (jux = h, 0] —

which is impossible.

Case 2d: Proof of (3.14). From the previous steps it follows that at least one among
inequalities (3.17), (3.24), and (3.27) has to be satisfied. Recalling the definition of
fe (@), this concludes the proof of (3.14) and, in turn, of the lemma. O

4. Phases Separation and Optimal Regularity

As already mentioned in the Introduction, the main problem in establishing
optimal regularity is that one cannot exclude a priori the existence of free boundary
points where the function u changes sign. Indeed, at such points 9y u(-, 0) would be
discontinuous, with a jump of 2¢’(0™). This is ruled out by the next proposition,
which shows that the two “phases” {x € R” : u(x,0) > O}and {x € R" : u(x,0) <
0} are well separated.

Proposition 4.1. Let u, and g be as in Theorem 1.1, letu € H' (R" x (0, A)) be a
solution of (1.2), and let x € 0K, where K, is defined by (1.3). Then, there exists
ro = ro(x) € (0, 1) such that

By (x) N {x" e R" :u(x’,0) > 0} N {x" e R" : u(x',0) < 0} = @.
Before proving Proposition 4.1, we show how this allows us to prove Theorem 1.1.

Proof of Theorem 1.1. Let x € 0K,. Without any loss of generality, thanks to
Proposition 4.1, we can assume that

u(x’,0) >0  forevery x’ € By (x),
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where rg is given by Proposition 4.1. We claim that there exists 0 < 7 < rg and
D’ > 0, such that

D? u(x',y) > =D  forevery (x',y) € Bp(x,0) N {y > 0}.  (4.1)

Indeed, let us write u = uy + ur + us, where uy, us, and u3 are the harmonic
functions in R"” x (0, A) with the following boundary conditions:

up =0 on {y =0}, up=ut  onf{y=0}, us=u"  onfy=0}
Ul = Uy on{y = A}, u, =0 on{y = A}, u3 =0 on{y = A}.
Note now that u#3 is C* in a neighborhood of (x, 0), since u~ = 0 in By (x).

Analogously, u; is also C* in a neighborhood of (x, 0). On the other hand, by
maximum principle uo > 0. Therefore, an argument similar to the one used in
the proof of Lemma 3.5 shows that, for every y € [0, A], uz(-, y) is semiconvex.
Therefore,

D? us(x',y) = =D forevery (x', y) € R" x (0, A).

Then, using the fact that «; and u3 are smooth, (4.1) follows.
We now note that v defined in (1.5) is a harmonic function in R” x (0, A)
satisfying

v>0 and v[d,v+g' (0" —g'2v)DI=0 on{y=0}NBL(x),

which is just a minor variation of the classical Signorini problem vdyv = 0 [5,6].
Thus, the remaining part of the proof of Theorem 1.1 can easily be obtained by
repeating (with the needed minor modifications) the arguments used in [5,8]. O

We now give the proof of Proposition 4.1.

Proof of Proposition 4.1. Without any loss of generality, we can assume x = 0.
We will argue by contradiction, assuming that

B'N{x"eR" :u(x’,0) >0}N{x' e R" : u(x’,0) <0} #& foreveryr > 0.
(4.2)
We divide the proof into two steps.

Step 1: We show that (4.2) implies that u(-, 0) is differentiable at x = 0 with
V,u(0,0) = 0. Since #(0,0) =0, u™ > 0, and u~ < 0, we have

0€d;ut(0,0) and 0edfu(0,0),

where we denote by 3, u™ (-, 0) and 3 u~ (-, 0) the subdifferential of u™ (-, 0) and
the superdifferential of u™ (-, 0), respectively. Suppose now that (4.2) is satisfied
but, by contradiction, there exists £ € R" such that

£ € (971 (0,00 Udu(0,0)\(0).
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Without loss of generality, we can assume & € 9 ut(0,0) and £ = be| for some
b > 0, that is

bey € 3, u™(0,0), forsomeb > 0. 4.3)

Since, by Lemma 3.5, u™ (-, 0) is semiconvex with semiconvexity constant D, (4.3)
implies that

ut(x,0) + Dlx|*> = ut(0,0) + be; - x forevery x € R". 4.4)
Setting xp 1= %el , the above inequality can be written as u™ (x, 0) > 5(|xb |2 —

|x — xp|?), so that

u(x,0) >0 forevery x € Bl’;b‘(xb). 4.5)
We now divide the proof of Step 1 into two substeps.
Step 1a: We show that

4.3) = 3 u"(0,0)\{0} # 2.

Suppose, by contradiction, that (4.3) is satisfied but 8ju_ (0, 0) = {0}. Then, since
u~ is semiconcave, u~ (-, 0) is differentiable in 0 and

u(x,0) >u"(x,0) > o(Jx|) forevery x € R". (4.6)
By (4.2), we can find a sequence {x;}xeny C R*\{0} with x; — 0 such that
u(xr,0) <0 forevery k € N. 4.7
Setting hy := 2|xi e, thanks to (4.6) we have
u(xg — hi, 0) = u™ (xx — hie, 0) = o(|xx — hil) = o(lxk ), (4.8)

where the last equality follows from our choice of the sequence {/j}ren. On the
other hand, by (4.4) it follows that

ut (xx 4 hi, 0) > bey - (xx + hy) — Dlxx + hi|*

Xk e 2 Xk
=b|xk|<2+el'—>—D|xk| <5+4e1-—>
|xk | | x|

— b
> blxg| — 9D|xi|* > S, (4.9)

for k sufficiently large. Thanks to Remark 3.7, combining (4.7), (4.9), and (4.9),
we have that, for k large enough,

0> 2u(xg,0) > 2u™ (x,0)

> [+ i, 0) + i = i, 0) = Clhe |

b i (2
z | 5Pl + o) = 4Chal) =0,
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which is impossible.

Step 1b: We conclude the proof of Step 1. By Step la, there exists d > 0 and
e € S" N {y = 0} such that de € 3 u~ (0, 0). Since, by Lemma 3.6, u~ (-, 0) is
semiconcave with semiconcavity constant C, by repeating the same argument used
to show (4.4) we have that

u(x,0) <0 for every x € Bﬁdl(xd), (4.10)

where we set x; = %e. Taking into account (4.5), this implies e = —ej, thus

Xg = —ziel. We will now show that d,, u(-, 0) is unbounded, against Lemma 3.4.

To this aim, for every ¢ > 0 we set w, := —eey. In this way, w, — 0 as
e — 0T and w, € Blr;w\(xd) for ¢ sufficiently small, so that u(w,, 0) < 0. We
claim that

lim 3y, u(ws, 0) = +oo. (4.11)
e—>07F

Letu : R" x [0, 00) — R be the harmonic extension of u(x, 0) to the half space
R"™ x [0, c0). We have

((we)1 —z1)

T o (3yii(we, 0) — dyii(z, 0)) dz
n e — 2

1 1
—0 ,0) = —0yu ,0) =
Cn xlu(wa ) Cy xlu(wa )

((we)1 — z1)

R we — 0!
((we)1 — z1)

Rr |we — z|"F1

(3y (@ — u)(we, 0) — dy (it — u)(z,0)) dz
(dyu(we, 0) — dyu(z, 0)) dz,

for some positive dimensional constant C,. Since & — u vanishes on {y = 0} and
is harmonic in R" x (0, A), we have x — 9, (it — u)(x, 0) € C*°(R"). Therefore,
to prove our claim it will be sufficient to show that the last integral diverges as
g — 0%.Let f : R" — R be defined as

fx) = 8)’”()57 0) ifu(x,0) <0,
. N B () if u(x,0) > 0.

Since dyu(x, 0) = —g'2lu(x, 0)]) where u(x, 0) < 0, itfollows that that f is Lips-
chitz continuous, with Lipschitz constant 2| g” || .o (recall Lemma 3.4).

__La
1-2A]1g" |l oo
In what follows, we set

(b d
A= mln{:,:}. (4.12)
D C

Givenr > Owith0 < r < A/4, we split the integral under consideration as follows:

((we)1 — z1)

Rt |We — Z|n+1

- /R W= 21 (a0 — Bz, 0) dz,

"By |w, — Z|n+1

(ayu(u)s, 0) — dyu(z, O)) dz



322 L. CAFFARELLI, F. CAGNETTI & A. FIGALLI

((we)1 — 21)

T (dyu(we, 0) — dyu(z,0)) d

B! |we

We can disregard the first integral, which is bounded for ¢ small enough. Concerning
the second integral, using the fact that u(w;, 0) < 0, we have

. % (dyu(we, 0) — dyu(z, 0)) dz = . % (dy1u(we, 0) — f(we)) dz

B % (f(2) —dyu(z,0)) dz + /n % (Fwe) — f(2)) dz
ey % (f@ = dyu(z 0) dz + /" % (f(we) — f(2) dz
=I{+ 1.

Since f is Lipschitz continuous, /5 is uniformly bounded in . By definition of f
and by (4.5), we can split I} in the following way:

((we)1 —z1)

B! lwe — z| !

=/ (e — 21) (f(2) — dyu(z,0)) dz
BN

uz0) lwe — z|"*1

Ij = (f(2) — dyu(z,0)) dz

WD =20 (1) — bucz, 0)) dz

/B”ﬂB” 1) lwe — z|+!

((we)1 — z1)
+/ —— (@ = dyu(z,0)) dz =: I{ | + I} ».
BIO{u=0)\B,, | (xp) |lwe — z|*t! ( Y ) 11 1,2

We claim that / f , is uniformly bounded in ¢. Indeed, first of all we observe that,

thanks to (2.1) and Lemma 3.4,

|f (2) = dyu(z, 0) = g'(0%) 4 Byu(z, 0) < g'(07) + &'Qu(z, 0))

Lallg" Lo
<2 /0+ / N ’0 <2 /0+ - =
<2(g'0%) + 18" Il L~u(z.0)) < (g( T A ) T

for every z € B)' N {u > 0}. Then, recalling (4.10), we have

1 1
|11£2|§Cr/ 7ndz=c,/ T
' BIN{u=0N\B/., (x) lwe — 2| BI\(BJ,, (xp) VB, (xa) lwe — z|

p" 1
:cr/ / B [ — P
Sn=Ing weS”*l —p C/d<wy<pD/b} lwe — pol

where we set

X, = HweS"*] don] < %}
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and X is defined by (4.12). Since w, := —ee;, we note that for every p € (0,r)
andw € X,

1
|weg —,0a)|2 = p2 + 2ep wq +e2 > ,o2 —28p2)\.+82 = p2(1 —2¢eA) +e > 5,02,
for ¢ sufficiently small. Therefore, for ¢ sufficiently small we obtain

-
n 1 n
|17 5] < 270r/ / ZdH" Yw)dp <22¢, C,
' 0o Jx, P

where we used the fact that 7! (2,) < Cp for some positive constant C = C(n).
Let us now estimate I{. Since z; > Oforevery z € B N B/} (xp) and (w,)| =
—& < 0, we have (wg)| — z1 < 0. Therefore, since g’ > 0,

[xp

Iy =/B (el — 21 (f(@) = dyu(z,0)) dz

_ ~|n+l
POBLL, (h) lwe — 2|

- (w )l ’
B /B B o) o (807 4/ Cu(z, 0) ds
xp| b '

+ (we)1 4 — (we)1
>g<0>/ o _Z|n+1d>g(0)/ mdz
ﬂB ‘(xb) € B S(wg)ﬂB‘rb‘()q,) e

r—&
— ¢0") pdr=g 0" [ 2 [ aiar @,
B Bl (p—we) [TI" e Pz

where

D(p* + &%) +¢b
E;:: weS”_I:(p—'——E)jg<a)1<l .
p(b+2¢D)

Note now that, for ¢ sufficiently small, since p <r—¢e < A/4 < b/ (45), we have

D(p* + &%) +¢b Dp 1
- = < 2_ < —.
p(b+2eD) b 2

Therefore,

r—e 1
Hizgon [ o1 41 (@) dp
’ & P Jsr—In{1/2<w; <1}
=& r—e
=c, g’(0+)/ —dp=¢,8' (0" 1n (—) ,
e P €
for some positive dimensional constant c,,. Taking the limit as ¢ — 0" we obtain

lim I{, = +o0,

e—0t

which proves (4.11). As noted before, this contradicts Lemma 3.4, concluding the
proof of Step 1.
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Step 2: We show that there exist positive constants y, 1, and 7 such that
8u>§’(0+) in Ry7 == Bl x [(1 — y)nr, (1 + y)n7] (4.13)
=78 yr = Dyy yonr, yr|. .

By Step 1 we know that u(-, 0) is differentiable at x = 0 with V,u(0, 0) = 0, hence
there exists a continuous function o : [0, c0) — [0, c0) with o (0) = 0 such that

lu(x,0)| < o(lx|)|x] for every x € R".

Note that, with no loss of generality, we can assume that o (r) > r for all r.
Let M, C, n be positive constants to be chosen later, and for every r € (0, 1)
set

I, =B x[0,nr].
We consider the harmonic function VT : ', — R defined as

Vi = ut ) - MID g P T2 (o) — ey,

where xar € R” is such that u()car ,0) > 0and |)c6|r | = cor with 0 < ¢o < 1 (note
that that such a point xo+ exists, because we are assuming, by contradiction, that
(0, 0) is a boundary point both for {u > 0} and for {u < 0}). Since VT is harmonic,
we have

0<max VT =max VT,
T, or,

where the positivity comes from the fact that V*(xar ,0) = u(x(;r ,0) > 0. We now
have several possibilities.

Case 2a: We show that, if C is sufficiently large, then there existsnox € o', N{y =
0} such that

max VT =VT@&,0).
T,

Suppose that such x exists. Then, it cannot be u(x, 0) < 0, since in that case

V&, 0) =u(x,0) — Mwﬁ —xf 1> <o.
r

Therefore, u(x, 0) > 0, and
Iy VT, 0) = dyu(x,0) — g'(0") + Cr = g’Qu(x,0)) — ¢'(0%) + Cr
> —2u(x,0))Ig" Iz + Cr = =20 (r)r||g"|lL> + Cr.
If we choose C large enough we obtain 8yV+(E, 0) > 0, which is impossible.

Case 2b: We show that, if M is sufficiently large and 7 is sufficiently small, then
there exists no point (x, y) with |xX| = r and y € [0, nr] such that

max VY = VT (x,y).

Ly
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Indeed, suppose that such a point (X, y) exists. Then, since |X| = r and |x6r | = cor,
we have

(1 —co)’r? < |¥—xf 1> < (1 +co)?r?

Thus,
0<VIE Y =u®y) - Mﬂr xf P +nM—= ()—2 — (0" = Cr)y
<u®y) - M1 -cp) o—(r)r+nMQ (g’(0+)—Cr)§,
so that (recall that ¢y < 1)
<>_2

u(x,y) > M1 — co) o(r)r —nM——=y*+ (g’ (0" — Cr)y
> M (1—co)’o(r)r— (nM N’ o(r)r+Cnr?) + ¢/ (01)y
M e
> ?G(F)r +g'(0M)y,
for n small enough. Thanks to (3.10), this last estimate gives
M
—G(r) r+g'(0hy
—2
< u(X.y) <u® 0)+ g0y +C 2 5= o(r+Cin’s 3 +g (017,
which is impossible for M sufficiently large.

Case 2¢: We show that, if M is sufficiently large and 7 is sufficiently small, then
there exists no point x € R” with r/2 < [x| < r such that

max VT = VT (x, nr).

T,
This case can be treated as Case 2b.

Case 2d: We show that, if M is sufficiently large and 7 is sufficiently small, there
exist y, 7 > 0 such that (4.13) is satisfied. From Cases 2a—2c, there exists x € R”
with |x| < r/2 such that

max V't = VT (&, nr),
T,

so that
0 <3,V (&, nr) = dyu(x, nr) +2nMno(r) — (g'(07) — Cr).
Using the fact that r < o (r) we have

oyu(x,nr) > g (0" —2nMno(r) —Cr > g'(0") — Cyo(r), (4.14)
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where C)) = 2nMn + C.For y € (1/2, 1) let us set
(X, 1r) € Ryr := By, x [(1 = y)nr, (1 + y)nr].

Thanks to (3.10), the function g’(07) +2Cnr — dyu is harmonic and nonnegative
in I'y,.. Thus, by (4.14) and Harnack inequality, there exists a constant C;, > 0 such
that

sup (¢'(0%) 4+ 2Cynr — dyu) < C,, }'an (8'(0") +2C nr — dyu)
yr

Ryr
< Cy (§'O") +2Cinr — (g'(0") — Cy o (1))
=C,Q2Cinr + Cyo(r)).

From the previous chain of inequalities we obtain
dyu > g'(0M) +2C1(1 = Cy)nr —C,Cyo(r)  inRy,.

Therefore, there exists 7 = 7(y) such that
3., 4 )
Oyu > 18 (07)  in Ry,

thus showing (4.13).

Step 3: We conclude. An argument analogous to that one used in Step 2 can be
applied to the harmonic function V™ : I', — R defined as

VO, y) = ule, y) + M@u —xg P = nM"i—r)y2 +(g'(0) = Cny,

where x, € R" is such that u(x;,0) < Oand |x, | = ¢;r with0 < ¢; < 1,10
obtain that

3
dyu < —Zg’(oﬂ in Ry7.

Comparing the inequality above to (4.13), we obtain the desired contradiction. O

5. Frequency Formula

In this section we prove a frequency formula, which will allow us to study
the blow up profiles of solutions u of (1.2). To this purpose, assuming that (0, 0)
is a free boundary point for u, and that u(x, 0) > 0 in a neighborhood of O (cf.
Proposition 4.1), we investigate the regularity properties of the function v : R" x
[-A, A] — R defined by (1.5).

Throughout this section we assume that the hypotheses of Theorem 1.1 are
satisfied, that v is given by (1.5) where u is a solution of (1.2), that (0, 0) is a free



Optimal Regularity and Structure of the Free Boundary 327

boundary point for v, and that v(x, 0) > 0 for every x € By, where ry is given by
Proposition 4.1. Therefore, v satisfies:

Av=0 in B,,\{y =0},
v>0 on Bfo,

dyv < g'(2v) — g’ (0t)  on B!

ro’

dyv =g'(2v) —g'(0")  on B N{v>0}.
Since v is even with respect to the hyperplane {y = 0}, we have

vy VT

Vgpr = U and 3y = 3y on B,"O. (5.1)
First of all we observe that
2[lg"lILa
dyv(x,0) = g'(2u(x, 0) — g'(0") < 2)Ig" lv(x,0) < —=———1ry =: Co,
y 1 —2A]lg" I

for every x € Bﬁo, where we used the definition of v, Lemma 3.4, and the fact
that (0, 0) is a free boundary point. From the above inequality it follows that the
function

v(x, y) == v(x,y) — Colyl (5.2)

is superharmonic in By, . Indeed, let ¢ € CS°(B,,) with ¢ > 0. Then, using the fact
that v is harmonic in B,,\{y = 0}

/ VApdz = / VApdz + / VApdz
B ByyN{y>0} ByyN{y<0}

0

= / div(v Vo) dz + / div(v Vo) dz
J By N{y>0} J BryN{y>0}
—/ V’J-wdz—/ V7 - Vodz
By, N{y>0} By, N{y <0}
0
= / Vr — FRT)—(/) dH" — / div(pV) dz — / div(¢pV) dz
By, dy B,y N{y>0} By, N{y<0}

¢ (av” - av”) =2/ o 2T gy <,
dy dy By 9y

-

where we used (5.1). We can now state the main result of the section.

n
0

Proposition 5.1. Let F, : (0, o0) — [0, 00) be given by
Fy(r) = / v dH",
B,
let ro be given by Proposition 4.1, and set

®,(r) = rj—r log (max{Fv(r), r"+4}> .
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Then, there exist 0 < 7o < ro, and a positive constant C, such that the function
r = ®,(r)e" is monotone nondecreasing for r € (0,7o). In particular, there
exists

@,(07) = lim &,().
r—0t
Before giving the proof, we need several auxiliary lemmas. When integrating
along the boundary of a smooth (n + 1)-dimensional set, we will denote by v
the outer unit normal, and by v, the derivative of v along v. We will denote the

tangential gradient of v by Vv, so that V;v = Vv — v,v.
The next lemma is an adaptation of [9, Lemma 7.8].

Lemma 5.2. For every r € (0, ro)

(n — 1)/ Vo2 dz = r/ [|v,v|2 _ vﬁ] dH"
B, 9B,
+4/Bn (g'v) — g/ (01)(x - V,v) dx.

Proof. Since Av = 01in B,,\{y = 0}, there we have

div [|VU|2z —2(z- W)Vv]

=0+ D|Vv]> +2(D%*v-Vv) -z —2(z - Vv)Av — 2Vv - (VU + (D*v - z))

=+ D|Vv]? =2|Vv]> = (n — D|Vv|>.
Then,

n—1) [ |VoPdz = / div [|Vv|2z —2(z- W)W] dz
B, B,N{y>0}
+ / div [le|zz —2(z - Vv)Vv] dz
B,N{y<0}
=/ [|Vv|2(z V) —2(z - Vu)(Vu - v)] dH"
8(B,N{y=0))
+/ [|Vv|2(z V) —2(z - Vo)(Vu - v)] dH". (5.3)
B(B.N(y<0))
Recalling that z = rv on 9 B,, we get
/ [|VU|2(Z V) —2(z- Vu)(Vu - v)] dH"
3(B,N{y=0))
:/ [|VU|2(Z V) —2(z - Vo)(Vu - v)] aH"
dB,N{y>0}

+ [ [90arPe v =20 Vo) (T )] d

- r/ [|VU|2 - 2u3] dH"
9B, N{y>0}
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#1900 w) = 200 Tuer) (T )]
By

= r/ [|v,u|2 - vﬁ] dH" +/ 2(x - Vogy) dyvgr dx
dB,N{y>0} B!

- r/ [|V,v|2 — vf] dH" +/ 2(x - Vyvgr) dyvpr dx.  (5.4)
9B,N{y>0} B

n
r

Similarly,
/ [|Vv|2(z V) = 2(z - VU)(Vu - v)] dH"
d(B-N{y<0})

= r/ [|v,v|2 - vﬁ] dH" —/ 2(x - Vi) dyvirdx.  (5.5)
9B, N{y<0} Bl

Combining (5.3), (5.4), and (5.5) we obtain
(n — 1)/ IVol?dz = r/ [|v,v|2 - vﬁ] dH"
B, 3B,
+ 2/3" [(x - VyUgr) dyvpr — (X - Vyvrr) ayv”] dx.
Then, thanks to (5.1) and the equation satisfied by v, we conclude that
(n — 1)/3 IVu>dz = r /aB [|va|2 — uf] dH" +4/Bn 8y Ver (x - Vyv) dx

- r/ [|va|2 . uf] dH" + 4/ (' 2v) — g'(07)(x - V,v) dx.
9B, Br

We will also need the following lemma:

Lemma 5.3. For every r € (0, ry)

|w|2dz=/ vvvdH"—z/ v(g'2v) — g'(0)) dx.
B, 3B, By

Proof. Since v is harmonic in B, \{y = 0},

/ div(vVv) dz=/ diV(vVv)dz+/ div(vVv) dz
'y BN{y>0} BrN{y<0}
=/ |Vv|2dz+/ V| dz
B,N{y>0} B,N{y<0}

+/ vAvdz+/ vAvdz:/ |Vv|?dz
B,N{y>0} B,N{y<0} B,

On the other hand, applying the divergence theorem in each half-sphere

/ div(vVv)dz = / v, dH" + / v, dH"
y a(B,N{y>0}) a(BN{y<0})
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= / Vvy dHn + / [ULT 8vaT — Ugr 8yURT] dx
9B, B!

=/ vvvd’H"—2/ vavade
0B, B

n
r

= / vu, dH" — 2 / v(g'(2v) — g'(01)) dx,
3B, Br
where we also used (5.1). Comparing the last two chains of equalities we conclude.
O

We now start by differentiating F,(r).

Lemma 5.4. For every r € (0, ro)
/7 n n
Fv(r)z/ 2vv, dH" + = Fy(r)
3B, r
:2/ |Vv|2dz+4/ v(g’(2v)—g/(0+))dx+EFv(r).
B, B! r
Proof. Writing the integral in polar coordinates and differentiating we obtain

F)(r)= di [/n V2 (re) r”d’H"(a))i|

r

= / 2v(ro)Vo(ro) - o r"H" (o) + n/ V2 (ro) r" N aH (o)
NG N

=/ ZUUVdH"-i-E/ v?(2) dH"
9B, r JaB,

- 2/ Vol dz + 4/ v(g'(2v) — g'(0") dx + ZFy (),
B, B r

where the last equality follows by Lemma 5.3. O
We now state a trace inequality, whose proof can be found in [20].

Lemma 5.5. For any r > 0 and any function w € W2(B,) we have

/ lw —w)?dH" < Cr/ IVw|*dz,
9B, B,

where

1

W= — wdH",
H"(3B:) Jas,

and C is a constant depending only on the dimension n.

In the following we will need an improvement of Lemma 5.5, which can be obtained
using the fact that v is superharmonic.
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Lemma 5.6. There exists a constant C, depending only on n, such that for any
r € (0, ro)

Fv(r)z/ VdH" < Cr | |Vv|*dz,
B, B,

and

/ V2dH" < Cr/ |Vv|? dz.
By B,

Proof. Let us start by proving the first inequality. Since v € W'?(B,), by
Lemma 5.5

Fv(r)=/ 2dH" < Cr |Vv|2dz+v/ v dH". (5.6)
0B,

B, 3B,

Let now v be given by (5.2). Since v is superharmonic,

0 =v0)YH"(dB,) > TH"(dB,) = / vdH"
9B,

=/ vdH":/ v+dH”+/ v dH".
2B, 3B, 9B,

The above inequality implies that

/ vt dH" 5—/ v’dH”:/ v | dH". (5.7
9B, 9B, 9B,

Since v(x, 0) > 0, we have v~ (x, 0) = 0. Thus, by rescaling,
r [z IVvT|2dz _ {fBl |Vw|3dz
- > n{ — ———
Jop, @2dH" Jap, wrdH"

where the positivity of ¢, follows by a standard compactness argument (actually,
by spectral analysis theory, the minimum is attained by w(x, y) = y, thus ¢, = 1).
Hence, by Holder inequality,

: / [vT]dH" < ( : / ( ‘)%H”)l/z
—_— v —_— v
H"(0B;) JaB, ~ \H"(3By) JyB,

1/2
< <cn_1r2 |Vv_|2dz) ,
B,

tw: B > R, w|B;z=0}=:c,,>0,

that combined with (5.7) yields

172
/ | dH" < 2/ v ldH" < Cr'F ( |Vv|2dz> .
2B, 9B, B,

Finally, plugging this into (5.6) we get

1 2
Fy(r) < C|:r/ |Vv|2dz+—(/ |v|dH”> ]5 Cr/ Vvl dz,
B, r" \JaB, :
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which proves the first inequality of the statement.
To show the second inequality, it is enough to observe that

min{fB] |Vw|2dz—|—f3131 w2dH"

o .
IB? DA cw: B — R} =:¢c, >0,

where again positivity of ¢ follows by a standard compactness argument. By
rescaling, this implies that

1
/ v2dH" < —/(r |Vv|2dz+/ vde">,
B! Cn B, 3B,

and the result follows by the first inequality of the statement. O

Before proving Proposition 5.1 we need another lemma.

Lemma 5.7. There exists 7o € (0, ro) and a positive constant C = C(n) such that,
whenever Fy(r) > r"t4, we have

/ |Vv|?dz < 2/ v v, dH",
By 9B,

and

/ v, dH" > Cr't3,
JdB,

forevery 0 <r <7y.

Proof. Suppose that F,(r) > r"**. Then, by Lemma 5.6,
< Fy(r) < Cr/ |Vv|?dz,
By

which implies

V"+3
/ |Vv|?dz > . (5.8)
B, C
Thanks to Lemma 5.3 and Lemma 5.6, for » sufficiently small we have

/ v, dH" = |Vv|2dz+2/ v (g’ (2v) — g'(07)) dx
9B, B, B

r

> |Vv|2dz—4||g”||m/ o dx
B, B!

1
> (1—4rC||g“||Loo)/ V]2 dz > 5/ Vo2 dz. (5.9)
B, B,

This shows the first inequality which, together with (5.8), allows us to conclude.
O
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We are now ready to prove Proposition 5.1.

Proof of Proposition 5.1. Since r — max{F,(r), r”+4} is a semiconvex function

(being the maximum between two smooth functions) and ®,(r) = n + 4 on the

region where max{F,(r), riH4Yy = P4t suffices to prove the monotonicity of

@, (r)eC" in the open set {r : F,(r) > r"t4}.
Note that, thanks to Lemma 5.4,

Fl(r) 2

Fy(r)  Fy(r) Jys,

Setting W, (r) := &, (r) — n, the logarithmic derivative of W, is given by

V() d r .
V) ar % (Fv(r) /aB, v dHt )

d
=— <logr + log/ v, dH" — log(Fv(r))>
dr 9B,

O,(r)=r

vu, dH" + n. (5.10)

i n n
vu, dH 2 v, dH
1L dr /s 9B n
_Ly . _ _JoB: . 5.11)
r

r / v v, dH" Fy(r)
JdB,

where we used again Lemma 5.4. We now divide the remaining part of the proof
into several steps. In the following, it will be convenient to define

he):=2 / v(g'(2v) — g'(OF)) dH",
9Bn

2(n—1)

L(r):=———— [ v(g'v)—g'(0"))dx,
r B;‘l
4 / /-t
I3(r) : = —;/B (&'(2v) — g (07)(x - Vyv) dx.
Step 1: We show that

d —1
— vvvdann / vvvdH”—i-Z/ vidH"
dr JaB, r 9B, 3B,

+ I (r) + L(r) + I3(r).

Indeed, thanks to Lemma 5.3,

d d d
— v, dH" = — / |Vv|?dz +2— v(g'2v) — g/ (0T)) dx
dr 0B, dr » dr Br

=/ Vo2 dH" + I, (r). (5.12)
JB,

Using first Lemma 5.2 and then Lemma 5.3, the first integral in the last expression
can be written as
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-1
/ IVol2dH" = 2=~ |Vv|2dz+2/ vEdH" + I(r)
3B, r B, 3B,

n—1

- / vvvdH"+12(r)+2/ vEdH" + I(r).
3B, B,

-
Inserting this last equality into (5.12), we obtain the claim.

Step 2: We prove that

2 n+2
Li(r)+ L(r)+ () > —C |Vu|“dz — Cr''™ 2,

B,
Indeed,
1 2 ! / +
S = ——/ (') — g (07)(x - Vyv) dx
r B;’
= _5/ divy (v(g'2v) — g'(0T))x) dx
B!
2 / 77 .
T / v(g'@v) — g'(0))(div,x) dx
By
+ %/ vx - V(g (2u))dx
r B;‘
2
=—-L{)— L)+ ;/ v(g'(2v) — g’ (0™)) dx
B!
+ %/ 2u(x - Vyv)g”(2v) dx.
r B;‘
Therefore,

Ii(r) + I(r) + I3(r)

1 2 / /it 2 "
=—I3(r)+—/ v(g' 2v) — g'(0 ))dx+—/ 20(x - Vy)g” (2v) dx.
2 r B! r B!
(5.13)

Let us first estimate the second term in the right hand side of the identity above.
Thanks to Lemma 5.6,

2 ’ o 4]1g" |l 2 2
- [ vE'@v)—g'0")dx > ——=—""— [ v:dx>-C [ |Vv| dz.
" JBy r By B,
(5.14)

Let us now estimate the remaining two terms. There exists t = 7(x) € (0, 1) such
that

1 2
—L(r)+ —/ 2u(x - Vyv)g” (2v) dx
2 r B;’

2
_2 / (x - Vi) (208" 2) — £/ Q0) + 80 ) dix
r B'I_‘l
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= z/ 2v(x - Vo) (g" (2v) — g’ (2tv)) dx
Bn

r

8 " 00
z—ﬁ/ v2x - V| dx
r B;’
> _8C|lg" I r*H / dx = —CrmHh, 5.15)
By

where we used that, by the optimal regularity of v (see Theorem 1.1), |v| < Cr3/?

and |Vv| < Cr'/?. Combining (5.13)—(5.15), for r sufficiently small the claim
follows.

Step 3: We conclude. Recalling that W, (r) = ®,(r) — n, from Step 1 we have

d
— dH" 2 dH"
W) 1 n dr /aB, o /aB, o
W, (r) r r / UUVdHn F,(r)
JdB,

2/ vZ dH" 2/ v, dH"
9B, 9B, n Li(r)+ L(r) + I3(r)

/ v, dH" / v2 dH" / v, dH"
9B, 9B, 9B,

S L)+ b))+ L)

B / v, dH"
3B,

where in the last step we used Holder inequality and the fact that, by Lemma 5.7,
the integral at the denominator is positive. Then, thanks to Step 2 and Lemma 5.7
again, we obtain

[Vv|?dz ;
W (r) e '/Br c it

Yo (r) / vv, dH" / v, dH"
0B, 3B,

Z —C _ Crn+%*(ﬂ+3) 2 _C
The previous chain of inequalities gives
!
0< [log W, (r) + Cr]/ = [log (Wv(r)ecr>] )

Recalling that W, (r) = ®,(r) — n, this shows that 7 — (®,(r) — n)eC" is increas-
ing, and thus the conclusion. O
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6. Blow Up Profiles and Regularity of the Free Boundary

We are now going to study the blow up profiles of v and the regularity of the
free boundary. As in the previous section, with no loss of generality we will assume
that (0, 0) is a free boundary point and that v(x, 0) > O for every x € B;’O, where
7o is given by Proposition 5.1.

We define, for every r € (0, 7¢), the function v, : Bf — R as

1
n@ =2 g (F”(r)>2 , 6.1)

d, rh

where Fy is as in Proposition 5.1. Note that
/ vr2 dH" =1 for every r < 7. (6.2)
0B

The next proposition shows which are the possible values of @, (0%).

Proposition 6.1. Let the assumptions of Theorem 1.1 be satisfied, suppose that
(0, 0) is a free boundary point for u, and that u(x,0) > 0 in B;lo. Let v be given
by (1.5), and let ®, be as in Proposition 5.1. Then, either ®,(07) = n + 3, or
@,(07) >n+4

We first prove the proposition above in the case

..o dy
lim inf — < +oo.
r—0* r
Proof of Proposition 6.1. when lim inf,_, o+ d, /r? < 4o0.

We will show that in this case we always have ®,(07) > n + 4. Indeed, by
assumption there exists C > 0 such that

d_r2= Fy(r) <
r4 pntd —

C for every r € (0, 1).

We then have two possibilities (see also the second part of the proof of [9,
Lemma 6.1]).
Case 1: there exists a sequence () jen with r; — 0 such that

Fy(rj) < r?+4 for j sufficiently large.

Then, ®,(r;) = n + 4 for j sufficiently large, and therefore &, (01 =n+4.
Case 2: for r sufficiently small

< Fy(r) < €,
Then,

(n+4)logr <log Fy(r) <logC + (n+4)logr. (6.3)
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Suppose now, by contradiction, that there exists n > 0 such that
®,(r) <n+4—n forr sufficiently small,

and let (r;) jen be a strictly decreasing sequence with r; — 0. Then, thanks to
(6.3), for every k, ! € N with k < [ we have

(n+4)logry <log Fy(ry) and log Fy,(r;) <logC + (n+4)logr;.
Therefore, by the definition of ®,,

Tk d
(n+4)(ogry —logr;) —log C <log Fy,(ry) —log Fy(r;) = / o log Fy(r)dr
r

r

o "k q)v(r)d
= - dr = (n +4 —n)(ogry —logr),
T

which is impossible if we choose logry — logr; — co. O

In the next proposition we consider the case
.o.o.d
liminf — = 4-00.
r—0t r

Proposition 6.2. Let the assumptions of Theorem 1.1 be satisfied, suppose that
(0, 0) is a free boundary point for u, and that u(x,0) > 0 in B}’O. Let v be given by
(1.5), and let F,, and ®, be as in Proposition 5.1. Define v, as in (6.1), and assume
that

d
liminf = = +o00.
r—0t r

Then, there exists a sequence (ry)renN with ri — 0, and a homogeneous function
Voo € WI2(By) with homogeneity degree 1/2(®,(0%) — n), such that

U, = Uso Weakly in W1’2(Bl),
and
Up, = Voo N CcY on compact subsets of By N {y > 0}, (6.4)

foranyy € (0, 1/2). Moreover, v, Satisfies the classical Signorini problem in By
and is even with respect to y:

Ave =0 in Bi\{y = 0},

Voo > 0 on BY,

OyVoo <0 on BY, (6.5)
VoodyVoo = 0 on BY,

Voo (X, =y) = Veo(x,y)  in By.
Finally, it holds that ®,(0") = n + 3 and that, up to a multiplicative constant and

to a change of variables, we have

3
Voo (x,y) = p*/? cos 50 (6.6)

where p? = x,zl + y? and tan§ = y/x,.
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Proof of Proposition 6.2. and conclusion of proof of Proposition 6.1.
Sinced, /r? — oo, for r sufficiently small we have F,(r) > r"** Then, thanks
to Proposition 5.1 and by (5.10), for r < 7 we have

/ vv, dH"
3B,

/ v? dH"
9B,
Therefore, by (5.9) and the definition of v,

/ v, dH" %/ |Vu|?dz
95, S P = [ Vv |2dz,

/ v2 dH" / v2 dH" B
0B, 0B,

for r sufficiently small. Consider now a sequence rp — 0. By the previous inequality
and thanks to (6.2), the sequence (v, )ren is bounded in wL2(B)). Thus, up to
subsequences,

Dy (70)eC ) > @, (r) = 2r +n.

@, (7)) — > 2r

Uy, — Voo Weakly in Wl’z(Bl),

for some vo, € W1 2(By). Thanks to the uniform C'1/2 regularity for solutions,
we also have that (6.4) holds. Let us show that v, 9y Vo0 = 0 0n B", since the other
conditions in (6.5) are a direct consequence of (6.4). Recalling the definition of v,,,
from the identity

v(rx, 0) [dyv(rx, 0) — g'Qu(rx,0)) + g'(07)] =0 forevery x € B

it follows that, for every k € N,

Tk
U (%, 0) [8yvrk (x,0) — d—(g’(Zdrk vy (%, 0)) — g/(0+))} =0. (6.7)
Tk
Thanks to (6.4), since

;—"|g’(2drk U (1, 0)) — /(O] < 2r0r (v, O)lIg" oo " 00 forevery x € B,
Tk

taking the limit in (6.7) we obtain
Voo OyUoo = 0 in BY.

To show that v is homogeneous, let us first prove that &, is constant for r
sufficiently small. Indeed, let » < s < 1. A direct calculation shows that

CI>Urk (r) — vark (5) = ©y(rir) — Oy (res) for every k € N.
Thanks to (6.4), taking the limit as k — oo we obtain

q)voo(r) - CDUOC (s) =0,
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where we used the existence of the limit lim,._, o+ ®, (r), which follows from Propo-
sition 5.1. Since v, satisfies the Signorini problem (6.5), from [6, Lemma 1] it
follows that v is homogeneous and that

@, (07) =2 +n,
where p is the homogeneity degree of v,. Therefore,

_®,(01) —n
— 5 _

Arguing as in [9, Lemma 6.6], one gets that F,(r) < Cr2#tn_ Since dr/r2 — 00,
this implies i < 2, and one concludes as in [6, Section 4] that 4 = 3/2 and that
the function v is given by (6.6). O

7. C1:® Regularity of the Free Boundary for . = 3/2.

We now study the regularity of the free boundary in the special case in which
®,(0™) = n+3. Note that, by the argument in the previous section, this corresponds
to the case

. d,
liminf = = +o00.
r—0t 12

We start by proving the C! regularity.

Lemma 7.1. Let the assumptions of Theorem 1.1 be satisfied, suppose that (0, 0)
is a free boundary point for u, and that u(x,0) > 0 in B}“O. Let v be given by (1.5),
and let ®, be as in Proposition 5.1. Assume that ®,(0%7) = n + 3, and choose
a coordinate system in R" such that (6.6) holds true. Then, for every ¢ > 0 there
exists p = p(c) > 0 with the following property: For every t € S" N {y = 0} with
T-¢, > cwe have

drv(z) =0, for every z € Bg. (7.1)
In addition, near the origin the free boundary of v is the graph of a C' function

X = f(x1, .o, Xp—1).

Before giving the proof of Lemma 7.1 we make some useful observation on the
tangential derivatives of the functions v,, introduced in the previous section.

Letus fixc > 0Oande € " N {y = 0} with e - e, = 0. Choose now a > ¢
and b € R such that a® + »* = 1, and define hiy : By :— R as the sequence of
functions given by

hy := 07 vy, for every k € N, (7.2)

where T := ae, + be. For any n € (0, 1/(8n)), thanks to (6.6) and (6.4), there
exist kg = ko(a, b, n) and ¢y = co(a, b, n) such that the following properties are
satisfied for k > ko:
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(i) Ahg =0in By3N{ly| > 0};
(ii) hxy = 0in Byy3 N{ly| > n};
(iii) hx = coin Bz N {lyl > g-}:

8n
(iv) hx = —Cn'/?in By3,

where property (iv) follows from the optimal regularity and (ii). Let us show that
we also have

(v) dyhx < Cn'/? on BY 3 N {hx # O}

To this aim, first of all observe that Bgﬂ N{hx # 0} C 33/3 N {v;, # 0}. Indeed,

ifx € B§/3 is such that v, (x, 0) = 0, then

hi(x,0) = (- vr)(x,0) = ;—k@rv)(rkx, 0) =0,
Tk

by nonnegativity of v and optimal regularity.
Let now x € 83/3 be such that &, (x, 0) # 0. Then we have v,, (x, 0) > 0 and,
for k sufficiently large,

(yh)(x, 0) = ;—"af ¢/ @urex, 0) — g/ (01} = 2rg” Quirix, 0) i < Cy'/?,
Tk

where we used (iv). We now consider a version of [6, Lemma 5] which is useful
for our purposes.

Lemma 7.2. Let 0 < n < 1/(8n), let C,co > 0, and let o : [0, 1] — [0, c0)
be a continuous function with o (0) = 0. Suppose that h : By :— R satisfies the
following assumptions:

(i) Ah =0in Bi N{|y| > 0};
(ii) h > 0in By N {ly| > n};

(iii) 2 > co in By N {ly| > ¢ };
(iv) h = —o(n) in By,

(v) 3yh < o () on BY N {h #0}.

Then, there exists no = no(n, co, o) such that if n < no we have h > 0 in By 5.
Proof. Suppose, by contradiction, that there exists 7 = (X,y) € By, such that

h(z) < 0 (note that, by (iii), this implies y < 1/(8n)). We define

1 1
O ={(,yeR*: x—x| <=, 0<|yl<—1,
3 4n
and
P(x,y):=|x —)_c|2 — nyz,

and we set

w(z) :=h(z) +8P(z) —a(n)y,
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where § > 0 will be chosen later. Note that w is harmonic in Q and
w@) =h@) -8y —o(n)y < 0.
Therefore, there exists a minimum point Z = (X, y) € dQ such that
minw(z) = w(z) < 0.
€0

We have the following possibilities:
Case 1.z € 9Q N{y > 1/(8n)}. Thanks to (iii), for n and § sufficiently small
we have
L))

S
W@z =1 T

> 0,

which is impossible.
Case 2.2 € 00 N{n <y < 1/(8n)}. Using property (ii) we obtain that for n
sufficiently small

1 l)_a(n)>0

N> =- - —
W@ = <9 64n )~ “8n

which is impossible.
Case3.2 € 30N {(x,y) € R™!: |x =¥ = 1,0 < y < n}. Thanks to
property (iv), for n sufficiently small

1 1
wE) = —o@) +8 (5 —nn2> —no@m) =38 (5 — nnz) — (4o >0,

which is impossible.
Cased.Z € 00 N {y = 0}. In this case, if Z € {h = 0} we obtain

w3) =8P3) =8|k — x> >0,

which is impossible. On the other hand, if Z € {h # 0}, using Hopf Lemma and
property (v)

0 < dyw(2) = dyh(2) —o(n) <0,
which is impossible. O
We are now ready to prove that the free boundary is C'.

Proof of Lemma 7.1. Applying Lemma 7.2 to the functions Ay introduced in (7.2)
we obtain (7.1). As a consequence, for every L > 0 there exists 7 = 7(L) > 0 such
that (recall that K, is defined in (1.3))

0K, N B ={(x1,...,x,) € B 1 x = fr(x1,...,xn—1)}

for a suitable Lipschitz continuous function f7 with Lipschitz constant L.
Consider now a point X € 9K, N Bf and define the function v;(x,y) =
v(x — X, ). Note that we can repeat the same argument (frequency formula and
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blow-up procedure) with v; in place of v. Also, observe that since the function
x> Dy, (r)e€" is continuous for r > 0 fixed, the function % Dy, (0™) is upper-
semicontinuous (being the infimum over r € (0, 7p) of continuous functions, cf.
Proposition 5.1). Hence, since ®,, (0™) € {n+3}U[n+4, o) (by Proposition 6.1)
and by assumption ®,,(0%) = ®,(0") = n + 3, we deduce that there exists 7 > 0
such that @, (0%) =n + 3 forall X € 8K, N B,

This implies that the previous argument can be repeated at every pointin d K, N
B!, and it follows that for any L > 0 there exists 7(L) > O such that 9 K,,N B;’( L (x)
has Lipschitz constant L for any point ¥ € 9K, N B}. Since L > 0 can be made
arbitrarily small and the radius 7(L) > 0 is independent of %, this implies that the
free boundary is C! in a neighborhood of the origin. O

Lemma 7.3. Let the assumptions of Theorem 1.1 be satisfied, suppose that (0, 0)

is a free boundary point for u, and that u(x,0) > 0 in B;’O. Let v be given by (1.5),

and let ®, be as in Proposition 5.1. Assume that ®,(07) = n + 3. Then the free

boundary is C'* pear (0, 0), for some a € (0, 1).

Proof. We start by observing that the function i (x, y) := 0y, v(x, y) satisfies
dyh(x,0) =2¢"(2u(x, 0))h(x, 0) if v(x,0) > 0.

Therefore, by [10],

(A2h(-,0))(x) = 28" Qu(x, 0)h(x, 0) + dyh(x, 0) — dyh(x,0)  if v(x,0) > 0,
(7.3)
where & is the harmonic extension of (-, 0) to R" x (0, 0o). Note that i — A is

smooth near {y = 0}, since it is harmonic in R" x (0, A) with zero boundary
condition on {y = 0}. Forevery 0 < r < 1, set

ho(x) = dih(rx,O), x € B,
r

where d; is given by (6.1). From (7.3) it follows that, if v(rx, 0) > 0,
1 r2 1
(A2h (-, 0)(x) = Z(Afh(u 0))(rx)
r2
T4
Since v and & are bounded, we have

r2 "
|F| = C_d I+ llg" o),
r

[28” Qu(rx, 0)h(rx, 0) + dyh(rx, 0) — dyh(rx,0)] =: F(x).

for some positive constant C. Note also that, for r sufficiently small, z, > 0 in Bf
thanks to (7.1). Therefore, using the fact that 4, = i in BY we obtain

(ARF(,0)(x) = (A2h, (-, 0)(x) = F(x) if v(rx, 0) > 0.

Moreover, by definition of i, we have i, (x, 0) = (9,,v,)(x, 0), where v, is defined
in (6.1). Therefore, thanks to (6.4),
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hy — 0y,V00 uniformly in B§/3,
as r — 0T. Recalling (6.6), it follows that for » small enough

sup h” = suph, > 1.

B?/z B?/z
Letnowi € {l,...,n -1}, 1; := e"—+2e". We can repeat the same argument used
for h for the function k;(x, y) := 0v(x, y), obtaining that the function x >

h?,_r (x,0) := (”/dr)h?_(rx, 0) satisfies

(A%hfr(~, 0))(x) > Fi(x) forevery x € B} with v(rx, 0) > 0,

h:rr x,00=0 for every x € B with v(rx,0) =0,
with
r? ” +
|Fil = C—(1+ g lLe),  suph;, =1
dr B,

Since r2/d, — 0, for r sufficiently small we can apply [23, Theorem 1.6] to the
nonnegative functions 4, (-, 0) and h;fr (-, 0). We then obtain that the ratio hi,./ ht

is €0 in B{’/z, for some o € (0, 1). Since equalities h;fr = h;, and h;“ = h, hold
true in BY 120 it follows that /; / h is of class C%¢ is a neighborhood of the origin.
Let now f be the function given by Lemma 7.1. Since

h_ 1,1 e, 0)
h o V2 2 0y,v(x,0)]

Vf=_<a"_1v ’a""_lv>

9
Oy, V Oy, v

and

this implies that f is C'* in a neighborhood of the origin. O
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