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Abstract

We look for ground states and bound states E : R — R? to the curl—curl
problem

Vx(VxE)=f(x,E) inR’

which originates from nonlinear Maxwell equations. The energy functional associ-

ated with this problem is strongly indefinite due to the infinite dimensional kernel

of V x (V x -). The growth of the nonlinearity f is controlled by an N-function

® : R — [0, 00) such that lin}) d>(s)/s6 = liTOOCD(S)/SG = 0. We prove the
s—> —

existence of a ground state, that is, a least energy nontrivial solution, and the exis-
tence of infinitely many geometrically distinct bound states. We improve previous
results concerning ground states of curl—curl problems. Multiplicity results for our
problem have not been studied so far in R3 and in order to do this we construct a
suitable critical point theory; it is applicable to a wide class of strongly indefinite
problems, including this one and Schrédinger equations.

Introduction

We look for weak solutions to the semilinear curl—curl problem
Vx(VxE)=f(x,E), xelR, (1.1)

originating from the Maxwell equations where E(x) cos(wt) is a time-harmonic
electric field in a nonlinear medium and f (x, E) models a nonlinear polarization
in the medium, see [26,31,32] and the references therein. Another motivation has
been provided by BENCI AND FORTUNATO [8], who introduced a model for a unified
field theory for classical electrodynamics based on a semilinear perturbation of the
Maxwell equations in the spirit of the Born—Infeld theory [12]. In the magnetostatic
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case in which the electric field vanishes and the magnetic field is independent of
time, this leads to an equation of the form (1.1) with E replaced by A, the gauge
potential related to the magnetic field.

The semilinear curl—curl problem in R3 was solved for the first time in [1] in
the cylindrically symmetric setting. If f(x, E) depends only on | E|, then one can
restrict the considerations to the fields of the form

—x
Ex)=a(rx3) | xi |, r=x}+x3, (1.2)
0

which are divergence-free, so V x (V x E) = —AE and one can study (1.1) by
means of standard variational methods (however, there may still exist solutions
which are not of this form). Other results in the cylindrically symmetric setting
have been obtained in [3,17,19,24,39]. We would also like to mention that trav-
elling waves of a similar form for a system of nonlinear Maxwell equations have
been studied by STUART AND ZHOU in [31-34] for asymptotically linear f and by
MCcLEOD ET AL. [25] for a cubic nonlinearity. This approach requires again cylin-
drically symmetric media and involves ODE methods which are not applicable if
f in (1.1) lacks this symmetry.

In the media which are not cylindrically symmetric, the problem is much more
challenging, since the curl—curl operator V x (V x -) has an infinite-dimensional
kernel consisting of all gradient vector fields. Hence the energy functional associ-
ated with (1.1)

5(E)=l/ |VXE|2dx—/ F(x, E)dx, (1.3)
2 Jr3 R3

where f = dg F, is unbounded from above and from below and its critical points
may have infinite Morse index. For instance, this is the case in a model example

f(x, E)y=T(x)min{|E|P2, |E|92}JE with2<p<6<gq, (14

where I' € L*®(R?) is Z3-periodic, positive and bounded away from 0. Let
D(curl, ®) be the space of functions E such that V x E is square integrable and E is
in the Orlicz space L®(R3, R?) for an appropriate growth function ®; see the next
section for a more accurate definition. Then £ € C'(D(curl, ®), R) and critical
points of £ are weak solutions to (1.1). In addition to these problems related to the
strongly indefinite geometry of £, we also have to deal with issues related to the
lack of compactness. Namely, the functional £’ is not (sequentially) weak-to-weak*
continuous, that is, weak convergence E,, — E in D(curl, ®) does not imply that
E'(E,) — E'(E) in D(curl, ®)*, hence we do not know whether the weak limit of
a bounded Palais—Smale sequence is a critical point.

Similar difficulties have already appeared in curl—curl problems on bounded
domains in BARTSCH AND MEDERSKI [4], where a generalized Nehari manifold
approach inspired by SZULKIN AND WETH [36] has been developed to overcome
strong indefiniteness. Other approaches have been developed in subsequent work [5,
27]; see also the survey [6]. Note that on a bounded domain there is no problem with



Nonlinear Curl-Curl Problem 255

lack of weak-to-weak™* continuity of £ since a variant of the Palais—Smale condition
is satisfied under some constraints. In R3 however, one has to make a careful
concentration-compactness analysis on a suitable generalized Nehari manifold N¢;
this has been demonstrated in [26] which seems to be the only work on ground states
of (1.1) in the nonsymmetric setting.

In the present work we consider a larger class of nonlinearities which have
supercritical growth at 0 and subcritical growth at infinity; this is in the spirit of
the zero mass case of BERESTYCKI AND LIONS [11] (see condition (N2) below).
However, as shown by the examples below, we admit nonlinearities which are
more general than in (1.4), and this requires a new functional setting for (1.1) as
well as a new critical point theory. The reason for this is that the methods based on
the constraint Mg (see (1.7) for the definition) cannot be applied straightforwardly
here since Ng may not be homeomorphic to the unit sphere in the subspace of
divergence-free vector fields as in [4,26]. Our critical point theory for strongly
indefinite functionals in Section 3 also solves the problem of multiplicity of bound
states. This has not been considered so far, not even for (1.4). Note that although £
has the classical linking geometry, the well-known linking results, for example of
BENCI AND RaBINOWITZ [10], are not applicable due to the lack of weak-to-weak™
continuity of £’.

In order to state our main result we assume that the growth of f is controlled
by a strictly convex N-function ® : R — [0, o) of class C! such that

(N1) @ satisfies the Az- and the V,-condition globally;
o) D)
— =

(N2) lim lim ; =0;
s—0 5 §—>00  §
0]
(N3) lim (;) = 00
§—00 §

N-functions and condition (N1) will be introduced in the next section and are
standard in the theory of Orlicz spaces [29]. (N2) is inspired by [11] and (N2), (N3)
describe supercritical behaviour at 0 and superquadratic but subcritical at infinity.
We collect our assumptions on the nonlinearity F(x, u):

(F1) F :R3>xR3? — Ris differentiable with respect to the second variable u € R3
for almost every x € R3, and f = 3, F : R3 x R? — R3 is a Carathéodory
function (that is, measurablein x € R3, continuousinu € R3 for almost every
X € R3). Moreover, f is Z3-periodic in x, thatis, f(x,u) = f(x + y, u) for
all u € R3, and almost all x € R3 and y € 73;

(F2) F isuniformly strictly convex with respect to u € R3, that is, for any compact
AcC @R xRHY\ {(u,u): ueR?

1
inf (5(F<x, un) + Fx,un) — F (x, #)) > 0;
(uy,up)eA

(F3) There are ¢y, ¢ > 0 such that
| f(x,u)| <c1® (ul) and F(x, u) > co®(|ul)

for every u € R3 and almost every x € R3;
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(F4) For every u € R? and almost every x € R?

(fCe,u), u) 2 2F (x, u);

FS If (f(x,u),v) = (f(x,v),u) > 0, then F(x,u) — F(x,v) <
(f(eou), u)? = (f(x,u), v)?
2(f (x, u), u) '

We provide some examples. First we note that if G = G(x,1) : R3 x R — Ris
differentiable with respect to ¢, g := 9;G is a Carathéodory function, G (x, 0) = 0,
M € GL(3) is an invertible 3 x 3 matrix and

F(x,u) = G(x,|Mu|) and ¢+ g(x,t)/t is non-decreasing for t > 0,
(1.5)

then F satisfies (F4) (cf. [36]) and it is easy to see that (F5) holds. Note that (1.5)
implies that g(x, 0) = 0, so f is continuous also at u = 0.
Suppose I' € L°(R?) is Z3-periodic, positive and bounded away from 0. Take

F(x,u) == T(x)W(Mul?),

where W is a function of class C', W(0) = W/(0) = 0 and 7 — W/'(¢) is non-
decreasing on (0, +00). Then we check that (F1), (F2), (F4) and (F5) are satisfied

(here G(x, 1) = T'(x)W(r2), so (1.5) holds). If W (%) = %((1 + mqﬁ — 1) or
W) = min{%|t|p + é — %, $|t|q} with 2 < p < 6 < ¢, then we can take
® (1) = W(r?) and we see that (F3) holds as well. Note that if W' (¢) is constant on
some interval [a, b] C (0, +00), then

2 2
0 < Flx,u) = F(x, v) = 000" = {7 (x,10), v) (1.6)

2(f(x,u), u)
fora < |v] < |u| < b and a stronger variant of (F5), that is, [26, (F5)], is no longer
satisfied. Thus we cannot apply variational techniques relying on minimization
on the Nehari—Pankov manifold Ng (defined in (1.7)) as in [26,36]. Moreover,
our problem requires a new functional setting. Indeed, if we consider W (%) =
31t = DIn(L+[e]) — gle* + 3t for [¢] = 1, W(r?) = B2(|¢] — 1) + g for
|t| < 1, then

TOuln(l + ul)  if u] = 1,

PO = R @l if Ju] < 1.,

and (F1)—(F5) are satisfied; however, f cannot be controlled by any N-function
associated with L?(R3, R3) + LI(R3, R3) for2 < p < 6 < q as in [26] or in
other zero mass case problems [9,15]. As our final example we take F(x,u) =
I'(x)®(Ju]) where ®(0) =0,

1 ifr <1,
(1) = {1t ifl <t <2,
at’/Int ift > 2,
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r>6anda =2 *n2. Obviously, F satisfies (1.5) and hence (F4), (F5), and
(1.6) holds for 1 < |u| < 2. Itis easy to see that (F1)—(F3) and (N1)-(N3) hold (to
check (N1) it is convenient to use Lemma 2.2). Note that here ®(¢)/ 1 — 0 but
d(r)/t? — oo ast — oo for any p < 6. Note also that in the last two examples
we can replace |u| by |Mu].

Our principal aim is to prove the following result:

Theorem 1.1. Assume that (F1)—(F5) hold. Then we have

(a) Equation (1.1) has a ground state solution, that is, there is a critical point
E € N¢ of € such that

E(E) =inf& >0
Ne

where

Neg:={E e D(curl, ®) : E #0, £'(E)[E] =0,
and E'(E)[Vg] = 0 for any ¢ € C°(RY)}; (1.7)

(b) If in addition F is even in u, there is an infinite sequence (E,) C Ng of
geometrically distinct solutions of (1.1), that is, solutions such that (Z3+E,)N
(Z3 % E,) = @ for n # m, where

Z* % Ey = {Es(- +y) 1y € Z%).
In our approach we establish a critical point theory on the topological manifold
Mg := (E € D(curl, ®) : £'(E)[Vg] = 0 for any ¢ € C°(R)},

which contains N as a subset, and we show that £ has the mountain pass geometry
in Mg and admits a Cerami sequence at the ground state level inf o7, £ > 0; see the
abstract setting and the critical point theory in Section 3. In order to find a nontrivial
critical point being a ground state one needs to analyze Cerami sequences in the
spirit of Lions [22]. However, this is not straightforward because the kernel of
the curl—curl operator is not locally compactly embedded into any L? or Orlicz
space and &’ lacks weak-to-weak™ continuity. Therefore it is difficult to treat this
problem by a concentration-compactness argument directly in the space D(curl, ).
Based on a crucial convergence result obtained in Proposition 5.2, we prove that
&’ is weak-to-weak™ continuous in Mg, see Corollary 5.3. This allows us to find a
nontrivial weak limit of the Cerami sequence which is a ground state solution as in
Theorem 3.5(a). Moreover, a result on the discreteness of Cerami sequences allows
us to find infinitely many geometrically distinct solutions.

We would also like to mention that our methods allow to consider Schrodinger
equations in the zero mass case as in [9,15] and we are able to obtain new results
with improved growth conditions; see Section 7.
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2. Preliminaries and variational setting

Here and in the sequel | - |, denotes the L9-norm.

Now, following [29], we recall some basic definitions and results about N-
functions and Orlicz spaces. A function ®: R — [0, +o00) is called an N-function,
or a nice Young function if it is convex, even and satisfies

Ot Ot
D) =01 =0, 111%%:0, and lim 20 _ oo
11— —

+oo

Given an N-function ®, we can associate with it another function ¥: R —
[0, +00) defined by

W () := sup{s|t| — P(s) : s > 0},

which is an N-function as well. ¥ is called the complementary function to ® while
(P, W) is called a complementary pair of N-functions.

We recall from [29, Section I.3] that ®’ and ¥’ exist almost everywhere, ¥’ (¢) =
inf{s > 0: ®(s) >t} fort >0, V() = -V (—t) fort < 0 and ¥ can be
expressed as

It]
W (1) =/ U/ (s) ds.
0

We also recall from [29, Section I1.3] that & satisfies the A,-condition globally
(denoted @ € A») if there exists K > 1 such that, for every ¢ € R,

OQ2t) < Kd(r)

(here 2 can be replaced by any constant a > 1), while ® satisfies the V;-condition
globally (denoted ® € V,) if there exists K’ > 1 such that, for every t € R,

D(K't) = 2K'd(1).

The set
L® = L°@®R}RY) = {E: R?® — R’ measurable and / D(|E]) < oo}
R3

is a vector space if ® € Aj globally; in this case it is called an Orlicz space.
Moreover, the space L?® (whenever it is actually a vector space) becomes a Banach
space (cf. [29, Theorem II1.2.3, Theorem II1.3.10]) if endowed with the norm

E
|E|lop = inf{k > O:/ dD(u) < 1},
R3 k

We can define an equivalent norm on L® by letting

|E|g.1 = sup{/ |E||E’| dx :/ V(EDdx Z1, E' € L‘y},
R3 R3
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see [29, Proposition II1.3.4] (note that in [29] these results are formulated for the
space £®; however, no distinction needs to be made between £® and L®, see the
comment following [29, Corollary II1.3.12]). Finally, if both ® and W satisfy the
A,-condition globally, then L® is reflexive and LY is its dual [29, Corollary IV.2.9
and Theorem IV.2.10]. Similarly, for any measurable 2 C R3, one can define

L%(Q) = {E: 2 — R measurable and/Q D(E)) < oo}

and endow it with the norm | - |¢ defined as above.
In the lemma below we show that L® and L® (R?)3 can be identified. The result
should be known but we could not find any explicit reference.

Lemma 2.1. The norms ofL<I> = L®°R3,R3) and L*(R3)3 are equivalent.

Proof. In L® and L®(R3) we use the norm | - |o defined above and for E =
(E1, Ez, E3) € L*(R%) weset |E|¢ 3 := max;—1 2.3 | E;|¢. Since @ is increasing
on positive numbers, we have

E.
/(b IEil dx§/¢> IE] dx, k>0,
R3 k R3 k

hence if the second integral is < 1, so is the first one. Taking the infimum over
k > 0 we obtain |E;|¢ < |E|e and |E|e3 < |E|o. On the other hand, since P is

convex,
IE| 1 [ IEi|

bl — |dx < - | — |d

fRa (3k) =30 (k)x’

1
$0 3|Ele < maxj=123|Eile = |Ele3. O
Before going on, for the reader’s convenience we recall some important facts.

Lemma 2.2. (i) The following are equivalent:
- & € A, globally;
— there exists K > 1 such that t®'(t) < K®(t) for every t € R;
— there exists K' > 1 such that tV'(t) > K'W(¢) for every t € R;
-V eV,

(ii) For every E € L®, E' € LY it holds that

/3 |E||E|dx < min{|E|o,1|E |, |E|o|E w1}
R

(iii) Let E,,, E € L®. Then |E, — E|lp — 0implies thatfR3 O(E, —E|)dx — 0.
If ® € Az globally, then [z ®(|E, — E|)dx — 0 implies |E, — E|p — 0.

(iv) Let X C L® and suppose ® € A, globally. Then X is bounded if and only if
{ng O(|E|)dx : E € X} is bounded.
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Proof. (i) follows from [29, Theorem I1.3.3]; (ii) follows from [29, Proposition
II1.3.1 and Formula (II1.3.17)]; (iii) follows from [29, Theorem II1.4.12]; (iv) fol-
lows from [29, Corollary 111.4.15]. O

From now on we assume (F1)—(F5), (N1)-(N3), ® will denote a strictly convex
N-function as in (F3) and W will denote its complementary function. Moreover,
we will denote by | - |¢ any of the two (equivalent) norms defined above, unless
differently required.

Let D(curl, ®) be the completion of Cf)’o (R3, R3) with respect to the norm

1/2
IEllcuro = (IV x E} + 1E3)"?.

The subspace of divergence-free vector fields is defined by

V= {v € D(curl, ®) : / (v, Vo)dx =0 forany ¢ € CSO(R3)} ,
R3
= {v € D(curl, ®) : divv = 0}

where div v is to be understood in the distributional sense. Let D := D'2(R3, R3)
be the completion of C° (R, R3) with respect to the norm

lullp := [Vula,
and let W be the closure of {Vg : ¢ € C°(R?)} in L?.
Lemma 2.3. LO(R3, R3) is continuously embedded in L®.

Proof. Inview of (N2) it is clear that ®(r) < C|t|° for any ¢t € Rand some C > 0.
So we can conclude by Lemma 2.2 (iii). O

The following Helmholtz decomposition holds:

Lemma 2.4. V and W are closed subspaces of D(curl, ®) and
D(curl,®) =V e W. 2.1
Moreover, ¥V C D and the norms || - ||p and || - ||curi,® are equivalent in V.

Proof. Take any w € WV and a sequence ¢, € Cj° (R3) such that [w — Vg, |¢ — 0.
Then for any ¥ € C°(R?, R?),

R =00 JR3
= lim (Vx (Von), ¥)ydx =0,
n—od R}

where we have used Lemma 2.2 (ii) and the fact that Vx v € LY . Hence Vxw = 0
in the sense of distributions and ||w|curt,¢ = |w|e. Therefore W is closed in
D(curl, ®); moreover, we easily see that also V is closed in D(curl, ).
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Now, take any E € D(curl, ®) and ¢, € C°(R3, R?) such that ¢, — E in
D(curl, D). Let <p,% € C*™(RR?) be the Newtonian potential of div(g,), that is, gp,zl
solves Ago,% = div(¢y). Note that the derivative 9; (p,zl is the Newtonian potential of
div(d;¢,). Since g, € C{°(R?), then by [20, Proposition 1], Vg2 and V(3;¢2) €
L’(R3, R3) for every r € (1, 00). Hence, by Lemma 2.3,

Vg? € LOR?, RY) c L,

and ¢} == @, — Vg2 € L®. Moreover, ¢! and 3;¢} € L"(R3, R?). We also have
V x ¢} = V x ¢, and div(p}) = 0 pointwise. Using these two equalities and
integrating by parts gives |V¢,1l|2 = |V x go,ll|2 = |V X @y|2. It follows that for
m,n>1,

Vgl — i) =1V x (0} — 0l = 1V X (00 — om) |2 £ lon — @mllcurt, -

Thus (¢)) is a Cauchy sequence in D. Let v := lim, o0 ¢} in D. Then

/3(1}, Ve)dx = lim [ (¢}, Vg)dx =0
R

n—od R3
for any ¢ € Ci° (R?), hence div v = 0 and v € V. Moreover,
IV x (¢, = v)l2 =V (g, = v)]2 > 0,

SO cpnl — v in D(curl, ®) and V(p,% =@, — go,ll — E — v in D(curl, ®). Since W
is closed in D(curl, @), then £ — v € WV and we get the decomposition

E=v+(E—-v)eV+W.

Now take v € VN W. Then V x v = 0, so by [21, Lemma 1.1(1)], v = V& for
some £ € WIL’CG(R3). Since div v = 0, & is harmonic and therefore so is v. Hence

o:-/ (v,Av)dx:/ |Vv|? dx
R3 R3

(integration by parts is allowed because v € DI*Z(R3, ]R3)), so v = 0; therefore
Y NW = {0}, and we obtain (2.1).
The equivalence of norms follows from Lemma 2.3. O

Observe that in view of Lemma 2.4 and Lemma 2.3, )V is continuously embedded
in L?.
We introduce a norm in V x W by the formula
1
I, w)ll = (vl + lwlg) .

and consider the energy functional defined by (1.3) on D(curl, ®), and
1
J (v, w) = —/ |Vv|2dx—/ F(x,v 4 w)dx. (2.2)
2 Jrs R3

defined on V x W. We have that 7’ is well defined and 7 is of class C! due to the
following lemma.
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Lemma 2.5. Ifu € L?, then

/ (D' (Jul)) dx < C/ ®(Jul)dx < oo
R3 R3

for some constant C > 0.

Proof. Since ® € Ay, it follows using Lemma 2.2(i) and recalling W' (r) = inf{s >
0: ®'(s) > t}, that

ng (@' (Ju])) dx < KifR @' (Ju)) W' (®'(Ju])) dx = Ki Dl dx

K
T s O (|u])dx.

Proposition 2.6. 7' is well defined and J is of class C'.

Proof. First we see that for every v, v’ € V and w, w’ € W, it holds that

‘/ (fGx,v+w), v +w)dx
]R3

< / |f(x, v+ w)lv" +w'ldx <

R3
<y / (v +w)hv +w'|dx

R3

<Clo' (v +whlw v 4+ w'le
for some C > 0 by Lemma 2.2 (ii) and because |®'(Jv + w|)|y < 400 according
to Lemma 2.5. Now we can use the argument of [16, Lemma 2.1] to show that
I e C’l(Lq’, R) where I (v + w) := ng F(x, v+ w)dx. Employing Lemma 2.3,
it follows that 7 € C'(V x W, R). O
Proposition 2.7. Let E = v+ w € V@& W. Then (v, w) is a critical point of J if

and only if E is a critical point of € if and only if E is a weak solution to (1.1), that
is

/ (E,V x V x ¢)dx = [ (f(x, E),@)dx forany ¢ € C°(R?, RY).
R3 R3
Proof. For the first equivalence, let E' = v/ + w’ € V & W. Then we have
/ (f(x,v+w), v +w)dx :/ (f(x, E), E'Ydx,
R3 R3
and, since Vxw =V xw' =0,

/(va,va’)dx:/ (Vx E,V x E'Ydx,
R? R3



Nonlinear Curl-Curl Problem 263

so that

/(va,va/)dx:/ (f,v+w), v +w)dx & (VX E,VxE')dx
R3 R3 R3

= / (f(x,E), E"ydx,
R3

and the conclusion follows from Lemma 2.4. For the second equivalence we just
need to observe that for every ¢ € C° (R3, R3)

/Rz(VxE,ngo)dx:/lgv(E,Vxqu))dx.

3. Critical point theory

We recall the abstract setting from [4,5]. Let X be a reflexive Banach space
with the norm || - || and a topological direct sum decomposition X = Xt @ X ,
where X is a Hilbert space with a scalar product (., .). For u € X we denote by
ut € Xt and i € X the corresponding summands so that u = u™ + . We may
assume (u, u) = ||u||> forany u € X+ and |[u||> = ||u™||?+ ||7]|>. The topology T
on X is defined as the product of the norm topology in X+ and the weak topology

in X. Thus u, T uis equivalent to u;” — u™t and i, — u.
Let J be a functional on X of the form
1 - ~
j(u)=§||u+||2—I(u) foru=ut+ue X" X. 3.1

The set

M=ueX: JWlg=0={ueX: I'wlg =0} (3.2)
obviously contains all critical points of 7. Suppose the following assumptions hold:
(I1) Z e CY(X,R) and Z(u) > Z(0) = O for any u € X;
(I12) TisT -sequentially lower semicontinuous: u;, l) u — liminfZ(u,) >

Z(u);

I3) Ifu, l> u and Z(u,) — Z(u) then u,, — u;
(I4) u™|| +Z(u) — oo as |ju]| — oc; N
I5) Ifu € MthenZ(u) < Z(u + v) forevery v € X \ {0}.
Clearly, if a strictly convex functional Z satisfies (I4), then (I2) and (I5) hold. Ob-
serve that forany u € X we findm(u) € M which s the unique global maximizer
of J1,, - Note that m needs not be ¢!, and M needs not be a differentiable man-
ifold because Z’ is only required to be continuous. Recall from [5] that (i) is
called a (P S).-sequence for J if J'(u,) — 0and J (u,) — c, and J satisfies the
(P S)CT-condition on M ifeach (PS).-sequence (u,,) C M has a subsequence con-

verging in the 7 -topology. In order to apply classical critical point theory like the
mountain pass theorem to J om : X — R we need some additional assumptions.
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(I6) There exists r > 0 such that a := inf J(u) > 0.

ueXt,|ull=r
a7 I(t,,un)/t,f — o0 ift, — oo and u:{ —ut #£0asn — oo.

According to [5, Theorem 4.4], if (I1)—(I7) hold and

cpm = inf sup J(y (1)),
Verte[(),l]

where
[:={y eC(0,1, M) :y(0) =0, |[y()F[l > rand J(y(1)) <0},
then cpq > a > 0 and J has a (PS).,,-sequence (u,) in M. If, in addition, J

satisfies the (P S )Z;M -condition in M, then ¢z is achieved by a critical point of 7.

Since we look for solutions to (1.1) in R3 and not in a bounded domain as in [5],
the (PS)z;\/1 -condition is no longer satisfied. We consider the set

Ni={ueX\X: T Wlguez =0 ={ue M\ X:J @lu] =0} c M
(3.3)
and we require the following condition on Z:
(18) “FA T @)l +T(w) = L(eutv) = ST @) +1Z )]+ L)~ T(tu+
v) SO0foreveryu e N,t >0,v € X.

In [4,5] it was additionally assumed that strict inequality holds provided u # tu+v.
This stronger variant of (I8) implies that for any ut € X \ {0} the functional J
has a unique critical point n(u") on the half-space R™u™ + X. Moreover, n(u™)
is the global maximizer of [ on this half-space, the map

n:SXt=WwreXxt:ut=1 >N

is a homeomorphism, the set V" is a topological manifold, and it is enough to look
for critical points of 7 o n. N is called the Nehari-Pankov manifold. This is the
approach of [37]. However, if the weaker condition (I8) holds, this procedure cannot
be repeated. In particular, A need not be a manifold. Yet the following holds:

Lemma 3.1. [f u € N, then u is a (not necessarily unique) maximizer of J on
Rtu + X.

Proof. Letu € N. In view of (I8) we get, by explicit computation,

12

j(tu—l—v):j(tu—l—v)—j’(u)[ u+tv:|§j(u)

foranyt =2 0and v € X. Hence the conclusion. O
Let
j::jom:X"’—)R.

Before proving the main results of this section we recall the following properties
(i)—(iv) taken from [5, Proof of Theorem 4.4] (note that (I8) has not been used
there):
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(i) Foreachu™ e X™ there exists a unique i e X such that m(u™) := ut +7 €
M. This m(u™) is the minimizer of Z on u™* + X;
(i) m: X * — M is a homeomorphism with the inverse M 3> u +— ut € XT;
(iii) j Jom e CH{Xt, R);
(v) J'(uh) =T (mu))|x+ : X+ — Rforevery u™ € X+.

Property (i) has in fact already been discussed above. We shall also need the fol-
lowing fact:

Lemma 3.2. Let X, be a k-dimensional subspace of X*. Then J u) - —o0
whenever ||u|| — oo and u € Xy.

Proof. 1t suffices to show that each sequence () c Xk such that [u,f || — oo
contains a subsequence along which 7 — —oo. Let u;7 = t,vp, |[us]l = 1 and
m(u;") = u +u, € M. Then, passing to a subsequence and using (I7), we obtain

Fltgvy) 1 T(n(op + 1))
2~ T g2 7%
1 2 1y

as claimed. 0O

As usua1,~(un) c Xt will Ee called a Cerami sequence for j at the level c if
1+ un DT (uy) — 0 and J(u,) — c. In view of (I4), it is clear that if (u;,)
is a bounded Cerami sequence for j , then (m(u,)) C M is a bounded Cerami
sequence for 7.

Theorem 3.3. Suppose that J € C'(X, R) satisfies (I1)~(I8). Then

(a) cpm = a > 0and j has a Cerami sequence (u,) at the level c pq;
(b) cpg = ey i =infnr J.

The set No:={ue XT\{0}: j’(u)[u] = 0} is called the Nehari manifold
for J. Denote cpj, 1= infz; J.

Proof of Theorem 3.3. Set
={o €C(0,1, X1 : 0(0) =0, |o(1)| > rand T(c(1)) < 0}. (3.4)

Observe that J has the mountain pass geometry and I, r are related as follows: if
y er, then y* € T and Jy®) =TT ), andifo € F thenm oo €I and
j (o(t)) = J(m oo (t)). Hence the mountain pass value for J is given by

cpm = inf sup Jom(o(t)) = j(a(t)) >a > 0. 3.5)
oel t€[0,1]

By the mountain pass theorem there exists a Cerami sequence (u;) for j at the
level caq (see [2,14]) which proves (a).
_ The map u +— m(u) is a homeomorphism between Mo and N, and since
Jw) = J(m)), cn, = cn. Foru € X\ {0}, consider J(tu), t > 0. By
Lemma 3.2, j(tu) — —o00 as t — 00. Hence max,>oj(tu) > a ex1sts If
tiu, u € Ny, then m(tju), m(tou) € N, so by Lemma 3.1, j(tlu) = j(tzu)
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Consequently, there ex1st 0 < tmin < tnmax such that J (tu) € /\/0 if and only if
t € [tmin, tmax] and j(tu) has the same value for those . Hence j’(tu)[u] >0
for 0 < t < tyi, and j’(tu)[u] < O for t > tyay. It follows that X \ Ny
consists of two connected components and therefore each path in I must intersect
No. Therefore caq > CNp- Since cpp = inf,cx+\(0) max;~o J (tu), (3.5) implies
cM = cN, = cn- Note, in particular, that j > 0 on E(O, r), where r is given
in (I6), so the condition || (1)|| > r in the definition of I" is redundant because it
must necessarily hold if 7 (o (1)) < O. ]

Since e, = ey = cpm > 0, Np is bounded away from 0 and hence closed in
X while \V is bounded away from X and hence closed in X.

For a topological group acting on X, denote the orbit of u € X by G * u, that
is,

Gxu:={gu:ge G}

A set A C X is called G-invariant if gA C Aforallg € G.J : X - R
is called G-invariant and T : X — X* G-equivariant if J(gu) = J(u) and
T(gu) =gT(u)forallg e G,u € X.

In order to deal with multiplicity of critical points, assume that G is a topological
group such that

(G) G acts on X by isometries and discretely in the sense that for each u # 0,
(G *u) \ {u} is bounded away from u. Moreover, 7 is G-invariant and X+, X
are G-invariant.

Observe that M is G-invariant and m : X* — M is G-equivariant. In our appli-
cation to (1.1) we have G = Z> acting by translations; see Theorem 1.1.

Lemma 3.4. For all u, v € X there exists ¢ = €, > 0 such that |gu — hv|| > ¢
unless gu = hv (g, h € G).

Proof. Suppose G xu # G * v (the other case is obvious). We may assume without
loss of generality that # # 0 and v minimizes the distance from « to G * v. Now it
suffices to take ¢ := %Hu —v|l. O

We shall use the notation

TP=uext:Jw<p), Jo=ueXxt: T =>al
Tl =F,nT?, Ki={uex™:Tw=0).

Since all nontrivial critical points of 7 are in V, it follows from Theorem 3.3 that
J W) >aforallu e K\ {0}

We introduce the following variant of the Cerami condition between the levels
o, peR:

(M)g (a) Leta < B.There exists MD’? such that lim SUP, 00 lunll < MD’? forsvery
(wp) C X+ satisfyin%a < liminf, o J(u,) < limsup,_, . J (u,)
< Band (1 + |lun )T (un) — 0.
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(b) Suppose in addition that the number of critical orbits in jf is finite. Then
there exists mg > 0 such that if (u,), (v,) are two sequences as above

and |lu, — v, < mg for all n large, then lim inf,_,  ||u, — v, || = 0.

Note that if 7 is even, then m is odd (hence j is even) and M is symmetric, that
is, M = — M. Note also that (M)g is a condition on J and not on J. Our main
multiplicity result reads as follows:

Theorem 3.5. Suppose J € C' (X, R) satisfies (I1)~(18) and dim (X 1) = oc.

(a) If (M)6M+6 holds for some ¢ > 0, then either c, is attained by a critical
point or there exists a sequence of critical values c, such that ¢, > caq and
Cp = Cp asn — 00,

(b) If (M )g holds for every B > 0and [J is even, then [J has infinitely many distinct
critical orbits.

By a standard argument we can find a locally Lipschitz continuous pseudo-
gradient vector field v : X\ K — X7 associated with 7, that is

o) <1, (3.6)
~ 1 ~
J W] > EIIJ/(M)II (3.7)

for any u € X \ K. Moreover, if 7 is even, then visodd. Letn : G — X+ \ K
be the flow defined by

an(t, u) = —v(n(, u))
10, u) =u,

where G := {(t,u) € [0,00) x (XT\K): t < T(u)} and T (u) is the maximal
time of existence of n(-, u). We prove Theorem 3.5 by contradiction. From now on
we assume the following:

There is a finite number of distinct orbits {G * u : u € K}.

Lemma 3.6. Suppose that (M )g holds for some B > QO andletu € joﬂ \ K. Then ei-
ther im; . 7, n(t, u) exists and is a critical point of J or lim; 7 J (n(t, u)) =
—o0. In the latter case, T (u) = 0.

Proof. Suppose T (u) < ocoandlet0 <s <t < T (u). Then

t
I, ) — (s, w)| s/ (. w) e <1 —s.

Hence the limit exists and if it is not a critical point, then 1 (-, #) can be continued
fort > T (u). ~

Suppose now T (1) = oo and J (n(z, u)) is bounded from below. We distinguish
three cases:

(i) t — n(t, u) is bounded,
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(i1) t +— n(¢, u) is unbounded but ||n (¢, u)|| /A oo,
(iii) [In(r, w)| — oo.

(i) We follow an argument in [36]. We shall show that for each ¢ > 0 there exists
te > Osuchthat ||n(t;, u) —n(t, u)|| < eforallt > ¢, (this implies lim;_, 5 n(t, u)
exists, and then it is obviously a critical point). Arguing by contradiction, we can
find ¢ € (0, mg/2), R > 0 and f, — o0 such that n(t,,u) € B(0, R) and
In(t,, u) — n(t,,H, u)|| = e for all n. Lett be the smallest ¢ € (t,, #,+1) such that
||r)(t,,, u)— r](tn ,ul=¢/3 andt the largestt € (t t,,+1) such that || (t;+1, u) —
(12, w)ll = /3. Put i, := mln{llj/(n(t )| ¢ € [ty, 1}1}. Then

ll

8 n

3= Gy, w) = nty, W) < / lon @ )l dt <1, —t,
In

2 [ ~ 2 ~
< = [T T ond = = (o0 - Tacw).
Kn Jt, Kn

Since J(n(tn, u)) — j(r](tn, u)) — 0, also x, — 0. Hence we can choose sl €

(1, t”] such that if &, = n(s u), then j’(un) — 0. As ||n(s u)l is bounded
(i) is a Cerami sequence. A similar argument shows the existence of vy =
n(s2,u) (s2 € [t2, ty1]) such that 7' () — 0. Hence

2
11m1nf [ty — V|l < limsup ||, — V|l < &+ 38 < mg,
n—

&
3~ n—o00

which is a contradiction to (M )g (b).

(ii) Observe that there are no Cerami sequences in X+ \ B(0, Mé} ) at any level
a € [0, B] according to (M)g (a). Since n (¢, u) is unbounded but ||y (¢, u)| /4 oo,
we can find R > Mg such that there exist arbitrarily large ¢ for which n(t, u) €
B(0, R). We can find 1, t,l so that 1, — oo, |[n(t,,u)]] = R + 1 and t,l is the

smallest t > tn with ||n(tn, u)|| = R. We may also assume that ||n(s, u)|| £ R + 1
fors € [t,, n] Let «,, be as above. Then

1 2 7 7 1
L= I = ol = = (T, 0) = T} ).

and hence k, — 0. So we see that there exist &, = n(sn, u), s € [t,,,t ], such
that R < ||u,|| < R+ 1and j’(un) — 0. Thus we have found a Ceraml sequence
in Xt \ B(0, M(’)g ) which is impossible. This shows that case (ii) can never occur.

(iii) There exist Rgp > 0 and § > O such that ||j’(v)|| > §/|lv|| whenever
lv]l = Rpand v € joﬂ (for otherwise there exists an unbounded Cerami sequence).
Choose 79 > 0 so that [n(r,u)| > Ro and J (n(to, u)) — J(n(t, u)) < 8/8
for t > to. For large n let ¢, be the smallest ¢ such that ||n(¢, u)|| = n, and let
Ky = min{||j’(n(t, u))| : t € 1o, t,1}. By the choice of #,,

. 8 8
min = .
teliotal [ )l (e, w)]

Kn =
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It follows by the same argument as above that for n large enough,

1 2~ ~
G, Wl = 0, w) = nlo, Wl = -= (T (o, w)) = T (1(ta, w)))

n

A

2 ~ ~
< E”ﬁ(tn’ W (T (n(to, u)) — T ((tn, u))) .
This is a contradiction, and hence case (iii) can also be ruled out. 0O

LetX :={AC X" :A=—Aand A is compact},

H = {h: X" — X is a homeomorphism, /(—u)
= —h@) and J (h(u)) < J (u) for all u},
and for A € X, put
i*(A) := min y (h(A) N S0, r)),
heH

where r is as in (I6), S(0, r) := {u € X : |lu|| = r}and y is Krasnoselskii’s genus
[35]. This is a variant of Benci’s pseudoindex [2,7] and the following properties
are adapted from [30, Lemma 2.16].

Lemma 3.7. Let A, B € X.
(i) If A C B, theni*(A) <i*(B);
(i) i*(AU B) < i*(A) + y(B);
(iii) If g € H, then i*(A) < i*(g(A));
(iv) Let X} be a k-dimensional subspace of X*. Then i*(X; N B, R)) > k
whenever R is large enough and B(0, R) := {u € X T : |u| £ R}.

Proof. (1) follows immediately from the properties of genus.
(ii) Foreach h € H,
i*(AUB) < y(h(AU B)N S(0,r)) = y((h(A) Uh(B)) N S(0,r))
= y((h(A) NSO, 1))+ y(B).
Taking the minimum over all 7 € H on the right-hand side we obtain the
conclusion.

(iii) Since j(g(u)) < j(u) forallu € X, hog e Hifh € H.Hence (hog:
h € 'H} C 'H, and therefore

i h(A)N S, < mi h A)N S0, r)).
}112172)/( (A) N S( V))_]Ig?gy(( 0g)(A)NSO,r))
(iv) Ey Lemma3.2, j(u) < 0on X;\B(0, R) if Rislargeenough. Let D := XN

B(0, R). Suppose i*(D) < k,choose h € H suchthaty (h(D)NS(0,r)) <k
and an odd mapping

f:h(D)N SO, r) — RF1 {0).

Let U := h™'(B(0,r)) N Xy. Since J(h(u)) < J(u) < 0foru € Xi \
B0, R) and J(u) > 0 for u € B(0, r), it follows that U C D \ 9D and
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hence U is an open and bounded neighbourhood of 0 in X;. If u € 90U,
then h(u) € S(0, r) and therefore f o h : U — R¥~1\ {0}, contradicting
the Borsuk—Ulam theorem [35, Proposition 11.5.2], [38, Theorem D.17]. So
i*(D)>k. 0O

Proof of Theorem 3.5. (a) Suppose that J has no critical values in [¢ M M+ €0l
for some &9 € (0, €]. Thus J has only the trivial critical point 0 in J cmteo,
Takeu € J°M*0 and observe that by Lemma 3.6, either lim;_, 7, n(¢, u) =0
or hmt%T(,,) j (n(t,u)) = —oo. Hence we may define the entrance time map
e JeMFE0 5 [0, 00) by the formula

e(u) = inf(r € [0, 7)) : T(n(t, 1)) S cam/2).
Take any y € I' such that
Ty @) = Tmy ) < cap+eo forallt e [0, 1],

where T is given by (3.4). Since e is continuous, 7 () := n(e(y(®),y@)isa
continuous path in X such that 7 (7(1)) £ J(y(1)) < 0. Hence y € T and

cpm=inf sup (o) = sup TG (1) = cp/2.
o€l tef0,1] t€(0,1]

The obtained contradiction proves that either c r4 is a critical value or for any
€0 € (0, &) we find a critical value in (cpq, cpq + €0]-
(b) Take B = a and let

={uek:Jw) = A

Since there are finitely many critical orbits, there exists g9 > 0 for which
~fte

KnJgi =KP. (3.8)
Choose § € (0, m€+8°) such that B(u,8) N B(v,8) = @ for all u, v € KP,
u # v (this is possible due to Lemma 3.4). We show that there is ¢ € (0, &g)
such that

11% )j’(n(t, w) < B—e forue T\ BUE, ). (3.9)
t— u

We assume P ;é ¢, the other case being simpler. If u € Jg ' 7° +S° \ B(KP, 8)
and lim;, 7, j(n(t, u)) < B — &o, then (3.9) trivially holds. Otherw1se

ueAgi={ue TN BKP, ) Jim n(ew) € K7},
u

Let u € Ay and define

to(u) := inf {r € [0, T (w)) : n(s, u) € B(KP, 8) forall s > t},
Fu) = inf {1 € [to(u), T(w) : (. u) € B, 8/2)).
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and note that 0 < 7o(u) < t(u) < T (u). By (3.6), we have
t(u)
< lnioGu). u) — n(tw), w)]| < / (s, W) ds < 1) — tou).

to(u)

)
2
(3.10)
Let
p = inf{|7 ((t, )| : u € Ao, t € [to(w), t ()]}
If p = 0, then we find u,, € Ag and ¢t,, € (to(u,,), t(u,)) such that
j/(ﬂ(ln, uy)) — Qasn — oo.

Since t,, > to(u,), we have n(t,, u,) € B(IC/B, ) and passing to a subsequence
we can find ug € KP and g, € G such that

gnn(tn, uy) € B(uo, 9).
Since 1, < t(u,), we see that

g (tn, un) ¢ BIKP,8/2).

Letuy, := ug, 0y := gnn(ty, u,). Then i, and v, are two Cerami (in fact Palais—
Smale) sequences such that §/2 < ||V, — U,|| < 8§ < mg+£°, a contradiction.

Therefore p > 0, and we take
y ~
e < min {z, gp} ue T\ Bk, 5).

Since

~ ~ tw) _
T (u), u)) — T (mto(u), u)) = — T (s, u)[v(n(s, u))lds

to(u)

1 t(u) -,
—5/ 17 (s, )l ds,
to ()

[IA

we obtain, using (3.10), that

~ ~ 1 t(u)
tj;taﬂf(n(h W) ST w),u) < p+e— 5/ 1T (n(s, u)| ds

to(u)
8
<B+e— ® < B —e.
4
Hence Ag = ¥ which proves (3.9). Note that this argument also shows n(z, u)

will not enter the set B(KP, 8/2) if u € j;f; \ B(KE, 8).
Define

o= inf sup J(u), k=1,2,...,
A P2k pey
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and note that by Lemma 3.7 all B are well defined, finite and a < B; <
Br < ....Let B = py for some k > 1. If the set Kf is nonempty, it is (at
most) countable, so we can order its elements in pairs - ; and let the map
f : KP — R\ {0} be given by f(Fu;) = %£1. This shows that, by the choice
of &,

y(B(KP,8) =y (KP) =1.

Choose ¢ > 0 such that (3.9) holds. Take Lipschitz continuous cutoff functions
X, & such that x = 0in B(KP,8/4), x = 1in X+t \ B(K#,8/2) and € = 1 in
j/ff;, &€ =0in XT \ U, where U is an open neighbourhood of ijﬁ with
KNU=KP. Let7: R x X — X+ be the flow given by

0 (t,u) = —x (7, w)& e, w)v((t, u))
70, u) = u.

Then#(, u) = n(t, u)aslongast > Oand7j(t, u) € T2\ B(KP, §/2). Using

—&
(3.9), we can define the entrance time map e : Jhte \ B(KP,8) — [0, c0) as
follows:

e(u) := inf{r € [0, 00) : T (7i(s,u)) < B — ¢}.
Since n(s, u) ¢ B(KP,8/2) as we have observed, e is finite. It is standard to
show that e is continuous and even. Take any A € ¥ such that i*(A) = k and

j(u) S B4eforu € A Let T := sup,c4e(u); then T < oo since A is
compact. Set i := (T, -) and note that 2 € H and

h(A\ B(KP,8)) c TP—.
Therefore
i*(A\ B(KP,8)) < i*(h(A\ B(KP, 8))) Sk —1
and

k<i*(A) < y(BKP,8)NA) +i*(A\ B(KP,8) < y(KP) +k — 1.
(3.11)

Thus P % ), so as we have shown above, y(ICﬁ) = 1. If Bx = PBi+1 for
some k = 1, then (3.11) implies y (KP&) > 2, a contradiction. Hence we get
an infinite sequence 1 < B2 < ... of critical values which contradicts our
assumption that C consists of a finite number of distinct orbits. This completes
the proof. O
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4. Properties of the functional J for curl-curl

Recall our earlier assumption that (N1)—(N3) and (F1)—(F5) hold. We will check
that assumptions (I1)—(I8) are satisfied and we want to apply Theorems 3.3 and 3.5.
Define the manifold

M={w,w)eVxW:J (v, w)0,¥)] =0 forany v € W} (4.1)
and the Nehari-Pankov set for J:
Ni={w,w)eVxW:u#0, T w[ w]=0
and J' (v, w)[(0, ¥)] =0 forany ¥ € W} C M. (4.2)

Observe that E = v + w € Ng if and only if (v, w) € N (Ng is defined in (1.7)).
Moreover, A contains all nontrivial critical points of 7. In general, N¢, A and M
are not C!-manifolds.

Proposition 4.1. If (v, w) € V x W, then

-1 -1
v?

j(tv,tw+¢)—j/(v,w)[( w+t1ﬁ)} < T, w)

forany v € Wandt 2 0.
Proof. Let (v,w) € V x W, ¥ € W, t = 0. We define

, -1 ?—-1
D(t. ) == T(tv, tw +¥) — T (v, w) — T (v, w)[( v+ tw)},
and observe that

l‘2

-1
v+ w) + ) dx

D(r,vf):f (Fo v+,
]R3

+/3F(x,v—i—w)—F(x,t(v—i—w)—}-w)dx.
R

For fixed v, w € R3, define a map ¢ : [0, 400) x R3 — R as follows:

-1
ot ) = (. v+ w), IT(v +w) + 1)

+F(x,v+w)— F(x,t(v+w) +¥).

We shall show that ¢(r, ¥) < 0forall £ > 0, ¥ € R3. This is clear if v + w = 0.
Soletv+w # 0and ¢ := 1 (v+w) + . By (F3), (F4), we have ¢ (0, ¥) < 0 and

2 -1
2

1
(S vtw) vt w) = F(x, Q)

e, ) < (f(x,v+w),

w+w)+t€ —t(v+w)))

= —%tz(f(x, v+ w), v+ w)
+{f(x, v +w), &) — AlC1P + (Al — F(x, 0)).
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If A is large enough, then the quadratic form (in ¢ and ¢) above is negative definite.
Moreover, A|¢|? — F(x, ¢) is bounded above by superquadraticity of F implied by
(F3) and (N3). Hence ¢ (¢, 1) — —ooast+|y| — oo and ¢ attains a maximum at
some (¢, ) with ¢ = 0. If r = 0, then ¢(z, ¥) < 0 as we have already mentioned.
If t > 0, then

o, ) = (fx,v+w),t(v+w) +¢) = (fx, t(v+w)+¥),v+w) =0,

4.3)
dyet, ) =tf(x,v+w)— f(x,t(v+w)+ ) =0. 4.4)
Using (4.4) in (4.3) we see that both terms in (4.3) are positive (because ( f (x, v +
w), v+ w) > 0)and (f(x, v+ w), ¥) = 0. This and (F5) imply that

21
2

o, ¥) = (fx,v+w),v+w)+ Fx,v+w)— Fx,t(v+w)+v¥) <0.

Consider 7 : L® — Rand Z : L® x W — R given by
T, w):=I{v+w):= / F(x,v+w)dx for(v,w) e LT x W. (4.5)
R3

By Proposition 2.6, I and T are of class C'. In view of (F2), I and Z are strictly
convex. Moreover, the following property holds:

Lemmad4.2. IfE, — E in L® and I(E,)) — I(E) then E,, — E in L®.

Before proving the above lemma we need a variant of the Brezis—Lieb result
[13] for sequences in L®.

Lemma 4.3. Let (E,) be a bounded sequence in L® such that E, — E almost
everywhere on R>. Then

lim F(x,E,) — F(x,E, — E)dx = / F(x, E)dx.
n—>+o0o Jp3 R3
Proof. Note that
ld
/ F(x,En)—F(x,En—E)dxzf / —F(x,E, — E+tE)dtdx
R3 r3 Jo dt
1
=f / (f(x, En — E+tE), E)dxdt,
0 JRr3

and f(x, E, — E + tE) is bounded in LY according to (F3) and Lemmas 2.2
(iv), 2.5. Thus, for any  C R3,

/Ql<f(x,En—E+tE),E)|dXEIf(x,En—E+tE)|w|Est|q>- (4.6)
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By [29, Definition I11.4.2, Corollary I11.4.5 and Theorem III.4.14] the space L®
has an absolutely continuous norm, so by (4.6), for any ¢ > 0 there is § > 0 such
that if |2| < & (|2| denotes the measure of €2), then

/ Hf(x,E, —E+tE),E)|dx < ¢,
Q

independently of n. Thus ((f (x, E, — E +tE), E)) is uniformly integrable. Using
(4.6) once more we see that for any ¢ > 0 there is Q2 C R3 with |2] < 400 such
that

/'(f(x, E,—E+tE),E)dx < s.

Indeed, if x, is the characteristic function of the set |x| > n, then _/R3 D(Ex,)dx —
0 and therefore |E x,|e» — 0 by Lemma 2.2(iii). Hence €2 exists as claimed and
(f(x, E, — E+1tE), E)) is tight. Since E, (x) — E(x) — 0 almost everywhere
on R3, it follows from the Vitali convergence theorem that

1
/ F(x,En)—F(x,En—E)dx—>/ / (f(x,tE), E)dxdt
R3 0 JR3

= / F(x, E)dx.
R3

O

Proof of Lemma 4.2. 'We show that (up to a subsequence) E, (x) — E(x) almost
everywhere on R3. Since I1(E,) — I(E), we have

lim F(x,Ey)dx = /

n— oo R3 R

F(x, E)dx. 4.7)
3
Then from (F2), we infer that, for any 0 < r < R,

. 1 Uy +up
meg = inf  ~(F(x,u1)+ F(x,u2)) — F(x, —> ~0. (48)
xupureR3 2 2
r<|ui—uzl,
], luz| SR

Observe that by (4.7) and the convexity of F,

E,+E
2

1
0 < lim sup/ E(F(x, E,)+ F(x,E)) — F (x,
R3

n—oo

) dx £0.
Therefore, setting
Qui={xeR’:|E,—E| Zr, |E,| <R, |E| <R},

it holds that

1 E E
| lmrr = / S(F(x, Eq) + F(x, E)) = F (x, nt ) dx,
R3 2 2
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and thus |2,,| — Oasn — o0. Since 0 < r < R are arbitrarily chosen, we deduce
E, — E almost everywhere on R3.

In view of Lemma 4.3, we obtain
/ F(x,E,)dx —/ F(x,E, — E)dx — / F(x, E)dx,
R3 R3 R3
and hence
/ F(x,E, — E)dx — 0.
R3

By (F3) and Lemma 2.2 (iii), we get |[E,, — E|op — 0. O

Proposition 4.4. Conditions (11)—(18) are satisfied and there is a Cerami sequence
(Un, wy) C Matthelevel cy, thatis, T (vy, wy) — cprand (14| (v, wa) DT’ (vn,
wy) = 0asn — oo, where

= inf , 0.
N (v,}u)e./\/'j(v w) >

Proof. Setting X := V x W, XT = V x {0} and X = {0} x V we check
assumptions (I1)—(I8) for the functional 7 : X — R given by

1
J (v, w) = 5||v||% — Z(v, w)

(cf. (2.2) and (4.5)). Recall

I, w)ll = (Ivllp + lwlg) >, where [v]p =|Vvla.
The convexity and differentiability of Z, (F3) and Lemma 4.2 yield

(I1) Ty € C'YWxW, R)and Z(v, w) = Z(0,0) = Oforany (v, w) € VxW;
I2) If v, — vin V, w, — win W, then lirE)iO%fI(vn, wy) = I, w);
n

13) Ifv, » vinV, w, — win W and Z(v,, w,) — Z(v, w), then (v,, w,) —
(u, w).

Moreover,
(I6) There exists » > 0 such that inf = J (v, 0) > 0.

Indeed, by (F3) and (N2) there exist C, C' > 0 (cf. proof of Lemma 2.3) such that,
forany v € V,

J @, 0) = vl - /R Fx, v)dx 2 vl — C/M vl dx 2 [vlp = CIoll

and thus (I6) is satisfied. It is easy to verify using (F3) and (iv) of Lemma 2.2 that
(I4) lvllp +Z(v, w) — oo as (v, w)|| — oo.

Hence, we also have that
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15) If (v, w) € M, then Z(v, w) < Z(v, w + ¥) for any v € W \ {0}
holds by the strict convexity of F. Next, we prove
a7) Z(t, (vy, wn))/t,% — oo if t, = oo and v, — v for some v # 0 as n — 0.

Observe that, by (F3),
mN%MWﬁi@FWMW+MWﬁM

i C2/3¢(tn|vn+wn|)/t3dx
R
2[ D (ty|vy + wyl)
R

3 |tn
3 12 |vg + wp?

+ wy|* dx. (4.9)

Take Ry > 0 such that v # 0 in L2(B(0, Rp)). In view of (N3), we find C > 0
such that

Co(t) =1 fort > 1.

Then
/1 m+mﬁmgc/¢mm+wwim
B(0,R) R3

+/ v + waPdx,  (4.10)
B(OvR)m{lvn‘i‘wnlgl}

and Z(t, (v,, w,,))/t,? — 00 provided v, + w, is unbounded in L*(B(0, R), R3)
for some R > Ry. Now, suppose that v, + w, is bounded in L?(B(0, R), R3)
for any R = Ry. We may assume passing to a subsequence that v,, — v almost

everywhere and w;,, — w in LIZU . (R3, R3) for some w. Given ¢ > 0, let

Q= {x € R v, (x) + wp(x)| = ¢} (4.11)

We claim that there exists ¢ > 0 such that lim,_,  [€2,] > 0, possibly after
passing to a subsequence. Arguing indirectly, suppose this limit is O for each ¢.
Then v, + w,, — 0 in measure, so up to a subsequence v, + w, — 0 almost
everywhere, hence w, — —v almost everywhere and w, — —v in LIZOC (R3, R3).
Since V x w, = 0 in the distributional sense, the same is true of v. Thus there is
£ € H! (R?) such that v = V&, see [21, Lemma 1.1(i)]. As div(V&) = divv = 0,
it follows that &, and therefore v, is harmonic. Recalling that v € D, we obtain
v = 0 as in the proof of Lemma 2.4. This is a contradiction. Taking ¢ in (4.11) such

that lim,,_, oo |2, ] > 0, we obtain

O, |v, +w O (ty|v, +w
/ g'n|—n "2|) Vg + wy|* dx > Mlv” +wn[*dx — co.
R3 L lvn + wyl Qy fnlvn + wal

Finally, Proposition 4.1 shows that

18) 2517/ (v, w)[(v, w)] + 1T/ (v, WO, ¥)] + Z(v, w) — Z(tv, 1w + ¥) < 0
foranyt 2 0,v € Vand w, ¥ € W.
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Applying Theorem 3.3, we obtain the last conclusion. O

Since there is no compact embedding of V into L® we cannot expect that the
Palais—Smale or Cerami condition is satisfied. We need the following variant of
Lions’ lemma:

Lemma 4.5. Suppose that (v,) C D is bounded and that for some r > /3,

sup / |v,,|2dx — 0 asn — oo. 4.12)
B(y,r)

yeZ3

Then

f d(Jlvy)dx — 0 asn — oo.
R3

Proof. This follows from [28, Lemma 1.5], since ® satisfies (N2). O

We collect further properties of Z.

Lemma 4.6. (a) For any v € L® there is a unique w(v) € W such that

Z(w,w()) = inf Z(v, w). 4.13)
weW

Moreover, w : L® — W is continuous.
(b) w maps bounded sets into bounded sets and w(0) = 0.

Proof. (a) Letv € L®. Since W > w +— Z(v, w) € R is continuous, strictly
convex and coercive, there exists a unique w(v) € ¥V such that (4.13) holds. We
show that the map w : L® — W is continuous. Let v, — v in L®. Since

0 < Z(vp, w(vy)) = Z(vy, 0), (4.14)

w(v,) is bounded and we may assume w(v,) — wo for some wo € V. Observe
that by the (sequential) lower semi-continuity of 7 we get
Z(v, w(v)) = Z(v, wo) = liminf Z(v,, w(vy))
n—oQ

< lianngfI(vn, w®)) =Z(, w)).

Hence w(v) = wp and by Lemma 4.2 we have v, + w(v,) — v + w(v) in L®.
Thus w(v,) — w(v) in W.
(b) This follows from inequality (4.14), (F3) and Lemma 2.2 (iv). O

Let m(v) := (v,w(v)) € M for v € V. Then in view of Lemma 4.6 (a),
m : YV — M s continuous. The following lemma implies that any Cerami sequence
of J in M and any Cerami sequence of J o m are bounded.

Lemma 4.7. If (v,) C V is such that (J o m)(vy,) < B and (1 + ||, |)(T o
m) (vy) = 0asn — oo, then (v,) is bounded.
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Proof. Suppose that m(v,) = (v, w,) € M, ||[(vy, wy)|| — 0o asn — oo and
J (U, wy) < B.Since w, = w(vy), [|(vy, wy)|| — ooif and only if ||v, ||p — oo.
Let v, := v, /||v,|lp and wy, 1= wy/||vs||p. Assume

lim Supf |02 dx = 0
B(y,r)

n—o0
yez3

for some fixed r > /3. By Lemma 4.5, lim, o0 [p3 ®(|04])dx = 0, and ar-
guing similarly as Liu [23], we obtain a contradiction. More precisely, recalling
J (v, wy)[wy] = 0, Proposition 4.1 with t, = s/||v, ||p and ¥, = —1, w, implies
that, for every s > 0,

B = limsup J (v,, wy)

n— o0
> lim sup J (s ¥y, 0)
n—oo
2 2
t-—1 t 1
— lim J' (v, wn)[< b Up, — 2 ki
n—00 2 2 n—00
(F3) s2 . s>
> = — lim cl/ D(s|vg|) dx = —,
2 n—00 R3 2

w,,)] — lim sup J (s, 0)

which is impossible. Hence lim inf,,_, f BOw.r) |0y, |2 dx > 0 for some sequence
ns

(yu) C Z3. Since M and J are invariant with respect to Z>-translations, we may

assume that
f [Uu]?dx = ¢ >0
B(0,r)

for all n sufficiently large and some constant c. This implies that, up to a subse-
quence, U, — U # 0inD, v, — vin L} (R? R?)and o, — ¥ almost everywhere
in R3 for some © € D. By (F4),

2F vy, wy) — j/(vna wy)[(Vy, wy)] = /3((f(x’ Vp + Wp), Uy + Wy)
R
—2F(_x, vy + wn)) dx > 07
so J (v, wy) is bounded below and

wx T0 < Sl - [ TG 4 P

lvn I 2 R |Vn + wyl
for some constant « (cf. (4.9) for the second inequality). Hence it suffices to show
that the integral on the right-hand side above goes to +o0c. We can argue as in the
proof of (I7) in Proposition 4.4. In particular, (4.10) holds with v, + w, replaced
by v, +wy, and t,, replaced by ||vy, || p, and if 2, is as in (4.11) (again, with v, + w,,
replaced by v, + wy), then lim,,_,  |$2,| > O for a subsequence. 0O

Corollary 4.8. Let B > 0. There exists Mg > 0 such that for every (v,) C
V satisfying 0 < liminf,_ j(m(vn)) < limsup,_, o J(m(vn)) < B and
lim, oo (1 + ||v,,||)j’(m(vn)) = 0 there holds limsup,,_, . l|v, || < Mpg.
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Proof. If no finite bound Mg exists, for each k there is a sequence (v’,j) satisfying
the assumptions above and such that lim sup,,_, . || vﬁ || > k. Now it is easy to find
n(k) in such a way that (v’]; (k)) is an unbounded sequence satisfying the hypotheses
of Lemma 4.7, which is a contradiction. O

5. Weak-to-weak™ convergence in M

Lemma 5.1. Suppose that Q is a bounded Lipschitz domain. Then H'(Q) is com-
pactly embedded in L® ().

Proof. Suppose u, — 0in H'(2). Then u, — 0in L%(), u, — 0in L2() and
u, — 0 almost everywhere in €2 after passing to a subsequence. By (N2), for each
& > 0 there exists C, such that ®(¢) < &r° for r > C,. Hence

/q>(|un|)dx=/ D (Jup|) dx
Q QN{Juy| <Ce}

+f D (|uyl)dx S/ ®(|u,|)dx + Ce,
Q0{lun|>Ce) QNfJun|<Ce}

where the constant C depends only on the L%- bound on (u,). By the dominated
convergence theorem and since ¢ is arbitrary, fQ O (Juy|)dx — 0 and |u,|e — 0
according to Lemma 2.2(iii). O

Proposition 5.2. If v, — v in D, then w(v,) — w(v) in VW and, after passing to
a subsequence, w(v,) — w(v) almost everywhere in R3.

Proof. 1t follows from the definition (4.13) of w(v) that

/3(f(x, v, + w(vn)),z)dx =0= /3(f(x, v+w(v)),z)dx for all z € W.
R R
6D

Since the sequence (vy) is bounded, so is (w(vn)) by Lemma 4.6(b). Hence we
may assume w(v,) — wo for some wy. In addition, since v, — vin leoc (R3, R3),
then v, — v almost everywhere after passing to a subsequence.

Let @ C R? be bounded and let ¢ € C{°(R?, [0, 1) be such that ¢ = 1 in Q.
By (F3) and Lemmas 2.2(ii), 2.5, 5.1, for some constant C > 0, we have

05/Jﬂmw+wMMHw—W€M
R

< C1®'(Jvw + w@)DIw|(vy = v)¢le — 0. (5.2)

Choose R sothatsupp; C B(0, R).By (N3), (w(v,))isboundedin L?(B(0, R), R?).
Indeed,

qz/ Mmmmsz/ (v dx
B(0,R)N{|w(v,) =1} B(0,R)N{|w(vy)|>1}
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for suitable C1, C; > 0. By [21, Lemma 1.1(i)], for every n there exists &, €
H'(B(0, R)) such that w(v,) = V&,. We may assume fB(o R) &, dx = 0. Then by
the Poincaré inequality,

11l 51 B0, k) < C'IVEnlr2B0.R) < C”
for some C’, C” > 0. Hence in view of Lemma 5.1, up to a subsequence, &, — &
in L®(B(0, R)) for some & € H'(B(0, R)). Similarly as in (5.2), we have

im f | f (x, v + w@))| VS 18, — &l dx = 0. (5.3)

n—oo ]R‘
The limits in (5.2) and (5.3) are O also if f(x, v, +w(vy,)) is replaced by f(x, v+
Vé&). Combining (5.1)—(5.3) we obtain
Jim [P (e v+ ) = f (50 4+ VE), £ (in = v w(on) = VE)) d,
(5.4)

where we have taken 7 = V(;(E,, — E)) in (5.1). We shall show that v, + w(v,) —
v 4+ V& almost everywhere in Q2. The convexity of F in u implies that

F(x’ uj —;uz) > F(x,ui) +<f(x,u1), us —u1>

2

and

F(x, ll ;”2) > F(x, u2) + <f(x, 1), L ”2>.

2

Adding these inequalities and using (F2), we obtain for any 0 < r < R and
lur —uz| = r, luyl, uz] < R that

IA

1 uy+u
Mg EWQMD+HLMD—FG,I 2)

2

IA

1
Z(f(X,Ml) — f(x,u2), u1 —up),

where m, r has been defined in (4.8). Since { = 1 in €, it is now easy to see
from (5.4) that v, + w(v,) — v + V& almost everywhere in 2 as claimed. Since
w(v,) — wo, wo = V& and by the usual diagonal procedure we obtain almost
everywhere convergence to v 4+ wy in R3. Take any w € W and observe that, by
the Vitali convergence theorem,

O=/ (f(x,vn+w(vn)),w)dx—>f (f(x, v+ wp), w)dx.
R3 R3

The uniqueness of a minimizer (see Lemma 4.6) implies that wy = w(v).

So far we have shown that if v, — v in D, then a subsequence of (w(vy))
converges almost everywhere in R3, and therefore weakly in W, to w(v), but since
each subsequence of (w(vy,)) has a subsequence converging weakly to w(v), we
can conclude that w(v,) — w(v) for the full sequence. 0O
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In general 7' is not (sequentially) weak-to-weak™ continuous, however we show
the weak-to-weak™ continuity of 7’ for sequences on the topological manifold M.
Obviously, the same regularity holds for £’ and M¢.

Corollary 5.3. If (v,, wy) € M and (v, w,) — (vo, wo) in V x W then J' (v,,
wy) = J' (vo, wo), that is

T W, w) (@, )] = T (vo, wo)[(¢, V)]
forany (¢, ) € V x W.

Proof. By Lemma 4.6(a) we get w,, = w(vy). In view of Proposition 5.2, we may
assume v, + w, — vg + wo almost everywhere in R3 (where wg = w(vg)). For
(b, V) € V x W we have

mewnwwn—fwmmmwwn=/<wM—Wmvwm

R3

—/RB<f(x,vn+wn)—f(x,uo+wo),¢+1ﬁ)dx-

We may assume ¢, ¢ are compactly supported. Let 2 be a bounded set containing
the support of ¢ + . Then

LHﬂ%w+ww—ﬂ&w+ww¢+me
< 1f(x,on +wn) — f(x,u0 + wollpy@)ld + Vlpe g

(cf. (4.6)). In view of the Vitali convergence theorem and uniform integrability of
the norm [29, Theorem 111.4.14], we obtain

T Wns w) (@, YD1 = T (vo, wo)[(d, ¥)] — 0.

6. Proof of Theorem 1.1

Recall that the group G := Z? acts isometrically by translations on X =V x W
and J is Z3-invariant. Let

K:={veV:(Jom) ) =0},
and suppose that K consists of a finite number of distinct orbits. It is clear that Z>

acts discretely and hence satisfies the condition (G) in Section 3. Then, in view of
Lemma 3.4,

i :=inf {lv —V[lp : T’ (m(v)) = T (m@)) =0,v £} > 0.
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Lemma 6.1. Let B > c) and suppose that K has a finite number of distinct
orbits. If (u,), (v,) C V are two Cerami sequences for J o m such that 0 <
liminf, .~ j(m(un)) <limsup,_, j(m(un)) < B,0 <liminf,_ j(m(v,,))
<limsup,_, o J(m(vy)) < Bandliminf,_ o llup—vallp < k, thenlim,_ oo |[up
— vnllp =0.

Proof. Letm(u,) = (un, w,ll), m(v,) = (vy, wﬁ). By Corollary 4.8, m(u,,), m(vy,)
are bounded. We first consider the case

lim |u, —vy|le =0, (6.1)
n—o00
and prove that
lim |lu, — vyllp = 0. (6.2)
n— o0

By (F3) and Lemmas 2.2(ii), 2.5, 4.7, we have
lun — Un||2D = j/(m(un))[(un — Uy, 0)] = j/(m(vn))[(un — Uy, 0)]
+ / (fC,m@uy)) — f(x,m(vy)), uy — vy) dx <
R

=o(l) +/R(|f(x,m(un))| + 1 f (e, m(ua))|) lun — vy | dx

o) +c /R (@' (Im(un)]) + @' (Im(vp) )1y — val dx
<o(1) +c1 (19" (Imn)Dlw + 19" (Im W) Dlw) [y — vale — 0,

which gives (6.2).

Suppose now (6.1) does not hold. By Lemma 2.2 (iii) and Lemma 4.5, for a
fixed R > /3 there exist ¢ > 0 and a sequence (y,) C Z> such that, passing to a
subsequence,

/ [up — vp|> dx > . (6.3)
B(yu.R)

Since J is Z3-invariant, we may assume y, = 0. As m(u,), m(v,) are bounded,
up to a subsequence,

(up, w,l,) — (u, wl) and (v, wﬁ) — (v, wz) iny x W (6.4)

for some (u, w!), (v, w?) € V x W. Asu, — u and v, — vin L} (R}, R?),
u # v according to (6.3). From Corollary 5.3 and (6.4) we infer that

T w,w'y = T (v, w?) =0.
Thus
liminf lu, — v,llp > llu —v]p > «,
n— 00

which is a contradiction. 0O
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Proof of Theorem 1.1. (a) The existence of a Cerami sequence ((v,, w,)) C M
at the level c s follows from Proposition 4.4, and this sequence is bounded by
Corollary 4.8. Similarly as in the proof of Lemma 6.1, we find v € V' \ {0} such
that (v,, w,) — (v, w) and (v,, w,) — (v, w) almost everywhere in R3 along
a subsequence and J' (v, w) = 0 (with w = w(v)). More precisely, if |v,|o —
0, then (6.2) with u, = 0 holds by the same argument. This is impossible
because J (m(v,)) — cn > 0. Hence (6.3) with u,, = 0 is satisfied and we
may assume making translations by y, if necessary that |, B(O.R) Va2 dx > €.
Thus v # 0. By Fatou’s lemma and (F4),

1
CN = nlgrolo T (p, wy) = nll>ngo (j(vn’ wy) — Ej/(vn’ wy)[(vy, wn)])
1
= T, w) — EJ’(v, w)[(v, w)] = T (v, w).

Since (v, w) € N, J (v, w) = cpr and E = v + w solves (1.1). Note that here
we have not assumed K has finitely many distinct orbits.

(b) In order to complete the proof we use directly Theorem 3.5(b). That (I1)-
(I8) are satisfied and (M )g holds for all B8 > 0 follow from Proposition 4.4,
Corollary 4.8 and Lemma 6.1. O

7. A remark on the Schrodinger equation

Theorem 3.5 can also be used to deal with the Schrédinger equation or a system
of equations. In particular, one can use it to obtain alternative proofs of the results
in [18,36]. Contrary to [18], we do not need to use nonsmooth critical point theory.

Below we briefly discuss a very simple application of Theorem 3.5, yet our
result extends and complements known ones. We leave the details to the reader. We
look for solutions to the equation

—Au= f(x,u), xeR" N=>3. (7.1)

The functional
1
T @) = —/ |Vu|2dx—/ F(x,u)dx
2 ]RN RN

corresponding to (7.1) is of class C' on D2(RY) if f satisfies the following
assumptions:

(AF1) F : RY x R — R is differentiable with respect to the second variable
ueRand f := 3, F : RNV x R — R is a Carathéodory function (that is,
measurable in x € RY, continuous in u € R for almost every x € RN ).
Moreover, f is ZN-periodic in x, thatis, f(x,u) = f(x + y,u) forx €
R¥ ueRandy e ZV;

(AF2) lim Fe,uy/lu) ! = | llim Fx,u)/lul* =" = 0 uniformly in x where
u— u|— o0

2* :=2N/(N —2);
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(AF3) F(x, u)/u2 — oo uniformly in x as |u| — o0;
(AF4) f(x, u)/|u| is non-decreasing on (—oo, 0) and on (0, 00).

Note that there is no convexity-type assumption similar to (F2). However, (AF4)
implies (not necessarily uniform) convexity of F' as well as (F4). Since the quadratic
part of 7 is positive definite, we have XT = M = DV2(RY) and X = {0}, so
m(u) = u here and we easily check (I1)—(I8) from Section 3. In fact (I12)—(14)
are trivially satisfied, (I5) is an empty condition and (I8) becomes much simpler
because v is necessarily 0. Using Theorems 3.3 and 3.5 we obtain the following
result:

Theorem 7.1. Assume that (AF1)—(AF4) hold. Then

(a) Equation (7.1) has a ground state solution, that is, there is a critical point
u € N of J such that

j(u):ijr\l/fj>0

where
Ni={ueD"2®RY) :u#0, T =0}

(b) If in addition F is even in u, then there is an infinite sequence (u,) C N of
geometrically distinct solutions of (1.1), that is, solutions such that (Z" xu,) N
(ZN s uy) = @ for n # m where

ZN s uy = {un (- +y) 1y € ZNY.

Problem (7.1) with growth of the form (AF2) is the so called zero mass case
introduced in [11] for the autonomous nonlinearity f(x, u) = f(u). In the nonau-
tonomous case it has been studied for example in [9,15], see also the references
therein. In [9, 15] more restrictive growth conditions have been imposed. In par-
ticular, F is of order |u|? for small |u| > O and of order |u|” for |u| large
where 2 < p < 2* < ¢. This makes it necessary to work in the Orlicz space
LP(RN) + L4(RN). In Theorem 7.1 we are able to deal with a class of nonlineari-
ties with less restrictive growth conditions (AF2) and we no longer need to use any
Orlicz setting.
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