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Abstract

We consider a non-acoustic chain of harmonic oscillators with the dynamics
perturbed by a random local exchange of momentum, such that energy and momen-
tum are conserved. The macroscopic limits of the energy density, momentum and
the curvature (or bending) of the chain satisfy a system of evolution equations. We
prove that, in a diffusive space-time scaling, the curvature and momentum evolve
following a linear system that corresponds to a damped EULER—-BERNOULLI beam
equation. The macroscopic energy density evolves following a non linear diffusive
equation. In particular, the energy transfer is diffusive in this dynamics. This pro-
vides a first rigorous example of a normal diffusion of energy in a one dimensional
dynamics that conserves the momentum.

1. Introduction

Macroscopic transport in a low dimensional system, in particular energy trans-
port, has attracted attention in both the physics and mathematical physics literature
in the latest decades. Anomalous energy transport has been observed numerically
in Fermi-Pasta-Ulam (FPU) chains, with the diverging thermal conductivity [11].
Generically this anomalous superdiffusive behavior is attributed to the momen-
tum conservation properties of the dynamics [10]. Actually one dimensional FPU-
type chains have potential energy depending on the interparticle distances (that
is the gradients of the particles displacements), and have three main locally con-
served quantities: volume stretch, momentum and energy. These conserved (or bal-
anced) quantities have different macroscopic space-time scalings, corresponding to
different type of initial non-equilibrium behaviour. A mechanical non-equilibrium
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initial profile due to the gradients of the tension induces a macroscopic ballistic
evolution, at the hyperbolic space—time scale, governed by the Euler equations (cf.
[6]). When the system approaches, or is already at a mechanical equilibrium, the
temperature profile will evolve at a superdiffusive time scale.

Recent heuristic calculations based on fluctuating hydrodynamics theory [12],
connect the macroscopic space—time scale of the superdiffusion of the thermal
(energy) mode to the diffusive or superdiffusive fluctuations of the other conserved
quantities. It turns out that this superdiffusive behavior of the energy is governed by
a fractional laplacian heat equation. This picture can be mathematically rigorously
proven in the case of a harmonic chain perturbed by a local random exchange of
momentum, see [8,9]. In particular, it has been shown in [9] that in the models
driven by the tension, there is a separation of the time evolution scales between the
long modes (that evolve on a hyperbolic time scale) and the thermal short modes
that evolve in a longer superdiffusive scale. In addition, from the explicit form of
the macroscopic evolution appearing in these models, it is clear that this behavior
is strongly dependent on a non-vanishing speed of sound. More specifically, when
the speed of sound is null, there is no macroscopic evolution either at the hyperbolic
or superdiffusive time scales. This suggests that the macroscopic evolution of the
system should happen at a yet longer, possibly diffusive, time scale for all modes.

In the present article we investigate the harmonic chain model with the random
exchange of momenta. The interaction potential depends only on the squares of the
curvature (or bending) of the chain

Ry = —Ady =20y — qQx—1 — Gx+1, X €2, (1.1)

where q, are the positions of the particles. This means that its hamiltonian is
formally given by

H(R, p) = E ex (R, p), (1.2)
where the energy of the oscillator x is defined
2 2
py  oRL
x (R, = . 1.3
e (R, p) 5 + > (1.3)

Here « is a positive parameter that indicates the strength of the springs. This cor-
responds to a special choice of attractive nearest neighbor springs and repulsive
next nearest neighbor springs. It turns out that the respective speed of sound is
then null, even though the momentum is conserved by the dynamics. As the energy
depends on the curvature and not on the volume, this system is tensionless, and the
corresponding relevant conserved quantity, besides the energy and momentum, is
the curvature and not the volume stretch.

Our first result, see Theorem 3.1 below, asserts that these three conserved quan-
tities: the curvature, momentum and energy evolve together in the diffusive time
scale. Denote by k(¢, y), p(t, y) and e(¢, y) the respective macroscopic limits of
the fields corresponding to the aforementioned quantities. The evolution of the
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macroscopic curvature and momentum fields k(¢, y) and p(z, y) is governed by the
damped Euler-Bernoulli beam equations:

alk(t’ .V) = _Ayp(tv )’),

(1.4)
dp(t,y) = Ay [ak(t, y)+3yp(, y)} ;
where y > 0 is the intensity of the random exchange of momentum.
Defining the mechanical macroscopic energy as
_L(» 2
€mech(f, y) = 5 p(t,y) +ak<(t,y) (1.5)
and its thermal counterpart (or temperature profile) as
en(t, y) = e, y) — eémech(t, y), (1.6)

the evolution of the latter is given by

3—-1
drem(r, y) = (N;Ty)a + 3)/) Ayen(t, y) + 3y (3,p(, y))2 ; (1.7)

see Theorem 3.2. In particular, the thermal conductivity is finite and we have a
normal diffusion in this system. Notice also that because of the viscosity term, a
gradient of the macroscopic velocity profile induces a local increase of the temper-
ature.

This result puts in evidence two main differences between the present and the
FPU-type models:

(1) the thermal conductivity is finite, even though the system is one dimensional
and dynamics conserves the momentum. This suggests that the non-vanishing
speed of sound is a necessary condition for the superdiffusion of the thermal
energy;

(ii) there is no separation of the time scales between low (mechanical) and high
(thermal) energy modes: all the frequencies evolve macroscopically in the dif-
fusive time scale. Furthermore there is a continuous transfer of energy from
low modes to high modes, resulting in the rise of the temperature, due to the
gradients of the momentum profile.

These rigorous results on the harmonic non-acoustic chain open up the question
if a similar behavior could appear in some deterministic non-linear Hamiltonian
dynamics corresponding to an interaction of the type V (&), where 94, H is a non
linear function of the curvature of the chain.

Concerning our proof of the hydrodynamic limit. Since the microscopic energy
currents in our system are not on the form of discrete space gradients of some func-
tion, this is a non-gradient system. Nevertheless we cannot use known techniques
based on relative entropy methods (cf. for example [13]) for two reasons:

(1) lack of control of higher moments of the currents in terms of the relative entropy;
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(i1) degeneracy of the noise in the dynamics, as it acts only on the velocities.

Instead, we develop a method already used in [8], based on Wigner distributions
for the energy of the acoustic chain. Thanks to the energy conservation property of
the dynamics we can easily conclude (see Section 5.4) that the Wigner distributions
form a compact family of elements in the weak topology of an appropriate Banach
space. Our main result concerning the identification of its limit is contained in
Theorem 5.1 below. The spatial energy density is a marginal of the Wigner function.
We would like to highlight the fact that, in addition to proving the hydrodynamic
limit of the energy functional, we are also able to identify the distribution of the
macroscopic energy in the frequency mode domain, see formula (5.30). In particular
the thermal energy is uniformly distributed on all modes (which is a form of local
equilibrium), while the macroscopic mechanical energy is concentrated on the
macroscopic low modes, see (5.30).

To show Theorem 5.1 we investigate the limit of the Laplace transforms of
the Wigner distributions introduced in Section 7. The main results, dealing with
the asymptotics of the Laplace-Wigner distributions, are formulated in Theorems
7.1-7.3. Having these results we are able to finish the identification of the limit
of the Wigner distributions, thus ending the proof of Theorem 5.1. The proofs of
the aforementioned Theorems 7.1-7.3, which are rather technical, are presented in
Sections 8-10, respectively.

2. The Dynamics

2.1. Non Acoustic Chain of Harmonic Oscillators

Since in the non-acoustic chain the potential energy depends only on the bend-
ings, see (1.1), in order to describe the configuration of the infinite chain we only
need to specify (&y)y ez, and the configurations of our dynamics will be denoted
by ((px. Rx))rez € (R x R)Z.

In case when no noise is present, the dynamics of the chain of oscillators can
be written formally as a Hamiltonian system of differential equations

Re(t) = —Adp H(p(1), A1) 2.1)

pe(t) = —3q, H(p(1), R(1)), x €Z,

where Af(x) = f(x + 1)+ f(x — 1) —2f(x). Letalso Vg, := gy++1 — gx and
V*gx = 8x—1 — &x-

2.1.1. Energy-Momentum Conserving Noise. Following [1,2] we perturb the Hamil-
tonian dynamics (2.1) by introducing the random momentum exchange between
the neighboring sites in such a way that the total momentum and energy of the
system are conserved. This is achieved by adding to the right hand side of (2.1) a
local stochastic term that conserves both p)chl + p% + p?c Lrand Py + px + Pyt
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The respective stochastic differential equations can be written as

dR, (1) = —Ap,(2) dt, 2.2)

dp.(0) = [@AR () = 27 Ropa() | i

+y'? Z Vitzpx Odwyi (1), x €Z,
=—1,0,1

with the parameter y > 0 that indicates the strength of the noise in the system, and
(V) vector fields given by

V= (Px = Par1)0p,_; + (g1 — Pr—1)0p, + (Pr—1 — Px)p,- (2.3)

Here (wx(#));>0, x € Z are i.i.d. one dimensional, real valued, standard Brownian
motions, over a probability space (€2, F, P). Furthermore, the field (R, ) is defined

as follows: Iéx = A V,(CO), where

-1, x=0,
RO =1 -1 x=41,
0, if otherwise.

As a result we obtain Iéo = 3/2, Iéil = —1/2, éiz = —1/4 and I§x = 0, if
|x| > 3. In addition, for any two fields (ay), (by) we define their convolution by
letting (a * b)y := Zyez ax—yby. This definition makes sense for example in the

case when one of the fields is of compact support (as for example (R,) here).
We can rewrite the system (2.2)

dR, (1) = —Ap,(¢) dt, 2.4)

dpx(t) = [aAﬁx(t) + ZyA(Ié(O) * P(f))x] dt
+yl/2 Z Vretzpx(@O))dwy4, (1), x € Z.
z=—1,0,1

Remark. The particular choice of the random exchange in the above dynamics is not
important. The result can be extended to any other random mechanism of momen-
tum exchange, as long as total energy and momentum are conserved. Most simple
dynamics would be given by exchange of momentum between nearest neighbor
atoms at independent exponential times.

2.2. Stationary Gibbs Distributions
LetA = (B, p, k), with ,3_1 > 0 and p, ¥ € R. The product measures

dpn = [ Jexp (=B (ex — ppr — &) — G} ARy dp,

Lo, 5)
gm) :=%1og(27;ﬂ)+ﬁ(p /e

2
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are stationary for the dynamics defined by (2.4). In this context « is called the load
of the chain, while as usual 7! is the temperature and p is the average momentum.
When ! = 0 the measure in (2.5) is, by a convention, the product of delta type
measures, each concentrated at (k, p).

2.3. Initial Data

Concerning the initial data we assume that:

(A1) given € > 0, it is distributed according to a probability measure /. on the
configuration of ((Ry, px)),cz and satisfies

sup € Z(ex)ﬂ6 < 400. (2.6)
€€(0,1] X

Here (-),, denotes the average with respect to jtc. We denote also by [E. the
expectation with respect to the product measure P, = p ® P.

The existence and uniqueness of a solution to (2.2) in £,, with the aforemen-
tioned initial condition can be easily concluded from the standard Hilbert space
theory of stochastic differential equations, see for example Chapter 6 of [4]. We
assume furthermore that

(A2) the mean of the initial configuration varies on the macroscopic spatial scale:

(Re)pe = K(ex), (Px)u. = plex), x e 2.7
for some functions «, p € Cgo (R). Then, the respective Fourier transforms
k and p belong to the Schwartz class S(R).

As for the fluctuations around the mean, we assume that their energy spectrum is
uniformly L" integrable with respect to € > 0 for some r > 1. We have denoted
by
f)=>" feexp{—2mikx}, keT (2.8)
X

the Fourier transform of a given sequence fy, x € Z. Here T is the unit torus,
understood as the interval [—1/2, 1/2] with the identified endpoints. Let

R =Ry — (Redp., and Py i=py — (Px)p.. X €Z. 2.9)

The energy spectrum is defined as:
112 2
Eel) = 5 [<|p(k>|2> +a(18h)7) ] keT, (2.10)
e He

where ):J(k) and fi(k) are the Fourier transforms of (p,) and (ﬁx), respectively.
Assumption (2.6) implies in particular that

Ko = sup 6/ Ec(k)dk < 4o00. 2.11)
ee(0,1] T

The announced property of the L” integrability of the energy spectrum can be
formulated as follows:
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(A3) there exists » > 1 such that:
Ky := sup er/ &l (k)dk < 4o0. (2.12)
€€(0,1] T
Thanks to the hypothesis (2.7) we conclude that for any G € C(‘)><> (R) we have

Jim, € 3G bl = /R GIp()dy, @.13)

lim ¢ ;G@xmxm _ /]R GO(y) dy.

The quantities p(-), k (-) are called the macroscopic velocity and curvature profiles.
We assume furthermore that:

(A4) the following limits exist

lim e Gen® = /R G(»)pa(y) dy, (2.14)
i€ 3 Glen @ = [ 600 dy,

62161+6;G(6x)(ﬁxpx)“5 - /]R G()j(y)dy,

for any G € CSO(R). Here j(-), p2(-), k2(+) are some functions belonging
to C°(R).

As a consequence, we conclude that the limit
li G =/ G d 2.15
Jim e Z (€x){ex) . /]R (Me(y) dy 2.15)

also exists for any G € C3°(R). Here e(y) — the macroscopic energy profile — is
given by
1
ey) =3 (pz(y) + oucz(y)) : (2.16)
Remark. An important example of initial distributions that satisfy the above con-
ditions is provided by local Gibbs measures (see Section 9.2.5 of [9]). That is
inhomogeneous product probability measures of the type

[T exp =8 (ex = pxbr — kxRo) = Gh0)} dBs dpy. (2.17)
x€Z
Here the vector Ay = (B, px, kx) is given by Ay := A(ex), where A(x) :=
(B(x), p(x), k(x)) and the functions B~1(-), p(-), k() belong to CS°(R). On the

sites where B(ex)™! = 0, we let the corresponding exponential factor in (2.17) be
a delta distribution concentrated at the point (x (ex), p(ex)). In this case

JO) =kMp®), p2(y)=p*») + B,
() = (« W+ 87 ).
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3. Formulation of the Main Results

Suppose that p(¢, y), (¢, y) satisfy the following Cauchy problem

Oric(t,y) = —Ayp(t,y), 3.D
ap(t,y) =alyk(t,y) +3yAyp(t, y),
p0,y) = p»), «0,y)=«(),

with p(-), «(-) given by (2.13).

Remark. The above system is uniformly parabolic in the Petrovskii sense for any
y > 0, see for example p. 8 of [5]. The solution exists and is uniquely determined by
the fact that its Fourier transform [p(z, n), k (¢, n)] satisfies the system of ordinary
differential equations

d . .
5w = Inl?p(t, n), (3.2)

d . 2 A 24
Ep(t, n) = —aln|7k(t, n) —3ynl"p(, n),
pO.m) =pm, k0O,n) =k,

see pp. 44—47 in [5].
Our first result concerns the evolution of the macroscopic profiles of the velocity
and curvature.

Theorem 3.1. Under the assumptions (Al)~(A4) for any G € Cg°(R) and t > 0
we have

eg%lf Zx:G(EX)Eer (;—2) = /R G(y)p(r, y)dy, (3.3)

. t
Ell)rnge;G(ex)Eeﬁx (6—2) =/RG(y)K(t,y) dy,

where p(t,y) and k(t, y) is the solution of (3.1).

The proof of this result is fairly standard and we show it in Section 11. Define the
macroscopic profile of the mechanical energy of the chain by

1
emech(?, y) = 5 (Pz(tv y) + Ole(t’ y)) s (3.4)

with er(x(l)gch (¥) := emech(0, ¥). Comparing with the energy profile at r = 0, given
by (2.16), we conclude that the residual energy, called the initial thermal energy
(or temperature) profile, satisfies

D) i=e(y) — e (v) = 0. (3.5)

Concerning the evolution of the energy profile we have the following result.
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Theorem 3.2. Under the assumptions (Al)—(A4) about the initial data the limit

+00 +00
Elirg+e Z/ G(t, ex)Ece, (—) dt—/ / G(t, ye(t,y)drdy (3.6)

exists for any G € C3°([0, +00) x R). In addition, we have

e(t,y) =em(t, y) + emech(t, y)

where emech (t, V) is given by (3.4), while the thermal energy (temperature) em (t, y)
is the solution of the following Cauchy problem:

diem(t,y) = cdjen(t. y) + 3y (dyp)>(t. ).
en(0, y) = e (). 3.7)

The diffusivity coefficient equals (see formula (9.21) below)

(J§—1m
N

Remark 3.3. Notice that the gradient of the macroscopic momentum p(¢, y) ap-
pearing in (3.7) causes a local increase of the temperature. It is also straightforward
to understand the appearance of this term in the aforementioned equation. Consider
for simplicity the case @ = 0. The dynamics is constituted then only by the random
exchanges of the momentum. The conserved quantities that evolve macroscopically
are the momentum p, and the kinetic energy p% /2. The corresponding macroscopic
equations are

(3.8)

dp=3yd;p

5 3.9
dre = 3ydye.

These can be proven easily since the microscopic dynamics is of gradient type. It
follows that the macroscopic equation for the temperature field, defined by ey, =
e — p?/2,is given by

drem(t.y) =3y [aiem(r, ) + @By p)a, y)] . (3.10)

The interaction « affects the thermal diffusivity, but does not influence the nonlin-
earity appearing in the evolution of the temperature profile.

4. Some Basic Notation

To abbreviate our notation, we write

s(k) :=sin(wk) and c(k) :=cos(wk), ke T. “4.1)
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Let ¢? be the space of all complex valued sequences ( fy) ez, equipped with the

norm || f ||§2 =2 £ |%. Obviously f belongs to L?(T) - the space of all complex
1/2

L2(T) where

valued functions equipped with the norm || || z2(T) := f , f )

(f. &) 2 = /T fUog*kydk, f,§ e L*(T).

Given a set A and two functions f, g : A — R4 we say that f(x) < g(x),
x € A if there exists C > 1 such that

% <glx)<Cf(x), VYxeA.

We write g(x) < f(x), when only the upper bound on g is satisfied.
Denote by S the set of functions J : R x T — C that are of C* class and such
that for any integers [/, m, n we have

sup (14 y*)"13,0{"J (v, k)| < +o0.
yeR, keT

For J € S we let J be its Fourier transform in the first variable, that is
J(n, k) = / e 0N 1 (y, k)dy,  (7.k) e R x T.
R

For any M > 0 let Ay be the completion of S in the norm

1704, == sup ( /T If(n,k)ldk). 42)

Inl=M

We drop the subscript from the notation if M = 4-o0. Let A" and A, be the respec-
tive topological dual spaces of A and .Ay,. The space A’ is made of equivalence
classes of measurable functions, for which the pseudo-norm

1 g = / (sup|f(n,k)|)dn (4.3)
M Inl<M \keT

is finite.

5. Wigner Function and its Evolution

5.1. The Wave Function

The wave function corresponding to the configuration ((py, £x)) <7 is defined
as

YUy = VAR +ipy, x €Z. 5.1

Its Fourier transform is given by

k) = JaR (k) +ip k), keT. (5.2)
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The energy and its spectrum (2.10) can be written as

=l x€Z and &= (D), keT (53

Using the decomposition into the macroscopic profile and the fluctuation part, see
(2.9), we can write

Yo = ¢ex) + 9, xeZ, (5.4)
where
$(y) = Vak(y) +ip(y) and P9 = VR +ipx
are the wave functions corresponding to the macroscopic profile and the fluctuation

part, respectively.

5.2. Wigner Functions

By the Wigner functions corresponding to the wave function field (), <7 we
understand four tempered distributions W +, Ye + that we often write together in
the form of a vector

W= [We g Yoy Yo We -], (5.5)
where
(Wex, J) = / We + (1, k)J* (n, k)dndk, (5.6)
RxT
and
(Yeu,J) = / Ye +(n, k)J*(n, k)dndk (5.7)
RxT

forany J € A.Here Wg,i (n, k) and ?e,i(ﬁ, k)—called the Fourier-Wigner functions—

are given by
Pt 5((0) (- D)o (e D)),

€

Paan= S el D) e

Ye— (0, k) i= Y2 (=1, k), We—(, k) = We 1(n, —k).

For any J € A we can write

€ A €N\ ~ €n
|Weers D = S Lasup | (6 (k= F0)  (k+ ) | k.
n T e
Using the Cauchy-Schwarz inequality and (2.11) we get
sup D (I Ye .l + | We, lla) < 4Ko. (5.9)

e>0,_¢
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By Plancherel’s identity we obtain that forany J € S

Wesi Iy =5 3 (W) v, /Tez”i(xl_”kf* (S, k) a.

x,x'€Z

Substituting J(y, k) = J(y), we obtain

(Wet,J) = ez (ex) e I *(€x), (5.10)
and likewise
(Yer. J) =€ D (le £ iv/ajs)y J* (€x), (5.11)
X
where !
L= (aﬁ}; - pf) .y = Rapr, x € Z. (5.12)

Using the decomposition of the wave function into its mean, following a macro-
scopic profile ¢ (-), and the fluctuation part {¢(6) x € 7}, see (5.4), we can corre-
spondingly decompose the vector of the Wigner functions. Namely,

W, = W, + W, (5.13)

where the Fourier—Wigner function corresponding to these wave functions shall be
denoted by

_T —
QUE [We +7 €, +: €,—> WE,—]'

and
= [W5,+7 ?6,4-1 ?5,—, We,—]~

We let

(Wes,d) = / Wes (0, ). ) dndk,
RxT

(Wex, J) = We +(n, k)J*(n, k)dndk,
RxT

where, using the Poisson summation formula, we have defined
= tk+x np\.f(Tk+x 7
w Jk - = -1,
ex(n. k) = E ¢ ( 2) ¢ ( c + >

v?/e,i(n,k)=§<(¢<f>) (j:k )w) (ik+ 2)> . (5.4
e

The formulas for (YG,i, J) and (?E,i, J) are constructed analogously using the
respective Fourier—Wigner functions. Notice that for small € the expression above

of Wai is well approximated by the more natural definition:

W s [ K ~ [ £k
We s, k) ~ 54 (? _ g) 5 (_ . ﬁ) |
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As aconsequence of assumption (2.14) we conclude that for functions J (y, k) =
J(y):

hm (We s, J) :/Re(y)./*(y)dy,

e—0

lim (Yes,J) = /]R (1) £ iv/aj () I* ()dy

e—>0+

and

1
I(y) = 5 (ara(y) = p2())

with j(-), k2(-) and p>(-) given by (2.14). A simple calculation also shows that

lim (We s, J) = (W, J) : / é* ih— —)¢(ih+ )J (n, 0)dndh
e—>0+
1
=3 / 16 () Pe~ 279 7% (n, 0)dndy.
R2
(5.15)

Thus, |

Wi(dy, dk) = §|¢(y)|230(dk)dy~ (5.16)

One can also easily check that

— 1 - 1
Y (dy,dk) = §¢>2(y)80(dk)dy and Y _(dy,dk) = §[¢>*(y)]250(dk)dy-
(5.17)
We denote the respective vector @T = (Wi, Yy, Yo, Wyl

5.3. Evolution of the Wave Function

Adjusted to the macroscopic time, we can define the wave function correspond-
ing to the configuration at time 7 /€2

YO t) = ok (e‘zt) +ipy (e_2t) . xeZ, (5.18)

where (P, (?), Ry (1)) ez satisfies (2.2). Its Fourier transform
~ ~ t N t
¢<f>(z,k)=ﬁﬁ(—2,k)+ip (—z,k), ke, (5.19)
€ €

is the unique solution of the It6 stochastic differential equation, understood in the
mild sense (see for example Theorem 7.4 of [4])

[ —iw(k) )/R( ) [

Ay, k) = v, k) —

GO k) — (O, —k)]] dr

1/2
i
+

/ rk, k) [W)(r, k— Ky — (Y (e, k' — k)] B(dt, dk'),
T
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where /() (0) € L2(T),
wk) = 2Jas?(k), keT (5.20)

is the dispersion relation, and

R() = 25%(K) [14+ 23 (0] = 262h) + 5226, (5.21)
Here

r(k, k') ;= 4s(k)s(k — k')s(2k — k'), k,k" € T. (5.22)

The process B(dt, dk) is a space-time Gaussian white noise, that is
E [B(dt, dk)B*(ds, dk/)] = 8(t — 5)8(k — k')drdsdkdk’.

Since the total energy of the system is conserved in time, see Section 2 of [3], for
each € € (0, 1] we have

OOl = 19 N2y, 120, Peas. (5:23)

5.4. Wigner Functions Corresponding to € (1)

Denote by
W (1) 1= [We (1), Ye +-(1), Ye (1), We —(1)]

the vector made of Wigner functions corresponding to the wave functions v () (r).
They can be defined by formulas (5.6) and (5.7), where the respective Fourier—
Wigner functions Wg,i(t, n, k) and ?;i(t, n, k) are given by analogues of (5.8)
in which the wave functions are substituted by ¥ (¢) and the average (-) e 18
replaced by E,,

From (5.23) we conclude, thanks to (5.9), that

supZ( sup | We. ()l + sup ||Ye,t(f)||A’)§4K07 (5.24)
120 /=3 \€€(0,1] €€(0,1]

where K is the constant appearing in condition (2.11). As a direct consequence of
the above estimate we infer that the components of (2 (-))c¢ (0,17 are *—weakly
sequentially compact in (L1 ([0, 4+00); A))»< as € — 0+, that is given a component
of the above family, for example W, 4 (-), and any sequence €, — 04, one can
choose a subsequence W , +(-) converging x-weakly.

To characterize the limit we recall that the thermal energy density ey (¢, y)
is given by the solution of the Cauchy problem (3.7), while the mechanical one
emech (?, y) is defined by (3.4). The limit of the Wigner functions corresponding to
the macroscopic profile wave function

o(t,y) = Vak(t,y) +ip(t,y), (,y) €[0,+00) xR (5.25)
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equals
W (1) = (W (1), Y1), (1), Wy (0)], (5.26)

where

— 1

Wa(t, dy, dk) = S, YIPdydo(dk) = emecn(t, y)dydo(dk), (5.27)
and Y_(r) = Y, (), with

_ 1
Y. (t,dy, dk) = Eqbz(t, y)dyso(dk). (5.28)

Our main result concerning the limit of the Wigner transform can be stated as
follows.

Theorem 5.1. Suppose that the initial data satisfy the assumptions. Then,
(e (1))i=0 converge, as € — 0+, x-weakly over (L1 ([0, +00), .A))* to

W) = (WO, Y+@).Y-(), WD), 120, (5.29)
where W (t) is a measure on R x T given by
Wz, dy, dk) := en(t, y)dydk + emecn(7, y)dyd(dk). (5.30)

Analogously to formulas (5.10) and (5.11), we can write

! k
€ ;Eeex (6—2) J¥(ex) = (We (1), J) (5.31)
and
€ > Ee [rx (;—2) + i@ (5—2)} THex) = (Yex (), ]), J €SR),
' (5.32)

(see (5.12)). Therefore, the conclusion of Theorem 3.2 is a direct consequence of
Theorem 5.1.

6. Evolution of the Wigner Functions
Using (5.20) we can derive the equations describing the time evolution of the
Wigner functions. In particular, one can conclude that for a fixed € the components

of (W, (1))s>0 belong to C([0, +00); A"). After a straightforward calculation (see
Section 8 of [8] for details) we obtain that their Fourier transforms satisfy

~ i ~ y ~ y ~
W Wet () = ==8coWe 1 () + F Ly Wer () = 55 L:Ziz:;,,n,ﬂ(r), (6.1)
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and
~ 20 _~ y ~
0Ve () = =50V () + S LenVe s () (62)
14 - > y ~
S5 Rey (T = Ye)®) = 575 D LG We (1),
==+
Here (cf (5.20))

o oo+ 2) o = )] - 2
m o+ Do (- D] [P0 (D ()]
Lyfk) :=2Ry fk) — Zf(k)/T Rk, k', mdk’,

6.3)
LEFK) = 2R, f(k) — 2R (k + g) F),

Rof (0 = [ ROK (1)K,
T
where, with some abuse of notation cf (5.21), we have denoted the scattering kernel

1
R(k,k’,n):zzZr(k—g,k—tk’)r(k+g,k—tk’), kLK eT. (6.4)
1==+1

A direct calculation yields
/ _ N &2 z / 4 Q /.
Rk K =R k) =% (3) Rk K)+5* (3) Ratk Ksm). (65)

Here
R, k) := R(k, K, 0) = % (e_ Qep+ey® e_) (k, k),
Ri(k, k') := (16f+ @ fr+fr ®e_+e_ ®fr +3f- Qey +3e4 @ f_) (k, k'),
Ro(k, K3 1) = 16 (f+(k)+f+(k/)) +4 (4f+ ®f+Hir @f-+1-® f+) (k. K
325 (3) (f+ () + 14 (k) + 2f(k)) + 645 (2) o),
where e and f. are the L' (T) normalized vectors given by

el (k) = 254(10, e_ (k) := 25%(2k) (6.6)

and f = 1,
fo(k) :=28%(k), F_(k):=2c*(k), keT. (6.7)
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Note also that (cf (5.21))

Ny 3
Rk) = /T Rk, kHdk' = 7 Z e, (k). (6.8)
te{—,+}
In addition,
R'(k) = 27 (s(2k) + s(4k)) (6.9)
and
R"(k) = 4n2(4c2(2k) + ¢(2k) — 2). (6.10)

6.1. System of Equations for the Laplace—Fourier Transform of the Wigner
Functions

Taking the Laplace transform of both sides of (6.1) and (6.2), we get the fol-
lowing equations

D\Owey + Dy + Dy =R 6.11)
and

Dwe i + Dy 1 + DOwe - =RE. (6.12)
Here

+00 R
wE,:E()"7 ’77 k) = / e_)\tWG,i(tv 77, k)dty
0

+o00 N
Ve, (A, 1, k) ;:/ e MY 1 (t, , k)dt.
0

In addition, we let

5§E>(A, 0, k) :=€’A +2yRc + i€dcw (6.13)
DY) (h.n. k) = €*A + 2y Re +2id,
DY G k) ===y Re 2R/,

where

Rc(n, k) = R(k) + (en 8) R" (k). (6.14)

Remark. Note that R”(0) > 0. Therefore, given M > 0 there exists €y depending
only on M > 0 and such that R.(n, k) > O forall [n| < M and k € T.
The right hand sides of (6.11) and (6.12) are respectively equal

~ y (men)?
REE) =g+ €2We,+(7ls k) — ————fc+e€ r(l)
(6.15)

TTE
Réé) = g§+€ YE +(77,k)+ ( fe+€ r(z)
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where

3
8e =3V Zm(ve, €—)12(T)>
==+

fe = f4(ve, 16f4 + e ) 2() + e—(ve, f4+) 12(T)
+37—(ve, e ) 2y + 3e4-(Ve, f-) L2(T)-

Here, for the abbreviation sake we have let

Ve(A, 1, k) 1= we 4 (X, 1, k) — %ye,o(k, 1. k),
where

Ye,o(hs 0, k) == ye (A, 1, k) + ye,— (A, 0, k).

In addition, the remainder terms re(i), i =1, 2 satisfy

lim sup sup ||r§">(x)||A/M <400, i=1,2 ko, M>0.

e—>0+ A>Ao
A closed system of equations on
mZ(A, n, k) = [we,+’ Ve, +> Ye,—» we,f]
can be rewritten in the matrix form
Deme = SRE,
where
R =R RELRE LRI ]
and [N)E is a 4 x 4 matrix that can be written in the block form
N Ae Be
pe=| 5 e
where A, B, Cc are 2 x 2 matrices given by
. . AT e
_[Bp b0 o [() o
Ag = Df) Déé) N CG =

and B, = [)(f)lg, with I, denoting the n x n identity matrix.
We have also denoted

Rge’)_()\’ n, k) = Rge)()\,, n, _k), Réf)_(kv n, k) = (Rge)()\" - k))

(6.16)

6.17)

(6.18)

(6.19)

(6.20)

6.21)

(6.22)

*
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Let mé‘) (A, n) be the column vectors obtained by scalar multiplication of each
component of to. (A, n, k) by ¢,. Note that

3y _
Re = TEeLFmg D(n, n) + €2be, (6.23)

where the matrix F = (1/2)e’ ®e, vectore’ :=[1, -1, —1, 1],

y (rn)?
2

be (k. 1. k) = We (. k) — fee + (X, n, k) (6.24)
and ﬁ?e (n, k) is the column vector corresponding to the Fourier—Wigner transforms
of the components of (5.5) and

teT = [re(l) r® @ 0 ] , (6.25)

vle »le,—Te,—

rY k) =00, k), P00 k) = P 0, —n, k)"

Recall thata ® b = [a;b;],ifa = [a1,...,a,] and b = [by, ..., by].

6.2. Invertibility of Matrix D,

We prove that the matrix D, appearing in (6.20) is invertible, thus the vector of
the Laplace-Fourier transforms of Wigner functions is uniquely determined by the
system. It turns out to be true, provided that A is sufficiently large.

Let us denote SE (A, n, k) := det ﬁe (A, n, k). Since matrices B¢ and C¢ com-
mute we have (see p. 56 of [7])

8¢ = det(A.C. — B?)
- ~ * ~ ~ 2 - ~ -
=D (BY) + 1D — 1DP| - 41D PRe B Re DY

After a direct calculation we get

~ 6 2 R/ 2
5. = €334 + 843y R, + 4¢*22 [5(7/&)2 + o+ (6 ;‘”) - (7/62 ”) ]

+420 (7R [4(;/&)2 F 4@ + (ebew)? — (yeR’n)z] (6.26)
+4e? | (yRede)” = 2(y R)Sewdy Ry + (@50) | + 16(y Reo)™.
Define
8O = (*a + R (6.27)

In what follows, we shall assume that given M > 0 one considers only € €
(0, eg(M)] such that R.(n, k) > 0 forall [n] < M and k € T, see the Remark
after formula (6.14).
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Proposition 6.1. For any M > 0 there exist eg(M), Ao(M) > 0 such that
S k) <8P0 n. k), keT, |nl <M, 1>k, ec0.el (628
In particular, we have
Scu k) >0, keT, |nl <M, »>xr, €ec(0,el (6.29)
Proof. Using (6.10) we conclude that for any M > 0 there is €9 > 0 such that
Re =< R(k)+ (en)?, keT, |nl <M, €e€(0,e]. (6.30)
Comparing the second formula from (6.3) with (6.30) we get
®=<Re, keT, |n|<M, €e€(0,el (6.31)
From (6.9), the first formula of (6.3) and (6.31) we get also
|scwR'| < Re, |n| <M, keT. (6.32)
Therefore
8(ey)*RelscwdR'n| < €*R3, |l <M, keT, eec(0,e)l
Choosing A sufficiently large we can guarantee also that
Ay Re)’ = 8(ey)’ RelscwdR | (6.33)

for|n| <M, keT, A> Ao, € € (0, €].
In a similar fashion we can argue that

¢22(yR)? = 4e*A(y Ro) [(aew)z ~(r Ié/n)z} (6:34)
and
€3y Re = €92 [0 — (vR'n)’] (6.35)

for [n|] < M,k € T, » > Ag,e € (0, ¢g]. From estimates (6.33)—(6.35) we
conclude that

Se = €A+ €OAP R + €*A7R2 + AR + RE.

Therefore, cf (6.27), we get Sio) < 55. The reverse estimate is a simple consequence
of the first two formulas from (6.3) and (6.32). O
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6.3. Inverse of DE (A, p, k)

Recall that D (1, p, k) is a2 x 2 block matrix of the form (6.21). Since B is
diagonal we have [A., B.] = [C¢, Bc] = 0. A simple calculation shows that also

A Ce = CcA.. (6.36)

Therefore,

~ 1 [(CcAe — B! 0 Ce —Be
be ‘[ 0 Cehe—BY' || =B 4. | ©3D

provided that det D, # 0. Note that
(CeAc = B!

~ * o ~ ~ ~ ~
(D) DY + (DL ~ (D —2D'Re DY)
=5
~ ~ ~ ~ * ~ ~
~2DRe D B (DY) +1DP - (DO

Substituting into (6.37), using also (6.22) we conclude that the inverse matrix ﬁg !
is a 2 x 2 block matrix of the form D; = Se_ 1adj(ﬁe) where the adjugate of 56
equals

adj(D,) = [gi 1%16 } , (6.38)

where M., P, and Q. are 2 x 2 matrices given by

o a0T o e
€ d(€) déf) ’ € d(()e) d_(:) ’

v | @ @y
LAY @ |

Here
3© .= | pEp2 (b(e))* _ (([)(6))2 + ([)“))2) Re DY
1 = 2 1 + - 2
SN2 L2 .
—i ((D(f)) — (D(f)) )Im Dg),
2 /. * ~ 2 ~ 2 ~
(88) = ((B2)" + () ) re "
SN2 L2 .
(0~ 0 Y
2 2 *
6 ._ pe r(€) (€) NONENOFIG!
i© = pl ((D;) - (59) )—Df (bi7DY)"

~ ~ ~ ~ * - 2 - 2
39 = 5o (D;e> (B5) + (b)) - () )

i© = 25 HORe D .

i |5
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For the abbreviation sake we denote by 0 ., j = 1, ..., 4 the vectors corresponding

to the rows of the adjugate of D, given by (6.38). Combining the above with (6.13)
and (6.26) we get.

Proposition 6.2. For any M, > > 0 we have
4\ = 4(yR)® + 8y Rw? + 0c (1, k),
A = 4(yR)® = 8i(y R)2w + 0c (1. k).
A% = 4(yR)> —4i(y R)’w + 0. (. k), (6.40)
A =4/ R +oc(n. k),
8¢ = 16(y Rw)* + 0c (1, k)

where lime_, 4 Supy, <y 0 (1, k) = 0 for any k € T.

7. Proof of Theorem 5.1

As we have already mentioned, for any sequence €,, — 0+ there exists a subse-
quence (20, (1)) that convergences *—weakly to some 20 € (L!([0, +00); A))".
We prove that the element 20 does not depend on the choice of the sequence €, by
showing that for any M > 0 there exists Ao > 0 such that the vector (m € (A)) made
of Laplace transforms of the components of 20 , (¢) converges x-weakly over A},
for any A > Aq. In fact one can describe the respective limit as the Laplace trans-
form of the vector 20(¢) appearing in the statement of Theorem 5.1. This identifies
the limit of (W, (¢)), as € — 0+ finishing in this way the proof of Theorem 5.1.

From (6.20) we obtain

we = D7 'R, (7.1)

Unfortunately, the right hand side of the above system contains also terms that

depend on the vector to., via the projections of its components onto the vectors e

and f+. To describe the behavior of tv. we need to determine first these projections.
Using (6.20) the above system can be rewritten in the form

1 3y ~
= (me -5 ;i ¢, Ecrol 0) = 3e, (7.2)

where ) 1 )
Lo = [zg“, @2, zif_] .= D' (73)
he is given by (6.25) and the 4 x 4 matrix Ee (A, n, k) equals
~ 1 T
Ee = Ee ® A67 (74)

with AT := [Al,e, AZE’ A;,e’ AT,e] and
Ape:=d7 4+d —d9 — @y,

Ape=d9 +dlY —af —al. (7.5)
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Multiplying both sides of (7.2) by ¢,, ¢t € {—, +} and then integrating over T we
get a system of 8 equations

Geue = v, (7.6)

) (=)
o 3e
Ue(A, n) 1= . (A, ) = .
€ [mg)} € 3
(0]

Here v’ are column vectors obtained by a scalar multiplication of the entries of
1, (see (6.19)) by ¢,. The same concerns

T
(32‘)) A, k) = [zil"), 20,230, Zi}’—”] - 7.7)

Matrix G¢(A, n) is a 2 x 2 block matrix of the form

where

A AY
Ge = >
AP Ay

where A, Ag_f) are 4 x 4 matrices defined as follows:

3y e -
A© .= ——/ L E.dk, 1€ {—, +},
t 2¢2 Jr 5, ¢ tel=+l

3 _ -
A = 2 1——’// M Edk).
2 Jr b

Note that vector v, appearing on the right hand side of (7.6) still depends on
the projections of 1w, onto f4, cf (6.25) and (6.16). It turns out however that the
asymptotics of these projections, as € — 0+, can be described by only one of
them, for example mf). This is a conclusion of our next result. Denote by w, :=
w§+) — wé_). We shall also use the following convention: for a given M > 0 the
constants €9, Ao > 0 are selected as in the statement of Proposition 6.1 so that
Sem k) = 80, n,k) forallk € T, [y| < M and A > Ag. In particular, then
we have (7.1).

Theorem 7.1. For any M > 0 and ). > Ay we have (see Section 4 for the definition

of X)
|swe (1, )| < € (7.8)
and
Ol = € eeO.el, Inl <M, 10 €{—, +} (7.9)
Moreover, for any |n| < M and ) > Ay we have
tim [ Jwe i G, k) — w0l G| RUOK =0 (7.10)
e—>0+ J

and
lim /|ye,i(x,n,k)|1e(k)dk=o. (7.11)
e—=0+ JT
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The proof of the theorem is presented in Section 8.

To describe the limit of wéf)()\, n) we can use the the system (7.6), which is
“almost closed” with respect to the components of mﬁ‘), that is it is closed modulo
some corrections that in light of Theorem 7.1 are of lower order of magnitude.

Let us first introduce some additional notation. Given the wave function ¢ (¢, y)
we define the vector of the Laplace-Fourier transforms of the respective macro-

scopic Wigner functions

Wi (0, 1) = [We 10 Y4+ V- W1, (7.12)
where
+00 R
wosGn b= [N Wypten. by, (7.13)
0
+o00 .
Yo+, n, h) :=/ e_AtY¢,+(t, n,h)dt, x>0, (n,h)e RZ.
0
Here

W . Loy m\ » n

Wo+(t.n. h) = 26 (t, h— 5) b (;, W+ 5) ’
(7.14)

—~ 1. R

Y¢,+(t’ n, h) = 5(]5 (t, —h =+ g) ¢ ([’ h —+ g) s

,Y\va—(t, n, k) = (’Y\¢,+)* (t, -n, h), Wd,’_(t’ n, h) = W¢»+(t’ n, _h)

Define rﬁg(k, n = [Wg. Vg 1 Vg We| ., where

we(A, n) == /]R we + (A, n, h)dh, Y4 (A, n) = /Ry¢,i(?», n, h)ydh. (7.15)
Define w'™) (A, 1) by the formula
(,\ +e@u?) w0, ) = =3y () PRg () e
(7.16)

—|—12y7t2/Rh2m¢(k,n,h)-edh—i—éf}?)(n), (h, 1) € (0, +00) x R.

Here ey, (n) is the Fourier transform of ey, (y) appearing in (3.5) and ¢ is given by
(3.9).
We can show, see Section 9 below for the proof, the following result.

Theorem 7.2. For any M > 0 and J € S(R) such that supp J C [-M, M] we
have

/ WO () F*(dy = lim / WO G, m) 7 ()
R e~>0+ JRr

forall & > Xy.
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To obtain the asymptotics of tw.(A, n, k) we use (7.1), which allows us to
describe the Fourier—Laplace transforms of the Wigner functions in terms of their
projections onto e+ and f4+. We obtain then the following result.

Theorem 7.3. For any M > 0 we have

lir(lglJr ’/ we + O, 1, K)@(k)dk — w (A, n)/ p(k)dk —wg (A, n)w(O)‘ =0
! ! (7.17)
and

lim [ yex(d, 0, K)p(k)dk =734 1 (4, Me(0), (7.18)
e—~>0+ /T

forall \n| < M, > > ,yand ¢ € C(T).

The proof of this result is contained in Section 10.

The End of the Proof of Theorem 5.1

Thanks to (5.24) we know that 20 (¢) is sequentially pre-compact , as € — 0+,
in the *x-weak topology of (L1 ([0, +00), A))*. To identify its limiting points we
consider to (A, n, k) the vector of the Laplace-Fourier transforms of 20 (¢). Given
A > 0 this family is sequentially pre-compact in the *-weak topology of A’, as
€ — 0+4. Thanks to Theorems 7.2 and 7.3 we conclude that given M > 0 one can
choose A as in the statement of Proposition 6.1, such that the the components of
e (A, 1, k) converge s-weakly over A, to the Laplace-Fourier transforms of the
respective functions appearing in the claim of Theorem 5.1 forany A > Ag. To finish
the proof we only need to verify that w(X, dn, dk) - the limit of we (X, n, k) (the
limit of w¢,— can then be trivially concluded) agrees for A > Ao with the Laplace
transform of W (¢, dy, dk) appearing in (5.30).

According to Theorem 7.3 the limit in question is the Fourier-Laplace transform
of the measure-valued function

W'(t,dy, dk) = e, (1, y)dydk + emecn (7, y)dydo(dk),
where, according to (7.16), we have
e (0. y) = i) (), (7.19)
ey, (1, y) = C0yey (1, y) + %33\{%(:, y) e+ 12yn2/Rh2m]¢(t, y, h) -edh.
Here 104 (¢, y) is defined in (7.15),
W (1, v, k) = [Wp (2, 3, K0, Yo (1,3, k), Yo (1, 3, k), W, (2, y, k)]

and

Wy (t,y, k) = /R FTIMWy (1,1, k)dy,  Yg £(t,y, k)

:/eh"y”?(i,,i(t, n, k)dn,
R
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with W¢,i and ?(p,i given by (7.14). An elementary calculation yields the follow-
ing.

Proposition 7.4. Suppose that ¢ (t, y) is given by (5.25). Then,

/R Wi (t, v, Y = <16t y) P

N = N =

/Rqu,Jr(t, . dh = =[¢ @, )T,

1 1
47 /R Wy 1 (t, y, h)dh = LAY I - 3 (6@, (@) (. y)

+¢" (1, y)* 1, y)].

1

ax® [ ¥ty hah = 3 {19/ 0P - 00,091 )]
R

forany (t,y) € [0, +00) x R.

Using the proposition we conclude that the third term appearing in the right hand
side of the second equation of (7.19) equals

12)/712/ h? (Wg +(t, y, h) —Re Yy +(t, y, h)) dh
R
3y
= [ = payp e y)].
On the other hand, the second term equals

3 3
T’/af, {/R (W4 (6, v, h) — Re Y4 (£, y, ) dh} - T”agp%,y)

3 ,
= Ty {(p’)z(t, y) + pt, »p'(, y)} :

‘We can see therefore that e{h(t, y) satisfies (3.7). Thus the conclusion of Theorem
5.1 follows.

8. Proof of Theorem 7.1

We start with the following result.
Lemma 8.1. For any M > 0 and €y, Lo as in Proposition 6.1 we have
R < 50
Z2 =1 VheT =M, ec Ol A=k BD
e <
J

The summation extends over j € {1,2,0, —, +}.
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Proof. From the definition of Dig), see (6.13), we obtain
1D\V] < Re + 1% + €S0 (8.2)

fork € T, |n| < M, € € (0,€], A > Ag. Using the first formula of (6.3) we
conclude that then

ID\?] < R. + €. (8.3)
A similar consideration leads to the estimate
DPI < Re+1e%, keT, <M, ec@Oel r>ki (84
for any j € {1, 2, +, —}. In particular we can conclude from (6.39) that
3
D1 < (Re+2€%) < DRI (P (8.5)
j j=0
Thanks to (6.28) we infer that

RId\V| < (Re+2e)* <8, je{l,2,0,+ ). 0

8.1. Proof of (7.9)

We show (7.9) for (i, (') = (—, +). The cases of other values of (¢, () can be
handled in the same way. We use the second equation of the system (7.6). Estimate
in question follows, provided we can show that the left hand side of the equation
can be written in the form

e 2y 0um + T ) = 22 (0, ), (8.6)
where

T.(h.m) = 0(1), (8.7)
20 =0(1), ase < 1.

‘We can write
T.(h,m) = =200 — 2p Oy, (8.8)

where véi)()», n) := (ve(A, 1, ), ex) (see (6.17)) and

3y Ay cdk
bl = ——/ _ Sl 8.9
o €2 Jp TS, ®9
yo . 3 [ A dk

+ 7 462']1*i 56
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Substituting from (6.13) into (7.5) we find

€ 2Ny = 8w [2n@R — 2(y Ro)Sew]
— 4RI [(VR) + €] + €3 [ 6c)? — (R'n)*| + €2

+i |4M)()/R€) + A8 wR N + 2€*(Scw)® + 2&25)] . (8.10)

Therefore, cf (6.27), we conclude that

Bol (emes + +2) <€ 2R R <50, @®.11)
Thus,
O]+ b€+ b < 1 (8.12)

and the first equality of (8.7) follows.
Since (see (6.16))

FEO, =n,k) = fe(h, n, —k) = fe(h, n, k),
the right hand side of the second equation of system (7.6) can be written as
8 =Zey+ Zen + Ze s, (8.13)

where (0 ¢ are the rows of the adjugate matrix to De, given by (6.38))

-~ e_dk
Ze,l :2/02,6'%6 =~
T

e
(8.14)
2
7, _YGm / g
2 T Se
e_dk
Zezi=€ | D¢t
T €
‘We can write
e_|d)"| _ =
1Zeal < | D sup— (IWe dllar + e ) - (8.15)
R =

Using Lemma 8.1 we conclude that for any M > 0 there exists Ag such that for
any A > Ao we have |Z. 1| = O(1), as € <« 1. A similar argument allows us to
conclude that also |Z, ;| = O(1), as € < 1for j = 2, 3. Thus, the second equality
in (8.7) follows as well.
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8.2. Proof of (7.8)

The left hand side of the first equation of the system (7.6) can be rewritten in
the following form

(=) (+)
Sw
© (- () OWe Ve, (€) Ye,
ay w —a' = +al® 220 +a* —:20 (8.16)
with
A
al) =e? 1_2/()/R)9i LAk | (8.17)
’ T 8¢
3y A
©.==2 [ ¢ e
4/@ +
3 A
© =2 [ &Sk,
4 Jr 7 6

Note that e_e; < R3 (see (6.6)). From Lemma 8.1 and the Lebesgue dominated

convergence theorem we conclude that a(g) and a(ié ) are of order O(l),ase K 1.

Using (7.5) together with formulas (6.40) we infer that
Ale =8yR.@* +o(l), ase < 1. (8.18)

Therefore, by the Lebesgue dominated convergence theorem

lim a© =a, ;:é/ e_erdk =0
=0+ 8Jr R

3 [ eidk
lim agf):éi:z—/ £ >0
e—0+ 8J)r R

and

After a direct computation we obtain
e
a'® = / _Sdk,
’ T de
where

éc = {40y RInscwdR' +20°y R (y RI@ + 4| (y Reb.)?

)]

—2(y R)ScwdR'n + (@8]}

+ 41y Re) |:4(yR )2 +4d” + (e8cw)? —

(%
eR]

—4(y R)A [Z(VRe)z +20% —

ERn
2

+4e2 122 | 5(yR)? + & + (€8ew)? — ( ) — 2y RA (Y Re)

—2(yR)A3e* +8e* 13y R 4 €024,
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Taking into account (6.28) we conclude that e_e, < 56. In addition,
e =20’y R (Y R)®” + 8A(Yy RO[(YR)* + @*1+ 0(1), ase < 1.

Combining this with the second formula of (8.18) we obtain, by the Lebesgue
dominated convergence theorem,
()

a:= lim ya,’_ < +oo. (8.19)

e—>0+

Using the above together with bound (7.9) we conclude that expression (8.16)
can be written as

C+0(), ase < 1. (8.20)

a _ _ Sw
~[1+oMw —a_[1+ o) 5
y €

Then bound (7.8) would follow, provided we can show that the right hand side of

the first equation of the system (7.6), given by zgl ’ 7), is of order of magnitude O(1),
as € < 1. To see that we write

D = Uy + Uen + Ue s, 8.21)

where the terms Uc ;, i = 1, 2, 3 are given by

~ e_dk
Ue,l Z/Dl,s'ms = >
T 1)

€

(8.22)

2
Ues i= _7/(7”7) / Al,e e—~fe dk.
2 T e

e_dk
Uez:i=€ | De-te—
T O

The fact that zg’_) = O(1), as € <K 1, can be argued in a similar way as it has
been done in the case of zéz’f), see (8.14) and (8.15) above.

8.3. Proof of (7.10)

From (6.20) we obtain
We (A, n, k) =1 + e + 1 + IV,

where
3y -
I := —~Age) Z (Ve, eL>L2(T)B—u
25¢ te{—,+}
y(men)?® -
1 := —TAT) [+ (ve, 1674 4 e—) r2(m) + e~ (ve, f1) 12m)
€
+3f(ve, eq) z2qr) + 3e4 (v, F-) 2y ] (8.23)
I =500 - We, Ve :=€35""001 .
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8.3.1. Convergence of I, Note that, (see (6.26)) for any k # 0

A (€)
R)A 1
fim YRA 1 (8.24)
e—~>—+0 Se 2

Using the above and the already proved estimates (7.8), (7.9) and Lemma 8.1 we
obtain

I — wﬁf‘ —0. (8.25)

LT

lim
e—>0+

Here f(k) = 1.
8.3.2. Convergence of Il¢, Il and IV, Thanks to Lemma 8.1 we can write
2 e R () 2010
€ / |6 Wed'|Rdk < € ||Wellar — 0, as € —>0+.
T

The remaining terms appearing in expressions I1¢, Il and IV, can be estimated
in the same manner allowing us to conclude that

lim / (M| + |11 + |1Ve|) Rdk = 0.
e—~0+ JT

8.4. Proof of (7.11)

From (6.20) we obtain

Ye(h,n, k) = Ie + e + e + 1V,

where
_ 37 ze@
IE = —~A2 Z (Ue, €L>L2(T)€7“
28e te{—,+}
y(men)? <
1. = —TAEG) [F+(ve, 16+ +e—) p20m) + e~ (Ve, F+) 120m)
€

+ 3f_<ve, 9+>L2(’H‘) —+ 3€+<U€, f_)LZ(’]T)] .
e = e* 00 - We, Ve =350t

The analysis of the above terms is very similar to what has been done in the precious
section. Using (8.10) we conclude that for any A > g

AY G, k)

2
= <€, keT, nl <M. (8.26)
8¢ (A, 1, k)

We conclude in this way that all RI., RII., RIII. and RIV, tend to O in the L'
sense. Thus, (7.11) follows.
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9. Proof of Theorem 7.2

9.1. Determining wé_)

Since functions e (k) are both even the fourth and eighth equation of the system
(7.6) coincide with the first and the fifth ones respectively.
Adding the first and fifth equations of the system (7.6) we get

yaPwlD — > a8, = vz 4 yal)_swe. 0.1
te{—,+}

Here a,(,f)L, al(é) t € {o, —, +} are given by (8.17) and ﬁé(io) = e_zyéi). In addition

afj = (6) +a(€) ——/yR |:1—2(yR) ]
6

~ Rdk
ay = af +af” :=/Teim,eyg

€

and
Z21,0) — Zél’_) +Z£1,+), (9.2)

where zél’i) are the scalar products of zgl) by e+ (cf (7.3) and (7.7)).

The second and third equations of (7.6) read (cf (8.9))

yb©Ow + yb Qw457 =0 - [b(e) S >+b<e>y<+>]’
9.3)
— A(— 2,— A
O w4y G w430 =287 = [ eI + 63

Adding these equations sideways we get
2)/11)( )Reb(f) +2yw(+)Reb( €) +y = yz! (2 -) —|—r( ). 9.4)

Here Z(Z ) . : (2 +) +z (2 :I:) and

) = 22 ( (Re b + <+0>Reb(f)) ©9.5)

€
The sixth and seventh equations of (7.6) yield
2wl R BE + 2y IR BO + 515 = 20 41, 06

and
P = =26 (5 Re b + 5LRe b)) 9.7)
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Summarizing, we have obtained the following system

Z a§6)ﬂyé% = VZ(I ) + Va( €) _Swe,
e{—,+}

2ywIRebE +2ywRe b +35) =y 370 4,5, (9.8)

2ywORe b + 2y wFRe b + 5 = yz @) 1),

Using Theorem 7.1 we conclude that given M > 0 and A > X¢ the family

(we , yg 0> yéf,)) remains bounded in L®[—M, M], as ¢ — 0+. It is therefore

s-weakly sequentially compact in this space. Denote by
@, 557,957 9.9)

its x-weak limit. Thanks to (8.19), (8.12) and the results of Theorem 7.1 we conclude
that

lim ya( €) _Swe =0,

e—>0+
lim y{ > b Jowe =0, (9.10)
e—>0+ mok

lim r(i) =0.
e—>0+

Using Lemma 8.1, equalities (6.40) and the Lebesgue dominated convergence the-
orem we conclude that

lim a'© _ ! Lef{—, 4} 9.11)
e—0+ Yot 2’ ’ ’ ’

Subtracting sideways from the first equation of (9.8) the sum of the remaining
two and taking into account (9.10) and (9.11), we obtain

2.0)
(€ _ () -) (o) _ Zeo }| _
61_1)1&)/!( 2yLZiReb ) (ze 5 )} 0, (9.12)

(2 . (2 -4 1(20+) Moreover, a direct calculation shows that

R
( (E)—ZVZReb(E)) / 5f€ dk, (9.13)
T Oe

where z¢
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where

fe =4y (R — ROndcwdR’ + 2yn*R" (k) (y Re)*

’ 2
41 (R = RO/ RIG)? + @0 | —4(y R [2‘7)2 —2 (d; n) }
F47 R[4y (R — RO/ R) + 40 + (e6e)’ — (eR'n)’] ©-149)
+4e I%R@sz + 12 [5y<R — R)(yR) + & + <656‘°)2”
+8e* A3y Re + €00%.

Using Lemma 8.1 and the Lebesgue dominated convergence theorem we obtain

. Rfe _ 2 (w’)2
BB [ o

Using the above formula and substituting

&0
Z21,0) _feo (56 )+3(+))

2
(cf (7.3) and (7.7)) we can rewrite (9.12) in the form
2w @ o
(? +— ol e Eg&z Ve ), (9.16)
where

2
Vei = ?y/ w® (@, 7, k) - e Rdk,
T

2y(n)? [«
Vep = —V—/(Al,e — Ap o Megr,
3 T Se

M @
R R
Ves = ye/ Are ; dk /(2d‘f) 4 — 3 (’;

€

(2>
/ [2@d\)* —dle (d“)n £k

€

The vector
0 0 0 0
@ Oun k) = [w, v e w ), 9.17)
appearing in the first formula for V i, is the solution of the system

Do (3,0, k) = We(n, k), (9.13)
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where ﬁk (n, k) is the column vector of Fourier—Wigner functions corresponding
to the initial data, see (5.5). In addition, f. is given by (6.16) respectively, and ré(’),
i =1, 2 satisfy (6.18).

Note that the quantity

1 / a)/(k)zdk B 8an2/ (k) gk — 2m‘a/ (z + 1)2dz
yJr RK Ty Jri+2dk) Ty Je@H4z+ D)
where |, ¢ s the contour integration on the complex plane over the unit circle C :=

[|z] = 1] oriented counter-clockwise. The last integral can be computed easily by
the method of residues and we conclude that

l/w’(k)zdk_4n2(\/§—l)a
T RO y3

14
In what follows, we shall also prove that

3

. 2,
lim Z/Rve,jj*(n)dnz/R[Synz/RhZ%(x,n,h)-ethrgetﬁ?)(n)

e—>0+ o
—SV(nn)zw(_)—ZV(ﬂn)z%]f*(n)dn 9.19)
for any J € S(R) such that Jis compactly supported. Here (cf (7.15))

_ _ | _
Op (1) 1= W (k1) = 5 (g, s 1) + T+ (s m) (9.20)
Combining the above with (9.16) we obtain that w7 satisfies the equation

(A + 47126172) w™ =20 o) + 12yn2/Rh2m¢(x, 1, h) - edh — 3y (mn)?vg,

9.21)
where ¢ is given by (3.8).

9.2. Limits of Ve j, j = 2,3

Thanks to Lemma 8.1 we conclude, upon an application of the Lebesgue dom-
inated convergence theorem, that

lim V.3 =0. (9.22)
e—>0+

Using Theorems 7.1 and 7.3 and the definition of f, (see (6.16)) we get

lim Ve> = =8y ()’ w™ — 2y () vy, (9.23)

€

with v (1, ) given by (9.20).
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9.3. Limit of Ve 1

Using the decomposition of the Wigner functions of the initial data into the
parts corresponding to the macroscopic proﬁle and the ﬂuctuatlons see (5.13),

we can write an analogous decomposition W, = QUE + QITE, for the Laplace-
Fourier transforms of the respective Wigner functions. It allows us to write V¢ 1 =

Véll) + V(2) where

€1

Here

—(0) [—(0) <0 —(0) —(0)] m(0)

0) ~(0) ~0) ~(0)
we+ Ve 4> Ve, — ]

[we 2 Ve, 40 Ve, —» We —
are the solutions of the analogues of (9.18) in which the right hand side has been
replaced by 20, and ﬁié, respectively.

9.3.1. Macroscopic Wigner Functions and Their Dynamics. From (3.1) we get
9p(t, k) = —ita(k)2p(t, k) — 6y k> (q@(r, k) — ¢*(t, —k)) . (929

Therefore the Fourier transforms Q/ﬁqs () of the macroscopic Wigner functions (cf
(7.14)) satisfy

~ 2. 5 n\2 —~
Wy + = =27 jinokn + 6y [ k7 + (5) We +

n 2
+oyn® > (k - /5) Ypr. (9.25)
V(= +)
> . AN
Yy 4+ = —27% (itty + 6y) |:k2 + (2) :| Yo+ + 6y > z ( — 5) We.o.
V==%1

Taking the Laplace transforms of both sides of (9.25) we obtain

Diwg 4 + Diyo s+ D_yp— = Wy (0, 1,k) (9.26)
and ~ ~ ~ R
Diwg + + D2yp + +D_wy - =Yy +(0,n, k), (9.27)
where
~ 2
Dy = A + 272 [6)/ [kz n (g) ] + itzkn] , (9.28)

~ 2
Dy =+ 272 [kz n (g) } 6y + i),

Dy = —6yn> (k - 2)2 . (9.29)
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An elementary calculation shows that

lim € 2D (. q.€k) = D;(h.n. k), je{l.2.— +} (9.30)
e—>0+ J

forany A > 0 and (1, k) € R2.
The closed system of linear algebraic equations for the components of the
Laplace-Fourier transforms tog (cf (7.12)) takes the form

Drog = 2y (0), 9.31)

where
[):[2 g] (9.32)

with
(B E) By e

and B = D_1I, (cf (6.21) and (6.22)). It can be checked by a direct inspection that
[A, B] =[B,C] =[A, C] = 0. Therefore,

S\, n, k) := detD(x, n, k) = det(AC — B?) (9.34)
= detD(k,q,k) = |D1Dj + D% — D*|* — 4D’ Re D Re D».
Thanks to (9.30) we conclude that

11151 e 885 (A, m, k) =80, n, k) (9.35)

e—0+

for each A > 0 and (3, k) € R2.
The above, combined with (6.28), implies that for any M > 0 and XA¢ as in
Proposition 6.1 we have

SO k)>0, Inl<M, keR, > 2. (9.36)

The matrix D(A, n, k) is then invertible and, cf (6.38), D~! = §~'adj(D). The
adjugate of D equals

adj(D) = [g ﬁ} , (9.37)

where M, P and Q are 2 x 2 matrices given by

_[di d- _[dp* do
"'—[a_ d} Q'—[ao d}
_ [@)* @y
M ‘[«L)* (dl)*}'
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Here

di :=|D2* D} — (D% + D*)Re D> — i(D% — D?)Im Ds,

dr :=|D1°Dj — (D3 + D*)Re Dy — (D% — D?)Im Dy,

d_ := D+(D} — D*) — Dy D{Re D> +iD} D+Im D,

= D4(D} — D?) — D{DjRe Dy +iD3D+Im Dy,

dy == —D_(D\D} + D} — D?),

d, := 2D, D_Re D. (9.38)
Thanks to (9.30) we conclude that

lim €490, n, k) =d;j(h, 0. k), jel{—+.1,2,0}  (9.39)
e—>04+ J
foreach A > O and (n, k) € R2.

9.3.1. Limit of Vé(’ll) The limit in question is a special case of the following result.

Proposition 9.1. Suppose that ¢ € C?*(T) is such that (0) = ¢'(0) = 0. Then,
forany M > 0 we have

1
lim | w00 Dek)dk = =¢”(0) / hwg 1 (A, 1, h)dh (9.40)
e—=0+ /T 7 2 R ’

and
. _ 1
lim / Ve (O, n, B (k)dk = ¢"(0) / 2yg+G . W)dR,  Inl < M,
e—=0+ JT 2 R
A > Ao (9.41)
Here wy + and yy + are given by (7.13).

Proof. We only prove (9.40), as the argument for (9.41) is very similar. The left
hand side of (9.40) for wg‘}i can be rewritten in the form

/jr 51 [aif)W€,+ +d9Y 4 + @) Ve + af,e)We,,] o(k)dk.

Denote by Jj e, j = 1,2,3,4 the respective terms arising after opening of the
square bracket. Changing variables k := k/e we can write (cf (5.14))

1 /@) . P P
Jio=-< 57130 . el d* (k f—f) k+ 2+ 1) oekdk.
e 22/4/@@ (D elod (k+= = 2) b (k+ =+ 7 ) (k)

x,x/
Thanks to Lemma 8.1 we conclude that there exist 1, €9 > 0 such that for any
A > Ao we have
4G, ek)

sup sup R(ek) 5 ek
€ s I

e€(0,e0] k,In|=M
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In addition, we have

(elk?
sup sup < 400
€0, 1] [k|<1/(2¢) R(ek)

Therefore,

dff) (A, 1. €k)

su su (ek)
p p lp(ek)] 5. eh)

€c(0,e0] k,Inl=M

In fact, thanks to the rapid decay of the macroscopic wave function ¢, we can write

1 1/e) R N - .
lim Ji.=- li 571N, n, ek)d* (k= 2) b (k+ =
eir(r)lJr e 4eir(r)l+ 1/(26)( € ! )( e )¢ ( 2)¢( + 2)

xe2(¢” (0)k* + o(1))dk. (9.42)

By virtue of the Lebesgue dominated convergence theorem, we conclude that the
limit in (9.42) equals

¢"(0)

/R(S—I&l)(x, n, Hh2* (h - g) é (h + g) dh.

Dealing similarly with the remaining terms J; ¢, j = 2, 3,4 we conclude (9.40)

(0) (0) (0)

for w, . The cases of w, _ and y, y can be handled similarly. O

Since R(0) = R’(0) = 0 and R”(0) = 1272 (cf (6.9) and (6.10)), by a direct
application of Proposition 9.1, we obtain

lim V') =8yx? / R4 (x, 0, h) - edh (9.43)
e—0+ R
for all |n| < M and A > Ag.

9.3.2. Limit of Ve(’zl) For any J € S(R) such that Jis supported in [-M, M] we
can write

2 A
/R v () (pydn
2 A = - = ~ = ~ = Rd dk
= %/R/TJ*{WHAI,g Y Ao+ Ve Ay + W AT
€

(9.44)

By virtue of Lemma 8.1 we can use the Lebesgue dominated convergence theorem
to enter with the limit, as € — 04, under the integral.
Combining (8.24) and (8.26) we conclude that

, @) 7x _% , Su T
lim Veg1 J*(n)dn = hm J (MWe +(n, k)dndk

e—>0+

= lim —ZWH J(ex) = /]R o )" ()dy. (9.45)

The penultimate equality follows from (5.10).
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10. Proof of Theorem 7.3

10.1. Proof of (7.17)

Recall that aj(k, n, k), j € {1,2,0,—,+} and detD(A, n, k) are given by
(9.38) and (9.34) respectively. We recall also that Aj (A, q,k), j =1, 2 are defined

by a modification of formulas (7.5) where the coefficients &fe) have been replaced
by the corresponding d,.
Given ¢ € C(T) we can write

/ Wet O 0. R (k)dk = / (e + I, + 1T, + Vo)p(kydk.
T T
Here I, 11, Ill., IV, are given by (8.23). By virtue of (8.25) we conclude that

lim [ Lo(k)dk = lim w§—>/<p(k)dk, Inl <M, x> Ao.
e=>0+ JT e—>0+ T

Lemma 10.1. For any M > 0
lim [IVeldk =0, |n| <M, x> Ao. (10.1)
e—=0+ /T

Proof. Note that, according to Proposition 6.1, for each M > 0 we can choose
Lo, €0 > 0 such that for A > XA

4
/IIVE(/\,n,k)Idkfe3 S | supdt D] 1)
T k ,

j=1 j
(10.2)
4 . —1
= (1) sup (30) (X1
j=1 k J
for |[n| < M and € € (0, €p]. Thanks to (8.5) we conclude that
3 (o) L@ 3 (:0) ! 33' 2yj
€ (5§ )) 19 < € («Sé )) SR ). (10.3)
o

Invoking the definition of 520), see (6.27), we can bound the right hand side of

(10.3) by €3 (R6 + Aez)_l < €. The conclusion of the lemma follows then directly
from the above estimate and (6.18). 0O
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Using a similar argument we infer that for any A > Ag, || < M we have

sup || < € sup 5! Z |c~1§.6)|
k k j
(10.4)

R .
< € sup (8&0)) E |d§.€)| <1
k -
j

for € € (0, €p], thanks to (8.5) and (6.27). On the other hand, due to Proposition
6.2, for any A > Ao, k # 0 and |n| < M we have

. 235-1 ~(€) _
dim €25 Gk | 2147 Gkl | =0 (10.5)
J

By virtue of the Lebesgue dominated convergence theorem we conclude therefore
that

lim [ H.o(k)dk = 0.
e—>0+ JT

Finally, we have

/1116¢(k)dk=ez/5;1{W6,+&§6)+?€,+&<f)+2,_(a$))*+We,_&g@}ga(k)dk.
T T

(10.6)
The computation of the limit, as ¢ — 0+, of each of the four expressions J ;E),
j =1,...,4that arise in the right hand side after opening of the bracket is almost

identical so we explain only how to deal with the first one. Using (5.14) we can

write that J{ = 373, 7[5, with (cf (5.14))

I = /qr 57 dOWe 4 (n, o k)dk,
ny =€ /T (371d1) Wer 0. @Ky
In what follows we show that
lim J =o0. (10.7)
e—>0+ 12
and, cf (7.14),

Wy (0)d
¢,+()1d

= k. (10.8)
det D

e—>0+

i 47 = i 9 = 000
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We repeat the above argument to compute the limits of the remaining terms J;E)

and obtain that, cf (9.31)

lim / . p(k)dk
e—=0+ JT
= ¢(0) /R det D™H{Wy 4+ (0)d; +Yy 4+ (0)d_ +Yy — (0)(ds)* + Wy, (0)d, }dh

= (0) /R w4+ (s 7, h)dh. (109)

10.1.1. Proof of (10.8)  After the change of variables k" := k /€ we can write

1/(2¢) _6d(6)()\ k /

© _ € 1, €k) n) - (x 77)

J! E +h—) o (= +k+ 1) pek)dk.
/1/(26) e=88.(A, 1, €k) o ( 2 ¢ € 2)?

(10.10)
Using the argument from the proof of Lemma 10.1 we conclude that for any M > 0
and A > X, where Aq, €g > 0 are as in the statement of Proposition 6.1,

—63(€)

d;y’ (A, n, €k
ej(—ne) <1, (10.11)
6_886 ()\'a 7)» Ek)

forall k € R, |n| < M and € € (0, ¢]. Due to the decay of the wave function ¢3
we conclude that

1/2e) e‘éa(e) A €k) ~
lim J© = lim € dp Ghn.ek) )¢>*(

ny 4 n
= k—— k+ =) ¢(ek)dk.
G_)0+ €—>0+ _1/(26) 6_886 ()"a T’a 6k) ) ¢ ( 2) (p

2

Thanks to (10.11) to compute the last limit we can use the Lebesgue dominated
convergence and conclude, using (9.35) and (9.39), that the right hand side of the
above equality coincides with the right hand side of (10.8).

10.1.2. Proof of (10.7) Using condition (2.12) we conclude that for some r > 1
sup/ (Wes(n, k)" dk < +o0. (10.12)
n JT

Combining the above with estimate (10.4) together with the limit (10.5) we conclude
that forany A > Ag and |n| < M

d‘% 10|
<O, k)

lim e / Wer (. Do) k=o0.

e—>0+

This obviously implies (10.7).
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10.2. Proof of (7.18)

We use the notation from Section 8.4 and carry out our analysis only for ye 4,
as the argument for y. _ is very similar. For any ¢ € C(T) we have

/ye(k,n,k)wdkz/ Isgz)dk—}-/ IIEgz)dk—}-/ III€<pdk+/ IVepdk.  (10.13)
T T T T T

The analysis of the terms on the right hand side of (10.13) is very similar to the
one done in Section 10.2. As a result we obtain

lim /(|I€| + |11l | + |1IV¢])dk = 0.
e—=0+ JT
In addition,

lim [ II.dk
e—=0+ JT

= (p(O)/ det D™ Wy +d_ + Yy ydo + Yy (do)* + Wy, _d_}dh
R

=<p(0)/Ry¢,+(k,n,h)dh, (10.14)

and (7.18) follows.

11. Proof of Theorem 3.1

Suppose that « (¢, y) and p(¢, y) satisfy (3.1). Then, qg(t, h) — the Fourier trans-
form of

¢, y) = %K(t, y)+ip(t,y)
satisfies
%Jb(r, h) = —ita(Th)2$(t, h) — 6y 2h* [és(z, h) — ($)*(, —h)] . (LD
Let
De(t. k) = €BJ©O(r, ek), k € e 'T.

From (5.19) we obtain

do  —iw(ek) - YR(ek) [ 2 -
et = e ) =T e ) = " =) | (112)

After a straightforward calculation we obtain, using (2.13) that forany G € C;°(R)

/R GOy = fim €3G 0 = lim | G0 0. b dk.
(11.3)
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Since

R(ek)

k
@ (€k) = rznzkz and — = 67r2k2,
€

1
e—>04 62

uniformly on compact intervals, an elementary stability theory for solutions of
ordinary differential equations guarantees that for any 7', M > 0 we have

Vet k) = (1+ 0O, k), (11.4)

uniformly on [k| < M, |¢| < T,ase < 1, where %% (0, k) satisfies (11.1) with the
initial condition ¥{” (0, k) := ¥ (0, k). Equation (11.1) can be solved explicitly.
Taking into account (11.3) we obtain, upon letting ¢ — 0+, that

lim Gy (t, —k)dk:/ G*(h)¢ (t, —h) dh, (11.5)
R

€0+ J-IT

where v (¢, h) satisfies (11.1) with the initial ¥ (0, k) := $(0, h). Therefore
1/_/(t, h) = qg(t, h) and, in conclusion,

i G (ex)EBe© (1) = li / G (1, —k) dk
eir(r)lJre; (€x)Ecyl® (1) Jim, o (k)e (1, —k)

_ / G* (W (1, —h) dh = / G* (1 (1, y) dy.
R R
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