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Abstract
The number of inverter-fed motors is increasing due to the good controllability of the motor and the meanwhile low acquisi-
tion costs. The steep voltage slopes of the converters lead to an uneven voltage distribution along the winding and thus to 
voltage peaks between the conductors, which stresses the insulation. The voltage distribution can be predicted by means of 
equivalent circuit diagrams, which take into account the capacitive coupling between the conductors. This paper presents a 
novel approach for an analytical determination of the turn-to-turn capacitances, which, in addition to the geometry and the 
placement of the conductors, considers the influence of materials with different permittivities.The conductors are simulated 
by means of line charges discretely placed inside the electrodes and receptor points attached to the conductor surfaces. The 
capacitances are determined by means of the Maxwell capacitance matrix. The method is validated by means of FEM simu-
lations for different geometries and materials.

Keywords  Turn-to-turn capacitance · Surge voltage distribution · Winding failure · Traction motor · Insulation stress

1  Introduction

An electric machine fed by an inverter has to cope with 
impressed pulse voltages leading to harmonics of voltage 
and current, which cause additional oscillating torques and 
an increased noise level [1]. In order to reduce the negative 
effects mentioned above, converters with higher switch-
ing frequencies have been developed [2]. A high switching 
frequency of the power electronics is essential, especially 
for the realization of high-speed drives. An increase in the 
switching frequency requires a reduction in the switching 
times of the power semiconductors. Due to the low voltage 
rise time of the semiconductors, an uneven voltage distribu-
tion along the stator winding occurs, which can lead to volt-
age peaks between the conductors of the winding [3]. The 
insulation of the electrical machine can be heavily stressed 
by the voltage peaks and in the worst case, an insulation fault 
occurs [4]. In order to properly design the insulation, the 
voltage distribution along the winding must be known. It can 
be predicted with the help of detailed equivalent electrical 

networks, which take into account not only the conductor 
inductances and resistances but also the capacitive coupling 
between the conductors [2, 5–9]. The capacitances between 
conductors are usually determined by means of FEM soft-
ware [2, 4, 5, 7–9].

Several analytical approximations are based on the equa-
tion of a plate capacitance or the method of image charges. 
In [10], two analytical equations based on the equation of 
a plate capacitance are compared with FEM simulations to 
determine the turn-to-turn capacitance of rectangular-shaped 
conductors. Due to the fact that parallel electrodes are used 
to derive the equation of a plate capacitance, the corner 
radius of a rectangular-shaped conductor cannot be taken 
into account with the analytical equations presented in [10]. 
The method of image charges is used in [11] to determine 
the capacitive coupling of round conductors. The conduc-
tors are located inside a grounded, cylindrical shield. This 
method is only suitable for thin conductors because the con-
ductors are only modelled by a single line charge. Otherwise, 
the near field in the proximity of the conductors is not suf-
ficiently approximated and the surfaces of the conductors do 
not represent equipotential surfaces [12]. The electrostatic 
field of a system of conductors placed either above a ground 
plane or inside a grounded cylinder is calculated in [13] by 
means of a successive images method. The determination 
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of the turn-to-turn capacitance presented in this paper is 
based on the method described in [14]. In contrast to [14], 
in which the capacitance between a round conductor and the 
stator core is determined, no image charges are necessary 
to determine the considered turn-to-turn capacitances. Fur-
thermore, when calculating the mutual capacitance between 
conductors, the calculation-intensive determination of the 
self-capacitance presented in [14] is omitted.

The area to be considered for determining the capaci-
tances between conductors inside a slot is shown in Fig. 1 for 
round wires and Fig. 2 for rectangular-shaped conductors. 
The conductors of the stator winding are electrically isolated 
from the earthed stator by the slot insulation. To insulate the 
individual conductors from each other, a layer of varnish is 
applied to each conductor.

As an alternative to computationally expensive FEM sim-
ulations, an analytical two-dimensional model for determin-
ing the capacitances between conductors is presented below, 
which considers the contour of the conductors, the distance 
between the conductors and the medium surrounding the 
stator winding.

Overall, the calculation model is based on the following 
simplifications:

•	 The conductors of the stator winding are ideally electri-
cally conductive.

•	 There are no space charges within the considered area.
•	 The medium within the considered geometry consists of 

a material with constant permittivity.
•	 The influence of the layer of varnish applied to the con-

ductors and the slot insulation are neglected.

2 � Modelling and solution for the field area 
of round conductors

The field area modelled to determine the turn-to-turn capaci-
tances can be seen in Fig. 3. Nine identical conductors with 
the radius rl are present in a medium with the permittivity �1 , 
each of the conductors is considered as an electrode for the 

field calculation. The conductors can be placed randomly. The 
nine round conductors l1 to l9 have the constant potentials �l1 , 
�l2 , �l3 , �l4 , �l5 , �l6 , �l7 , �l8 and �l9.

The capacitive coupling between the centrally arranged 
conductor l5 and another conductor in the field area is con-
sidered. The neighbouring conductors are used to consider 
the adjacent round wires in horizontal and in vertical direc-
tion. The real conductors are replaced by line charges with 
the potential

Here, r =
(
x y

)T is any space vector, in whose coordinates 
the potential is determined. The position of the line charge 
is described by the vector r̃ =

(
x� y�

)T . The line charge 

(1)
�(r) =

�

2 ⋅ � ⋅ �1
⋅ ln

(
1

|r − r̃|
)

= � ⋅

(
−1

2 ⋅ � ⋅ �1
⋅ ln

(√(
x − x�

)2
+
(
y − y�

)2))
.

Fig. 1   Example of a slot with round conductors

Fig. 2   Example of a slot with rectangular-shaped conductors

Fig. 3   Exemplary representation of the field area of round conductors
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density � indicates the charge per length. If only one line 
charge is positioned centrally per conductor, the surfaces of 
the nine round wires do not represent equipotential surfaces. 
To determine the near field, the surface charges stored on the 
conductors are replaced by an integer number of line charges 
with different line charge densities, which are placed inside 
the round wires [12]. The unknown line charge densities are 
determined by means of discrete receptor points placed on 
the conductor surfaces at those positions, where the specified 
conductor potentials �l1 to �l9 should be present.

A possible arrangement of the receptor points on the con-
ductor contour and the line charges placed inside the conduc-
tors is depicted in Fig. 4.

Each of the nine conductors has W line charges and P recep-
tor points. The P y-coordinates yl,m of the evenly distributed 
receptor points of the nine conductors are calculated indepen-
dently of the considered conductor to

with the y-coordinates of the centre of the considered con-
ductor yl,MP and the integer variables m and l. The P x-coor-
dinates of the receptor points of the conductor xl,m result 
analogously in

with the x-coordinate of the centre of the considered con-
ductor xl,MP.

(2)
yl,m = rl ⋅ sin

(
m ⋅ 2 ⋅ �

P

)

+ yl,MP 1 ≤ l ≤ 9 1 ≤ m ≤ P

(3)
xl,m = rl ⋅ cos

(
m ⋅ 2 ⋅ �

P

)

+ xl,MP 1 ≤ l ≤ 9 1 ≤ m ≤ P

The W  y-coordinates of the line charges of the con-
ductors y�,l,j , distributed symmetrically at a radius Fr ⋅ rl,

Fr < 1 , inside the conductor are determined to

The W  x-coordinates of the line charges of the conduc-
tors y�,l,n thus result in

At the positions of the total 9P receptor points, the 
potential can be calculated as a function of the 9W  line 
charges using (1) to

The coefficient matrix A describes the influence of the 
line charges on the potentials in the receptor points and 
contains in each element the second factor of (1) depend-
ing on the addressed receptor point and the addressed line 
charge.

The potentials of the receptor points � result from the 
required potentials of the conductor potentials at

with the integer running variable u.
A clearly solvable system of equations is achieved with 

the same number of line charges and receptor points. With 
the help of the pseudoinverse of the coefficient matrix A−1 , 
the unknown line charge densities are determined as

The determination of the scalar potential field in the 
medium outside the round conductors finally results from the 
superposition of the corresponding values of the potentials of 
the 9W line charges according to (1).

(4)
y𝜆,l,n = Fr ⋅ rl ⋅ sin

(
n ⋅ 2 ⋅ 𝜋

W

)

+ yl,MP 1 ≤ l ≤ 9 1 ≤ n ≤ W 0 < Fr < 1.

(5)
x�,l,n = Fr ⋅ rl ⋅ cos

(
n ⋅ 2 ⋅ �

W

)

+ xl,MP 1 ≤ l ≤ 9 1 ≤ n ≤ W.

(6)
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…
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(7)𝜙(u) =

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

𝜑l1 for 1 ≤ u ≤ P

𝜑l2 for P < u ≤ 2P

𝜑l3 for 2P < u ≤ 3P

𝜑l4 for 3P < u ≤ 4P

𝜑l5 for 4P < u ≤ 5P

𝜑l6 for 5P < u ≤ 6P

𝜑l7 for 6P < u ≤ 7P

𝜑l8 for 7P < u ≤ 8P

𝜑l9 for 8P < u ≤ 9P

1 ≤ u ≤ 9P

(8)� = A
−1

⋅ �.

Fig. 4   Placement of line charges and receptor points for round con-
ductors
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3 � Calculation of the phase‑to‑phase 
capacitance of round conductors

The capacitance between the centrally placed conductor l5 and 
the conductor li Cl5li is determined with the aid of the Maxwell 
capacitance coefficients, with which the concept of capaci-
tance can be applied to systems consisting of several electrodes 
insulated from each other [15]. In this problem definition, the 
nine conductors with the charge �l and the potential �l are 
considered as electrodes. The corresponding capacitance coef-
ficient matrix is

The resulting charges of the nine round conductors �l1 , �l2 , 
�l3 , �l4 , �l5 , �l6 , �l7 , �l8 and �l9 can be determined according to 
(8) by a division of the vector � and a subsequent summation 
of the line charges placed within the individual conductors to

with the integer variable j . The capacitance coefficients c�v 
correspond to the capacitances C�v in the case of counter-
capacitances � ≠ v , which establish a connection between 
the charges and the potential differences.

By selecting a conductor potential of zero volts with the 
exception of conductor li , according to (9), the capacitance 
between conductors yields

with the core length of the electrical machine lfe.

4 � Modelling and solution for the field area 
of rectangular‑shaped conductors

The field area modelled to determine the turn-to-turn capaci-
tances can be seen in Fig. 5. Three identical rectangular-
shaped conductors, which are considered as electrodes here, 
with the defined corner radius re are located in the medium 
with the permittivity �1 . The field area is limited in y-direc-
tion by the stator lamination with the potential �s . Based on 

(9)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
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=
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cl6l1 cl6l2 cl6l3 cl6l4 cl6l5 cl6l6 cl6l7 cl6l8 cl6l9
cl7l1 cl7l2 cl7l3 cl7l4 cl7l5 cl7l6 cl7l7 cl7l8 cl7l9
cl8l1 cl8l2 cl8l3 cl8l4 cl8l5 cl8l6 cl8l7 cl8l8 cl8l9
cl9l1 cl9l2 cl9l3 cl9l4 cl9l5 cl9l6 cl9l7 cl9l8 cl9l9

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⋅

⎛
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⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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(10)�lj =

j⋅P∑
i=1+P⋅(j−1)

�i 1 ≤ j ≤ 9

(11)Cl5li = lfe ⋅ cl5li = lfe ⋅
�l5

�i

the vertical distances between the conductors and the stator 
lamination dls1 and dls2 , an asymmetrical placement of the 
electrodes within the slot can be considered.

The three electrodes are evenly distributed in x-direction. 
The horizontal distance between adjacent conductors is dlh . 
The rectangular-shaped conductors l1 , l2 and l3 are described 
by their width bl and their height hl and have the constant 
potentials �l1 , �l2 and �l3 . The capacitive coupling of the 
conductor l2 in the middle is considered.

The procedure for solving the field area is taken from 
Sect. 2. A possible arrangement of the receptor points placed 
on the electrode surfaces, at whose positions the specified 
conductor potentials �l1 , �l2 and �l3 and the stator poten-
tial �s , respectively, should be present, can be taken from 
Fig. 6. For a reproduction of the corner radii, the placement 
of receptor points on the circular sections of the rectangular-
shaped conductors is necessary.

The line charges are placed inside the conductors and 
inside the stator lamination. The lamination parts above 
and below the rectangular-shaped conductors represent one 
electrode each. For mathematical differentiation, the upper 
lamination electrode has the potential �s1 and the lower lami-
nation electrode the potential �s2.

The height of the electrodes has no influence on the turn-
to-turn capacitances. The width of the considered lamination 
electrodes in y-direction is selected so that there is a vertical 
limitation in the field area between the three rectangular-
shaped conductors.

Each of the five electrodes has W  line charges and P 
receptor points. At the position of the total of 5P receptor 
points, the potential can be calculated as a function of the 
5W  line charges using (1) to

Fig. 5   Representation of the field area of rectangular-shaped conduc-
tors
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The potentials of the receptor points � are calculated 
using the integer variable u to

The unknown line charge densities are determined using 
the pseudoinverse of the coefficient matrix A−1 by

The determination of the scalar potential field in the 
medium between the conductors is finally obtained by super-
position of the corresponding values of the potentials of the 
5W  line charges according to (1).

5 � Calculation of the turn‑to‑turn 
capacitances of rectangular‑shaped 
conductors

The determination of the capacitances between the conduc-
tor in the middle and the adjacent conductor li Cl2li is carried 
out analogously to the procedure described in Sect. 3. The 

(12)
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= A ⋅ � A�M(5P)x(5W).

(13)𝜙(u) =

⎧
⎪⎪⎨⎪⎪⎩

𝜑l1 fü r 1 ≤ u ≤ P

𝜑l2 fü r P < u ≤ 2P

𝜑l3 fü r 2P < u ≤ 3P 1 ≤ u ≤ 5P.

𝜑s1 fü r 3P < u ≤ 4P

𝜑s2 fü r 4P < u ≤ 5P

(14)� = A
−1

⋅ �.

capacitance coefficient matrix for the field area shown in 
Fig. 6 is

The resulting charges of the three rectangular-shaped con-
ductors �l1 , �l2 and �l3 can be determined according to (14) 
by dividing the vector � into

By selecting a conductor and a stator lamination potential 
of zero volts with the exception of conductor li , according to 
(15) the turn-to-turn capacitance results in

To determine the capacitance between rectangular-shaped 
conductors in the end winding region of an electrical 
machine, the two lamination electrodes contained in Fig. 6 
are removed from the field area and the calculation is done 
again with three electrodes only.

6 � Validation of the model

The validation of the models is carried out separately for 
round wires and rectangular-shaped conductors by means 
of FEM simulations. The six investigated machine variants 
with round wires, which differ in their geometries and mate-
rial properties, are summarized in Table 1. The first three 
variants represent a random placement of the conductors as 
shown in Fig. 3. The fourth, fifth and sixth variants simulate 
an orthocyclic winding. An exemplary representation of the 
field area is shown in Fig. 7. The nine round conductors are 
represented by 36 receptor points and 36 line charges each. 
The reduction factor is Fr = 0.9 for all conductors.

Table 2 contains the analytically calculated and Table 3 
the numerically determined capacitances between round 
conductors.

The deviations between the analytical model and the 
FEM simulations shown in Table 4 are in the low percent-
age range. The errors in the analytical solution are due to the 
finite number of receptor points and line charges. In addi-
tion, deviations in the numerical solution are caused by the 
limitation of the medium in the x and the y direction with 
Neumann boundary conditions.

(15)

⎛
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j⋅P∑
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�i ≤ j ≤ 3.

(17)Cl2li = lfe ⋅ cl2li = lfe ⋅
�l2

�i

.

Fig. 6   Placement of line charges and receptor points for rectangular-
shaped conductors
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The highest deviations in the investigation of the fourth 
and sixth variants are found for the turn-to-turn capacitances 
with the lowest values. Here, capacitive coupling can be 
almost neglected due to the low capacitance.

The six investigated machine variants with rectangular-
shaped conductors can be seen in Table 5. The FEM model 
structure corresponds to the field area shown in Fig. 5. The 
three rectangular-shaped conductors and the two stator 

Table 1   Geometric and material 
properties of the investigated 
round conductor models

Variant 1 Variant 2 Variant 3 Variant 4 Variant 5 Variant 6

rl in mm 0.30 0.60 0.60 0.90 0.90 1.20
x
1.MP in mm − 0.80 − 1.50 − 1.30 0.00 0.00 0.00
y
1.MP in mm 0.40 0.50 1.30 2.35 − 0.58 − 0.80
x
2.MP in mm 0.00 0.00 − 0.05 − 0.99 − 0.97 − 1.30
y
2.MP in mm 0.35 0.50 0.65 4.25 1.25 1.80
x
3.MP in mm 0.88 1.70 1.35 0.975 0.97 1.30
y
3.MP in mm 0.50 0.90 0.65 4.25 1.25 1.80
x
4.MP in mm − 0.80 − 1.55 − 1.75 − 1.95 − 1.94 − 2.60
y
4.MP in mm 1.11 2.25 2.55 6.15 3.08 4.40
x
5.MP in mm 0.00 0.00 − 0.10 0.00 0.00 0.00
y
5.MP in mm 1.11 2.10 2.50 6.15 3.08 4.40
x
6.MP in mm 0.85 1.25 1.30 1.95 1.94 2.60
y
6.MP in mm 1.20 2.10 2.20 6.15 3.08 4.40
x
7.MP in mm − 0.85 − 1.55 − 1.25 − 0.99 − 0.97 − 1.30
y
7.MP in mm 1.75 3.75 4.10 8.05 4.91 7.00
x
8.MP in mm 0.00 0.00 0.30 0.98 0.97 1.30
y
8.MP in mm 1.85 3.40 3.75 8.05 4.91 7.00
x
9.MP in mm 0.65 1.75 1.60 0.00 0.00 0.00
y
9.MP in mm 1.80 3.70 3.50 9.95 6.74 9.60
�r1 5.20 1.00 3.17 1.00 5.2 3.17

Fig. 7   Representation of the field area of orthocyclic winding

sections are each represented by 100 receptor points and 
100 line charges.

Table 6 shows the analytically calculated and numeri-
cally determined capacitances between rectangular-shaped 
conductors. Due to the identical spacing between the first 
and second and the second and third rectangular-shaped 
conductor, the capacitance C′

l2l1
 corresponds to the capaci-

tance C′
l2l3

 . The deviations are in the single-digit percent-
age range. The errors in the analytical solution can be 
explained by the finite number and the placement of the 
receptor points and the line charges. In addition, deviations 
in the numerical solution result from the limitation of the 
media with Neumann boundary conditions.

In order to demonstrate the quality of the novel analyti-
cal approach proposed in this paper, Table 7 contains the 
length-related capacitances between rectangular-shaped 
conductors C′

l2li,pk
 which are analytically determined using 

the simple equation for a plate capacitor. Instead of the 
novel approach the height of the plate capacitor corre-
sponds to the side length of the rectangular-shaped con-
ductor including the corner radii.

Only in case the distance between the rectangular-shaped 
conductors is small and the corner radius is small compared 
to the side length of the rectangular-shaped conductor, as it 
is the case for variant 5 and 6, the capacitance between rec-
tangular-shaped conductors can be approximated by means 
of a plate capacitor. In this case, the varnish insulation can 
be considered as an additional single-layer plate capacitor.
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7 � Conclusion

This paper presents a simple and fast analytical calcu-
lation method for the turn-to-turn capacitances. The 

determination is based on the field solution for a two-
dimensional area. The round conductors and the rectan-
gular-shaped conductors are modelled by a finite number 
of discrete receptor points and discrete line charges. The 

Table 2   Analytically calculated, 
length-related capacitances 
between round conductors C′

l5li

Capacitance in 
pF/m

Variant 1 Variant 2 Variant 3 Variant 4 Variant 5 Variant 6

C′
l5l1

11.99 2.64 36.97 6.22e−5 6.49e−5 5.18e−4
C′
l5l2

128.06 18.27 27.43 21.84 138.30 63.31
C′
l5l3

17.73 1.35 2.75 22.38 138.30 63.31
C′
l5l4

94.08 20.26 45.49 46.66 248.79 150.26
C′
l5l6

68.51 79.96 90.30 46.65 248.79 150.26
C′
l5l7

11.32 0.68 14.71 21.84 138.30 63.31
C′
l5l8

121.48 51.57 151.92 22.38 138.30 63.31
C′
l5l9

21.15 0.34 3.76 6.22e−5 6.49e−5 5.18e−4

Table 3   Numerically 
determined, length-related 
capacitances between round 
conductors C′

l5li

Capacitance in 
pF/m

Variant 1 Variant 2 Variant 3 Variant 4 Variant 5 Variant 6

C′
l5l1

11.58 2.63 36.62 5.45e−5 6.59e−5 4.73e−4
C′
l5l2

119.98 18.05 27.21 21.43 135.19 62.23
C′
l5l3

17.23 1.35 2.76 21.96 135.19 62.23
C′
l5l4

92.94 20.01 45.01 45.06 239.66 145.16
C′
l5l6

68.01 75.47 88.76 45.06 239.66 145.16
C′
l5l7

11.69 0.68 14.64 21.43 135.19 62.23
C′
l5l8

126.61 49.91 147.45 21.96 135.19 62.23
C′
l5l9

21.74 0.34 3.77 5.45e−5 6.43e−5 4.73e−4

Table 4   Percentage deviations 
between analytically calculated 
and numerically determined 
capacitances between round 
conductors C′

l5li

Deviation in % Variant 1 Variant 2 Variant 3 Variant 4 Variant 5 Variant 6

C′
l5l1

3.54 0.38 0.96 14.13 1.52 9.51
C′
l5l2

6.73 1.22 0.81 1.91 2.30 1.74
C′
l5l3

2.90 0.00 0.36 1.91 2.30 1.74
C′
l5l4

1.23 1.25 1.07 3.55 3.81 3.51
C′
l5l6

0.74 5.95 1.74 3.53 3.81 3.51
C′
l5l7

3.17 0.00 0.48 1.91 2.30 1.74
C′
l5l8

4.05 3.33 3.03 1.91 2.30 1.74
C′
l5l9

2.71 0.00 0.27 14.13 0.93 9.51

Table 5   Geometric and material 
properties of the investigated 
rectangular-shaped conductor 
models

Variant re in mm dls1 in mm dls2 in mm dlh in mm hl in mm bl in mm �r1

1 0.65 0.225 0.225 0.145 4.75 1.66 1.00
2 0.50 0.325 0.425 0.145 4.75 1.66 1.00
3 0.30 0.50 1.00 0.20 5.00 2.00 3.20
4 0.60 0.45 0.55 0.30 4.50 3.00 3.20
5 0.10 0.45 0.45 0.10 3.00 1.00 5.00
6 0.80 1.00 2.00 0.50 6.00 3.00 5.00
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determination of the counter-capacitances is carried out 
with the help of the Maxwell capacitance coefficients and 
the given electrode potentials. The validation with the help 
of FEM simulations confirms the applicability of the pro-
posed method.

With the help of the presented approach, the effect of dif-
ferent geometries and materials on the turn-to-turn capaci-
tances can be determined.

Due to the use of line charges within the electrodes, the 
method can also be used for other conductor geometries.
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Table 6   Comparison of the analytically calculated, length-related 
capacitances between rectangular-shaped conductors C′

l2li
 with the 

FEM results

Variant C′
l2li⋅anal

 in pF/m C′
l2li⋅FEM

 in pF/m Deviation 
C′
l2li

 in %

1 250.45 247.34 1.26
2 264.66 262.45 0.84
3 699.73 691.68 1.16
4 388.32 384.87 0.90
5 1344.30 1342.80 0.11
6 507.71 503.26 0.88

Table 7   Comparison of the length-related capacitances between rec-
tangular-shaped conductors analytically calculated using the equation 
for a plate capacitor C′

l2s
 with the FEM results

Variant C′
l2li⋅pk⋅anal

 in pF/m C′
l2li⋅FEM

 in pF/m Deviation 
C′
l2li

 in %

1 369.43 247.34 49.36
2 351.11 262.45 33.78
3 793.34 691.68 14.70
4 538.33 384.87 39.87
5 1416.70 1342.80 5.50
6 508.20 503.26 0.98
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