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Abstract

This paper presents a theoretical analysis of the small-signal stability of a power system in which a synchronous generator and
aphotovoltaic (PV) generator supply power to an infinite bus. The problem considered here is to investigate the existence of the
equilibrium points of the system and their stability. In terms of this problem, by focusing on the condition to be satisfied by the
equilibrium points and appropriately using the intermediate value theorem, we derive a sufficient condition on the magnitude
of the PV current for the existence of the equilibrium points. The condition is given as inequalities with respect to the system
parameters. These inequalities show that, if the power system from which the PV generator is removed has equilibrium points,
then equilibrium points exist also in the original system as long as the PV current is small. Moreover, we analyze the stability
of the equilibrium points and show that the equilibrium points found under our existence condition are asymptotically stable.
These results imply that, when the PV current is below a certain level, the existence of the asymptotically stable equilibrium
points is preserved even though the PV generator is introduced.

Keywords Power systems - Photovoltaic generators - Small-signal stability - Equilibrium points

1 Introduction

Modern power systems are characterized by a high penetra-
tion of photovoltaic (PV) generators [11]. This is because
the increasing use of electricity generated in environmen-
tally friendly ways, such as by using solar energy, is driven
by critical concerns over the depletion of fossil fuels and
greenhouse gas emissions. Since PV generators convert solar
energy directly into electricity, there is no consumption of
fossil fuels and hence are no greenhouse gas emissions.
However, the introduction of PV generators affects the
performance of power systems. For example, PV penetration
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degrades the stability of power systems because PV gener-
ators do not have the synchronizing torque [6], i.e., internal
torque to preserve the synchronization of generators. To solve
this problem, many studies have been conducted to date. For
instance, a model of a PV generator has been constructed
to study the interaction of PV generators with power sys-
tems [12]. Other researchers have analyzed the impact of
PV penetration on the transient stability [10,14] and voltage
characteristics [1,7,13,16] of power systems. Additionally,
controller design for PV systems connected to power grids
has been carried out [5,9,15].

Our interest in this research is to determine the impact of
the penetration of PV generators on the small-signal stability
[6] of power systems. This stability indicates the ability of
power systems to maintain the synchronization against small
disturbances such as variations in loads and power. The moti-
vation for considering the small-signal stability is that this
characteristic is fundamental to the problem-free operation
of power systems. In fact, a power system without the small-
signal stability is destabilized even by small disturbances,
which ultimately leads to the disruption of the power supply.

The purpose of this paper is to investigate the impact of
PV penetration on the small-signal stability. For this pur-
pose, we consider the system in Fig. 1. This is composed
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Fig.1 Power system X with PV generator

of a synchronous generator, a PV generator, and an infinite
bus corresponding to a large system to which the two gen-
erators are connected. The generators supply power to the
infinite bus through a transmission line. The system in Fig. 1
focuses only on the synchronous generator and the PV gener-
ator and thus is suitable for investigating the direct impact of
PV penetration on the behavior of the synchronous generator.
For this system, we consider the stability of the equilibrium
points, i.e., the states in which the electrical output of the syn-
chronous generator is in balance with the mechanical input
to it, as the small-signal stability. We then address the prob-
lem of verifying the existence of the equilibrium points and
analyzing their stability.

In terms of the above problem, this paper makes two
contributions. First, we derive a sufficient condition on the
magnitude of the PV current for the existence of the equilib-
rium points. As a result, we show that, if the power system
from which the PV generator is removed has equilibrium
points, then equilibrium points exist also in the original sys-
tem as long as the PV current is small. The key idea behind
this result is to employ the intermediate value theorem. A
straightforward method for solving our problem would be
to derive the equilibrium points and clarify their properties.
However, deriving the equilibrium points is difficult because
it is necessary to solve a nonlinear equation with trigono-
metric functions and their inverses from the presence of the
PV generator. We address this difficulty by focusing on the
condition to be satisfied by the equilibrium points and by
appropriately using the intermediate value theorem. Second,
we analyze the stability of the equilibrium points of the
system in Fig. 1 and characterize those equilibrium points
that are asymptotically stable. We consequently show that
the equilibrium points found under the existence condition
derived above are asymptotically stable; that is, the first con-
tribution provides an existence condition of asymptotically
stable equilibrium points. This result and the above discus-
sion enable us to conclude that, when the PV current is below
a certain level, the small-signal stability is preserved even
though the PV generator is introduced.

Before closing this section, we give three remarks on this

paper.
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First, we note the difference between the results of this
paper and those of previous studies. Four previous studies
have considered the impact of PV penetration on the small-
signal stability [2,3,8,17]. In these studies, the authors have
used system models given by the linearization around certain
operating points, i.e., equilibrium points. That is, they have
implicitly assumed that the target systems have equilibrium
points. Contrary to this, we focus on the loss of equilibrium
points as the impact of PV penetration on power systems and
derive a condition for the existence of equilibrium points. In
addition, we clarify the relation between the existence condi-
tion and the stability of equilibrium points. In these respects,
the contributions of this paper are distinct from those of the
previous studies.

Second, this paper presents an analytical result on the
small-signal stability by considering the simplified system
in Fig. 1. In the field of power engineering, researchers have
often focused on stability analysis methods based on numer-
ical computation and have applied their proposed methods to
specific systems (see, e.g., [3,8,17]). Thus, for other systems
with different parameter values, we cannot obtain any insight
unless the analysis methods are again used. In addition, to
investigate the effects of the parameter values on the systems,
we have to use the analysis methods for various parameter
values, which requires considerable time and effort. By con-
trast, this paper presents a stability condition as inequalities
with respect to the parameters of the system in Fig. 1. As a
result, we clarify that the system in Fig. 1 has the property
mentioned above. This property is essential in the sense that
it holds regardless of the values of the system parameters.
Moreover, our stability condition allows us to estimate the
magnitude of the PV current such that the small-signal sta-
bility is guaranteed, in advance. This is useful to construct a
PV-integrated power system that is small-signal stable. The
analytical result of this paper has these advantages, compared
with results based on numerical computation.

Finally, this paper is based on our conference paper [4],
but differs from it in the following points. First, this paper
includes the full explanations and the rigorous proofs of the
main results, omitted from [4]. Second, we ensure that the
paper is self-contained by showing the detailed derivation
of the dynamics of the target system given in the Japanese
paper [10]. Third, we present additional numerical examples
to verify our result.

Notation Let R, R, and Ro4 be the real number field, the
set of positive real numbers, and the set of nonnegative real
numbers, respectively. We use O to represent both the zero
scalar and the zero vector. We denote by a/6 the complex
number with the absolute value a and the argument 6. Finally,
the following properties [18] for trigonometric functions and
their inverses are used in this paper:
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sin(cos ™! x) = v1 — x2, (1

sin(tan™!' y) = L, (2)
V=T »?

cos(cos ™' x) = x, 3)

cos(tan™! y) = ! 4

\/l—i—yz’

where —1 <x < land —oo <y < 0.

2 Problem formulation
2.1 System description

Consider the power system X' in Fig. 1, composed of the
synchronous generator Gg, the PV generator Gp, and an
infinite bus.

For the power system X, we impose the following
assumptions.

— The phase angle of the current of G p for the infinite bus
voltage tracks dp, i.e., the phase angle of the voltage of
the bus to which G p is connected.

— The magnitude of the PV current is constant.

The former implies that G p has a power conditioning unit.
The latter is satisfied if the dynamics of Gy is sufficiently
faster than that of Gp. In addition, we regard G as the
combination of a voltage source and reactance.

Then, the dynamics of the system X' (i.e., the generator
Gy) is described by

Més(t) = Py — Pe(85(t)) — Dés (1), o)

where §5(¢) € R is the phase angle of the voltage of G5 for
the infinite bus voltage, M € R, is the moment of inertia,
P, € R is the mechanical input, and D € R is the damp-
ing coefficient. The variable P,(5s(¢)) € R is the electrical
output defined as

P.(85(1))
VsVoo SiN85(t) — rpvsip cos(8s(t) — Sp(ds()))

= . (0

rs+rr

where vg, voo € R are the magnitude of the voltages of G g
and the infinite bus, rg,r;, € Ry are the reactance of Gg
and the transmission line, ip € R is the magnitude of the
current of G p, and

8p(8s(1)) =

cos-! —rsrrip
V(rpvs sin8s(1))2 + (rpvs cos 85(t) 4 rsvec)?

—¢(3s(2)) if sindg(t) # 0,
sin 1( rsrLip ) if sindg(1) = 0,
rLvs cosds(t) + rsveo
@)
for
P (Ss(1)) =

if sinég(t) > 0,

tan—"! 7L Vs cosds(t) + rsvso
rrvs sinég(t)

3s(t
7 +tan~! TLUs €08 S,( ) Frsvee if sindg(t) < 0.
rpvs sindg(t)

®)

Equation (5) is given as the swing equation. The derivations
of (6) and (7) are based on [10]. The details are given in
Appendix A.

2.2 Stability analysis problem
2.2.1 Motivating examples

Based on [6], we select the system parameters as M :=
0.018652, P, := 1.15pu, D := 0.00531s, vg := 1.12pu,
Voo = 0.995 pu, rg := 0.300 pu, and r; := 0.500 pu. Fig-
ure 2 shows the time responses of the system X withip :=
0.2pu and ip := 0.5pu, where (§5(0), SS(O)) = (1,0).
We see that §g(¢) with ip := 0.2 pu converges but that with
ip := 0.5 pu does not.

To clarify the reason, we focus on the equilibrium points
of the system X. Let [§5(¢) 55()]1" be the state variable
vector. Then, (5) yields the following state equation of X

o] [, B0 o
di [8s0] | o= (Pn = Pe8s(1) = DSs(0)) |

From (9), the equilibrium points of X' are of the form [§% 01"
where §% € R is a solution to

Pm = Pe(SS)- (10)

Thus, if the curve of P,(8s) in (6) intersects with the straight
line P.(§s) = P,, then there exists an equilibrium point
of X. In Fig. 3, the plots of P,(85) with ip := 0.2 pu and
ip := 0.5 pu and the straight line P,(85) = P,, are depicted
by the solid and dotted curves and the thin line, respectively.
We see that the curve of P,(85) with ip := 0.2 pu intersects
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Fig.2 Time responses of X withip :=0.2puandip := 0.5pu
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Fig.3 Plots of P,(8s) withip :=0.2puandip := 0.5pu

with the straight line P,(6s) = P,, butthat withip := 0.5 pu
does not. This means that the existence of the equilibrium
points of X' depends on i p, which gives rise to the results in
Fig. 2.

2.2.2 Problem to be considered

Motivated by these examples, we consider the following
problem.

Problem 1 For the power system X,
(a) findaconditiononi p for the existence of the equilibrium

points;
(b) if an equilibrium point exists, then check its stability.

Remark 1 A straightforward method for solving Problem 1 is
to directly solve (10) and clarify the properties of the equilib-
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rium points; however, solving (10) is difficult. This is because
P, (85) contains the nonlinear term due to the presence of the
PV generator Gp, i.e., rpvsip cos(8s(t) — dp(8s(¢))) that
includes trigonometric functions and their inverses, from (6)
to (8). Although one may think that the system X is simple,
this fact makes the problem challenging.

3 Existence of equilibrium points

In this section, we address (a) in Problem 1. To this end,
we first derive a condition to avoid the singular points of
the system X'. Based on this, we present a condition for the
existence of the equilibrium points.

3.1 Condition for avoiding singular points

Because of cos™!(+) and sin~!(-) in (7), the system X' has
singular points where the absolute values of the arguments of
cos_1(~) and sin~! (-) are greater than one. We address this
issue by presenting a condition on i p to avoid the singular
points of X.

Lemma 1 If ip satisfies

rpvg —rgv
lPSILS Soo|’ (11

rsry,

then the power system X has no singular points, i.e.,

—rsrrip
<1, (12)
V(rpvs sin85)% + (rLvs cos 8s + rsvec)?
for every 85 € R satisfying sin s # 0 and
[T <1, (13)
FLUS COSOs + FsUso

for every 85 € R satisfying sinés = 0.

Proof The inequality (12) holds if

. 2
—rsrrip <1
<\/(er5 sin8g)2 + (rpvs cosds + rsvoo)2> B

(14)

We can rewrite (14) as
(rsrLip)® < (rpvssinds)” + (rLvs cos 8s + rsva)’,
which yields
. V(rvs sin8g)? + (rLvs cos 8s + rsveo)>
i
F= rSrL

\/rg vg + r?vgo + 2r§FL VS Vso COS 85 s,

rsrr
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because of rg, 7, € Ry andip € Rg4. Since cosds > —1 Pe(ds)
forevery 85 € R, the right-hand side of (15) is greater than or P.(5) 1
el0g) =777 '
equal to (\/r%v_% + r¢v, = 2rsrr vsvoo> /(rsrr) for every p /\
8s € R. Thus, we obtain "
PeWs)p-p i
2.2, 2.2 Pl
\/r ve +rovi, — 2rsrpvsv - )
P SR ke = b5 05 03 ’
rsrr
[(rLvs — rsve)? Fig.4 Idea of analysis
- rsrL ’
for
which implies that (12) holds for every 85 € Runder (11).In
addition, by choosing 8g such that sin 85 = 0in (12), we can . —rLvs(rpvs + rgvee €os és)
R c12(8s) = (20)
show that (13) holds for every 85 € R satisfying sin§g = 0 (rs +rp)/ f(Gs)
under (11). This completes the proof. O —r_%”%vsvoo sin 8
c2(8s) = 1)
. (rs +rL) f(3s)
3.2 Main result s 9o
f(8s) :=rjvg +r5v5, + 2rsr Vsvs COS S (22)

Now, we derive the condition under which the equilibrium
points of the system X' exist.

As explained in Sect. 2.2.1, X has an equilibrium point if
(10) has a solution. From (6)—(8) and Lemma 1, P.(dg) is a
continuous function for és € (0, 7) under (11). Therefore,
it follows from the intermediate value theorem that if there
existady € (0, ) and a 8; € (8, m) satisfying

Po(85) < Pu,
Po(57) > Pu,

(16)
7)

then there exists at least one equilibrium point on (8, 8;‘) X
{0} (where {0} corresponds to §s = 0), as illustrated in Fig. 4.
Hence, we derive a condition on i p to achieve (16) and (17)
for given 8¢ and (S;r.

Based on this idea, we obtain the following result.

Theorem 1 For the power system X, assume that (11) holds.
Ifthereexistady € (0, w/2) anda 8; € (85, /2] satisfying
the following two conditions, then there exists at least one
equilibrium point on (3¢, 6;) x {0}.

(C1) co(85) < 0.and co(55) > 0,
(C2) ip < 021 (85),

where
VS Voo sin 55
co(8s) := —————— — Py, (18)
rs+rp
2
—c12(8s) — \/612(55) —4cp(8s)co(s)
az1(ds) = , (19

2¢2(8s)

Proof Using a trigonometric addition formula for (6) gives

VUsVoo SIN g
Pe(8s) = ————
rs+rp
B rpvsip(cosds cos(8p(8s)) + sindg sin(6p(Ss))) (23)
rs+rp '

If 65 € (0, /2], then sin §s > 0. Furthermore, from Lemma
1, (12) holds for every és € (0, /2] under (11). Thus, by
substituting the first equations of (7) and (8) into (23) and
using (1)—(4), we obtain

Pe((SS) =C2(8S)i% +Cl(8S’iP)iP+CO(8S)+Pm, (24)
where
c1(8s,ip)
rrvs(rLvs + rsveo cos ),/ f (8s) — rirgis
= . ©5)

(rs +rr) f(3s)

First, we derive a condition corresponding to (16). Based
on (11), we substitute ip = |rpvs — rsvso|/(rsrr) into the
right-hand side of (25), which provides

rrvs(rpvs + rsvee COs 8s)
rs+rr
\/erl’Lvsvoo(COS és +1)
X

f(3s)

c11(8s) = —

(26)

By the definition, f(ds) is positive for every §s € (0, /2]
because of cos§s > 0. This and cos §s > 0 (for every o5 €
(0, 7/2])imply thatc; (§s, ip) < c11(Ss) foreveryip € Ro4+
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satisfying (11) if 65 € (0, 7/2]. Thus, it follows from (24)
that

P.(8s) < c2(85)i% + c11(85)ip 4 co(8s) + P, (27)

for every ip € Ro4 satisfying (11) subject to §s € (0, 7/2].
Replacing s in (27) with §§ gives

2(85)ip + cn(8y)ip + co(8y) <0, (28)

as a sufficient condition for (16).

Second, we derive a condition corresponding to (17).
Basedonip € Ry, we substitute i p = 0 into the right-hand
side of (25), which provides c12(8s) in (20). Then, similar to
the first case, we can show that c1 (85, ip) > c12(8s) forevery
ip € Roy satisfying (11) under 85 € (0, 7/2]. Applying this
to (24) yields

P.(85) > c2(85)i% + c12(85)ip + co(8s) + Pus (29)

for every ip € Ry satisfying (11) subject to 65 € (0, /2].
Replacing §g in (29) with 5; gives

263 + ennGHip + o) > 0, (30)

as a sufficient condition for (17).

In summary, if (28) and (30) hold, then (16) and (17)
hold. Thus, if (28) and (30) hold for a 6 € (0, 7/2) and
a 8; € (85, /2], then there exists at least one equilibrium
point on (g, 8;‘) x {0} as described at the beginning of this
section. Inequalities (28) and (30) have a solution under (C1),
which is expressed as (C2). The derivation of (C2) is shown
in Appendix B. This completes the proof. O

Theorem 1 gives a sufficient condition on i p such that the
system X has equilibrium points. Condition (C1) guarantees
that there exists at least one equilibrium point on (d¢, 8;) X
{0} in the case of i p := 0. In fact, by substituting ip = 0 to
(6) and considering (18), we can show that co(dg) < 0 and
co((S}') > 0 correspond to (16) and (17), respectively. On
the other hand, condition (C2) holds when i p is sufficiently
small. In fact, since azl(éj{) is a positive real number as
shown in Lemma 3 in Appendix B, there exists an ip > 0
satisfying (C2) for a given 8;. Hence, Theorem 1 means
that if the power system given by removing Gp from X
has equilibrium points, then the existence of the equilibrium
points of X' is guaranteed as long as i p is sufficiently small.

We comment on the choice of 6 and § ; To use Theorem
1, we need to appropriately choose a 6 € (0, 7/2) and
a 8;‘ € (8¢, m/2]. A good choice is to let dg and 8; be a
sufficiently small positive number and 7 /2, respectively. The
reason is that finding the equilibrium points becomes easier
as the difference between 6;“ and &4 increases as shown in

@ Springer

Fig. 4. In this method, we only have to check (C1) and (C2)
for one pair consisting of a §¢ and a 8;.

3.3 Example

Consider again the system X handled in Sect. 2.2.1, where
ip := 0.2pu. Then, (11) in Lemma 1 is calculated as ip <
1.74 pu and thus is satisfied. For dg :=0.01 and 8; =1/2,
(18) provides co(dg) = —1.14 and 00(8;) = 0.243, from
which condition (C1) in Theorem 1 holds. Moreover, since
azl(ég') is calculated as om(&j{) = 0.375 from (19), con-
dition (C2) is ip < 0.375pu and ip := 0.2pu satisfies
it. Hence, there exists at least one equilibrium point on
(0.01, 7/2) x {0} from Theorem 1.

Meanwhile, we see from Fig. 3 that when ip := 0.2 pu,
the system X' has an equilibrium point on (0.01, 7 /2) x {0},
i.e., [1.17 0]", which demonstrates the above result.

4 Stability of equilibrium points

Next, we address (b) in Problem 1. That is, we analyze the
stability of the equilibrium points of the system X'.

4.1 Main result

We introduce the new state variable vector x(t) := [85(¢) —
8% 8s(H)]T € R? to shift the equilibrium point [§% 0] to
x = 0. Although the system X is a hybrid system from (7)
and (8),if sin §5 > 0, then there exists a set containing x = 0
on which ¥ can be regarded as a non-hybrid system. In this
case, it follows from (6), the first equations of (7) and (8),
and (9) that the linearized system around x = 0 is expressed
as

(1) = Ax(1), 31)
where
0 1
A= .. D], (32)
az1 (85) Y
for
(5*) . VsV COS 5; erSip Sin(8§ — 33(8§))

P T MG o) Ms +7r1)

(1 1 (rgrzvsvooip sin &%

X - *
TOON Jrep —rirti

+ rfv% + T VS Voo COS 8;)) (33)
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An investigation of the eigenvalues of the matrix A enables
us to analyze the stability of the equilibrium point [8% 01"
(satisfying sin 85 > 0).

As a result, we obtain the following theorem.

Theorem 2 For the power system X, assume that (11) holds
and there exists the equilibrium point [8% 01" satisfying
sinds > 0. Then, the equilibrium point is asymptotically
stable if 85 € (0, 7/2).

Proof From (32), the eigenvalues A; and A, of A are given

by
—D — /D% +4ay (8)M
A= , (34)
2M
—D + ,/D? +4ay ()M
Ao = . (35)
2M

Therefore, it follows from M, D € R that the equilibrium
point [87 0] is asymptotically stable if az (85) < 0. The
proof of az1 (85) < 0is shown in Appendix C, which proves
the theorem. O

Theorem 2 characterizes the asymptotically stable equi-
librium points of the system X'. This result means that the
equilibrium points found by Theorem 1 are asymptotically
stable. That is, Theorem 1 presents a sufficient condition for
the existence of the asymptotically stable equilibrium points.

4.2 Examples

Consider again the system X' handled in Sect. 2.2.1. As given
in Sect. 3.3, a condition for the existence of the equilibrium
pointsis ip < 0.375 pu.

Forip := 0.1, 0.2, 0.3 pu satisfying the above condition,
we calculate 8 in the interval (0, ) by numerically solving
(10) and then obtain A; and A, in (34) and (35). The result
is summarized in Table 1 where j := /—1. We see that the
equilibrium points satisfying 85 € (0, 7r/2) are asymptoti-
cally stable because the real parts of the corresponding A
and A; are negative. This demonstrates Theorem 2.

As an example of the time response of the system X,
that with ip := 0.3pu is presented in Fig. 5, where
(85(0), 85(0)) := (1.2, —0.3) and the thin line expresses
ds = 1.31, i.e., 8% in the asymptotically stable equilibrium
point. It turns out that 85(¢) converges to 8;.

5 Conclusion
This paper has examined the existence of equilibrium points

and their stability for a power system with a PV generator. By
focusing on a property of the equilibrium points and using

Table 1 Stability of equilibrium points (o: asymptotically stable; x:
unstable)

iplpul &% A A2 Stability
0.1 106 —0.143—6.07j —0.143+6.07j o
209  —6.23 5.95 x
0.2 117 —0.143—-548j  —0.143+548] o
199  —5.64 5.36 x
0.3 131 —0.143—4.49]  —0.143+4.49j o

1.85 —4.65 4.37 X

1.5 T T T T T
< -
Z Jyvvy

1.2 b

0 5 10 15 20 25 30
t [s]

Fig.5 Time response of X' withip := 0.3 pu

the intermediate value theorem, we have derived a condi-
tion under which the equilibrium points exist. Furthermore,
we have characterized the asymptotically stable equilibrium
points and have proven that these points are found by the
existence condition. These results not only clarify the effect
of PV penetration on small-signal stability, but are also use-
ful to construct a power system with a PV generator with
asymptotically stable equilibrium points.

Although this paper has presented a solution to the stabil-
ity analysis problem, other problems remain to be addressed.
For example, it would be necessary to extend our result to
power systems consisting of multiple synchronous genera-
tors and PV generators. In addition, our result would have to
be extended to controller design for power systems with PV
generators.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

A Derivations of (6) and (7) [10]

Let ae/? be the complex number with the absolute value a
and the argument §, where ¢/? = cos 6 + j sin 6. In addition,
let Z be the complex conjugate of the complex number z.

@ Springer
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Consider the power system X' in Fig. 1. We have

; vpel%8 — v
: +ipel? = T, (36)
Jrs Jre

vsel®s —vpelds

as a circuit equation. This can be rewritten as

rrvsel O 708)  jrerip + rsvece /08
vp = . 37
rs+rrL

Thus, the complex power of the generator G is given by

vse /% —ygeiB

vsej‘ss
—Jrs
VSVso SIN 85 — rpvsip cos(8s — 8p(3s))
- rs+rr
+ ( V§Voo COS 85 + rrvsip sin(8s — 85(Ss))
/ rs+rr
2 2
v rLvg )
4+ =—-—7. (38)
rs  rs(rp +rs)

By focusing on the real part of the right-hand side of (38),
we obtain (6).

Next, we derive (7). From vp € Ry, §p is determined so
that the imaginary part of the right-hand side of (37) is equal
to zero. Hence, we obtain

rpvs sin(8s — 8p) + rsrrip + rsvso Sin(—4ép)
= rpvs(sindscosdp — cosdgsindp)
+ rsrpip — rsveo Sindp
= rpvgsinds cosdp
— (rpvs cosds + rsvsg) Sindp + rsrrip
=0, (39)

where the first equality is given by a trigonometric addition
formula. For (39), we consider the following two cases.

(a) Caseof sindg # 0: Combining cos § g and sin § g in (39)
yields

V (rLvs sin85)2 4 (rpvs cos 8s + rsvog)?
X COS(SB =+ ¢(85)) = —rgrrip. (40)

Equation (40) implies the first equation of (7).
(b) Case of sin és = 0: By substituting sin §s = 0 into (39),
we obtain the second equation of (7).

From (a) and (b), (7) is derived.

@ Springer

B Derivation of (C2) in Theorem 1
B.1 Preliminary

We prepare the following lemma.

Lemma 2 Considerciy(8s), c2(8s), andci1(8s) in (20), (21),
and (26). These are negative for every 55 € (0, m/2].

Proof From (20)—(22), (26), and sinds > 0 and cosdg > 0
for every 85 € (0, /2], we prove the lemma. O

Lemma 2 leads to the following result.

Lemma 3 Consider a1 (Ss) in (19). Let

—c12(8s5) + /¢, (85) — 4ca(85)co(8s)

an(ds) = 3639) )
—c113s) =/}, (B5) — 4ea(B5)co 5s)
a1 (8s) == 26 03) .

Then, the following statements hold.

(a) For every 8; € (0, /2] satisfying 00(8;_) > 0in (CI)
in Theorem 1, oy (8;‘) and 0422(8;) are positive and
negative real numbers, respectively.

(b) For every 8¢ € (0, w/2) satisfying co(8g) < 0in (CI)
anafcfl (8g)—4ca(8g)co(8g) > 0, a11(8y) is anegative
real number.

Proof (a) From 8; € (0,7/2] and Lemma 2, we obtain
c12(83) < 0 and c2(8§) < 0. This and ¢o(8¢) > 0 imply

—cn(8y) — \/0122(5@ — 4e2(85)c0(83) < 0,

where ¢7,(88) — 4¢2(8{)co(88) > 0 is noted. Thus, it fol-
lows from (19) and ¢>(8§) < O that a1 (87) is a positive
real number. Meanwhile, (41), c12(85) < 0, c2(8¢) < 0,
and ¢1,(88) — 4c2(85)co(8F) > 0 show that o (8Y) is a
negative real number. This completes the proof of (a).

(b) From é¢ € (0, 7/2) and Lemma 2, we have ¢ (85 ) <
0 and c11(85) < 0. Therefore, it follows from co(dg) < 0
that

—e11(5) — /3, 65) — dea (850 (85) > 0.

where c%l(ég) —4c2(8g)co(8g) > 0 is used. This, together
with (42) and c2(85) < 0O, proves (b). O

Lemma 3 provides the properties of the solutions to the
quadratic equations

2(85)ip + cn(8y)ip + co(8y) =0, (43)
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2 (8D)id + cn@ip +co(8F) =0. (44)

By using these properties, we derive (C2) in Theorem 1 in
the next section.

B.2 Main part

Condition (C2) is given as a solution to the simultaneous
inequalities of (28) and (30). In what follows, we solve each
inequality and then show (C2).

B.2.1 Solution to (28)

First, we consider (43). This has three types of solutions
depending on the value of c% 18g) —4ca(8g)co(8g ). Hence,
(28) also has three types of solutions, which are described as
follows.

(a) Case of 0121 (8g) —4ca(8g)co(8g) > 0: Equation (43)
has the two real solutions ip = a1(85) and ip =
a12(8g) where

—c11(85) + 4/}, (8s) — 4ca(8s)co(Ss)

2¢2(8s)

a12(ds) =
(45)

We should notice that o12(8g) < a11(8g) from
2 (8;‘) < 0 in the proof of Lemma 3. This fact and
2 ((S;r) < 0 show that a solution to (28) is expressed as

ip <oap(dg) or ip > ay(dy). (46)

(b) Case of c%l (8g) —4c2(8g)co(84) = 0: The solution to
43)isip = —c11(85)/(2c2(85 ). Therefore, it follows
from ¢2(85) < O in the proof of Lemma 3 that ip #
—c11(85)/(2c2(85 ) solves (28). This means that (28)
holds for every ip € R since —c11(85)/(2c2(8g)) <
0 from c;1(8g) < O in the proof of Lemma 3 and
c2(85) < 0.

(c) Case of c%l(SS_) —4c2(8g)co(8g) < 0: There are no
real solutions to (43), which implies that (28) holds for
every ip € Roy because of ¢2(85) < 0.

B.2.2 Solution to (30)

We next consider (44). Since c%2(5§) — 4C2(3;)Co(5;) >0
as shown in the proof of Lemma 3, (44) has the two real solu-
tionsip = a1 (8) and ip = 02 (8). This and ¢2(85) < 0
imply that

an(83) <ip < a21(83) (47)

solves (30) because azz(éj{) < ang (6;) from Lemma 3.

B.2.3 Solution to (28) and (30)

The solution to be obtained satisfies both (28) and (30). Thus,
from the above discussion, we consider the following three
cases.

(a) Case of c%l (0g) —4ca(8g)co(dg) > 0: From (46) and
(47),asolution to (28) and (30) is givenby ip > a1 ()
and apo (8;‘) < ip < ap| (6;‘). Therefore, by noting
a11(8y) < 0,21(8¢) > 0, and @ (87) < 0in Lemma
3, we obtain (C2) in Theorem 1.

(b) Case of c%l((SS_) —4c2(8g)co(8g) = 0: As mentioned
in (b) in Appendix B.2.1, (28) holds foreveryip € Rq.
Hence, in a similar way to that in (a), we obtain (C2) as
a solution to (28) and (30).

(c) Case of 0%1(85_) —4c2(8g)co(8g) < 0: Similar to (b),
we obtain (C2) as a solution to (28) and (30).

From (a)—(c), we derive (C2) in Theorem 1.

C Proof of a21(6%) < 0in proof of Theorem 2

We show az1(85) < O by considering the following three
cases for sin(6§ — dp (8 )) in az1(8%) in (33).

C.1 Case of sin(65 — 8p(65)) >0

If 65 € (0, w/2), then sin((Sg) > (. Furthermore, Lemma 1
means that (12) holds for every 85 € (0, 7r/2) subjectto (11).
Thus, the first equations of (7) and (8), and (1)—(4) provide

rsrrip(rpvs + rsvso COS(SE)
1 (8%)
T'sVoo SiN 8/ f(8%) — r?r% 120

. (48
+ 763 (48)

sm(SS — 33(5 ) =—

From a similar discussion to that in the proof of Theorem 1,
f(8%) > 0 holds for every 65 € (0, 7/2). Hence, (48) and
sin(85 — 8p(8%)) > 0 imply

F§Uoo Sin 85/ £ (8%) — ririi%
> rsrrip(rLvs + rsvog €08 8%). (49)
For a1 (8%) in (33), (49) yields

3.2 25 «in2
rgriVsvs.ip sin” 8§

oy~ it

r%r% V§Usol p SIN 5*

oy~ it

'sVoo SiN 85
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rgrg vsvZip sin? 5%

rsrrip(rLvs + rsvoeo €8 8%)
2 2 a2 ok

_ FSrLvsvs, sin” 85 (50)
FLUS + I'SUso COS 85

In addition, we obtain

f(s_;') f(a*) 2.2:2

1 (rgrzvgvooip sin &%
rsrrtp

+ r%v% + rsrLVUsUso COS (Sg)

: *
- 1 rSersvoo sin? 55
f(8%) \rLvs + rsveo cos 8

_ 1 erS(r
)

rpvs
FLUS + F§Voo COS 8%

<1, (S

+ rl% v§ + rsrpvsUso COS 8;)

S, sin 8* + (rpvs + rsveo COS 6;)2)
rLVUS + F§Uso COS 6

where the first inequality is derived by (50) and f(6%) > O for
every 85 € (0, 7r/2), the second and third equalities are given
by a simple calculation and (22), respectively, and the last
inequality follows from cos 8§ > 0 for every &% € (0, 7/2).
This, together with (33), cos 85 > 0, and sin(85 — 5 (85)) >
0, shows az1 (%) < 0.

C.2 Case of sin(65 — 8p(65)) <0

In a similar way to that in the previous section, we have

2.2 L 2 2 2
FSr; UsVool p Sin 85 FSrLVs Vs, Sin~ 85

16—}

T (52)
FLUS + F§Vso COS 85

instead of (50). Thus, similar to (51), we obtain

2.2 . : *
1 r§ryvsVool p SIN 3%
) S L — +rzv§+r5er5voo cos 8
N f(85) —rgrii
stLtp
rpvs
> . (53)

FLUS + FsVeo COS 8
This and (33) provide

USUoo COS8G  rpvsip sin(8§ — 8p(8%))
M(rs +rr) M(rs +rr)

rpvs
x|1— <
FLUS + Fsvoo €OS 8%

1 .
=———— | vsvso cOS 8§ + rrusip

ax (83) < —

M(rs +rL)
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rsrrip(rovs + rsveo cos 8%)
X —
f(8%)

TsVoo 8IN 85,/ f(8%) — r r z
+
f(83)

rpvs
x (11— <
rLUS + I'svso €08 8%

1 r2r2 Vg Vool cOS 8%
= —————— | VsV COs 85 — STL S oolp S
M(rs +rL) f(8%)

+rSer5v001p sin 85 cos 85,/ f(8%) — rSrL P)

F (83 (rLvs + rsveo cos 8%)

(54)

where the first inequality is obtained from (53) and sin(8% —
8p(83)) < 0, the second equality follows from (48), and the
last one is given by a simple calculation. Thus, we obtain

a» (83) < — V§Uso COS 85

M(rs +rp)

(FLVS — r'sVoo)2UsUno COS 5%

f(8%)

2 L / 2.2:2
+VSFLU5UOOZP sin 8% cos 85/ f(8%5) — rsriip

f(85) (rLvs + rsvee cos 8%)

1 ZVS’”LUS cos §5(cos 65 + 1)
M(rs+rr) ACH)

+rSer5voolp sin 8 cos 85,/ f(8%) — r%rz %

F(85) (rpvs + rsvoo cos 8%)

<0, (55)

where the first inequality is derived by (11) and f(83) > 0
for every 6% € (0, 7/2), the second equality is given by (22),
and the last inequality follows from sin §5 > 0, cos 85 > 0,
and f (&%) > O forevery 65 € (0, 7/2). From (55), the proof
is completed.

C.3 Case of sin(65 — 6p(65)) =0

As a direct consequence of (33) and cos 85 > 0 for every
85 € (0, /2), ax1(85) < 0O is established.
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