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Abstract
Foundations are provided for rank-dependent preferenceswithin the popular two-stage
framework of Anscombe–Aumann, in which risk and ambiguity feature as distinct
sources of uncertainty. We advance the study of attitudes towards ambiguity without
imposing expected utility for risk. As a result, in our general model, ambiguity attitude
can be captured by non-additive subjective probabilities as under Choquet expected
utility or by a specificutility for ambiguity as in recursive expectedutility or, if required,
by both. The key property for preferences builds on (discrete) rates of substitution
which are standardly applied in economics. By demanding consistency for these rates
of substitution across events and within or across sources of uncertainty, we obtain a
model that nests popular theories for risk and ambiguity. This way, new possibilities
for theoretical and empirical analyses of these theories emerge.

Keywords Ambiguity · Recursive expected utility · Risk · Substitution consistency ·
Source-dependence · Source and rank-dependent utility

JEL Classification C78 · C91 · D81 · D90

1 Introduction

The standard model of rational choice under uncertainty in economics has indepen-
dently been developed for two distinct sources of uncertainty. Expected utility for
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risk (EU; von Neumann and Morgenstern 1944) models situations where probabili-
ties are exogenously known. For ambiguity subjective expected utility (SEU; Savage
1954) formalizes choice behavior when probabilities are unknown. Subsequently, a
two-source derivation of SEU was provided by Anscombe and Aumann (1963; AA
henceforth). As the objects of choice in the AA-setup are of a two-stage hybrid type,
with ambiguous events leading to risky lotteries, subjective probabilities for events
can be recovered from objective ones. Despite its normative appeal, SEU suffers from
many descriptive shortcomings, such as non-linear probability weighting under risk
(Tversky and Kahneman 1992) and ambiguity aversion (Ellsberg 1961). Popular gen-
eralizations of SEU within the AA-setup have maintained EU for risk (Schmeidler
1989; Gilboa and Schmeidler 1989; Klibanoff et al. 2005; Maccheroni 2004). This
paper provides a generalization of SEU to ambiguity within the AA-setup which devi-
ates from EU for risk.

Our model, called source and rank-dependent utility (SRU), supplements Schmei-
dlers’ (1989) Choquet EU (CEU) with two descriptively desirable features. SRU takes
rank-dependent utility (RDU) for risk as proposed by Quiggin (1982) and integrates
this into Schmeidler’s model in a source-dependent fashion. The accumulated exper-
imental evidence shows that the restriction of the key normative axioms of the EU
framework to subsets of one-stage objects of choice with a given rank-ordering of
outcomes can account for the Ellsberg (1961) paradoxes under ambiguity as well as
the Allais (1953) paradoxes under risk (Wakker 2010). According with the empiri-
cal evidence, SRU incorporates within-source rank-dependence for outcomes in the
evaluation of two-stage acts. Moreover, SRU allows the utility of outcomes to be
source-dependent as in recursive EU-type models (Nau 2006; He 2021). By using the
AA-setup with a continuum of outcomes, we obtain an SRU preference representation
in a continuous ordinal utility framework as in standard consumer theory (Debreu
1959). To this aim, we provide a general preference principle called substitution con-
sistency.We show that, in the presence of standard axioms, a within-source application
of substitution consistency characterizes SRU.

To our knowledge, substitution consistency is the first source-dependent extension
to the AA-setup of the so-called tradeoff consistency property that was initially used
in one-stage settings to obtain EU or RDU for risk (Wakker 1989; Chateauneuf and
Wakker 1999) and SEUor RDU for ambiguity (Wakker and Tversky 1993; Köbberling
andWakker 2003). Original tradeoff consistency was also used to obtain other non-EU
models such as regret theory (Diecidue and Somasundaram 2017) or purely subjective
Maxmin EU (Alon and Schmeidler 2014). Other versions of tradeoff consistency have
been applied to case-based decision making (Gilboa et al. 2002), extreme outcome
separability (Alon 2014), probabilistic settings (Abdellaoui 2002; Werner and Zank
2019), probability dependent EU (Kübler et al. 2017), and to the general class of
biseparable preferences (Ghirardato and Marinacci 2001; see Köbberling andWakker
2003; or Chateauneuf et al. 2021). For SRU we provide a source-dependent extension
of rank-dependent tradeoff consistency.

Putting aside the deviations from EU for risk, SRU combines two prominent yet
hitherto distinct approaches to ambiguity. The first views ambiguity attitude as being
driven by utility and this is accounted for by an ambiguity function. In recursive EU
theories (REU; Dobbs 1991; Klibanoff et al. 2005; Nau 2006; Chew and Sagi 2008;
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Ergin and Gul 2009; Neilson 2010; Cappelli et al. 2021; He 2021), ambiguity aversion
is reflected as a concave transformation of the risky utility. The second approach is
due to Schmeidler (1989). It accounts for ambiguity attitude through non-additive
subjective probabilities. Specifically, events are assigned decisions weights inferred
from a non-additive probabilitymeasure on the state space, i.e., a capacity. In SRUboth
the ambiguity function and the capacity are identified as potential channels through
which ambiguity can be revealed. Consequently, SRU nests popular approaches to
ambiguity and, thereby, allows for an improved descriptive analysis and empirical
comparisons of these approaches within a common framework.

The replacement of probabilities bydecisionweights, inSRUfor both risk and ambi-
guity, accords with the accumulated empirical findings of the last three decades. For
risk, a long list of findings shows that individuals overweight small probabilities and
underweight moderate and large probabilities (e.g., Bruhin et al. 2010; Wakker 2010).
For ambiguity, empirical evidence points to ambiguity aversion for moderately likely
and likely events paired with ambiguity seeking for unlikely events (e.g., Trautmann
and Wakker 2018). The advantages of adopting RDU to empirically study ambiguity
within a two-source framework has recently been demonstrated in Dimmock et al.
(2016). Likewise, SRU’s flexibility to study ambiguity as a utility driven attitude,
echoes the approach taken in recent empirical studies that assume REU (Chakravarty
and Roy 2009; Cubitt et al. 2018, 2020). Descriptively, SRU can serve as a model
where deviations from EU caused by probability weighting for risk, non-additivity of
subjective probabilities and utility-driven deviations attributed to source-dependence
can be disentangled. For instance, SRU can be used to quantify the utility driven
ambiguity in REU while factoring out the other deviations.

From a preference foundation perspective, substitution consistency is a standard
utility identification tool, here applied to specific subsets of acts. The principle uses a
preference-based comparison of outcome substitutions that is directly related to com-
parisons of utility differences. As observed in Baillon et al. (2012), comparisons of
outcome substitutions canmakemarginal rates of substitution observable from choice.
More recently, Baillon and l’Haridon (2021) invoke utility differences to demonstrate
how the discrete version of the Arrow-Pratt relative and absolute indexes of risk aver-
sion are be made observable directly from choices over specific acts. Similarly, in
our continuous utility setup, when applied to specific subsets of acts, substitution
consistency can be interpreted as the requirement for discrete rates of substitutions
to be independent of the events or probabilities used to infer them. This is reminis-
cent of Gorman’s 1968 conditions for additive separability that invoke independence
of marginal rates of substitution across consumption time periods. Likewise, Werner
(2005) shows that, for a risk averse agent whose preferences are represented by an
additively separable utility, SEU requires marginal rates of substitution (conditional
on different states) derived from first-order optimality conditions, to be proportional
and, hence, independent of those states. As a result a cardinal utility function can be
identified.

For empirical applications, the outcome substitution tool behind substitution con-
sistency advances the identification of utility by circumventing deviations from EU.
We incorporate this desirable feature by proposing a source-dependent version of this
consistency principle which enables us to identify both the utility for risk and the
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ambiguity function of SRU. It turns out that, in the presence of standard axioms, a
full-force application of this consistency principle results in SEU (Theorem4). In other
words, when combined with monotonicity, an unrestricted application of our consis-
tency principle boils down to the requirement that the famous normative sure-thing
principle holds in an “across-source” fashion, i.e., jointly for risk and ambiguity.When
substitution consistency is demanded within sources, we identify a specific utility for
ambiguity, in addition to the utility for risk; hence, we obtain REU (Theorem 7). Fur-
thermore, when substitution consistency is applied to specific subsets of acts where
the rank-ordering of outcomes matters for ambiguity and separately also for risk, we
obtain SRU (Theorem 12). The across-source version of rank-dependent substitution
consistency delivers SRU with a source-independent utility (Corollary 14). We note,
without detailed elaborations, that our consistency principle is also applicable when
probabilities for events are known from the outset (e.g., Segal 1987b).1

For comparative analyses, Baillon et al. (2012) proposed a technique to analyze
relative concavity of utility for risk and for ambiguity using one-stage objects of choice
under REU. Our work shows how to generalize their technique to two-stage acts and,
thereby, extend their results from REU to SRU. These applications are presented in
Sect. 6. The next section presents basic definitions. Section 3 formally introduces SRU.
In Sect. 4 we introduce our consistency principle and derive preference foundations
for SEU, REU, and SRU. Subsequently, in Sect. 5 we relate our results to the literature.
We provide descriptive applications in Sect. 7 before we conclude; the “Appendix”
contains proofs.

2 Preliminaries

This section presents notation and definitions for risk and ambiguity. Subsequently,
traditional preference conditions that imply a continuously ordinal representation of
preferences are invoked; in our framework they allow for the derivation of conditional
certainty equivalents. The latter are used to generalize Schmeidler’s (1989) notion of
comonotonicity to include source-dependence.

2.1 Lotteries

Let L denote the set of all lotteries (finite probability distributions) over R, the set of
deterministic outcomes. A lottery that gives outcome x j with nonnegative probability
p j , for j = 1, . . . ,m, is denoted by x̂ = (p1 : x1, . . . , pm : xm).2 The subset of
lotteries for which the m-tuple of probabilities p = (p j )

m
j=1 is commonly fixed is

denoted Lp, i.e.,

Lp = {(p1 : x1, . . . , pm : xm) ∈ L : x j ∈ R}.
1 Machina (2014, p. 3836) highlights Segal’s model as belonging to the class of generalizations of SEU
that can accommodate the Machina (2009; 2011; 2014) paradoxes for several ambiguity aversion models.
This remark extends to two-stage models such as SRU and models where the outcomes of lotteries are
(conditional) Savage-acts (He 2021).
2 For binary lotteries we sometimes use xp y instead of (p : x, (1 − p) : y), p ∈ (0, 1).
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The setL↓
p denotes the subset ofLp for which outcomes are ordered from best toworst,

i.e., x1 ≥ · · · ≥ xm . More generally, when the latter ordering of outcomes matters,
we indicate this by denoting the set of lotteries as L↓ instead of L. For x̂ ∈ Lp and
outcome α we write

α j x̂ := (p1 : x1, . . . , p j−1 : x j−1, p j : α, p j+1 : x j+1, . . . , pm : xm)

for the lottery with the j-th outcome replaced by α; then p j > 0 is implicit. In the

sequel, when x̂ ∈ L′ ⊂ L, the notation α j x̂ means that α j x̂ ∈ L′ (e.g., when L′ = L↓
p

the restriction x j−1 ≥ α ≥ x j+1 applies).
Under expected utility (EU) for risk, the value of a lottery x̂ = (p1 : x1, . . . , pm :

xm) ∈ L is given by EU (x̂) = ∑m
j=1 p ju(x j ), where u is a cardinal utility (unique

up to origin and unit), i.e., a strictly increasing real-valued function for outcomes. In
our setup utility is continuous.

Rank-dependent utility (RDU) extends EU by allowing for non-linear probability
weighting (Quiggin 1982; Segal 1987a; Wakker 1994). Under RDU, the value of a
lottery x̂ = (p1 : x1, . . . , pm : xm) ∈ L↓ is given by

RDU (x̂) =
m∑

j=1

π̂ j u(x j ). (1)

In Eq. (1), u is as in EU and π̂ j is a decision weight defined as π̂1 = w(p1) and

π̂ j = w(
∑ j

l=1 pl)−w(
∑ j−1

l=1 pl) for j = 2, . . . ,m,wherew is aprobabilityweighting
function on the unit interval (i.e., w is strictly increasing and satisfies w(0) = 0 and
w(1) = 1). In our setup, w need not be continuous at 0 or at 1; such discontinuities
have been supported empirically and theirmerits have been discussed in the literature.3

If w is the identity function, then RDU reduces to EU.

2.2 Acts

We assume that S is a finite set of (at least two) states of the world and A an algebra
of subsets, called events, of S. We say that an event E occurs if any state in it occurs.
A two-stage act is a finite-valued function from S to L. We denote by A the set of all
such acts which are measurable w.r.t. A. Let E := (Ei )

n
i=1 be a n-tuple of pairwise

disjoint events partitioning S such that Ei ∈ A for i = 1, . . . , n. In the sequel E is
called an ordered partition (partition for short) of S. An act that gives the lottery x̂i if
Ei , i = 1, . . . , n, occurs is denoted by x = (E1 : x̂1, . . . , En : x̂n). When each lottery
x̂i in x is a deterministic outcome xi , i = 1, . . . , n, then x is called a one-stage act.
For a given partition E , AE denotes the set of acts based on that partition. Note that
A = ∪EAE .

For event E from partition E and act x, xE represents the restriction of x to event
E . For an act x ∈ AE , event E from E and lottery ŷ we write ŷEx for the act that

3 See, e.g. Kahneman and Tversky (1979), Birnbaum and Stegner (1981), Bell (1985), Lopes (1986), Cohen
and Jaffray (1988), Gilboa (1988), Cohen (1992), Chateauneuf et al. (2007), Webb and Zank (2011).
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gives lottery ŷ if event E occurs and otherwise coincides with x, that is, is identical
to xEc . We also employ the notation αEx instead of ŷEx if ŷ is the degenerate lottery
that gives outcome α with probability 1 . In the sequel, when we specify the set of
acts such that x ∈ A

′ ⊂ A, the notation ŷEx implicitly means that ŷEx ∈ A
′. For act

x from A
′ ⊂ A, outcome α, lottery x̂ ∈ Lp, and probability p j , j ∈ {1, . . . ,m}, we

write (α j x̂)Ex for the act that gives the lottery α j x̂ if event E occurs and coincides
with x otherwise. It is implicit in this notation that (α j x̂)Ex ∈ A

′ ⊂ A.
Subjective expected utility (SEU) evaluates a two-stage act x ∈ AE , E = (Ei )

n
i=1,

as follows:

SEU (x) =
n∑

i=1

πi EU (x̂i ), (2)

where πi and EU (x̂i ) stand, respectively, for the subjective probability of event Ei

and the EU-value of lottery x̂i , i = 1, . . . , n. We state explicitly that, for x̂ ∈ Lp with
p = (p1, . . . , pm), in SEU we have EU (x̂) = ∑m

j=1 p ju(x j ). In SEU, u is as in EU
and the subjective probabilities are uniquely determined.

2.3 Standard preference conditions

A preference relation is a binary relation � on A, with � (strict preference) and
∼ (indifference) as usual. An event E is null if for all lotteries x̂, ŷ and acts z we
have x̂Ez ∼ ŷEz; otherwise E is non-null. Unless otherwise specified, henceforth we
assume that A contains at least two disjoint non-null events. A function V : A → R

represents � on A if x � y ⇔ V(x) ≥ V(y) for all acts x, y ∈ A. If a representing
function exists then � is a weak order, that is, � is complete (x � y or x � y for all
acts x, y) and transitive.

Next, we present a monotonicity. It requires that, for an act x̂Ex where the event
E is non-null, improving a non-null probability outcome within the lottery x̂ results
in a preferred act. For all partitions E , each non-null event E from E , all tuples of
probabilities p = (p1, . . . , pm) and each p j > 0, j ∈ {1, . . . ,m}, all acts x ∈ AE
such that x̂ ∈ Lp, and all outcomes α, β, we have

α > β ⇒ (α j x̂)Ex � (β j x̂)Ex.

Monotonicity is defined in the strong sense, which ensures that utility in our models
is strictly increasing. Moreover, monotonicity implies that the probability weighting
function under RDU for risk is strictly increasing. Further, while monotonicity is mute
for null events, the condition ensures that decision weights and subjective probabilities
for (non-null) events are positive.

Given the assumption of a continuum of outcomes in our framework, we invoke the
following (finite-dimensional) continuity property. For a partition E = (Ei )

n
i=1 and

probability tuples pi = (pi1, . . . , p
i
mi

), i = 1, . . . , n, let

AE,(p1,...,pn) := {x ∈ A : x̂i ∈ Lpi , i = 1, . . . , n}.
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Clearly, AE,(p1,...,pn) is isomorphic to
∏n

i=1 R
mi . Continuity for � holds if for every

partition E = (Ei )
n
i=1, every collection of probability tuples pi = (pi1, . . . , p

i
mi

),
i = 1, . . . , n, and each act x ∈ AE,(p1,...,pn) , the sets

{y ∈ AE,(p1,...,pn) : x � y}
and

{y ∈ AE,(p1,...,pn) : y � x}

are closed in AE,(p1,...,pn).
Given that in the definition of continuity, AE,(p1,...,pn) being isomorphic to

∏n
i=1 R

mi , which is a connected subset of an Euclidean space endowed with
the Euclidean topology, we invoke a finite-dimensional continuity property. When
restricted to AE,(p1,...,pn), the weak order and continuity properties allow for a contin-
uously ordinal representation of the preference on that domain; the result was derived
by Debreu (1954). Because S is finite, by considering appropriate refinements of par-
titions and re-writing the lotteries conditional on events within that refined partition
such as to have a common probability-tuple within the relevant event, different con-
tinuous representations (say the one on AE,(p1,...,pn) and that on AE ′,(q1,...,qn′

)
)) can be

shown to be restrictions of a common general representation over all acts. In the proof
of our theorems, where this argument is used, the relevant refinements will be made
precise. That said, the continuity property employed here ensures that the considered
representations are only continuous in outcomes. We do not impose any continuity in
probabilities; the latter could be added, whenever needed, as an auxiliary assumption
without affecting any other aspect of our results or the subsequent analysis.

For a non-null event E and act x̂Ex, the conditional certainty equivalent (CE)
of lottery x̂ is defined as the deterministic outcome, CE(x̂) ∈ R, such that x̂Ex ∼
CE(x̂)Ex.4 It can be shown that, under weak order, continuity and monotonicity of
the preference�, such CEs always exist; in general the CEs depend on the event E and
xEc . We exclude such dependence: the preference relation � satisfies independence
of conditional CEs if for all non-null events E, F , acts x and lotteries x̂ we have
x̂Ex ∼ CE(x̂)Ex ⇔ x̂Fx ∼ CE(x̂)Fx.

The independence property demands that, for a given act, the CE of a lottery con-
ditional on an event is independent of that event and, by changing the event on which
the lottery obtains, the CE is also independent of the act outside the original event. We
summarize the implication for existence of conditional CE’s based on the properties
mentioned thus far.

Lemma 1 Let� be a preference relation onA that satisfies weak ordering, monotonic-
ity, and continuity. For each lottery x̂ , each act x and each non-null event E , there
exists a unique outcome CE(x̂) such that x̂Ex ∼ CE(x̂)Ex. Further, if additionally
independence of conditional CEs holds, we have x̂Fy ∼ CE(x̂)Fy for all acts y and
all non-null events F. 
�
4 For the sake of simplicity, we used notation CE(x̂) instead of the cumbersome CEE,x(x̂) that makes it
explicit that the conditional certainty equivalent may depend on both event E and act x.
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A consequence of Lemma 1 is that a constant act can be identified with the constant
one-stage act that replaces in each event the lottery by its conditional CE. Hence,
one can compare unconditional lotteries (identified with constant acts) using their
conditional CEs. In particular, one can use these CEs to rank-order lotteries within an
act, which is key in the models presented next. Henceforth, we assume that Lemma 1
holds.

3 Source and rank-dependence

This section presents two popular models of ambiguity: recursive expected utility
(REU) and Schmeidler’s (1989) Choquet expected utility (CEU). They are the bench-
marks for our approach to ambiguity. Subsequently, source and rank-dependent utility
(SRU) is introduced. SRU accounts for ambiguity in a utility-driven fashion as is done
in REU; additionally non-linear probability weighting for risk is invoked.

3.1 Recursive expected utility

To account for non-neutral attitude towards ambiguity, e.g. ambiguity aversion
(Ellsberg 1961), SEU was generalized in different directions. A popular approach
augmented SEU with a transformation φ of the EU-value of a lottery and, hence, of
the risky utility, u. This gives a general recursive expected utility (REU) theory of
ambiguity, where the act x ∈ AE , E = (Ei )

n
i=1, is evaluated by

REU (x) =
n∑

i=1

πiφ[EU (x̂i )]. (3)

When lotteries within an act x are replaced by their conditional CEs, the value
of the resulting one-stage act is

∑n
i=1 πi [φ ◦ u](CE(x̂i )). This makes it transparent

that the utility in REU is source-dependent: u captures attitudes towards risk and φ

captures attitudes towards ambiguity. In particular, aversion to ambiguity ismanifested
through a concave function φ, which is entirely independent of events; hence, the term
“utility-driven” ambiguity has emerged (e.g., Trautmann andWakker 2018). REU-like
representations include Klibanoff et al. (2005), Nau (2006), Chew and Sagi (2008),
Ergin and Gul (2009), Neilson (2010), and Grant et al. (2009).

3.2 Choquet expected utility

In Schmeidler’s (1989) Choquet expected utility (CEU) within the AA-setup, non-
neutral attitude towards ambiguity is captured by means of non-additive subjective
probabilities. The later result from the replacement of the subjective probability mea-
sure on the state space by a capacity.

Formally, a capacity is a measure ν : A → [0, 1], such that ν(∅) = 0, ν(S) = 1
and ν(E) ≥ ν(F) whenever E ⊇ F ; a capacity is strictly monotone if ν(E) > ν(F)

whenever E ⊇ F and E\F is non-null. If a capacity is additive (i.e., ν(E ∪ F) =
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ν(E) + ν(F) for all disjoint E and F), then it is a probability measure on A (Gilboa
1987; Wakker 2001).

A key concept in Schmeidler’s CEU is comonotonicity, which comes down to
a state-independent rank-ordering of lotteries. In our setup, acts x, y ∈ AE are
comonotonic if there do not exist non-null events Ek, Ek′ in E such that both
CE(x̂k) > CE(x̂k′) and CE(ŷk) < CE(ŷk′) hold. If preferences over lotteries are in
agreement with EU, this notion of comonotonicity is equivalent to that of Schmeidler
(1989). Given our Lemma 1, the subsets of acts denoted by

A
↓
E := {x ∈ AE : x̂i ∈ L↓, i = 1, . . . , n, andCE(x̂1) ≥ · · · ≥ CE(x̂n)}

contain only comonotonic acts, where the ordering of conditional CEs from best to
worst, implicitly means that the partition E = (Ei )

n
i=1 is ordered. The superscript

arrow in A
↓
E indicates that rank-ordering for of outcomes matters and has implications

for both the ordering of events (for ambiguity in the first stage) and the ordering of
probabilities (for risk in the second stage). Note that the set of acts AE is the union all
subsets A

↓
E ′ , where E ′ is a different ordering of the events in the partition E .

In our setup, CEU evaluates an act x ∈ A
↓
E as follows

CEU (x) =
n∑

i=1

πi EU (x̂i ), (4)

where, relative to SEU, decisionweightsπi = ν(∪i
k=1Ek)−ν(∪i−1

k=1Ek), i = 1, . . . , n,
replace subjective probabilities, and ν is a capacity. Source andRank-dependentUtility

Next, we formally introduce source and rank-dependent utility (SRU) where two-
stage acts are evaluated using non-additive probabilities for events as in CEU, source-
dependent utility as in REU, and RDU applies to lotteries.

Definition 2 Source and rank-dependent utility holds if the preference � on A is
represented by

SRU (x) =
n∑

i=1

πiφ[RDU (x̂i )], (5)

whenever the act x is from A
↓
E , E = (Ei )

n
i=1, where the decision weights πi =

ν(∪i
k=1Ek) − ν(∪i−1

k=1Ek), i = 1, . . . , n, are determined by a unique and strictly
monotone capacity ν, RDU is as in Eq.(1), and φ : u(R) → R is a strictly increasing
and continuous transformation function. Further, for fixed utility u the transformation
function φ is cardinal. Moreover, the utility function u can be replaced by au + b,
a > 0, b ∈ R, if φ is replaced by φ̂(·) = φ((· − b)/a). �

SRU does account for ambiguity attitude through both non-additive probabilities
and φ. If one takes the view that ambiguity attitude is not utility-driven, then the
transformation φ in SRU must be assumed linear; it can be dropped from Eq. (5). The
resulting model, abbreviated SRU*, is an extension of Schmeidler’s (1989) model as
it evaluates lotteries by RDU. Schmeidler’s CEU corresponds to a special case of SRU

123



958 M. Abdellaoui, H. Zank

Table 1 SRU and related preference representations considered

Models Component(s) accounting for attitudes towards
Ambiguity Probabilities
ν: additive? φ: linear? w: identity?

SRU Theorem 12 no no no

SRU* Corollary 14 no yes no

REU Theorem 7 yes no yes

SEU Theorem 4 yes yes yes

SRU* is a generalization of Schmeidler’s CEU

where both the transformation φ and the probability weighting functionw are identity
functions. If one takes the view that ambiguity attitude is not “event-driven” then the
capacity ν in SRU must be assumed linear. The resulting model is an extension of
REU that was alluded to in Klibanoff, et al. (2005, p. 1859) in which RDU instead of
EU is applied to lotteries.

4 Preference foundations

This section first introduces the tool of equivalent substitutions given the continuum of
outcomes. In our setup, such substitutions are defined in terms of indifferences of acts
taken from specific subsets ofA. These substitutions echo the notion of (marginal) rates
of substitution in traditional consumer theory. Equivalent substitution of outcomes
are made meaningful for preference representations in our AA-setup by requiring
an appropriate substitution consistency principle. Section 4.1 shows that “full-force”
substitution consistency captures the normative content of the sure-thing principle for
both risk and ambiguity, such that in the presence of the other standard axioms SEU
is derived. Section 4.2 shows that, when substitution consistency is required within
source, it supplements the classical SEU with a source-dependent utility, that is, REU
is obtained. Then, Sect. 4.3 shows that restricting substitution consistency to acts with
rank-ordered outcomes for both sources (i.e., for comonotonic acts over lotteries with
commonly rank-ordered outcomes) results in SRU.

4.1 Substitution consistency for SEU

Our general preference condition, called substitution consistency, fundamentally
requires a consistentmeasurement of utility. It demands that utility differences inferred
from choice, which are derived from what we term “equivalent substitutions of out-
comes,” are independent of the specified stimuli used to obtain them.

To introduce the intuition behind substitution consistency,wefirst invoke equivalent
substitutions of outcomes using acts from

AE |E,p := {x̂Ey : y ∈ AE , x̂ ∈ Lp},
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where E := (Ei )
n
i=1 is a partition of the state space, E is a non-null “gauge” event

from it, and p = (p1, . . . , pm) is a given m-tuple of probabilities.
We say that the substitution of outcome α for β is equivalent to the substitution of

outcome γ for δ if the indifferences

{
(α j x̂)Ex ∼ (β j ŷ)Ey,
(γ j x̂)Ex ∼ (δ j ŷ)Ey,

(6)

hold for acts (α j x̂)Ex, (β j ŷ)Ey, (γ j x̂)Ex, (δ j ŷ)Ey in some subset AE |E,p.
To further clarify the implications of equivalent substitutions, we present the fol-

lowing derivations in the main text. Under SEU, assuming E = Ek, indifferences (6)
imply

{
πk EU (α j x̂) + ∑

i �=k πi EU (x̂i ) = πk EU (β j ŷ) + ∑
i �=k πi EU (ŷi ),

πk EU (γ j x̂) + ∑
i �=k πi EU (x̂i ) = πk EU (δ j ŷ) + ∑

i �=k πi EU (ŷi ),
(7)

where subjective probability πk �= 0 because Ek is non-null.
Taking the difference of equations (7) simplifies to

EU (α j x̂) − EU (β j x̂) = EU (γ j ŷ) − EU (δ j ŷ), (8)

where EU (· j ẑ) = p ju(·) + ∑
l �= j plu(zl) for ẑ = x̂, ŷ in Lp. Consequently,

u(α) − u(β) = u(γ ) − u(δ) (9)

is obtained. This equation conveys the information that, under SEU, the substitution
of outcome α for β is equivalent in terms of utility difference to the substitution of
outcome γ for δ.

Suppose that there is some inconsistency in equivalent substitutions, for instance
that the following indifferences also hold

{
(α j ′ x̂ ′)E ′x′ ∼ (β j ′ ŷ′)E ′y′,
(γ j ′ x̂ ′)E ′x′ ∼ (δ∗

j ′ ŷ
′)E ′y′, (10)

with acts from some AE ′|E ′,p′ for some δ∗ �= δ. Assuming SEU, we can repeat the
preceding analysis to obtain u(α) − u(β) = u(γ ) − u(δ∗), which contradicts the
preceding equivalent substitutions as u is strictly increasing. It is therefore clear that
a preference principle that avoids such preference-based inconsistencies is not only
desirable but necessary for the identification of utility in SEU.

The following definition formalizes this consistency requirement for equivalent
substitutions by adding independence of equivalent substitutions from stimuli used to
derive the former.

Definition 3 Substitution consistency holds if for all outcomes α, β, γ, δ, all partitions
E, E ′, non-null events E from E and E ′ from E ′, probability vectors p=(p1, . . . , pm),
p′ = (p′

1, . . . , p
′
m′), and j ∈ {1, . . . ,m}, j ′ ∈ {1, . . . ,m′} we have
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(α j x̂)Ex ∼ (β j ŷ)Ey & (α j ′ x̂ ′)E ′x′ ∼ (β j ′ ŷ′)E ′y′,
& (γ j x̂)Ex ∼ (δ j ŷ)Ey ⇒ (γ j ′ x̂ ′)E ′x′ ∼ (δ j ′ ŷ′)E ′y′, (11)

whenever all acts in the left pair of indifferences are from AE |E,p and all acts in the
right pair of indifferences are from AE ′|E ′,p′ . �

In the presence of the standard assumptions of Lemma 1, SEU is satisfied if and only
if equivalent substitutions of outcomes derived from indifferences (6) are consistent
with those revealed from indifferences (10). We obtain the following result.

Theorem 4 Assume that � is a preference relation on the set of acts A. Then, the
following statements are equivalent:

(i) Subjective Expected Utility holds.
(ii) The preference relation� satisfies weak ordering, continuity, monotonicity, inde-

pendence of conditional CEs, and substitution consistency.

The probability measure for events is unique and the utility u is cardinal. �

The requirement of substitution consistency for SEU in Theorem 4 parallels how
the classical normative axiom for EU under risk, i.e., independence, is sometimes
presented. In particular, under EU for risk, independence can be split into a simple
dominance condition and a “substitution” axiom that allows for the replacement of a
lottery in a mixture by another equally good lottery. This normative principle can be
interpreted in terms of consistent measurement of utility (see Wakker 2010, section
2.6).5

Likewise, assuming standard axioms of a continuous weak order satisfying mono-
tonicity and independence of conditional CEs, Theorem 4 shows that the conjoint
compliance of substitution consistency andmonotonicity for all two-stage acts, results
in the normative SEUmodel. That is, together with Lemma 1, substitution consistency
boils down to requiring the normative sure-thing principle to hold for both ambiguity
and risk through consistency of revealed utility differences.

We have presented our derivation of SEU first in order to introduce the notion
of equivalent substitution in a familiar theory. Next we provide derivations for both
REU and SRU by restricting the domains of acts where the substitution consistency
is invoked.

4.2 Substitution consistency for REU

In contrast to SEU, REUuses a specific utility for ambiguity,φ◦u , in addition to utility
for risk, u. In our setup, the transformation function φ is a simple consequence of EU

5 To illustrate, assume that α ∼ X px , where α ∈ [x, X ] is a sure outcome, and X px is the lottery that gives
X with probability p , and x otherwise. Under EU with a normalized utility, this means that u(α) = p.
A mild version of substitution requires that the observed utility should not be affected if one considers
the indifference αλ x̂ ∼ (X px)λ x̂ obtained from probability mixing of the former indifference for any
probability λ and any lottery x̂ , i.e., again we should obtain u(α) = p. This shows that the main normative
condition in EU essentially requires that utilitymeasurement should not be impacted by a probabilitymixing
that involves other common stimuli.
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holding separately for ambiguity on the one hand, and for risk in the other hand. We
implement this by requiring our substitution consistency of definition 3 to hold within
each source of uncertainty, i.e., for risk and separately ambiguity, but not necessarily
across these sources. In terms of utility, substitution consistency for risk speaks to
consistent utility differences in terms of the u-scale, while substitution consistency for
ambiguity speaks to consistent utility differences in terms of the (φ ◦ u) -scale.

The following definition restricts the application of substitution consistency to risk.
It states that, if acts x and y in condition (11) coincide outside the “gauge” events E
and E ′, then consistent substitutions under risk are meaningful for choice behavior.

Definition 5 Substitution consistency for risk holds if condition (11) in Definition 3
is satisfied whenever xEc = yEc and x′

E ′c = y′
E ′c . 
�

We noted earlier that, for SEU, condition (11) is necessary for the identification of
source independent cardinal utility. Although the technical arguments used next are
similar, we think it is important to elaborate that, for REU, substitution consistency
for risk is necessary for the identification of u. To illustrate how ambiguity captured
by φ is circumvented, assume that the left hand indifferences in condition (11) hold
together with xEc = yEc where E = Ek . Under REU, this implies

{
πkφ[EU (α j x̂)] + A = πkφ[EU (β j ŷ)] + B,

πkφ[EU (γ j x̂)] + A = πkφ[EU (δ j ŷ)] + B,
(12)

where A = ∑
i �=k πiφ[EU (x̂i )] and B = ∑

i �=k πiφ[EU (ŷi )] are equal due to xEc =
yEc . As πk �= 0 and φ is strictly increasing, equations ( 12) simplify to EU (α j x̂) =
EU (β j ŷ) and EU (γ j x̂) = EU (δ j ŷ), where EU (· j ẑ) = p ju(·) + ∑

l �= j plu(zl)
for ẑ = x̂, ŷ in Lp. Therefore u(α) − u(β) = u(γ ) − u(δ) follows. Further, if it
were the case that for some feasible δ∗ �= δ both (α j ′ x̂ ′)E ′x′ ∼ (β j ′ ŷ′)E ′y′ and
(γ j ′ x̂ ′)E ′x′ ∼ (δ∗

j ′ ŷ
′)E ′y′ hold within some AE ′|E ′,p′ and x′

E ′c = y′
E ′c , we would

obtain a violation of the former equivalent substitutions statement (i.e., we obtain
u(α) − u(β) = u(γ ) − u(δ∗)). This means that substitution consistency for risk is
necessary for REU.

Next we restrict the application of substitution consistency to ambiguity. The cor-
responding property demands that equivalent substitutions with acts from AE |E,p that
are risk-free conditional on gauge event E (p j = 1), i.e., αEx ∼ βEy and γ Ex ∼ δEy
, must not be contradicted.

Definition 6 Substitution consistency for ambiguity holds if condition (11) in Defini-
tion 3 is satisfied whenever p j = p′

j ′ = 1. 
�
For REU the property in Definition 6 is a necessary identification tool for the

function φ◦u. It is important to note that the ambiguity function φ cannot be identified
separately from u, as the following analysis demonstrates. Starting with the left hand
indifferences in condition (11) together with p j = 1 (instead of xEc = yEc ), under
REU we obtain the equations (12), which imply φ[u(α)] − φ[u(β)] = φ[u(γ )] −
φ[u(δ)]. A violation of this equation can be derived if αE ′x′ ∼ βE ′y′ and γ E ′x′ ∼
δ∗

E ′y′ for some δ∗ �= δ. Therefore, substitution consistency for ambiguity is necessary
for REU.
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The following theorem proves that, in the presence of standard axioms in our AA-
setup, invoking within-source substitution consistency properties characterizes REU.

Theorem 7 Assume that � is a preference relation on the set of acts A. Then, the
following statements are equivalent:

(i) Recursive Expected Utility holds.
(ii) The preference relation� satisfies weak ordering, continuity, monotonicity, inde-

pendence of conditional CEs, substitution consistency for risk, and substitution
consistency for ambiguity.

Uniqueness results forφ and u hold as inDefinition 2. Further, the probability measure
for events is unique. 
�

As explained earlier, REUpreserves the normative appeal of EUwithin each source.
Across sources, REU allows to capture discrepancies from SEU through the curvature
of φ. For instance, a concave φ accords with the ambiguity aversion revealed in the
famous two-color Ellsberg’s (1961) paradox. The following subsection aims at more
flexibility to accommodate source-dependence. Additional descriptive power is added
to REUby restricting substitution consistency to acts within specific subsets ofAE |E,p.

4.3 Substitution consistency for SRU

In this section we incorporate rank-dependence as proposed by Schmeidler (1989)
and Quiggin (1982) into substitution consistency for ambiguity and for risk, respec-
tively. This way, well-documented discrepancies from due to non-linear probability
weighting (risk) and non-additive subjective probabilities (ambiguity) are accounted
for. Those discrepancies hinder an unbiased identification of u and φ ◦ u in REU. By
restricting REU’s source-dependent substitution consistency properties to subsets of
acts where rank-dependence is controlled for, we obtain smaller domains of acts where
the normative content of the substitution principle still holds. The corresponding prop-
erties deliver SRU. Specifically, the rank-dependence considerations are reflected in
nonlinear probability weighting under risk and non-additive subjective probabilities
under ambiguity.

As SRU assumes RDU for risk, for each partition E , a non-null event E in it, and
act z ∈ A

↓
E , we use equivalent substitutions for acts from

A
↓
E |E,p := {x̂Ey : y ∈ A

↓
E , x̂ ∈ L↓

p}

that coincide outside of E . Under SRU, comparing an act x̂Ez to an act ŷEz in A
↓
E |E,p

boils down to the comparison of RDU-values of lotteries x̂, ŷ in L↓
p ⊂ Lp for which

outcomes are ordered from the best to the worst. The preference condition in the
following definition reduces the normative demand of EU under REU through the
restriction of substitution consistency under risk to lotteries in L↓

p .

Definition 8 Rank-dependent substitution consistency for risk holds if condition ( 11)
in Definition 3 is satisfied whenever all acts in the left pair of indifferences are from
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A
↓
E |E,p with xEc = yEc , and all acts in the right pair of indifferences are fromA

↓
E ′|E ′,p′

with x′
E ′c = y′

E ′c . 
�
To illustrate how the effect of ambiguity captured by φ is circumvented in the

presence of rank-dependence, assume that the left hand indifferences in condition
(11) hold together with xEc

k
= yEc

k
and all acts are in A

↓
E |E,p. Under SRU, this implies

{
πkφ[RDU (α j x̂)] + A = πkφ[RDU (β j ŷ)] + B,

πkφ[RDU (γ j x̂)] + A = πkφ[RDU (δ j ŷ)] + B,
(13)

where A = ∑
i �=k πiφ[RDU (x̂i )] and B = ∑

i �=k πiφ[RDU (ŷi )] are equal due to
xEc = yEc . Further, as the decision weight πk �= 0 cancels out and φ is strictly
increasing, equations (13) simplify to RDU (α j x̂) = RDU (β j ŷ) and RDU (γ j x̂) =
RDU (δ j ŷ), or equivalently

{
π̂ j u(α) + ∑

l �= j π̂lu(xl) = π̂ j u(β) + ∑
l �= j π̂lu(yl),

π̂ j u(γ ) + ∑
l �= j π̂lu(xl) = π̂ j u(δ) + ∑

l �= j π̂lu(yl),
(14)

where π̂l , l = 1, . . . ,m stand for decision weights under RDU for risk (see Section
2.1, equation (1)). Taking differences between the latter equations gives u(α)−u(β) =
u(γ )−u(δ),meaning that, under SRU, the substitution of outcomeα forβ is equivalent
to the substitution of outcome γ for δ in terms of utility under risk.

Remark 9 Note that equations (14) also hold under REU (with π̂ j = p j , j =
1, . . . ,m), meaning that, for indifferences between acts inA

↓
E |E,p that coincide outside

the gauge event E , equivalent substitutions for risk in REU agree with those for risk
under SRU (i.e., in terms of u-differences).

Clearly, under SRU, for δ∗ �= δ, if (α j ′ x̂ ′)E ′x′ ∼ (β j ′ ŷ′)E ′y′ and (γ j ′ x̂ ′)E ′x′ ∼
(δ∗

j ′ ŷ
′)E ′y′ hold for acts in A

↓
E ′|E ′,p′ with x′

E ′c = y′
E ′c , we obtain u(α) − u(β) =

u(γ ) − u(δ∗), which contradicts the preceding equivalent substitutions as u is strictly
increasing. Therefore, rank-dependent substitution consistency for risk is necessary
for SRU.

The following definition applies substitution consistency for ambiguity by tailoring
the normative demand of REU’s substitution consistency for ambiguity to sets of rank-
ordered acts. Specifically, we require that equivalent substitutions derived from acts in
A

↓
E |E,p that are risk-free (p j = 1) conditional on the gauge event E , i.e., αEx ∼ βEy

and γ Ex ∼ δEy, are not contradicted when derived from acts in A
↓
E ′|E ′,p′ that are

risk-free (p′
j = 1) conditional on event E ′, i.e., αE ′x′ ∼ βE ′y′ and γ E ′x′ ∼ δE ′y′

must also hold.

Definition 10 Rank-dependent substitution consistency for ambiguity holds if condi-
tion (11) in Definition 3 is satisfied whenever all acts in the left pair of indifferences
are from A

↓
E |E,p with p j = 1, and all acts in the right pair of indifferences are from

A
↓
E ′|E ′,p′ with p′

j ′ = 1. �
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Similarly to the derivations for REU, under SRU, if the left hand indifferences in
condition (11) hold along with p j = 1 with all acts from A

↓
E |E,p we obtain φ[u(α)]−

φ[u(β)] = φ[u(γ )] − φ[u(δ)].
Remark 11 For REU and SRU, equivalent substitutions for acts in A

↓
E |E,p that are

risk-free conditional on E agree. That is, on these specific subsets of rank-ordered
acts, REU and SRU coincide in terms of φ ◦ u.

Returning to Definition 10, if for δ∗ �= δ, both αE ′x′ ∼ βE ′y′ and γ Ex′ ∼
δ∗

Ey′ hold and all acts are in A
↓
E ′|E ′,p′ then SRU implies φ[u(α)] − φ[u(β)] =

φ[u(γ )] − φ[u(δ∗)], which contradicts the preceding equation φ[u(α)] − φ[u(β)] =
φ[u(γ )]−φ[u(δ)] given that φ◦u is strictly increasing. Consequently, rank-dependent
substitution consistency for ambiguity is necessary for SRU.

The following result shows that, in the presence of standard axioms in ourAA-setup,
rank-dependent substitution consistency conditions characterize SRU.

Theorem 12 Assume that � is a preference relation on the set of acts A. Then, the
following statements are equivalent:

(i) Source and Rank-dependent Utility holds.
(ii) The preference relation� satisfies weak ordering, continuity, monotonicity, inde-

pendence of conditional CEs, rank-dependent substitution consistency for risk,
and rank-dependent substitution consistency for ambiguity.

Uniqueness results hold as in Definition 2. 
�
One may now ask the question of what type of behavior is compatible with a source

independent but rank-dependent application of the substitution consistency principle.
The property that we formalize next characterizes a class of choice behavior that still
includes Schmeidler’s (1989) CEU as special case.

Definition 13 Rank-dependent substitution consistency holds if condition (11) of Def-
inition 3 is satisfied, whenever all acts in the left pair of indifferences are from A

↓
E |E,p

and all acts in the right pair of indifferences are from A
↓
E ′|E ′,p′ .

Rank-dependent substitution consistency implies rank-dependent substitution con-
sistency for risk and, separately, rank-dependent substitution consistency for ambigu-
ity. However, by requiring additionally that equivalent substitution for risk are also
equivalent substitutions for ambiguity, the effect of φ in Theorem 12 is neutralized.
That is, now equivalent substitutions derived from different sources are consistent
and, hence, they are source independent; this model is labeled SRU *. We obtain the
following result.

Corollary 14 Assume that � is a preference relation on the set of acts A. Then, the
following statements are equivalent:

(i) Source and Rank-dependent Utility holds with a linear function φ.
(ii) The preference relation� satisfies weak ordering, continuity, monotonicity, inde-

pendence of conditional CEs, rank-dependent substitution consistency.
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Uniqueness results for the capacity and probability weighting function hold as in
Definition 2; further, the source independent utility u is cardinal. �

The fact that the SRU* model comes down to Schmeidler’s (1989) model when
RDU for risk is replaced by EU, indicates the flexibility of SRU* to accommodate
descriptive behavior under risk. Moreover SRU* can be interpreted as a theory that
allows for a descriptive analysis of source-dependent probability weighting. To illus-
trate, assume that, in addition to SRU*, probabilistic sophistication holds, i.e., each
event E can be assigned a subjective probability P(E), so two-stage acts can be
replaced by corresponding two-stage lotteries, and that the latter objects of choice
are not necessarily evaluated by their EU (e.g., Machina and Schmeidler 1992). The
empirical question that results is whether the weighting function f that transforms
subjective probabilities for events, i.e., ν(E) = f (P(E)) is identical with the proba-
bility weighting function for risk w.6 If this hypothesis is confirmed, then we have a
justification for models like Segal’s (1987b) recursive RDU theory. This is a further
example that shows how flexible SRU is and that it delivers on our objective to provide
a unified setup in which many models of ambiguity, including the popular REU, can
jointly be analyzed and compared.

5 Related literature

In contrast to our general SRU model, the literature has addressed descriptive short-
comings of SEU related to ambiguity considerations separately from those related to
EU for risk. A first step to improve the descriptive power of preference representations
in the AA-setup would be to extend the global ambiguity aversion as suggested by
the two-color examples of Ellsberg (1961) while also addressing the preference for
certainty under risk captured by the certainty effect phenomenon in the examples of
Allais (1953). Such a model was recently proposed by Dean and Ortoleva (2017). It
invokes a multiple RDU model for risk with convex weighting functions (i.e., pes-
simism; Wakker 1994) within the ambiguity-averse multiple prior model of Gilboa
and Schmeidler (1989). Dean and Ortoleva propose a principle of preference for hedg-
ing (their Axiom 5) and use it to simultaneously capture pessimism under risk and
ambiguity aversion. For risk, their model identifies a set of convex probability weight-
ing functions from which the most pessimistic one is picked to evaluate lotteries (see
also Gumen et al. 2014).7 Universal ambiguity aversion is preserved in their setup
by invoking a preference for objective risk property (their Axiom 7). Structurally, in
addition to assuming a continuum of outcomes, as we do, Dean and Ortoleva also
maintain probabilistic mixing of acts as a tool, thus they also build on the richness of
probabilities. Cheridito et al. (2015) developed a related model by supplementing a
weak ordering satisfying upper semicontinuity on AA-acts (axiom A4) and convexity
(axiom A3) with monotonicity w.r.t. first-order stochastic dominance (axiom A2). In

6 The weighting function f : [0, 1] → [0, 1] is strictly increasing with f (0) = 0 and f (1) = 1.
7 Dean and Ortoleva’s (2017) multi-RDU for risk is conceptually related to Maccheroni’s (2004) model in
which Yaari’s (1987) dual theory is endowed with a set of convex probability weighting functions (see also
Safra and Segal 1998; Lemma 4).
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contrast to standard monotonicity, the latter axiom does not involve any implicit sepa-
rability or state-independence. In a subsequent approach, monotonicity with respect to
second-order stochastic dominance is invoked to account for risk averse preferences
in addition to ambiguity aversion. Overall, this provides a utility-driven account for
the Ellsberg and Allais examples.

Although the role of substitution consistency in SRU is similar to the role of prefer-
ence for hedging in Dean and Ortoleva’s (2017) model, the former can accommodate
more discrepancies fromSEU andEU than the ambiguity aversion and certainty effect.
These discrepancies fromEUare accounted for in SRUby imposing convexity for both
the capacity (Karni and Safra 1990; Wakker 2001) and for the probability weighting
function and, further, by assuming a source independent utility. However, the substi-
tution consistency principle is flexible and can be formulated to accommodate further
empirical regularities beyond just the Ellsberg and Allais-type behaviors. In particular,
SRU can account for the frequent empirical finding that people exhibit risk seeking for
low probability gains by overweighting small probabilities (Tversky and Kahneman
1992; Tversky andWakker 1995; Prelec 1998; Bruhin et al. 2010). Similarly, speaking
to ambiguity, SRU can account for the observed tendency of decision makers to be
ambiguity prone over unlikely events (e.g., Kilka and Weber 2001; Abdellaoui et al.
2005; Dimmock et al. 2016).

The SRU model provides foundations for non-additive probabilities, source-
dependent utilities and probability weighting without constraining the shape of these
components. Special cases of SRU-models, such as SRU* of Corollary 14 with
source independent utility, are still general. Indeed, SRU* extends Schmeidler’s (1989)
CEU-model by accounting for non-linear treatment of probabilities through an RDU-
evaluation of lotteries. In a Savagean-like two-source setup, using the richness of the
state space instead of a continuum of outcomes, Ergin andGul (2009) derived RDU for
ambiguity with EU for risk as in Schmeidler (1989). In their Theorem 4, they used a
comonotonic sure-thing principle (Axiom 6c), which can be considered a dual analog
of our rank-dependent substitution consistency for ambiguity.

In the presence of an exogenously given probability distribution on the state space,
the SRU* representation in Corollary 14 provides a basis for obtaining a represen-
tation of preferences for two-stage lotteries as in Segal’s (1987b) recursive model.8

By assuming RDU with a common probability weighting functions at both stages,
Segal accounts for Ellsberg-type behavior, identified with the decision maker’s atti-
tude towards second-order risk, along with Allais-type behavior in a fully objective
two-stage “decomposition” of acts. Our substitution consistency principle can bemod-
ified (through an adequate replacement of states by objective probabilities) to obtain
the exact (objective) representation of preferences required in Segal’s model similar to
Corollary 14, or a generalization that additionally accounts for a specific utility func-
tion for ambiguity similar to the result in our Theorem 12. From an empirical point
of view, Chew et al. (2015) report results in favor of the descriptive power of Segal’s
recursive model. Indirectly, these results also support the more general SRU. As indi-
cated above, the substitution consistency principle is flexible and enables aspects of

8 One can interpret Segal’s (1987b) model as “equating” reduction of compound lotteries and ambiguity
neutrality (Chew et al. 2015; Abdellaoui et al. 2015).
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it to be turned on and off for both ambiguity and risk as desired. This means that
many existing single-stage models for risk or ambiguity, such as those of Köbberling
and Wakker (2003), are nested as special cases of SRU.9 Popular two-stage models
developed in the AA-framework can alternatively be obtained as special cases of our
outcome continuum assumption through the addition of a linearity for probability
mixtures condition.

Thepreference foundations forREUare structurally close to themain representation
theorem in Nau (2006, Theorem 2). Like the latter, we adopt a dual approach to Ergin
and Gul (2009) and exploit the richness of a continuum of outcomes rather than a
rich set of states. Nau considers two finite collections of events A and B interpreted
as two logically independent sources of uncertainty with subjective probabilities in
source B in general being dependent on events from A (see also Mongin and Pivato
2015 for a recent contribution). Compared to the Savagean-like approach of Ergin and
Gul (2009, Theorem 3), our within-source substitution conditions intersect with their
comparative probability axioms (Axioms 5a, 5b, 5c) and a sure-thing principle applied
to sources (i.e., issues a and b in their Axiom 6).

The representation result in Theorem 4 provides an alternative approach to the
derivation of Anscombe and Aumann’s (1963) result. Relative to the latter, we do
not use any probability mixing and, therefore, we weaken the classical independence
axiom based on probability mixing of acts.10 Our structural changes to the AA-setup
mean that we deliver SEU with a continuous utility function. Our “full-force” sub-
stitution consistency allows for additive separability as well as the existence of a
state-independent utility function in one stroke. By focusing on the derivation of util-
ity, substitution consistency identifies, as a by-product, the subjective probabilities for
events. Clearly, a fully subjective version of our substitution consistency (replacing
objective probabilities by a finite second-stage collection of events as in Nau 2006) can
deliver the respective two-stage SEU representation with a single continuous utility
function.

A different approach was considered by Bommier (2017), where the richness of
the probability interval was exploited. Bommier adopts a standard AA-setting and
advocates for a dual approach to aggregation. Initially, aggregation of (cumulated)
objective probabilities for outcomes is demanded to obtain “equivalent unambiguous
beliefs,” which are then aggregated over the outcomes of an act in a rank-dependent
fashion. The representation in Bommier’s Theorem 1 resembles a feature of Chew
andWakker’s (1996) outcome-dependent capacity model, as it involves an “outcome-
dependent probability weighting function.” Additional separability properties are then
required to obtain a separation into a stand-alone cardinal utility for outcomes and a
function over the unambiguous beliefs. As Bommier (Section 3) indicates in Table 1,

9 The preference techniques invoking “probability substitutions,” as used in Abdellaoui (2002) and Zank
(2010), can also be extended in a similar fashion to obtain recursive RDU with objective probabilities.
10 In Wakker and Zank (1999) it was shown that the independence property of Anscombe and Aumann
(1963) implies jointly a substitution consistency for ambiguity as in our Corollary 10 and EU over lotteries.
See also Borah and Kops (2016) for a recent behavioral foundation for subjective EU within the AA
framework in which it is shown that one does not need the independence axiom to hold over the entire
domain of AA-acts.
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such separability conditions can lead to various models that have an interpretation
dual to existing ambiguity theories, hence, dual to RRU.

Finally, we highlight potential extensions. In the two-stage model of He (2021) the
objects of choice are lotteries that give one-stage Savage-acts. So, relative to SRU
where the risky source succeeds ambiguity, He proposes to have the risky source
first and ambiguity at the second stage. The tools we have developed for SRU can
be adapted to He’s setting if a continuum of outcomes is assumed. Thus, further
possibilities to apply versions of our substitution consistency principle are feasible
here. A more general world of sources is discussed in Cappelli et al. (2021). Instead of
just risk and uncertainty, Capelli, et al. assume that a finite set of sources is identified.
Then they discuss the importance of choice behavior which justifies the analysis of
attitudes into “intra-source” versus “inter-source” components as we do for SRU. Like
us, Capelli, et al. assume a continuum of outcomes, a weak order, monotonicity and
continuity properties that ensure the existence of within-source certainty equivalents.
Subsequently, they focus on aggregators of these conditional CE’s, where they invoke
a preference-based tradeoff consistency property, similar to our indifference-based
substitution consistency for ambiguity, to quantify across-source attitudes.

6 Relative concavity of utility

This section shows how the equivalent substitutions defined in Sect. 4.1, the common
tool that underlies our representation results, can be used to compare the concavity of
the utilities for risk and for ambiguity in SRU. Our technique generalizes the tools of
Baillon et al. (2012), who use a single-stage analysis of relative concavity of utility in a
version of REU for binary acts, to our models with two-stage acts. Given our Remarks
9 and 11, which clarifies that REU and SRU coincide in terms of utility when specific
subsets of acts are considered, and given the nature of our substitution consistency
principle, the proofs of Baillon, et al. apply to the results of this section without further
modification. Hence, below we present our propositions without proofs.

Assume that SRU holds. Outcome β is a midpoint between outcomes α and γ for
the utility under ambiguity, or (φ ◦ u)- midpoint, whenever we have αEx ∼ βEy and
βEx ∼ γEy with all acts in A

↓
E and that E is non-null. As demonstrated in Sect. 4.3,

this means that

φ(u(β)) = φ(u(α)) + φ(u(γ ))

2
.

The shape of φ ◦ u (concave, convex, linear) can be characterized through the com-
parison of (φ ◦u)-midpoints β with the corresponding algebraic midpoints (α +γ )/2
for all outcomes α and γ .

Similarly, outcome β∗ is a midpoint between α and γ for the utility under risk, or
u-midpoint, whenever we have (α j x̂)Ex ∼ (β∗

j ŷ)Ey and (β∗
j x̂)Ex ∼ (γ j ŷ)Ey, with

x and y from A
↓
E |E,p, E is non-null, p j > 0, and xEc = yEc (to control for ambiguity

captured by φ or ν). This immediately results in

u(β∗) = u(α) + u(γ )

2
.
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When the u-midpoints β∗ are systematically smaller than the corresponding outcome
midpoints (α + γ )/2, for all outcomes α and γ , one can infer that utility u is concave.
The following proposition is a generalization of Theorem 2.2 in Baillon et al. (2012)
from REU to SRU.

Proposition 15 Under SRU, the following two statements are equivalent:

(i) u is concave (φ ◦ u is concave);
(ii) u-midpoints (φ ◦ u-midpoints) are below the corresponding outcome midpoints.


�
Next, we provide a characterization of within-source relative concavity. Assume

that SRU holds for �1 with utility u1, and transformation φ1, and SRU holds for �2

with corresponding functions. For outcomes α and γ let βs be the (φs ◦ us)-midpoint
for individual s = 1, 2. The (φ1 ◦ u1)-midpoints are below the (φ2 ◦ u2) -midpoints
if, for all outcomes α and γ , we have

β1 ≤ β2,

in which case φ1 ◦ u1 is more concave than φ2 ◦ u2. A similar reasoning can be used
for risk to infer that u1 is more concave than u2. These results are formally stated in
our next proposition.

Proposition 16 Assume SRU for�s , with us and φs , s = 1, 2. Then, the following two
statements are equivalent:

(i) u1 is more concave than u2 (φ1 ◦ u1 is more concave than φ2 ◦ u2);
(ii) u1-midpoints ((φ1◦u1)-midpoints) are below u2 -midpoints ((φ2◦u2)-midpoints).


�
In concluding this section, we characterize the case where one decision maker’s

transformation φ1 is more concave than a second decision maker’s transformation φ2.
As observed by Baillon et al. (2012), the use of midpoints allows for comparative
ambiguity aversion without assuming that the two agents share the same first stage
beliefs under REUorKlibanoff et al.’s (2005) smooth ambiguitymodel. The following
proposition generalizesBaillon, et al.’s Theorem2.3 by assumingSRU instead ofREU.

Proposition 17 Assume SRU for �1 and for �2. Then, the following two statements
are equivalent:

(i) u1 = u2 and φ1 is more concave than φ2;
(ii) u1-midpoints are the same as u2-midpoints, and (φ1 ◦ u1)-midpoints are below

(φ2 ◦ u2) -midpoints.


�
The interpretation of the above proposition is model-dependent. Under REU with

u1 = u2, a more concave φ1 than φ2 means that agent 1 exhibits more ambiguity
aversion than agent 2. Under SRU such a statement is no longer valid in general as
ambiguity attitudes can be reflected through utility as well as the possibly non-additive
probabilities assigned to events.
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7 Descriptive applications of SRU

As observed in Baillon et al. (2018), while ambiguity theories are nowadays widely
applied in economics, measurements of ambiguity for applied purposes have lagged
behind. This section shows that one can use SRU to measure ambiguity through two
popular approaches. The utility-driven approach of REU, which maintains the norma-
tive appeal of EU within each source, can be made operational by measuring utility
on specific subsets of acts. In this case SRU is used to control and factor out discrep-
ancies from EU that originate from nonlinear probability weighting under risk and
non-additivity of subjective probabilities. Alternatively, SRU can be used to measure
ambiguity through willingness to bet as measured by decision weights assigned to
events while factoring out nonlinear probability weighting.

7.1 Capturing ambiguity via utility in REU

Under REU, measuring ambiguity comes down to the elicitation of two source-
dependent utility functions, one for risk and one for ambiguity. This is descriptively
problematic unless one can circumvent non-additivity of subjective probabilities under
ambiguity (Ellsberg 1961; Fox and Tversky 1995; Abdellaoui et al. 2005) and proba-
bility weighting resulting from violations of EU for risk (Starmer 2000;Wakker 2010).
To address this difficulty one can elicit utility on subsets of acts where REU and SRU
coincide in terms of utility (as observed in Remarks 9 and 11), where kinks on indiffer-
ence curves in the preference domain caused by decision weights are avoided. Next,
we illustrate how this idea can be implemented.

As a thought example, suppose that a coin is slightly bent, that is, we have an
“unknown” coin, thus ambiguity as the source of uncertainty. A coin flip that comes
up heads (H ) gives a monetary gain x while tails (T ) gives a smaller gain y. Under
REU, φ summarizes attitude towards ambiguity over the events H and T . Measuring
φ requires the successive elicitation of first φ ◦ u (using one-stage acts) and then u
(using lotteries). To elicit φ ◦ u, fix an initial outcomes α0 and two gauge outcomes,
g∗ and g∗, such that α0 > g∗ > g∗ > 0. Next, determine an increasing sequence of
outcomes αi , i = 1, . . . , l such that

(αi−1)Hg
∗ ∼ (αi )Hg∗. (15)

Such indifferences are depicted in Fig. 1 (top left panel, ambiguity). A common feature
of these indifferences is that they are all obtained using comonotonic acts where SRU
and REU coincide in terms of φ ◦ u (in Fig. 1 this is the domain below the 45-degree
line). Formally, assuming either SRU or REU in Eq. (15), results in

φ(u(αi )) − φ(u(αi−1)) = φ(u(αi+1)) − φ(u(αi )) (16)

for all i = 1, . . . , l, showing that all potential bias captured through non-additive
probabilities is factored out. After normalization of the utility scale (φ(u(α0)) = 0
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Fig. 1 Capturing ambiguity via utility under REU and SRU

and φ(u(αl)) = 1), we obtain the utility curve, e.g., as illustrated in Fig. 1, bottom
left panel.

The elicitation of utility u under risk proceeds in similar steps to the elicitation of
φ ◦ u. Now one derives indifferences using a fair coin, i.e., the probability of either
heads or tails is known to be equal to 1/2. We fix an outcome β0 and two gauge
outcomes, say β0 > g′∗ > g′∗ > 0, and find an increasing sequence of outcomes
βi , i = 1, . . . , l, such that (βi−1)Hg′∗ ∼ (βi )Hg′∗. These indifferences are illustrated
in Fig. 1 (top right panel, risk). Substitution of SRU or REU into these indifferences
results in the equations

u(βi ) − u(βi−1) = u(βi+1) − u(βi ) (17)

for i = 1, . . . , l, where potential bias due to probability weighting is factored out.
After normalization of the utility scale (u(β0) = 0 and u(βl) = 1), we obtain the
utility curve illustrated in Fig. 1, bottom right panel.

The measurement method illustrated above can also be applied to Klibanoff, et
al.’s (2005) smooth ambiguity model (see also Baillon et al. 2012). For instance, the
Ellsberg-like experimental setups in Cubitt et al. (2018) and Chakravarty and Roy
(2009) used to measure the smooth ambiguity model can also be used to measure φ

through equivalent substitutions. While REU and the smooth ambiguity model have
similar preference functionals, their approach to ambiguity is different. Under REU, φ
summarizes attitudes towards ambiguity over the true state. In the smooth ambiguity
model ofKlibanoff, et al., however,φ reveals attitudes towards ambiguity over the right
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prior on the state space. Ambiguous beliefs are represented by a subjective probability
distribution over the plausible priors. It was noted that, in general, such a probability
distributionmay not be directly observable from choices (see Klibanoff, et al. p. 1856).

7.2 Capturing ambiguity through non-additive probabilities

In addition to the utility-driven ambiguity component, SRU captures ambiguity via
non-additive probabilities. For a simple illustration on how to quantify the latter com-
ponent, assume SRU*, i.e., SRU with a linear φ as in Corollary 14. Let pE be the
matching probability of event E , defined through the indifference xE y ∼ xpE y. While
under SEU this implies that the event E has subjective probability P(E) = pE , sub-
stitution of SRU* into the above indifference gives

ν(E) = w(pE ), (18)

where ν is the capacity over events and w is the probability weighting function. Equa-
tion (18) can be used to empirically study ambiguity while using risk as a “base-line
source of uncertainty.” Similar to how probability distortions away from linearity are
capturing attitude towards probabilistic risk, additional deviations from the probabil-
ity weighting function is now attributed to ambiguity. For instance, Abdellaoui et al.
(2005) elicited decision weights ν(E) with corresponding matching probabilities and
derived w by fitting pE values against the corresponding decision weights ν(E).

An alternative way of exploiting Eq. (18) is to infer properties of ν by eliciting
matching probabilities and the weighting functionw. Recently Dimmock et al. (2016)
use matching probabilities to study ambiguity attitudes in a field study. They assume
RDU for ambiguous one-stage acts with capacity ν and utility u and they separately
assume RDU for lotteries with a weighting function w and the same utility u to
obtain Eq. (18). Clearly, together with probabilistic sophistication, SRU* (Corollary
14) provides the natural framework to carry out their analysis. Dimmock, et al. adopt
an Ellsberg-like setup in which probabilistic sophistication (Machina and Schmeidler
1992; Chew and Sagi 2006) can simply be inferred from symmetry arguments. This
way they obtain a subjective probability, P(E), over ambiguous events. Hence, one
can write ν(E) = f (P(E)), where the transformation function f is called a source
function. By combining this decomposition of ν(E) with Eq. (18), Dimmock, et al.,
infer that the matching probability pE captures ambiguity attitude (see Dimmock, et
al., p. 10).11 Specifically, ambiguity aversion (seeking) corresponds to the situation
where pE is below (above) P(E). Dimmock et al. (2016) observe that ambiguity
aversion is not the predominnt behavior for unlikely events, a finding in accordance
with a number of recent studies (e.g., Baillon and Bleichrodt 2015; Chew et al. 2015).

Equation (18) can further facilitate the study of the properties of the capacity ν

once the probability weighting function is known. As such, SRU provides a general
foundation for Wakker’s (2004) comparison of sensitivity towards ambiguity relative
to sensitivity towards risk (Tversky and Fox 1995). To illustrate, assume additionally

11 Clearly, we canwrite pE = w−1( f (P(E))), thereby linking subjective tomatching probabilities, where
w−1 ◦ f is called the ambiguity function (Dimmock et al. 2016).
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an event F disjoint from E with ν(E ∪ F) being bounded away from 1 and xE∪F y ∼
x(p+q)y. Empirical findings suggest that people exhibit more sensitivity to increments
from p to p + q than they exhibit sensitivity to the improvement from E to E ∪ F .
Under SRU* this results in

ν(E) = w(p) & ν(E ∪ F) = w(p + q) ⇒ ν(F) ≥ w(q).

One interpretation of this implication is that the increment ν(E ∪ F) − ν(E), which
is inferred equal to w(p + q) − w(p), requires the addition of the event F that, on
its own, is “heavier” in terms of ν than the weight w(q). In terms of preferences this
means xF y � xq y can be predicted under SRU*.

8 Conclusion

This paper offers a unified framework in which many popular models of risk and
ambiguity can jointly be analyzed and compared. The theoretical and empirical study
of risk and ambiguity is facilitated by invoking preference conditions based on a com-
mon substitution consistency principle. The latter has been used to derive our general
SRUmodel, which can accommodate a large spectrum of risk and ambiguity attitudes
beyond the famous EU and SEU paradoxes of Allais (1953) and Ellsberg (1961). Our
general model encompasses many popular theories for risk and ambiguity as special
cases. In particular, foundations for many existing utility-driven ambiguity models
and event-driven ambiguity models can been obtained by appropriately tailoring our
unifying substitution consistency property to corresponding domains of acts. We have
demonstrated how SRU and its underlying preference principle can flexibly be used as
tools for comparative analyses and for descriptive elicitation of ambiguity and risk atti-
tudes, and have shown how the substitution consistency tools can unify the apparently
competing utility-driven and event-driven approaches to the study of ambiguity.
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in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix: Proofs

Proof of Lemma 1 Fix a non-null event E , a lottery ŷ = (p1 : y1, . . . , pm : ym) with
y1 ≥ · · · ≥ ym , and an act x ∈ AE,(p1,...,pn) for some partition E = (Ei )

n
i=1 and

probability tuples pi = (pi1, . . . , p
i
mi

), i = 1, . . . , n. Consider the act ŷEx that gives
lottery ŷ if E obtains and x otherwise. Assume, without loss of generality, that both

123

http://creativecommons.org/licenses/by/4.0/


974 M. Abdellaoui, H. Zank

p1 and pm are positive. Monotonicity implies that

(y1)Ex � ŷEx � (ym)Ex.

Define Ẽ = (E, E1 ∩ E, . . . , En ∩ E) and let p = (p1, . . . , pm) be the probability
tuple for ŷ ∈ Lp. If y1 = ym , then set CE(ŷ) := y1 and it follows, by reflexivity, that
ŷEx ∼ CE(ŷ)Ex. Assume that y1 > ym and set

{
A := {z ∈ R : zEx � ŷEx} = {z ∈ R : zEx ∈ OA}
B := {z ∈ R : zEx � ŷEx} = {z ∈ R : zEx ∈ OB}

where OA = {w ∈ AẼ,(p,p1,...,pn) : w � ŷEx} and OB = {w ∈ AẼ,(p,p1,...,pn) :
w � ŷEx} are closed sets in AẼ,(p,p1,...,pn), by continuity of �. Further, it follows
from the Lemma 0.2.1 in Wakker (1989, p. 12) that A and B are closed sets in R.
By monotonicity, A and B are non-empty (from (y1)Ex � ŷEx � (ym)Ex it follows
that (y1)Ex ∈ A and (ym)Ex ∈ B). We note that the union of A and B is R. As
the latter is a connected topological space, A and B have a non-empty intersection.
Thus, there exists an outcome CE(ŷ) ∈ A ∩ B for which both CE(ŷ)Ex � ŷEx and
ŷEx � CE(ŷ)Ex hold. This is equivalent to ŷEx ∼ CE(ŷ)Ex.

Next we show that CE(ŷ) is the unique outcome satisfying ŷEx ∼ CE(ŷ)Ex.
Suppose, to the contrary, that there exists another outcome CE(ŷ)′ such that ŷEx ∼
CE(ŷ)′Ex. Assume CE(ŷ)′ > ȳ (the proof of the case when CE(ŷ)′ < ȳ follows
by a similar argument). Monotonicity implies that CE(ŷ)′Ex � CE(ŷ)Ex and from
ŷEx ∼ CE(ŷ)′Ex and transitivity it follows that ŷEx � CE(ŷ)Ex, a contradiction.
It follows that CE(ŷ) is the unique outcome satisfying ŷEx ∼ CE(ŷ)Ex. In general,
CE(ŷ) can depend on the event E and the act x outside this event, i.e. on xEc . As
the non-null event E was arbitrary chosen as well as the lottery ŷ and the act x, these
conclusions apply to all non-null events, all lotteries and all acts. Next, we invoke
independence of conditional CEs to exclude such dependencies.

Let E, F be arbitrary non-null events, ŷ an arbitrary lottery and CE(ŷ)E and
CE(ŷ)F the unique conditional CEs of ŷ corresponding to ŷEx and ŷFx, respec-
tively. By independence of conditional CEs we have ŷEx ∼ (CE(ŷ)E )Ex ⇔ ŷFx ∼
(CE(ŷ)E )Fx and, from the latter indifference, ŷFx ∼ (CE(ŷ)F )Fx and transitivity,
we obtain (CE(ŷ)E )Fx ∼ (CE(ŷ)F )Fx. Using the uniqueness of conditional CEs it
follows thatCE(ŷ)E = CE(ŷ)F . Thismeans that the conditional CEs are independent
of the (non-null) event used to derive them.

Subsequently, we use independence of conditional CEs to show that the CEs condi-
tional on some event E cannot depend on the act x outside that event, that is, conditional
CEs are independent of xE . Take an arbitrary non-null event E such that Ec is also
non-null (such exist as we have at least two disjoint non-null events inA ), an arbitrary
lottery ŷ and two arbitrary acts act x and z. Let y := xEz. Obviously, by our notationwe
have that ŷEy = ŷEz and ŷEcy = ŷEcx. With F = Ec, independence of conditional
CEs implies that ŷEz ∼ CE(ŷ)Ez ⇔ ŷFx ∼ CE(ŷ)Fx, and a second application
of independence of conditional CEs gives ŷFx ∼ CE(ŷ)Fx ⇔ ŷEx ∼ CE(ŷ)Ex.
Thus ŷEz ∼ CE(ŷ)Ez ⇔ ŷEx ∼ CE(ŷ)Ex follows. For the case that Ec is null the
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latter equivalence follows trivially. This shows that the conditional CE of a conditional
lottery is, in addition to being independent of the (non-null) event on which it is con-
ditioned, also independent of the restriction of the act outside the event on which the
lottery was conditioned.

We conclude that each lottery ŷ has a unique conditional CE, CE(ŷ), which can
be derived using an arbitrary non-null event and an arbitrary act. This completes the
proof of Lemma 1 . 
�

As indicated in the main text, all our theorems are based on the same substitu-
tion consistency principle, with the main difference in our models resulting from the
application of the consistency principle to specific domains of acts. For SRU, the
rank-dependent substitution consistency applies for risk and separately for ambiguity.
For REU, no rank-ordering restrictions apply. It is, therefore, convenient to derive the
preference foundations for REU first, followed by those of SRU. Subsequently, the
derivations of SEU and SRU* are provided.

Proof of Theorem 7 First we assume statement (i) and prove statement (ii). Weak order
follows from the fact that REU represents the preference on A. Continuity and mono-
tonicity of the preference relation follow from continuity and strict increasingness of
φ and of u and the fact that each non-null event has a positive subjective probability.
That REU implies substitution consistency for ambiguity and substitution consistency
for risk follows from the analysis in the main text in Sect. 4.2. Thus, statement (ii) has
been derived.

Nextwe assume statement (ii) and derive statement (i). The proof involves in several
steps, which we briefly describe before proceeding. First, we show that the standard
preference conditions of Lemma 1 imply the existence of a general representation V
of� onA. Second, we show that substitution consistency for ambiguity implies that V
is an SEU functional for one-stage acts (i.e., acts that give a degenerate lottery in each
event) that can be extended to represent preference over all acts. Third, using substitu-
tion consistency for risk we show that for each non-null event inA, the restriction of�
to lotteries conditional on that event is represented by the same EU functional, which
then allows for the preference on A to be represented by REU. Finally, uniqueness
results are established.

Step 1 Recall that S is a finite set of (at least two) states and that there exists at least
two disjoint non-null events inA. The preference� satisfies weak order, monotonicity
and continuity . By repeated applications ofDebreu (1954), it follows that there exist an
ordinal representing functionalV for�onA that is continuous and stronglymonotonic.
As mentioned in the main text, Debreu’s result is applies to each “finite dimensional”
subset of acts for a fixed partition and conditional lotteries using fixed probability
tuples, i.e, for each setAE,(p1,...,pn), E = (Ei )

n
i=1. As two distinct arbitrary sets of acts,

AE,(p1,...,pn) and AE ′,(q1,...,qn′
)
are subsets of a refined partition where the probability

tuples of conditional lotteries are also refined and where Debreu’s result holds, the
separate representations on AE,(p1,...,pn) and AE ′,(q1,...,qn′

)
are restrictions of a more

general representation.12 This means that a representation V of the preference over all

12 In particular, this argument applies for E = (Ei )
n
i=1 = E ′, when for each event Ei the set of lotteries

Lpi and Lqi are from a common subset Lri (e.g., if p
i = (pi1, . . . , p

i
mi ) and q

i = (qi1, . . . , q
i
li

), define ri
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acts exists. It is well-known that this representation is continuously ordinal, that is, it
is unique up to continuous strictly monotonic transformations.

Let x̂ be an arbitrary lottery, y ∈ A and E ∈ A an arbitrary non-null event. Consider
the act x̂Ey. By independence of conditional CEs in conjunction with Lemma 1 we
know that the conditional CE, CE(x̂), of the lottery x̂ is independent of the non-null
event E and the act y. Thismeans that conditionalCEs can be used to represent the pref-
erence over lotteries. By defining V(E1 : x̂, . . . , En : x̂) := V(E1 : CE(x̂), . . . , En :
CE(x̂)), for an arbitrary partition E = (Ei )

n
i=1, we obtain a representation of the

preference over lotteries through V .
Step 2 Let A

one denote the set of one-stage acts, and for E = (Ei )
n
i=1, A

one
E :=

A
one ∩ AE . On A

one the preference relation � satisfies weak order, monotonicity
and continuity, inherited from the preference � on A, and substitution consistency
for ambiguity. The latter comes down to Köbberling and Wakker’s (2003) tradeoff
consistency for � on A

one. As we assumed that there exist at least two disjoint non-
null events, it follows fromCorollary 10 ofKöbberling andWakker (2003) that onA

one

the preference relation � is represented by SEU, i.e., there exists a unique probability
measure ν : A → [0, 1] and a (cardinal) strictly increasing and continuous function
V : R → R such that each one-stage act x ∈ A

one
E , is evaluated by

n∑

i=1

πi V (xi ),

where πi = ν(Ei ), i = 1, . . . , n.
Recall that, by the analysis in Step 1, each act y ∈ AE , is indifferent to a one-

stage act (E1 : CE(ŷ1), . . . , En : CE(ŷn)) obtained by replacing all lotteries ŷi
by their conditional CEs CE(ŷi ), i = 1, . . . , n. This allows us to extend the SEU
representation of � on A

one to a SEU-like representation of � on all acts through the
value of one-stage acts determined by the corresponding conditional CEs, i.e., we can
assume that the representation obtained in Step 1 can be written as an SEU-functional,
as follows: act y ∈ AE , is first evaluated by

V(y) = V(E1 : CE(ŷ1), . . . , En : CE(ŷn)),

which follows from y ∼(E1 : CE(ŷ1), . . . , En : CE(ŷn)) . Further, by the analysis
presented above in this step, we obtain

V(E1 : CE(ŷ1), . . . , En : CE(ŷn)) =
n∑

i=1

πi V (CE(ŷi )).

Hence, we have

V(y) =
n∑

i=1

πi V (CE(ŷi )). (19)

such that r ijk = pij q
i
k , for j = 1, . . . ,mi and k = 1, . . . , li ) for each i = 1 . . . , n, showing that a general

representation for all acts in AE exists.
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Henceforth in this proof, we can assume that the functional in Eq. (19) is representing
� on A with a cardinal function V that is independent of events in the partition
E = (Ei )

n
i=1 and also independent of the partition E .

Step 3 Because the function V in Eq. (19) is independent the events, it represents,
like V does, the preference over lotteries. Further, � satisfies substitution consistency
for risk. Consider the restriction of the preference � to lotteries conditioned on an
arbitrary non-null event E defined through

x̂ � ŷ ⇔ x̂Ez � ŷEz

for all x̂, ŷ ∈ L and some z ∈ A. By Step 1 this is well-defined as substitution of V(·)
and cancellation of common terms gives

x̂ � ŷ ⇔ V (CE(x̂)) ≥ V (CE(ŷ))

for all x̂, ŷ ∈ L. Further, this restricted preference satisfies weak order, monotonicity,
continuity and substitution consistency for risk. The latter is equivalent to tradeoff
consistency of Köbberling andWakker (2003) for lotteries. Using the remarks in their
Section 5.3 in combination with Corollary 10 of Köbberling and Wakker (2003) it
follows that EU represents the preference restricted to lotteries. Therefore,we conclude
that lotteries obtained on an arbitrary non-null event E ∈ A are represented by the
same EU functional, EU (·), with utility u independent of E . Hence, V is a strictly
increasing and continuous transformation of a common expected utility functional.
That is, there exists a strictly increasing and continuous functions φ : u(R) → R such
that V (CE(x̂)) = φ[EU (x̂)] for each lottery x̂ ∈ L.

Note that, by construction, the function φ is cardinal and if u is replaced by au + b
for a > 0 and real b (which is the only freedom for choosing u) we need to replace φ(·)
by φ((·−b)/a) to ensure that the range of the latter two functions remains unchanged.
There is no further flexibility in the choice of φ and u. Hence REU holds for � on A.

Combining Steps 1– 3 completes the derivation of statement (ii) from statement
(i) in Theorem 7. Uniqueness results follow from the construction in Steps 1– 3 as
highlighted at the end of Step 3. This completes the proof of Theorem 7. 
�
Proof of Theorem 12 That statement (i) implies statement (ii) follows similarly to the
corresponding derivation in the proof of Theorem 7, in conjunction with the analysis
in the main text in Sects. 4.2 and 4.3; independence of conditional CE’s follows from
the fact that in SRU the functions φ and u are independent of events. Next we assume
statement (ii) and derive statement (i). We proceed in several steps similar to the proof
of Theorem 7.

Step 1 This step is identical to Step 1 in the proof of Theorem 7. As the preference
� satisfies weak order, monotonicity and continuity, this implies the existence of a
general representation V of � on A that is strictly monotone and continuous and
represents the preference over lotteries.

Step 2We show that rank-dependent substitution consistency for ambiguity implies
that V is a SRU functional for one-stage acts. Recall that A

one denotes the set of one-
stage acts. On A

one the preference relation � is a monotonic continuous weak order
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that satisfies the rank-dependent substitution consistency for ambiguity. The latter
comes down to Köbberling andWakker’s (2003) comonotonic tradeoff consistency of
� on A

one. We can apply Corollary 10 of Köbberling and Wakker (2003) to derive an
SRU-like representation for � on A

one, that is, there exists a unique strictly monotone
capacity, ν, for events and a (cardinal) strictly increasing and continuous function
V : R → R such that a one-stage act x ∈ A

↓
E , E = (Ei )

n
i=1, is evaluated by

n∑

i=1

πi V (xi ),

whereπi = ν(∪i
k=1Ek)−ν(∪i−1

k=1Ek), i = 1, . . . , n, andwe set ν(∪0
k=1Ek) := ν(Ø)=

0, as usual. As ν is strictly monotone, it follows that the decision weights are positive
whenever Ei is non-null and that they sum to one. Because this representation only
applies to one-stage acts it is also referred to as RDU for ambiguity (Wakker 2010).

It now follows, similar to the proof of Step 2 in Theorem 7, that V can be extended
to represent the preference on all acts through the replacement of lotteries by their
conditional CE’s.

Step 3 Similar to Step 3 in the proof of Theorem 7, now exploiting that rank-
dependent substitution consistency for risk comes down to comonotonic tradeoff
consistency of Köbberling and Wakker (2003) for lotteries, it follows that, first lotter-
ies are evaluated by RDU for risk as in Eq. (1) with a uniquely defined weighting
function w and cardinal utility u. Thus, for all (non-null) events the conditional
lotteries are evaluated by a common RDU-representation over lotteries. That is,
there exists a strictly increasing and continuous function φ : u(R) → R such that
V (CE(x̂)) = φ[RDU (x̂)] for all lotteries x̂ ∈ L↓. Hence, SRU holds for � on A.

These steps complete the derivation of statement (ii) from statement (i) in Theorem
12. Uniqueness results for u and φ are as in Step 3 in the proof of Theorem 7. This
concludes the proof of Theorem 12. 
�
Proof of Corollary 14 As noted in the main text, rank-dependent substitution con-
sistency implies both rank-dependent substitution consistency for ambiguity and
rank-dependent substitution consistency for risk. Hence, Theorem 12 holds and it
only remains to show that φ is linear. Take an arbitrary non-null event E ∈ A included
in an arbitrary partition E . Locally, for arbitrary α, β, γ, δ ∈ R (β �= α) there exists
acts x, y such that αEx ∼ βEy and γEx ∼ δEy and the acts in these indifferences are
from the same set A

↓
E . By weak order, continuity and monotonicity, one can always

find such acts, whenever, α, β, γ, δ are sufficiently close. Further, there exists lot-
teries x̂, ŷ ∈ L↓

p , 0 < p1 < 1, and an act z , such that (α1 x̂)Ez ∼ (β1 ŷ)Ez and

(γ1 x̂)Ez ∼ (δ1 ŷ)Ez with all acts being from A
↓
E |E,p. Again, locally, the existence of

such lotteries and acts are ensured by weak order, continuity and monotonicity. By
rank-dependent substitution consistency, any of the former three indifferences imply
the fourth, and, as shown in the main text, substitution of SRU into the first pair of
indifferences implies φ[u(α)] − φ[u(β)] = φ[u(γ )] − φ[u(δ)] and substitution of
SRU into the second pair of indifferences implies u(α) − u(β) = u(γ ) − u(δ). Thus,
locally, for all α, β, γ, δ ∈ R the first equation holds if and only if the second one holds

123



Source and rank-dependent utility 979

too. This means that, locally, φ must be linear. From local linearity, global linearity of
φ follows. This concludes the proof of Corollary 14. 
�
Proof of Theorem 4 The proof is similar to that of Corollary 14, except that one need
not account for the rank-ordering of outcomes or conditional CE’s of lotteries and,
therefore, invoke Theorem 7 instead of Theorem 12. This completes the proof of
Corollary 4. 
�
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