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Abstract
We study a trade model with vertical product differentiation with many goods that are
heterogeneous in cost and quality and produced in two quality versions. We discuss
the composition of high- and low-quality goods in the workers’ consumption baskets
in countries between comparable countries. We show that a larger country population
fosters its specialization in high-quality productionwhile a higher country productivity
leads to specialization in high quality production for all countries. Smaller trade costs
foster specialization in high quality exports. We then discuss the effect of population
heterogeneity on the consumption baskets and country specialization. Most of those
results agree with existing empirical findings.
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1 Introduction

There is substantial evidence that product quality matters in the trade patterns. In
particular, it is now well documented that both the exports and imports of richer
countries are biased towards more high quality goods (Schott 2004; Hummels and
Klenow 2005).1 As a result more productive countries tend to specialize in the export
of high quality goods. Similarly, it has been shown that lower barriers to trade fosters
the specialization in high quality exports (Amiti and Khandelwal 2013, and Fan et al.
2015).

These empirical findings have prompted a recent theoretical literature on trade and
quality. Yet, developments of the theory literature did not focus on the evidence that
countries export the same goods to the same destination at very different quality levels.
Indeed, there exists high variations in the export and import prices within the same
narrow product category. For instance, de Lucio Fernández et al. (2016) show that
Spanish firms charge a wide range of prices for the same CN8 product to the same
destination market, suggesting a wide set of quality levels in Spanish exports to a
same destination. Fontaine et al. (2020) also show an important price dispersion of
French exports to a same destination. To the best of our knowledge, with the exception
of Fieler (2012), no theory paper has investigated a general equilibrium framework
where firms export same goods to same destinations at different quality levels.

We construct a new model of international trade in line with the traditional view of
vertical differentiation.We introduce continuous sets of differentiated goods produced
at a high and lowquality. Goods are heterogeneous in their production costs and quality
levels and are sold under perfect competition. Consumers purchase a single unit of each
good in only one quality version. Preferences are non-homothetic and lead to income
effect on consumption baskets of high and low quality goods: richer individuals buy
goods of higher quality. As stated by Markusen (2013), “an area where per-capita
income does play an important role is in the analysis of product quality. If a consumer
is going to buy only one unit of a good or zero, then the quality demanded is likely
to depend on per-capita income...” In this paper, we assume that income effects do
not influence neither the number of goods nor the quantity of each good purchased by
each consumer. Rather, we consider that they impact the quality of goods purchased.
The study of such a framework is novel and important because it reproduces the fact
that traded goods are versioned in different quality levels.

We discuss the international trade patterns of two similar countries hosting popu-
lations with homogeneous and heterogeneous incomes. In contrast with the previous
literature studying North-South trade with asymmetric production functions for prod-
uct quality, we consider countries with closely symmetric production capabilities. We
first focus on countries with homogeneous populations and give the conditions under
which the trade equilibrium exists. We further apply the model to the case of coun-
tries with heterogeneous income distributions. In contrast to the existing literature,
this case encompasses the possibility of exporting of two quality versions of the same
good between two trade partners.

1 See also Verhoogen (2008), Khandelwal (2010), Hallak and Schott (2011), Crozet et al. (2012), among
others.
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From our analysis, we can elicit several findings. First, our model allows to evaluate
the effect of changes in population size. We find that, ceteris paribus, larger country
population makes this country specialize in high-quality production and exports while
the trading partner specializes into low quality exports. This is because, the larger
country supplies more labor for the production of each product quality and variety,
which drives down the relative prices of high quality goods. To the best of our knowl-
edge, this result is not been investigated in the empirical literature. Second, we show
that a higher country productivity fosters specialization in high quality export of both
countries. The model with vertical differentiation therefore conforms to the empir-
ical evidence cited above. For instance, using U.S. trade data, Schott (2004) finds
that skill-abundant countries export vertically superior varieties, commanding higher
prices. Similarly, Hummels and Klenow (2005) show that the richer U.S. trade part-
ners export goods with higher prices. Verhoogen’s (2008) and Iacovone and Javorcik’s
(2010) give empirical evidence about the export of higher quality versions fromMex-
ico to richer countries (like the US). Hallak and Schott’s (2011) show that poorer
economies export higher quality goods to richer markets. Fieler (2012) shows that
quality levels (measured by unit prices) rise with importers’ per-capita incomes. The
implications of changes in productivity also match the Linder (1961) according to
which richer countries trade more high quality goods.

We also discuss the effect of trade costs in this model and analyze their effect on
trade in the presence of vertical differentiation. We find that, when trade costs are
not too high, trade integration fosters the specialization in high quality goods in both
countries, which also conforms to the evidence cited above. In particular, Amiti and
Khandelwal (2013) and Fan et al. (2015) show that a fall in tariff entices producing
countries to raise the quality of their exports.

We finally consider a trade economy with skill or income heterogeneity within
each population. We show that an increase in the productivity of a domestic skill
group benefits this group as well as all foreign ones, while it harms all other domestic
skill groups. While the domestic country specializes further in the export of high
quality goods, the foreign country also specializes in high quality exports only if the
domestic skill group is large enough. This result can be related to the literature about
skill bias technological changes that have favored high skilled workers (see Acemoglu
andAutor 2011 for a review). In our context, such changes foster specialization in high
quality exports, enhance trade values and benefit high skilled workers at the expense
of low skill ones. To the best of our knowledge, the above results on trade and vertical
differentiation and the connections between trade patterns and product quality are new
in the literature on product quality and trade.

Related literature The paper relates to several strands of the economic theory litera-
ture.Wehere shortly review the related literature and apologize for potential omissions.

First, this paper closely relates to the general equilibrium studies of vertical differen-
tiation with trade. In the early theory literature, product quality was seen as a feature of
vertical differentiation where each good is versioned under different quality levels and
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1322 P. M. Picard, A. Tampieri

consumed in a single unit.2 Importantly, vertical differentiation implies that, at same
unit price, consumers rank of various quality versions of each good in the same way.
Accordingly, consumers have common rankings for Breitling over Swatch watches,
Iphone over Blackberry, etc. Such definition typically applies to durable goods like
cars, houses, watches, etc. but also to non-durable goods like clothing and drinks. This
view has been applied to trade in a small set of important contributions (Flam and
Helpman 1987; Stokey 1991; Matsuyama 2000).

The present contribution significantly differs from this early strand of literature as
follows. First, while Flam and Helpman (1987) and followers focus on an endoge-
nous and ‘continuous quality spectrum’ of the same good, this paper considers an
exogenous set of horizontally differentiated goods with only two quality levels (which
limits the dimensionality of the problem). Second, this paper considers trade partners
with comparable conditions rather than the typical North-South situation where the
South suffers from an exogenous production disadvantage. Production conditions and
product characteristics are here closely symmetric across countries. Third, this paper
follows Armington’s (1969) assumption by which countries produce horizontally dif-
ferentiated goods and which has been followed in a large trade literature (Krugman
1981). While the above contributions assume that all quality versions can be produced
anywhere, all versions of a same good are produced in the same country in this paper:
that is, both premium and lower quality sparkling wines are produced in Champagne
region (see ‘échelle des grands crus’), higher and lower quality watches in Switzerland
(Breitling v/s Swatch), etc.. This setting allows us to discuss a less extreme quality
composition of trade flows where exports include mixes of high and low quality goods
in all trade directions.

Ourmodel shares important features with the trademodels discussed inMatsuyama
(2000) and Fieler (2012): continuum of varieties, perfect competition in each industry,
one unit of good purchased for each variety, non-homothetic preferences and absence
of substitution among varieties. Matsuyama (2000) however studies a model with a
unique quality level in each variety and lexicographic preferences for the varieties.
He also focuses on the asymmetric situation where the North country has an abso-
lute advantage and produces the higher quality goods. By contrast, this paper studies
the choice of two quality levels in each variety and focuses on a more symmetric
situation where both countries have balanced productivities.3 As in this paper, Fieler
(2012) discusses the production of multiple quality levels for each traded good. In
contrast with this paper, she assumes that the production technology of quality is the
same for all goods. Because our framework is simpler and focuses on closely sym-
metric countries, it permits to discuss the existence and stability of trade equilibria
and to explain the impact of population size, population income heterogeneity and
productivity differences on the trade of high and low quality goods.

It must be noted that the study of those trade models with unit-purchased goods and
vertical differentiation is generally limited to perfect competition. By contrast, Tarasov
(2009, 2012) studies trade under monopolistic competition in the same unit-purchase

2 See Mussa and Rosen (1978); Gabszewicz and Thisse (1979); Shaked and Sutton (1982). More recent
contributions are Gabszewicz and Wauthy (2003), Tanaka (2001) and Jaimovich (2020).
3 To highlight the contrast with Matsuyama (2000), Sect. 5 presents a short extension with comparative
advantages between countries.
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preference model without vertical differentiation. However, embedding both quality
issues and vertical differentiation in such framework still poses serious analytical
issues.

Because of the focus on intra-industry trade (Krugman 1981), the most recent trade
literature has moved to the study of horizontal differentiation models with divisible
goods and, for the purpose of discussing product quality, has augmented them with
idiosyncratic demand shifters. However, in this approach, each good is declined in a
unique quality version so thatmodels are unable to explain howconsumers switch from
lower to higher quality products and to discuss goods for which consumers have com-
mon quality rankings. In addition, those models do not catch income effects because
consumption is proportional to income, so that richer individuals and/or countries do
not have higher consumption share of high-quality products. Among the relevant con-
tributions, Jaimovich and Merella (2012, 2015) mix an upper-tier homothetic CES
preferences with a lower-tier subutility function that combines quality levels and log
of quantity. As in this paper, they feature higher quality consumption by the richer
country and highlight that a higher global productivity increases the production and
consumption of high quality goods across borders (Linder hypothesis). Eaton and
Fieler (2017) include a lower-tier CES subutility function that combines quantity and
quality as complementary attributes. Despite non-homothetic intricacies introduced
by quality, they obtain an interesting homothetic-like gravity equation. Finally, Mat-
suyama (2015) expands the CES preferences to the more general Hanoch preferences
with sectors of heterogeneous income elasticity. By considering that higher quality
goods belong to sectors producing goods with higher income elasticity, he shows that
richer countries becomes a net-exporter of high quality goods.

Another strategy is to exploit the aggregation properties of random utility models
where unit-purchase choices combine in continuous aggregates. In particular, Fajgel-
baum et al. 2011, 2015 and Dingel (2017) use a random utility model to study the
impact of income on the quality of traded goods. Finally, trade and product quality
also have been studied in the class of models with quadratic-linear preferences over
divisible goods (Picard and Okubo 2012). Di Comite et al. (2014) propose to reconcile
vertical and horizontal differentiation by considering consumers with two dimensional
taste heterogeneity (on demand intercepts and slopes). In contrast to this paper, all the
above models however assume a single quality version for each good.

Finally, because it considers non-homothetic preferences, the present paper remot-
edly relates to the literature on competition and trade with demand based on
non-homothetic preferences.4 The implications on trade of non-homothetic prefer-
ences have been examined in Behrens andMurata (2012), Sauré (2012), Behrens et al.
(2014), Feenstra and Romalis (2014), Simonovska (2015), Bertoletti et al. (2018),
Foellmi et al. (2018) andMatsuyama (2018), among others. In this strand, Matsuyama

4 Recently, there has been important developments in the literature on non-homothetic preferences, see
Foellmi and Zweimueller (2006), Behrens andMurata (2007), Bond et al. (2011), Zhelobodko et al. (2012),
Bertoletti and Etro (2016, 2017), Parenti et al. (2017), and Dhingra and Morrow (2019), among others. In
particular, Bertoletti and Etro (2017) analyze monopolistic competition with additively separable indirect
utilities. They also introduce quality in a closed economy, where more productive firms produce higher
quality goods and sell it at a higher price. In line with the Linder hypothesis, higher income drives special-
ization in the production of high-quality goods. Compared to this paper, they assume that each variety is
sold at a single quality and do not allow for the purchase of goods versioned at different quality levels.
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(2018) analyze the effects of income elasticity differences on sectorial compositions,
technological innovation and trade patterns. Finally,Arkolakis et al. (2019) depart from
the CES utility to analyze the gains from trade in economies with variable mark-ups.
Their general demand system also embeds the non-homothetic case.

The remainder of the paper is organized as follows. Section 2 describes the model.
Sections 3 and 4 discuss trade with within-country homogeneous and heterogeneous
population. Section 5 discusses possible limitations of the model. Section 6 concludes.

2 Model

We consider two trading countries (domestic and foreign) respectively populated by
the masses M and M∗ of individuals, where the asterisk denotes foreign variables.
For the sake of exposition, we firstly assume that individuals are have individual labor
unit endowment (skills) s and s∗ with cumulative distribution functions G and G∗.

Following Armington (1969), domestic and foreign goods are differentiated and
produced in a single country. Hence, each country is endowed with an exogenous set
Z ⊃ R of horizontally differentiated goodswithmass Z > 0. Theworldmass of goods
is equal to 2Z . By convention, goods are addressed by the indexes z and z∗ ∈ Z in both
domestic and foreign product sets, respectively. We follow the vertical differentiation
literature and consider that each good can be produced in different quality versions. To
simplify the discussion, we consider only two quality versions i ∈ {H , L}, the higher
quality H being more expensive to produce than the lower quality L . That is, a unit of
good z requires respectively aL (z) and aH (z) domestic labor units for the production
of its low and high quality version with aH (z) > aL (z) > 0. Perfect competition
entails that the prices of a home good z and foreign good z∗ are equal to their unit
costs:

pi (z) = ai (z)w and p∗
i

(
z∗) = ai (z

∗)w∗, i ∈ {H , L}, (1)

where w and w∗ are the domestic and foreign factor price per labor unit.
Following the vertical differentiation literature, we consider that each individual

consumes a unit of every good at a single quality version.5 Her decisions over con-
suming the quality version i of domestic and foreign goods z and z∗ are given by xi (z)
and x∗

i (z) ∈ {0, 1} subject to the unit purchase conditions xH (z) + xL (z) = 1 and
x∗

H (z∗) + x∗
L (z∗) = 1. The consumer is endowed with the utility function

U =
∫

Z

⎛

⎝
∑

i=H ,L

bi (z) xi (z)

⎞

⎠ dz +
∫

Z

⎛

⎝
∑

i=H ,L

bi
(
z∗) x∗

i

(
z∗)
⎞

⎠ dz∗,

where bH (z) and bL (z) are the utility of each quality version of domestic good z,
a higher quality providing more utility than the lower one, bH (z) > bL (z) > 0.

5 This assumption is standard in the tradition of vertically differentiatedmodels, both in general equilibrium
(Flam and Helpman 1987; Stokey 1991; Matsuyama 2000; Fieler 2012) and partial equilibrium (Sutton,
2007, Verhoogen 2008; Khandelwal 2010).
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The symmetric definition applies for the utility of foreign goods. Hence, the profile
bi (z) measures the consumer-specific tastes for the goods with quality i = H , L . For
conciseness, those parameters are called the “quality” of versions H and L of goods.
The consumer chooses the quality profiles xi and x∗

i that maximizes her utility subject
to her budget constraint

∫

Z

⎛

⎝
∑

i=H ,L

pi (z) xi (z)

⎞

⎠ dz +
∫

Z

⎛

⎝
∑

i=H ,L

p∗
i

(
z∗) x∗

i

(
z∗)
⎞

⎠ dz∗ = ws.

where pi (z) and p∗
i (z) are the prices of home and foreign goods with label z. Neces-

sary and sufficient conditions for the optimal choice impose that, for each home good
z ∈ Z , there exists a positive scalar μ such that she buys the home high quality H if

bH (z) − 1

μ
pH (z) ≥ bL (z) − 1

μ
pL (z) , (2)

and the home low quality L otherwise, the same applying for the purchase of foreign
goods. The scalar μ is equal to the inverse of the Lagrange multiplier of the budget
constraint. It measures the inverse of the marginal utility of income and is a function
of the individual’s skill s (see below). Throughout the text, we will shortly refer to it
as the “inverse marginal utility”. As shown in the left hand side condition, a consumer
therefore compares the utility brought by high and low quality versions with their
prices weighted by their marginal utility. She prefers the higher quality good if it has
higher quality and lower price. Plugging the prices (1), we get

μ

w
≥ aH (z) − aL (z)

bH (z) − bL (z)
.

She purchases the higher quality version of the goods for which her inverse marginal
utility is higher than the right hand side of this inequality. The set of high-quality
domestic goods consumed by the domestic individuals with μ is then given by

H
(μ

w

)
≡
{

z ∈ Z : μ

w
≥ � (z)

}
,

where � : Z → R
+,

� (z) ≡ aH (z) − aL (z)

bH (z) − bL (z)
. (3)

The function � (z) measures the home labor input that each additional unit of utility
(or quality) requires in the process of upgrading good z. For brevity, we call it the
home “per-quality input ”. What matters in the choice of quality version of a good
is the balance between this per-quality input � and the consumer’s inverse marginal
utility μ relative to the wage w in the production country. The higher the marginal
utility and the lower the wage, the wider the set of high-quality goods consumed.
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1326 P. M. Picard, A. Tampieri

Fig. 1 Input per quality and choice of goods’ quality. Note The left hand panel compares the per-quality
input �(z) of each domestic good z ∈ Z toμ/w andμ∗/w of home and foreign consumers. The sets of home
high-quality goods consumed by those consumers are respectively denoted by H (μ/w) and H

(
μ∗/w

)
.

The sets of low-quality goods are denoted by L (μ/w) and L
(
μ∗/w

)
. The right hand panel presents the

choice for foreign goods z∗ ∈ Z

Likewise, it can be shown that the set of high-quality imports consumed by this
domestic individual is given by H∗ (μ/w∗) = {z∗ ∈ Z : μ/w∗ ≥ � (z∗)}. Consump-
tion of high-quality imports depends on the consumer’s inverse marginal relative to
exporting country’s wage w∗. Given that the sets of goods are exogenous, the set of
low-quality purchases L and L∗ are the complements L ≡ Z\H and L∗≡ Z∗\H∗
where the sign \ denotes the operator for set difference.

Foreign consumers are endowed with the same utility function but have income
w∗s∗. By the same argument, they get an inverse marginal utility of income denoted
by μ∗ and purchase the sets of home and foreign high-quality goods, H(μ∗/w) and
H∗(μ∗/w∗), where H and H∗ have same definitions as above.

The left and right panels of Fig. 1 depict the per-quality input of goods produced
respectively at home and abroad. A domestic individual with inverse marginal utility
μ consumes the set of high-quality domestic goods,H (μ/w), and the complementary
set of low-quality domestic goods, L (μ/w) (intersection of horizontal black line at
μ/w with the curve �(z) in the left panel). She also consumes the sets of high and low-
quality imports, H∗ (μ/w∗) and L∗ (μ/w∗) (intersection of horizontal black curves
with �(z∗) in the right panel). Similarly, a foreign consumer with inverse marginal
utility μ∗ consumes the sets of high- and low-quality foreign goods,H∗ (μ∗/w∗) and
L∗ (μ∗/w∗) (intersection with gray line with �(z∗), right panel), and imports from
sets of domestic high- and low-quality goods, H (μ∗/w) and L (μ∗/w) (intersection
with gray line with �(z), left panel).
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As shown in Fig. 1, we can rank the goods so that the per-quality input � is a strictly
increasing function. We then make two technical assumptions. First, we assume that
every individual buys a mix of high and low qualities. That is, all domestic individuals
with labor unit endowment s obtain values of μ/w and μ/w∗ that lie in the image set
of �. This guarantees that the identities μ/w = �(z) and μ/w∗ = �(z∗) have unique
interior solutions for z and z∗. The same assumption applies for foreign individuals.
Second, as mentioned above, we assume that the consumer purchases each good
at one or another quality: xH (z) + xL (z) = 1. This is a standard assumption in
vertical differentiation literature and labeled as “full market coverage”.6 It is also
imposed in most horizontal differentiation trade models where consumers purchase
all goods (e.g. under Cobb-Douglas or CES preferences).7 In our context, the last
assumption implies two conditions. First, if the domestic consumer prefers a high-
quality to a low-quality domestic good z (μ/w ≥ �(z)), she should also be willing
to buy it (xH (z) = 1). One can check that the consumer buys a high quality good
if μ ≥ pH (z)/bH (z), or equivalently, μ/w ≥ aH (z)/bH (z). Using this, the above
condition becomes � ≥ aH /bH . That is, the image set of � lies above the schedules
aH /bH as shown by the top dashed line in Fig. 1. Second, if the domestic consumer
prefers a low-quality to a high-quality domestic good, she should be able to buy it. One
can similarly check that is implies μ/w ≥ aL(z)/bL(z). A sufficient condition is that
μ/w ≥ maxz aL(z)/bL(z). This is shown by the bottom dashed lines in Fig. 1. There
exists infinitely many primitive functions (aH , aL , bH , bL) that meet this condition.
It will be met for all the examples provided in the sequel.

The consumers’ budget constraints can be written as

wE
(μ

w

)
+ w∗E

( μ

w∗
)

= ws and w∗E

(
μ∗

w∗

)
+ wE

(
μ∗

w

)
= w∗s∗, (4)

where we define

E (y) ≡
∫

H(y)

aH (z) dz +
∫

L(y)

aL (z) dz. (5)

We use the symbol y to refer to the instances of inverse marginal utility μ, μ∗, μ/w

and μ∗/w. Each term in the left hand sides of (4) reflects the consumer’s expen-
diture on home and foreign goods. By contrast, the function E (y) measures such
expenditures in terms of the labor input. We call E (y) “real expenditure function”
as it expresses the expenditure using labor in the production country as numéraire.
Since H(y) expands with larger y, real expenditure functions increase with it so that
E ′ (y) > 0. Differentiating the domestic consumer’s budget constraint in (4), we get

dμ

ds
= w

E ′ (μ/w) + E ′ (μ/w∗)
> 0. (6)

6 See Crampes and Hollander (1995), Boom (1995), Ecchia and Lambertini (1997), Maxwell (1998) and
Wang (2003), among others.
7 Alternatively, Tarasov (2009) and Foellmi et al. (2018) consider “0-1 preferences”, where consumers
purchase one or zero unit of each good. They, however, do not model quality.
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Table 1 Four model examples

Linear expenditure Isoelastic expenditure

(a) (b) (a) (b)

Assumptions:

Z [1, κ1/2] [z, z) [0, 1] [0, 1]
aH (z) 4z 1 + z2 (z − z)−2 2z 1 + α (1 − z)−α−1

aL (z) 2z 1 z 1

bH (z) 2 (1 + γ ) z−1 1 + (z − z)−1 (1 + β) z
(
1
2 + z2

2

)− 1
α
1 + α (1 − z)−α

bL (z) 2γ z−1 1 βz
(
1
2 + z2

2

)− 1
α

1

Restrictions: κ, γ > 1 0 < z < z α, β > 1 α > 1

μ/w ≥ κ/ (1 + γ ) μ/w ≥ 1 μ/w ≥ 1/β

per-quality input :

�(z) z2 z2/ (z − z)
(
1/2 + z2/2

)1/α
(1 − z)−1

Real expenditure:

E (y) y + κ − 2 y − ς yα yα

d ln E (y) /d ln y y/ (y + κ − 2) y/(y − ς) α α

ς = z(2z−z)
(z−z) > 0

Indirect utility

(up to constant)

V (y) ln y ln y αβ
α−1 yα−1

(
α

α−1 yα − 1
)

/y

Number of H goods

H(y) y1/2 − 1 z2 (1/z − 1/y) − z
(
2yα − 1

)1/2 1 − 1/y

υ (y) 1
2 y1/2/

(
y1/2 − 1

)
1/
[

y
(
z − z

)
/z2 − 1

]
αyα/

(
2yα − 1

)
1/(y − 1)

The same argument applies for a foreign individual. As a consequence, the inverse
marginal utilities are increasing functions of each individuals’ labor endowment:
dμ/ds > 0 and dμ∗/ds∗ > 0.

There exist infinitely many profiles of input and preference primitives (aH , aL ,

bH , bL) that fit the conditions of the model. Table 1 presents four examples that help
illustrating themodel along the text. In particular, they yield real expenditure functions
E that are equal to either power (isoelastic) or linear functions (see computations in
“Appendix A”). In the examples labelled by (a), the cost of a product linearly increases
with its “address” z and its utility decreaseswith it. In otherwords,more costly products
add lower utility increments to consumers. An interpretation is that goods with low
z consist of affordable necessities and those with high z are luxury goods. The cost
and utility of high and low quality versions are maintained in constant proportions
along the product support. Importantly, upgrades of more costly products also bring
lower utility increments. As a result, high cost goods tend to be purchased at the lower
quality level.
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The profiles in the examples labelled by (b) have more involved structures but
impose weaker restrictions the parameter sets supporting an equilibrium. In those
examples, for simplicity, all low quality versions have the same cost and provide
the same utility to consumers. By contrast, high quality goods have cost and utility
functions that rise with their product “address” z and tend to infinity for z → z. It can
be seen that the utility increment from upgrading the quality of a good also rises with z
but at a slower pace than the associated cost increment. Therefore, in those examples,
the high quality version of the good with the highest address z is unattractive and never
purchased for any parameter set. This property assures that some goods are purchased
at low quality levels, which helps fulfilling the restrictions for an equilibrium and acts
as the well-known Inada condition.

It is important to note that those examples are chosen for their simplicity and just
illustrate a much larger class of primitives having the same properties. Indeed, to
obtain each example we impose the restriction of real expenditure E (y) = yα or
E (y) = y+cst on the functional vector space (aH , aL , bH , bL) ∈ (C (Z))4, where
C (Z) is the space of real continuous functions on the real support Z . This leaves a
three dimensional space (C (Z))3 in which to find primitive candidates that satisfy
monotone input-per-quality and the two above assumptions.8 Some class of primitive
like in the last example with linear real expenditure apply on less restrictive sets of
parameter space.

Labor market clearing conditions close the model. One such condition is satisfied
by Walras law. The remaining condition is equivalent to the trade balance condition,
which equates the value of domestic exports to that of imports. Using real expenditures,
this can be written as

M
∫

w∗E

(
μ(s)

w∗

)
dG(s) = M∗

∫
wE

(
μ∗(s∗)

w

)
dG∗(s∗). (7)

This identity determines the relative factor price w/w∗. Normalizing the foreign factor
price to unity, the term of trade is given by w, the domestic price of labor.

To sum up, a trade equilibrium is defined by the profiles of competitive prices
(pi , p∗

i ) (condition (2)), the profiles of inverse marginal utility (μ,μ∗) that match
individuals’ optimal consumption choices at given prices (condition (4)) and the scalar
relative factor price w that balances trade (condition (7)). Since prices are directly
derived from factor prices, it is sufficient to check conditions (4) and (7). This non-
linear system of equations can be studied only in particular settings.

We first consider populations being homogeneous in their labor endowment.

3 Homogeneous populations

In this section we consider countries with homogeneous populations in the sense that
home individuals have the same labor endowment s and foreigners the same s∗.9 Note
8 Technically, there always exists a vector of functions ε = (ε1, ε2, ε3, ε4) ∈ (C (Z))4 , ε 	= 0, such that
(aH + ε1, aL + ε2, bH + ε3, bL + ε4) satisfies the desired restriction on real expenditure.
9 That is, the distribution functions G and G∗ degenerate on single atoms at s and s∗.
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Table 2 Four model examples: equilibrium conditions and values

Linear expenditure Isoelastic expenditure

(a) (b) (a) (b)

Equilibrium conditions s ∈ [2κ − 2, 4κ − 4] s ∈ [2 (z − z
)
,∞) s ∈ [1, 2] s ∈ [2, ∞)

κ ≤ 1 + γ z2 >
(
z − z

)
βα ≥ 2

Equilibrium values

μ0
k sk/2 + 2 − κ sk/2 + ς (sk/2)1/α (sk/2)1/α

υ
(
μ0

k

) 1
2 (sk/2+2−κ)1/2

(sk/2+2−κ)1/2−1
z2
[
1
z − 1

(sk/2+ς)

]
− z αsk

2(sk−1)
1

(sk/2)1/α−1

that, given homogeneous populations, s and s∗ are equivalent to the domestic and
foreign country productivity, respectively. In this section, we will thus refer to s as
“productivity”. In this paper, we focus on similar countries so that we study the impact
of small differences in productivity (s, s∗) and population sizes (M, M∗).

The trade equilibrium satisfies the following conditions:

s = E
(μ

w

)
+ 1

w
E (μ) , (8)

s∗ = E
(
μ∗)+ wE

(
μ∗

w

)
, (9)

m E (μ) = wE

(
μ∗

w

)
. (10)

where m denotes M/M∗. In the absence of effects on relative prices, consumers
in a more productive country buy higher-quality products. Indeed, for a given w,
μ increases as domestic productivity s rises so that domestic consumers purchase
more of all high-quality goods. The issue is about how relative prices impact this
process. Under such general preference specification, equilibria may fail to be stable
(Amano’s, 1968). In what follows, we restrict our attention to stable symmetric trade
equilibria. The trade equilibrium is stable if any small temporary shocks in population
and productivity lead back to the symmetric configuration.

When countries are fully symmetric (s/s∗ = m = 1), the trade equilibrium is a
symmetric configuration where w = w0 ≡ 1, μ = μ∗ ≡ μ0 and s = 2E

(
μ0
)
. Our

above assumptions impose two restrictions for such a trade equilibrium to exist. The
first restriction imposes that the image set of � must include μ0. It can be shown that
this is equivalent to the condition:

∫
Z aL(z)dz ≤ s/2 ≤ ∫

Z aH (z)dz. The second
restriction requires that the image set of � lies above the schedules aH /bH and μ/w

above the schedule aL/bL . Those conditions can be satisfied for many classes of
primitives ai and bi . The first row of Table 2 illustrates the point with the examples
presented in Table 1 (see “Appendix B”). In examples (b), equilibrium conditions
impose that productivity is high enough for workers to be able to purchase all goods.
In addition to this, equilibrium conditions in examples (a) impose an upper bound on
productivity to discard the potential satiation of consumers.
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We are now equipped to study the impact of small discrepancies in domestic pop-
ulation m̃ = dm/m > 0 and productivity s̃ = ds/s > 0 on the consumption of high
and low quality goods. Totally differentiating the above system of equations around
the symmetric equilibrium yields the linear system

2̃s = 2ημ̃ − (1 + η) w̃, (11)

0 = 2ημ̃∗ + (1 − η) w̃, (12)

m̃ + ημ̃ = w̃ + η
(
μ̃∗ − w̃

)
, (13)

where x̃ = dx/x denotes the relative difference in the variable x and where

η ≡
[
d ln E (y)

d ln y

]

y=μ0
> 0, (14)

measures the elasticity of real expenditure with respect to the inverse marginal utility
at the symmetric equilibrium. Since μ0 = E−1(s/2), the elasticity of expenditure is
exogenously given by the economic parameters.

The above equilibrium is expressed in terms of inverse marginal utility rather than
demand and real expenditure. Equations (11)–(13) allow us to discuss the discrepan-
cies in consumption of high quality goods around the symmetric equilibrium. Larger
inverse marginal utilities μ and μ∗ are associated with positive relative differences
μ̃ and μ̃∗, while a larger relative factor price w is associated with a positive rela-
tive difference w̃. The domestic consumers’ set of high-quality local goods H(μ/w)

expands with larger μ and smaller w; that is, if μ̃ − w̃ > 0. Their set of high-quality
importsH∗(μ) expands with their inverse marginal utilityμ or, equivalently, if μ̃ > 0.
Equation (11) gives the domestic consumption response to relative factor price discrep-
ancies. Equation (12) expresses the foreign consumption response. Finally, Eq. (13)
states the trade balance response of relative factor prices to consumption discrepancies.

Having defined the elasticity of real expenditure, we are able to determine the sta-
bility conditions of the symmetric equilibrium.We assume that temporary adjustments
follow a tâtonnement process where consumers adjust their choices and trade imbal-
ances adjust the relative factor price. Symmetric stable equilibria are such that any
small temporary shocks lead back to the symmetric configuration.

Lemma 1 The symmetric trade equilibrium with homogeneous populations is stable
if and only if η ≥ 1.

Proof See “Appendix C”. �
The trade equilibrium resumes to its interior value after a shock if and only if

η ≥ 1. This result is reminiscent of the Marshall-Lerner condition, establishing that
a real devaluation (or depreciation) improves the trade balance only if the sum of
countries’ import-demand elasticities are higher than one (Caves et al. 2002). The
result in Caves et al. (2002) applies for models with divisible goods whereas our
model has unit purchase of many vertically differentiated heterogeneous goods.10

10 Equilibrium unstability also arises in exchange models with divisible goods depending on the shape of
preferences and offer curves. For instance, in 2-agent and 2-divisible-good model, equilibria occur where
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As a result, countries with similar productivity and population share similar trade
trade patterns.Otherwise, similar countriesmight end upwith dissimilar trade patterns,
a situation that lies out of the focus of this paper. In the sequel, we concentrate on
stable equilibria by assuming η > 1.

3.1 Trade properties

We now discuss the impact of population sizes and productivity on consumption and
trade. Simplifying the above systemof equations yields the following differences in the
relative factor price and inverse marginal utility of domestic and foreign individuals:

w̃ = −1

η
m̃ − 1

η
s̃,

μ̃ = −η + 1

2η2
m̃ + η − 1

2η2
s̃,

μ̃∗ = −η − 1

2η2
m̃ − η − 1

2η2
s̃. (15)

The last two expressions allows us to infer the consumption of foreign high-quality
goods (H∗(μ) and H∗(μ∗)). From (15), it comes

μ̃ − w̃ = η − 1

2η2
m̃ + 3η − 1

2η2
s̃,

μ̃∗ − w̃ = 1 + η

2η2
m̃ + 1 + η

2η2
s̃,

which determines the consumption of home high-quality goods (H(μ/w) and
H(μ∗/w)).

Note that the relative differences in μ̃ and μ̃ − w̃ not only express the change
in domestic consumer’s real expenditures but also her incentives to purchase larger
numbers of high quality imports and local products compared to the fully symmetric
configuration. Those two variables indeed map to the differences in the number of
purchased goods as it follows. Let H(y) be the mass of high-quality goods H(y),
which computes as H(y) = �−1(y) − z with z = inf Z . Then, any small relative
difference ỹ = dy/y induces a difference in the mass of high quality goods given by
ỹυ (y) where υ (y) is the high-quality consumption elasticity

υ (y) ≡ d ln H (y)

d ln y

= y

H (y) �′ [�−1(y)
] > 0 (16)

Footnote 10 continued
agents’ offer curves intersect and are stable according to whether the offer curves intersect from above or
below.
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Table 3 Trade with homogeneous populations

m ↑ s ↑
Relative factor price w ↑ False False

Consumption of high quality goods:

Domestic consumption Local H (μ/w) ↑ True True

ImportH∗ (μ) ↑ False True

Foreign consumption Local H∗ (μ∗) ↑ False False

ImportH (
μ∗/w

) ↑ True True

w is domestic factor price; m is the relative size of home to foreign country; s is home productivity; H is
the set of high quality goods. The arrow ↑ reads as the set of home local high-quality goods expands. The
table assumes stable equilibria (η > 1)

Therefore, differences in population size m̃ or productivity s̃ lead to the follow-
ing relative differences in the numbers of high-quality purchases: μ̃υ

(
μ0
)
and

(μ̃ − w̃) υ
(
μ0
)
. For the sake of illustration, Table 2 reports the values for υ

(
μ0
)

in the four above examples. Since υ (y) > 0, the incentives to purchase high quality
goods μ̃ and (μ̃ − w̃) correspond to the consumption increases of those goods.11

Table 3 displays the main results of the paper on the impact of larger home popu-
lation and productivity.

Table 3 allows us to discuss how population and productivity differences alter the
baskets of high- and low-quality goods and foster countries’ specializations. To be
more precise, we say that those differences foster a country’s specialization in high
quality exports if they increase the share of high quality versus low quality goods in
its exports. Similarly, they foster the specialization in high quality production if they
increase the share of high quality versus low quality in its local production (for both
local and foreign consumptions).

3.1.1 Country size differences

Consider a larger domestic population (second column). This inflates domestic labor
supply (in terms of labor units) and therefore depresses the domestic wage and relative
factor price (lower w, first row). The lower wage entices domestic individuals to
purchase fewer high-quality imports (H∗ (μ) shrinks, third row). The lower relative
factor price makes domestic goods cheaper abroad and entices foreign consumers to
importmore numerous high-quality goods (H (μ∗/w) expands, fifth row).12 The effect
on the trade patterns is unambiguous: as the domestic population gets larger, the home
country exports a larger number of high quality goods and imports a smaller number

11 In the example with isoelastic real expenditure, we have �(z) =
(
1+z2
2

)1/α
and z = 0, so that the

elasticity is equal to υ (y) = (α − 1) yα+1/
(
2yα − 1

)
. In the example with linear real expenditure we

have �(z) = z2 and z = 1 so that υ (y) = 1
2 y1/2/

(
y1/2 − 1

)
> 0.

12 Note that domestic consumers switch from high quality to low quality products for imports but make
the opposite switch for their local goods. This is because domestic goods become relatively cheaper with a
lower relative price w.
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of them. To sum up, a larger domestic population fosters domestic specialization in
the production of high quality goods and exports. By the same token, the foreign
country specializes in lower quality production. It can be observed from (15) that a
lower elasticity of real expenditure η accentuates the impact of relative factor price
and therefore increases such incentives to specialize.

Finally, whereas domestic consumers get a lower wage, they also face lower prices
for local goods. Local high-quality goods are still attractive to them. Therefore, they
substitute the high quality imports with local high-quality goods (H (μ/w) expands,
second row). In any case, the home production of high quality goods is larger. For-
eigners do exactly the opposite and substitute their local high-quality consumption
with high-quality imports (H∗ (μ∗) shrinks, fourth row).

We summarize those results in the following proposition:

Proposition 1 A larger country population fosters its specialization in high quality
exports and the other country specialization in low quality exports.

Several remarks can bemade. First, it is easy to show that a larger population size has
no effect on consumption in the closed economy version of this model. Because of the
constant returns to production scale, additional individuals proportionally contribute
to their own consumption of each type of goods. In the presence of trade, a rise in
domestic population decreases the domestic costs of high and low quality goods in
the same proportion so that the local production of those goods is given no relative
advantages. However, it decreases the domestic cost per quality relative the other
country, which entices specialization in higher quality goods. Second, the result about
specialization parallels Fajgelbaum et al.’s (2011, Proposition 2(i)) finding that bigger
countries become net exporters of high quality goods. Yet, whereas they explain this
property through the existence of a ‘home market effect’, the current result is based
on the relative price movements. Indeed in Fajgelbaum et al. (2011), there exists no
relative wage effect stemming from the trade of differentiated goods because of the
assumption of a perfectly tradeable homogeneous good.

3.1.2 Productivity differences

Consider the case of a large domestic productivity (third column in Table 3). This again
inflates domestic labor supply (in terms of labor units) and depresses the domestic
wage and the relative factor price (lower w, first row). However, although foreign
goods become less attractive at home, the larger home productivity raises domestic
workers’ income. In the trade equilibrium, domestic consumers purchase more high-
quality goods from both local and foreign production (H (μ/w) and H∗ (μ) expand,
second and third row). The higher domestic productivity benefits foreign consumers,
too. Because of the terms of trade, their import prices are lower, which entices them to
increase their expenditures on imported high-quality goods and drop some local high-
quality goods (H∗ (μ∗) shrinks andH (μ∗/w) expand, fourth and fifth columns). This
comes at the expense of their consumption of low quality goods.

In sum, when countries are not too asymmetric, they export larger sets of high
quality goods. They therefore jointly specialize in the production of those goods.
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Proposition 2 A larger domestic productivity fosters specialization in high quality
export of both countries.

A rise in domestic productivity proportionally decreases the labor input needed of
all domestic goods. It gives a domestic advantage in terms of per-quality input relative
the other country and therefore entices home specialization in high quality goods.
The point is that the rise in productivity also raises the purchasing power of domestic
consumers who demand higher quality goods from abroad. As a result, the foreign
country also specializes in high quality goods. This result is congruent to the empirical
evidence that the quality of exports correlates with the productivity and income of the
origin and destination countries (see the introduction).

3.1.3 Linder hypothesis

Thismodelmatches the empirical fact that two richer countries trademore high quality
products. Indeed, extending the above analysis to equal increases in each country’s
productivity ds/s = ds∗/s∗, one can get that first w̃ = 0. Relative factor prices
are unaltered because of symmetry. Also, one gets that μ̃ = μ̃∗ = μ̃ − w̃ = μ̃∗ −
w̃ = 1

η
s̃. Therefore, when both countries become equally more productive, consumers

purchase more numerous high-quality imports and local goods. Therefore, the two
higher income countries specialize in the production of higher quality goods and
trade more high-quality goods. Conversely, two low income countries will specialize
in low quality goods and trade more of those. This confirms the Linder hypothesis
about the nature of trade and the similarities of countries’ demands.

Proposition 3 With homogeneous and symmetric populations, two higher income
countries specialize in the production of higher quality goods and trade more of those.

Proof See “Appendix D”. �
This point has empirically been confirmed by Hummels and Klenow (2005) who

show that more productive trade partners import goods of higher quality from themore
productive exporters.

3.2 Trade costs

The recent trade literature emphasizes the role of trade costs.13 In this subsection, we
investigate the effect of bilateral ad-valorem/iceberg trade costs. We show how trade
costs can foster the substitution of high quality imports and the specialization in high
quality goods.

Let us assume an iceberg trade cost be τ > 1 where the share τ − 1 of each
imported good is lost between the trade origin and destination. The domestic price of
an imported unit of foreign variety z∗ becomes τ p∗

i (z∗) = τw∗ai (z∗), i = H , L . A
domestic consumer with inverse marginal utility μ purchases all high-quality imports

13 For instance Lai et al. (2020) investigate the impact on global welfare of a reduction in bilateral trade
costs.
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with z∗ such thatμ ≥ τw∗�(z∗).Her set of imports of high-quality varieties is therefore
given by

H∗ ( μ

τw∗
)

=
{

z∗ ∈ Z : μ

τw∗ ≥ �
(
z∗)}

while her expenditure on those goods is given by
∫
H∗(μ/τw∗) τaH (z) dz + ∫L∗(μ/τw∗)

τaL (z) dz, which is equal to τ E (μ/τw∗) where E is the real expenditure function
defined in (5). The foreigners’ set of high-quality imports and their related real expen-
diture function have the symmetric formulations H (μ∗/τw) and τ E(μ∗/τw). The
local consumptions H(μ/w) and H∗(μ∗/w∗) and local real expenditures E(μ/w)

and E(μ∗/w∗) are not affected by trade costs.
Using again thewage normalizationw∗ = 1, the budget constraint and trade balance

conditions write as

s = E
(μ

w

)
+ τ

w
E
(μ

τ

)
,

s∗ = E (μ∗) + τwE

(
μ∗

τw

)
,

mτ E
(μ

τ

)
= τwE

(
μ∗

τw

)
.

(17)

When countries are fully symmetric (s = s∗ and m = 1), the equilibrium is the
symmetric configuration where w = 1 and μ = μ∗ ≡ μ0

τ with s = E
(
μ0

τ

) +
τ E

(
μ0

τ /τ
)
. Equilibriumconditions are similar to those presented inTable 2.As before,

we assume that trade equilibrium stability conditions hold: η(μ0
τ ) > 1 and ητ =

η(μ0
τ /τ ) > 1.
One can differentiate the above system of equilibrium conditions around the sym-

metric configuration and solve for the small differences in wages and inverse marginal
utility (w̃, μ̃, μ̃∗) as functions of exogenous differences (m̃, s̃, τ̃ ) where τ̃ = dτ/τ .
This yields the following expressions for the differences in relative price

w̃ = − ξ


m̃ − ητ


s̃

and incentives to purchase high quality goods (see “Appendix D”)

μ̃ − w̃ = φτ (ητ − 1)


m̃ + φτη

2
τ + (2ητ − 1) φη

ξ
s̃ + (ητ − 1)φτ

ξ
τ̃

μ̃∗ = − (ητ − 1)φτ


m̃ − ητ (ητ − 1)φτ

ξ
s̃ + (ητ − 1)φτ

ξ
τ̃

μ̃ − τ̃ = − (η − 1)φ + 1


m̃ + η(ητ − 1)φ

ξ
s̃ − φτ + φη

ξ
τ̃

μ̃∗ − w̃ − τ̃ = φτ + φη


m̃ + ητ

(φτ + φη)

ξ
s̃ − φτ + φη

ξ
τ̃ (18)
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In those expressionsη = η(μ0
τ ) andητ = η(μ0

τ /τ ) are the elasticity of real expenditure
defined in (14) and evaluated at the inverse marginal utility in each local and import
markets, φ = E(μ0

τ )/
[
E(μ0

τ ) + τ E(μ0
τ /τ )

]
and φτ = 1 − φ are the shares of real

expenditures on local and imported goods, and finally  = φη (2ητ − 1) + φτητ and
ξ = φη + φτητ are positive bundles of terms.

It must first be noted that the signs of the coefficients on m̃ and s̃ in the above
relationship are the same as in the model without trade costs. As a consequence, all
the trade properties of stable equilibria with respect to population and productivity
differences hold in the presence of trade cost. Furthermore, what is the effect of an
increase in trade costs (̃τ > 0 = m̃ = s̃) on the consumer’s basket of goods? From
the coefficients on τ̃ in the above relationships, we infer that higher trade costs have
no effect on relative prices w. This is because trade costs remain equal in both trade
directions, so that higher trade costs equally shift the export and import values and
do not change the trade balance between symmetric countries. They also expand the
consumption sets of local high-quality goodsH(μ/w) andH∗(μ∗) because μ̃−w̃ > 0
and μ̃∗ > 0. By contrast, they reduce those of high quality imports H∗ (μ/τ) and
H (μ∗/τw) because μ̃ − τ̃ < 0 and μ̃∗ − w̃ − τ̃ < 0. Trade costs therefore foster the
substitution of high quality imports for high-quality local consumption, although not
necessarily on a one-by-one basis.

Does trade integration increase countries’ specialization in the production of
high quality products? The changes in the number of high quality varieties pro-
duced at home are given by (μ̃ − w̃) υ (μ/w) + (μ̃∗ − w̃ − τ̃ ) υ (μ∗/τw) where
υ (y) ≡ d ln H (y) /d ln y > 0 is the high-quality consumption elasticity defined
in (16). Plugging the above values of (μ̃, μ̃∗, w̃) from (18) for τ̃ > 0 = s̃ = m̃ and
using symmetry, we infer that a fall in trade costs increases the home production of
high quality goods if and only if φτ (ητ − 1) υ

(
μ0

τ

)
< (φτ + φη) υ

(
μ0

τ /τ
)
. The LHS

reflects the positive effect of trade costs on home consumption while the RHS reflects
the negative effect on exports. The net effect cannot be signed because we do not know
how ητ and υ

(
μ0

τ

)
compare to η and υ

(
μ0

τ /τ
)
for any τ . Nevertheless, for small trade

costs (τ → 1), this inequality holds as it simplifies to 2φυ
(
μ0

τ

)
> 0. Hence, when

trade costs are not too large, a reduction of trade barriers raises the number of high
quality goods produced at home and therefore fosters specialization in the production
of high quality goods. By symmetry this conclusion applies for the foreign country.
We summarize the last results in the following proposition:

Proposition 4 Higher trade costs foster the substitution of high quality imports for
high-quality local consumption. When trade costs are not too high, trade integration
fosters the specialization in high quality goods in both countries.

The results in Proposition 4 are consistent with recent empirical findings on changes
in trade costs (see Amiti and Khandelwal (2013), and Fan et al. 2015, among others).

4 Heterogeneous populations

It iswell-known that trade has redistribution effects.However, the relationship between
trade, product quality and the welfare of social groups has not been discussed in the
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trade literature. In this section, we investigate whether some income social groupsmay
be harmed from high demography and productivity growth biased in favor of other
groups. Toward this aim, we consider that populations are split into heterogeneous
productivity groups. The presence of social groups differing in income implies that,
at equilibrium, some income groups buy certain varieties at high quality and some at
low quality. This is a relevant point of the paper, as it allows then to link our paper
to the empirical analysis on trade, where unobserved quality is measured with the
differences in prices among goods of the same variety.

Suppose that every population is divided in K skill groups. For the sake of readabil-
ity, we distinguish home and foreign groups by respectively using the group indices k
and l ∈ {1, ..., K }. Home individuals in group k are endowedwith sk labor units, which
are distributed according to the group probability distribution gk (

∑K
k=1 gk = 1). The

mass of this group is Mgk . For simplicity, we consider that domestic and foreign
groups have symmetric distributions: g∗

l = gk for l = k. So, foreign individuals in
groups l are endowed with s∗

l labor units and belong to a group of mass M∗gl . We
focus on countries that are not too asymmetric with respect to their productivity, pop-
ulation sizes and income distributions. We study the impact of small differences in
such parameters.

At the equilibrium, the wage and the inverse marginal utility in group k and l are
given by the scalars and vectors (w, {μk}k∈K , {μ∗

l }l∈K ) that satisfy the expenditure
identities and the balanced trade condition:

sk = E
(μk

w

)
+ E (μk)

w
, (19)

s∗
l = E

(
μ∗

l

)+ wE

(
μ∗

l

w

)
, (20)

m
∑K

k=1
E (μk) gk = w

∑K

l=1
E

(
μ∗

l

w

)
g∗

l . (21)

Equilibrium conditions have the same structure as in the case of homogeneous popu-
lation, except that the budget constraints (19) and (20) determine the inverse marginal
utility in each consumer group and the trade balance condition (21) depends aggregates
of the real expenditures in those groups.

We begin with the study of the equilibrium with symmetric populations and pro-
ductivities: m = 1 and sk = s∗

l ∀k = l. At equilibrium, we obtain the symmetric
configuration where w = w0 ≡ 1 and μk = μ∗

l ≡ μ0
k for k = l with sk = 2E

(
μ0

k

)
.

Because E is an increasing function, the latter condition implies that richer consumers
buy wider sets of high quality products. That is, sk ≥ sk′ implies that μk ≥ μk′ and
μk/w ≥ μk′/w so thatH(μk) ⊇ H(μk′) andH(μk/w) ⊇ H(μk′/w). The symmetric
trade equilibrium exists if it satisfies the restrictions on the image set of input-per-
quality �. Given that the functions � and E are independent of productivities sk and
sl , the restrictions are the same as those of the homogeneous population.

The consumption of high and low quality goods varies according to the country
differences in each factor. We consider the small differences in domestic population
m̃ = dm/m > 0 and group k’s domestic productivity s̃k = dsk/sk > 0. Totally
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differentiating and simplifying the above system of equations around the symmetric
equilibrium yields the following trade equilibrium conditions:

2̃sk = 2ηkμ̃k − (ηk + 1) w̃, (22)

0 = 2ηl μ̃
∗
l + w̃ (1 − ηl) , (23)

m̃ +
∑

k
ϕkηkμ̃k = w̃ +

∑

l
ϕlηl

(
μ̃∗

l − w̃
)

(24)

where

ηk ≡
[
d ln E (y)

d ln y

]

y=μ0
k

> 0 and ϕk = E
(
μ0

k

)
gk

∑
l E
(
μ0

l

)
gl

= sk gk∑
l sl gl

∈ [0, 1],

while summation operators apply on all groups k, l ∈ {1, ..., K }. There are two dif-
ferences with the case of homogeneous population. On the one hand, the inverse
marginal utility now depends on group-specific real expenditure elasticities ηk . On
the other hand, the trade balance compares the averages of inverse marginal utility
within domestic and foreign groups. Those averages are weighted by each group’s
share of labor supply, ϕk (in labor units). Hence, groups with larger population and/or
individual productivity have stronger impact on trade balance and therefore on the
relative factor price w.

The symmetric trade equilibrium is subject to stability issues. Using the same
tâtonnement process, we find that a stable trade equilibrium depends on the average
elasticity of real expenditure as it follows:

Lemma 2 The symmetric trade equilibrium with heterogeneous populations is stable

if and only if η ≡
K∑

k=1

ϕkηk > 1.

Proof See “Appendix E”. �
This conditions is less restrictive than under homogeneous population as some

group may have elasticity of real expenditure lower than one if some other group has
it higher. Using the definition η = ∑

j ϕ jη j , we can express the solution of the above
equilibrium conditions as

w̃ = − m̃

η
− 1

η

∑

j
ϕ j s̃ j (25)

μ̃k = −ηk + 1

2ηkη
m̃ + 1

ηk
s̃k − ηk + 1

2ηkη

∑

j
ϕ j s̃ j , (26)

μ̃∗
l = −ηl − 1

2ηlη
m̃ − ηl − 1

2ηlη

∑

j
ϕ j s̃ j , (27)

where all sums are over groups j ∈ {1, ..., K }. The first expression gives the relative
factor price. The two other expressions yield the consumptions of foreign high-quality
goods. On the one hand, μ̃k gives the import setH∗(μk) of the domestic group k that
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Table 4 Trade with heterogeneous populations

m ↑ sk↑
Relative factor price w ↑ False False

Consumption of high quality goods:

Domestic group k LocalH (μk/w) ↑ ηk> 1 True

ImportH∗ (μk ) ↑ False True

Domestic group j 	= k LocalH (
μ j /w

) ↑ ηk> 1 η j > 1

ImportH∗ (μ j
) ↑ False False

Foreign consumption LocalH∗ (μ∗
l

) ↑ ηl< 1 ηl< 1

ImportH (
μ∗

l /w
) ↑ True True

w is domestic factor price;m is the relative size of home to foreign country; sk is homegroup k’s productivity;
H is the set of high quality goods. The arrow ↑ reads as an expansion of the set of high-quality goods. The
table assumes stable equilibria as expressed in Lemma 2

benefits from a productivity difference s̃k above the respective foreign group’s. On
the other hand, μ̃∗

l gives the foreign consumption of own high-quality goodsH∗(μ̃∗
l ).

From this, we also derive the incentives to consume domestic high-quality goods by
home and foreign consumers as

μ̃k − w̃ = ηk − 1

2ηkη
m̃ + 1

ηk
s̃k + ηk − 1

2ηkη

∑

j
ϕ j s̃ j , (28)

μ̃∗
l − w̃ = ηl + 1

2ηlη
m̃ + ηl + 1

2ηlη

∑

j
ϕ j s̃ j . (29)

For K = 1, those expressions collapse to the ones obtained under homogeneous
populations.

Table 4 displays the effect of a larger home population (m̃ > 0) and of a larger
productivity in group k, other groups j keeping same productivity across countries
(̃sk > 0 = s̃ j , j 	= k). Results readily obtain from the previous expressions. Results
simplify thanks to stability condition in Lemma 2 (see “Appendix F”).

For the sake of clarity, we keep consistency with the section with homogeneous
population and focus on the case where real expenditure elasticities ηk are larger than
one for all groups. In this case, one checks that all the inequalities presented in Table 4
have same direction as in Table 3. Demographic and productivity differences therefore
yield effects on high- and low-quality good consumptions that are qualitatively similar
to those reported in Table 3. The impact of changes in population size is similar to
that in the case with homogeneous populations, and can readily be inferred from the
second column of Table 4. When the home population is larger, every domestic skill
group consumes a wider range of local high-quality goods and a smaller range of
high-quality imports than it would do in absence of any population difference. By
contrast, the foreign population consumes a lower number of local high-quality goods
and a larger number of high-quality imports. This fosters domestic specialization in the
production of high quality goods and exports. The opposite occurs abroad. Hence, the
direction of the effects of population differences are unaltered by countries’ income
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heterogeneity. Yet, amplitudes differ because of the idiosyncratic behaviors of income
groups, captured in the ηk’s.

We now investigate the impact of productivity differences within home and foreign
groups.

Proposition 5 Consider two countries with identical skill groups with ηk ≥ 1 except
that the domestic skill group k gets a larger productivity compared to its counterpart
foreign group l = k. This fosters home’s specialization in high quality exports and
raises total export values. It benefits this group and other foreign groups but harms
other domestic skill groups. Finally, it fosters foreign specialization in high quality
exports only if group k is large enough.

Proof See “Appendix G”. �

The argument for this proposition can partly be obtained from the third column of
Table 4. When the home population includes a skill group k with productivity higher
than its corresponding foreign skill group, this augments the domestic effective labor
supply and reduces the relative prices. Because it increases its income, this domestic
group purchases a wider range of both local and foreign high-quality goods than it
would do in absence of such difference (see row 2 and 3).

A domestic skill group j that does not benefit from a productivity advantage gets a
lower income and an adverse term of trade effect. It then chooses to purchase a wider
range of local high-quality goods and a narrower range of high-quality imports (row
4 and 5). In the end, it can be shown that it overall consumes a lower number of high
quality goods (see “Appendix G”). By contrast, foreign groups face a favorable term
of trade so that they purchase a wider range of high-quality imports and restrain the
range of their local high-quality consumption (row 6 and 7).

The group k’s larger productivity indeed leads to a larger number of high-quality
exports to the foreign country, which implies domestic specialization in high-quality
exports. However, in contrast to the case with homogeneous population, it is not a
priori clear whether the foreign country follows the same specialization process. This
is because, under heterogeneous population, the domestic group k purchases a higher
number of high-quality imports but other domestic groups do the opposite. The effect
on the volume of domestic high-quality import then depends on the groups’ shares in
the domestic population. In particular, if the group k has a small share in the domestic
population, it is unlikely to boost foreign high-quality exports.

Proposition 5 is meant to be applied in the context of skill bias technological
changes, which receives much attention in the literature. Classical evidence for the
United States is provided by Berman et al. (1994), Goldin and Katz (1998) and Autor
et al. (2003), among others, where it emerges a link between job polarization and rapid
improvements in the productivity of information and communications technologies.14

In particular, one may consider that recent technological changes have favored U.S.
high skilled workers. Our model then implies that such changes foster U.S. special-
ization in high quality exports, enhance U.S. trade values and benefit U.S. high skilled

14 See Acemoglu (2002) and Acemoglu and Autor (2011) for comprehensive reviews of the literature.
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workers at the expense of U.S. low skill workers. Those technological changes may
lead to fewer high-quality imports if U.S. high skill group is not large enough.15

This idea is confirmed by the findings that relate skills to trade outcomes. In his
analysis of North-South trade,Wood (1995) argues that unskilled workers in the South
country benefits most from trade, whereas in the North, unskilled workers are worse
off,while skilledworkers gain from trade. Similarly,Acemoglu (2003) provides a theo-
retical framework where international trade and skill-biased technical change explain
wage inequality. More recently, using a calibrated open economy Ramsey model,
Rattsø and Stokke (2013) find that trade effects via technology adoption and skill
bias can be an important determinant of wage inequality. Proposition 5 is consistent
with this view if one considers the increase in the high skilled group’s productivity in
Northen countries. Finally, Verhoogen (2008) relates quality upgrading to inequality
albeit, in this paper, inequality is determined at intra-industry trade level by exchange
rate devaluation.

5 Discussions

The present model for vertical differentiation and trade faces several limitations.
Namely, it is studied under the assumptions of full market coverage, closely sym-
metric country productivity and population, symmetric technologies, fixed number
of goods and absence of comparative advantages. As in the industrial organization
literature, the first assumption is difficult to relax without analytical complications.
The second assumption is relaxed in a companion paper (Picard and Tampieri 2019).
We here explain how the three other limitations can be dealt with.16

Asymmetric technologies In the above analysis, countries have symmetric produc-
tion functions. The assumption of symmetric technologies can readily be relaxed in
the following way so that it entails the same effect as country productivity differ-
ences. Suppose indeed an asymmetric technological structure of the two countries
such that the foreign labor input is given by a∗

i (z) = ai (z)/δ, i ∈ {H , L} where
δ > 0 is the foreign technology parameter. This implies that the foreign per-
quality input profile simplifies to �∗(z) = � (z) /δ. The set of foreign high-quality
goods consumed at home is then given by H (δμ/w∗). The domestic expenditure on
imports is given by

∫
H(δμ/w∗) w∗aH (z) /δdz + ∫L(δμ/w∗) w∗aL (z) /δdz and reduces

to (w∗/δ) E (δμ/w∗). The same argument applies for the goods consumed by foreign
consumers. Hence, making the normalization w∗/δ = 1, we get exactly the same
system of trade conditions as (4)–(5), except that s∗ here becomes s∗δ. As a result, an
increase in foreign technology parameter δ has the same effect as an increase in the
foreigners’ individual productivity s∗.

15 Similar findings for the U.S. as well as other developed countries can be found in Berman et al. (1998),
Machin and Van Reenen (1998) and Cho and Díaz (2019).
16 We thank a referee for suggesting this discussion.

123



Vertical differentiation and trade among symmetric… 1343

Asymmetric number of varieties The assumption of the symmetric number of
goods in both countries can also be relaxed in the following way. In the spirit of
Melitz (2003), let us redefine the set of domestic and foreign product varieties as
Z × [0, n] and Z × [0, n∗] where n > 0 and n∗ > 0. Accordingly, the num-
ber of domestic and foreign goods are equal to Zn and Zn∗.17 The utility writes
as U = n

∫
Z
(∑

i=H ,L bi (z) xi (z)
)
dz + n∗ ∫

Z
(∑

i=H ,L bi (z∗) x∗
i (z∗)

)
dz∗ while

the real expenditure for home goods and imports are given by nE(y) and n∗E(y)

where y ∈ {μ,μ/w,μ∗, μ∗/w}. The set of high-quality local consumption expands
to H (μ/w) ×[0, n] where H (μ/w) ≡ {z ∈ Z : μ/w ≥ � (z)} and � (z) are defined
as before. The equilibrium conditions become

s = nE
(μ

w

)
+ 1

w
n∗E (μ) ,

s∗ = n∗E
(
μ∗)+ wnE

(
μ∗

w

)
,

mn∗E (μ) = wnE

(
μ∗

w

)
.

The effect of the number of domestic firms n can be easily studied by totally dif-
ferentiating around the symmetric configuration as in the above text (n = n∗ while
ñ = dn/n and dn∗/n∗ = 0). It can be shown that a larger number of domestic firms
brings about an increase in the domestic relative price. This is intuitive since all goods
are consumed and the same domestic labor force is asked to produce more goods. The
larger number of domestic goods raises the relative income at home and diminishes
it abroad, and also implies that the budget for each good decreases. Hence foreign-
ers gain from product diversity but react by spreading their income on lower quality
goods.

Yet, for the sake of more realism, it is advisable to incorporate in this extension
a system of economic forces that determine the product diversity. Such mechanisms
can for instance be borrowed from the literatures on innovation or agglomeration
economies. A thorough study lies out to the scope of the current paper.

Comparative advantages Many trade theory papers discuss the role of countries’
technological advantages. For instance, Matsuyama (2000) discusses an asymmetric
setting where the North country has an absolute advantage. In this subsection, we
present a situation where productivity advantages are balanced and show how our
model can be extended to comparative advantages in a North-North trade setting.

Towards this aim, it is possible to present a setup with comparative advantages
that disentangles the production and consumption decisions. For instance, assume
now that the varieties z can be produced at different costs ai (z) at home and a∗

i (z)
abroad while the varieties z∗ are produced respectively at ai (z∗) and a∗

i (z∗), i =
H , L . Further assume the following chain of comparative advantages (Dornbusch et al.
1977): γ (z) = a∗

H (z) /aH (z) = a∗
L (z) /aL (z) and 1/γ (z∗) = a∗

H (z∗) /aH (z∗) =
a∗

L (z∗) /aL (z∗) where γ ′ > 0, z ∈ Z and z∗ ∈ Z . This says that varieties with

17 The important difference with Melitz (2003) is that n is exogenously given in the present extension.
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high indices z and z∗ are less costly to produce respectively at home and abroad. The
production location of the same high- and low-quality variety will occur in the same
country. This is because a firm will produce variety z at home if ai (z) w ≤ a∗

i (z) w∗
and abroad otherwise, for i = L, H . That is, the same condition γ (z) ≥ w/w∗ applies
at any quality level i = L, H . By the same argument, a variety z∗ will be produced
at home if 1/γ (z∗) ≥ w/w∗. Hence, the good z and z∗ is produced at home if z <

ẑ ≡ γ −1(w/w∗) and z∗ > ẑ∗ ≡ γ −1(w∗/w). Therefore, the comparative advantage
is related to the specialization in terms of variety but not quality. In other words, if
there exists a cost advantage to produce Feta-style cheese in Germany compared to
Greece, this advantage equally applies for the high and low quality Feta cheeses. In the
symmetric equilibrium configuration, we get ẑ = ẑ∗ = γ −1(1). The study of closely
asymmetric countries then sum up to the study of small changes in those variables. By
defining the expenditure functions with these consumption sets, it is possible to close
the model in a similar way as the baseline.18

6 Concluding remarks

This paper discusses a trade model with vertical differentiation embodied a set of
horizontally differentiated goods. Individuals have non-homothetic preferences and
purchase a unit of each differentiated good versioned in two qualities. In contrast the
previous literature studying asymmetric production capabilities of product quality in
North-South trade, this paper focuses on countrieswith similar production capabilities.
We consider countries that slightly differ in their population and productivity.We show
that a larger population leads to the specialization in high-quality production and high-
quality exports and to the specialization of the trading partner into low quality exports.
By contrast, a larger domestic productivity fosters specialization in high quality export
of both countries. Those results stem the effect of relative factor prices (terms of trade).
It furthermore confirms Linder’s (1961) prediction that two richer countries consume,
produce and trade more high quality goods. Trade costs do not alter those results for
closely symmetric countries. Yet, we show that smaller trade costs spur specialization
in high quality exports.

Themodel also allows to discuss the relationship between trade, product quality and
the welfare of various income groups. We divide each country’s workers in symmetric
skill groups. We confirm that larger domestic population fosters specialization in the
production of high quality goods and exports of both countries. If a skill group gets a
higher productivity, it is enticed to purchase more numerous high-quality imports and
local goods. It benefits this group and other foreign groups but harms other domestic
skill groups. Such skill group’s productivity difference fosters home’s specialization in
highquality exports and raises total export values.Themodel offers a likely explanation
about recent technological changes that have favored U.S. high skilled workers. In this
model, such changes indeed foster specialization in high quality exports, enhance trade
values and benefit high skilled workers at the expense of low skill ones. Our analysis is

18 A thorough analysis of comparative advantages and vertical differentiation is presented in Picard and
Tampieri (2016).
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the first to show how such changes can be related to the production and consumption
of vertically differentiated goods.

Our results hinge on non-homotheticity of preferences where richer and poorer
workers have different marginal utility of consumption. In contrast to the literature, the
paper presents trade properties for similar countries and for a wide class of primitives
defining vertical differentiation. As in Matsuyama (2000), most properties must be
determined about symmetric trade configurations. Nevertheless, we have presented
examples to illustrate the relevance and properties of the model. Those examples
might be expanded to study trade with multiple countries, multiple income groups,
extensive margins, monopolistic competition, etc. This is left for future research.
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Appendix A: Examples of primitives

We here compute the elements of Table 1.
Example (isoelastic real expenditure a)Consider the primitivesZ = [0, 1],aL (z) = z,

aH (z) = 2z, bH (z) = (β + 1)z
(
1+z2
2

)−1/α
, bL (z) = βz

(
1+z2
2

)−1/α
where α > 1

and β > 1. Under such primitives, the cost and utility increments of low and high qual-
ity versions are kept in constant proportions. The cost of a product linearly increases
with its “address” z while the utility increment from its use increases at a smaller
pace with it. In other words, more costly products bring lower utility increments.

Then, per-quality input is given by �(z) =
(
1+z2
2

)1/α
and the real expenditure func-

tion by E (y) = yα . One can check that the image set of � lies above the schedule
aH /bH and that aL/bL ≤ μ/w if μ/w ≥ 1/β. Note that the elasticity of real
expenditure d ln E/d ln y is equal to the constant α and larger than one. Finally, a
domestic individual buys �−1 (μ/w) and �−1 (μ) high quality from home and abroad
and get a utility V (μ) + V (μ/w) where one computes �−1 (y) = (2yα − 1)1/2 and

V (y) ≡ ∫ �−1(y)

0 bH (z) dz + ∫ 1
�−1(y)

bL (z) dz = αβ
α−1 yα−1 + αβ

α−1

(
1 − 21/α

)
.

Example (linear real expenditure, a) Consider the primitives Z = [1, κ1/2], aL (z) =
2z, aH (z) = 4z,bL (z) = 2γ /z and bH (z) = 2 (1 + γ ) /z where κ > 1 and γ > 1.
As in the previous example, the cost and utility increments of low and high quality
versions are kept in constant proportionswhilemore costly products bring lower utility
increments. Then, per-quality input is given by �(z) = z2 and the real expenditure
function by E(y) = y + κ − 2. One can check that the image set of � lies above
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the schedule aH /bH and that aL/bL ≤ μ/w if μ/w ≥ κ/ (1 + γ ). The elasticity
d ln E/d ln y is larger than one if and only if κ ≤ 2. It also increases with higher y.
Also, we compute the mass of high quality purchases �−1 (y) = y1/2 and associated

utility level V (y) ≡ ∫ �−1(y)

1 bH (z) dz + ∫ κ1/2

�−1(y)
bL (z) dz = ln y + γ ln κ1/2.

Example (isoelastic real expenditure b) Consider the primitives Z = [0, 1), aL (z) =
1, aH (z) = 1 + α (1 − z)−α−1, bL (z) = 1 and bH (z) = 1 + α (1 − z)−α with
α > 1. Here, low quality versions yield the same cost and utility increments to
users. The cost of high quality goods rises above the cost of low quality goods with
the product “address” z and tend to infinity for z → z. The utility increment of
high quality goods also rises with z but at a slower pace, which makes unattrac-
tive high quality version of goods with addresses z → z. Then, �(z) = (1 − z)−1

has image on [1,∞) and �−1(y) = 1 − y−1. The real expenditure is given by

E(y) = ∫ �−1(y)

0 α (1 − z)−α−1 dz + 1 = yα. It can be checked that aH /bH ≤ �

and aL/bL ≤ μ/w if μ/w ≥ 1. Finally, we compute the associated utility level

V (y) = ∫ l−1(y)

0 bH dz + ∫ 1
0 bL dz =

(
α

α−1 yα − 1
)

/y + (2 − α/ (α − 1)), which is

an increasing function of y.

Example (linear real expenditure, b) Consider the primitivesZ = [z, z), z ≥ 0, z ≥ 1,
aL (z) = 1, aH (z) = 1 + z2/ (z − z)2, bL (z) = 1 and bH (z) = 1 + 1/ (z − z). Low
quality versions yield the same cost and utility increment to users. The cost of high
quality goods rises above the cost of low quality goods with the product “address” z
and tend to infinity for z → z. The utility increment of high quality goods also rises
with z but at a slower pace, which makes unattractive high quality version of goods
with addresses z → z. per-quality input is given by �(z) = z2/ (z − z), which maps
to the image set [z2/ (z − z

)
,∞). One can check that the image set of � lies above the

schedules aH /bH and that aL/bL ≤ μ/w if μ/w ≥ 1. The real expenditure function
is given by E(y) = y −ς where ς = z

(
2z − z

)
/(z − z) > 0. It is positive for y ≥ ς .

Its elasticity d ln E/d ln y = y/ (y − ς) is larger than one for y ≥ ς . The mass of high
quality purchases is computed as �−1 (y) = z2 (1/z − 1/y) and its respective utility

level as V (y) ≡ ∫ �−1(y)

z bH (z) dz + ∫ z
�−1(y)

bL (z) dz = ln y +
(

z − z − ln z2

z−z

)
.

Appendix B: Equilibrium conditions

We here compute the equilibrium conditions in Table 2.
Example (isoelastic real expenditure a, continued) In this case, recall that E (y) =
yα and �(z) =

(
1+z2
2

)1/α
. Then, the symmetric trade equilibrium is given by s =

2E(μ0) = 2(μ0)α , or equivalently, μ0 = (s/2)1/α . The trade equilibrium exists if the
first restriction s ∈ [1, 2] and the second restriction μ0 ≥ 1/β hold. This implies that
s ∈ [1, 2] and βα ≥ 2.

Example (linear real expenditure a, continued) We here obtained �(z) = z2 and
E(y) = y+(κ − 2). Then, the symmetric trade equilibrium is given by s = 2E(μ0) =
2(μ0+κ−2), so thatμ0 = s/2+2−κ . Thefirst restriction imposes s ∈ [2κ−2, 4κ−4].
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The second restriction is is satisfied if μ0 ≥ κ/ (1 + γ ). That is, if κ ≤ 1 + γ and
s ∈ [2κ − 2, 4κ − 4].
Example (isoelastic real expenditure b, continued) We obtained �(z) = (1 − z)−1 and
E(y) = yα. The symmetric trade equilibrium is given by s = 2E(μ0) = 2(μ0)α ,
so that μ0 = (s/2)1/α . It has been checked that aH /bH ≤ � and aL/bL ≤ μ/w if
μ/w ≥ 1. The last condition applied at μ0 implies s ≥ 2.

Example (linear real expenditure b, continued) For this case, we computed �(z) =
z2/ (z − z) and E(y) = y − ς . Then, the symmetric trade equilibrium is given by
s = 2E(μ0) = 2(μ0 − ς), so that μ0 = s/2 + ς . Note that the image set of �,
i.e. [z2/ (z − z

)
,∞), always includes μ0 as μ0 > z2/

(
z − z

) ⇐⇒ s ≥ 2
(
z − z

)
.

In contrast with the previous example, those primitives impose no productivity upper
bound. It has been shown before that the image set of � lies above the schedules aH /bH

while μ0 ≥ aL/bL if s/2+ ς ≥ 1. Reshuffling the last condition we get the sufficient
conditions z2 >

(
z − z

)
and s ≥ 2

(
z − z

)
.

We here compute the stability conditions in Table 2.
Example (isoelastic real expenditure, continued) The primitives in this example have
implied the constant elasticity of real expenditure η = α > 1 and leads to a stable
symmetric trade equilibrium.

Example (linear real expenditure a, continued) The elasticity of real expenditure was
computed as η = [d ln E (y) /d ln y]y=μ0 = μ0/

(
μ0 + (κ − 2)

)
, which is larger than

one if κ ≤ 2. Under this condition, the symmetric equilibrium is stable. For κ > 2, it
is unstable.

Example (linear real expenditure b, continued) The elasticity of real expenditure
has been given by η = [d ln E (y) /d ln y]y=μ0 = (s + 2ς) /s. This is larger than one
if ς ≥ 0. Since this is true, the symmetric equilibrium is always stable.

Appendix C: Stability conditions

We here study the stability of the trade equilibrium in the case of homogeneous pop-
ulations.

Definition of stable trade equilibria In this subsection we introduce the time dimen-
sion t and follow Amano’s (1968) stability analysis, which formalizes Marshall’s
(1879) approach. We consider the tâtonnement process where consumers adjust their
choices and trade imbalances adjust the relative factor price (exchange rate) according
to the following motion equation system:

dμ̃

dt
= − θ1

2η
[2ημ̃ − (1 + η) w̃] , (30)

dμ̃∗

dt
= − θ1

2η

[
2ημ̃∗ − (η − 1) w̃

]
, (31)

dw̃

dt
= −θ2

[
w̃ + η

(
μ̃ − μ̃∗) / (η − 1)

]
, (32)
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Table 5 Four model examples: stability conditions

Linear expenditure Isoelastic expenditure

(a) (b) (a) (b)

Stability condition (η > 1) κ ∈ [1, 2] Always holds Always holds Always holds

where θ1 and θ2 ∈ (0, 1) are adjustment speed parameters with θ1 + θ2 = 1 without
loss of generality. Accordingly, domestic consumers decrease their consumption if
they spend more than their income. The trade balance adjusts to a lower relative price
(exchange rate) when domestic consumers import too much. We define that a trade
equilibrium (μ̃0, μ̃∗0, w0) is stable if any small deviations from it lead back to it.

Proof of Lemma 1 The trade equilibrium is stable if, after slight perturbation to
(μ̃1, μ̃

∗
1, w̃1)), it converges back to its initial value (μ̃0, μ̃∗0, w̃0). The solution

of this linear system of ordinary differential equations is given by (μ̃, μ̃∗, w̃) =
(μ̃1, μ̃

∗
1, w̃1)eyt where y is an eigenvalue of the above motion equation sys-

tem. The equilibrium is stable if all eigenvalues y have negative real parts. The
eigenvalues solves the characteristic polynomial, which computes as P(y) =
(y + θ1)

[
(η − 1) y2 + y (η − 1) + ηθ1θ2

]
. If η = 1, this gives y = −θ1 < 0 so

that the equilibrium is stable. If η 	= 1, this adds the two eigenvalues y = − 1
2 ± 1

2
√

ρ

where ρ = η(θ1−θ2)
2−1

η−1 . Note that 0 < (θ1 − θ2)
2 < 1. Then, if η > 1, ρ =

η(θ1−θ2)
2−1

(η−1) ∈ (− 1
η−1 , 1). For (− 1

η−1 , 0), y is complex but Re y = − 1
2 < 0. For

ρ ∈ (0, 1), y is real and always negative. So, y has negative real part for η > 1. If

η < 1, ρ = η(θ1−θ2)
2−1

(η−1) ∈ (1, 1
1−η

) so that the largest root y = − 1
2 + 1

2
√

ρ > 0. So,
y is positive for η < 1. To sum up, the trade equilibrium is stable if η > 1. �

Examples Table 5 gives the stability conditions for our illustrative examples. The
stability condition is not very restrictive. There is indeed no restriction in 3 out of 4
examples. In the only restrictive example (linear exp. (a)), the part of the restriction
comes from the assumptions of “full market coverage”.

Factors affecting stability Since stability depends on the elasticity η, it is worth
explaining the factors that affects it. For this purpose, it is helpful to derive the value
of elasticity.

Corollary 1 Income is negatively related to the elasticity of the inverse marginal utility,
i.e.,

η = 1
d lnμ0(s)

d lns

= 2

s

[
z (aH − aL)

d ln �
d ln z

]

z=z0

, (33)

where z0 is the index of the good that makes individuals indifferent to any quality
version (i.e. solution of �(z0) = μ0).
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Proof The formula of elasticity is

η ≡
[
d ln E (y)

d ln y

]

y=μ0
.

Using y = μ0(s) in (14) and the equilibrium condition E
(
μ0(s)

) = s/2, one first
computes

η =
d ln E

(
μ0(s)

)

d lns
d lnμ0(s)

d lns

= 1
d lnμ0(s)

d lns

.

Second, using (6) at equilibrium values, we have

d lnμ0(s)

d lns
= s

2μ0E ′ (μ0
) .

The derivative E ′ (μ0
)
can be computed as to (aH − aL) /�′ evaluated at z0, the index

of the good thatmakes individuals indifferent to any of its quality versions (i.e. solution
of �(z0) = μ0). Plugging in the two last expressions and reshuffling yields the simple
formula

η = 2

s

[
z (aH − aL)

d ln �
d ln z

]

z=z0

.

�
Corollary 1 implies that η increases for higher cost between quality upgrades (larger

aH −aL ) and for flatter input-per-quality schedule (smaller d ln �/d ln z). That is, input-
per-quality does not rise too fast as consumers decide to consume larger set of high
quality goods. A stable trade equilibrium (η > 1) therefore requires sufficiently high
costs of quality upgrades and/or low changes in input-per-quality.

Appendix D: Equilibrium conditions with trade costs

In this appendix, we establish the comparative statics around the symmetric trade
equilibrium.

Totally differentiating (17) around the symmetric equilibrium (s = s∗, m = 1, w =
1, μ = μ∗ = μ0

τ ) gives

μ̃(ηφ + ητφτ ) − w̃(ηφ + φτ ) = s̃ + (ητ − 1)̃τφτ

μ̃∗(ηφ + ητφτ ) − (ητ − 1)w̃φτ = (ητ − 1)̃τφτ

μ̃ητ − ητ μ̃
∗ + w̃(ητ − 1) = −m̃
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where η = η(μ0
τ ), ητ = η(μ0

τ /τ ) and φ = E(μ0
τ )/

[
E(μ0

τ ) + τ E(μ0
τ /τ )

]
and φτ =

1 − φ. Solving for the small differences (w̃, μ̃, μ̃∗) gives

w̃ = − ξ


m̃ − ητ


s̃

μ̃ = − ((η − 1)φ + 1)


m̃ + η(ητ − 1)φ

ξ
s̃ + (ητ − 1)φτ

ξ
τ̃

μ̃∗ = − (ητ − 1)φτ


m̃ − ητ (ητ − 1)φτ

ξ
s̃ + (ητ − 1)φτ

ξ
τ̃

where  = φη (2ητ − 1) + φτητ and ξ = φη + φτητ . This gives

μ̃ − w̃ = φτ (ητ − 1)


m̃ + η(ητ − 1)φ + ητ (φη + φτητ )

ξ
s̃ + (ητ − 1)φτ

ξ
τ̃

μ̃ − τ̃ = − ((η − 1)φ + 1)


m̃ + η(ητ − 1)φ

ξ
s̃ −

(
φτ + φη

ξ

)
τ̃

μ̃∗ − w̃ − τ̃ = φτ + φη


m̃ + ητ

(φτ + φη)

ξ
s̃ − φτ + φη

ξ
τ̃

This simplifies to the equations in the text.

Appendix E: Stability condition with heterogeneous populations

In this Appendix, we establih the stability condition with heterogeneous populations.
We follow the same tâtonnement approach as in “Appendix C”.

We first introduce the time dimension t and consider the following motion equation
system:

dμ̃k

dt
= − θ1

2ηk
[2ηkμ̃k − (1 + ηk) w̃] , k ∈ {1, ..., K }

dμ̃∗
l

dt
= − θ1

2ηl

[
2ηl μ̃

∗
l − (ηl − 1) w̃

]
, l ∈ {1, ..., K }

dw̃

dt
= −θ2

[
w̃ +

∑
k ϕkηkμ̃k −∑

l ϕlηl μ̃
∗
l∑

l ϕlηl − 1

]

where θ1 and θ2 ∈ (0, 1) are adjustment speed parameters with θ1 + θ2 = 1. In this
system, consumers react to budget imbalances and the relative pricew adjust according
to the trade imbalances.

We denote by ε̃ the (2K + 1) × 1 vector of equilibrium variables (μ̃, μ̃∗, w). We
define that a trade equilibrium ε̃0 is stable if any small deviations from it, ε̃1, lead
back to ε̃0. The motion process writes as

d̃ε

dt
= M ε̃
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where M is the (2K + 1) × (2K + 1) matrix

M =

⎡

⎢⎢⎢
⎢⎢⎢⎢⎢
⎢⎢⎢⎢
⎣

−θ1 0 ... 0 0 ... θ1
2

(
η1+1
η1

)

0 −θ1 ... 0 0 ... θ1
2

(
η2+1
η2

)

... ... ... ... ... ... ...

0 0 ... −θ1 0 ... θ1
2

(
1−η1
η1

)

0 0 ... 0 −θ1 ... θ1
2

(
1−η2
η2

)

... ... ... ... ... ... ...

−θ2ρ1η1 −θ2ρ2η2 ... θ2ρ1η1 θ2ρ2η2 ... −θ2

⎤

⎥⎥⎥
⎥⎥⎥⎥⎥
⎥⎥⎥⎥
⎦

where

ρk = ϕk

−1 +∑
l ϕlηl

The solution of this linear system of ordinary differential equations is given by
ε̃ = ε̃1eyt where y is an eigenvalue of M . The equilibrium is stable if it con-
verges back to its initial value. The equilibrium is stable if and only if all y
have non positive real parts. The eigenvalues solves the characteristic polynomial
P(y) = det M − y I = −P1(y)P2(y) where P1(y) = (y + θ1)

2K−1 and P2(y) =
y2+ y +θ1θ2

(
1 +

∑K

k=1
ρkηk

)
. On the one hand, P1(y) has only negative roots. On

the other hand, P2(y) has the same structure as the characteristic polynomial obtained
for homogeneous populations P(y) = [

(η − 1) y2 + y (η − 1) + ηθ1θ2
]
. Its roots

have the same property when one replaces η/ (η − 1) by 1 +
∑K

k=1
ρkηk , or equiv-

alently substitutes η by 1 +
(∑K

k=1
ρkηk

)−1

. Hence, all eigenvalues have negative

real parts if and only if 1 +
(∑K

k=1
ρkηk

)−1

> 1. That means,
∑K

k=1
ρkηk > 0 or,

after simplifications,
∑K

k=1
ϕkηk > 1.

Appendix F: Comparative statics with heterogeneous populations

Here, we prove the results in Table 4. Comparative statics with respect to m̃ are trivially
obtained from expressions (25–29). Comparative statics with respect to s̃k (̃sk > 0 =
s̃ j , j 	= k) trivially yield dw̃/d̃sk < 0, dμ̃ j/d̃sk < 0 and d

(
μ̃∗

l − w̃
)
/d̃sk > 0. Also,

one can check that dμ̃∗
l /d̃sk > 0 > d

(
μ̃∗

l − w̃
)
/d̃sk if and only if ηl ≤ 1. Care should

be taken with the group k that has higher productivity as we get

μ̃k = 1

ηk
s̃k − ηk + 1

2ηkη
ϕk s̃k = 1

ηk
s̃k

(
1 − ηk + 1

2
∑

l ϕlηl
ϕk

)
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μ̃k − w̃ = 1

ηk
s̃k + ηk − 1

2ηkη
ϕk s̃k = 1

ηk
s̃k

(
1 + ηk − 1

2
∑

l ϕlηl
ϕk

)

Remind that Proposition 5 requires that
∑

l
ϕlηl > 1. Reshuffling terms of the

parenthesis in the first expression shows that it is positive if and only if

∑

l 	=k

ϕlηl +
∑

l

ϕlηl − ϕk > 0.

This is true since the first term is larger than 0, the second term larger than 1 and the
last term larger than −1 since ϕk ∈ (0, 1). Hence, dμ̃k/d̃sk > 0. Reshuffling terms of
the parenthesis in the second expression shows that it is also positive if

∑

l

ϕlηl + ηkϕk +
∑

l

ϕlηl − ϕk > 0.

The two first terms are positive while the third term is larger than 1 and the last term
larger than −1 since ϕk ∈ (0, 1). Thus, d (μ̃k − w̃) /d̃sk > 0.

Appendix G: Proof of Proposition 6

The results of the proposition related to specialization in high quality exports can be
derived by checking Table 4 and its proof. First, we show that the domestic skill group
j is harmed by the productivity advantage of k compared to its foreign counterpart.
Begin by noting that μ̃ j − w̃ > 0 > μ̃ j . Hence, group j purchases an additional

mass of local high-quality goods, υ
(
μ0

j

) (
μ̃ j − w̃

)
, and cuts its mass of high-quality

imports by υ
(
μ0

j

)
μ̃ j with υ = d ln H/d ln y defined in Sect. 3.2. In the end, group

j reduces the overall mass of its high-quality consumption by υ
(
μ0

j

)
|w̃| where |·| is

the absolute value operator. Group j therefore unambiguously loses from group k’s
productivity advantage.

Second, we show that a higher productivity of skill group k increases exports
values in both directions. Indeed, the group k’s impact on foreign import value can
be read from the RHS of the trade balance condition (24), which writes as w̃ +∑

l ϕlηl
(
μ̃∗

l − w̃
)
. Using (25) and (29), this simplifies to ϕk s̃k (η − 1) / (2η), which

is positive for s̃k > 0 under the equilibrium stability condition η > 1 of Lemma 2.
Hence, a better productivity for any individual skill group boosts trade values in both
directions.

We conclude the proof by showing that, unlike trade values, the numbers of high-
quality exports do not unambiguously rise and, consequently, specialization in high
quality exports does not necessarily arise in both countries. The total number of domes-

tic high-quality imports increases if and only if
∑K

j=1 υ
(
μ0

j

)
μ̃ j g j > 0. Using (26),
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this inequality can be restated as

υ
(
μ0

k

)
gk

ϕkηk
>

K∑

j=1

η j + 1

2η

υ
(
μ0

j

)
g j

η j
.

The inequality holds for very large group k as it reduces to ηk ≥ 1when gk → 1.More
generally, for this inequality to hold, it must be that, compared to other local groups
j 	= k, group k has a larger share of population gk , smaller share of labor supply
ϕk , lower elasticity of real expenditure ηk and higher consumption elasticity of high-
quality goods υ

(
μ0

k

)
. Ceteris paribus, a larger share of group k’s population indeed

leads to more demand for high-quality imports. A smaller share in labor supply ϕk

implies smaller adverse changes in relative prices. However, note that the combination
of high population share and low labor supply share is more easily obtained from low
skilled than high skilled workers. Accordingly, one may expect a failure of the above
condition when group k refers to high skill communities.
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