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We present a model of directed job search with asymmetric information regarding worker type. While job applicants know their productivity type, firms can only observe the duration of unemployment as well as a noisy signal of worker type. Firms can offer an unscreened wage or a wage that is conditioned on passing the screening and the duration of unemployment. This framework leads to three possible equilibria which depend on model parameter values. We describe the circumstances under which each equilibrium may result and the empirical implications of each equilibrium. Our model sheds light into wage scarring, unemployment duration, wage dispersion and firm-wage sorting, as well as the effects of unemployment insurance and minimum wages on search behavior and the distribution of wages.
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                    Notes
	A long-term lack of formal employment can also create psychological costs or social stigma (Ciccarone et al. 2016); we focus on the information about productivity that unemployment may reveal.


	
Wolthoff (2017) goes further by allowing workers to simultaneously apply to multiple vacancies. However, workers and firms are all ex-ante identical, with productivity redrawn at each interview; thus, wages do not systematically decline with unemployment duration.


	The analysis is unaffected if screened wages are chosen at the beginning of each period. Unscreened wages are only chosen once, however; the impact of relaxing this assumption is discussed in Sect. 4.6.


	Because the unemployment duration of an applicant is publicly known, there is no benefit for a worker to apply to a job that does not match his unemployment duration. If the employer considered the application at all, he would simply adjust the offered wage to match the expected productivity of the worker’s unemployment duration.


	Employers do not incur any cost of posting job vacancies in our model. If this feature is added, wages must fall below marginal product to cover vacancy costs, and the model can only be solved numerically. Even so, it qualitatively behaves the same, with similar possible equilibria and wage dynamics over the unemployment spell.


	
Fernandez-Blanco and Preugschat (2015) similarly impose a zero profit condition with free entry, but include a cost of posting a vacancy. This is important in their model so as to determine the number of vacancies offered, which is unnecessary in our model since vacancies are non-exclusive.


	In addition, \(Q>0\) combined with the assumption \(\gamma >\frac{1}{2}\) indicates that \((p_h-p_\ell )>(1-\beta )(p_\ell -b)\), which thus satisfies the incentive compatibility constraint for the high-productivity workers in the separating equilibrium [the first constraint in (15)], so these workers are also willing to apply to the screened jobs.


	Upward pooling produces a similar tradeoff compared to full downward pooling. However, the screened wage in upward pooling is lower than in separating, making it easier to improve conditions for high-productivity workers. Thus, full downward pooling can (but does not always) Pareto dominate upward pooling, even when the former does not exist as an equilibrium.


	In many directed search models, workers are certain to find an employer, but their application may be unsuccessful because too many workers apply to the same job. Our search friction has a similar spirit, where applications may fail because of imprecise screening rather than due to congestion.


	If \(w_u(t) > p_\ell \) while \(f_\ell (t) > 0\), then some high-productivity workers must be applying to the unscreened job; thus, by Lemma 3, all low-productivity workers also apply and are hired that period. Therefore, \(w_u(t+1) = p_h\), as only high-productivity workers could remain in the market; also, \(w_u(t') = p_\ell \) for all \(t' < t\), because otherwise \(f_\ell (t) = 0\). Under certain parameterizations, this staggered exit of workers can occur in equilibrium; but it cannot survive if some low-productivity workers remain in the market indefinitely, as in our first or third extensions.


	For example, a modified separating equilibrium could occur, where all low types are hired to the unscreened job in period 0 with \(w_u(0) = p_\ell \), and all high types are screened in period 0 but not screened in period 1, with wages \(w_s(0) = w_u(1) = p_h\). This faster hiring of high types can only be sustained if low types do not prefer the period 1 unscreened job, which is the case when \(p_h - p_\ell < \gamma (1 - \beta ) (p_h - b)\) and is only satisfied in somewhat extreme parameterizations (\(\beta \) is close to zero, \(\gamma \) is close to 1, and \(p_h-p_\ell \) is small relative to \(p_h-b\)). If this condition fails, the original separating equilibrium will exist as depicted in Proposition 1, even with more flexibility in unscreened postings. Similar conditions can readily be derived for a modified downward pooling equilibrium.


	In the partial upward pooling equilibrium, the number of low-ability workers applying to the screened job adjusts to ensure a constant average quality of applicants to the screened job over time. Consequently, the average wages of low-ability workers who find jobs may increase or decrease from the first period to the second depending on the fraction of such workers applying to the screened job in the initial period.


	For the parameters used in Fig. 3, the equilibrium is unique for each b, making comparative statics across equilibria well defined. The same can be said whenever the downward pooling equilibria do not exist (i.e., in regions U and S of Fig. 2). Moreover, the same behavior even occurs when other equilibria exist, so long as one assumes that the market moves to the closest equilibrium after a small change in parameters. As an example of this local approach to equilibrium selection, if a small parameter change occurs in an upward pooling equilibrium, workers and firms would anticipate smooth changes within an upward pooling equilibrium (in the interior of \(U + D\)) or into a separating equilibrium (on the boundary with \(S + D\)), rather than a expecting a discontinuous jump to a downward pooling equilibrium.
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A Proofs
A Proofs
1.1 Proof of Lemma 1
                           
Each advertisement must earn zero profits in expectation. Equation 7 is obtained by setting \(\Pi _s(t) = 0\) and solving for \(w_s(t)\) in Eq. 5; likewise, Eq. 8 is obtained by setting \(\Pi _u(t) = 0\) and solving for \(w_u\) in Eq. 6. Since these are each a weighted average of \(p_h\) and \(p_\ell \), both of which are strictly greater than b, we know that \(w_j(t) \ge p_\ell > b\). Thus, the benefit from search, \(U_i(t)\), always exceeds the benefit from perpetual delay, \(\frac{b}{1 - \beta }\).\(\square \)
1.2 Proof of Lemma 2
                           
We examine four possible strategy profiles in period t, depending on which job each type of worker applies to.
First, suppose that workers with an unemployment duration t and both productivities weakly prefer applying to the unscreened job. In that case, \(U_h(t) = U_\ell (t) = \frac{w_u}{1 - \beta }\) without regard to the next period utility.
Next, suppose that high-productivity workers strictly prefer the screened job, while low-productivity workers weakly prefer the unscreened job. Then,
$$\begin{aligned} U_h(t) = b + \beta \left( \gamma \frac{w_s(t)}{1 - \beta } + (1 - \gamma ) U_h(t+1) \right) > b + \beta \frac{w_u}{1 - \beta } = U_\ell (t), \end{aligned}$$

where the inequality comes from the strict preferences of high-productivity workers, while the latter equality comes from the fact that the low-productivity workers prefer the unscreened job. Thus, \(U_h(t) > U_\ell (t)\).
Next, suppose that low-productivity workers strictly prefer the screened job, while high-productivity workers strictly prefer the unscreened job. This requires that \(\sigma _\ell (t) = 1\) and \(\sigma _h(t) = 0\). Since no high-productivity workers apply to the screened job, and in accordance with Lemma 1, \(w_s(t) = p_\ell \). The unscreened wage, on the other hand, has some high-productivity applicants (though other periods may also include low-productivity workers); thus, \(w_u > p_\ell \). Moreover, since \(\sigma _h(t) = 0\), no high-productivity workers are unemployed in the subsequent period: \(f_h(q) = 0\) for all \(q > t\). Thus, \(w_s(q) = p_\ell \) for all \(q > t\).
Since a low-productivity worker will face the same wages from that point on, his problem becomes stationary, so that \(U_\ell (t) = U_\ell (q)\) for all \(q \ge t\), and would employ the same strictly preferred strategy \(\sigma _\ell (q) = 1\) in each subsequent period. This produces utility:
$$\begin{aligned} U_\ell (q) = b + \beta \left( \frac{(1- \gamma )p_\ell }{1 - \beta } + \gamma U_\ell (q)\right) \quad \Longrightarrow \quad U_\ell (q) = \frac{(1 - \beta ) b + \beta (1- \gamma ) p_\ell }{(1 - \beta )(1 - \beta \gamma )}. \end{aligned}$$

                    (39)
                

But applying to the unscreened advertisement in period t would provide \(b + \frac{w_u}{1 - \beta }\). Since \(b < p_\ell \le w_u\), we find:
$$\begin{aligned} {\begin{matrix} b + \frac{w_u}{1 - \beta } &{}= \frac{(1 - \beta ) b - \beta \gamma (1 - \beta ) b+ \beta (1 - \beta \gamma ) w_u}{(1 - \beta )(1 - \beta \gamma )} \\ &{}> \frac{(1 - \beta ) b - \beta \gamma (1 - \beta ) p_\ell + \beta (1 - \beta \gamma ) p_\ell }{(1 - \beta )(1 - \beta \gamma )} = \frac{(1 - \beta ) b + \beta (1- \gamma ) p_\ell }{(1 - \beta )(1 - \beta \gamma )}. \end{matrix}} \end{aligned}$$

                    (40)
                

The unscreened wage provides strictly more utility than the screened wage, contradicting \(\sigma _\ell (q) = 1\). Thus, it is not possible for this case to occur.
Finally, consider the case where both types of workers prefer the screened job, with strict preference for low-productivity workers. First, assume that \(U_h(t+1) \ge U_\ell (t +1)\). This implies:
$$\begin{aligned} b + \beta \left( (1 - \gamma ) \frac{w_s(t)}{1 - \beta } + \gamma U_h(t+1) \right) \ge b + \beta \left( (1 - \gamma ) \frac{w_s(t)}{1 - \beta } + \gamma U_\ell (t+1) \right) . \end{aligned}$$

                    (41)
                

Because the workers do not abstain from job search, we know that \(\frac{w_s(t)}{1 - \beta } \ge U_h(t+1)\). Moreover, \(\gamma > 1/2\), so
$$\begin{aligned} \beta (2 \gamma - 1) \left( \frac{w_s(t)}{1 - \beta } - U_h(t+1) \right) \ge 0. \end{aligned}$$

                    (42)
                

Thus, by adding the left-hand side of Eq. 42 to the left-hand side of Eq. 41, we obtain
$$\begin{aligned} b + \beta \left( \gamma \frac{w_s(t)}{1 - \beta } + (1 - \gamma ) U_h(t+1)\right) \ge b + \beta \left( (1 - \gamma ) \frac{w_s(t)}{1 - \beta } + \gamma U_\ell (t+1) \right) . \end{aligned}$$

By definition, this is \(U_h(t) \ge U_\ell (t)\). Thus, if \(U_h(t+1) \ge U_\ell (t +1)\), then \(U_h(t) \ge U_\ell (t)\).
With that established, recall that we have already shown that \(U_h(q) \ge U_\ell (q)\) if low-productivity workers weakly prefer the unscreened job in period q. Thus, if this occurs at any period \(q > t\), we then know that \(U_h(t) \ge U_\ell (t)\) in the prior periods when both types prefer the screened job.
Suppose instead that in every period \(q \ge t\), low-productivity workers strictly prefer the screened job and high-productivity workers weakly prefer the screened job. This requires that \(\sigma _\ell (q) = 1\). We assume that \(\sigma _h(q) > 0\) for all q; otherwise, the same contradiction occurs as when high-productivity workers strictly prefer the unscreened job. Given these strategies, \(f_\ell (q) = f_\ell (t) \gamma ^{q - t}\), while \(f_h(q) = f_h(t) (1- \gamma )^{q - t} \prod _{j=t}^q \sigma _h(j)\). Let \(\theta = \frac{f_h(t)}{f_\ell (t)}\). Thus, substituting these into the expression in Lemma 1 and rearranging, the screened wage for all \(q \ge t\) is:
$$\begin{aligned} w(q) = \frac{p_\ell + p_h \theta \left( \frac{1 - \gamma }{\gamma } \right) ^{q - t - 1} \prod _{j=t}^q \sigma _h(j)}{1 + \theta \left( \frac{1 - \gamma }{\gamma } \right) ^{q - t - 1} \prod _{j=t}^q \sigma _h(j)}. \end{aligned}$$

Denote \(\mu _q \equiv \left( \frac{1 - \gamma }{\gamma } \right) ^{q - t - 1} \prod _{j=t}^q \sigma _h(j)\). Since \(\gamma \in (1/2, 1]\), then \(\frac{1 - \gamma }{\gamma } \in [0, 1)\). Moreover, \(\sigma _h(j) \in (0,1]\). Thus, \(\lim _{q \rightarrow \infty } \mu _q = 0\), and therefore \(\lim _{q \rightarrow \infty } w(q) = p_\ell \).
Indeed, the screened wage monotonically falls: \(w(q) > w(q+1)\). This is because \(\mu _q > \mu _{q+1}\), so:
$$\begin{aligned}&p_h> p_\ell \quad \Longleftrightarrow \quad p_h ( \mu _q - \mu _{q+1} )> p_\ell ( \mu _q -\mu _{q+1} )\\&\quad \Longleftrightarrow \quad p_\ell + p_h \mu _q - p_h \mu _{q+1} + p_h \mu _q \mu _{q+1}> p_\ell + p_\ell \mu _q - p_\ell \mu _{q+1} + p_h \mu _q \mu _{q+1}\\&\quad \Longleftrightarrow \quad (1 -\mu _{q+1}) ( p_\ell + p_h \mu _q)> (1 -\mu _{q}) ( p_\ell + p_h \mu _{q+1})\\&\quad \Longleftrightarrow \quad \frac{p_\ell + p_h \mu _q}{1 -\mu _{q}}> \frac{ p_\ell + p_h \mu _{q+1}}{1 -\mu _{q+1}} \Longleftrightarrow \quad w(q) > w(q+1). \end{aligned}$$

Since \(\sigma _\ell (q) = 1\) for all \(q \ge t\), we also note that the utility of low-productivity workers approaches the stationary solution where \(w_s = p_\ell \) depicted in Eq. 39; that is, \(\lim _{q \rightarrow \infty } U_\ell (q) = \frac{(1-\beta ) b + (1 - \gamma ) p_\ell }{(1-\beta )(1 - \beta \gamma )}\). This means that for q sufficiently large, \(U_\ell (q)\) is arbitrarily close to the right-hand side of Eq. 40. Yet applying to the unscreened job would provide utility \(b + \frac{w_u}{1 - \beta }\), where \(w_u \ge p_\ell \). By the same comparison in Eq. 40, applying to the unscreened job is strictly better at such a q, contradicting \(\sigma _\ell (q) = 1\). Thus, it is not possible in equilibrium for both types to prefer the screened job indefinitely.
Thus, we conclude that \(U_h(t) \ge U_\ell (t)\) for all t.\(\square \)
1.3 Proof of Lemma 3
                           
Suppose \(\sigma _h(t) < 1\) for high-productivity workers and \(\sigma _\ell (t) > 0\) for low-productivity workers with an unemployment duration of t.
The high-productivity worker must be indifferent or strictly prefer the unscreened wage, so the following must hold:
$$\begin{aligned} \gamma w_s(t) + (1 - \beta )(1- \gamma ) U_h(t+1) \le w_u. \end{aligned}$$

The low-productivity worker must be indifferent or strictly prefer the screened wage, yielding:
$$\begin{aligned} (1- \gamma ) w_s(t) + (1 - \beta ) \gamma U_\ell (t+1) \ge w_u. \end{aligned}$$

But combining these, this implies that
$$\begin{aligned} \gamma w_s(t) + (1 - \beta )(1- \gamma ) U_h(t+1) \le (1- \gamma ) w_s(t) + (1 - \beta ) \gamma U_\ell (t+1). \end{aligned}$$

which, with rearrangement becomes:
$$\begin{aligned} \left( w_s(t) - (1 - \beta ) U_\ell (t+1) \right) \le \frac{1- \gamma }{\gamma } \left( w_s(t) - (1 - \beta ) U_h(t+1) \right) . \end{aligned}$$

Since \(\gamma \in (1/2,0)\), we note that \(\frac{1- \gamma }{\gamma } \in (0,1)\), so:
$$\begin{aligned} w_s(t) - (1 - \beta ) U_\ell (t+1) < w_s(t) - (1 - \beta ) U_h(t+1). \end{aligned}$$

Thus, \(U_h(t+1) < U_\ell (t+1)\), which contradicts Lemma 2.\(\square \)
1.4 Proof of Proposition 1
                           
First, note that under the proposed equilibrium, both firms earn zero profit (paying the marginal product to hired workers) as required in Lemma 1, and a positive measure of workers apply to both types of jobs. Moreover, the solutions to \(f_h(t)\) and \(f_\ell (t)\) follow directly from the proposed \(\sigma _h(t)\) and \(\sigma _\ell (t)\). All that remains to be shown is that neither type of worker will want to deviate from the proposed search strategy.
For a low-productivity worker, his equilibrium expected utility is: \(U_\ell = b + \beta \frac{p_\ell }{1 - \beta }\). If he were to apply to the screened job, his expected utility would be: \(b + \beta \left( (1 - \gamma ) \frac{p_h}{1 - \beta } + \gamma \left( b + \frac{\beta p_\ell }{1 - \beta } \right) \right) \). The comparison of these two show that the low-productivity worker will chose the unscreened job if and only if:
$$\begin{aligned} (1 - \beta \gamma ) p_\ell \ge (1 - \gamma ) p_h + (1 - \beta ) \gamma b , \end{aligned}$$

which, with rearrangement, is equivalent to the second condition in Eq. 15.
For a high-productivity worker, his equilibrium expected utility is: \(U_h(t) = \frac{(1 - \beta ) b + \beta \gamma p_h}{(1 - \beta )(1 - \beta + \beta \gamma )}\). Applying to the unscreened job would provide \(b + \beta \frac{p_\ell }{1 - \beta }\). Comparing these, we find that the worker will choose the screened job if and only if:
$$\begin{aligned} (1 - \beta )(1 - \gamma ) b + \gamma p_h \ge (1 - \beta + \beta \gamma ) p_\ell , \end{aligned}$$

which, with rearrangement, is equivalent to the first condition in Eq. 15.\(\square \)
1.5 Proof of Proposition 2
                           
First, consider the partial pooling phase for \(t > T\). The proposed equilibrium recommends that low-productivity workers use a mixed strategy, which requires indifference across the two job advertisements. From the unscreened job, his expected utility is: \(U_\ell = b + \beta \frac{p_\ell }{1 - \beta }\). Applying to the screened job, his expected utility would be: \(b + \beta \left( (1 - \gamma ) \frac{w_s(t)}{1 - \beta } + \gamma \left( b + \frac{\beta p_\ell }{1 - \beta } \right) \right) \). By setting these equal and solving for \(w_s(t)\), we obtain the equilibrium wage for \(t \ge T\) in Eq. 16. By Lemma 3, if low workers are indifferent then high workers strictly prefer the screened job.
At the same time, this wage must earn zero profits as required in Lemma 1. The marginal product of the average hired worker is: \(( \gamma f_h(t) p_h + (1 - \gamma ) \sigma _\ell (t) f_\ell (t) p_\ell ) / ( \gamma f_h(t) + (1 - \gamma ) \sigma _\ell (t) f_\ell (t) )\). By equating this productivity to the preceding wage and solving for \(\sigma _\ell (t)\), we obtain:
$$\begin{aligned} \sigma _\ell (t) = \frac{ ((1 - \gamma ) p_h + (1 - \beta ) \gamma b - (1 - \beta \gamma ) p_\ell ) f_h(t)}{(1 - \beta ) (1 - \gamma ) (p_\ell - b) f_\ell (t)}. \end{aligned}$$

                    (43)
                

The solution to \(f_h(t)\) is straightforward since \(\sigma _h(t) = 1\). For \(t > T\), the solution to \(f_\ell (t)\) is found by substituting for \(f_h(t)\) and \(\sigma _\ell (t)\) into the law of motion in Eq. 4. This in turn can be substituted back into Eq. 43 to obtain the equilibrium \(\sigma _\ell (t) = (1 - \gamma ) / \gamma \) for \(t>T\). Note that \(\sigma _\ell (t) \in [0,1)\) because \(\gamma > \frac{1}{2}\).
In period T, the first two paragraphs of the proof still apply: indifference pins down the screened wage and therefore pins down the fraction of low-productivity workers applying for the screened job, \(\sigma _\ell (T)\). However, since \(\sigma _\ell (t) = 1\) for all \(t < T\), the population \(f_\ell (t) = (1 - \eta ) \gamma ^t\) for all \(t \le T\). When \(f_\ell (T)\) is substituted into Eq. 43, this yields \(\sigma _\ell (T) = \left( \frac{1 - \gamma }{\gamma } \right) ^T Q\). Note that if \(Q < 0\), this is not a mixed strategy and the equilibrium cannot occur for any T. Also, the definition of T ensures that T is the lowest positive integer for which \(\left( \frac{1 - \gamma }{\gamma } \right) ^T Q \le 1\), so \(\sigma _\ell (T) \le 1\).
Now, we turn to the full pooling phase (which occurs if \(T > 0\)). For \(t < T\), the population \(f_h(t)\) and \(f_\ell (t)\) follow directly from \(\sigma _h(t) = \sigma _\ell (t) = 1\), and the wage is determined by the zero profit condition. What remains is to verify that low-productivity workers will strictly prefer to apply to the screened jobs in this range; from there, it follows from Lemma 3 that the high-productivity workers also prefer applying to the screened job.
Consider the choice of a low-productivity worker at period \(T - 1\). From the unscreened job, his expected utility is: \(U_\ell = b + \beta \frac{p_\ell }{1 - \beta }\). Applying to the screened job, his expected utility would be: \(b + \beta \left( (1 - \gamma ) \frac{w(T-1)}{1 - \beta } + \gamma \left( b + \frac{\beta p_\ell }{1 - \beta } \right) \right) \). In comparing these, the screened job is strictly preferred if:
$$\begin{aligned} (1 - \gamma ) \frac{\eta (1 - \gamma )^{T-2} p_h + (1 - \eta ) \gamma ^{T-2} p_\ell }{\eta (1 - \gamma )^{T-2} + (1 - \eta ) \gamma ^{T-2} } + \gamma \left( (1 - \beta ) b + \beta p_\ell \right) > p_\ell \end{aligned}$$

This rearranges to become \(1 < \left( \frac{1 - \gamma }{\gamma } \right) ^{T-1} Q\). Since T is chosen as the smallest integer for which this condition does not hold, then for \(T - 1\), it must hold.
For each preceding period, \(t < T - 1\), \(U_\ell (t) > U_\ell (T - 1)\) because there is the same chance of passing the screening in period t, but there is also the option value of the \(T - t - 2\) periods thereafter. Thus, the relative benefit of applying to the screened job is only strengthened in preceding periods.
Note that a firm cannot profitably deviate from this equilibrium: any posting (screened or unscreened) offering higher wages than an existing option will earn negative profits, and any posting offering lower wages will attract no workers.\(\square \)
1.6 Proof of Proposition 3
                           
In either downward pooling equilibrium, the wages and population of workers follow mechanically from the proposed strategy \(\sigma _\ell (t)\) and \(\sigma _h(t)\).
First, consider a full downward pooling equilibrium, with \(S = 0\). We only need to verify that all workers prefer applying to the unscreened job. For instance, if a high-productivity worker applies to the screened job in period 0 but returns to the unscreened job if he fails the interview, he obtains:
$$\begin{aligned} \frac{\gamma p_h}{1-\beta }+(1-\gamma )\left( b+\beta \frac{ w_u}{1-\beta }\right) \le \frac{w_u}{1-\beta }. \end{aligned}$$

                    (44)
                

After substituting for \(w_u = \eta p_h + (1- \eta ) p_\ell \) and rearranging, this condition becomes (25), or equivalently, \(\varDelta \ge 0\). If this holds, Lemma 3 ensures that low-productivity workers also prefer applying to the unscreened job. Note that if \(w_s = p_h\) is not sufficient to entice the high-productivity workers, then any lower wage would also fail to do so (e.g., if the firms lowered the wage seeking positive profits, or if the low-productivity workers were also enticed to apply).
Next, consider a partial downward pooling equilibrium, with \(S = \varDelta \). To obtain zero profits as required by Lemma 1, the unscreened wage must equal \(w_u = \frac{\eta (1 - S) p_h + (1- \eta ) p_\ell }{\eta (1 - S) + (1- \eta )}\). For the high-productivity workers to be indifferent between the two job applications, the utility from always applying to the screened job must equal the utility from applying to the unscreened job:
$$\begin{aligned} \frac{(1 - \beta ) b + \beta \gamma p_h}{(1 - \beta )(1 - \beta + \beta \gamma )} = b + \frac{\beta w_u}{1-\beta }. \end{aligned}$$

                    (45)
                

We then insert \(w_u\) into this equation and solve for S, whose unique solution is \(\varDelta \). Of course, to be used as a mixed strategy, we must have \(\varDelta \in [0,1]\). In all future periods, the high-productivity workers face the same indifference, so they can fully apply to the screened job. Again by Lemma 3, since high-productivity workers are indifferent between the two jobs, low-productivity workers will prefer the unscreened job.
Note that a firm cannot profitably deviate from this equilibrium: any posting (screened or unscreened) offering higher wages than an existing option will earn negative profits, and any posting offering lower wages will attract no workers.\(\square \)
1.7 Proof of Corollary 1
                           
First, we establish that the separating equilibrium and the partial and full upward pooling equilibria each require \(\varDelta \le 1\), which is equivalent to the first condition in (15). This is explicitly stated for the separating equilibrium in Proposition 1, but it is also needed for the upward pooling equilibria to exist. If it were violated, this condition rearranges to \( (1 - \beta )(p_\ell - b) > \frac{\gamma }{1 - \gamma } (p_h - p_\ell )\), and thus, the upward pooling wage for \(t \ge T\) would be:
$$\begin{aligned} w_s(t) \equiv p_\ell + \frac{\gamma (1 - \beta ) (p_\ell - b)}{1 - \gamma }> p_\ell + \left( \frac{\gamma }{1 - \gamma } \right) ^2 (p_h - p_\ell ) > p_\ell + p _h - p_\ell = p_h, \end{aligned}$$

where the first inequality comes from substitution of the condition and the second comes from \(\gamma > 1/2\). This wage is greater than the marginal product of all workers, resulting in negative profits. In sum, all three equilibria cannot exist when the condition is violated.
Now suppose that parameters are such that \(\varDelta \le 1\) is satisfied. Note that an upward pooling equilibrium exists if \(Q > 0\), while a separating equilibrium exists if \(\frac{p_h - p_\ell }{p_h - b - \beta (p_\ell - b)} \le \gamma \), which by rearrangement is equivalent to \(Q \le 0\). Moreover, a full upward pooling equilibrium exists iff \(Q > 1\), while a partial upward pooling equilibrium exists iff \(Q \in (0,1]\). Thus, the separating equilibrium and the upward pooling equilibria are mutually exclusive, but one always exists if \(\varDelta \ge 0\).
The existence of downward pooling equilibria is simply restated from Proposition 3. Note that for any \(\varDelta \) there exists an equilibrium, because the full downward pooling equilibrium exists iff \(\varDelta \ge 0\), while a separating or upward pooling equilibrium exists iff \(\varDelta \le 1\).\(\square \)
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