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Abstract
An extension to the normal shock relations for a thermally perfect, calorically imperfect gas, modelling the vibrational
excitation with an anharmonic oscillator model and including the influence of electronic modes, is derived and studied. Such
additional considerations constitute an extension to the work achieved in the past, which modelled the caloric imperfections
with a harmonic oscillator for vibrational energy and did not consider the effect of electronic energy. Additionally, the newly
derived expressions provide physical insights into the limitations of experimentation for replicating flight conditions, which is
demonstrated through providing solutions at different upstream temperatures. The results are compared with direct simulation
MonteCarlo simulations for nitrogen and air,with the extent of the caloric imperfection of the gas showing excellent agreement.
For low upstream temperatures, the extended relations are found to be in good agreement with the original normal shock
wave expressions, but the results diverge for higher upstream temperatures that would be more representative of real flows.
The results show that the new expressions depart from ideal gas theory for Mach numbers in excess of 4.9 at wind-tunnel
conditions and for any Mach number above 3.0 at flight conditions. It is also shown that the traditional harmonic oscillator
model and the anharmonic oscillator model begin to diverge at Mach number 3.0 for molecular oxygen gas and at Mach
number 5.0 for an air mixture at flight conditions.

Keywords Normal shock waves · Caloric imperfection · Anharmonic oscillator · DSMC

1 Introduction

A normal shock wave is an idealised representation of com-
mon high-speed flow phenomena. For a vehicle flying at
hypersonic flow conditions, a normal shock wave may be
generated along the stagnation streamline. In inlet forebodies
and deflected control surfaces of the vehicles, the flow expe-
riences a more complex system of shock wave and boundary
layer interactions [1–3] that are inherently different from
a normal shock wave. Nevertheless, due to the absence of
boundary effects and its inherent one-dimensionality, the nor-
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mal shock wave is an appropriate problem to verify new
models for capturing non-equilibrium and caloric imper-
fection effects. It allows one to estimate the benefits of
various models, as well as to quantify the limitations of their
applicability. The shock structure and property ratios have
been extensively studied: theoretically [4–9], experimentally
[10, 11], and numerically [12, 13] in the past. These articles
only represent a selection of many more works available in
the literature.

Both continuum and kinetic approaches are employed to
resolve these structures with the use of the Navier–Stokes–
Fourier equations [14] or moment methods [15] for the
former, and the deterministic discrete velocity method [16]
or the statistical direct simulationMonte Carlo (DSMC) [13]
approach for the latter. The DSMC technique is a particle-
based method which statistically approximates solutions to
the Boltzmann equation. Each DSMC simulator particle rep-
resents a large number of real molecules/atoms and is moved
ballistically, while collision events are treated stochasti-
cally after the movement step. Bird [12] has demonstrated
that this method can successfully recover the normal shock
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wave structures measured by Alsmeyer [17] for Mach num-
bers ranging from 1 to 9 of monoatomic species, i.e., Ar,
and diatomic species, i.e., N2. Additionally, Bird [13] has
reported that normal shocks become rarefied for any Mach
number of above 1.6 and therefore the Navier–Stokes solu-
tions produce significant errors in the shock profiles; how-
ever, the pre- to post-shock property ratios remain well
predicted for all Knudsen numbers using either continuum
or rarefied methods, which was also predicted by Bethe and
Teller [7]. Similar outcomes are also reported by Green-
shields and Reese [18] for the study of Brenner’s modified
Navier–Stokes equations in shock structure problems. The
DSMC approach is herein considered to simulate the flow
properties across a normal shock wave for gases experienc-
ing caloric imperfection, and the results are compared to
an extended form of the Rankine–Hugoniot jump relations
[4, 5] that will be derived in the current work.

In the computational fluids dynamics (CFD) commu-
nity, real gas effects appear to be well understood, with
the development of tools, such as Cantera [19], for vari-
ous problems involving chemical kinetics, thermodynamics,
and transport processes. NASA also provide standard tables
of thermodynamic properties [20] that have been imple-
mented in the Chemical Equilibrium with Applications
(CEA) software [21, 22]. The caloric imperfection is fre-
quently modelled with an empirical representation of the
specific heat capacities involving polynomial expressions
with five terms [23], later extended to eight terms [24]. How-
ever, some works assume the specific heat capacities to be
constant [25] with respect to temperature. Others employ
a more sophisticated approach in which the internal modes
are treated individually [26]; although, the electronic mode
is often omitted and the vibrational mode modelled with
a harmonic oscillator model [26]. However, in the DSMC
community, these real gas effects are perhaps not as well
understood or handled; themodels used often do not correctly
capture the real gas effects [27]. New approaches are devel-
oped in the current article to accurately predict the properties
of a gas that exhibits caloric imperfections, with care being
taken to ensure that the DSMC and the Rankine–Hugoniot
jump relations employ the same assumptions and models so
that they can be compared fairly.

In theoretical studies of flows through normal shocks,
the harmonic oscillator (HO) model for vibrational energy
is often used and the electronic modes of the molecule are
neglected [6, 8, 9, 28]. In the majority of the applications
of DSMC to high-speed flows, a similar level of physical
modelling based on the HO model and the exclusion of elec-
tronic modes [27, 29–32] is used. It is clear that the benefits
of including the electronic mode increase with the temper-
ature [33]. The omission of the electronic modes impacts
the physical properties of the chemical species, resulting
in the specific heat capacities being significantly underesti-

mated at high temperatures, as has been shown for the oxygen
molecule [33].

The HO model benefits from a simple form, having a lin-
ear dependence of vibrational energy to vibrational quantum
levels, which, in turn, results in a straightforward derivation
of the thermophysical flow properties. In the past, the HO
model has been used to describe the vibrational excitation
of a diatomic molecule for the calculation of downstream
flowproperties of a calorically imperfect gas behind a normal
shockwave [32, 34, 35]. The result is a strong departure of the
temperature ratio from the solution for an ideal air mixture
as the Mach number increases. Similar behaviour has also
been reported byEggers [6]; however, thismanuscript limited
the investigation to translational, rotational, and vibrational
modes only,where the vibrational excitation ismodelledwith
the HO model. This model is a reasonable option for rela-
tively low temperatures; however, it can lose its validity as the
temperature increases. As a result of the linear distribution of
the vibrational energy, the modelling of the thermodynamic
properties, e.g., isochoric specific heat capacity, is inaccurate
at high temperatures [33].

A more suitable approach is to consider the vibrational
energy with an anharmonic oscillator (aHO) model. An aHO
model is usually structured with a harmonic term upfront
and a succession of nonlinear anharmonic terms. A wide
range of aHO models are available in the literature [36]; in
the present work, the Morse-aHO model [37] is considered.
It has proven to return excellent results in the recovery of
thermodynamic flow properties for diatomic gases [24, 38].
This change fromHO to aHOmodel allows formore accurate
modelling of the physics of the flow. Having an aHO model
to compute the downstream flow properties behind a normal
shock wave would constitute a significant improvement on
the studies conducted by Eggers [6] and Blackman [9].

From statistical thermodynamics theory [28, 39], it is clear
that the consideration of the full set of internalmodes is indis-
pensable for the correct modelling of the thermodynamic
properties of the molecular system. Although this is a fun-
damental principle in the study of particle dynamics-related
phenomena, to the authors’ knowledge, most of the afore-
mentioned works do not quantify the importance of each of
the modes, in particular the electronic mode, on the physical
properties of a molecular system.

The current work proposes an extension of the work
achieved by Eggers [6], by NASA [8], and by Blackman [9],
including an aHO model for the vibrational energies and the
electronic states of the molecular system in the normal shock
relations. A key contribution of this work is the mathemati-
cal derivation of the normal shock relations for a calorically
imperfect gas in which the vibrational mode is handled with
an aHO model and the electronic mode is included, which to
the best of the authors’ knowledge has not previously been
derived or studied. These new relations are applied to quan-
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Extension of the normal shock wave relations for calorically imperfect gases 535

tifying the influence of vibrational models and electronic
excited states on post-shock equilibrium conditions. Addi-
tionally, it aims to provide physical insight into the limitations
of experiments for replicating real conditions where a strong
normal shockmay be found, by evaluating the impact of these
improved models on the post-shock equilibrium conditions
as a function of upstream static temperature. The evaluation
of downstream flow properties with an aHO model consists
of resolving a nonlinear system by employing an iterative
approach; the derivation and computation of downstream
flow properties will be detailed in Sect. 2.

The rest of the paper is organised as follows. Sec-
tion 2 demonstrates the new mathematical model for the
downstream flow properties in a normal shock wave for a
calorically imperfect gas. In Sect. 3, the numerical meth-
ods and problem configurations employed for the simulation
of a normal shock wave with dsmcFoam+ are developed.
Section 4 investigates the influence of the vibrational model
and the inclusion of the electronic mode on the flow prop-
erties downstream of a normal shock wave for a pure gas
and a gas mixture. The last section provides conclusions and
perspectives for future work.

2 Mathematical description

2.1 Shock wave relations

For a one-dimensional, adiabatic, inviscid, non-reacting,
compressible flow, the governing equations are the Rankine–
Hugoniot jump relations [4, 5], which relate the upstream and
downstream flow properties,

⎧
⎪⎪⎨

⎪⎪⎩

ρ1u1 = ρ2u2

P1 + ρ1u21 = P2 + ρ2u22

ĥ1 + u21
2 = ĥ2 + u22

2 ,

(1)

where u is flow velocity, ρ is density, P is pressure, ĥ is
enthalpy, and the subscripts (·)1 and (·)2 refer to the upstream
and downstream flow properties, respectively.

For typical conditions encountered in ground test facilities
and in high-speed flight, the departure from the ideal gas
assumption is negligible for light gases [6, 40]. Therefore, in
this study the gas, i.e., mixtures of O2 andN2, are regarded as
thermally perfect, calorically imperfect, with the result that
the gas obeys the ideal gas law and the caloric equation of
state [28]. With the three jump relations, (1), and the two
equations of state, the system is fully defined, having five
equations for five downstream flow properties. In a situation
where the gas relies on ideal theory, the downstream flow
properties can all be expressed as a function of the upstream
Mach number. In this work, a more realistic approach has

been chosen to recover the physics of the flow with the use
of a calorically imperfect equation of state.

Since the gas is considered thermally perfect, the caloric
equation of state can be reformulated as,

dĥ = (Cv(T ) + R)dT , (2)

where Cv is the specific heat capacity at constant volume, R
is the specific gas constant, and T is the temperature.

The next step is to expand the expression of Cv(T ) to
outline the contribution of each mode as,

Cv(T )

R
= 5

2
+ 1

k

(
∂Ev(T )

∂T
+ ∂Ee(T )

∂T

)

, (3)

where k is the Boltzmann constant, E(T ) is the total mean
energy of eachmolecule, and the subscripts (·)v and (·)e refer,
respectively, to the vibrational and electronic contribution.

The general expression of the total mean energy E(T ) is
formulated as,

E(T ) ≡
∑

i giε(i)e
−ε(i)
kT

∑
i gie

−ε(i)
kT

, (4)

where gi is the degeneracy of the ith state and ε is the internal
energy associated with the quantum level i .

At this stage, Eggers [6], NASA [8], and Blackman [9]
compute the vibrational energies with the HOmodel defined
as,

εHOv (i) = ikθv, (5)

where εv is the vibrational energy, i is the vibrational quan-
tum level, and θv is the characteristic vibrational temperature
of a chosen gas.

In the currentwork, an improvement upon this is proposed:
modelling the vibrational excitation with the Morse-aHO
model [37] in which the vibrational energies are formulated
as,

εMorse
v (i) = hcωei(1 − χe(i + 1)), (6)

where h is the Planck constant, c is the speed of light in
vacuum, andωe andωeχe are spectroscopy constants detailed
in Table 2 for nitrogen and oxygen molecules.

Substituting (4) into (3), inserting the result into (2), and
applying definite integrals, the enthalpy of the flow account-
ing for vibrational and electronic modes yields,

ĥ(T ) = 5

2
RT +

∑
i εv(i)e

−εv(i)
kT

∑
i e

−εv(i)
kT

+
∑

i giεe(i)e
−εe(i)
kT

∑
i gie

−εe(i)
kT

. (7)

123



536 C. H. B. Civrais et al.

The electronic energy of the molecular systems are those
prescribed by Liechty [41], which have been extracted
from the National Institute of Standards and Technology
(NIST) [42].

With the added complication of a calorically imperfect
gas, the enthalpy is no longer linearly related to the temper-
ature and the system must be resolved iteratively. Several
methodologies could be applied, such as the Newton itera-
tive method [33], a dichotomy approach, or any other type of
root-finding algorithm [21]. In the current work, the chosen
approach follows the technique presented by Anderson [43].
It consists ofmaintaining the energy balance across the shock
wave through the following equation,

(ĥ2 − ĥ1) + u21
2

(
1

ρ2
21

− 1

)

= 0. (8)

The iterative approach is initialised with a guessed value
for the density ratio, ρ21,ini. Although a departure from the
ideal gas theory is expected, the ideal gas formulation for the
density ratio can be used to initialise the iterative calculation,

ρ∗
21 = (γ + 1)M2

1

2 + (γ − 1)M2
1

, (9)

where M is the Mach number, the subscript (·)21 charac-
terises the ratio between the downstream and upstream flow
properties, the superscript (·)∗ refers to flow properties of an
ideal gas, and γ is the ratio of specific heats, defined as

γ = Cp

Cv

. (10)

Once the density ratio is obtained, the pressure ratio can
be found by re-arranging the momentum equation and the
temperature ratio by applying the thermal equation of state,
i.e.,

⎧
⎨

⎩

P21 = 1 + ρ1u21
P1

(
1 − 1

ρ21

)
,

T21 = P21
ρ21

.
(11)

Finally, the density ratio is either increased or decreased,
depending on the sign of the energy balance, (8), by an incre-
ment 	ρ21, and the procedure is repeated until convergence
is achieved, where 	ρ21 takes the form of,

	ρ21 =
{

1
10 if j = 0,

1
10 j

√
j

if j �= 0,
(12)

where j refers to the iteration index.

2.2 Stability analysis

Balancing the energy equation, (8), is a sensitive problem;
therefore, the initialised density, (9), and the increment value
of density, (12), must be carefully chosen. A sensitivity anal-
ysis of the new relations to these parameters is conducted.

The working gas is molecular oxygen where the vibra-
tional energies are modelled with an anharmonic oscillator
model and the electronic energies included. The freestream
conditions correspond to an altitude of 80km [44], i.e.,
P = 1.1 Pa and T = 198.6 K, which results in a freestream
enthalpy of 1.29 × 105 J/kg. The analysis is carried out for
threeMach numbers, i.e., 2, 5, and 8. The initialised value and
increment value of density are perturbed compared to those
prescribed by (9) and (12), respectively. These perturbed
parameters are denoted by ˜ρ∗

21 and ˜	ρ21 for the initialised
density and the increment value of density, respectively. The
system is exposed to perturbations ranging from ±50% of
the suggested values, i.e., (9) and (12), with increments of
10%. The simulations are run for a total number of 1000 iter-
ations. The energy balance achieved through these iterations
and the flow property ratios are monitored for each pair of
( ˜ρ∗

21,
˜	ρ21).

The influence of these parameters on the energy balance
for three Mach numbers is depicted in Fig. 1. The abscissa
represents the perturbations in the increment value of den-
sity, the ordinate corresponds to the perturbations of the
initialised density, while the colour map shows the energy
balance achieved through the iterations. Note that the colour
scheme is expressed in logarithmic scale. The black mark-
ers correspond to conditions at which the influence of the
quality of the energy balance on the flow properties will later
be discussed. Considering the sensitivity of the system, any
set of parameters achieving an energy balance of 101 J/kg
and below is considered acceptable. Note that the freestream
enthalpy is 1.29×105 J/kg which translates to a deviation of
0.01% to the freestream enthalpy.

For Mach number 2, the system achieves satisfactory
energy conservation for most of the conditions except for ini-
tialised density values lower than 0.6ρ∗

21. For such freestream
conditions, the flow properties are expected to exhibit no
caloric imperfection; therefore, initialising the system close
to its final solution achieves the best convergence. For ini-
tialised guess values lower than 0.6ρ∗

21 and increment density

values,
˜	ρ21

	ρ21
∈ [0.5, 0.6 [∪] 1.4, 1.5] the system achieves

poor energy conservation. It is important to note that a
total number of 1000 iterations is considered in the current
study. Therefore, it would necessitate additional iterations to
achieve satisfactory energy balancing. For higherMach num-
bers, the system deviates from the ideal gas theory, resulting
in an increase in the density ratio. Consequently, the system
benefits from being initialised at higher density ratios. Such

123



Extension of the normal shock wave relations for calorically imperfect gases 537

Fig. 1 Influence of the initialised density value and increment value of density on the energy conservation for three Mach numbers

a behaviour is demonstrated in Fig. 1 in which the area of
acceptable energy balances is reduced with increased Mach
number.

The influence of these parameters on the density, pressure,
and temperatures ratios is investigated for the five conditions
indicated by the black markers in Fig. 1. These conditions
have been carefully chosen to evaluate the consequences of
poor energy balancing. The results are depicted in Fig. 2,
and the flow properties ratio for a calorically perfect gas is
added for reference. The circle (◦), square (�), triangle (	),

diamond (
), and pentagon (�) markers refer to those in
Fig. 1.

Figure 2 reiterates the importance of carefully selecting
the initial density value and the increment value of density.
The sets of parameters predict similar flow properties for
low Mach numbers but strongly deviate with an increase in
Mach number. It is also important tomention that the triangle,
square, diamond, and pentagon markers are on top of each
other even though the sets of parameters achieve different
energy balances, see Fig. 1, which demonstrates that for an
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Fig. 2 Influence of the initialised density value and increment value of density on the flow properties

energy balance below 101 J/kg the flow properties converge
towards similar predictions.

Figures 1 and 2 have shown that the initial density value
and increment density value suggested in the previous sec-

tions, i.e., ˜ρ21
ρ∗
21

= 1.0 and
˜	ρ21

	ρ21
= 1.0, achieve satisfactory

energybalance for the freestreamconditions considered.This

set of parameters will therefore be used for the calculation
of the flow properties ratios across the shock. As noticed,
for high Mach numbers in which the flow likely exhibits
caloric imperfection, the system could benefit from being
initialised at a higher initial density ratio. Ideally, these sets
of parameters would be a function of the freestream con-
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ditions, i.e., Mach number and enthalpy; however, such an
improvementwouldmerely decrease howmany iterations are
required to converge the system. For the other calculations
presented in the current work, a maximum of 150 iterations
were required to achieve energy balancing below 10−3 J/kg.
Improving the convergence speed of the systemwas therefore
considered irrelevant.

2.3 Model limitations

Themodel presented in this study yields accurate predictions,
see Sects. 4.2 and 4.3, but it does have limitationswhichmerit
additional discussion.

In the derivation of the model, the Born–Oppenheimer
approximation is assumed which allows for the internal
modes to be individually treated. As such, the total mean
energy of the system is expressed as the summation of
independent contributions, as shown in (3)–(7). This assump-
tion is valid for the temperatures dealt with in the current
work. However, for higher temperatures, the model would
benefit from modelling the internal interaction between
modes. Specifically, accounting for the vibrational excita-
tion of the electronic excited states becomes important for
moderate-to-high temperatures, while rotational-vibrational
effects become significant at high temperatures. To improve
the accuracy of the model, incorporating these effects in the
calculation of the thermodynamic properties would be nec-
essary.

Furthermore, the model assumes that any chemical activ-
ity is slow enough for the chemical reactions to be omitted.
This assumption follows that of Eggers [6] and Blackman [9]
for the derivation of normal shock wave relations for calor-
ically imperfect gases. This limitation constrains the new
relations to be strictly employed in flow regimes where the
effects of chemical reactions are insignificant. As reported by
Eggers [6], this corresponds to Mach numbers in excess of 7
for an air mixture at sea-level atmospheric conditions [44],
which translates to an enthalpy of the system downstream of
the shock wave of 2.2 × 106 J/kg. This particular threshold
aligns with observations made by Leyva [45], who simi-
larly defines the maximum stagnation enthalpy for an air
mixture at 5.0 × 106 J/kg. For higher enthalpies, chemical
species carry enough energy for chemical reactions to occur
and strongly affect the downstream flow properties [46]. The
addition of chemical reactions to the model in the form of
a partition function is proposed as a next step, given the
derivations detailed in Fowler and Guggenheim [47]. This
improvement would have the benefit of further extending the
range of applicability of the model to higher Mach numbers
and enthalpies. In the rest of the paper, the validity of the
model will be restricted to the enthalpy value prescribed by
Eggers.

Table 1 Case scenarios studied in the present work

Scenario T1 (K) P1 (Pa) Species

I 48.4 227.0 O2, air

II 100.0 55.3 O2, air

III 198.6 1.1 O2, air

3 Numerical methods and problem setup

3.1 Simulation outline

This work consists of verifying the aforementioned mathe-
matical relations, see Sect. 2, with shock wave simulations
using a single species diatomic gas and a gas mixture.
Three freestream conditions are considered based on wind-
tunnel operating conditions for the 20-inch Mach 6 tunnel
and hypersonic nitrogen tunnel in Beckwith and Miller
[48, Table 1], and a more realistic flight condition at an
altitude of 80km [44]. The freestream pressures and tem-
peratures for each scenario are tabulated in Table 1. The
choice has beenmade to use similar freestream conditions for
the two working gases. To prevent the occurrence of chem-
ical reactions, the maximum Mach numbers allowed for the
downstream enthalpy of the system to lie below the threshold
defined by Eggers [6] has been computed for each scenario.
For the freestream conditions in scenarios I, II, and III, the
maximum Mach numbers are, respectively, 18.5, 12.5, and
9.0 for an oxygen gas and 17.5, 12.0, and 8.5 for an air mix-
ture (79% N2 and 21% O2). It is worth noticing that for
scenarios I, II, and III, the model exhibits different maxi-
mum Mach numbers depending on the gas considered. This
can be attributed to distinct thermal variations in the specific
heat capacities of the gases in consideration, see Sect. 4.1.
These Mach numbers represent the theoretical limitations of
the model presented in the study for scenarios I, II, and III.
It is important to note that these conditions are not typically
encountered in wind-tunnels. In light of these findings, the
study exclusively focuses on Mach numbers ranging from
2 to 8 for all three scenarios. Additionally, three DSMC sim-
ulations at Mach numbers of 2, 5, and 8 are run to verify the
Rankine–Hugoniot jump relations and the implementation of
the models in the DSMC code.

3.2 Numerical methods

All the simulations presented in this work have been con-
ducted using the dsmcFoam+ [49] solver, which is a DSMC
solver developed around the foundation of the method estab-
lished by Bird [13]. It is built within the framework of
the open-source C++ computational fluid dynamics toolbox
OpenFOAM [50]. Themain features of the dsmcFoam+ code
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Table 2 Species properties at a
reference temperature Tref of
273 K

Chemical species m d ω θv ωe [33] ωeχe [33]
(×10−27 kg) (×10−10 m) (–) (K) (cm−1) (cm−1)

N2 46.50 4.17 0.74 3371 2345.998 17.454

O2 53.12 4.07 0.77 2256 1671.740 16.425

include particle initialisation in arbitrary geometries, parti-
cle tracking in unstructuredmeshes, the capability to perform
both steady-state and transient DSMC simulations, chemical
reactions, vibrational and electronic energies, and parallel
processing [49]. In the currentwork, a version of dsmcFoam+
that is implemented within OpenFOAM-v2212 is used. To
provide a more realistic description of the vibrational excita-
tion of a diatomic molecule, an aHO model derived from
the Morse potential [37] has been implemented in dsmc-
Foam+. As extensively described in Civrais et al. [33, 51],
rather than computing the vibrational energy through the
use of the characteristic vibrational temperature, aHO vibra-
tional levels have been pre-calculated and inserted within the
dsmcFoam+ species definitions as an additional “look-up
table” entry. The vibrational energy of the molecular species
ismodelledwith theMorse anharmonic oscillatormodelwith
a set of 67 and 47 vibrational quantum levels for N2 and O2,
respectively, as prescribed by the potential energy surface
(PES) calculations detailed in Armenise et al. [52]. It has
been shown that having an aHOmodel representing the vibra-
tional excitation of diatomicmolecules results in an improved
prediction of the specific heat capacity. This remark will be
reinforced by the evaluation of the influence of the use of
an aHO model in the context of high-speed non-equilibrium
situations.

The redistribution of internal energies is ensured by a
serial application of the quantum Larsen–Borgnakke (LB)
method [53] using the HO model or the Morse-aHO
model [33] to compute the vibrational energyof themolecule.
A finite fraction of 1/5, 1/50, and 1/500 collisions is allowed
to result in rotational, vibrational, and electronic relaxation,
respectively. The inter-molecular collisions are modelled
using the variable hard sphere (VHS) model at a reference
temperature of Tref = 273Kwith the species properties sum-
marised in Table 2, and the collision partners are selected
according to the no-time-counter (NTC) model [54]. This
work aims to quantify the influence of vibrational models
and electronic energy on equilibrium states reached down-
stream of a normal shock wave, as these ratios are all that
the Rankine–Hugoniot method can predict; the transitional
region, in which internal modes relax towards the equilib-
rium state, is not intended to be quantitatively studied in this
work.

3.3 Problem setup

The DSMC simulations are set up as follows. All nor-
mal shock simulations are initialised with a uniform spatial
domain discretised in the direction of the discontinuity with
the driving piston boundary condition applied [13]. The cell
size throughout the domain is set to be equal to one-quarter of
the high pressure, i.e., post-shock, mean free path [55]. The
longitudinal length of the domain, L , is set to 331.8×10−3 m,
442.4×10−3 m, and 553.0×10−3 m for theMach number 2,
5, and 8 cases, respectively. The number of cells and particles
are therefore adapted to match the spatial discretisation with
a minimum of 20 particles per cell in the low-density region.
For each case, the time-step is carefully chosen to be an order
of magnitude smaller than both the mean collision time and
the cell residence time, with the former corresponding to the
time a typical DSMC particle requires to cross a cell length
in the upstream conditions. The simulations are performed
in serial on a machine equipped with an Intel� CoreTM

i7-7820X x16 CPU (3.62GHz). Flow properties are sam-
pled for over 105 time-steps and averaged over 1000 cells on
both sides of the discontinuity to reduce the scatter.

The domain is spatially split into two equally sized regions
where the appropriate upstream and downstream conditions,
see Sect. 2, are initially prescribed, creating a discontinu-
ity at the centre. This technique is known to return a good
approximation of experimental conditions [56] but induces
a translation of the shock front due to random walks [13].
Therefore, a stabilisation routine has been implemented
within dsmcFoam+ to prevent the shock from moving in one
direction or the other.

4 Results and discussion

4.1 Thermodynamic properties

4.1.1 Oxygen

A comparison of the normalised isochoric specific heat
capacity, i.e., Cv/R, resulting from the different internal
energy models is presented for molecular oxygen in Table 3
for temperatures ranging from 200 to 7000 K. The database
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Table 3 Comparison of the different approaches for the calculation of the normalised isochoric specific heat capacity of molecular oxygen

T (K) Ideal HO aHO HOe aHOe McBride et al. [24]

200 2.500 (0.1%) 2.501 (0.1%) 2.501 (0.1%) 2.501 (0.1%) 2.501 (0.1%) 2.503

400 2.500 (4.7%) 2.590 (1.2%) 2.597 (0.9%) 2.590 (1.2%) 2.597 (0.9%) 2.622

600 2.500 (12.6%) 2.804 (1.9%) 2.819 (1.4%) 2.804 (1.9%) 2.819 (1.4%) 2.860

800 2.500 (18.3%) 2.996 (2.0%) 3.014 (1.4%) 2.996 (2.0%) 3.014 (1.4%) 3.059

1000 2.500 (21.8%) 3.132 (2.0%) 3.153 (1.3%) 3.133 (2.0%) 3.154 (1.3%) 3.195

1200 2.500 (24.1%) 3.224 (2.1%) 3.248 (1.4%) 3.229 (2.0%) 3.252 (1.2%) 3.293

1400 2.500 (25.7%) 3.287 (2.3%) 3.314 (1.5%) 3.300 (1.9%) 3.327 (1.1%) 3.364

1600 2.500 (27.0%) 3.332 (2.8%) 3.362 (1.9%) 3.359 (2.0%) 3.390 (1.1%) 3.427

1800 2.500 (28.3%) 3.364 (3.5%) 3.398 (2.5%) 3.412 (2.1%) 3.447 (1.1%) 3.486

2000 2.500 (29.5%) 3.388 (4.4%) 3.426 (3.3%) 3.463 (2.3%) 3.501 (1.2%) 3.544

2200 2.500 (30.6%) 3.406 (5.4%) 3.449 (4.2%) 3.511 (2.5%) 3.553 (1.3%) 3.601

2400 2.500 (31.6%) 3.421 (6.4%) 3.468 (5.1%) 3.557 (2.7%) 3.604 (1.4%) 3.656

2600 2.500 (32.6%) 3.432 (7.5%) 3.484 (6.1%) 3.601 (2.9%) 3.652 (1.5%) 3.709

2800 2.500 (33.5%) 3.441 (8.5%) 3.497 (7.0%) 3.642 (3.1%) 3.699 (1.6%) 3.760

3000 2.500 (34.4%) 3.448 (9.5%) 3.510 (7.8%) 3.680 (3.4%) 3.742 (1.7%) 3.808

3200 2.500 (35.1%) 3.454 (10.4%) 3.521 (8.6%) 3.715 (3.6%) 3.782 (1.9%) 3.855

3400 2.500 (35.9%) 3.459 (11.3%) 3.532 (9.4%) 3.747 (3.9%) 3.819 (2.0%) 3.899

3600 2.500 (36.5%) 3.464 (12.1%) 3.542 (10.1%) 3.775 (4.2%) 3.853 (2.2%) 3.940

3800 2.500 (37.2%) 3.467 (12.9%) 3.552 (10.7%) 3.800 (4.5%) 3.884 (2.4%) 3.979

4000 2.500 (37.8%) 3.471 (13.6%) 3.562 (11.3%) 3.822 (4.8%) 3.913 (2.6%) 4.016

4200 2.500 (38.3%) 3.473 (14.3%) 3.571 (11.8%) 3.841 (5.2%) 3.939 (2.8%) 4.051

4400 2.500 (38.8%) 3.476 (14.9%) 3.581 (12.3%) 3.857 (5.6%) 3.962 (3.0%) 4.084

4600 2.500 (39.2%) 3.478 (15.5%) 3.590 (12.7%) 3.871 (5.9%) 3.984 (3.2%) 4.115

4800 2.500 (39.7%) 3.479 (16.0%) 3.600 (13.1%) 3.884 (6.3%) 4.005 (3.4%) 4.144

5000 2.500 (40.1%) 3.481 (16.5%) 3.610 (13.5%) 3.895 (6.6%) 4.024 (3.5%) 4.171

5200 2.500 (40.4%) 3.482 (17.0%) 3.620 (13.7%) 3.905 (7.0%) 4.043 (3.7%) 4.197

5400 2.500 (40.8%) 3.484 (17.5%) 3.631 (14.0%) 3.915 (7.3%) 4.062 (3.8%) 4.222

5600 2.500 (41.1%) 3.485 (17.9%) 3.641 (14.2%) 3.923 (7.6%) 4.080 (3.9%) 4.244

5800 2.500 (41.4%) 3.486 (18.3%) 3.652 (14.4%) 3.932 (7.8%) 4.098 (3.9%) 4.266

6000 2.500 (41.7%) 3.487 (18.6%) 3.662 (14.6%) 3.940 (8.1%) 4.116 (4.0%) 4.286

6200 2.500 (41.8%) 3.488 (18.9%) 3.672 (14.6%) 3.949 (8.1%) 4.134 (3.8%) 4.299

6400 2.500 (42.0%) 3.488 (19.1%) 3.683 (14.6%) 3.958 (8.2%) 4.152 (3.7%) 4.311

6600 2.500 (42.2%) 3.489 (19.3%) 3.693 (14.5%) 3.967 (8.2%) 4.171 (3.5%) 4.322

6800 2.500 (42.2%) 3.490 (19.4%) 3.703 (14.5%) 3.977 (8.1%) 4.190 (3.2%) 4.329

7000 2.500 (42.3%) 3.490 (19.4%) 3.712 (14.3%) 3.987 (8.0%) 4.209 (2.8%) 4.333

HOe and aHOe denote the inclusion of the electronic mode

presented by McBride et al. [24] is well established and
is therefore considered as reference data. This database
includes the electronic, rotational, and harmonic oscilla-
tor vibrational contributions to the partition function, and
accounts for various corrections, including anharmonicity,
the vibrational excitation of the electronic excited states, and
the rotational-vibrational effects [57, p. 11]. The deviation of
each internal energy model considered in the current work
with respect to the values in McBride et al. [24] is expressed
in percentages. For completeness, the results for the ideal gas

assumption are also included in Table 4 and denoted by Ideal
in the table.

In the DSMC community, the vibrational excitation is fre-
quentlymodelledwith theHOmodel and the electronicmode
is neglected, resulting in a deviation of the isochoric spe-
cific heat capacity of approximately 19.4% compared to the
McBride et al. [24] database at a temperature of 7000 K.
Even at lower temperatures where dissociation would not be
considered, the deviation in the HO model from the refer-
ence data is significant. Considering the harmonic oscillator
model with electronic mode included (HOe), decreases the
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Table 4 Comparison of the different approaches for the calculation of the normalised isochoric specific heat capacity of an air mixture composed
of 79% nitrogen and 21% oxygen

T (K) Ideal HO aHO HOe aHOe McBride et al. [24]

200 2.500 (0.1%) 2.500 (0.0%) 2.500 (0.0%) 2.500 (0.0%) 2.500 (0.0%) 2.501

400 2.500 (1.6%) 2.531 (0.3%) 2.534 (0.2%) 2.531 (0.3%) 2.534 (0.2%) 2.540

600 2.500 (6.4%) 2.655 (0.6%) 2.664 (0.3%) 2.655 (0.6%) 2.664 (0.3%) 2.671

800 2.500 (11.9%) 2.818 (0.7%) 2.830 (0.3%) 2.818 (0.7%) 2.830 (0.3%) 2.839

1000 2.500 (16.3%) 2.964 (0.8%) 2.978 (0.3%) 2.964 (0.8%) 2.978 (0.3%) 2.988

1200 2.500 (19.5%) 3.078 (0.9%) 3.094 (0.4%) 3.079 (0.9%) 3.095 (0.4%) 3.106

1400 2.500 (21.8%) 3.163 (1.0%) 3.181 (0.5%) 3.166 (0.9%) 3.184 (0.4%) 3.196

1600 2.500 (23.5%) 3.228 (1.2%) 3.247 (0.6%) 3.234 (1.0%) 3.253 (0.4%) 3.267

1800 2.500 (24.8%) 3.276 (1.5%) 3.298 (0.8%) 3.286 (1.1%) 3.308 (0.5%) 3.325

2000 2.500 (25.9%) 3.314 (1.7%) 3.338 (1.0%) 3.329 (1.3%) 3.353 (0.6%) 3.372

2200 2.500 (26.7%) 3.343 (2.0%) 3.369 (1.3%) 3.364 (1.4%) 3.391 (0.6%) 3.412

2400 2.500 (27.5%) 3.365 (2.4%) 3.394 (1.5%) 3.394 (1.5%) 3.423 (0.7%) 3.447

2600 2.500 (28.1%) 3.384 (2.7%) 3.415 (1.8%) 3.419 (1.7%) 3.451 (0.8%) 3.477

2800 2.500 (28.6%) 3.399 (3.0%) 3.433 (2.0%) 3.441 (1.8%) 3.475 (0.8%) 3.504

3000 2.500 (29.1%) 3.411 (3.3%) 3.448 (2.3%) 3.460 (1.9%) 3.496 (0.9%) 3.528

3200 2.500 (29.6%) 3.421 (3.6%) 3.461 (2.5%) 3.476 (2.1%) 3.516 (1.0%) 3.550

3400 2.500 (30.0%) 3.430 (3.9%) 3.472 (2.7%) 3.490 (2.2%) 3.533 (1.0%) 3.570

3600 2.500 (30.3%) 3.437 (4.2%) 3.483 (2.9%) 3.503 (2.4%) 3.548 (1.1%) 3.588

3800 2.500 (30.7%) 3.443 (4.5%) 3.492 (3.1%) 3.513 (2.5%) 3.562 (1.2%) 3.605

4000 2.500 (31.0%) 3.449 (4.8%) 3.500 (3.3%) 3.522 (2.7%) 3.574 (1.3%) 3.621

4200 2.500 (31.2%) 3.453 (5.0%) 3.508 (3.5%) 3.531 (2.9%) 3.586 (1.4%) 3.636

4400 2.500 (31.5%) 3.457 (5.3%) 3.516 (3.7%) 3.538 (3.1%) 3.596 (1.5%) 3.650

4600 2.500 (31.8%) 3.461 (5.5%) 3.523 (3.8%) 3.544 (3.3%) 3.606 (1.6%) 3.664

4800 2.500 (32.0%) 3.464 (5.8%) 3.530 (4.0%) 3.549 (3.5%) 3.615 (1.7%) 3.677

5000 2.500 (32.3%) 3.467 (6.1%) 3.536 (4.2%) 3.554 (3.7%) 3.624 (1.8%) 3.690

5200 2.500 (32.5%) 3.469 (6.3%) 3.543 (4.3%) 3.559 (3.9%) 3.632 (1.9%) 3.703

5400 2.500 (32.7%) 3.471 (6.6%) 3.549 (4.5%) 3.563 (4.1%) 3.641 (2.0%) 3.716

5600 2.500 (33.0%) 3.473 (6.9%) 3.555 (4.7%) 3.567 (4.4%) 3.649 (2.2%) 3.730

5800 2.500 (33.2%) 3.475 (7.2%) 3.561 (4.9%) 3.571 (4.6%) 3.657 (2.3%) 3.744

6000 2.500 (33.5%) 3.477 (7.5%) 3.567 (5.1%) 3.575 (4.9%) 3.666 (2.5%) 3.759

HOe and aHOe denote the inclusion of the electronic mode

discrepancy in the isochoric specific heat capacity predic-
tion to 8% at 7000 K. Considering an anharmonic oscillator
model and, in particular, including the electronic mode, dra-
matically reduces the relative difference to 2.8% at 7000K. It
was expected that the anharmonic oscillator with electronic
energy included (aHOe) model would best match the ref-
erence data since this model best matches the assumptions
included in the calculation of the reference data. It is clear
that the HO model starts to introduce significant errors at
temperatures as low as 2000 K for molecular oxygen. Intro-
ducing the electronic energy always results in a significantly
more accurate reproduction of the specific heat capacity, for
either HO or aHO vibrations.

4.1.2 Air mixture

Table 4 repeats the comparison of the isochoric specific heat
capacity calculated with the different approaches for an air
mixture composed of 79% nitrogen and 21% oxygen for
temperatures ranging from 200 to 6000 K. The temperature
range is conditioned by the temperature intervals inwhich the
coefficient of the polynomial expressions is valid. Similar to
the previous comparison, HO displays the worst predictions,
whereas the aHOe model presents close agreement with the
reference database [24], with a deviation of 2.5% at a tem-
perature of 6000 K.
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4.2 Oxygen shock wave

The numerical investigation of nonreactive oxygen aims to
evaluate the departure from ideality of downstream flow
properties in a normal shock wave. The first step is to quan-
tify how the four corrections, i.e., the HO or aHOmodels and
the electronic mode included or not, change the post-shock
equilibrium state and which flow properties are impacted.
Then, the study seeks to demonstrate the departure from the
ideal gas theory for pure oxygen gas.

The comparison of the normal shock wave relations with
caloric imperfection and the DSMC results for the pressure,
density, and temperature ratios is presented in Tables 5, 6,
and 7, respectively. In Tables 5, 6, and 7, the vibrational
models are denoted by their corresponding acronyms and the
inclusion of the electronic mode by HOe or aHOe. For com-

pleteness, the percentage deviation of the numerical results
to the Rankine–Hugoniot calculations has been added to
Tables 5, 6, and 7. Furthermore, the standard normal shock
wave relations [4, 5] without the consideration of caloric
imperfection are included as a reference, and it is denoted by
NC.

Table 5 presents a comparison of the pressure ratios
between the normal shock wave relations with caloric imper-
fection and the DSMC results for the three upstream con-
ditions. Agreement to three significant figures is observed
between the Rankine–Hugoniot calculations and the DSMC
results for all simulated upstreamMach number and temper-
ature conditions. For a wind-tunnel operating at the scenario
I conditions, the caloric imperfection has aminimal influence
on the pressure ratio and it only departs from ideal gas the-
ory for Mach number 6.8 and above. Note that the inclusion

Table 5 Comparison of the pressure ratio for a nonreactive pure oxygen gas

M NC [4, 5] Theory DSMC

HO [6] HOe aHO aHOe HO HOe aHO aHOe

Scenario I

2 4.49 4.49 4.49 4.49 4.49 4.51 (0.4%) 4.51 (0.4%) 4.51 (0.4%) 4.51 (0.4%)

5 28.95 28.95 28.95 28.95 28.95 28.91 (−0.1%) 28.91 (−0.1%) 28.91 (−0.1%) 28.91 (−0.1%)

8 74.38 74.66 74.66 74.69 74.69 74.75 (0.1%) 74.85 (0.2%) 74.85 (0.2%) 74.6 (−0.1%)

Scenario II

2 4.49 4.49 4.49 4.49 4.49 4.51 (0.4%) 4.51 (0.4%) 4.51 (0.4%) 4.51 (0.4%)

5 28.95 29.03 29.03 29.04 29.04 28.91 (−0.4%) 28.91 (−0.4%) 29.41 (1.3%) 28.94 (−0.4%)

8 74.38 75.78 75.79 75.83 75.83 76.25 (0.6%) 75.61 (−0.2%) 75.99 (0.2%) 76.35 (0.7%)

Scenario III

2 4.49 4.49 4.49 4.49 4.49 4.50 (0.1%) 4.50 (0.1%) 4.50 (0.1%) 4.50 (0.1%)

5 28.95 29.47 29.47 29.49 29.49 29.4 (−0.3%) 29.38 (−0.3%) 29.48 (0.0%) 29.49 (0.0%)

8 74.38 76.79 76.87 76.86 76.94 76.7 (−0.1%) 76.76 (−0.1%) 76.8 (−0.1%) 76.93 (0.0%)

Table 6 Comparison of the density ratio for a nonreactive pure oxygen gas

M NC [4, 5] Theory DSMC

HO [6] HOe aHO aHOe HO HOe aHO aHOe

Scenario I

2 2.68 2.68 2.68 2.68 2.68 2.68 (0.1%) 2.68 (0.1%) 2.68 (0.1%) 2.68 (0.1%)

5 5.05 5.05 5.05 5.05 5.05 5.05 (0.0%) 5.05 (0.0%) 5.05 (0.0%) 5.05 (0.0%)

8 5.62 5.73 5.73 5.74 5.74 5.72 (−0.0%) 5.73 (0.0%) 5.74 (−0.0%) 5.74 (−0.0%)

Scenario II

2 2.68 2.68 2.68 2.68 2.68 2.67 (−0.3%) 2.67 (−0.3%) 2.67 (−0.3%) 2.67 (−0.3%)

5 5.05 5.11 5.11 5.11 5.11 5.11 (0.1%) 5.10 (−0.1%) 5.17 (1.1%) 5.12 (0.1%)

8 5.62 6.17 6.17 6.19 6.19 6.18 (0.2%) 6.17 (0.0%) 6.21 (0.3%) 6.21 (0.3%)

Scenario III

2 2.68 2.68 2.68 2.68 2.68 2.67 (−0.3%) 2.67 (−0.3%) 2.67 (−0.3%) 2.67 (−0.3%)

5 5.05 5.46 5.46 5.47 5.48 5.48 (0.4%) 5.48 (0.4%) 5.47 (−0.1%) 5.48 (0.1%)

8 5.62 6.63 6.67 6.67 6.71 6.66 (0.5%) 6.70 (0.5%) 6.67 (0.0%) 6.71 (0.0%)
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Table 7 Comparison of the temperature ratio for a nonreactive pure oxygen gas

M NC [4, 5] Theory DSMC

HO [6] HOe aHO aHOe HO HOe aHO aHOe

Scenario I

2 1.68 1.68 1.68 1.68 1.68 1.68 (0.3%) 1.68 (0.3%) 1.68 (0.3%) 1.68 (0.3%)

5 5.74 5.74 5.74 5.74 5.74 5.73 (−0.1%) 5.73 (−0.1%) 5.73 (−0.1%) 5.73 (−0.1%)

8 13.23 13.04 13.04 13.02 13.02 13.06 (0.1%) 13.07 (0.2%) 13.05 (0.2%) 13.01 (−0.1%)

Scenario II

2 1.68 1.68 1.68 1.68 1.68 1.69 (0.7%) 1.69 (0.7%) 1.69 (0.7%) 1.69 (0.7%)

5 5.74 5.69 5.69 5.68 5.68 5.66 (−0.5%) 5.67 (−0.3%) 5.69 (0.2%) 5.66 (−0.4%)

8 13.23 12.28 12.28 12.25 12.25 12.34 (0.5%) 12.25 (−0.3%) 12.25 (0.0%) 12.3 (0.4%)

Scenario III

2 1.68 1.68 1.68 1.68 1.68 1.68 (0.1%) 1.68 (0.1%) 1.68 (0.1%) 1.68 (0.1%)

5 5.74 5.4 5.4 5.39 5.39 5.36 (−0.8%) 5.36 (−0.8%) 5.39 (0.0%) 5.39 (0.0%)

8 13.23 11.58 11.52 11.53 11.47 11.53 (−0.5%) 11.46 (−0.6%) 11.52 (−0.1%) 11.47 (0.0%)

of electronic energies is correctly recovered by the DSMC
simulations. As the upstream Mach number increases, there
is a slight increase in the equilibrium pressure as more of the
physics is accounted for (either by including the electronic
energy or by switching from HO to aHO). Similar obser-
vations are found for scenarios II and III with the difference
that the departure from ideal gas theory occurs at lowerMach
numbers. The pressure ratio is found to be insensitive to the
vibrational model and the inclusion of the electronic mode.
However, in scenario III, the pressure ratio is underestimated
by almost 3.5% if the caloric imperfection is neglected.

The study follows with the evaluation of the gas density
equilibrium state reached behind the shock. Table 6 repeats
the previous comparison with the density ratio. Analogously
to the pressure ratio, the density ratio deviates from the stan-
dard normal shock wave relations at the same Mach number.
This behaviour is expected as the downstream temperatures
are too low to promote the electronic mode that starts to
significantly impact the solution for any temperature above
1500 K [33], see Table 3. Table 6 shows that for scenario I,
the density ratio calculated from the newly derived Rankine–
Hugoniot jump relations is in excellent agreement with those
calculated with Eggers’ [6] corrections. For scenario II and
a high Mach number, the downstream temperatures are high
enough to activate the electronic mode; therefore, a slight
increase is noticeable in the downstream density when the
electronic mode is added. For scenario III, the density ratio
appreciably deviates from ideal gas theory and the corrected
Rankine–Hugoniot relations depart from Eggers’ [6] correc-
tions for any Mach number above 3. Considering the aHOe
solution to be the most physically realistic, the ideal gas the-
ory under-predicts the density ratio by 19% at Mach 8, and
Eggers’ solution under-predicts the density ratio by 1.2%.

Table 7 presents the temperature ratios. The Rankine–
Hugoniot calculations andDSMCsimulations are found to be
in excellent agreement. Like the pressure and density ratios,
the post-shock equilibrium temperature ratios perfectly agree
with ideal gas theory up to Mach number 6.8 for scenario I,
Mach number 4.4 for scenario II, and Mach number 2.6 for
scenario III. Again, this is anticipated by the thermal states
reached after the shock which promote the vibrational and
electronic modes. As mentioned in the above section, there
is an increase in density ratio with the addition of the elec-
tronic mode, whereas, the pressure profile remains relatively
unchanged from the increase of the upstream Mach num-
ber. To maintain the thermal equation of state, the thermal
state has to balance at a lower temperature than when the
electronic mode is neglected from the internal modes. Con-
sidering scenario III, the ideal gas theory under-estimates the
temperature ratio, compared to the aHOe solution, by a factor
of 13%, which corresponds to a difference of about 350 K
downstream of the shock wave. Similarly, the decrease of
about 13% in the temperature ratio coincideswith an increase
of 3.5% in the pressure ratio and an increase of 19% in the
density ratio. The aHOe temperature ratio for scenario III at
Mach 8 is 1.2% lower than Eggers’ solution. Table 7 demon-
strates that the thermal equation of state is well maintained,
having a lower thermal equilibrium state after the shock with
the electronic mode included.

Furthermore, an analysis of the departure from ideality is
also conducted by comparing the Rankine–Hugoniot jump
relations and the DSMC results. Figures3, 4, and 5 present
a comparison of the theoretical and numerical macroscopic
flow property ratios across a normal shock against ideal gas
theory for scenarios I, II, and III, respectively. The flow prop-
erty ratios are normalised by their corresponding ideal gas
theory flow properties ratios, e.g., ρHO

21 /ρ∗
21. Such a nor-
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Fig. 3 Flow properties ratio of a pure oxygen gas exhibiting caloric
imperfection for scenario I

malisation allows the ideality theory to be represented by
a straight line, drawn with a black dashed line along 1.000
on the ordinate axis. The normalised density, temperature,
and pressure profiles are plotted with green, red, and blue
lines, respectively.

In Fig. 3, the numerical results present discrepancies with
the theoretical predictions for the pressure and temperature
ratios for scenario I. The ordinate axis has been scaled such
that it closes up on the plotted graphs, hence, magnifying the
differences between the numerical and theoretical results.
Additionally, the difference is merely the percentage devia-
tion presented in Tables 5, 6, and 7. Furthermore, in scenario
I (h1 = 3.14 ×105 J/kg), the downstream enthalpy forMach
numbers 2, 5, and 8 is, with the most sophisticated correc-
tion, i.e., aHOe, 3.14 × 105 J/kg, 3.14 × 105 J/kg, and
4.20×105 J/kg. The downstream enthalpies only differ from
the freestream enthalpy for Mach number 8, to the extent
that deviations from ideal gas theory are nearly negligible,
thereby magnifying the disparities between the numerical
and theoretical results.

In Figs. 3, 4, and 5, the gas is only considered calorically
imperfect, therefore the thermal equation of state stands. If
the density of the gas increases across the shock, the tem-
perature must undergo a proportional decrease. This effect
has previously been illustrated in Tables 5, 6, and 7, and it
is reiterated in Figs. 3 and 4. The numerical results recover
the Rankine–Hugoniot relations well, suggesting a strong

Fig. 4 Flow properties ratio of a pure oxygen gas exhibiting caloric
imperfection for scenario II

Fig. 5 Flow properties ratio of a pure oxygen gas exhibiting caloric
imperfection for scenario III
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Table 8 Comparison of the pressure ratio for a nonreactive gas mixture, composed of 79% nitrogen and 21% oxygen

M NC [4, 5] Theory DSMC

HO [6] HOe aHO aHOe HO HOe aHO aHOe

Scenario I

2 4.50 4.50 4.50 4.50 4.50 4.50 (−0.0%) 4.50 (−0.0%) 4.50 (−0.0%) 4.50 (−0.0%)

5 28.97 28.97 28.97 28.97 28.97 28.91 (−0.2%) 28.91 (−0.2%) 28.91 (−0.2%) 28.91 (−0.2%)

8 74.41 74.49 74.49 74.51 74.51 74.6 (0.1%) 74.58 (0.1%) 74.23 (−0.4%) 74.49 (−0.0%)

Scenario II

2 4.5 4.5 4.5 4.5 4.5 4.51 (0.3%) 4.51 (0.3%) 4.51 (0.3%) 4.51 (0.3%)

5 28.97 28.98 28.98 28.98 28.98 29.05 (0.2%) 29.13 (0.5%) 29.0 (0.1%) 29.04 (0.2%)

8 74.41 75.41 75.41 75.45 75.45 75.32 (−0.1%) 75.5 (0.1%) 75.59 (0.2%) 75.23 (−0.3%)

Scenario III

2 4.50 4.50 4.50 4.50 4.50 4.50 (0.1%) 4.50 (0.1%) 4.50 (0.1%) 4.50 (0.1%)

5 28.97 29.31 29.31 29.32 29.33 29.29 (−0.1%) 29.28 (−0.1%) 29.32 (0.0%) 29.32 (0.0%)

8 74.41 76.5 76.52 76.55 76.57 76.41 (−0.1%) 76.48 (0.0%) 76.52 (0.0%) 76.6 (0.0%)

departure from the ideality of the temperature and the den-
sity ratios for any Mach number above 6.8, 4.4, and 2.6 for
scenarios I, II, and III, respectively. Figures3, 4, and 5 sug-
gest that modelling the vibrational energies with an aHO
model and adding the electronic mode results in a greater
deviation from ideal gas theory. At low upstream tempera-
tures, i.e., scenario I, such as those found in wind-tunnels,
the inclusion of electronic energy and an anharmonic oscilla-
tor model do not change the results compared to the models
proposed by Eggers [6]; however, as the upstream tempera-
ture is increased towards those that would be found in typical
flight conditions, i.e., scenario III, there is a clear deviation in
the results when including electronic energy and modelling
the vibrational energy with an aHO model. The result is that
downstream of the shock, there will be a greater density and
a lower temperature than that predicted by Eggers’ model.

The inclusion of the electronic modes and modelling
the vibrational excitation with an anharmonic oscillator
model significantly increases the specific heat capacity, (3),
and consequently the static enthalpy of the flow, (7), i.e.,
∀T ,CaHO

v (T ) > CHO
v (T )). Note that the static enthalpy of

the flow is governed by the upstream conditions; therefore,
for a given static enthalpy, the HO model must predict a
greater temperature. In addition, for the thermal equation of
state to be maintained, a variation in the density ratio must be
accompanied by a change in both pressure and temperature.
As shown in Figs. 3, 4, and 5, the pressure exhibits a small
deviation with the change of vibrational models. From (8),
the density ratio varies as the inverse square root of the dif-
ference of enthalpy 	ĥ21, which consequently imposes the
density ratio to be lower with the HO model than it is for the
aHOe model.

Note that a change in the upstream temperature, T1, dras-
tically influences the distribution of the internal energy in

the system. Such a physical insight is observable when
comparing the departure from ideal gas theory and Eggers’
correction in Figs. 3, 4, and 5. An increase of T1 leads to
an increase of the populations of the high-lying vibrational
quantum levels and the electronic excited states, resulting in
a strong departure from ideal gas theory and Eggers’ cor-
rection at a lower Mach number. Conversely, a decrease in
T1 will have the opposite influence where only the first few
vibrational quantum levels will be populated resulting in the
caloric imperfection being negligible.

4.3 Air mixture shock wave

In this section, flow properties across a normal shock wave
are studied for a nonreactive gas mixture composed of
79% nitrogen and 21% oxygen. Like the previous section,
the vibrational models are denoted by their corresponding
acronyms and the inclusion of the electronic mode by HOe
or aHOe. The standard normal shock wave relations [4, 5]
without the consideration of caloric imperfection are denoted
by NC.

The comparison of the pressure ratio is presented in
Table 8. It is found that the Rankine–Hugoniot relations are
in very good agreement with the numerical results. Simi-
lar to the oxygen test case, the caloric imperfection of the
gas has a limited impact on the pressure across the normal
shock wave. The four corrections predict a similar differ-
ence to the standard normal shock relations regardless of
the upstream temperature. Overall, the choice of the vibra-
tional model and the inclusion of electronic energies have an
insignificant influence on the pressure ratio.

The gas mixture study follows with the comparison of the
density ratio tabulated in Table 9. Note that a change in the
flow density has a considerable impact on the other thermo-
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Table 9 Comparison of the density ratio for a nonreactive gas mixture, composed of 79% nitrogen and 21% oxygen

M NC [4, 5] Theory DSMC

HO [6] HOe aHO aHOe HO HOe aHO aHOe

Scenario I

2 2.67 2.67 2.67 2.67 2.67 2.68 (0.1%) 2.68 (0.1%) 2.68 (0.1%) 2.68 (0.1%)

5 5.03 5.03 5.03 5.03 5.03 5.03 (−0.0%) 5.03 (−0.0%) 5.03 (−0.0%) 5.03 (−0.0%)

8 5.61 5.64 5.64 5.64 5.64 5.64 (0.0%) 5.64 (0.0%) 5.64 (−0.0%) 5.64 (−0.0%)

Scenario II

2 2.67 2.67 2.67 2.67 2.67 2.68 (0.3%) 2.68 (0.3%) 2.68 (0.3%) 2.68 (0.3%)

5 5.03 5.04 5.04 5.05 5.05 5.05 (0.0%) 5.05 (0.1%) 5.05 (0.1%) 5.05 (−0.0%)

8 5.61 5.99 5.99 6.0 6.0 5.99 (0.1%) 5.98 (−0.0%) 6.0 (−0.0%) 6.0 (0.0%)

Scenario III

2 2.67 2.67 2.67 2.67 2.67 2.67 (−0.2%) 2.67 (−0.2%) 2.67 (−0.2%) 2.67 (−0.2%)

5 5.03 5.30 5.30 5.31 5.31 5.30 (0.0%) 5.30 (0.0%) 5.31 (0.0%) 5.31 (0.0%)

8 5.61 6.45 6.46 6.48 6.49 6.46 (0.1%) 6.47 (0.1%) 6.48 (0.0%) 6.49 (0.0%)

dynamic properties of the system. It is therefore important to
correctly capture this flow property. In Table 9, the Rankine–
Hugoniot relations are found to be in excellent agreement
with the numerical results. It is also interesting to notice that
for the same upstream temperature, the electronic mode only
becomes excited at a higher Mach number. Such behaviour
is a result of the composition of the gaseous mixture consid-
ered, in which the main component is molecular nitrogen.
The caloric imperfection shown by the oxygen molecule at
low temperature, see Sect. 4.2, is therefore hidden by the
influence of the nitrogen molecule delaying the appearance
of the electronic mode influence to higher flow temperatures.
Similar to the oxygen test case, it is clear that the density ratio
across the shockwave is not considerably impacted until very
high Mach numbers and high freestream temperatures. For
scenario I, the density ratio undergoes a significant change
from ideal gas theory for a Mach number of 7.5, whereas
for scenario II it appreciably deviates at Mach number 4.9,
and at Mach number 3.0 for scenario III. The addition of the
electronic mode of the molecule leads to a small increase in
the density ratio behind the shock at highMach numbers and
higher upstream thermal states.

Since the temperature is linearly related to the pressure
and inversely proportional to the density due to the thermal
equation of state, the results in Table 10 can be regarded as
a consequence of the two above discussions; the tempera-
ture should balance at a lower thermal state when the flow
density downstream of the shock increases. According to
Tables 8, 9, and 10, this is the case with a quasi-constant
pressure, an increase of the flow density, and a decrease in
similar proportions for the downstream temperature. It is
important to note that the thermal equation of state is per-
fectly conserved and that the flow properties returned by the
DSMC simulations match the predictions of the mathemati-

cal description of the caloric imperfection laid out in Sect. 2.
As pointed out in the density ratio, the Rankine–Hugoniot
relations deviate from ideal gas theory at a Mach number
of 7.5, 4.9, and 3.0 for scenarios I, II, and III, respectively.
The caloric imperfection is therefore appreciable for Mach
numbers above these limitations with a maximum deviation
in the temperature ratio of 1% (3 K), 5% (69 K), and 11%
(292 K) for scenarios I, II, and III, respectively. Addition-
ally, the newly derived Rankine–Hugoniot relations suggest
lower temperature ratios compared to those predicted with
Eggers’ correction.

Figures 6, 7, and 8 compare the DSMC simulation results
to the mathematical modelling of the caloric imperfection of
the gas, and the correction suggested inEggers’work [6]. The
flow property ratios are normalised as in the previous section
on a pure oxygen gas. The Rankine–Hugoniot predictions
are drawn with lines whose colours depend on the flow prop-
erty being considered. The ideal gas theory is included for
reference and is represented with a black dashed line along
1.000 on the ordinate axis.

Figure 6 indicates a misalignment between the DSMC
results and the theoretical predictions, although Table 8
shows a small percentage deviation. Similar conclusions to
those obtained for the pure oxygen gas in scenario, see Fig. 3,
can here be drawn with the difference of the freestream
enthalpy which is h1 = 3.49× 105 J/kg and the downstream
enthalpies which are 3.49 × 105 J/kg, 3.49 × 105 J/kg, and
4.66 × 105 J/kg for Mach numbers 2, 5, and 8, respectively.

It is evident that for scenarios II and III there is excellent
agreement between the caloric imperfection modelling, the
DSMC simulations, and Eggers’ correction [6]. Eggers stud-
ied the imperfection of an air mixture with the HOmodel and
electronic energy being disabled. From Figs. 6, 7, and 8, it is
important to notice that the presentwork constitutes an exten-
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Table 10 Comparison of the temperature ratio for a nonreactive gas mixture, composed of 79% nitrogen and 21% oxygen

M NC [4, 5] Theory DSMC

HO [6] HOe aHO aHOe HO HOe aHO aHOe

Scenario I

2 1.68 1.68 1.68 1.68 1.68 1.68 (−0.1%) 1.68 (−0.1%) 1.68 (−0.1%) 1.68 (−0.1%)

5 5.75 5.75 5.75 5.75 5.75 5.74 (−0.2%) 5.74 (−0.2%) 5.74 (−0.2%) 5.74 (−0.2%)

8 13.27 13.21 13.21 13.2 13.2 13.23 (0.1%) 13.22 (0.1%) 13.16 (−0.4%) 13.2 (−0.0%)

Scenario II

2 1.68 1.68 1.68 1.68 1.68 1.68 (0.0%) 1.68 (0.0%) 1.68 (0.0%) 1.68 (0.0%)

5 5.75 5.75 5.75 5.74 5.74 5.76 (0.2%) 5.77 (0.4%) 5.74 (−0.1%) 5.75 (0.2%)

8 13.27 12.6 12.6 12.58 12.58 12.58 (−0.2%) 12.62 (0.2%) 12.6 (0.2%) 12.54 (−0.3%)

Scenario III

2 1.68 1.68 1.68 1.68 1.68 1.69 (0.5%) 1.69 (0.5%) 1.69 (0.5%) 1.69 (0.5%)

5 5.75 5.53 5.53 5.52 5.52 5.52 (−0.2%) 5.52 (−0.2%) 5.52 (−0.1%) 5.52 (−0.1%)

8 13.27 11.85 11.84 11.81 11.80 11.83 (−0.2%) 11.82 (−0.2%) 11.81 (0.0%) 11.8 (0.0%)

Fig. 6 Flow properties ratio of a gas mixture, composed of 79% nitro-
gen and 21% oxygen, exhibiting caloric imperfection for scenario I

sion to the work achieved by Eggers with the modelling of
the caloric imperfection, the inclusion of electronic energies
of the molecule, and by addressing the vibrational excitation
with an aHO model.

The findings in the above sections can also be observed in
Figs. 6, 7, and 8. For the two wind-tunnel operating condi-
tions, i.e., scenarios I and II, the aHOmodel and the inclusion

Fig. 7 Flow properties ratio of a gas mixture, composed of 79% nitro-
gen and 21% oxygen, exhibiting caloric imperfection for scenario II

of the electronic mode have no significant contributions to
the downstream flow properties; however, for scenario III,
which is more representative of real flight conditions, the
aHO model and the inclusion of the electronic mode begin
to contribute and the flow properties deviating not only from
ideal gas theory but also fromone another. The study suggests
that the inclusion of the electronic mode and the modelling
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Fig. 8 Flow properties ratio of a gas mixture, composed of 79% nitro-
gen and 21% oxygen, exhibiting caloric imperfection for scenario III

with an aHO model enhance the deviation from ideality.
These two contributions have proven to better match the spe-
cific heat capacity suggested byMcBride et al. [24] laid out in
Sect. 4.1. Therefore, this would likely imply that the real gas
effects are closer to the aHOenotation referred to in Figs. 6, 7,
and 8, highlighting an under-estimation in the flow density of
20% if the ideal gas theory is considered and 1.2%different to
Eggers’ predictions.Modelling vibrational excitationwith an
aHO model and including the electronic mode constitutes a
significant improvement; however, somework has to be done
in the direction of coupling rotational-vibrational-electronic
effects at high temperature to better model the physics of the
flow.

5 Conclusions

The Rankine–Hugoniot jump relations for calorically imper-
fect gases are extended to include the vibrational excitation
being modelled with an aHO model and to include the
electronic mode of the molecule. The merits of these con-
siderations are quantified and discussed for shock waves at
two wind-tunnel operating conditions (scenarios I and II)
and one more realistic flight condition (scenario III). The
Rankine–Hugoniot relations outline good physical insights

of the caloric imperfections for both wind-tunnel conditions
and flight conditions.

The calculations showan excellent agreementwithDSMC
simulations for a range of Mach numbers between 2 and 8.
The gas exhibits a strong departure from ideality for any
Mach number above 6.8, 4.4, and 2.6 for a pure oxygen gas
in scenarios I, II, and III, respectively, and for any Mach
number above 7.5, 4.9, and 3.0 for an air mixture in scenar-
ios I, II, and III, respectively. The importance of including
the electronic mode for reproducing the correct thermophys-
ical properties is illustrated; it amplifies the departure from
ideality. In scenario III, the traditional HO model and the
Morse-aHO model diverge above Mach number 3.0 for pure
oxygen gas and Mach number 5.0 for the air mixture; as
a result, the use of the HO model is questionable for all
but relatively low enthalpy flow. In addition, the air mix-
ture calculations suggest that the temperature ratios exhibit
a significant deviation of up to 11% at Mach 8 from ideality
and the density ratio reveals a strong deviation of up to 16%
at Mach 8 from ideality. The pressure ratio is not impacted
as severely, with a maximum departure up to 3% reached at
Mach 8.

In the present work, the coupling between the internal
modes of the molecular systems has been disregarded. In
future work, the coupling between the vibrational and elec-
tronic mode and its influence on the flow properties will be
addressed. Further studies on the influence of modelling the
vibrational excitation with an aHO model will be presented.
The next step in terms of quantifying the influence of such a
change is the extension to chemically reactive gas flows.
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