
Shock Waves (2023) 33: 521–531
https://doi.org/10.1007/s00193-023-01151-4

ORIG INAL ART ICLE

Experimental demonstration on detonation initiation by laser ignition
and shock focusing in elliptical cavity

T. Sato1 · K. Matsuoka1 · A. Kawasaki2 · N. Itouyama1 · H. Watanabe3 · J. Kasahara1

Received: 20 April 2023 / Revised: 11 October 2023 / Accepted: 12 October 2023 / Published online: 27 January 2024
© The Author(s) 2024, corrected publication 2024

Abstract
As a method of initiating detonation in a short distance with a small amount of energy, the combination of laser ignition and
shock focusing in an elliptical cavity was proposed and experimentally demonstrated with a C2H4−O2 mixture at 100 kPa
and 297 K. In the experiment, an elliptical cavity and single rectangular cavities of different heights were used, and their
flow-field patterns were visualized using high-speed schlieren imaging. Detonation initiation was achieved in the case of the
elliptical cavity, and based on the Mach number change of the leading shock wave, two propagation phases were verified:
the deceleration and acceleration phases. The deceleration phase was driven merely by the gasdynamic effect, wherein the
initial shock wave (ISW) expanded spherically, and the acceleration phase began when the ISW shifted to planar propagation.
In the acceleration phase, although gradual acceleration was observed in rectangular cavities, rapid acceleration occurred in
the elliptical cavity. From the schlieren images, the second acceleration was caused not only by the concave reflected shock
wave’s catching up with the ISW, but also by the fast-flames that were generated along the cavity corners and engulfed the
ISW in the converging section of the elliptical cavity.

Keywords Detonation initiation · Laser ignition · Shock focusing · Elliptical cavity · Schlieren imaging

1 Introduction

Detonation is a supersonic combustion that propagates at
2000–3000 m/s [1]. According to the ZND theory [2, 3], a
detonation wave consists of a shock wave followed by chem-
ical reactions. It is anticipated that detonation waves will
be implemented in the propulsion systems of rockets and
satellites [4], such as the Oblique Detonation Wave Engine

Communicated by G. Ciccarelli.

This paper is based on work that was presented at the 29th
International Colloquium on the Dynamics of Explosions and
Reactive Systems, SNU Siheung, Korea, July 23–28, 2023.

B K. Matsuoka
matsuoka@nuae.nagoya-u.ac.jp

T. Sato
sato.tomoyuki.k1@s.mail.nagoya-u.ac.jp

A. Kawasaki
kawasaki.akira@shizuoka.ac.jp

N. Itouyama
itouyama@imass.nagoya-u.ac.jp

H. Watanabe
hiroaki.watanabe@ensma.fr

[5], Detonation-Driven Ramjet [6], Pulse Detonation Engine
[7–9], and Rotating Detonation Engine [2, 10, 11], to make
it possible to omit the compressors of the fuel and oxidizer
[12], decrease the combustion-chamber length [13], hasten
the thrust response [14], and increase the thermodynamic
efficiency [15].

Conventionally, there are two methods for initiating deto-
nations. The first one is deflagration-to-detonation transition
(DDT), wherein a detonation wave is generated by local
explosions behind accumulated compression waves that are
emitted from a following combustion wave [16].While DDT
is advantageous owing to its low ignition energy of only a few
milli-joules [17], a few hundredmillimeters are necessary for
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the flame kernel to turn into a detonation wave [18]. In con-
trast, the second method of direct detonation initiation (DDI)
is capable of initiating detonations within a few millimeters
[19]. However, DDI requires a few thousand milli-joules for
successful initiation [20]. Therefore, taking into considera-
tion the pros and cons of DDT and DDI, a new method that
can initiate detonation waves in a short distance with a small
amount of energy is now under investigation.

Several types of ignition have been proposed, such as an
electrode or a spark plug [21], gunpowder [22], an explod-
ing wire [23], laser irradiation [24], shock focusing [25],
turbulent jet initiation [26], and a photochemical reaction
[27]. Among these, the combination of laser ignition and
shock focusing is expected to achieve the objective. In laser
ignition, a high-power laser beam is focused into a reac-
tive medium to initiate combustion [28], where laser beam is
focused in a volumeof 10–100µm, the energydensity reaches
1010−1011 W/cm2 so that optical breakdown occurs, which
generates plasma at the beam waist [29]. The plasma trans-
forms into a flame kernel in 10–100 µs, which is used as the
ignition source in general laser ignition process [30]. How-
ever, before this, owing to the plasma’s rapid expansion, a
spherical shock wave is generated in 10–100 ns [31], and
it is expected that, by reflecting and converging the shock,
a local explosion will occur, which works as a trigger for
initiating detonation.

Thepotential of shock focusing in detonation initiation has
been investigated theoretically, experimentally, and numeri-
cally to scrutinize the flow-field pattern and the distributions
of pressure, temperature, velocity, etc. As a pioneering study,
Voevodsky and Soloukhin [32] elucidated that detonation
can be initiated behind the reflected shock with two ignition
modes: strong and mild ignitions, which were then experi-
mentally observed by Meyer and Oppenheim [33]. Borisov
et al. [34] used spherical, cylindrical, conical, and planar
reflectors to determine that non-planar reflectors diminish
the ignition time andminimum incident shockMach number.
Similarly, Gelfand et al. [35] visualized the flow-field in the
case of two-dimensional wedge, cylindrical, and parabolic
reflectors such that detonation initiation occurred at different
positions in the cases of mild and strong ignitions. Although
these studies clarified that focusing can initiate detonation, as
they were conducted using shock tubes, the incident shock
was a planar one, which implies that there is little knowl-
edge on the relation between spherical shock focusing and
detonation initiation.

The combination of laser ignition and shock focusing
is of interest from the perspectives of engineering and
academics. Firstly, these two methods have a geometrical
synergy because laser ignition can offer room for shock
convergence without obstacles, in contrast to conventional
spark-plug ignition. Secondly, as a spherical shock wave
decays to a sonic wave in micro-seconds [36], its ignition

capability has not been suitably evaluated as a detonation ini-
tiator. Thus, if used effectively, the proposed method could
be used to exploit the full potential of laser ignition. Finally,
the detonability at the converging point can be higher than
that in the case of planar shock focusing because a spherical
shock results in a concave reflected shock and converges to
a point, while a planar shock converges to a line.

Themain objective of this study is to conduct laser ignition
using shock focusing to demonstrate detonation initiation.
Because ellipse is a geometry that the sum of the two dis-
tances to the focal points is constant on the curve, an elliptical
reflector is suitable as a common geometry for converging
a radially expanding wave [37–39]. Therefore, an elliptical
cavity is used in the experiment and the flow-field is visual-
ized using high-speed schlieren imaging such that the shock
convergence and shock–flame interaction can be observed
until the detonation initiation.

2 Experimental setup

2.1 Combustion chamber

Figure1 presents the longitudinal cross section of the com-
bustion chamber. The chamber is 60 mm long and 50 mm
square in the transverse direction. There is a 23-mm-square
hollow inside the chamber wherein a three-dimensionally
printed cartridge with a cavity is inserted. The cartridge is of
3-mm thickness and is enclosed by three pairs of visualiza-
tion windows fabricated using acrylic plate (PMMA), fused
silica, and heat-resistant glass (TEMPAX Float). While an
ellipsoid is favorable to heighten the shock-focusing effect,
windows are installed to visualize the flow-field. There are a
conical hole at the right end of the chamber for the ignition
laser to enter, a 3-mm-diameter hole at the left end to cal-
ibrate the laser’s direction, and a vertical hole at the top to
fill and exhaust the mixture. The total pressure at the verti-
cal hole is monitored using a low-speed pressure transducer
(KELLER, PAA-23).

The various shapes of the cavities used are illustrated
in Fig. 2 with their cross sections. The elliptical cavity is
referred to as ELP in this study; the elliptical section has a
4-mmmajor radius and 2-mmminor radius and is connected
to the rectangular section of 2-mm height. The other cav-
ities do not comprise an elliptical section and are labeled
as RCT2 and RCT4, where the number after RCT indicates
the height of the cavity. The coordinate system described in
Fig. 2 presents the center line of the cavities as the x-axis,
which is used to analyze the change in Mach number. The
origin is considered at the left end of the cavity, and the x-axis
is considered to point toward the outlet of the cavity.

The cavity is filled with quiescent pre-mixed C2H4−O2

whose equivalence ratio is 1.0. The initial pressure and tem-
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Fig. 1 Cross section of the combustion chamber. The ignition laser
enters the cavity from the right
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Fig. 2 Various cavities used in this study (left) and their cross sections
(right), illustrated using the Cartesian coordinate system. The elliptic
cavity is labeled ELP (top), and the rectangular cavities are labeled
RCT2 (middle) and RCT4 (bottom)

perature for each case are as follows: in the case of ELP,
p0 = 100 kPa and T0 = 297K; in the case of RCT2,
p0 = 100 kPa and T0 = 298K; and in the case of RCT4,
p0 = 101 kPa and T0 = 298K.

2.2 Optical systems

Figure3 presents the optical systems for the laser igni-
tion, which is described by green lines, and the one for
schlieren visualization, which is described by red lines. For
the ignition, a Nd:YAG laser system (New Wave Research,
Tempest 10) is used to deliver a single pulsed laser beam
with an irradiation energy of 195 ± 3 mJ at a wavelength

Aspheric lens

High-speed camera

Laser oscillator

Concave mirror
Knife edge

Plato-Convex lens

Polarizing beam splitter

Mirror

Half-wave plate

Beam expander

Energy meter

Band-pass filter

Concave mirror

Light source

Fig. 3 Top view of the optical systems: the optical system for laser
ignition (green) and for schlieren visualization (red)

of 1064 nm and full width at half maximum pulse length
of 5.0 ± 0.3 ns. The laser passes through a half-wave plate
and a polarizing beam splitter, and one of the split beams
is delivered to an energy detector (Gentec-EO, QE25LP-H-
MB-QED-INT). The diameter of the other beam is amplified
from 5 to 15 mm using a beam expander and then focused
using a plato-convex lens with a focal length of 75 mm. The
ignition laser is focused at x = 0.5 mm, which corresponds
to the left focal point of ELP in Fig. 2. The focal point in
transverse direction is 1.5 mm away from the visualization
windows so that the spherical shock wave reaches the cav-
ity’s left wall before reaching the other walls and forms one
concave reflected shock wave. According to a previous study
conducted byKojima et al. [40], the energy absorption rate of
incident laser beam is approximately 50% in air at a pressure
of 0.1 MPa.

For high-speed schlieren imaging, a pulsed diode laser
light source (Cavitar, Cavilux Smart UHS 50W) provides
a repetitive pulsed laser at 644 ± 10 nm for a 20-ns pulse
length. A pair of concave mirrors having a focal length of
500 mm is used to obtain a parallel light, and a plato-convex
lens having a focal length of 1500 mm is used along with a
640-nm band-pass filter, which removes chemical lumines-
cence from the combustion wave, in front of the high-speed
camera (Shimadzu, HPV-X2). The exposure time of the cam-
era is 50 ns, and the recording is conducted with a frame rate
of 100 ns per frame.
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Fig. 4 Sequential schlieren
images (upper half) and their
sketches (lower half) of the
flow-field in ELP (left), RCT2
(center), and RCT4 (right). The
time t = 0 is when the plasma
luminescence was observed
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3 Results and discussion

3.1 Overall flow-field features

Figure4presents the sequential schlieren images and sketches
of the flow-field. In order to remove the static noises, each
image was generated by taking average of the original image
and the inverted pre-ignition image. First, an elliptical plasma

kernel was observed as reported by Chen et al. [41], and
the plasma kernel formed an elliptical initial shock wave
(ISW) followed by a laminar flame at t = 0.6 µs. Exclu-
sively in ELP, a concave reflected shock wave (RSW) was
also formed because of the round cavity left end wall [42].
Owing to the induced flow behind the ISW and the concave-
shaped RSW, the RSW had got closer to the ISW over
time [43]. At t = 1.1−1.6 µs, when the ISW reflected
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on the visualization window, the reflection point appeared
as a curve because the ISW had a round shape. After
t = 1.6 µs, while gradual flame acceleration occurred in
RCT2 and RCT4, fast-flame was generated near the upper
and lower cavity walls of ELP and started to engulf the ISW.
The interaction point between the ISW and the fast-flame
moved toward the center line from upper and lower cav-
ity walls. In addition, stress waves were also observed in
front of the fast-flame near the cavity walls. At t = 3.1 µs
(x = 5.5 mm), the RSW caught up with the ISW to form a
strong leading shock wave (LSW), and the fast-flame com-
pletely covered the LSW at t = 3.6 µs (x = 6.0 mm).
A concave detonation wave was observed at t = 4.1 µs,
and it deformed into a planar one in the rectangular section
with three transverse waves at t = 4.6 µs. A bow-shaped
regime was also observed, which then separated into two
parts. The regime originally located along the ISW, which
was behind the fast-flames at t = 3.1−4.1 µs in ELP.
And, as to be discussed in Sect. 3.4, considering that the
fast-flames were generated at the four cavity corners, the
unburned gas at the cavity center would be taken into at last.
Because schlieren imaging visualizes the density gradient
and the bow-shaped regime located behind the detonation
eventually, the regime was considered as an unburned gas
pocket.

The history of LSW’s position along the center line was
displayed as an x–t diagram in Fig. 5. In all cases, the
ISW propagated in the positive x-direction in the initial
stage as observed in Fig. 4. Then, a line indicating the RSW
appeared at t = 1.0 µs in ELP, whereas such a line was
not observed in RCT2 and RCT4. Given that the ISW was
observed in RCT2 and RCT4 and that these cavities have a
planar left end wall, there should have been a convex RSW
[44]. However, as such RSW was not observed as shown in
Figs. 4 and 5, it was considered that the RSW was not strong
and would not form a strong LSW in RCT2 and RCT4.
Next, a new wave appeared in front of the ISW, for exam-
ple at t = 2.1 µs (x = 4.3 mm) in ELP. The velocity was
2844 ± 284 m/s, and as the speed of sound in PMMA is
2735 m/s [45], it could be presumed that this wave was a
stress wave propagating in the visualization window. As to
be discussed in detail in Sect. 3.4, it was speculated that the
interaction of shock waves along the cavity corner caused a
locally high-pressure regime and pressurized the window,
which would be visualized as a stress wave. In ELP, the
inclination of the ISW decreased at x = 6.0 mm where the
RSW line caught up with the ISW line, and an overdriven
detonation wave propagating at 2951 ± 295 m/s was then
confirmed.
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Fig. 5 Time–displacement diagrams at the center line of ELP (top),
RCT2 (middle), and RCT4 (bottom). The displacement x = 0 is at
the cavity’s left end, and t = 0 is set as the time when the plasma
luminescencewas observed. The velocities of the overdriven detonation
wave and stresswavewere calculated from their inclinations in thefigure

3.2 Deceleration phase

From Fig. 5, the position of the LSW, including ISW and
detonation wave, was determined. And, after taking moving
average of 5 points, the Mach number of the LSW on the
x-axis, Mx , was calculated using the following equation:
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Fig. 6 Mach number of the LSW on the x-axis, Mx , versus the dis-
placement, x . The initial pressure and temperature for each case are
as follows: for ELP, p0 = 100 kPa and T0 = 297K; for RCT2,
p0 = 100 kPa and T0 = 298K; and for RCT4, p0 = 101 kPa and
T0 = 298K

Mx = dx/dt

a0
(1)

where a0 is the speed of sound of the unburned gas in front of
the LSW calculated by NASA-CEA code [46, 47] with the
initial pressure and temperature, p0 and T0. The Mach num-
ber in three cavities was compared in Fig. 6, and in spite of
the cavity shape difference, the Mach number change could
broadly be classified into two phases: deceleration and accel-
eration.

The average of initial Mach number among three cases
was Mx = 3.18 ± 0.26; however, it decreased to
Mx = 2.05 ± 0.28 at x = 4.1mm in ELP and RCT2 and
at x = 4.9mm in RCT4. Considering that the decelera-
tion phase was common in all cavities and that the initial
ISW propagated spherically, the expansion regime behind
the spherical ISW had a significant effect on the decrease
in Mach number. Given that the curvature of the ISW was
small at x = 4.1 mm in ELP and RCT2 compared to that in
RCT4, the ISW’s shift from spherical propagation to planar
propagation became the end of the deceleration phase. This
result was similar to the description by Yageta et al. [48] on
the flame deformation in DDT when igniting near the end of
a shock tube.

3.3 Acceleration phase

After the deceleration phase, the Mach number increased
in all cavities. While RCT2 and RCT4 experienced grad-
ual acceleration, ELP had a two-staged acceleration. The

first acceleration occurred at x = 4.1 mm reaching
Mx = 4.0 where the ISW shifted from spherical propagation
to planar propagation. The second acceleration occurred at
x = 5.5 mm, which corresponds to the moment when the
RSW caught up with ISW to form a strong LSW in Fig. 4.
Furthermore, as the fast-flame engulfed the LSW to form a
concave detonation wave in the converging section of ELP,
the geometrical features of detonation wave and cavity also
helped the second acceleration [43, 49]. The Mach number
eventually reached Mx = 9.8 indicating that an overdriven
detonation was initiated. After x = 6.7 mm, the Mach
number started to decrease gradually forming a planar self-
sustained detonation wave eventually.

In the other cases, such as in RCT2, although the Mach
number increased at the same location as that in ELP, it
kept constant at Mx = 3.1. Although it increased again at
x = 8.0 mm, gradual flame acceleration occurred afterward
as mentioned in Sect. 3.1. RCT4 had the same Mach number
change although the maximum value was Mx = 2.3, which
was lower than that in RCT2. This was because the cavity
height of RCT4 is larger than the others, and the ISW trav-
eled a longer distance before shifting to planar propagation
resulting in greater decay and lower Mach number.

3.4 Detailed flow-field features before detonation
onset

Based on the schlieren images, x–t diagrams, and Mach
number changes, it is considered that there were mainly two
factors for the detonation onset: the concave RSW’s catching
up with the ISW to form a strong LSW and the fast-flame’s
engulfing the LSW. As for the RSW, it originated in the
elliptical curve of the cavity’s end wall; however, as for the
fast-flame, it is still not clear where the fast-flame was gen-
erated and how it propagated. Figure7 presents the images
before and after the fast-flame generation in higher tempo-
ral resolution. The fast-flame was observed near the lower
cavity wall at t = 1.0 µs and by the upper cavity wall at
t = 1.1 µs. Because schlieren images present the flow-field
two-dimensionally, given that the ISW propagated three-
dimensionally, it is indispensable to have three-dimensional
understanding of the flow-field to clarifywhere the fast-flame
was generated. Thus, a mock flow-field was made using a
three-dimensional computer-aided design (3D CAD) soft-
ware presented in Fig. 8. Although the visualizationwindows
are not displayed in the figure, ISW had two reflections: one
is on the cavity wall, observed as RSW, and the other is on the
visualization windows, observed as reflection line. In addi-
tion, as for the RSW,Mach reflection could occur as shown in
Appendix. From Fig. 8, the fast-flame appeared at the inter-
action point of RSW and ISW’s reflection line. Because
the interaction point is where ISW’s two reflected shock
waves passed through, it could have higher pressure and
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Fig. 7 Sequential schlieren images (upper half) and their sketches
(lower half) of the flow-field in ELP before and after the fast-flame gen-
eration. The time t = 0 is when the plasma luminescence was observed

temperature than at the cavity center [50–52]. High-pressure
regime near the visualization windowwould result in a stress
wave as observed inFig. 4.Considering that the laminarflame
behind the ISW also reached the cavity wall and the visual-
ization window, an auto-ignition would also occur along the
cavity corner, resulting in fast-flame generation. However,
more importantly, this type of shock reflections in 90-degree
corner could also occur in RCT2 and RCT4. Therefore, the
fast-flame originated in the shock interaction phenomenon
was a less dominant factor for the detonation onset than the
concave RSW catching up with the ISW.

After the fast-flame generation, it propagated engulfing
the ISW as presented in Fig. 9. As there are four corners
in the cavity (two at the top and two at the bottom of the
cavity as described in the right side of Fig. 2), the fast-flame
engulfed the ISW from these four corners. The interaction
point between the flame and the cavity wall was traced in
the schlieren images so that the velocity of these flames was
calculated as shown in Fig. 10. Because the velocity varied
from 50 to 90% of the CJ detonation speed, a coupling of the
ISW and the fast-flame, referred as “turbulent shock-flame
complex” [53–55], occurred.

4 Conclusion

The combination of laser ignition and shock focusing was
proposed as a new method of initiating a detonation using
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Fig. 8 Overall view of the mock flow-field (top) and the comparison
with schlieren image from the side view at t = 1.0 µs (bottom). In
the comparison, the flow-field sketch is displayed in black and mock
flow-field is displayed in red
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Fig. 9 Sequential schlieren images (upper half) and their sketches
(lower half) of the flow-field in ELP during fast-flame engulfing the
ISW. The time t = 0 is when the plasma luminescence was observed
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a small amount of energy in a short distance. Experiments
were conducted using an elliptical cavity (ELP) and two rect-

angular cavities of different heights (RCT2 and RCT4) with
a stoichiometric C2H4−O2 mixture at a pressure of 100kPa
and temperature of 297K.

First, the flow-field inside the cavity was visualized using
high-speed schlieren imaging. An overdriven detonation
wave was observed in ELP, and gradual flame acceleration
was observed in RCT2 and RCT4.

Second, the Mach number change at the center line of
each cavity was investigated, and it was verified that there
were primarily two commonphases for the propagation of the
leading shockwave (LSW): the deceleration and acceleration
phases. The deceleration phase lasted, while the initial shock
wave (ISW) propagated spherically, andwhen it shifted to the
planar propagation, the acceleration phase began. Although
RCT2 andRCT4 exhibited a gradual flame acceleration, ELP
exhibited a rapid acceleration to achieve overdriven detona-
tion onset at the point where the concave reflected shock
wave (RSW) caught up with the ISW to form a strong LSW.

Third, from the temporally more resolved schlieren
images, the generation and propagation of fast-flames were
investigated. As a result, it was indicated that the fast-flame
was generated along the cavity corner where the reflected
shock waves on the cavity wall and on the visualization win-
dow interact. Then, fast-flame propagated engulfing the ISW
at 50% to 90%of theCJ detonation speed owing to the shock–
flame interaction.

Based on these investigations, the detonation was initiated
via the following scenario:

1. In ELP, the ISWwas formed owing to the plasma kernel’s
rapid expansion.

2. The ISW reflected at the cavity end to form a concave
RSW.

3. Fast-flames were generated along the four cavity corners
and propagated engulfing the ISW.

4. The RSW caught up with the ISW to form a strong LSW.
5. Fast-flames completely covered up the LSW.
6. The fast-flame coupled with the LSW accelerated in the

converging section to form a concave overdriven detona-
tion wave.

As the generation and propagation of ISW, RSW, fast-flame,
and detonation onset in realistic flow-field are complicated,
three-dimensional simulations should be conducted in future
study. In addition, chemical luminescence observation and
pressure measurement along the cavity wall are also needed
for more quantitative confirmation of the detonation.
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Appendix

This appendix presents an estimation of the point where the
ISW’s reflection mode changes from regular reflection (RR)
to Mach reflection (MR). While the following analysis was
conducted based on two-dimensional understanding of the
flow-field, it is still helpful to predict if a Mach stem could
be generated and work as one of the factors contributing the
fast-flame generation and propagation.

In order to estimate the transition point, first, the coor-
dinates of the reflection point were obtained from every
schlieren image to calculate the interaction angle between
the ISW and contour of ELP, β, using the following equa-
tions:

β = arctan

(
−b2

a2
xr − a

yr

)
− arctan

(
−d2

c2
xr − f

yr

)
(2)

f = a −
√
a2 − b2 (3)

where (xr , yr) are the coordinates of the reflection point;a and
b are themajor andminor radii of ELP, respectively; and c and
d are those of the ISW, respectively. The ISW was assumed
to have its center ( f , 0) at the focal point of ELP. Next, for
the comparison with the interaction angle, the extreme angle
of the detachment criterion of two-shock theory [56] was
considered. As described in Fig. 11, the s-axis was defined
as that along the contour of ELP, and the apparent Mach
number of the ISW along the s-axis was calculated using the
following equation:

Ms =
√

(�xr)2 + (�yr)2

a0�t
. (4)

Assuming that the calculated regime was sufficiently close
to the contour that the curvature of ELP, ISW, and RSW
could be neglected, the extreme angle could be derived based
on the two-shock theory as the maximum interaction angle
satisfying the following equations:

�ISW = 2γ0M2
s sin

2 β

γ0 + 1
− γ0 − 1

γ0 + 1
(5)

�RSW = 2γ0M2
RSW sin2 (α + θRSW)

γ0 + 1
− γ0 − 1

γ0 + 1
(6)

MRSW = 1

sin (β − θISW)

√
(γ0 − 1) M2

s sin
2 β + 2

2γ0M2
s sin

2 β − (γ0 − 1)
(7)

θISW = arctan

⎛
⎜⎝ �ISW − 1

1 + γ0M2
s − �ISW

√√√√√
2γ0M2

s
γ0+1 − γ0−1

γ0+1 − �ISW

�ISW + γ0−1
γ0+1

⎞
⎟⎠
(8)

θRSW = arctan

⎛
⎜⎜⎝ �RSW − 1

1 + γ0M2
RSW − �RSW

√√√√√
2γ0M2

RSW
γ0+1 − γ0−1

γ0+1 − �RSW

�RSW + γ0−1
γ0+1

⎞
⎟⎟⎠

(9)

where �ISW and �RSW are the pressure amplitudes of the
ISW and the RSW, respectively; γ0 is the specific heat ratio
of the unburned gas before the ISW at initial state calculated
by NASA-CEA code [46, 47]; MRSW is the Mach number of
the flow entering the RSW; θISW and θRSW are the deflection
angles of the flow behind the ISWand the RSW, respectively;
and α is the reflected angle of the RSW. Finally, to obtain
the relation between the s and x coordinates, the following
equations were used:

s = a
∫ φ

0

√
1 − a2 − b2

a2
sin2 ψdψ (10)

φ = arccos

(
a − xr

a

)
. (11)

Consequently, the interaction angle between the ISW and
contour of ELP, β, was compared with the extreme angle,
as shown in Fig. 11. According to the detachment criterion,
once the interaction angle exceeds the extreme angle, the
RR turns into MR. In Fig. 11, the transition occurred at
x ′ = 2.6 mm. The calculated transition point roughly
matched the one at which the fast-flame was observed for
the first time in Fig. 4 or in Fig. 7. The Mach stem not
only heightens the unburned gas temperature to shorten the
reaction induction time, but also produces vortices to foster
unburned/burned gas mixing as well as to produce forward
jet [57]. It was also speculated that the “turbulent shock–
flame complex” [53–55] occurred owing to the coupling of
the Mach stem and flames.
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