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Abstract
Wepropose a novel dictionary learning add-on for the Inverse ProblemMatching Pursuit (IPMP) algorithms for approximating
spherical inverse problems such as the downward continuation of the gravitational potential. With the add-on, we aim to
automatize the choice of dictionary and simultaneously reduce the computational costs. The IPMP algorithms iteratively
minimize theTikhonov–Phillips functional in order to construct aweighted linear combination of so-called dictionary elements
as a regularized approximation. A dictionary is an intentionally redundant set of trial functions such as spherical harmonics
(SHs), Slepian functions (SLs) aswell as radial basis functions (RBFs) andwavelets (RBWs). In previousworks, this dictionary
was chosen manually which resulted in high runtimes and storage demand. Moreover, a possible bias could also not be ruled
out. The additional learning technique we present here allows us to work with infinitely many trial functions while reducing
the computational costs. This approach may enable a quantification of a possible bias in future research. We explain the
general mechanism and provide numerical results that prove its applicability and efficiency.

Keywords Dictionary learning · Inverse problems · Gravitational potential · Matching pursuits · Numerical modelling ·
Satellite geodesy
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1 Introduction

The climate is changing. In particular, the repercussions
caused by the loss of water in the soil or the ice sheets are
dangerous to human kind as they fuel droughts as well as
the sea level rise. Thus, the geosciences are taking care to
monitor the mass transport of the Earth, see e. g. Fischer and
Michel (2013b), Flechtner et al. (2020), IPCC (2014), Lin
et al. (2018), NASA (2020), Sneeuw and Saemian (2019),
Wiese et al. (2020) as well as the results of the DFG SPP
1257 (2006-2014) coordinated by Ilk and Kusche, see e. g.
Kusche et al. (2012). The mass transport is obtained by
modelling the gravitational potential from time-dependent
satellite data, e. g. from the GRACE and GRACE-FO satel-
lite mission, see e. g. Devaraju and Sneeuw (2017), Flechtner
et al. (2014a, b), NASA Jet Propulsion Laboratory (2020),
Schmidt et al. (2008), Tapley et al. (2004), The University of
Texas at Austin, Centre for Space Research (2020).
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Mathematically, we can approximate the Earth’s surfacewith
the unit sphere�. The gravitational potential f on the Earth’s
surface is usually expanded in SHs Yn, j , n ∈ N0, j =
−n, . . . , n, such that we have

f =
∞∑

n=0

n∑

j=−n

〈
f ,Yn, j

〉
L2(�)

Yn, j

which holds in the L2(�)-sense. Correspondingly, at a
satellite orbit radius σ > 1, we upward continue this repre-
sentation at every point η ∈ � via the operator T and obtain
the gravitational potential V outside the Earth, see e. g. Baur
(2014), Freeden and Michel (2004), Moritz (2010),

V (ση) = (T f ) (ση) (1)

=
∞∑

n=0

n∑

j=−n

〈
f ,Yn, j

〉
L2(�)

σ−n−1Yn, j (η) ,

which actually holds pointwise. Obviously, T has exponen-
tially decreasing singular values. Thewell-known EGM2008
model represents the gravitational potential as given by (1)
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truncated at degree N = 2190. For a satellite at 500 km
height, this leads to a singular value of

σ−N−1 = 0.9272302191 = 1.28279 · 10−72.

This behaviour is mathematically deduced and, thus, does
not depend on a specific experiment setting. Naturally, we are
muchmore interested in the inverse problemof the downward
continuation, i. e. if we have given values of the potential V
at ση, we are interested in the values of f at η. However, the
inverse of T has exponentially increasing singular values.
Thus, it is not continuously dependent on the data, see e. g.
Engl et al. (1996), Louis (1989),Michel (2005, 2022), Rieder
(2003). This means, mathematically, the downward continu-
ation is an exponentially ill-posed inverse problem and needs
sophisticated methods to be tackled. We are interested in fur-
ther developing suchmethods for ill-posed inverse problems.
Thus,we consider the continuation of the gravitational poten-
tial and not of the potential gradients here because the former
has a higher instability. Moreover, here the classical down-
ward continuation problem using satellite data serves our
need of a well-understood ill-posed inverse problem though
we are aware that, in the last years, research also concentrated
on the also important airborne downward continuation, see,
e.g. Novák et al. (2001), Eicker (2008), Naeimi (2013), Lieb
(2017).

One possible approach for ill-posed inverse problems is
using one of the IPMP algorithms, i.e. here the Regular-
ized (Orthogonal) Functional Matching Pursuit (R(O)FMP)
algorithm. To the knowledge of the authors, only our own
group developed matching pursuits for ill-posed inverse
problems. Thus, for more details, we refer to e. g. Fischer
and Michel (2013a), Michel (2015), Michel and Orzlowski
(2017), Michel and Telschow (2016). Using discrete values
of V , these methods iteratively build an approximation of f
as a best basis expansion drawn from dictionary elements. A
dictionary D is an intentionally redundant set of trial func-
tions. For spherical tasks like the downward continuation, it
may containSHs, SLs,RBFs and/orRBWs.Then,D contains
global functions aswell as localized ones and band-limited as
well as non-band-limited, respectively. In each iteration, the
next dictionary element is chosen such that it minimizes the
Tikhonov–Phillips functional regarding the current residual
and approximation. In the ROFMP algorithm, it simultane-
ously fulfils to a certain extent orthogonality relations with
the previously chosen basis elements as well. Thus, in this
case, the coefficients are updated regularly to maintain their
optimality. Note that the methods can in principle also be
used for spatio-temporal data. For developing them further,
however, we do without a temporal aspect.

The IPMP algorithms usually work with a large finite, a
priori chosen subset of the infinitelymany possible trial func-
tions as its dictionary. This is obviously an obstacle for users

who are new to the incorporated trial functions. Moreover, it
also leads to a long runtime and a high storage demandwhich
are both preventing us from considering realistic experiment
settings (e.g. using 5 × 106 data points). Further, we also
recognize that a manually chosen dictionary possibly biases
the obtained approximation though without alternatives this
can hardly be quantified.

Thus, we further developed the IPMP algorithms by
adding a novel dictionary learning technique. Note, how-
ever, that our task at hand differs from established dictionary
learning challenges: instead of solving pure approxima-
tion problems, we have to deal with the operator of the
inverse problem; moreover, we intend to focus on learn-
ing established trial functions in contrast to defining new
trial functions by learning values at grid points. Note that
the former provides a higher comparability with well-known
models. Thus, we cannot straightforwardly use previous dic-
tionary learning strategies, see e. g. Aharon et al. (2006),
Bruckstein et al. (2009), Engan et al. (1999a, b), Prünte
(2008), Rubinstein et al. (2010) but need to develop our own
approach.

Here, the dictionary learning add-on for theSLs,RBFs and
RBWs consists of a 2-step process of (first global then local)
nonlinear constrainedoptimization problems in order to com-
pute optimized candidates for these types of trial functions.
We utilize the NLOpt library, see Johnson (2019), for this as,
to the knowledge of the authors, it is reliable and offers a large
range of local and global optimization algorithms to choose
from. A candidate for the SHs, however, can be obtained by
comparing the values of the respective objective function for
different SHs. Then, we learn particular functions as well
as a maximal SH degree. All of these candidates together
constitute again a finite dictionary and we can proceed with
the (remaining) routine of the IPMP algorithms in this itera-
tion. After termination, we obtain an approximation of f in
an optimized best basis whose elements can be re-used as a
learnt dictionary in future runs of the IPMP algorithms. The
IPMP algorithms which include the novel learning add-on
are called the Learning Inverse Problem Matching Pursuit
(LIPMP) algorithms, i. e. the Learning Regularized (Orthog-
onal) Functional Matching Pursuit (LR(O)FMP) algorithm.
Note that the LRFMP algorithm here is an advanced version
of the one presented in Michel and Schneider (2020).

In the sequel, we formally but shortly introduce the SHs,
SLs, RBFs and RBWs as well as a dictionary in Sect. 2.
Then, we explain the idea of the LIPMP algorithms which
includes an overview of the IPMP algorithms and the novel
learning add-on in Sect. 3. Particularly, we focus on how the
2-step optimization process fits into the routine of the IPMP
algorithms. Then, we show the applicability and efficiency
of the add-on as well as the learnt dictionary in a series of
experiments in Sect. 4.
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This paper is based on Schneider (2020) and was partly
presented at the EGU2020: Sharing Geoscience Online
(Schneider and Michel 2020).

2 Basics

Let R be the set of all real numbers, Rd be the real, d-
dimensional vector space,N be the set of all positive integers
and N0 be that of all non-negative integers. We denote
� := {x ∈ R

3 : |x | = 1} as the two-dimensional unit
sphere and B := B

3 := {x ∈ R
3 : |x | < 1} the open unit

ball. Furthermore, we can represent η(ϕ, t) ∈ � as usual
in spherical coordinates via the longitude ϕ ∈ [0, 2π [ and
the polar distance t = cos(θ) ∈ [−1, 1] for the latitude
θ ∈ [0, π ].

2.1 Spherical harmonics

Spherical harmonics (SHs) Yn, j are (global) polynomials
on �. They have a distinct degree n ∈ N0 and order
j = −n, . . . , n. In practice, we usually choose the fully
normalized SHs

Yn, j (η(ϕ, t)) := pn, j Pn,| j |(t)
{
cos( jϕ), j ≤ 0
sin( jϕ), j > 0

(2)

for η(ϕ, t) ∈ �, an L2(�)-normalization pn, j and the asso-
ciated Legendre functions Pn,| j |. An example is given in
Fig. 4a. For further details, the reader is referred to, e. g.,
Freeden et al. (1998); Freeden and Schreiner (2009), Müller
(1966).

2.2 Slepian functions

Slepian functions (SLs) are band-limited, spatially optimally
localized trial functions. Here, the spatial localization region
shall be a spherical cap parametrized with c = cos(θ) ∈
[−1, 1] and its centre A(α, β, γ )ε3 ∈ �. Note that θ is the
polar angle between vectors pointing at the apex and at an
arbitrary point of the base and α, γ ∈ [0, 2π [ and β ∈ [0, π ]
denote the Euler angles, A ∈ SO(3) is a rotation matrix
and ε3 = (0, 0, 1)T is the North Pole. Then, we obtain for

each localization region R := R(c, A(α, β, γ )ε3) ∈ B
4 :={

x ∈ R
4 : |x | ≤ 1

}
a set of k = 1, . . . , (L + 1)2 Slepian

functions defined by

g(k,L)(R, η) :=
L∑

l=0

l∑

m=−l

g(k,L)
l,m (R)Yl,m(η), η ∈ �,

where L ∈ N0 is the band-limit. The Fourier coefficients
g(k,L)
l,m (R), l = 0, . . . , L, m = −l, . . . , l, are obtained from

the eigenvectors of the related algebraic eigenvalue problem

of optimizing a band-limited, in SHs expanded function in the
region R. An example is given in Fig. 4a.Note that a commut-
ing operator provides a stable computation of these values if
the localization region is a spherical cap. For further details,
the reader is referred to, e. g., Albertella et al. (1999), Grün-
baum et al. (1982), Michel (2013), Seibert (2018), Simons
and Dahlen (2006).

2.3 Radial basis functions and wavelets

As examples for non-band-limited localized trial functions,
we consider Abel–Poisson kernels K (x, ·) (APKs) and
wavelets W (x, ·) (APWs) due to their closed form. That
means, we have

K (x, η) := 1 − |x |2
4π(1 + |x |2 − 2x · η)3/2

and

W (x, η) := K (x, η) − K (|x |x, η)

for η ∈ � and with the characteristic parameter x ∈ B. The
kernels act as low pass filters, whereas the wavelets are band
pass filters. Examples are given in Fig. 4b. For further details,
the reader is referred to, e. g., Freeden et al. (1998), Free-
den andMichel (2004), Freeden and Schreiner (1998, 2009),
Freeden andWindheuser (1996),Michel (2013),Windheuser
(1995).

2.4 A dictionary

A dictionary is a set of trial functions. Usually, we intention-
ally choose a redundant system such that it contains global
as well as local functions and band-limited as well as non-
band-limited functions, respectively. In this way, we are able
to tailor an approximation in a heterogeneous basis which,
thus, combines the best of several worlds. Then, the specific
needs of the solution can in all probability be met more flex-
ibly. In other words, the different trial functions are used to
recover different aspects of the signal: global ones model
major trends within the signal and local ones recover detail
structures.

A dictionary can be specified as follows. We first define
subsets for each type of trial function under investigation.
Here, we set

[N ]SH := {(n, j) ∈ N ⊆ N } ,

N := {(n, j) : n ∈ N0, j = −n, . . . , n}

for SHs,

[S]SL :=
{
g(k,L)(R, ·) : (R, (k, L)) ∈ B

4 × L
}
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L :=
{
(k, L) : L ∈ N0, k = 1, . . . , (L + 1)2

}

for SLs,

[BK ]APK := {K (x, ·) : x ∈ BK ⊆ B}

for APKs and

[BW ]APW := {W (x, ·) : x ∈ BW ⊆ B}

for APWs. Such subsets are called trial function classes. The
union of the defined trial function classes gives us the dictio-
nary D:

D := [N ]SH ∪ [S]SL ∪ [BK ]APK ∪ [BW ]APW,

confer Michel (2022), Michel and Schneider (2020), Schnei-
der (2020). In general, it is not necessary that D is finite.
However, we emphasize an infinite dictionary as DInf . Note
that, depending on the actual choice of [N ]SH, [BK ]APK and
[BW ]APW, D may be complete in certain function spaces
like L2(�), see e. g. Freeden et al. (1998), Michel (2013),
Schneider (2020) and the previously mentioned references
regarding the SHs, APKs and APWs. This naturally holds
for DInf . In particular, each subsystem [N ]SH, [BK ]APK
and [BW ]APW can be complete in L2(�) – take N = N
and dense subsets BK , BW ⊂ B. This is the mentioned
and desired redundancy of the dictionary. The representa-
tion of an unknown function in an overcomplete dictionary
D is, therefore, not unique. The algorithmic choice and the
associated objective function determine which specific rep-
resentation is obtained eventually. The details of this are
explained in the following.

3 The LIPMP algorithms

We consider the downward continuation of the gravitational
potential from satellite data to the Earth’s surface. That is,
mathematically speaking, we consider the ill-posed inverse
problem y = T� f with the data y ∈ R

�, yi = V (σηi ),
the satellite height σ > 1, grid points ηi ∈ � for i =
1, . . . , � at the Earth’s surface and the operator T� f :=
((T f )(σηi ))i=1,...,� with the upward continuation operator
T as in (1). Thus, T� is the corresponding evaluation opera-
tor of the upward continuation operator for an �-dimensional
discretized grid. Our task is to approximate the gravitational
potential f at the Earth’s surface �.

The LIPMP algorithms introduce an add-on to the estab-
lished IPMP algorithms. The remaining routines coincide.
Thus, we give a short overview of the latter’s strategy.

3.1 The underlying IPMP algorithms

Note that the IPMP algorithms discussed here have been
developed by the Geomathematics Group Siegen in the past
decade. Thus, this subsection is based on the previouslymen-
tioned literature fromour group.We summarize here themain
aspects to enable a general understanding of themethods nec-
essary to describe the learning add-on. To avoid repetition
of previously published content, we refer to the respective
literature on the RFMP and ROFMP, respectively, for imple-
mentation details.

Due to the (severe) ill-posedness of the inverse prob-
lem at hand (see Sect. 1), it is indispensable to consider
a regularization for the downward continuation. The IPMP
algorithms utilize a Tikhonov–Phillips regularization which
is an established and well-performing choice, e. g. for the
downward continuation. The Tikhonov–Phillips regulariza-
tion aims to solve the (approximative) regularized normal
equation by minimizing the so-called Tikhonov–Phillips
functional which consists of a data error and a penalty term.

In general, the minimization can be done via various
approaches. We consider the IPMP algorithms for this here.
Using an initial (guessed) approximation f0, e. g. f0 ≡ 0, the
methods iteratively build aminimizer as a linear combination
of weighted dictionary elements dn ∈ D:

fN = f0 +
N∑

n=1

αndn (3)

in the case of the RFMP algorithm and

f (N )
N = f0 +

N∑

n=1

α(N )
n dn, (4)

in the case of the ROFMP algorithm. Recall that due to the
aforementioned redundancy in the dictionary, the approxi-
mation is usually built in a heterogeneous basis due to a
mixture of global as well as local and band-limited as well as
non-band-limited, respectively, trial functions. Note that the
superscript (N ) in (4) refers to an update of the coefficients
in each iteration step due to the orthogonality process: to
improve the efficiency of the RFMP, a pre-fitting technique
is included. This is a usual approach with matching pur-
suits, see, e.g. Vincent and Bengio (2002). Prefitting means
that, in each iteration of the ROFMP, the previously chosen
weights are updated to prevent the algorithm from picking
the same trial function more than once. Note that, in practice,
we usually consider the iterated (L)ROFMP algorithmwhich
restarts the pre-fitting technique after a prescribed number of
iterations for practical aswell as theoretical reasons. For read-
ability, in the sequel, we do without an additional subscript
that would be necessary for this restart process.
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The respective residuals are

RN+1 := RN − αN+1T�dN+1

for the RFMP algorithm and, in the case of the ROFMP algo-
rithm,

RN+1 := RN − α
(N+1)
N+1 PV⊥

N
T�dN+1,

where PV⊥
N
is the orthogonal projection onto the orthogonal

complement

V⊥
N := (span{T�dn : n = 1, . . . , N })⊥R� .

In both cases,we have R0 = y−T� f0 which yields R0 = y if
f0 ≡ 0. In each iteration N , we choose theweightsαN+1 ∈ R

and α
(N+1)
N+1 ∈ R, respectively, as well as the basis function

dN+1 ∈ D such that we minimize, for λ > 0, the Tikhonov–
Phillips functional

(α, d) 
→
∥∥∥RN − αT�d

∥∥∥
2

R�
+ λ ‖ fN + αd‖2H2(�)

for the RFMP algorithm and, for the ROFMP algorithm,

(α, d) 
→
∥∥∥RN − αPV⊥

N
T�d

∥∥∥
2

R�

+ λ

∥∥∥ f (N )
N + α

(
d − b(N )

n (d)
)∥∥∥

2

H2(�)
,

where the projection is given by

PV⊥
N
T�d = T�d −

N∑

n=1

β(N )
n (d)T�dn (5)

with the projection coefficients β
(N )
n (d). These projection

coefficients are given by

β
(N )
N (d) :=

〈
T�d,PV⊥

N−1
T�dN

〉

R�

∥∥∥PV⊥
N−1

T�dN
∥∥∥
2

R�

and β(N )
n (d) := β(N−1)

n (d) − β
(N )
N (d)β(N−1)

n (dn)

for n = 1, . . . , N − 1. With these, we define

b(N )
n (d) :=

N∑

n=1

β(N )
n (d)dn . (6)

Note that, in contrast to (5), the expansion (6) need not be
a projection. For the penalty term, we use the norm of the

Sobolev space H2(�) ⊂ L2(�) which is the completion of
the set of all square-integrable functions for which

∞∑

n=0

n∑

j=−n

(n + 0.5)4〈F,Yn, j 〉2L2(�)
=: ‖F‖2H2(�)

is finite, see e. g. Freeden et al. (1998), Michel (2013).
In practice, we utilize that the minimization above is

equivalent to the maximization of

RFMP(d; N ) :=
(〈
RN , T�d

〉
R� − λ 〈 fN , d〉H2(�)

)2

‖T�d‖2
R� + λ ‖d‖2H2(�)

=: (AN (d))2

BN (d)
(7)

and

ROFMP(d; N ) (8)

:=

(〈
RN ,PV⊥

N
T�d

〉

R�
− λ

〈
f (N )
N , d − b(N )

n (d)
〉

H2(�)

)2

∥∥∥PV⊥
N
T�d

∥∥∥
2

R�
+ λ

∥∥∥d − b(N )
n (d)

∥∥∥
2

H2(�)

=:
(
A(N )
N (d)

)2

B(N )
N (d)

,

respectively, where we obtain the weights via

αN+1 := AN (dN+1)

BN (dN+1)
and α

(N+1)
N+1 := A(N )

N (dN+1)

B(N )
N (dN+1)

,

respectively. The IPMP algorithms most commonly termi-
nate if the relative data error falls below a certain threshold
like the noise level or if a certain number of iterations is
reached.

The dictionaryD is finite andmanually (though influenced
by experience) chosen in most of the previous publications
on an IPMP algorithm as the use of an infinite dictionaryDInf

was an open question at that time. Then, the maximizer of
(7) and (8), respectively, is found by comparing the objective
function for all dictionary elements.

Obviously, particularly the dictionary causes some diffi-
culties for a wider use of these methods: first of all, a user
who is unexperienced with the presented trial function might
have a hard time choosing a well-working dictionary. More-
over, though the choice can be improved by experience, it
remains that usually a very large finite dictionary is used as
it is most likely better working. However, its preprocessing
causes high computational costs particularly with respect to
runtime and storage demand. At last, such a dictionary is nat-
urally prone to produce a biased approximation fN and f (N )

N ,
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respectively, though this is hard to quantify as we lack prac-
tical alternatives. In contrast, if we automatized the choice of
(i.e. learn) a finite dictionary, we would remedy the repercus-
sions of a lack of experience. For this automation, it is vital to
implement the use of all possible functions from (someof) the
trial function classes, i.e. the use of an infinite dictionary. At
least, from a theoretical point of view, an infinite dictionary
should also be less prone to bias than a finite one. However, it
probably depends on the specific realization of using an infi-
nite dictionary whether also the computational costs can be
reduced. Note that the reduction in computational costs is a
first step to applying themethods in competitive experiments.
This again might, in future research, allow for a quantifica-
tion of any existing bias.

To enable the use of an infinite dictionary, the LIPMP
algorithms were developed. In particular, the LIPMP algo-
rithms expand the IPMPmethods to an infinite dictionary via
a learning add-on.

3.2 The learning add-on

We start by considering how an infinite dictionary DInf can
be introduced into the routine of the IPMP algorithms. From
this, the learnt dictionary follows naturally. If we run an
IPMP algorithm with the learning add-on, we say that we
run an LIPMP (Learning IPMP) algorithm. Thus, note that
we obtain the LRFMP and the LROFMP with this approach.

The infinite dictionary DInf for the downward continua-
tion of satellite data is defined by

DInf := [
Ñ

]
SH ∪ [S]SL ∪ [BK ]APK ∪ [BW ]APW (9)

with

Ñ := {(n, j) : n ≤ N , j = −n, . . . , n},
S := B

4 × L and BK := BW := B

for fixed N , L ∈ N0. The trial function class of the SH is still
finite. This is due to the discrete nature of their characteristic
parameters: the degree n and the order j . Nonetheless, the
other trial function classes are truly infinite. This means, in
the case of a SL, that the choice of the parameters of the centre
α, β, γ and the size c of the spherical cap are arbitrary, while
their band-limit is fixed andfinite in analogy to the SHchoice.
In the case of APKs and APWs, the centres can be chosen
from all points in the ball B.

The main obstacle for using DInf is the determination of
themaximizer of (7) and (8), respectively, in the truly infinite
trial function classes. For this, we introduce an additional
optimization step into the routine. In particular, in this step,
we determine a finite dictionary of (optimized) candidates
C from the infinite DInf . Then, C acts as a finite dictionary

and we can proceed in the current iteration just like in an
iteration of the respective IPMP algorithm. Therefore, after
termination (which correspondingly obeys to the same rules
as in the IPMP algorithms), we obtain an approximation fN
and f (N )

N , respectively, in a best basis of optimized dictionary
elements. The latter constitute the learnt (finite) dictionary
which can be used in future runs of the IPMP algorithms.

Due to the different nature of the classes, we distinguish
a strategy for the SH and the remaining three trial func-
tion classes. The approach to learn SHs has already been
explained to a certain extent inMichel and Schneider (2020).
For completeness and some additional insights, we summa-
rize it here again. We propose to learn a maximal SH degree
as well as particular SHs simultaneously. The trial function
class [Ñ ]SH includes all SHs up to a degree N (see (9)). The
value of N should be chosen much larger than it is sensible
for the data y. Then, we again follow the previous approach
and determine and compare the values of (7) and (8), respec-
tively, for all SHs up to degree N . Hence, after termination,
we have a certain set of SHs that are used in the represen-
tation (3) and (4), respectively. Most likely, the algorithms
will have determined a smaller, properly learnt maximal SH
degree ν ∈ N, ν < N , on its own. Moreover, we obtain a set
of distinct SHsused in the approximation and, thus, contained
in the learnt dictionary. Note that this approach demands a
finite starting dictionary Ds in the LIPMP algorithms which
contains (at least) [Ñ ]SH.

For the remaining trial function classes of the SLs, APKs
and APWs, we determine each candidate by solving nonlin-
ear constraint optimization problems. Note that we use N
for the iteration number next. The objective functions in the
N -th iteration are IPMP(d(z); N ) where d(z) denotes a SL,
APK or APW, respectively, and we have

IPMP(d(z); N ) :=
{
RFMP(d(z); N ), if LRFMP is used,
ROFMPS(d(z); N ), if LROFMP is used.

The replacement character d(z)(·) stands for either
g(k,L)(R, ·) with z = R(c, α, β, γ ) ∈ B

4 or for K (x, ·) and
W (x, ·) with z = x ∈ B. Hence, we maximize IPMP(d(z); N )

with respect to the characteristic parameter vector z of the trial
functions SL, APK and APW, respectively.

As ROFMP(·; ·) is not well-defined for previously chosen
dictionary elements, we use ROFMPS(d(z); N ) which is the
product of ROFMP(·; ·) from (8) and a spline to avoid neigh-
bourhoods of critical basis functions from their respective trial
function class. Let ε be the size of such a neighbourhood. To
avoid a neighbourhood of a current z, such a spline is given by

(
Sz(n)

) |[0,ε] ≡ 0,
(
Sz(n)

) |(ε,2ε)(τ ) := 10
(τ

ε
− 1

)3 − 15
(τ

ε
− 1

)4 + 6
(τ

ε
− 1

)5

and
(
Sz(n)

) |[2ε,2] ≡ 1,
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where τ = ‖z− z(n)‖2 denotes the distance between the current
value z and previously chosen values z(n). In the N -th iteration,
this yields

ROFMPS(d(z); N ) := ROFMP(d(z); N )

×
N∏

n=1

Sz(n)

(∥∥∥z − z(n)
∥∥∥
2
)

.

Note that the product on the right-hand side only considers those
d(z(n)) which are from the same trial function class as d(z).
Then, for each truly infinite trial function class, we solve the
maximization problem IPMP(d(z); N ) → max! in each itera-
tion N .

Note that we have to model the corresponding constraints on
the parameter vectors z as well. For the SLs, we have

(c, α, β, γ ) ∈ [−1, 1] × [0, 2π ] × [0, π ] × [0, 2π ].

For the APKs and APWs, we obtain

|z| < 1.

With these constraints and the objective function IPMP(·; ·),
we can solve each optimization problem with any established
and suitable approach for nonlinear optimization. Note, how-
ever, that if a gradient-based method is chosen, we have to
determine the gradients of IPMP(·; ·)with respect to the charac-
teristic parameters of the trial function under investigation. As
we showed for the kernels and RFMP(·; ·) in the first publica-
tion on the LIPMP algorithms, Michel and Schneider (2020),
this can be done with the standard rules of differentiation. In
particular, as we have seen in (7) and (8), the objective function
of such a nonlinear approximation is given as a quotient of cer-
tain terms. Thus, the first step is to use the quotient rule. Then,
we have to consider the derivatives of the single terms of the
numerator and denominator. These terms fall into one of two
categories: either we consider an R

�- or an H2(�)-inner prod-
uct. In the first case, the interesting aspect is the derivative of
T�d(z)with respect to z. For the APK and APW, this is straight-
forwardly obtained. For the SLs, we need a bit more effort as
we need to derive the Wigner rotation matrices and the Gauß
algorithm to obtain the derivative of the coefficients. When dif-
ferentiating theH2(�)-inner products, we have to take a closer
look on the derivation of the projection coefficients and of terms
of the form 〈dn, d(z)〉H2(�) and 〈d(z), d(z)〉H2(�), where dn is
any previously chosen trial function and d(z) is the current trial
function to be optimized. The former problem reduces again to
the derivative of T�d(z) which is discussed in the first case.
The derivation of 〈dn, d(z)〉H2(�) has already been discussed
for the SLs there as well as it only depends on the derivative
of their coefficients. For the APKs and APWs, the derivation of
〈dn, d(z)〉H2(�) effectively reduces to the terms

∇x |x |mnYn, j and ∇x |x |mn Pn

for x ∈ B, m ∈ {1, 2}, n ∈ N0 and spherical harmonics Yn, j

as well as Legendre polynomials Pn . Note, however, that this
reduction includes a discussion of exchanging limits. With the
well-known spherical formulation of ∇, the terms are easily
derived. Note that any possible singularity turned out to be well-
defined under closer inspection. Last but not least, the derivation
of 〈d(z), d(z)〉H2(�) is obvious as the exchange of limits has
been discussed in the former case. For those interested in the
details of this derivation, we fully published it in Schneider
(2020). As it is quite lengthy, we abstain from repeating it here.

In practice, we solve the optimization problems using the
NLOpt library, see Johnson (2019). In particular, as it is advised
there, we solve them in a 2-step-optimization procedure. That
means, we first determine a global solution (with a derivative-
free method) and, then, refine this using a gradient-based local
method.We include both solutions in the learnt set of candidates
C just in case there are problemswith a solver. If the global solver
needs a sensible starting solution, we can include a selection of
SLs, APKs or APWs in the starting dictionary as well. Also,
this starting solution can then be included in C. However, these
should not have a major impact on the learnt dictionary.

In Michel and Schneider (2020), we proposed the use of cer-
tain additional features to guide the learning process. Though the
features proved to be helpful in certain learning settings, from
our experience, using a 2-step optimization, i. e. solving the
described optimization problems first globally and then locally,
as well as using more diverse trial function classes remedies the
urgent need of some rather manual features. Nonetheless, some
of them like an iterative application of the learnt dictionary (i. e.
allowing only the first N dictionary elements in the N -th iter-
ation of the IPMP when the learnt dictionary is used) are in
particular helpful when we have to balance the tradeoff between
numerical accuracy and runtime. Thus, one should bear in mind
that, in some cases, it can be helpful to guide the learning pro-
cess. We explain in the description of the experiments which
few additional features we use here.

In Fig. 1, a schematic representation of the learning method
is given. The starting point is the red circle which represents
the initialization of the experiment parameters. Then, the itera-
tion process starts (’next iteration’). In each iteration, themethod
steps into the trial function class under consideration (’find opti-
mal APK/APW/SH/SL’) and solves the respective optimization
problem, e.g. via a 2-step procedure. The solutions are passed
to ’learnt set of candidates’ which builds the finite dictionary of
candidates. From there, the common routine of an iteration step
of the respective IPMPalgorithm is executed: ’choose a best can-
didate as dn+1’, ’check termination criteria’ and, if the method
does not terminate yet, ’updates of IPMP’. After the updates
(e.g. of the residual and possibly the weights), the method steps
into the next iteration. When it terminates, we obtained a ’learnt
dictionary and approximation’ (green circle).

By construction, the LIPMP algorithms yield an approximate
solution of the inverse problem as well as a learnt dictionary for
this problem. Hence, they can be used as standalone approxima-
tion algorithms or as auxiliary algorithms to determine a finite
dictionary automatically.
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Fig. 1 Flowchart of the LIPMP
algorithms. Different types of
lines are only used for an
improved visualization. The
algorithms starts in the red circle
(’initialize LIPMP’)

initialize LIPMP

next iteration

find optimal
APK

find optimal
APW

find optimal
SH

learnt set of
candidates

find optimal
SL

choose best
candidate
as dn+1

stop LIPMP
check

termination
criteria

updates
of IPMP

learnt dictionary
and approximation

yes no

Moreover, they inherit the convergence results of the IPMP
algorithms (see the literature mentioned above). In particular,
for infinitely many iterations in the LRFMP algorithm, we
have convergence of the approximation to the solution of the
Tikhonov–Phillips regularized normal equation. Thismeans: the
determined approximation is stable with respect to noise in the
data and it tends (theoretically) to the exact (unstable) solution,
if the regularization parameter tends (together with the noise) to
zero.

3.3 Discussion of approaches for GRACE data

In this paper, we propose the (L)IPMPs for modelling the mass
transport on the Earth using, e.g. GRACE data. Naturally, we

should discuss this approach with respect to the common mod-
elling of such data via spherical harmonics or mascons.

Approximating GRACE data via spherical harmonics is the
traditional approach but has shown to produce a North-South
striping in the gravitational field caused, e.g. by the mission
design as well as processing strategies, see, e.g. Chen et al.
(2021). In our research, we have also seen this with Level 2
data. That is why we include a very basic destriping ansatz (see
Sect. 4.1) which is sufficient here. Nevertheless, there exist var-
ious methods (see, for instance, the references given below or in
Chen et al. (2021)) which take care of the North-South stripes
in a much more sophisticated manner. However, these methods
yielded in signal loss, see Chen et al. (2021), Watkins et al.
(2015).
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Watkins et al. (2015) show that constrained mascons yield
a higher resolution (thus, less signal loss) without the need for
post-processing destriping methods. Other mascon approaches,
see, e.g. Luthcke et al. (2013), Save et al. (2016), also supersede
the spherical harmonics approach in that respect. Though the
details may vary with respect to a specific mascon approach,
the general principle is as follows: the Earth’s surface is paved
with specific patches, for instance spherical caps or hexagons.
For each of these patches, a mass value is determined. Hence,
a mascon is some kind of finite element on the Earth’s surface.
Along with noise constraints and regularization, they are used
as basis functions to approximate the gravitational potential via
GRACE Level 1b measurements (e.g. the k-band range rate).
Note that, see Chen et al. (2021), the mascon approach can be
transformed into a spherical harmonic ansatz which enables a
spectral representation of the results.

The question is nowhow the (L)IPMP approach fits into these
concepts. We include spherical harmonics in the dictionary of
an (L)IPMP.We do not use finite elements here (although it is in
principle possible). However, we utilize RBFs and RBWswhich
are local functions as well. Thus, one could say that, with the
(L)IPMPs, we combine the general ideas of both approaches
into one algorithm.

There are two things to be noted: first, because the RBFs and
RBWs can only be represented in a spherical harmonic series,
we obviously cannot—without loss of accuracy—transform our
approximation into a pure and finite spherical harmonic one.
However, from the mathematical point of view there is also no
necessity to do this. Moreover, previous studies (Michel and
Telschow 2014, 2016; Telschow 2014) showed that, dependent
on the experiment setting, distinguishing the IPMP approxima-
tion into the different trial function classes yields a multiscale
representation. Second, Watkins et al. (2015) discussed the size
of the mascon patches in use and concluded that the chosen
size was a compromise between regions of low and high lat-
itude (i.e. the equatorial and the polar area) and that future
research should investigate mascons with flexible sizes of—in
their case—spherical caps. This is interesting because, when
comparing the mascon approach and the LIPMPs, the size of the
spherical cap resembles the scale of the local dictionary elements
used. However, the LIPMPs include by construction all scales
of RBFs and RBWs. That means, the LIPMPs do not neces-
sitate similar compromises in the basis functions but already
implement what appeared sensible in the NASA research.

Thus, we assume that our method could in all probability be
competitive with the established spherical harmonic as well as
mascon approach if we use Level 1b data as well.

4 Numerical results

Wefirst summarize the general setting of the experiments. Then,
we consider the performance of the LIPMPmethods when using
different noise levels. Next, we show the results of the LIPMP
algorithms as standalone approximation methods. At last, we
show results for comparing a manually chosen and a learnt dic-
tionary in the IPMP algorithms. Note that our test scenarios here

shall serve as proofs of concept in the sense that the main fea-
tures of the add-on are demonstrated. In a continuing project,
we investigate the behaviour for more realistic data and for other
applications.

4.1 Experiment setting in general

We use the unit sphere as an approximate relative surface of the
Earth. Then, we can use (1) for the evaluation of the operator. Of
course, this is a simplification from real life. However, it suffices
for our purposes. Moreover, it allows us to use the mentioned
singular value decomposition. Using other geometries (e.g. an
ellipsoid or the geoid)would lead to enormous numerical burden
with respect to the evaluation of the operator as well as the
regularization terms. As data, we use the EGM2008, see e. g.
Pavlis et al. (2012), as well as GRACE data from May 2008 as
expansion coefficients in (1). In both cases, we use the degrees
equal or greater than 3 up to the highest given one (i.e. degree
2190 and order 2159 for the EGM2008 and degree and order 60
forGRACE).We dowithout the degree 2 because then the signal
contains visible local aspects instead of representing majorly
only the Earth’s ellipticity. Further, we evaluate the respective
expansion on a regularly distributed Reuter grid of 12684 points.
For an example of a Reuter grid, see Fig. 4d.

The question arises how the used resolution of the EGM2008
and the GRACE data fits to the number of data points. With
respect to (2), we see that a spherical harmonic Yn, j has 2| j |
extrema at the equator. This means we have maximally 120
extrema for the GRACE data and 4318, respectively, for the
EGM2008 data. This resembles a resolution of ≈ 360 km and
≈ 20 km, respectively, at a satellite height of 500 km. From the
definition of the Reuter grid inMichel (2013), we see that, for an
even number N ∈ N, we obtain 2N grid points at the equator (i.e.
θ = π/2). In our case, we have N = 100 which leads to 12684
grid points distributed over the sphere. Thus, at the equator, we
have a resolution of 200 grid points, or ≈ 215 km. Obviously,
weundersample theEGM2008 andoversample theGRACEdata
(in particular, as we also destripe the GRACE data). We aim to
implement the (L)IPMPs in future researchmore efficiently such
that we can increase our resolution of the data in use. For the
following tests, it was not yet possible to increase the number of
data points adequately. However, because we present an over-
and an undersampled problem, the results are sufficient for the
proof of concept we intend to show.

The Driscoll–Healy grid was used for obtaining the approx-
imation error. At the Earth’s surface, the EGM2008 has a
resolution of ≈ 9 km while the GRACE data attain ≈ 334 km.
The Driscoll–Healy grid we use has a resolution of ≈ 111 km.
Thus, we gain more information of the solution when using the
Driscoll–Healy grid. However, note thatwe need to samplemore
points when looking at the approximation error in order to evalu-
atewhether our approximation suits the solutionwell in between
data points.Moreover, note that a regular grid does not introduce
an additional challenge on the methods as it avoids critical data
gaps. However, in Sect. 4.3, we also discuss an experiment with
an irregular grid. For the IPMPs, irregular gridswere already dis-
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cussed in Michel and Telschow (2014, 2016), Telschow (2014).
Thus, the methods themselves can be compared more easily.

For the relative root mean square error (RMSE)

√
∑65341

i=1 ( fN (η̃i )− f (η̃i ))2

65341
∑65341

i=1 ( f (η̃i ))2
,

we utilize grid points η̃i of an equi-angular Driscoll–Healy grid,
see e. g. Driscoll and Healy (1994), Michel (2013), of 65341
points where f is the exact solution (presumed according to the
EGM2008 orGRACEdata) and fN is our approximation after N
iterations. For an example of a Driscoll–Healy grid, see Fig. 4d.
Note that, for a meaningful analysis of the absolute error, we
have to use a different grid with much more grid points than the
data are given at. We choose the Driscoll–Healy grid because it
is obviously very different in its distribution. Besides the relative
RMSE,we also consider the relative data error ‖RN‖R�/‖R0‖R�

and the absolute approximation error.
Moreover, for the GRACE data, we utilize the arithmetic

mean of the Level 2 Release 05 provided by the GFZ, JPL
and UTCSR as it was advised in Sakumura et al. (2014). Fur-
ther, we smooth the data with a Cubic Polynomial Spline of
order 5, see, e. g. Schreiner (1996), Freeden et al. (1998), Fen-
gler et al. (2007), to remove the North-South striping. We are
aware that there exist many and more sophisticated methods
to remove satellite striping, see, e.g. Davis et al. (2008), Klees
et al. (2008), Kusche (2007). However, here, we aim to show the
competitiveness of themethods and do not strive for discovering
new geoscientific phenomena. Thus, this very basic destriping
approach suffices for our needs.

If not stated otherwise, the data are modelled on a 500 km
satellite height and are perturbed with 5% Gaussian noise, such
that we have perturbed data yδ given by

yδ
i = yi · (1 + 0.05 · εi ) (10)

for the unperturbed data yi and a Gaussian distributed random
number εi . Certainly, for a more realistic scenario, one could
also use specific GRACE-related noise instead.

The algorithms terminate if the relative data error falls below
the noise level, increases above 2 or if 1000 iterations are
reached. The latter two criteria are necessary, because we tested
different regularization parameters and some of them turned
out to be inappropriate and yielded a numerically diverging
sequence. We implemented the iterated (L)ROFMP algorithm
and restarted the prefitting procedure after 100 iterations.
Amongst the tested regularization parameters, we chose that
which minimized the relative RMSE if the relative data error
reached the noise level at termination.

The optimization problems are solved by the ORIG_
DIRECT_L (globally) and the SLSQP (locally) algorithms from
the NLOpt, see Johnson (2019). As it is advised, we narrow the
constraints by 10−8. Due to the regularization, the narrowing
can be relatively small. Further, we set some termination cri-
teria for the optimization procedures. We found the following

values to be useful in practice: we limit the absolute tolerance
for the change of the objective function between two successive
iterates as well as the tolerance between the iterates themselves
to 10−8. Moreover, we allow 5000 function evaluations and 200
seconds for each optimization.

With respect to the SLs, APKs and APWs, we forbid to
choose two trial functions of the same type which are as close
as ε = 5 × 10−4 or closer in one (L)ROFMP step. The dis-
tance between two trial functions is obtained as the distance
between their characteristic parameters. In the case of the APKs
and APWs, we compute the Euclidean norm of x − x (n). In the
case of SLs, we use ‖z − z(n)‖2 = (c − c(n)) + arccos(z · z(n)),
where z = A(α, β, γ )ε3 and z(n) = A(α(n), β(n), γ (n))ε3. From
our experience, a value smaller than 5× 10−4 appears to be too
small to prevent ill-definedness in the objective function. Fur-
ther, we use the same regularization parameter for learning and
applying the learnt dictionary. The regularization parameter is
constant unless anything different is stated. We apply the dictio-
nary learning iteratively (confer Michel and Schneider 2020).
That means, in the N -th step of the IPMP only the first N -th
learnt dictionary elements can be chosen.

As the starting dictionary, we use

[
N s]

SH = {
Yn, j | n = 0, . . . , 100; j = −n, . . . , n

}

[
Ss

]
SL =

{
g(k,5) ((

c, A(α, β, γ )ε3
)
, ·)

∣∣∣

c ∈
{π

4
,
π

2

}
, α ∈

{
0,

π

2
, π,

3π

2

}
,

β ∈
{
0,

π

2
, π

}
, γ ∈

{
0,

π

2
, π,

3π

2

}
,

k = 1, . . . , 36}
[
Bs
K

]
APK =

{
K (x, ·)

‖K (x, ·)‖L2(�)

∣∣∣∣ |x | = 0.94,
x

|x | ∈ X s

}

[
Bs
W

]
APW =

{
W (x, ·)

‖W (x, ·)‖L2(�)

∣∣∣∣ |x | = 0.94,
x

|x | ∈ X s

}

Ds = [
N s]

SH ∪ [
Ss

]
SL ∪ [

Bs
K

]
APK ∪ [

Bs
W

]
APW

with a regularly distributed Reuter grid X s of 123 grid points.
Thus, the starting dictionary contains 13903 trial functions. This
allows the experiments of the LIPMP algorithms to run on an
HPC node of 48 GB RAM with 12 CPUs.

4.2 Results for different noise levels

In the described setting, we run the LIPMP algorithms with
the EGM2008 data and different noise levels to investigate the
influence of noise on the results before we analyse the learning
methods as standalone approximation methods as well as com-
pare the results from a learnt and a manually chosen dictionary
in the next sections. In particular, we tested no noise, 1%, 2%,
3%, 5% and 10% of Gaussian noise for the downward continua-
tion from 500km using EGM2008 data. The results are given in
Table 1. There we give the determined regularization parameter,
the completed iterations as well as the relative RMSE and data
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Table 1 Comparison of different noise levels in the LIPMP algorithms used as standalone approximation methods

Noise level (%) Algorithm Regularization parameter Completed iterations Relative RMSE Relative data error

10 LRFMP 10−8‖y‖R� 282 0.000505 0.099987

LROFMP 10−8‖y‖R� 238 0.000506 0.099989

5 LRFMP 10−9‖y‖R� 637 0.000471 0.049995

LROFMP 10−9‖y‖R� 550 0.000465 0.049998

3 LRFMP 10−9‖y‖R� 668 0.000436 0.029998

LROFMP 10−9‖y‖R� 601 0.000437 0.029992

2 LRFMP 10−10‖y‖R� 801 0.000439 0.019997

LROFMP 10−9‖y‖R� 886 0.000414 0.020000

1 LRFMP 10−10‖y‖R� 1000 0.000408 0.010611

LROFMP 10−9‖y‖R� 1000 0.000425 0.011313

0 LRFMP 10−10‖y‖R� 1000 0.000411 0.005122

LROFMP 10−10‖y‖R� 1000 0.000400 0.004280

Confer Sect. 4.2. All experiments use the EGM2008 on a regular Reuter grid and 500 km satellite height

error for the mentioned noise levels for both the LRFMP and the
LROFMP.We computed new random numbers (confer (10)) but
ran each algorithm only once for each noise level. Of course, we
realize that a more profound approach of evaluating the meth-
ods’ behaviour for different noise levels would be to create, for
each noise level, a sufficiently large number of perturbations and
run each algorithm for each perturbation. Note that each run of
an LIPMP would include a search for a regularization parame-
ter as well. However, we abstain from this due to the associated
high demand on calculation time. In view of our aim to further
increase the efficiency of the (L)IPMPs, such computationally
complex validations can hopefully become feasible in the near
future. Note that, nonetheless, by generating different random
numbers for each noise level, we also contain a little bit variation
in the used noise here as well.

In Table 1, we see that for decreasing noise

• the regularization parameter decreases,
• the number of completed iterations increases and
• —most importantly—the relative RMSE decreases,
• though it cannot reach similar values as if no satellite height

would be used (see Sect. 4.3).

Note that, for noise equal to or higher than 2%, we present here
the results where the methods terminate when the noise level is
reached and—amongst those—the relative RMSE is lowest. In
the experiments with less noise, the methods never reached the
noise level for the tested regularization parameters before 1000
iterations. Hence, we present the results with the lowest RMSE
despite that the noise level is not reached (yet). Furthermore, note
that the number of completed iterations is generally lower for the
LROFMP. This is in accordance with previous publications on
the non-learning ROFMP and, thus, can also be expected for the
learning variant. However, this suggests that, in the case of 2%
noise, the result of the LRFMP could be improved if we allowed
more than 1000 iterations. Similarly, this could also be assumed
for 1% noise as the number of completed iterations increases
with decreasing noise. However, again for efficiency reasons as

well as for a better comparability with Sects. 4.3 and 4.4, we
stick with the chosen maximal number of 1000 iterations here.

All in all, the most important result from these experiment is
that the relative RMSE decreases with decreasing noise level.
This shows that the performance of the LIPMP algorithms is
influenced by noise only in the expectable way. Further, we also
see that the influence of the satellite height appears to be more
significant to remaining errors than the noise level (compare
with the results of the pure approximation in Sect. 4.3). Both of
these influences are well-understood and minimized with a reg-
ularization but cannot sensibly be abandoned.With this in mind,
we next analyse the approximations of the learning methods as
well as the learnt dictionary.

4.3 The LIPMP algorithms as standalone
approximationmethods

By construction, the learning algorithms themselves incorpo-
rate the maximization of the same objective function which also
occurs in the IPMP. Thus, they should be usable as standalone
approximation algorithms.We investigate this next: we consider
the approximationofEGM2008-based surface data aswell as the
downward continuation of regularly and irregularly distributed
EGM2008-based satellite data by the LRFMP as well as the
LROFMP algorithm. Moreover, we verify the downward con-
tinuation of contrived data by the LROFMP algorithm. Due to
the orthogonality procedure, we assume that the LROFMP algo-
rithm is more suited to distinguish the contrived data.

The irregularly distributed grid has already been used in
Michel and Telschow (2014) and simulates a denser data dis-
tribution on the continents. It is given in Fig. 4d and includes
6968 grid points. The contrived data consist of 3 SHs and APKs,
respectively:

f = Y9,5 (·) + Y5,5 (·) + Y2,0 (·)
+ K̃

(
x

(
0.5,

3π

2
,
π

4

)
, ·

)
+ K̃

(
x

(
0.75, 2π,−π

4

)
, ·

)
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+ K̃
(
x

(
0.9,

π

2
,
π

4

)
, ·

)
,

where the notation x(r , ϕ, θ) with the radius r , the longitude ϕ

and the latitude θ is used. K̃ stands for the L2(�)-normalized
APKs. The data are again perturbed by 5%Gaussian noise. Cor-
respondingly, the starting dictionary (for the test with contrived
data only) is given as

[
N s]

SH = {
Yn, j

∣∣ n = 0, . . . , 10; j = −n, . . . , n
}

[
Bs
K

]
APK =

{
K (x, ·)

‖K (x, ·)‖L2(�)

∣∣∣∣ |x | = 0.94,
x

|x | ∈ X s

}

Ds = [
N s]

SH ∪ [
Bs
K

]
APK ,

where X s is a regularly distributed Reuter grid of 6 points. Then,
the APKs included in the contrived data are not contained in the
starting dictionary. We allow a maximum of 100 iterations here
because the data consist of only six trial functions.

In Table 2, we give an overview of the results. The type
of experiment is abbreviated: “approximation” stands for the
experiment where no satellite height is included, “downward
continuation, (ir-)regular grid” stands for the use of 500kmsatel-
lite height and an (ir-)regularly distributed grid and “contrived
data” is self-explanatory. Further, we state the regularization
parameter, the completed iterations, the respective maximally
learnt SH degrees and the relative RMSEs as well as data errors.
In Figs. 2a to 3a, we see the absolute approximation errors
obtained in the different experiments. Figure 3b shows the given
and chosen APKs of the experiment with contrived data.

Generally, the remaining errors are situated in regions where
we expect them to be. In the case of the approximation of sur-
face data, Fig. 2a, and the downward continuation of regularly
distributed satellite data, Fig. 2b, c, respectively, we find devi-
ations to the solution particularly in the Andean region, the
Himalayas and the Pacific Ring of Fire. This is reasonable as
the gravitational potential contains much more local structure
there which is highly influenced by the noise and the satellite
height. Note that we included the same results in Figure 2b, c
twice: the left-hand side of Fig. 2b can be compared to Fig. 5a
and the right-hand side to Fig. 5b, i.e. the approximation of the
LIPMP can be compared with the respective approximations of

the IPMP with a manually chosen or a learnt dictionary. Fig-
ure 2c compares the solution of the LRFMP and the LROFMP
as standalone approximation algorithms with each other. Fur-
ther, we find that, in the case of approximating surface data,
i. e. using potential data which is not damped due to satellite
height, the methods obtain much better relative RMSEs while
still counting more data errors than in the case of the downward
continuation, see Table 2. The latter is clear, since more local
structures are visible on the surface and appear relatively larger
with respect to the noisy data. Obviously, they also need more
iterations in this case. Again, as the data contain more informa-
tion in this case, this behaviour can be expected. Nonetheless,
these experiments show that the LIPMP algorithms can, indeed,
be used as standalone approximation algorithms.

Similar results are obtained for the downward continuation of
irregularly distributed satellite data, Fig. 3a. However, we notice
that some additional errors occur here in comparison with the
results of the regularly distributed data, Fig. 2b. In particular,
these are located mostly in areas with larger data gaps, see, e. g.,
the North Atlantic and the Indian Ocean. This points out that the
LIPMP algorithms are able to distinguish smoother and rougher
regions on its own and, thus, prevent local gaps to have a global
influence.

At last, we consider the test with the contrived data. First
of all, we note that the LROFMP algorithm is able to approxi-
mate this data as well, see Table 2. Moreover, we saw that the
SHs are obtained exactly. Further, the APKs are either clustered
around the solutions or have a very small coefficient, see Fig. 3b.
Note that those few wrongly chosen APKs may be caused by
the present noise. The SHs are easier to distinguish, most likely
because of their orthogonality. Hence, we see that the LROFMP
algorithm is also able to distinguish global trends and local
anomalies.

4.4 Learning a dictionary

At last, we consider the competitiveness of the learnt dictionary.
For this, we extend the general setting from Sect. 4.1 in the fol-
lowing way. We compare the learnt dictionary with a manually
chosen dictionary which is similar to those in previous publica-
tions, see e. g. Telschow (2014):

Table 2 The LIPMP algorithms as standalone approximation methods

Experiment Algorithm Regularization
parameter

Completed
iterations

Maximally learnt
SH degree

Relative RMSE Relative
data error

Approximation LRFMP 10−9‖y‖R� 1000 75 0.000249 0.075293

LROFMP 10−9‖y‖R� 1000 83 0.000253 0.075210

Downward continuation, LRFMP 10−9‖y‖R� 637 46 0.000471 0.049995

Regular grid LROFMP 10−9‖y‖R� 550 38 0.000465 0.049998

Downward continuation, LRFMP 5 · 10−9‖y‖R� 975 50 0.000472 0.050000

Irregular grid LROFMP 5 · 10−9‖y‖R� 983 50 0.000521 0.049999

Contrived data LROFMP 10−8‖y‖R� 24 9 0.0000076 0.049975

Confer Sect. 4.3. The experiments ’approximation’ and ’downward continuation’ use the EGM2008
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(a)

(b)

(c)

Fig. 2 Results of the LIPMP algorithms as standalone approximation algorithms. Confer Sect. 4.3
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such that

Dm = [
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SH ∪ [
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]
SL ∪ [
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K

]
APK ∪ [

Bm
W

]
APW

with a regularly distributed Reuter grid Xm of 4551 grid points
and

Z = {0.75, 0.80, 0.85, 0.89, 0.91, 0.93, 0.94, 0.95, 0.96, 0.97}.
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(a)

(b)

Fig. 3 Further results of the LIPMP algorithms as standalone approximation algorithms. Confer Sect. 4.3

All in all, themanually chosen dictionary contains 95152 trial functions.
We undertake this comparison because it is most sensible as we have
explained in Michel and Schneider (2020): a comparison with the best
dictionary of a sensibly large set of randomdictionaries cannot seriously
be put into practice due to high memory demand and a long runtime.
Note that, in some of the literature on the IPMP algorithms mentioned
before, the approaches have been compared to traditional methods like
splines which is why we abstain from this here. Further note that, due to
the size of the manually chosen dictionary, the respective tests ran on a
node with 512 GB RAM and 32 CPUs which is a much higher memory
demand than the LIPMP algorithms had.

In Table 3, we see a summary of the results of the experiments.
We compare the IPMP algorithms with the manually chosen dictionary
(*), the learnt dictionary (**), a learnt dictionary when using the non-
stationary regularization parameter λN = λ0 · ‖y‖�

R
/N for the iteration

N ∈ N (“non-stationary learnt”; ***), and a learnt dictionarywhere only
the SHs, APKs and APWs were considered (“learnt-without-Slepian-
functions”; ****). We give the regularization parameter, the size of
the dictionary, the number of completed iterations, the maximal SH

degree included in the dictionary, the relative data error and RMSE at
termination and the needed CPU-runtime in hours. Note that the size
of the learnt dictionaries is given as a “less or equal than” value since
elements may be contained multiple times. Moreover, we identify the
following aspects:

• Due to our termination criteria, the relative data error was at the
noise level in all cases.

• In all experiments, the relative RMSE is about the same size. In
comparison with Michel and Schneider (2020), we conclude that
the IPMP algorithms produce better results if more trial function
classes are available. Further, the learnt dictionary yields similar
results. In Figs. 5 and 6, we also see that, in all cases, the remaining
errors lie within regions of higher local structures, i. e. the Andean
region, the Himalayas and the Pacific Ring of Fire in the case of
EGM2008 data as well as the Amazon basin in the case of the
GRACEdata. These detail structures cannot be represented because
of the noise and the satellite height (confer Sect. 4.2).
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Table 3 Comparison of a manually chosen and diverse learnt dictionary

Data Algorithm/setting Regularization
parameter

Size of dictionary Completed
iterations

Maximal
degree

Relative RMSE Relative
data error

CPU-runtime
in h

EGM2008 RFMP∗ 10−9‖y‖R� 95152 957 25 0.000466 0.049998 514.03

RFMP∗∗ 10−9‖y‖R� ≤ 637 662 46 0.000471 0.049999 507.22

RFMP∗∗∗ 10−6‖y‖R� /N ≤ 670 670 34 0.000447 0.050000 533.87

RFMP∗∗∗∗ 10−9‖y‖R� ≤ 684 734 41 0.000484 0.049999 129.57

EGM2008 ROFMP∗ 10−9‖y‖R� 95152 766 25 0.000463 0.049999 561.76

ROFMP∗∗ 10−9‖y‖R� ≤ 550 577 38 0.000467 0.049998 665.76

ROFMP∗∗∗ 10−6‖y‖R� /N ≤ 686 701 35 0.000452 0.049999 840.06

ROFMP∗∗∗∗ 10−9‖y‖R� ≤ 600 621 46 0.000468 0.049998 386.08

GRACE RFMP∗ 10−4‖y‖R� 95152 393 25 0.000340 0.049997 522.09

RFMP∗∗ 10−4‖y‖R� ≤ 384 483 32 0.000335 0.049999 341.16

RFMP∗∗∗ 10−1‖y‖R� /N ≤ 352 349 28 0.000311 0.049994 284.85

RFMP∗∗∗∗ 10−4‖y‖R� ≤ 479 535 39 0.000344 0.049994 90.53

GRACE ROFMP∗ 10−4‖y‖R� 95152 274 25 0.000328 0.049989 528.67

ROFMP∗∗ 10−4‖y‖R� ≤ 303 306 34 0.000330 0.049998 372.31

ROFMP∗∗∗ 10−3‖y‖R� /N ≤ 292 290 33 0.000374 0.049998 358.64

ROFMP∗∗∗∗ 10−4‖y‖R� ≤ 278 278 26 0.000322 0.049996 182.19

Confer Sect. 4.4. The IPMP∗ algorithm uses the manually chosen dictionary, the IPMP∗∗ the learnt dictionary, the IPMP∗∗∗ the non-stationary learnt
dictionary and the IPMP∗∗∗∗ the learnt-without-Slepian-functions dictionary. All learnt dictionaries are iteratively applied. The maximal degree is
the maximal SH degree included in the used dictionary. N ∈ N stands for the iterations

• The non-stationary learnt as well as the learnt-without-Slepian-
functions dictionary produce results which are similar to the others
regarding the relative RMSE such that these settings could be
explored in future research. However, to quantify the influence of
the non-stationary regularization parameter on the approximation,
the number of tests here is too low.

• The learnt dictionary is less than 1% of the size of the manually
chosen dictionary.

• The maximal SH degree of the learnt dictionaries is a truly learnt
degree.

• For the LRFMP algorithm, the CPU-time needed for learning and
applying the learnt dictionary is lower or similar than applying
the manually chosen dictionary. In particular, without the Slepian
functions, the needed CPU-time is much smaller.

• For the LROFMP algorithm, there exist settings which have a
smaller runtime as well. In particular, for the GRACE data, this
is always the case. Similarly, the learnt-without-Slepian-functions
dictionary is also learnt in a much shorter time for the EGM2008
data. However, there are two cases for the EGM2008 data where
the runtime is higher than for the manually chosen dictionary. This
could be caused by the non-stationary regularization parameter,
the orthogonality procedure itself and / or the use of the Slepian
functions.

It appears that, by using a learnt dictionary, the ROFMP algorithm is
not that much superior to the RFMP algorithm as it seemed in previous
publications. Thus, if we need to learn a dictionary (despite the LIPMP
algorithms being sufficient algorithms themselves), we would advise
to learn a dictionary for the RFMP in the same setting as it should
be applied to (experiment (**) in Table 3) since it yields solid and
comparable results. Note that the RFMP is overall easier to implement
and needs less runtime. Further, the experiments (***) and (****) in

Table 3 yield starting points to improve the result or the runtime and,
thus, should be borne in mind as well.

5 Conclusion and outlook

The downward continuation of the gravitational potential from satel-
lite data is important for many reasons such as monitoring the climate
change. One approach for this is presented by the IPMP algorithms.
They seek iteratively theminimizer of the Tikhonov–Phillips functional
and, in this way, obtain a weighted linear combination in dictionary ele-
ments as an approximation. For practical use, the IPMP algorithms had
to be improved regarding the automation of the dictionary choice, the
runtime and the storage demand. For this reason, the novel LIPMP algo-
rithms include an add-on such that an infinite dictionary can be used.
Further, a finite dictionary can be learnt as well.

Our numerical results in this paper aremeant to be a proof of concept.
They show that both the non-learning IPMP with a learnt or a manually
chosen dictionary as well as the LIPMP algorithms yield good results.
However, the LIPMP algorithms have additional advantages in terms
of CPU-runtime, storage demand, sparsity and the consequences of the
number of different types of trial functions in use. Hence, we suggest
that the IPMP algorithms with a manually chosen dictionary may be
used if those aspects are not critical because these methods are easier
to implement. Otherwise, we advise to include the add-on, i. e. use the
LIPMP algorithms either for obtaining a learnt dictionary or as a stan-
dalone approach. However, obviously, the former is probably redundant
in the light of the latter. In particular, we prefer the LRFMP algorithm as
it was presented here because it has a lower runtime than the LROFMP
algorithm and is easier to implement.

Here, we showed only results of a learnt dictionary that is applied
to the same data again. After all, an even more interesting use of a
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learnt dictionary is probably given if we have many similar data as for
instance from long-running satellite missions like GRACE. Applying a
learnt dictionary to unseen data is basically possible with our approach
as well. However, this most likely demands very lengthy tests for suit-
able regularization parameters. In the light of the LIPMP algorithms
as standalone approximation algorithms, it does not seem sensible to
put that much effort in learning a finite dictionary for future use on
unseen data. This is except, maybe, if computation time is restricted
when unseen data arrives but is much less restricted beforehand.

In an on-going project, we are working on the use of 5 × 106 data
points, true satellite tracks, observable-related noise and the downward
continuation of the gravitational force (i.e. the gradient of the potential)
in the LIPMP algorithms which could show the competitiveness of the
algorithms in a more realistic setting. If this actually includes the use of
data that is not obtained fromSHs,we then alsomight be able to quantify
whether the LIPMPs approximations contain any bias. Moreover, we
are interested in applying the algorithms to other geoscientific tasks,
e. g., traveltime tomography from seismology. As both of these current
research aspects inevitably work with big data, we are able to tackle
them today only due to the significant improvements regarding storage
demand and runtime made by the LIPMP algorithms.
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A Table of abbreviations (listed in
alphabetical order)

[·]• Trial function class
A(α, β, γ ) Rotation matrix depending on the Euler angles α, β, γ

α Euler angle α ∈ [0, 2π [
αN Coefficient related to the N -th chosen dictionary element in the (L)RFMP
α

(N )
N Coefficient related to the N -th chosen dictionary element in the (L)ROFMP

AN (d) Square-root of numerator of RFMP(·; ·)
A(N )
N (d) Square-root of numerator of ROFMP(·; ·)

APKs Abel-Poisson kernels
APWs Abel-Poisson wavelets
BK Subset of the unit ball in 3 dimensions which defines the APKs included in a dictionary
b(N )
n (d) Representation of a dictionary element d in previously chosen dictionary elements
BN (d) Denominator of RFMP(·; ·)
B(N )
N (d) Denominator of ROFMP(·; ·)

BW Subset of the unit ball in 3 dimensions which defines the APWs included in a dictionary
B Unit ball in three dimensions: B = {x ∈ R

3 : |x | < 1}
B
d Unit ball in d dimensions: Bd = {x ∈ R

d : |x | < 1}
B
d

Unit ball in d dimensions including the boundary: B
d = {x ∈ R

d : |x | ≤ 1}
β Euler angle β ∈ [0, π ]
β

(N )
n (d) Projection coefficients needed for b(N )

n (d)

c Size of spherical cap
C Learnt set of candidates
dN N -th chosen dictionary element
D Dictionary
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DInf Infinite dictionary
Dm Manually chosen dictionary
Ds Starting dictionary
ε3 (0, 0, 1)T, the North Pole
f0 Initial (guessed) approximation
fN Approximation of the (L)RFMP
f (N )
N Approximation of the (L)ROFMP

g(k,L)(R, ·) Slepian function
g(k,L)
l,m (R) (m, l)-th Fourier coefficient of a Slepian function (expanded in spherical harmonics)

γ Euler angle γ ∈ [0, 2π [
GRACE Gravity recovery and climate experiment
GRACE-FO GRACE follow on
H2(�) Sobolev space on the sphere
IPMP(·; ·) Objective function of an (L)IPMP algorithm
K (x, ·) Abel-Poisson kernel
L Set of all tuples (k, L) of band-limits L and related k-th Slepian function
λ Regularization parameter
(L)IPMP Learning inverse problem matching pursuit
(L)R(O)FMP (Learning) regularized (orthogonal) functional matching pursuit
N Set of all tuples (n, j) of degree n and order j of all spherical harmonics
N Maximal degree of SHs in infinite dictionary
ν Learnt maximal degree of SHs
� Unit sphere in three dimensions: � = {x ∈ R

3 : |x | = 1}
Pn, j Associated Legendre function of degree n and order j
PV⊥

N
Orthogonal projection onto the V⊥

N

R = R(c, A(α, β, γ )ε3) Spherical cap; the localization region of a Slepian function
RBFs Radial basis functions
RBWs Radial basis wavelets
RFMP(·; ·) Objective function of the (L)RFMP algorithm
RN Residual of the N -th iteration in an (L)IPMP
ROFMP(·; ·) Objective function of the (L)ROFMP algorithm
SHs Spherical harmonics
σ Satellite height
SLs Slepian functions
Sz Spline needed for IPMP(·; ·) in the case that the (L)ROFMP is run
T Operator of the inverse problem
T� Evaluation operator with respect to grid points of the related inverse problem operator T
V⊥
N Orthogonal complement of the span of T�dn for previously chosen dictionary elements dn

W (x, ·) Abel-Poisson wavelet
X s, Xm Discrete set of centres of APKs and APWs in starting and manually chosen dictionary
y Data
yδ Perturbed data
Yn, j Spherical harmonic of degree n and order j

B Supplementary plots from the numerical
experiments

We give plots of examples of trial functions as well as the EGM2008
and the deviation from the mean field of the GRACE data in May 2008.
Further, we give the irregular data grid and plots of the absolute approx-
imation error of the comparison tests (See Figs. 4, 5, 6).
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(a)

(b)

(c)

(d)

Fig. 4 Supplementary plots: examples of the trial functions, solutions and data grids
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(a)

(b)

Fig. 5 Supplementary plots: comparison of manually chosen and learnt dictionary with EGM2008 data. The colour scale is adapted for better
comparability. All values in m2/s2
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(a)

(b)

Fig. 6 Supplementary plots: comparison of manually chosen and learnt dictionary with GRACE data (May 2008). The colour scale is adapted for
better comparability. All values in m2/s2
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