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Abstract In this paper, a time series from 1999 to 2007
of absolute total electron content (TEC) values has been
computed and analyzed using singular value decomposition
(SVD). The data set has been computed using a Kalman Filter
and is based on dual frequency GPS data from three reference
stations in Denmark located in the midlatitude region. The
station separation between the three stations is 132–208 km
(the time series of the TEC can be freely downloaded at http://
www.heisesgade.dk). For each year, a SVD has been per-
formed on the TEC time series in order to identify the three
time varying (daily, yearly, and 11 yearly) characteristics of
the ionosphere. The applied SVD analysis provides a new
method for separating the daily from the yearly components.
The first singular value is very dominant (approximately six
times larger than the second singular value), and this sin-
gular value corresponds clearly to the variation of the daily
cycle over the year. The second singular value corresponds
to variations of the width of the daily peak over the year, and
the third singular value shows a clear yearly variation of the
daily signal with peaks around the equinoxes. The singular
values for each year show a very strong correlation with the
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sunspot number for all the singular values. The correlation
coefficients for the first 5 sets of singular values are all above
0.96. Based on the SVD analysis yearly models of the TEC
in the ionosphere can be recomposed and illustrate the three
time varying characteristics of the ionosphere very clearly.
By prediction of the yearly mean sunspot number, future
yearly models can also be predicted. These can serve as a
priori information for a real time space weather service pro-
viding information of the current status of the ionosphere.
They will improve the Kalman filter processing making it
more robust, but can also be used as starting values in the
initialization phase in case of gaps in the data stream. Fur-
thermore, the models can be used to detect variations from
the normal local ionospheric activity.

Keywords GNSS · Time varying ionosphere · Kalman
filter · Singular value decomposition

1 Introduction

GNSS satellite signals are affected while being transmitted
through the ionosphere, the part of the Earth’s atmosphere
extending from the surface of the Earth to an altitude of
about 1,000 km. The effect is a function of the amount of
free electrons along the signal path which is measured by the
total electron content (TEC). See for instance Hunsucker and
Hargreaves (2003) for an introduction to the ionosphere.

The ionosphere is dispersive for radio waves, and for
the GPS signals the ionospheric effect is therefore differ-
ent for the L1 and L2 frequencies. The main effects on the
satellite signals are the group delay and the phase advance.
These are equal in size, but with opposite sign for the code
and phase observations. An introduction to the ionospheric
effect on GNSS signals is provided for instance by Misra and
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Enge (2006). Further, satellite signals can also be affected by
small scale irregularities in the ionosphere, which can cause
severe amplitude fading and phase scintillation effects. See
for instance Yeh and Liu (1982) or Aarons (1982) for an
introduction and global morphology of the phenomena.

The ionospheric effect on the satellite signals induces an
error which must be handled in the positioning process when
GNSS is used for positioning and navigation. With data from
permanent continuously operating GNSS reference stations,
where the station coordinates are very well estimated, the
ionospheric effect on the satellite signals can be extracted and
used for ionospheric modelling. Several techniques for esti-
mation of TEC from GNSS satellites signals have been pub-
lished, see for instance Komjathy (1997) or Schaer (1999).

For grid based regional or global ionosphere modelling
various interpolation techniques are used, for instance linear
interpolation or multiquadric interpolation as described by
Skone (1998). Other examples are statistically based spatial
interpolation techniques like kriging, which can be
used for the generation of a global ionospheric model (Orus
et al. 2005). The use of spherical harmonics for global or
large scale models is also well known and discussed, e.g. by
Schaer (1999).

Precise ionospheric modeling will improve the accuracy
of the position of single-frequency GNSS receivers (Lou
2001). Furthermore precise ionospheric modeling is also
important for other space-based observation systems as well
as for communication systems and space weather studies.
The observed rapid evolution of the ionosphere currently
defies sufficient modeling to allow its prediction to future
time epochs and therefore studies of its time varying behav-
ior are needed.

The ionosphere, in the midlatitude region, is in its nature
varying over time. The main characteristics include the daily
cycle with a peak at 14:00 local time and a low, almost
constant activity, during nighttime. Further, a yearly cycle
with peaks around equinoxes, and finally a 11-year time
period correlated with the sunspot number as described in e.g.
(Hargreaves 1992).

The speed of the propagation of radio waves depends upon
the number of free electrons. The TEC is defined as the num-
ber of electrons in a tube of 1m2 cross section extending from
the receiver u to the satellite s, see Eq. (1) from Kaplan and
Hegarty (2006)

TEC =
s∫

u

ne(l)dl (1)

where ne(l) is the electron density along the signal path. TEC
is measured in TEC units (TECU). 1 TECU equals 1016 elec-
trons/m2.

The ionospheric delay, δI expressed in measurements of
carrier phase can be written (to a first order) as in Eq. (2).

δI = −40.3 · TEC

f 2 (2)

where f is the frequency of the signal. See for instance
Hofmann-Wellenhof et al. (2008).

The TEC has different characteristics for varying latitude
and thus an important factor for obtaining a local accurate
model is to use data from local GNSS reference stations,
as described in Misra and Enge (2006). For instance, in
Denmark at approximately 56◦N latitude the length of day-
light varies considerably during the year, compared to lower
latitudes. Therefore, the daily cycle of the ionosphere varies
more over the year. Also, in the case of a real time space
weather service, providing information of the local current
status of the ionosphere, it is important to have a good local
a priori knowledge of the time varying characteristics of the
ionosphere. This knowledge can be used to make the data
processing in a Kalman filter more robust and to estimate
parameters in cases where the filter needs to be reinitialized.
The a priori information can be generated by looking at local
time series of the time varying ionosphere.

2 Data and location

Observations from three dual frequency GPS receivers have
been used. The reference stations are located in Denmark
with a station separation of approximately 132–208 km. The
triangle and geographic relation can be seen in Fig. 1. The
GPS observations are stored in the RINEX format with a
sampling rate of 30 s, and an elevation mask of 15◦ has been

Fig. 1 Reference stations in Denmark used in the data processing
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applied. Three stations have been used, instead of just one,
in order to provide a better estimate of the ionosphere above
the center mark. The stations are maintained and operated by
the National Survey and Cadastre in Denmark.

The center mark of the triangle is at approximately 56◦N
latitude, just below the auroral oval under normal ionospheric
activity. During storm periods, the auroral oval can extend
to lower latitudes and affect the GNSS signals received in
Denmark. During these periods the time varying character-
istics of the ionosphere will be different.

3 Computation of the time series

A time series of TEC values is computed using a Kalman
filter. The principle for the observation model, simplified
to include one receiver, is shown in Fig. 2. A single layer
model, where the ionosphere is compressed into an infini-
tesimal shell at the peak of the electron density, is used. In
this data processing, the peak is assumed to be at a height of
400 km. The ionospheric pierce point, IPP, is the intersection
of the shell and a direct line from the satellite (SV) to the
GNSS receiver (U1).

The observation equations for the two carrier phase mea-
surements, L1 and L2, can be expressed in units of meters
for satellite s and receiver u as, see Feng (2008).

L1s
u = ρs

u + δs
orb,u + c(δt s − δtu) + δs

I,u,1 + δtrop,u,1

+ λ1
(
N s

u,1 + ϕu,1 − ϕs
1

) + εu,1 (3)

L2s
u = ρs

u + δs
orb,u + c(δt s − δtu) + δs

I,u,2 + δtrop,u,2

+ λ2
(
N s

u,2 + ϕu,2 − ϕs
2

) + εu,2 (4)

where ρ is the geometric distance, δorb is the orbital error,
c is the speed of radio waves in vacuum, δt is the clock error

Fig. 2 Illustration of the observation model for one receiver (Seeber
2003)

for all components, δI is the ionospheric phase delay, δtrop is
the tropospheric propagation delay, λ is the wavelength, N is
the integer ambiguity, ϕ is the initial phase, ε is the receiver
phase noise, including the phase multipath, subscript 1 and 2

refer to the L1 and L2 carriers.
By taking the difference of Eqs. (3) and (4), the geometry

free solution L4 can then be expressed as in Eqs. (5)–(7), see
Figs. 1 and 2 and the Eqs. (2), (3), and (4).

L4s
u = L1s

u − L2s
u (5)

= 40.3

(
1

f 2
2

− 1

f 2
1

)
TEC

+λ1
(
N s

1 + φ1,u − φs
1

) − λ2
(
N s

2 + φ2,u − φs
2

)
(6)

= cnv · map
(
αs

u

) (
TECcen,vert+ ∂TEC

∂lat

(
lats

u − latcen
)

+∂TEC

∂lon

(
lons

u − loncen
)) + cs

u (7)

where cnv is given by 40.3

(
1
f 2
2

− 1
f 2
1

)
, map is the mapping

function given by 1
cos α

(see Seeber 2003), α is the zenith
angle at the IPP, subscript cen refers to the center of the tri-
angle, subscript vert refers to the vertical value, lat and lon
are the latitude and longitude, c is a constant.

The L4 observation consists mainly of the delay caused by
the ionosphere. In Eq. (7), this delay is split into three parts in
order to represent the TEC at the center point. These are the
absolute TEC and the gradients in the latitude and longitude
of the TEC. The connection between the slant delays and the
vertical is performed by the mapping function.

Another part of the L4 observation is the constant c. This
constant consists of the initial phase for the satellites and
receivers and the integer ambiguities. It is assumed that the
initial phases do not change from one epoch to another and
that no cycle slips occur. It is therefore only the three iono-
spheric parts, that vary from epoch to epoch.

The number of observations for m epochs, each with n
visible satellites will be n · m, and the number of unknowns
will be n+3m. The unknowns can therefore over time be esti-
mated using a Kalman filter. The Kalman filter is a dynamic
filter that essentially can be described by five equations given
in Eqs. (8)–(12) (see Welch and Bishop 2006).

Kk = P−
k HT

k

HkP−
k HT

k + Rk
(8)

x̂k = x̂−
k + Kk(zk − Hk x̂−

k ) (9)

Pk = [I − KkHk] P−
k (10)

x̂−
k+1 = Ak x̂k + Bkuk (11)

P−
k+1 = AkPkAT + Qk (12)

In this processing the term Bkuk in Eq. (11) is set to
zero, because there is no input from observations outside
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the system. The A matrix equals the identity matrix, because
it is assumed that there will be no change in the ionosphere
from epoch to epoch. The connection between the observa-
tions, zk , and the estimates, x̂k , the H matrix, is provided in
Eqs. (13) and (14). The observations are given in Eq. (7).

H =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

cnv · map(αs1
u ) · · ·

cnv · map(αs1
u )(lats1

u − latcen) · · ·
cnv · map(αs1

u )(lons1
u − loncen) · · ·

1 0 · · ·
0 1 · · ·
...

...
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

T

(13)

x̂ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

TECcen,vert
∂TEC
∂lat

∂TEC
∂long
cs1

u
cs2

u
...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(14)

For an explanation of the remaining variables the reader
is referred to Welch and Bishop (2006).

The observation model was implemented in the Kalman
filter using Matlab, and nine full years of data from the GNSS
reference stations, described above, were processed to obtain
absolute vertical TEC values for the center point every 30 s
through the 9 years. When a cycle slip was detected the obser-
vation from the relevant satellite was reinitialized for future
epochs. The parameters for the Kalman filter were saved for
every processed hour and reused when a new RINEX file was
loaded.

During the processing of the three time series, data gaps
in the RINEX files were observed. Values originating from
initialization of the Kalman filter immediately after the data
gaps, have been removed. The computed TEC time series
from the entire period 1999–2007 can be freely downloaded
from http://www.heisesgade.dk.

The processed time series of vertical TEC has been veri-
fied by comparing it to the final global ionospheric maps pro-
duced by the International GNSS Service, IGS (see
http://www.igscb.jpl.nasa.gov/components/prods.html for
further explanation). The maps are available every second
hour, and the vertical TEC has been extracted at the location
of the considered center point for all of 2003. The differ-
ence between the two time series has a standard deviation
of 1.9 TECU and is normally distributed with an offset of
1.8 TECU. The correlation coefficient between the two time
series is 0.96. The IGS maps are global and the long wave-
length of the ionospheric variation is weighted higher. An
offset to a momentary value from a local model must there-
fore be expected. This verification of the processed TEC time
series is considered satisfactory in order to perform the sin-
gular value decomposition analysis.

4 SVD analysis on the TEC time series

The singular value decomposition (SVD) is a technique for
decomposing a matrix into a product of three factors. A plot
of the elements will reveal recognizable patterns, when the
data set corresponds to samples of continuous variables. This
is described by, e.g. Preisendorfer and Mobley (1988).

For a given m × n, m ≥ n real valued matrix A the equa-
tion for SVD of A can be written as in Eq. (15) from Parker
(2004).

A = USVT (15)

where U is a m × m matrix, V is a n × n matrix, S is a
diagonal matrix of size m × n. U and V are both orthogonal
matrices. S is a diagonal matrix of nonnegative values, called
the singular values of A, and all other values are zero.

The TEC time series, computed using the Kalman filter,
has been organized into 9 yearly 96 × 365 matrices, where
each of the 96 values per day are the mean over 15 min. Each
yearly matrix corresponds to the A matrix in Eq. (15). The
U matrix will correspond to the daily variation and the V
matrix will correspond to the yearly variation. The SVD is
performed using the LAPACK routine (Anderson et al. 1999).

5 Results

An example of the computed TEC time series can be seen in
Fig. 3. Three summer days as well as three winter days for
2001, 2004, and 2007 are illustrated. The 24 hour daily sig-
nal, the width of the daily peak between summer and winter
time, and the size of the daily signal for high, medium, and
low ionospheric activity is clearly visible.

In Fig. 4, the result for the SVD analysis is illustrated.
Three years (2001, 2004, and 2007) have been chosen in
order to represent high, medium, and low ionospheric activ-
ity. For the results for all years, the reader is referred to the
additional information (electronic supplementary material).
The first singular value is illustrated on the left side. A very
clear daily signal of the total electron content is observed in
the U matrix. This is expected as the Kalman filter smoothes
the data sequentially, epoch by epoch. The signal has approx-
imately the same shape and magnitude for all the 9 years,
which also can be inferred from the figure. It should be noted,
that the signal is always positive, meaning that this signal will
always be present.

In the V matrix for the first singular value, it is observed
how this daily signal varies through the year. The signal is
noisy indicating that there is a very low correlation of the
size of the daily signal from day to day. The signal can be
divided into two trends based on the years with high or with
low ionospheric activity. From 1999 to 2003 (represented
by year 2001 in the figure), the signal is higher during the
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Fig. 3 Example of the
computed time series in UTC
time for three summer days
(Day of year 173–175) and three
winter days (Day of year 11–13)
in 2001, 2004, and 2007

Fig. 4 U and V matrices for the first three singular values for three selected years. The time axis is in UTC time for the U matrices and in day of
year for the V matrices. The first five singular values in the S matrix are illustrated to the right

equinoxes and from 2004 to 2007 is the daily signal stronger
in the early summer. Furthermore, the signal is less noisy
for 2007 than for 2004. This can be interpreted as during

solar max the influence from the solar wind is the domi-
nating factor. This influence is semiannual as described by
Rishbeth et al. (2000). During more relaxed solar activity
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Table 1 Correlation coefficients for the singular values for each year
and the yearly mean sunspot number

Singular value 1 2 3 4 5

Corr. Coef. 0.96 0.97 0.98 0.99 0.96

years, the UV radiation becomes more dominant indicated by
the reduced noise for 2004 and 2007 and the signal becomes
annual.

The first five singular values are illustrated to the right on
Fig. 4. The ratio between the first and the second is approxi-
mately six meaning, that the first singular value dominates the
time series for the total electron content. The singular values
for each year also show another behavior. Each set of singular
values 1–5 over the 9-year period has been correlated with
the yearly mean sunspot number. The correlation coefficients
for the first five singular values are listed in Table 1, but the
remaining singular values (up to 96) show similar behavior.
The correlation coefficients indicate a strong correlation of
the total electron content with the sunspot number.1

For the second singular value, see Fig. 4 in the middle,
another clear daily signal is observed in the U matrix over
the years. The signal is positive in the morning and in the
evening and negative during midday. Thus, this signal will
determine the width of the daily peak as well as it will damp
the peak at 1400 hours local time. The yearly signal in the V
matrix also shows a clear trend over the years. It is highest in
the summer and lowest in the winter. The signal has the same
low noise for all three years and the day to day correlation is
therefore better. This corresponds very well to the variation
caused by the length of daylight in the midlatitude region,
which is the same for all the years and varies over the year
very smoothly.

The third singular value is shown to the right in Fig. 4.
The daily signal in the U matrix, shows two maxima. The
second maximum is very clear for all the years while the first
maximum is similar for the years 2004 and 2007. The signal
is both positive and negative, meaning that it will correct the
daily signal as shown for the first singular value. It will correct
the afternoon depletion of the electron content, so the deple-
tion will appear slower. When looking at the yearly trend,
in the V matrix, it can be observed that the depletion will
be emphasized during the equinoxes. The yearly signal also
shows less noise for the years with less ionospheric activity.

For the fourth and following singular values, there are
no recognizable patterns over the years in the daily and the
yearly signals. They can therefore be considered as noise
and will be discarded in the recomposition of the ionospheric
models.

1 The used Sunspot Number is the monthly mean number from the
Space Weather Prediction Center (http://www.swpc.noaa.gov/ftpdir/
weekly/RecentIndices.txt).

6 Recomposition of yearly ionospheric models

Based on the SVD analysis, where the shape and daily var-
iation over the year was identified for the first three singu-
lar values, a model of the time varying ionosphere for each
year can be recomposed. The resulting local TEC models
for three selected years are illustrated in Fig. 5. The daily
signal over the year has been smoothed in order to obtain a
yearly trend and to suppress the day to day variation of the
size of the daily signal. For an illustration of all the years,
the reader is referred to the additional information (electronic
supplementary material).

The models clearly illustrate the three ionospheric time
varying characteristics. Especially, not only the effect from
the 11-year period can be seen with significant higher val-
ues for 2001, but also the effects during the equinoxes are
more clear during 2001. It can also be verified that the vari-
ation caused by the length of daylight is similar for all of the
models. The relative effect from the second singular value,

Fig. 5 Recomposed ionospheric models for three selected years based
on the first three singular values
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Fig. 6 Example of two events
in 2001. The first row shows the
residual signal, the second
shows the differentiation of the
residual signal with respect to
time, the third shows the
geomagnetic observation data,
and the fourth shows the
recomposed model

the damping of the 1400 hour local peak, is more visible for
2004 and 2007, than it is for 2001.

An important factor for the time varying characteristics of
the ionosphere is the day to day variation. The recomposed
models can be used to detect variations from the normal activ-
ity, which is of interest for analysis of local space weather
studies as well as space weather predictions.

Subtracting the recomposed models from the original time
series results in a residual matrix. In Fig. 6, two events dur-
ing 2001 are illustrated. The first is the evening/nigth between
11th and 12th of April and the second is in the midday/after-
noon the24thofNovember.Botheventsaremajor stormswith
high K p values and an impact of −270 and −220 nT in the
Dst index.2 Theresidualsignal, thedifferentiationof theresid-
ualsignalwithrespect to time, thegeomagneticobservations,3

and the recomposed model is illustrated for both events.
For the April event, an increase in the TEC from normal

activity is observed in the evening, which decreases during
the night and becomes negative until the middle of the next
day. The differentiated residual signal shows, that the TECU
values are fluctuating more in the evening, which are cor-
related with the local geomagnetic observations. The same
correlation between fluctuating TEC and geomagnetic obser-
vations are observed for the November event.

These two events also show correlation with global
indexes, but this is not consistent for all studied events dur-
ing 2001. This indicates, that local storms in Denmark can be

2 The indices used are from the World Data Center for geomagnetism,
Kyoto, http://wdc.kugi.kyoto-u.ac.jp/.
3 Data are downloaded from the World Data Center for Geomagne-
tism, Edinburgh, for the observatory Brorfelde at latitude 55.625 and
longitude 11.672.

detected and using a combination of local TEC observations
with local geomagnetic observations will give a more reli-
able estimation of the ionosphere variation, than when using
global indices or models.

7 Conclusion and future work

The SVD analysis performed on the computed TEC time
series provides a new method for separating the daily from
the yearly components. The first singular value is very domi-
nant (approximately six times larger than the second singular
value) and this singular value corresponds clearly to how the
daily cycle varies over the year. The second singular value
corresponds to how the width of the daily peak varies over
the year and the third singular value shows a clear yearly var-
iation of the daily signal with peaks around the equinoxes.

The singular values for each year show a very strong cor-
relation with the mean yearly sunspot number with correla-
tion coefficients above 0.96 for the first five sets of singular
values.

These three signals, together with the mean sunspot num-
ber, can be used to recompose local yearly models of the TEC.
In this work, models have been recomposed for Denmark,
but the same analysis should be applied at other latitudes and
regions in order to validate the procedure and models.

By using a prediction of the yearly mean sunspot number
future yearly models can be predicted. This can be used for
a real time space weather service providing information of
the current local status of the ionosphere. It will contribute
to a more robust processing of the Kalman filter by provid-
ing information of the general change from one epoch to
the next and can be used to generate starting values during
initialization of the Kalman filter.
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The models can also be used to detect abnormal varia-
tions in the ionosphere by looking at the difference between
the model and the observed value, the residual. A correla-
tion between the differentiated residual and local external
geomagnetic observations has been found for a number of
events during 2001. This shows the potential for combining
these two different types of local observations to provide a
more reliable local space weather service.
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