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Abstract

This paper studies Davis—Maschler reduced games of two-bound core games and
shows that all these reduced games with respect to core elements are two-bound core
games with the same pair of bounds. Based on associated reduced game properties,
we axiomatically characterize the core, the nucleolus, and the egalitarian core for two-
bound core games. Moreover, we show that the egalitarian core for two-bound core
games is single-valued and we provide an explicit expression.
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1 Introduction

Cooperative games describe situations where players collaborate in coalitions and
generate worth. A pre-imputation allocates the worth of the grand coalition among all
players in the game. The main issue is to select reasonable pre-imputations for each
game. Among the central solution concepts are the core, the nucleolus (cf. Schmeidler
1969), and the egalitarian core (cf. Arin and Ifiarra 2001). The core assigns all pre-
imputations that are stable against coalitional deviations. The nucleolus assigns to each

The associate editor and two anonymous referees are gratefully acknowledged.

B Bas Dietzenbacher
b.dietzenbacher @ maastrichtuniversity.nl

Doudou Gong
d.gong @maastrichtuniversity.nl

Hans Peters
h.peters @maastrichtuniversity.nl

School of Mathematics and Statistics, Northwestern Polytechnical University, Xi’an 710072,
China

Department of Quantitative Economics, Maastricht University, 6200 MD Maastricht, The Netherlands

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00186-022-00800-1&domain=pdf
http://orcid.org/0000-0002-8023-0273

448 D.Gong et al.

game with nonempty core the unique core element that lexicographically minimizes
the maximal excesses over all coalitions. The egalitarian core assigns all core elements
from which no other core element can be obtained by a transfer from a richer to a poorer
player.

In this paper, we focus on two-bound core games (cf. Gong et al. 2022), i.e., games
where the core is nonempty and can be described by a lower bound and an upper
bound on the pre-imputations. Two-bound core games generalize compromise stable
games (cf. Quant et al. 2005), which include all games with at most three players and
a nonempty core, additive games, unanimity games, bankruptcy games (cf. O’Neill
1982), 1-convex games (cf. Driessen 1985), big boss games (cf. Muto et al. 1988),
clan games (cf. Potters et al. 1989), and reasonable stable games (cf. Dietzenbacher
2018).

In particular, we study Davis—Maschler reduced games of two-bound core games
and show that all these reduced games with respect to core elements are two-bound
core games. Moreover, the core of these reduced games can be described by the
same pair of bounds. A solution satisfies the bilateral reduced game property (cf.
Davis and Maschler 1965) if each pre-imputation assigned to the original game is
consistently assigned to all reduced games with two players. A solution satisfies the
converse reduced game property (cf. Davis and Maschler 1965) if each pre-imputation
assigned to all reduced games with two players is assigned to the original game. Using
the bilateral reduced game property and the converse reduced game property, we
axiomatically characterize the core, the nucleolus, and the egalitarian core for two-
bound core games. Moreover, we show that the egalitarian core for two-bound core
games is single-valued and we provide an explicit expression.

The remainder of this paper is organized as follows. Section 2 introduces prelimi-
nary definitions and notations for cooperative games. Section 3 studies Davis-Maschler
reduced games of two-bound core games. Section 4 axiomatically characterizes the
core, the nucleolus, and the egalitarian core. Section 5 concludes.

2 Preliminaries

Let N be a nonempty and finite set of players and let 2V = {§ | § C N} be the set of
all coalitions. For all x € RN, we denote x5 = (x;);es for all S € 2V \ {#}. For all
x,y € RV wedenote [x,y] ={z e RN |Vie N:x; <z < yi}.

A (transferable utility) game is a pair (N, v), where v : 2¥ — R assigns to each
coalition S € 2V its worth such that v(%) = 0. The set of all games with player set N
is denoted by I'V. For simplicity, we write v € 'V rather than (N, v) € T'V.

Let v € I'V. The set of pre-imputations is

D oxi= v(N)} :

X(v) = {x e RV
ieN
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the core is

Cv) = {x e X(v)

vSs e 2V . Zx,- > v(S)},

ieS

and the egalitarian core (cf. Arin and Ifarra 2001) is

EC(v) = {x e C(v)

Vi,jeN:x,->xj:>s;‘j(v)=O},

where for all i, j € N withi # j and all x € RV,

sj‘j(v) = max !U(S) - Zxk} )

N.: .
Se2N:ies, j¢S kes

The set of all games with nonempty core and player set N is denoted by F,],V A
game v € 'V is convex (cf. Shapley 1971) if v(S) +v(T) < v(SUT)+v(SNT)
forall S, T € 2. The set of all convex games with player set N is denoted by T'V. It
is known that 'Y € T}V,

A gamev € Fév is a two-bound core game (cf. Gong et al. 2022) if there exist/, u €
R¥ such that C(v) = [/, u] N X (v), which is equivalent to C(v) = [[*(v), u*(v)] N
X (v), where [7(v) = minyec(y) X; and u] (v) = max,ec() X; foralli € N.! The set
of all two-bound core games with player set N is denoted by FIN .

A solution ¢ on a domain of games assigns to each game v in this domain a
nonempty set ¢(v) € X(v). Note that ¢(v) = {v(N)} for each game v with one
player. A solution ¢ on a domain of games is single-valued if |¢(v)| = 1 for each v
in this domain. For a single-valued solution ¢ on a domain of games and a game v in
this domain, ¢(v) is often identified with its unique element.

The nucleolus n (cf. Schmeidler 1969) is a single-valued solution that assigns to
each game with nonempty core a unique core element. Maschler et al. (1971) showed
that the nucleolus of a convex game v € T'Y is given by

n) = {x € X(v)

Vi,jeN,i #j: s;‘j(v) =s;i(v)}.

Gong et al. (2022) showed that the nucleolus of a two-bound core game v € F,N with
Cw) =[LulNX©)forl,u e RN is given by

ni(v) = L+ min {5 ;= 1), 2} if 3 3 ey Wi + 1) = v(N);
’ i+ max [ Ly — 1) up — 1 =2} ALYy i + 1) < u(N),

forall i € N, where A € R is such that ZieN ni (v) = v(N). This implies that if two
two-bound core games have equal cores, then their nucleoli are equal.

! Computational aspects of the bounds /* and u™ were studied by Bondareva and Driessen (1994).
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3 Reduced two-bound core games

In this section, we study Davis—Maschler reduced games of two-bound core games.
First, we show that the core of a two-bound core game is equal to the core of a particular
convex game, where the worth of each coalition is defined by the minimum total payoff
of its members in any pre-imputation between the two bounds.

Theorem 1 Let v € T'N. Then there exists U € TN such that C () = C(v).

Proof Let!, u € RN be such that C(v) = [I, u] N X (v). Define v € I'N by
(S) = max Zli, v(N) — Z ui v forall S e 2V,
ieS ieN\S

Gong et al. (2022) showed that C(v) = C(v), which implies that v € FtN . For all
S, T e2V,

v(S) +0(T)

= max Zli,v(N)— Z Ui ¢ + max Zl,-,v(N)— Z u;

ieS ieN\S ieT ieN\T
=max{ Y L+ LN+ Y li— Y u,
ieS ieT ieS ieN\T
VN + Y = D win 20(N) = Y ui— Y i
ieT ieN\S ieN\S ieN\T
<max{ Y L+ Y LN+ Y L= > wit Y =1,
ieSUT ieSNT ieS ieN\T ieS\T
vNY+Y = > i+ Y i =), 20(N) = Y wi— Y ui
ieT ieN\S ieT\S ieN\S ieN\T
= max Z li + Z li,v(N) + Z li — Z Ui,
ieSUT ieSNT ieSNT ieN\(SUT)
N+ Y L= Y wn 20(N) = Y wi— Y
ieSNT ieN\(SUT) ieN\(SUT) ieN\(SNT)
< max Z li,v(N) — Z u; ¢ + max Z li,v(N) — Z u;
ieSUT ieN\(SUT) ieSNT ieN\(SNT)

=0SUT)+0(SNT).

@ Springer



Reduced two-bound core games 451

Hence, v € TV. ]

The following example shows that there exist two-bound core games that are not
convex, and that there exist convex games that are not two-bound core games.

Example 1 Let N = {1,2,3} and let v € '™ be given by

1 if S e {{1,2}, {1, 3}, {1, 2,3}
v(S) = )
0 otherwise.

Then C(v) = {(1,0,0)} but v({1,2}) + v({1, 3}) > v({{1}) + v({1, 2, 3}). Hence,
v ¢ ng.
Now, let N ={1,2,3,4}and letv € ng be given by

2 ifS=N;
v(§) =141 ifSe{{l,2},{1,2,3},1{1,2,4}}
0 otherwise.

Then [*(v) = (0,0,0,0), u*(v) = (2,2,1,1), and (0,0, 1,1) € [I*(v), u*(v)] N
X (), but (0,0,1,1) ¢ C(v). Hence, v ¢ F,N. A

The reduced game (cf. Davis and Maschler 1965) of v € TN on T € 2V \ {8} with
respect to x € RV, denoted by v}. € ', is defined by

v(N)—ZieN\Txi ifS=T;
v} (S) = Jmax {u(s uQ) — .%xi] ifSe2"\ (0, T};
= le
0 ifS=0.

In other words, the worth of a coalition in a reduced game is defined as the maximal
remainder in cooperation with any subgroup of players in the original game that are
not present in the reduced game. It turns out that all reduced games of two-bound core
games with respect to core elements are two-bound core games. Moreover, the core
of these reduced games can be described by the same pair of bounds.

Theorem2 Letv € TN, T € 2NV \ {#}, x € C(v), and let I,u € RY be such that
Cw) =1[l,ulNX). Then

C(vp) = llr,url N X (vp).

Proof Let y € C(vy). Then

Zyi+ Z xi = vp(T) + Z xi = v(N) — Z x; + Z xi = v(N).

ieT ieN\T ieN\T ieN\T ieN\T

@ Springer



452 D.Gong et al.

Let S € 2V . If SN T = @, then

Z yi + Z x,-=in > v(9).

ieSNT ieS\T ieS

IfSNT =T, then

STyt Y xi =i

ieSNT ieS\T
+ Yo m=v) = Yk Y =) x = ().
ieS\T ieN\T ieS\T ieS

IfSNT ¢ {# T}, then

Z yi + Z xi = vp(SNT)+ Z X

ieSNT ieS\T ieS\T

A%

= nax, v((SﬂT)UQ)—in + Zx,-

o< ieQ ieS\T
v - > xi+ Y x
ieS\T ieS\T
= v(S).

This means that (y, xy\7) € C(v), so (y, xy\7) € [, u] N X (v), which implies that
y € I, ur] N X(vy). Hence, C(vy) C [I7, ur] N X(v7).

Lety € [I7,ur] N X (vy). Then (y, xm\7) € [[, u] N X (v), so (v, xy\7) € C(v).
Let S €27\ (@, T}).Forall Q C N\ T,

Yoyi= vty xi—Y xzvEUQ) - x,

ieS ieS ieQ i€eQ ieQ
SO
;> SUQ)— i ¢ = vr(S).
D_viz max qu(SUQ) =) xi=vp(S)
ieS ieQ
This implies that y € C(vy). Hence, [I7, ur] N X (vy) € C(vy). O

4 The core, the nucleolus, and the egalitarian core

In this section, we axiomatically characterize the core, the nucleolus, and the egalitarian
core for two-bound core games using Davis-Maschler reduced game properties. A
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solution satisfies the bilateral reduced game property if the restriction of each pre-
imputation assigned to the original game is consistently assigned to all reduced games
with two players. The converse reduced game property requires that all pre-imputations
for which each two-player restriction is assigned to the corresponding reduced game
are assigned to the original game.

Bilateral reduced game property (cf. Davis and Maschler 1965) For all v € FZN ,all
T e 2V with |T| = 2, and all x € ¢(v), we have vy € F,T and x7 € p(vy).

Converse reduced game property (cf. Davis and Maschler 1965) For all v € F,N
and all x € X(v), if v} € F,T and x7 € @(vy) forall T € 2N with |T| = 2, then
x € o(v).

By requiring the solution to assign the core to all games with two players, Peleg
(1986) characterized the core using the bilateral reduced game property and the con-
verse reduced game property. We obtain a similar axiomatic characterization of the
core for two-bound core games.

Unanimity (cf. Peleg 1986) For all v € F[N with |N| = 2, we have ¢(v) = {x €
XW)|VieN: :xi>v({i}h}.

Theorem 3 The core is the unique solution for two-bound core games satisfying una-
nimity, the bilateral reduced game property, and the converse reduced game property.

Proof Clearly, the core satisfies unanimity. To prove that the core satisfies the bilateral
reduced game property, let v € FIN, let 7 e 2V with |T| = 2, let x € C(v),
and let /,u € RN be such that C(v) = [/, u] N X(v). By Theorem 2, Cy) =
7, ur] N X(v}). In view of x7 € [I7, ur] N X(vy), this implies that vy, € FIT and
x7 € C(vy). Hence, the core satisfies the bilateral reduced game property.

To prove that the core satisfies the converse reduced game property, let v € FZN and
let x € X(v) be such that v} € 'Y and x7 € C(v}) forall T € 2V with |T| = 2. Let
Se2V\{#, N}andlet j € N\ S.Foralli € S,

xi z v i) = max ViU =) = v = > x,

keQ keS\{i}

SO Zi cs Xi = v(S). This implies that x € C(v). Hence, the core satisfies the converse
reduced game property.

To prove uniqueness, let ¢ be a solution for two-bound core games satisfying una-
nimity, the bilateral reduced game property, and the converse reduced game property.
We show that ¢(v) = C(v) forall v € T'N. By unanimity, ¢ (v) = C(v) forallv € TN
with [N| < 2.Letv € I'N with |[N| > 3.

Letx € ¢(v). By the bilateral reduced game property of gz),vjé e 'l andxr € 9(v})
forall T e 2V with |T| = 2, so x1 € C(vy) forall T € 2% with |T| = 2. By the
converse reduced game property of the core, this implies that x € C(v). Hence,
p(v) € C(v).

Let x € C(v). By the bilateral reduced game property of the core, v} € F,T and
xr € C(v}) forall T € 2V with |T| = 2, s0 x7 € ¢(v}) forall T € 2V with
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|T| = 2. By the converse reduced game property of ¢, this implies that x € ¢(v).
Hence, C(v) C ¢(v). O

By requiring the solution to assign the nucleolus to all two-bound core games with
two players, we obtain an axiomatic characterization of the nucleolus for two-bound
core games using the bilateral reduced game property.

Standardness (cf. Aumann and Maschler 1985) For all v € FtN with N = {i, j}, we
have

1
pi(v) =v({i}) + 5 W) = v({ih) —v({j}) -

Lemma 1 (cf. Peleg 1986) Let v € TN let T € 2N \ (@), leti, j € T withi # j, and
let x € X(v). Then

XT (0 X\ __ oX
s;; (vp) = s7;(v).

Theorem 4 The nucleolus is the unique solution for two-bound core games satisfying
standardness and the bilateral reduced game property.

Proof 1t is known that the nucleolus satisfies standardness. To prove that the nucleolus
satisfies the bilateral reduced game property and the converse reduced game property
(used in the uniqueness part), let v € FtN and let x € X(v). By Theorem 1, there
exists 0 € TN such that C(¥) = C(v). This implies that 7(¥) = n(v). By Lemma 1,

sfj“‘” (’v\f‘i,“> = s (v) forall i, j € N with i # j. This implies that x = n(v) if and
only if 93 € I'] and xy = 5 (9}) for all T € 2" with |T| = 2. By Theorem 2, if
x € C(v) and C(v) = C(?), then C (77}) =C (v);) forall T e 2V with |T| = 2. By
Theorem 3, x € C(v) if and only if v} € F,T and x7 € C (v’}) forall T € 2V with
|T| = 2. Together, this implies that x = 5(v) if and only if v}. € I’/ and x7 = 7 (v}.)
forall T e 2V with |T| = 2. Hence, the nucleolus satisfies the bilateral reduced game
property and the converse reduced game property.

To prove uniqueness, let ¢ be a solution for two-bound core games satisfying
standardness and the bilateral reduced game property. We show that ¢ (v) = n(v) for
allv € F,N. By standardness, ¢(v) = n(v) forall v € F,N with |[N| < 2. Letv € F,N
with [N| > 3 and let x € @(v). By the bilateral reduced game property of ¢, vy € rr
and x7 € ¢ (v}) forall T € 2V with |T| = 2, so x7 = 5 (v}) forall T € 2" with
|T| = 2. By the converse reduced game property of the nucleolus, this implies that
x = n(v). Hence, ¢p(v) = n(v). O

By Theorem 1, the core of a two-bound core game is equal to the core of a particular
convex game. It can be shown that if two games have equal cores, then the games have
equal egalitarian cores. Arin and Ifiarra (2001) showed that the egalitarian core is
single-valued for convex games. Together, this implies that the egalitarian core for
two-bound core games is single-valued. We provide an explicit expression.
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Theorem 5 The egalitarian core of a two-bound core game v € F,N is given by

HONE ZESHOF
ECi(v) = {4 iflf(v) <A <uf(v);
up() ifr=ui(v),

foralli € N, where A € R is such that ZieN EC;(v) = v(N).

Proof Let v € T'N. Then |EC(v)| = 1. Define x € R by x; = min{max{l}(v), 1},

u(v)} for all i € N, where A € R is such that ) ; v x; = v(N). Then x €
[[*(v), u*(v)] N X(v), so x € C(v). Suppose for the sake of contradiction that

x ¢ EC(v). Then there exist i, j € N such that x; > x; and sl?‘l.(v) # 0. Then

xi =1I1(w)orx; = ujf(v). Moreover, sfj(v) < 0,50 V(S) < ) yegxk forall S € 2N

withi € Sand j ¢ S.Let 0 < ¢ < —s;;(v). Define x' e RV byx/ =x —&,
/

X; =X + ¢, and x,i = xi forall k € N\ {i, j}. Then x’ € C(v), which contradicts

the definition of /1 (v) or u’]‘f(v). Hence, x € EC(v). O

By requiring the solution to assign the egalitarian core to all games with two players,
Arin and Ifarra (2001) characterized the egalitarian core for games with a nonempty
core using the bilateral reduced game property and the converse reduced game property.
We obtain a similar axiomatic characterization of the egalitarian core for two-bound
core games without requiring the converse reduced game property.

Constrained egalitarianism (cf. Dutta 1990) For all v € F,N with N = {i, j}, we
have

I L {o(ih. JvW)} ifv({ih) = v({jD:

1 - . . .
v(N) — ;) ifv({ih) <v({jh.

Theorem 6 The egalitarian core is the unique solution for two-bound core games

satisfying constrained egalitarianism and the bilateral reduced game property.

Proof Itis known that the egalitarian core satisfies constrained egalitarianism. To prove
that the egalitarian core satisfies the bilateral reduced game property and the converse
reduced game property (used in the uniqueness part), let v € I’ tN and let x € X (v).
By Theorem 3, x € C(v) if and only if v} € I andxr € C (v’}) forall T e 2V with

IT| = 2.By Lemma I, 5" (ug’j}) = sf(v) forall i, j € N with i # j. Together,

this implies that x = EC (v) ifand only if v}. € I'] andx7 = EC (v}) forall T € 2V
with |T'| = 2. Hence, the egalitarian core satisfies the bilateral reduced game property
and the converse reduced game property.

To prove uniqueness, let ¢ be a solution for two-bound core games satisfying
constrained egalitarianism and the bilateral reduced game property. We show that
¢(v) = EC(v) forallv € l"lN. By constrained egalitarianism, ¢(v) = EC(v) for all
v e TN with [N| < 2. Letv € T'N with [N| > 3 and let x € ¢(v). By the bilateral
reduced game property of ¢, v} € 'l and x7 € ¢ (v}) forall T € 2V with |T| =2,
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so xp = EC (v}) forall T € 2V with |T| = 2. By the converse reduced game
property of the egalitarian core, this implies that x = EC(v). Hence, ¢ (v) = EC(v).
O

5 Concluding remarks

In this paper, we axiomatically characterized the core, the nucleolus, and the egalitarian
core for two-bound core games using the Davis—Maschler reduced game properties.
In fact, it can be shown that these solutions satisfy the stronger reduced game property
which requires that the restriction of each pre-imputation assigned to the original
game is consistently assigned to all reduced games (not only with two players), but
the weaker bilateral reduced game property suffices in the axiomatic characterizations.
To show that the properties in these axiomatic characterizations are independent, we
introduce the following additional solutions.

A solution that satisfies unanimity and the converse reduced game property, but not
the bilateral reduced game property, is the solution X, which is forall v € I'N defined
by

;?(U):{C(”) if N < 2
X(v) if|N|>3.

A solution that satisfies unanimity and the bilateral reduced game property, but not
the converse reduced game property, is the solution C, which is for all v € T'V defined
by

é(v)z{c(”) if IN| <2
n() if [N| > 3.

A solution that satisfies standardness, but not the bilateral reduced game property,
is the solution 7, which is for all v € F,N defined by

~ n() if|N| <2
o-fo
X() if|N|>3.

A solution that satisfies cmEt\rained egalitarianism, but not the bilateral reduced
game property, is the solution EC, which is for all v € TN defined by

EC(v) if|N|<2;

ECQ) = {X(v) if [N > 3.

An overview of these solutions, their properties, and the axiomatic characterizations
is presented in the following table. Here, + indicates that the rule satisfies the property,
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C n EC X c 7 EC
Unanimity +* — — + + _ _
Standardness - +* — — — + _
Constrained egalitarianism - — +* - — — +
Bilateral reduced game property +* +* +* — + — —
Converse reduced game property +* + + + — + +

— indicates that the rule does not satisfy the property, and * indicates the axiomatic
characterizations.
Hence, the properties in Theorems 3, 4, and 6 are independent.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Arin J, Inarra E (2001) Egalitarian solutions in the core. Int J Game Theory 30(2):187-193

Aumann R, Maschler M (1985) Game theoretic analysis of a bankruptcy problem from the Talmud. J Econ
Theory 36(2):195-213

Bondareva O, Driessen T (1994) Extensive coverings and exact core bounds. Games Econ Behav 6(2):212—
219

Davis M, Maschler M (1965) The kernel of a cooperative game. Naval Res Logist Q 12(3):223-259

Dietzenbacher B (2018) Bankruptcy games with nontransferable utility. Math Soc Sci 92:16-21

Driessen T (1985) Properties of 1-convex n-person games. OR Spectr 7(1):19-26

Dutta B (1990) The egalitarian solution and reduced game properties in convex games. Int ] Game Theory
19(2):153-169

Gong D, Dietzenbacher B, Peters H (2022) Two-bound core games and the nucleolus. Ann Oper Res. https://
doi.org/10.1007/510479-022-04949-0

Maschler M, Peleg B, Shapley L (1971) The kernel and bargaining set for convex games. Int ] Game Theory
1(1):73-93

Muto S, Nakayama M, Potters J, Tijs S (1988) On big boss games. Econ Stud Q 39(4):303-321

O’Neill B (1982) A problem of rights arbitration from the Talmud. Math Soc Sci 2(4):345-371

Peleg B (1986) On the reduced game property and its converse. Int J Game Theory 15(3):187-200

Potters J, Poos R, Tijs S, Muto S (1989) Clan games. Games Econ Behav 1(3):275-293

Quant M, Borm P, Reijnierse H, van Velzen B (2005) The core cover in relation to the nucleolus and the
Weber set. Int J Game Theory 33(4):491-503

Schmeidler D (1969) The nucleolus of a characteristic function game. SIAM J Appl Math 17(6):1163-1170

Shapley L (1971) Cores of convex games. Int J Game Theory 1(1):11-26

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s10479-022-04949-0
https://doi.org/10.1007/s10479-022-04949-0

	Reduced two-bound core games
	Abstract
	1 Introduction
	2 Preliminaries
	3 Reduced two-bound core games
	4 The core, the nucleolus, and the egalitarian core
	5 Concluding remarks
	References




