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Abstract

We consider an optimal switching problem where the terminal reward depends on the
entire control trajectory. We show existence of an optimal control by applying a prob-
abilistic technique based on the concept of Snell envelopes. We then apply this result
to solve an impulse control problem for stochastic delay differential equations driven
by a Brownian motion and an independent compound Poisson process. Furthermore,
we show that the studied problem arises naturally when maximizing the revenue from
operation of a group of hydro-power plants with hydrological coupling.

Keywords Impulse control - Optimal switching - Real options - Stopping time - Snell
envelope - SDDEs

1 Introduction

The standard optimal switching problem (sometimes referred to as starting and stop-
ping problem) is a stochastic optimal control problem of impulse type that arises when
an operator controls a dynamical system by switching between the different members
in a set of operation modes Z = {1, ..., m}. In the two-modes setting (m = 2) the
modes may represent, for example, “operating” and “closed” when maximizing the
revenue from mineral extraction in a mine as in Brennan and Schwartz (1985). In
the multi-modes setting the operating modes may represent different levels of power
production in a power plant when the owner seeks to maximize her total revenue
from producing electricity as in Carmona and Ludkovski (2008) or the states “operat-
ing” and “closed” of single units in a multi-unit production facility as in Brekke and
@ksendal (1994).
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466 M. Perninge

In optimal switching the control takes the form u = (ty, ..., tN; B1, .-, BN),
where 71 < 170 < --- < Ty is a sequence of times when the operator intervenes
on the system and 8; € TPt =T\ {Bj—1} is the mode in which the system is
operated during [7;, 7j41). The standard multi-modes optimal switching problem in
finite horizon (7' < 00) can be formulated as finding the control that maximizes

T N
E fo bz, (5)ds + Ve — D _cp (1)) |

j=1

where & = boljo,r) () + Z?’Zl Bjliz;.zj,1) () is the operation mode (when starting
in a predefined mode by € Z), ¢ and V¥, are the running and terminal reward in mode
b € I, respectively and ¢, 5y (¢) is the cost incurred by switching from mode b to mode
b attimet € [0, T].

The standard optimal switching problem has been thoroughly investigated in the
last decades after being popularised in Brennan and Schwartz (1985). In Hamadéne
and Jeanblanc (2007) a solution to the two-modes problem was found by rewriting
the problem as an existence and uniqueness problem for a doubly reflected backward
stochastic differential equation. In Djehiche et al. (2009) existence of an optimal con-
trol for the multi-modes optimal switching problem was shown by a probabilistic
method based on the concept of Snell envelopes. Furthermore, existence and unique-
ness of viscosity solutions to the related Bellman equation was shown for the case
when the switching costs are constant and the underlying uncertainty is modeled by
a stochastic differential equation (SDE) driven by a Brownian motion. In El Asri
and Hamadéne (2009) the existence and uniqueness results of viscosity solutions was
extended to the case when the switching costs depend on the state variable. Since then,
results have been extended to Knightian uncertainty (Hu and Tang 2008; Hamadene
and Zhang 2010; Chassagneux et al. 2011) and non-Brownian filtration and signed
switching costs in Martyr (2016). For the case when the underlying uncertainty can
be modeled by a diffusion process, generalization to the case when the control enters
the drift and volatility term was treated in Elie and Kharroubi (2014). This was fur-
ther developed to include state constraints in Kharroubi (2016). Another important
generalization is to the case when the operator only has partial information about the
present state of the diffusion process as treated in Li et al. (2015).

In the present work we consider the setting with running and terminal rewards that
depend on the entire history of the control. We also show that a special case of the
type of switching problems that we consider is that of a controlled stochastic delay
differential equation (SDDE), driven by a finite intensity Lévy process.

To motivate our problem formulation we consider the situation when an operator of
two hydro-power plants, located in the same river, wants to maximize her revenue from
producing electricity during a fixed operation period. We assume that each plant has
its own water reservoir. The power production in a hydropower plant depends on the
drop height from the water level of the reservoir to the outlet and thus on the amount of
water in the reservoir. As water that passes through the upstream plant will eventually
reach the reservoir of the downstream plant we need to consider part of the control
history in the upstream plant when optimizing operation of the downstream plant.
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In this setting our cost functional can be written
T
J(u) :=E[/ ¢, 1,y TN By - BNy
0
FY @ TN B BY) = Y g (1) | ()
J

where Ny := max{j : ; < s}. The contribution of the present work is twofold. First,
we show that the problem of maximizing J can be solved under certain assumptions
on ¢, ¥ and the switching costs c.. by finding an optimal control in terms of a
family of interconnected value processes, that we refer to as a verification family.
We then show that the revenue maximization problem of the hydro-power producer
can be formulated as an impulse control problem where the uncertainty is modeled
by a controlled SDDE and use our initial result to find an optimal control for this
problem.

The remainder of the article is organized as follows. In the next section we state the
problem, set the notation used throughout the article and detail the set of assumptions
that are made. Then, in Sect. 3 a verification theorem is derived. This verification the-
orem is an extension of the original verification theorem for the multi-modes optimal
switching problem developed in Djehiche et al. (2009) and presumes the existence of
a verification family. In Sect. 4 we show that, under the assumptions made, there exists
a verification family, thus proving existence of an optimal control for the switching
problem with cost functional J. In Sect. 5 we more carefully investigate the example
of the hydro-power producer and show that the case of a controlled SDDE fits into the
problem description investigated in Sects. 3 and 4.

2 Preliminaries

We consider a finite horizon problem and thus assume that the terminal time T is fixed
with T < oo.

We let (£2, F, IF, P) be a probability space, with [ := (F;)o<;<r a filtration satis-
fying the usual conditions in addition to being quasi-left continuous.

Remark 1 Recall here the concept of quasi-left continuity: A cadlag process (X; :

0 <t < T) is quasi-left continuous if for each predictable stopping time y and every
announcing sequence of stopping times y; ' y we have X, := klim Xy =Xy,
— 00

P-a.s. A filtration is quasi-left continuous if 7, = F, _ for every predictable stopping
time y.
Throughout we will use the following notation:

— Pr is the o-algebra of F-progressively measurable subsets of [0, T'] x £2.

— For p > 1, we let S” be the set of all R-valued, Pr-measurable, cadlag processes
(Z; : 0 <t < T) such that, P-a:s., E [sup, (o 7 1Z/|”] < oo and let S(Zc be the
subset of processes that are quasi-left continuous.
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468 M. Perninge

— We let 7 be the set of all F-stopping times and for each y € 7 we let 7,, be the
corresponding subsets of stopping times 7 such that t > y, P-a.s.

— We let U be the set of all u = (ty, ..., Tn; B1, ..., BN), Where (tj)jyzl is a non-
decreasing sequence of F-stopping times (such that lim; .. 7; = 7, P-a.s.) and
Bjel —Bi-1 js JFr;-measurable (with Bo := by, the initial operation mode).

— We let 47 denote the subset of u € U for which N is finite P-a.s. (i.e. U =
{u e : Pllwe 2 : Nw) >k, Vk >0}] = 0}) and for all & > 0 we let
U :={uel: N <k).Fory e T weletl, (and U)f resp. Z/{’;) be the subset of
U (and U/ resp. UF) with 71 € T,,.

— We define the set D := {(t1,...:b1,...) i1 <tr <---, bj1 € I_bf} and let
D/ be the corresponding subset of all finite sequences.

— Foralln > 0, we let 2" := {(by,...,by) € I" : b; € T7Pi-1} and T" :=

{(Ul,'--,nn)ET"i 77157725"'517;1}-
— For l_z 0, we leg 7 = {0, T2 21271 ..., T} and define the map .
Uj»17/ = Uj>17T7 as Fl(_m,...,nj) = (nf{s € IT} : s > n1},...,inf{s €

I, : s >n;)) foralln € T7.

To make notation more efficient we introduce the F7-measurable function:

T
Y(ty,..., TN By .-+ BN) ::/0 o, 11, ..., TN, B, ..., BN, )ds
+1ﬂ(‘51,...,‘l,'1v;,31,...,,31v).

2.1 Problem formulation

In the above notation, our problem can be characterized by two objects:

— A Fr ® B(D)-measurable map ¥ : D — R.
— A collection, (¢pp : £2 x [0, T] — R)(b’ byeT? of Pp-measurable processes.

We will make the following preliminary assumptions on these objects:

Assumption 1 (i) The function ¥ is P-a.s. right-continuous in the intervention times
and bounded in the sense that:

(@) sup,e  EII¥ (11, ...; b1, .. )*] < 0.
(b) Forall(t,b) € D/ andany' b € Z~b» wehave sup, Elsupsep, 77 ¥ (L, s, T1
Vs, ...:b, b, B1,.. )] < cc.
(ii) For each (t,b) € D/ and any b € Zbn we have ¥ (t;b) > W(t,T;b,b) —

cp,.p(T), P-ass.
(iii) We assume that (Cb,b/)(b pyel2 € (S;lc)m(m’]) are such that:

(@) cppy =0, P-as.

1 Throughout we will use #,; and b, to denote that last element in the vector t and b, respectively, whenever
(t,b) e DI,
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(b) There is an € > 0 such that for each (¢1,...,1,,b1,...,b,) with0 < £ <
-<t, <T and b eI’b",andbj € 77— for j =2,...,n, we have

Chy by (1) + -+ Cp, by (1) = €,

P-a.s.

The above assumptions are mainly standard assumptions for optimal switching
problems translated to our setting. Assumptions (i.a) and (iii.a) together imply that the
expected maximal reward is finite. Assumption (ii) implies that it is never optimal to
switch at the terminal time. We show below that the “no-free-loop” condition (iii.b)
together with (i.a) implies that, with probability one, the optimal control (whenever it
exists) can only make a finite number of switches.

We consider the following problem:

Problem 1 Find u* € U, such that

J(u*) = sup J(u). 2)
ueld O

As astepin solving Problem 1 we need the following proposition which is a standard
result for optimal switching problems and is due to the “no-free-loop” condition.

Proposition 1 Suppose that there is a u* € U such that J(u*) > J(u) for allu € U.
Then u* € U/ .

Proof Pick i := (21, ..., %5: B1..... By) e U\U' andlet B := {w € 2 : N(w) >
k, Vk > 0}, then P[B] > 0. Furthermore, if B holds then the switching mode & must
make an infinite number of loops and

k—m

J(@@) < supE[|¥(r1,...; B1. .. )] — eP[B] < C — feIP[B],
m

ueld m

for all k > 0, by Assumptions 1(iii.b) and 1(i.a). However, again by Assumption 1(i.a)
we have? J(f) > —C. Hence, i is dominated by the strategy of doing nothing and
the assertion follows. O

2.2 The Snell envelope

In this section we gather the main results concerning the Snell envelope that will be
useful later on. Recall that a progressively measurable process U is of class [D] if the
set of random variables {U; : t € 7} is uniformly integrable.

Theorem 1 (The Snell envelope) Let U = (U;)o<;<T be an F-adapted, R-valued,
cadlag process of class [D]. Then there exists a unique (up to indistinguishability),
R-valued cadlag process Z = (Z;)o<i<t called the Snell envelope, such that Z is
the smallest supermartingale that dominates U. Moreover; the following holds (with
AU; :=U; — U;—):

2 Throughout C will denote a generic positive constant that may change value from line to line.
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470 M. Perninge

(i) For any stopping time vy,

Z, =ess supE [Ur |.7-'y] . (3)
€7,

(ii) The Doob—Meyer decomposition of the supermartingale Z implies the existence
of a triple (M, K¢, K%) where (M; : 0 < t < T) is a uniformly integrable
right-continuous martingale, (Kf : 0 <t < T') is a non-decreasing, predictable,
continuous process with K = 0 and (Kld :0 <t < T)isnon-decreasing purely
discontinuous predictable with K(‘)l =0, such that

Z, =M, — K¢ — K’ 4

Furthermore, {A; K¢ > 0} C {A,U <0} N{Z;— = U;_} forallt € [0, T].

(iii) Let & € T be given and assume that for any predictable y € Ty and any
increasing sequence {yi}k>0 with yx € Tp and limy_o vk = ¥, P-a.s, we
have limsup,_, Uy, < U,, P-a.s. Then, the stopping time T defined by
‘L’G* = inf{s >0 : Z; = Us} AT is optimal after 0, i.e.

Zyg =K I:UTJ

.7:9] .

Furthermore, in this setting the Snell envelope, Z, is quasi-left continuous, i.e.
K1 =0.

(iv) Let U* be a sequence of cadlag processes converging increasingly and pointwisely
to the cadlag process U and let Z* be the Snell envelope of UX. Then the sequence
Z* converges increasingly and pointwisely to a process Z and Z is the Snell
envelope of U.

In the above theorem (i)—(iii) are standard. Proofs can be found in El Karoui (1981) (see
Latifa et al. 2015 for an English version), Appendix D in Karatzas and Shreve (1998),
Hamadene (2002) and in the appendix of Cvitanic and Karatzas (1996). Statement (iv)
was proved in Djehiche et al. (2009).

We will need to following trivial extension of (iv):

Lemma 1 Let UX be a uniformly bounded sequence in S* and let Z* be the Snell
envelope of UX. If there exist a process U € S? such that SUP;[0.77 |Utk - U = 0,
P-a.s. as k — oo, then the sequence Z* converges pointwisely to a process Z and 7
is the Snell envelope of U.

Proof Note that U is a cadlag process by the uniform convergence. Hence, it has

a Snell envelope, Z. Letting (T]]-‘) C 7; be a sequence of stopping times such that
ZF = lim o E[US | 711, then
J
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Z, > lim E[UT}» | 7]

j—o00
=7y — lim E[US — U |7 ]
j J

J—00

> 7K E [ sup UK — US||.7-',i|
s€[0,T]

Butsimilarly Zf > Z; — E[sup, o 7 |Uf — U|| 7] and we conclude that | Zf — Z;| <
E[supse[o,T] |Uf — Ug||F;] and the assertion follows. O

The Snell envelope will be the main tool in showing that Problem 1 has a solution.

2.3 Additional assumptions on regularity

From the definition of the Snell envelope it is clear that we need to make some further
assumptions on the regularity of the involved processes. To facilitate this we define,
foreach (t,b) = (t1,...,t;;b1,...,by) € D/, the value process corresponding to
the control u € U as

‘/Xt;b,u ::]E[lp(t,tn\/S\/T],..-,tn VSVTN;b,,B],...,ﬂN)
N
=Yt Vs VIIF |
Jj=1
with ,3() = bn~

We make the following additional assumptions:

Assumption 2 (i) For each n > 0 and each (5, b) € 7" x Z" and b € T~ there is
a sequence of maps (4 — U 1 u — 121)120 such that

. 1 bl
lim supE [ sup [(V7Pu — y I bty +
[=00 ey | se€l0,T]

. 1 1 . ~l
+(VS77,SW7,,,b,b,u _ VSF ),svI*(ny);b,b,u )+|2] —0.

Furthermore, we have

lim  sup E|: sup |(VXFI('7)¢b»M _ Vsn;b,u)+

=00 uettyy, [ s€l0.7]

i i . .
(VI sV bobu Vgn,svnn,b,b,u)ﬂz] 0.

(i) Forall (t,b) € Df and all b € T~ the process (ess sup, e V&V PP . 0 <
s<T) isinSglcfork =0,1,...
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472 M. Perninge

3 A verification theorem

The method for solving Problem 1 will be based on deriving an optimal control under
the assumption that a specific family of processes exists, and then showing that the
family indeed does exist. We will refer to any such family of processes as a verification

family.
Definition 1 We define a verification family to be a family of cadlag supermartingales
(YEP)o<s<7 : (t,b) € DS) such that:

(a) The family satisfies the recursion

YEP —ess sup R [Liz=71% (t; b)

fEthn
Flpeary max {—cp, 50+ YL F 5)
ﬂEIib” ’
(b) The family is bounded in the sense that sup E[ sup |Yo ™ PPV 2] < o,
uE_Z/{ s€[0,T] _
(¢) Forall n > 1 we have that for everyb € 7" and n € 7",
lim E| sup |y['®® _yrbR |0 ©)
[=o0 | se[0,T]
and for all b € 77" we have
lim E| sup |Y€F’(n)78VF’(nn):b,b —ymsvmibb2 | g, %)
I=oo | se0,11 )

(d) Forevery (t,b) € DS and every b € T~ "n the process (Y;’S;b’b :0<s<T)is
)
inS e
The purpose of the present section is to reduce the solution of Problem 1 to showing
existence of a verification family. This is done in the following verification theorem:

Theorem 2 Assume that there exists a verification family ((Yst;b)ofsz . (t,b) € DY).
Then the family is unique (i.e. there is at most one verification family, up to indistin-
guishability) and:

(i) Satisfies Yo = sup, gy J (u) (where Y := YQ)).
(i) Defines the optimal control, u* = (t{, ..., TN« B]. ..., BN«), for Problem I,
where (f;)lsjsN* is a sequence of F-stopping times given by

T} = inf [s > Y, i
= max { —cpgr g(s) + Y:l ’’’’ KR ﬂ}] AT
pez Pin1 ‘
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(,3;) 1<j<N+* 1s defined as a measurable selection of
. N T THB BB
B; € argmflx [ — clg;fil’ﬁ(tj) + er
ﬁeIiﬂj*I

and N* = max{j : t;.‘ < T}, with (z§, B3) := (0, bo).

Proof The proof is divided into three steps where we first, in steps 1 and 2, show that
forany 0 < j < N* we have

= ess supE[ﬂ[fZﬂW(r{", s T B BY)
ey ' ’

T T T BT BB
+ Lir<7] max {—Cﬁ{«“g(f) + Y-[1 J 1 J } ‘fv:l
/SeI_ﬂ/ !

= B[ Ljer, o (s T B BD)

T

s Foes T}‘+1;ﬂ7v-~’ ;f+1
+ H[T;+1<T] {—Cﬂ}!" ;H (Tj+1) + Yt7+] } ‘\Fr]»
(3

P-ass. for s € [t}, 77, ]. Then in Step 3 we show that u* is the optimal control
estabilishing (i) and (i1). A straightforward generalization to arbitrary initial conditions
(t,b) € D/ then gives that

N
Yst;bzess sup E | w(t, ‘E[,...,‘L’N;b,ﬂl,...,,BN)—ZCﬁjfl,ﬁj(tj) Fs |,

uelyvi,

=1

©

by which uniqueness follows.

Step 1 We start by showing that for each (t, b) D/ the recursion (5) can be written
in terms of a F-stopping time. From (5) we note that, by definition, Y'©P is the smallest
supermartingale that dominates

Uth .= (]l[s=T]'I/(t; b) + Tjs<ry max {—cp, p(s V 1)
BeZbn
+Yst,svtn;b,ﬁ} ‘ c0<s< T) . (10)

Now, by Assumption 1(iii) and property (d) in the definition of a verification family
(Definition 1) we note that U%P is a cadlag process of class [D] that is quasi-left
continuous on [0, 7). Furthermore, by Assumption 1(ii) and property (d) we get that
for any sequence (nx)k>0 C 7 suchthatn, /' T,[P-a.s. wehave limy_, U,g;{b < U;;b,
P-a.s. By Theorem 1(iii) it thus follows that for any & € 7, there is a stopping time
vo € T;,vp such that:
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474 M. Perninge

Yet;b =E |:]l[J/9=T]lp(t; b) + Lpy, <7 ﬂn?)i [_Cbn,ﬁ(ye) + Y)E;)w;b’ﬂ} ‘}_0:| .
€Ll Pn

Step 2 Next, we show that Yy = J (u*). We start by noting that Y is the Snell envelope
of

(%:T}‘I’o + 1ljy<7) max {_Cbo,ﬂ(s) + Yss’ﬂ} :0<s< T) ,
BeZ "0

where ¥ := ¥ (), and by step 1 we thus have

Yo=supE |:1[1—T]q/0 + ]l[r<T] max {—Cbo,ﬁ(l') + Y;[’ﬁ}:|
teT f}el'*bo

= * * — * T]*“B}

=E |:11[r] =11%0 + Lirp <1 ) { Cby,p(T1) + Y }
*,ﬂ*

=E [ﬂ[rrﬂ]‘f’o + Ligj<7) {—Cbo,ﬂi‘(fik) + v ]] :

Moving on we pick j € {I,..., N*}. For M > 0, let z_ = —land zx := kT j2M
for k = 0, ...,2M . Furthermore, we define the processes (YSM :0<s <T)and
(UM :0<s<T)by

.
M= Y B[y @ L) (0D Ligr b
(k1...k))EZI (by,....b;)eTi

...]l[ﬂ.ﬁ;:bjli}‘s]ys i .’
and

M. _
Uy = Z Z E[H(Zklfhzh](ff) T ]l(Zk_,fl,ij](fl;'k)]l[ﬂf=b1]
(k1,...k;)EZI (by,....b;)€Li

. l[ﬁ}k:bj]|-F€](]]-[‘Y:T]W(Zk17 PN ij; bl, veny bl)

forall s € [0, T], where Z/ = {(ki ... k) €40, ....2M) k) < kg < -+ < k).
Now, for each (ki, ..., kj, by,...,b;) € Z/ x I’ we have that

ZhpseeZhj3b1,00bj
Lok 1210 - Ly )0 Lgr=py - Ligr=p¥s 7

is the product of an ft;e—measurable positive r.v. and a cadlag supermartingale, thus,

it is a cadlag supermartingale for s > 7:;. Hence, Y™ is the sum of a finite number
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of cadlag supermartingales and thus a cadlag supermartingale itself. By definition we
find that ¥¥ dominates UM which is of class [D] by Assumption 1(i) and prop-
erty b). To show that YM is in fact the Snell envelope of UM assume that Z is
another cadlag supermartingale that dominates UM for all s € [r;‘, T]. Then for

each (ki,...,kj;b1,...,b;) € Z/) x I and s > T, we have

Lz 1210+ Ly 1T Ligr=pny - Lipr=b1 Zs
z IL(z1<1—|,1k1](fl*) T ]l(ij—thj](T;)l[ﬂT:bl]

...l[ﬂjzb_,](w(zm,...,ij;bl, ..., b))

Zhy seees Zk.,8;b1,...,b;,B
+ Is<r) max {_ij,ﬂ(s)+Ys : ! ! })
pezbi

P-a.s. which by (5) gives that

Loty 1.2 1T+ Loz 1) Ligp=bn) - - Ligi=b;) Zs

AZky s Tk ;31 b

> ]l(Zkl—l,Zkl](Tl*) s ]L(ij—l,ij](T;()]l[ﬁ;‘:bl] s ]l[ﬁ;?:bj]Ys

Summing over all (ky, ..., k;;b1,...,bj) € 7Z) x I/ we get Zg > fy,IP’-a.s.

A M (% kY. Q¥
Noting that YM = y ! (o) Pl

LT BT LB A . .
SUPs¢[0,7] |y, T -7 S,M | — 0 in probability, as M — oo. Hence, there

is a subsequence (M )k>1 such that the limit taken over the subsequence is 0, [P-a.s.
Furthermore, as the convergence is uniform the limit process is cadlag.

By right-continuity of the switching costs and ¥ and (7) of property (c) we have
that E[supsc 77 [Us — UM12] - 0 as k — oo, where for notational simplicity we
abuse the notation in (10) and let

Fi and using (6) of property (c) we find that

U = Jl[S:T]lI/(Il*, e, ‘L’}k; ,Bik, cee, ,37) + Ls<7) maj;* [_Cﬂ;“ﬁ(s)

BeZ i
T 758 B BT B
4y TR < s < T

Hence, (My)i>0 has a subsequence (Mk)kzo such that SUpsero. 77 |Us — lA]SMk| — 0,
P-a.s. as k — oo. This implies that U is a cadlag process which is of class [D] by
Assumption 1(i) and property (b).

We thus have that UM+ is a sequence of cadlag processes, uniformly bounded in S?
that converges uniformly in 7 to the cadlag process U of class [D] and that Y™ is the
Snell envelope of U Mk, for all £ > 0. Then, by Lemma 1 we find that ¥ M converges

@ Springer



476 M. Perninge

pointwisely to the Snell envelope Snell envelope of U. Hence, (Ysr1 e P
r;" <s< T) is the Snell envelope of U.

To arrive at the second equality in (8) we note that the results we obtained in
Step 1 implies that for any sequence (y;);s0 C 7 with y; / y € T we have
limy— 00 E[U)f‘ll] < IE[U)Z,V’] for all M > 1. Now, for all k > O this gives

lim E[U,,] < lim E[UY] + lim E[|U,, — M |]
[— 00 [—o0 7 [— 00 7

<E[U,]+2E| sup |U; — UM,
s€[0,7T]

where the last term can be made arbitrarily small and we, thus, have that
lim;_, o, E[U,,] < E[U, ] and by Theorem 1(iii) we get (8).
By induction we get that for each K > 0,

KAN*
Y() =FE ]l[N*fK]lp(Tl*s ey 'L';\}*; ,Bik, ey ﬁ}k]*) - Z Cﬂj_l’lg.ﬁ; (‘L'J*)
Jj=1
..... T B LB
+lvesk1{— CBx Pkt (TK+1) + Y e KH]

Now, arguing as in the proof of Proposition 1 and using property (b) we find that

u* € U'. Letting K — oo and using dominated convergence we conclude that

Yo = J(u®).
Step 3 It remains to show that the strategy u* is optimal. To do this we pick any other
strategy & = (T, ..., N, ,31, .. ﬂN) cu’. By the definition of Yy in (5) we have

Yo > E [ﬂ[flzT]wo + 13, <7 max { Cho,p(T1) + YA1 ﬂ]:|
BeZ~to

> E I:l[fliT]lI/O =+ ]llf1<T] { Cb /31 (T]) + YTI }31 }]

but in the same way

Y;I»BI > El:l[fZZT]lp(fl’ Bl) + Il'[f2<T] { ﬂ ﬁ (.52) + Y‘El 125 ﬁl ,32} ‘*’T‘fl:l7

P-a.s. By repeating this argument and using the dominated convergence theorem we
find that J (u*) > J(4) which proves that u* is in fact optimal. Repeating the above
procedure with (t, b) € D/ as initial condition (9) follows. O

The main difference between the above proof and the proof of Theorem 1 in the
original work by Djehiche et al. (2009) is that, due to the fact that the future reward at
any time depends on the entire history of the control, we are forced consider a family of
processes indexed by an uncountable set rather than a g-tuple for some finite positive
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. . r*,,,,)r*.‘; K * .
q. Hence, we cannot simply write Y177/ PP} as the sum of a finite number of

Snell envelopes. To arrive at the above verification theorem we therefore impose the
right-continuity constraint assumed in Assumption 2.i. This effectively allowed us to
find the two sequences of processes that approach on the one hand the value process
corresponding to the optimal control and on the other hand the dominated process, in
S2.

4 Existence

Theorem 2 presumes existence of the verification family ((Yst;b)ofsfr :(t,b) €
DY). To obtain a satisfactory solution to Problem 1, we thus need to establish that a
verification family exists. This is the topic of the present section. We will follow the
standard existence proof which goes by applying a Picard iteration (see Carmona and
Ludkovski 2008; Djehiche et al. 2009; Hamadéne and Zhang 2010). We thus define a

sequence ((Yst;b’k)oSSST 1 (t,b) € Df)kzo of families of processes as

vi0 = Blw e b)| 7 (1
and
YEPK = ess sup E[l[rzr]lll(t; b)
TG’EVm
+ 1[1—<T] ﬂn:lZ?Xb {—C})n’ﬂ(f) + Y_:»T;b,ﬁ,k—l} ‘fv] (12)
eZ—bn
fork > 1.

Proposition 2 The sequence ((Yf;b’k)ofssr 1 (t,b) € Df)kzo is uniformly bounded
in the sense that there is a K > 0 such that,

supE| sup |Ys”’"'”Sl """ k|2 <K,
ueld s€[0,T]

and for all (¢, b) € DS and b € T, we have

E sup |Yst,svtn;b,h,k|2 <K,
s€[0,T]

forallk > 0.

Proof By the definition of YP-* we have that for any u € U/,

E[lll(rl, B .)|}}] < Ys”""”31 """ k< ess supE[lI/(fl, o ,31, ...)|]-'S].
neld
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A

By Doob’s maximal inequality we have that for any i := (7y,...; B1,...) €U

IE[ sup IE[|!I/(?1,...;51,...)”]-}]2} 5C]E[|W(f1,...;51,...)|2].

s€[0,7]

Taking the supremum over all & € U/ on both sides and using that the right hand side
is uniformly bounded by Assumption 1(i.a) the first bound follows.
Concerning the second claim, note that

]E[ Sup |Y;,Svln;b,b,k|2i|

s€[0,7T]

<supE| sup E[ sup |W(t,r,r1Vr,..-;b,b,ﬂl,--~)||fv]2 .
ueld s€l0,T]  relt,,T]

Now, arguing as above we find that

E| sup |[YEVmbbK2) < CqupB| sup |W(t,r, TV, ...ibb, B, )
5€[0,T] ueld r€lty,T]

where the right hand side is bounded by Assumption 1(i.b). O

Proposition 3 The family of processes ((Yst;b’k)ofxfr 2 (t,b) e D) satisfies:

(i) For everyn > 1 and every (n,b) € T" x I" and b € T~b we have

E| sup |YXF1('7);I”]‘ — Y;7;I”k|2 — 0
5€[0,T]

and

E |: sup |Ybrl(n),svfl(nn);b,hn,k _ Yg,SVﬂn;b,hn,k|2i| N 0’
5€[0,T]
as | — oo uniformly in k.
(ii) Forevery (t,b) € D and every b € T="», the process (Yf’sw";b’b’k :0<s<T)
isinSslcfork =0,1,...

Proof The proof will follow by induction and we use (i’) to denote the first statement
without the uniformity.

For k = 0, we have Y& VP00 _ yt-viubb i o 82, by Assumption 2(i) and (i")
follows from Assumption 2(i). Now, assume that there is a k¥’ > 0 such that (i’) and
(ii) holds for all k < k’. Applying a reasoning similar to that in the proof of Theorem 2
we find that
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t;b,k’+1 __ t:b,u
Y, =ess sup Voo

K 41
uelsyy,

But then by Assumption 2 we find that (i”) and (ii) hold for ¥’ + 1. By induction (i*)
and (ii) hold for all £ > 0.

It remains to show that (i) holds. By the above reasoning we find that, for each k
we have

E| sup |YSF1(n);b,k — ymbk2
5€[0,T]

1 . . . 1 .
< E |: sup |(Y5F )bk _ st,b,k)+|2:| + E |: sup |(YS77,b,k _ YSF (n),b,k)+|2]
s€[0,7] s€[0,T]

< sup E[ sup |<vsf’<">;"’"—v;”"'“>+|2}

ueuﬂ(w s€[0,T)

+supE | sup |[(VIPu — VYFI(”);"";/)J’F
ueld s€[0,T]

where the right hand side of the last inequality does not depend on k and tends to zero
as [ — oo by Assumption 2(i). The second statement in (i) follows by an identical

argument. O
Corollary 1 For each k > 0 and each s € [0, T] there is a u* = (‘L’lk, R r]lf]k;
Bl Bri) € Up s, such that

NE
Yf;b’k = E|:llf(t, r{‘, e 1:1]\‘,,(; b, ,3{(, e ﬂllilk) — Zcﬂfsﬁf_l (t/]f)‘fyi|,
j=1

with B = by.

Proof Follows from the definition of YP-* and Propositions 2 and 3 by applying the
same argument as in the proof of the verification theorem (Theorem 2). O

Proposition 4 For each (t,b) € D7, the limit Y50 := limy_ o Y5PK, exists as an
increasing pointwise limit, P-a.s. Furthermore, the process plVinbb cadlag for

eachb € T=bn,

Proof Since Z/ltk C L{,k‘H we have that, P-a.s.,

yEPK < yERAFT < o supE[|lI/(tl, Bl .)||.7-'S],
ueld

where the right hand side is bounded P-a.s. by Proposition 2. Hence, the sequence
((Yst;b’k)oSSET : (t,b) € D) is increasing and P-a.s. bounded, thus, it converges
P-a.s. forall s € [0, T].

@ Springer



480 M. Perninge

Concerning the second claim, note that for p € (1, 2), we have
sup Yst,svt,,;b,b,k < sup sup Yyt,rvz,,;b,b,k
SE[O,T] SG[QT]FE[O,T]

< sup esssupE[ sup |[¥(t,r,TiVr,...;b, b, B, ..)||F]
s€[0,T] ueld relty,T]

<14 sup esssupE[ sup |¥(t,r,tyVr,...;b,b,B1,.. .)|”‘]-"S] =: K(w)
s€l0,T] ueld relt,,T]

for all k > 0O (where the inequalities hold P-a.s.). Now, arguing as in the proof of
Proposition 2 we have

E| sup esssupE[ sup |[¥(t,r,TiVr,...;b,b, B, ~--)|p|fs]2/p
se€l0,T] ueld relt,,T]

<CsupE| sup |lI/(t,r,‘E1Vr,...;b,b,,Bl,...)|2 < 00
ueld relt,,T]

We thus conclude that there is a P-null set A such that for each w € £2 \ N we have
K(w) < o0.

By the “no-free-loop” condition [Assumption 1(iiib)] and the finiteness of Z we get
that for any control (ty, ..., Tn; B1,---, BN),

N
> ;8 (T) = €N —m)/m,

j=1

P-a.s. For w € £2 \ NV (in the remainder of the proof A/ denotes a generic P-null set),
we thus have

“K(w) < Yst,x\/tn;b,b,k(w) <E[¥(t,s Vi, 7;{" . Nk’ b,b, By, ..., 'B]li/k)
—e(N* /m = 1)| F5)(w)
< K(w) + € — ¢/mE[N*| F;1(w),

where (1:{‘, e, r]]f,k; ,Bk, e, ,B ¢) € L{W[ is a control corresponding to Yt SVinib.b, k
This implies that for &’ > 0 we have,
PIN* > K| F)(@) < QK (@)m/e +m) /K .
Now, for all 0 < k' < k we have,
otV bbbk k' k k
yLsv = EI:lI/(t, S, T, NkAk” b, b, ,31, N NN,

N* AR
_ Z g ﬁk(r )‘]_-] < YLVbbK o ptsviibbk,
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where we introduced the process yb.thk corresponding to the truncation (r{‘, cee
r]]f,k/\k,; ,8{‘, e, ﬂ]@k/\k,) of the optimal control. As the truncation only affects the
performance of the controller when N* > k’ we have

t,sVt,:b,b.k ot.s\Vi,:b,b. k. k'
Ys " - Ys "

Nk
:E[ﬂ[Nk>k,]<l1/(t,s\/tn,rl",... 8 b b, ﬁl,...,ﬂ,’;k)—zcﬂhﬁf(rj’f)
j=1
NKAK
—lIJ(t,Sth, T{{,..., Nk/\k/’b b ﬂlv-'-vﬁ[,:/k/\k/)_’_ Z Cﬂ?,laﬂf(‘[]}?)) fs}
j=1
gE[n[Nk>k,](W(t,s\/tn,r{<,..., kb b, B, YY)
— (s Vi Th T i b, ﬂl,...,ﬂ]’;kAk,))’fs].

Applying Holder’s inequality we get that for w € 2 \ N,

. - . ’
Y;,Svtn,b,b,k(a)) _ Yst,s\/tn,b,b,k,k (a))

< 2E[1 ko gy F 1 ()

I/p
x esssupE| sup |¥(t,r, rl\/r,...;b,b,ﬂl,...)|”’]-'s ()
ueld relt,,T]

< 2(K (@)m/e +m)/K) (K (@),
with % + ql = 1, there is thus a constant C = C (w) such that

. . . ’ _
Yst,.s\/tn,b,b,k(w) _ Y;,SVI,,,b,b,k (6!)) S C(k/) 1/({7

for all s € [0, T']. We conclude that for all w € £2 \ V, the sequence

(Y. &Vinsh.b.k (w))k>0 1s a sequence of cadlag functions that converges uniformly which

implies that the limit is a cadlag function. O
Proposition 5 The family ((ff;b)OSST 1 (t,b) € Df) is a verification family.

Proof As YtP is the pointwise limit of an increasing sequence of cadlag supermartin-
gales it is a cadlag supermartingale (see p. 86 in Dellacherie and Meyer (1980)). We
treat each remaining property in the definition of a verification family separately:

(a) Applying the convergence result to the right hand side of (12) and using the fact
that, by Proposition 4,

L=m¥ (t; b) + Lis<7) ﬂmzag {—Cbn,ﬂ(s) + Ystvs\/tn;b,ﬂ}
el ~bn
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is a cadlag process, (iv) of Theorem 1 gives

Y;‘b 1= ess supE[]l[rzr]lI/(t; b) + Ij;<7] max [—Cbn,ﬁ(f) + f’,t’“b’ﬂ} ‘.7-]]
reT; BeLbn

(b) Uniform boundedness was shown in Proposition 2.
(c) We have

=Tl (m): =n: — LY. - .
lim E| sup |Y] P _yrP20 — [im E| sup lim |y (0:bk _ ymbkp2
[=o0 | se[0,T] [0 | se[0,T1k—00 ]
=l . =
< lim lim ]E[ sup |y (mibk _ymbk2

=00 k—00 5€[0,T]

= lim lim E| sup |V] 0k _ ymbk2
k—ool=oo | sef0,1] ‘

=0

where taking limits is interchangeable due to the uniform convergence property
shown in Proposition 3(i). The second statement in c), that is equation (7), follows
by an identical argument.

(d) Weknow from Proposition 4 that phvinbbg cadlag and by Proposition 2 it follows
that ¥+ ¢ 2 1t remains to show that ¥ i quasi-left continuous.
Using the notation from the proof of Proposition 4 we have for k > 0,

Sty (@)Vin;b,b St Viy:b,b
Py @) = V0 o)

t,yi(w)Vty;b,b,k
< |Y yi(w)Viy

t,y (w)Viy;b,b.k
-Y
yi (@) (@)

WA (@) +2C(w)k ™1,

for all w € £2 \ NV with P(\) = 0. By Proposition 3(ii) the first part tends to zero

P-a.s. as j — oo. Since k was arbitrary and C is P-a.s. bounded the desired result
follows. This finishes the proof.

5 Application to SDDEs with controlled volatility
We now move to the case of impulse control of SDDEs. However, we start by formal-

izing the hydro-power production problem proposed as a motivating example in the
introduction.

5.1 Continuous time hydro-power planning

The increasing competitiveness of electricity markets calls for new operational stan-
dards in electric power production facilities. It has previously been acknowledged that
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optimal switching can be useful in deriving production schedules that maximize the
revenue from electricity production (Carmona and Ludkovski 2008; Djehiche et al.
2009; Kharroubi 2016). Here we will extend the applicability of optimal switching by
introducing a new example, the coordinated operation of hydropower plants intercon-
nected by hydrological coupling.

We consider the situation where a central operator controls the output of two
hydropower stations located in the same river (but note that the model is easily extended
to consider an entire system of power stations).

We assume that Plant i, for i = 1, 2, has:

— A reservoir containing a volume Z! m? of water at time .

— A stochastic inflow V; m?/s to the reservoir that is modeled by a jump diffusion
process.

— «; turbines that can be either “in operation”, producing p; (Z!) MW by releasing
a; m3/s of water through the turbine or “idle”.

We assume that the power plants are hydrologically connected in such a way that
the water that passes through Plant 1 will reach the reservoir of Plant 2 after § > 0
seconds.

We assume that we control the number of turbines in operation in each of the two
plants. We thusletZ := {0, 1, ..., x1} x {0, 1, ..., k2}. The dynamics of the involved
processes is then given by

4V, = a(t, Vodi + o (1, V)dW, + / y(t, Vie, 2Tt d2)
R2\{0}

dz} = (V! — a1ghydr
dth = (V[2 - a2€t2 + O(]Ellﬂg)dt
(Vo. Zo) = (vo. 20) € RY.

and an appropriate reward functional is
! 1 1 2 2 [ 2
Jw) =E [/ Ri(&, pi(Z,) + & p2(Zy))dt + q(Z7, ZT)} ,
0

where R; is the (stochastic) electricity price at time ¢ and g : R%r — R is the value of
water (per m>) stored in the reservoirs at the end of the operation period.>

5.2 A general SDDE model

Motivated by the above example we assume that IF is the completed filtration generated
by an d-dimensional Brownian motion W and an d-dimensional, independent, finite
activity, Poisson random measure I” with intensity measure v(ds; dz) = ds x u(dz),
where w is the Lévy measure on R4 of I" and f(ds; dz) .= (I" —v)(ds; dz) is called
the compensated jump martingale random measure of I".

3 Note that we expect the water in Reservoir 1 to have a higher value as it can be used in both plants.
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For u € U, we let X0 solve
dxi?* = a@, X%, x“dt + o (1, X0, X“5)dW,
+/ y(t, X;‘;O, X?;%, ) (dt,dz), forallt € (0, T], (13)
R\{0}

X" = x(s), se[=8,0], (14)

where § > 0 is a constant and x : [—§, 0] — R4 is a deterministic cadlag function

with supge[_s o7 X ()] < C, and define recursively

dXi = a@, X\, X" Ddt + o (2, X X T)dw,
+/ y(t, X\ X" ) Fdt, dz), forallt € (z;, T, (15)
RI\{0}
o =1

X?jf _hﬁj_],ﬂj(rj,xﬁj-’ ) (16)
Xl = x0T s e-s.1)). (17)

Finally we define the controlled process4 X"as X" :=1limj .0 X “-J on [0, T) and

u ._1j u,j
X7 =limsup;_,X7".

Remark 2 Note that by letting x; = b and taking [hﬂ_,'_u,ﬂ_,']l (t,x) = B; and letting
the first rows of a, o and y equal zeros we get [X]; = &* which implies that the
control enters all terms in the SDDE for X*.

We consider the situation when the functional J is given by

T N
Jw) =L /0 f(t,X;‘)dt—i—g(X’})—Zc,g/.fl,ﬁj(tj)
j=1

We assume that the parameters of the SDDE satisfies the following conditions:
Assumption 3 i) The functions a : [0, T'] x RY xR — RYando : [0, T] x RY x
R¢ — R? x R¥ are continuous in ¢ and satisfy

la(t,x,y) —a@t,x', y) +lo(t, x,y) —o(t,x', y)| < C(lx =x'|+ |y = y'])

forall (x, x', y, y') € R*,
ii) Thereisa p(z), with [ p*(z)p(dz) < cosuchthaty : [0, T]x R? x RY x RY —
R4 satisfies

ly(t,x,y,2) =y, x", ¥y, 2| < p@)(x —x'| + |y = y'D,
ly(t,x,y,2)| < p@A+|x]+|yD.

4 Whenever it exists, we refer to the limit process X" as a solution to the SDDE (15)—(17)
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iii) Forall (¢, x) € [0, T]1 xR and all (b, b') € Z?,the map hyy : [0, T]x R? — R4
satisfies

[, (, )| < C V |x].
Furthermore,
\hp (8, x) — hp (', x| < |x = x|+ Clt — 1]

forall (x,x’) € R* and (¢, ") € [0, T]?.

Remark 3 Note in particular that since a and o are continuous in ¢, a(-,0,0) and
o (-, 0, 0) are uniformly bounded and Lipschitz continuity implies that

jatt,x DI + ot x, )% +/ (6, v, D[ (dz)
R4\{0}

< C(1+ [x[* + |y|*). (18)

We have the following result:

Proposition 6 Under Assumption 3 the SDDE (15)—(17) admits a unique solu-
tion for each u € U. Furthermore, the solution has moments of order 4q, i.e.

sup, ey E [Supte[O,T] |X?|4q] < .

Proof We first note that existence of a unique solution to the SDDE follows by repeated
use of Theorem 3.2 in Agram and ksendal (2019) (where existence of a unique
solution to a more general controlled SDDE is shown). It remains to show that the
moment estimate holds. We have X"/ = X*/=! on [-$, 7;) and

) . t . .
X0 = gy o X5 [ X0 X s

7j

t , . t . . B
+/ o(t,X?’j,X;"_ja)dWs—i—/ / y(s, Xl X5, ) ds, dz)
7j JRI\(0)

T

on [t;, T']. By Assumption 3(iii) we get, for ¢ € [z, T], using integration by parts,
that

. ) t
X1 =X+ 2/

. . t . .
XldXg + / d[x"J, X"
T+

T+

t t
<Cv |X;‘}f’1|2+2/ Xilaxg’ +/ drx™’/, X",
‘L’j-‘r ‘Ej-‘r
. Tj
scvixyP e [

o . Tj . .
x“Iaxd ‘+/ dxei=t, xui=1y,
Tj-1t

Tj-1+

t . . ! . .
+2/ Xl dxgd +/ dix"J, x"/1;.
T+ T+

J J
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By repeated application we find that

il Tit

X/ < v IxgOP+ 2{2/

i=0 Jut

1 . . Titl . .
XgtdXxy! +/ drx™t, x*'s}
Ti+

t . . t ) )
+2 / Xglaxi + / dix"s, X"
T+ T+
j—1 o o
i+1 . . i+1 ) A
<C+ Z {2/ X{tdx +/ arx*t, x"'}
=0 Ti+ Ti+

t . . 1 . .
w2 [ xaxtd [ axed e,
i+ Ti+

J J

with 79 := 0. Now, since X" and X"/ coincide on [0, Tj4+1;+1) we have

il Ti+1 . . t . .
> f XUaxhl 4 / xlaxs
i—0 YTt i+

t . X . t . . .
- / X"a(s, X7 X" yds + / X% (s, X", X"y aw,
0 0
t . . . -
+f/ Xy (s, X X0 ) (ds, dz)
0 JRA\{0}

and

U . . 4 . X
B3 [ anetxein g [ died xe,
i=0 Ti+ T+
! . . . .
=E[ / (o (s, X3, X + /H; " }|y(s,X;"f,X;‘;’s,znzu(dz))ds].
0 \{0

Finally, using the Burkholder—Davis—Gundy inequality in combination with (18) we
get

. t .
E| sup |X¥T 3| < C—i—C/ E| sup [X%7 1% | gs,
s€[0,t] 0 rel0,s]

where the constant C does not depend on j and it follows by Gronwall’s lemma
that E[ sup;eo,77 1 X 2 A ] is bounded uniformly in j. Now, the result follows since
7 — T,P-as., as j — oo. O

For each (t, b) € D/ and each u € U we let

Xt;bqu — th’--wtn»tn\/fl ----- L VIN;by,..., bn, B BN
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and

Xt;bsuvj = thv“'stilstnvrl7'~~vthtN;b|s'~wbn3ﬂls'“hBst.

Proposition 7 For all (t,b) € D/ we have

supE| sup sup |xLEbDude

ueld s€l0,T] telt,,T]

< Q.

Proof Fort € [t,, T] we have, for s > ¢,

N
Xz’t;b’b=hbn,b(l,X,t;b)+/ a(r, Xttbb Xttbb)d
t

N
+/ O'(r thbb Xt[bb)dW

/ f y(r X5 XE T (dr . da).
R\{0}

Arguing as in the proof of Proposition 6 we find that for s € [z, T,

t.t;b,b,u,n+1+j 2
X |

sup
1€(ty,T]
t:b = T bbbt '
< Cv sup |Xt’ |2+ sup Z 2/ eri, ,b,u,n+ +ldX},’l’b’b’M’n+l+l
telty,T] teltn. T1 | 750 VTt

Ti+1 . .
+ / d[Xt,t,b,b,u,n+l+z’ Xt,t,b,b,Lt,n+1+z]r}
Ti+

r—

)
t.z;b,b, 1 t,t;b,b, 1
+2/ xt un-‘r-‘r]dX u,n+1+j
VTt
: b.b 1+ t,z;b,b 1+j
+/ d[Xt’t’ Jbu,n+ H,X 6b,b,u,n+ +j]r
Tj+

We thus find that, for each u € U,

E sup sup |X;,t;b,b,u |4q

s€l0,r] telt,,T]

-
<C+CE| sup |XEP% +C/ E| sup sup |XLEPLuda | gy
s€l0,T1] 0 s€[0,v] r€lty, T]

and the assertion again follows by applying Gronwall’s lemma and using Proposition 6.
O
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To illustrate that switching does not diverge solutions we have the following useful

lemma:

Lemma2 Fory € T andeachu € Uy, let (kZ“)kZ() and X" be processes in S*4 (with
E[sup,e(o,, 1 |k zu 4] uniformly bounded) that solve the SDDE (15)-(17) on (y, T]

with control u and such that
Y
E U XY =Kz ds + | x° —kz;’0|4] — 0,
0
as k — oo. Then,

lim sup E| sup [X“—Fz“*| =0
kﬁoouelxly se€ly,T]

and for all b € =" we have

lim sup E| sup sup |XIbw _kzibu2| 0
k=>ooyeus, | tely.Tlsely.T)

Proof By the contraction property of /2 we have that | X ?]/ —kZ?j?j | < |X

Z?ij*1 |. Using integration by parts we get, for ¢ € [z, T],

19)

(20)

21

u,j=1 _k
T -

Xi P = xSz 2 / X!z X - a'zi)
i+

t
+/ d[Xu’J _kZu,]’ XiJ _kZu,j]S
Tj+

. . Tj ; : . .
< |XuI kze 2y 2/ Xz ax T - bz

Tj—1

J

! . . . .
+2 / Xy zEhaxi —atzg)
Tj+
n /rj d[XUI1 k=1 yu—l _kzuj-1)
Tj—-1t
t
+/ dix®s —kzwi xui _kzwiy,
T+

Repeated application implies that

O pTiIN ) . ) .
Xy =z < |xw0 —Fze 02 42y / (XS Kzt hdxy) —dkz )y
=0 i+
° Tj+INE . . . .
+ Z/ d[Xu,j _kzu,]’ XU —kZM’]]s.
—0 Ti+
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Now, for s € (7, T] we have

X5 = dZ8 T = (a(s, XS X0 —aGs 28 K200
+ (00, X9 X)) = 0 (.28 2w,

+/Rd (y (s, X9 X" 2) = y(s.,K 227 k20 )T (ds, dz).
\(0)

Using Lipschitz continuity of a, o and y and the Burkholder—Davis—Gundy inequality
we get

14
E[ sup |X{ —"Z?I“} < CE[ X0 —70) +/0 Xy =Fze s ]

s€ly.1]
t
+C/ E| sup [X) —I‘Z;‘|4 ds,
y rely,s]

where the constant C does not depend on the control u, and by Gronwall’s inequality
we have

Y
E| sup |X"—Fzu* §CE[|X;’0 —fzZu01* + / | X" —kz;'|4ds].
sely,t] 0

Now, applying Jensen’s inequality gives (20). Furthermore, we have

sup |X[Pu _kzrbu2 < qup | X0 _kzu0)2

rel0,T] r€l0,T]
N TN b kb batj  seyribo,j
r,o,u, r,o,u, r,o,u, r,o,u,
+2 sup {>° / (X3 Kzer Y d X g — dfzg ™)
rel0,7] =0 Tj+Vvr

TjHINE
+§ :/ d[X”b’”’j _kgrbau.j xr.bau.j _er,b,u,j]
’ N
j=077it

and (21) follows by an identical argument. O

We add the following assumptions on the components of the cost functional and
the functions A.

Assumption 4 (i) The functions f : [0, T] x R — R and g : R? — R are both
locally Lipschitz in x. Furthermore, there are constants ¢ > 1 and K > 0 such
that

Lf(t, 01+ 1g() = KA+ [x]|9)

forall (¢, x) € [0, T] x R4,
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(i1) For all b € 7 we have

g(x) > max g(hp (T, x)) —cpp(T),
b et

for all x € R?.

(iii) There is a constant k > 0 such that for any sequence (b1, ..., b;) € 7/ with
J > K there is a subsequence 1 = ¢; < --- < (jy = j with j* < « and
(byy, - by,) € TV for which

hpj i b (85 -+ By b3 (2, By by (2, X)) <+ )
=hp,, b, Ry b (0 hp b, (EX)) ).

ety

It is straightforward to see that with the above assumptions the ¥ defined by

T
W (t;b) = / F(, XEPydr + g(x5?)
0

satisfies Assumption 1.

The remainder of this section is devoted to showing that ¥ also satisfies
Assumption 2, guaranteeing the existence of an optimal control to the problem of
maximizing J.

Proposition 8 For each n > 1 and each (n,b) € T"xI" and b € TP there is a
map U — U :u — ﬁl)lzl such that

lim supE | sup (VP — yIi ki t2d (22)
I=o0oyey | s€l0,T)

and

llm SupE Sup |(VV],XV7]n;b,b,u _ Vl“l(n),svl“l(n,,);b,b,ﬁl)+|2 — O (23)
=00y |sel0.1] *

Furthermore, we have

lim sup E [ sup |(‘/SF1(’]);b,u _ V;];b,u)+|2:| =0 (24)

l_)ooueur/(nn) s€[0,T]

and

léooueur,(rm) 5€[0,T]

lim sup E [ sup |(V1"l(n),sv1"’(n,,);b,b,u _ V?},S\/Un;b,h,u)+|2:| =0 (25)
N N :
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Proof To simplify notation we let (¢;)1<i<, denote I''(n) and let X and Z (resp. X/
and Z7) denote X" resp. X" bl (regp xmbt.j and X T b7y Furthermore,
we let U := SUPseo.¢] |Us| be the running maximum of the process |U|.

We have:

(1) X; = Z;, forallt € [0, 1), P-a.s.
(ii) On [n1, 1) we have |X; — Z;| < (X)} +(2)}.
(i) Ifn; < i then ¢ =&y =--- = {1

Letting My :=max{j > 1 :n; < {1} we get

xh - ZMI = XM] + (herl’bM] (my5 X’%}fl) - X%/Ill)

[

M;—1
- hbM1,1,bM1 (§M| ) ZCMII )

Hence,
M Mi—1
Xy = Z | < 1Xgl = X0 14 Cla, — & |+ X171 = 2207
<c2! +|X =Xy 1+ X =X
+|XM1 1 ZM1 l|.
But X = Z{ and by induction it follows that
M
My M —1 I v i1 yj-1
Xeh, = Zew | S MC27 4 3 (1Xg, = X 141X — X7,
j=1

If we iteratively define M; := max{j > M; | : n; < ¢{m;_, 11}, fori =1,...ny
with M,,, = n and My := 0. Then we get, in the same manner,

M;
— j i j—1 i—
Xey = Zey | < (M = Mi-)C27 + Y0 (x] = X)X = X))
J=M;_1+1
M;—y M;—y
+|X§M,- _Zé'M,v L

Now on [Zp;, T] we have
t
i M; M; M; f M; f M;

XM=z =X -2 +/ (a(s, XM, x1 ) —a(s, zMi, 2 ))ds

1 1 ; ;

t

i v Mi i 7 M;
+ | (o6, xM X" —o(s, zM 27 ))d By

Cum;
/{ /Rd\{o}(y(s xMxMoy — s, zM, ZM0) Fds, dz).
M
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Put together we find that for ¢ € [¢y;, T] we have
M;
M,' M,‘ — j i —1 j—
XM =z = M- Mimpe2T + Y (x] =X 1+ IXT = x)D
J=Mi_i+1
t
Mi—1 M;—1 .y Mi i g Mi
+HIXp "~ Zgy |+/ la(s, XM, X" 0) —a(s, ZMi, 2 )\ds
M;
t
. M; ; M;
+1 [ (o, XM x5 —a(s,zM, 7% ))d B,

im;

t
+f / (s, X2 xMiy —ys, M ZM) Fds, dz)).
¢m; JRA(0)
Applying Thm 66, p. 339 in Protter (2004) and Lipschitz continuity iteratively gives

M;
E [ sup | xXMi — z;”q“} <C27'+CE Z(|X§j - ngr‘

SE[Q'M[J] j=1

t
71 P . . Mi Mi
+|Xé/ - X{)/ 1|4) +\/0 (lXﬁM’ — Zyl |4 + |X375 _ ng|4)ds} .
By Gronwall’s inequality and point ii) above we find that

E| sup X" =2z <27+ (xpt+Z2ph
1€lin; . T]

M;
j i 4 j—1 i—1,4
+CZE[|X§,-_X{UI +|X§j _X!U I*] (26)
j=1

Moving on we consider the possibility of interventions in the period [n,, &,). Let
N’ :=max{j > 0 : Tj < {u} and note that if N’ > «k, then there is a subsequence

@)_y with 1 < 1) < -+ < 4o = N’ with’ <« and (by, By, ..., B,,) € T
such that, for all (7, x) € [0, T] x R,

oy (b g (8X) ) = hg g (e hy, g, (X)),

We then le€® @' = (21, ..., 235 Bis - Bg) i= Lt TNty oo TS By oo By
BN'+1, - - -, BN). Arguing as above, we find that
N/
_ 1=l ntj _ yn+j ntj—1 _ yntj—1
X, = Ze,| = N'C27 4 Y (XEH = Xt |+ X - x)
j=1
+ IX?n — Z?n|. 27)

5 For k > 1 we denote by 1j the vector of k ones.
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We now turn to the total revenue and let
N N
A= Zcﬁ.f—uﬁj () = Zcﬁj—lyﬁj ()
Jj=1 Jj=1

By right continuity of the switching costs, we find that

. Kk N —m
Iim A < 5~ 0, (28)

[—o00 m

P-a.s. The difference in revenue can then be written

. T
V,”;b’" - Vf;b’”l =E [/(; (f(s, Xs) — f(s, Zs)ds + g(X7) — g(Z7) + A\fz] .

By local Lipschitz continuity of f and g we get that, for each K > 0 there is a
C > Osuch that | f(¢,x) — f(t,x")| < Clx —x'| and |g(x) — g(x")| < C|x — x’| on
|x| + |x’| < K. This gives us the relation

. h Al
(th,b,u _ Vtg,b,u )+
T +
5]143[(/ C|XS—ZS|ds+C|XT—ZT|+A> ;ft]
0

+ CE[Lx; 5> k11 + (X)) + (Z7) D) Fi]
T
< ]E[IIA (/ CIX, — Z,|ds + C| X7 — Z7| + A+) |]-}]
0

+ CE[xs 4. 2s-1(1+ (XP)T + (Z5)D)|F],

where A := {w € £2 : fOT C|Xs — Zslds + C| X1 — Z7| > —A}. Doob’s maximal
inequality then gives that

E sup ((Vtﬂibwu _ thlb,[ll)-ﬁ-)Z
tel0,T]

T
<CE [h (/ Xy — Zlds + | X7 — Zr|* + (Aﬂzﬂ
0
+ CE[Lxs 423 k) (1 + (X7 + (25)*)]

T
<CE [m (/ Xy — Zs|%ds + | X1 — Z7|* + (Aﬂzﬂ
0

+ CP[X% + Z% > K12,
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where we have used Holder’s inequality and the moment estimate in Proposition 6 to
arrive at the last inequality. For any M > 0 we thus have

E| sup (v — iy
t€[0,T]

T
< CE |:1[N/§Ml (f X5 — Zs%ds + | X1 — ZT|2>:|
0

+ CE[ Ly L4 (XD + (Z9)Y)]
+ CE[(AT)?] + CP[X3 + Z% > K1'/2, (29)

Concerning the first term, we have that 1y <] Xs — Zg| < |)~(S — Zs|, where X = X

and Z=Zon [N < M].On [N’ > M] we let X := X"P-# with

i = (Tlv“‘sTM’é‘nvtN’-l—l»"'fTN;ﬂlv"'9/3M7/3N’9"-713N)7 ifﬁM#ﬁN’s
Tl T e TN B e By Bt - B), i By = B

1

~ bl - . . -~ A .
and Z := X"P# where i’ is obtained from i as ii! was obtained from u. Now, we

proceed as above and get for each M > «, that

N'AM
= = - +j - +j—1 i
Xg, = Zg,| < MC27 4+ 3 (X0 = X 1 xp T - xpH
j=l1
n n
+ |X§n - Z§n|'

By (26) and (20) of Lemma 2 we then find that for each M > «, the first term on the
right hand side in (29) goes to 0 as [ — o0. Concerning the second term we have,
again by Holder’s inequality and Proposition 6, that

E[JL[N/>M]ILA((X})2 + (Z;)Z)] < CP[[N' > M]n A]'/2.

Now, A C {o : C(X} + Z7) > —A}, where C > 0 does not depend on /. For /
sufficiently large we thus see, by (28) and Chebyshev’s inequality, that the probability
on the right hand side can be made arbitrarily small by choosing M sufficiently large.
For the third term we note that

E[(AT)?] <x® ) E[ sup |cb,b/<;n>—cb,bf(s>|2],

o b,)ej—z SE[Nn.Sn]

where the right hand side goes to 0 as [ — oo by right-continuity of the switching
costs. Finally, the last term of (29) can be made arbitrarily small by choosing K large.
Concerning the second claim we note that with X = X7sVmbbu and 7 =

X1 sV 1) b.bt the relation in (27) is replaced by
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N'+1

X, = Ze,| < (V' +DC27" 4+ sup > (Xp T — x|
r€mn, ] i _
j=1

I XD X 2

Hence, appealing to (21) of Lemma 2, right-continuity and the result in Proposition 7
the first second and last terms in the equivalent to (29) tends to 0 as [ — oo and (24)
follows.

The last two statements given in equations (24)—(25) follow by a similar reasoning
while noting that in this case N’ = 0 which implies that A = 0, P-a.s. O

Lemma3 Forall (t,b) € D and k > 0 we have
sup E| sup |X§”/;b’b’” — X?"b’b*”||]-",/ — 0,
ueldk selt’,T]

P-a.s. ast' \ 1.

Proof Starting with k = O we note that for #' > ¢ we have

t.2;b,b t:b t.2;b,b t,.;b,b
Xt’ :hbn,b(f’X; )+Xt’ - X;

which gives

/. . . . . .
IXLE bbby o gy |X:;b LI |Xtt;t,b,b _ xteibb

t t
Fork > 0 and u el/{tk we have, fori <k

t,t;b,bu,n+i+1 _ t.t;b,b,u,n+i t,t;b,b,u,n+i+1
X, = L <ilhp_y.p: (Tin X3, )+ Xy

t,2;b,b,u,n+i+1 t,t;b,b,u,n+i
- X‘[[ 1+ ]l[r,'>t’]X,/

and
t.t";b,bu,n+i+1 / vt.t'sb,bu,n+i t,t";b,b,u,n+i
Xy = Lm<nhp_,.p (. X, )+ L X, :
which gives
. . . .
|X[t;t ib.bunti+l Xtt;t,b,b,u,n+t+l |
’ t.t;b,b,u,n+i t,t";b,b,u,n+i
< Lig<n{Clt' —wul + X, - X, |
t.t;b,b,u,n+i t.t;b,b,u,n+i t,t;b,b,u,n+i+1 t,2;b,bu,n+i+1
+|Xt/ _X'[l- |+|Xt’ _X‘[i |}

t,r;b,b,u,n+i t,t";b,b,u,n+i
t - Xt’ I

+ ﬂ[r,->t’]|X
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Repeated application renders

t,1';b,b, t,1;b,b,
|Xz’t u Xt/t u|

k
t.t;b,b,u,n+i ; ]
< C(k + 1)|t/ o l| + Z ]l[fiSI/IHX;’I un+i X;t,b,b,u,nﬂ'
i=1
t,t;b,b,u,n+i+1 : i t;b t;b t,t;b,b t.;;b,b
+ |Xﬂt u,n+i+1 X%t,b,b,u,n+z+l|} + |X;/ _ Xt | + |X;’t _ Xtt |

Furthermore, we have

’

t
/. . /. .
/ |X;,t :b,bu _ X;,t,b,b,u|4ds E |t/ _ t|((xt,t ,b,b,u);_ + (Xt,t,b,b,u)?)ﬁl’
0

where the right hand side tends to zero P-a.s. as ' \{ t by P-a.s. boundedness of
SUPy 14 SUPr ey, T |(Xt”;b’b’“)’} |*. Arguing as in the proof of Lemma 2 we find that

/. .
E| sup |X§t sbobu X;,t,b,b,u|4|_7:t/
se[t’,T]

t/
t.t";b,b t,z;b,b ' ;
< C(|Xt;l ibou Xt;f, s ,u|4 +/ |X§,l ;b X;,l,b,b,u|4ds)’
0

and the assertion follows by right continuity of X. O

Lemma4 Forall (t,b) € D/ and all b € T~%* we have whenever vi /'y €71y, with
(vj)j=0 C 7Ty, that

. tyj:b.b, t,y:b,b,
lim sup E| sup [Xy777" — xLVRO2E— o,
=0 ueuk. sely.T]
Vj
forall 0 <k < oo.
Proof Arguing as in the proof of the previous lemma we find that
t,yi:b,b, .
|nyj u X]t/,y,b,h,u|
¢ t,yj;b,b i t,yj;b,b
,Vjsb,bou,n+i ,vjsb.bu,n+i
SCh+Dy =y + Y Linep{lXy” - X" |
i=1
t,yi;b,b,u,n+i+1 t,yi;b,b,u,n+i+1 . .
+1x,7 — X7 I} + 1X5P — XLP|
J
tyjib,b ty;:b,b
+ X, — Xy, l.
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Furthermore, by Holder’s inequality we have

E |:/ by X;,yj;b,b,u|4dsi|
0

= CE[)/ — yj]l/pE[((Xt’V;b’b’u);, + (Xt,)/_/;b,b,u)?)élq]l/q,

where L + 1 = 1. Now, by definition y is a predictable stopping time and the jump
part of our SDDE is P-a.s. constant at predictable stopping times. We can, thus, apply
Lemma 2 and the assertion follows. m|

Proposition 9 For all (t,b) € D/ and all b € T~"», the process
(ess sup,, ¢y sk V“W"’b bu. o<y < T) isin qulcfor allk > 0.

t;b, k t,-Vvt,;b,b,k

Proof LetY,”™" := ess sup, ¢ V . To show that Y.

we consider

has a cadlag version

t,t;b,b.k t.t;b,b.k t,l/;b,b,k t t;b,bk t.t;b,b.k t.z;b,bk
Y —Y = (v} )+ (YS —Y )

where the second term on the right hand side goes to zero P-a.s. as t' \ ¢ by uniform
integrability and right continuity of the filtration. Concerning the first term we have

t.t;b,b.k t,t;b,bk
Yy — v} |

T
< sup IE[ / |f (s, X0 — f (5, XD |ds
t

+ |g(Xtt :b,b, u) _ g(X;:t;b,b,LlN

+ Z leg; 1. (Tj Vv t) — 1.8 (Tj Vv t)|‘]-'t/:|
j=1

t/
< sup E[ / |f (s, X! “’*”)—f(s,Xz’“"’b*“>|ds\f,/]
ueldk t

+hosup D e (t) = cpp ()]

seltrly e

T
’; ; t,t';b,b, t.1:b,b,
+ C(K) sup E[/ |X§’t ;b.bu X;,t,b,b,u| + |XT[ u XTt u|
t/

ueldk

fﬂ}

+ C sup E sup ]l[(xt bbu)* >K](1 + |(Xt rb.b, M)T|q)‘ft/ ) (30)
uelt* réelty, T
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for each K > 0, by the local Lipschitz property of f and g. Concerning the last term
Doob’s maximal inequality gives, for fixed u € U¥,

2
E sup E sup ]l(xtrhbu)*>]( |(Xtrbbu) |q‘]:t
tel0,T] relt,,T]

< C]E sup 1 Xtrhbu)*>K |(Xtrbb’u)>;"|2q ’
relt,,T)

Applying Holder’s inequality to the right hand side and taking the supremum over I/,
we get

2
sup E | sup IE[ sup Ty xtribbuys > k) |(XLribbuys |q)-7‘—ti|
ued | te[0,T] | relm,T]

12 12
<sup (P| sup (Xt’r;b’b’”)’; > K sup [E| sup |(Xt’r;b’b’”)*}|4q .
ueld relt,,T] ueld relt,, T]

Now, by Chebyshev’s inequality and Proposition 7, sup,, ;s Psup,. ¢, 77(X%"P:00)%
> K] can be made arbitrarily small by choosing K large. By monotonicity, it follows
that the last term in (30) tends to zero, P-a.s. as K — co. We conclude that Y tt,’t/;b’b’k
tends to Y,t’t;b’b’k, P-a.s. when ¢' | ¢ by right continuity of the switching costs in
combination with Lemma 3 and it follows that ¥*"P-:k
Arguing as above we have that

has a cadlag version.

tyjVin;b,b.k t,y Vin:b,b.k
Yy, — Yy

£,y Vin;b,b.k t,yVin:b,b.k t,yVin:b,b.k t,yVin:b,b.k
— (Y}/ Jrn — Y)/;'y )lsbv 5 )+(YV;V )l’bs K yqu nab, s )

Letting j — oo the last term tends to zero P-a.s. by uniform integrability and quasi-left
continuity of the filtration. Concerning the first term we have (where we for notational
convenience assume that y, y; € 7;,)

t,y;:b,b.k t,y:b,b.k
E[|Ys, — YA

< sup E[/ |f(s, X
ueldk Vi

J

+k oy sup B[y () = oy (v V )]
b2 T

L CK) sup ]E[/ X U7 tyibbag |Xt yibbu X;:y;b,b,u|i|
ueldk Y

t)/]bbu

— (s, X?”b’b)lds]

+C sup [ Lgumag o (1 +1XEP3)]

uelfk+1
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where the right hand side can be made arbitrarily small by Lemma 4 and quasi-left
continuity of the switching costs. We conclude that

. t,y;iVt,;b,bk .
lim E ['YV'VJ n _ Y;,V\/tn,b,b,kl] =0,

j—o00 J

t,yiViy;b,bk ; .
2VjVin N Y;J/th»b’b’k

which implies that Y, yl Vb

in probability. Now since Y.

.. . t,yjViy:b,b.k , niD,0,
has left limits it follows that ijy’ — Y; v Vinib,b k, P-a.s. and we conclude

that Y4 V0P bE € 52 0

By the above results we conclude that an optimal control for the hydropower plan-
ning problem does exist (under the assumptions detailed in this section). With a few
notable exceptions (see e.g. Aslaksen et al. 1990, 1993 in the case of singular con-
trol problems and Chapter 7 in Jksendal and Sulem (2007) for examples of solvable
impulse control problems) finding explicit solutions to impulse control problems is dif-
ficult. Instead we often have to resort to numerical methods to approximate the optimal
control. A plausible direction for obtaining numerical approximations of solutions to
the hydropower operators problem would be to further develop the Monte Carlo tech-
nique originally proposed for optimal switching problems in Carmona and Ludkovski
(2008) (and later analyzed in Aid et al. (2014)) to obtain polynomial approximations
of Y4P. Another possibility would be to apply the Markov-Chain approximations for
stochastic control problems of delay systems developed in Kushner (2008). However,
a thorough investigation of either direction is out of the scope of the present work and
will be left as a topic of future research.
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