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Abstract

This paper introduces the new class of one-bound core games, where the core can
be described by either a lower bound or an upper bound on the payoffs of the play-
ers, named lower bound core games and upper bound core games, respectively. We
study the relation of the class of one-bound core games with several other classes
of games and characterize the new class by the structure of the core and in terms
of Davis-Maschler reduced games. We also provide explicit expressions and axi-
omatic characterizations of the nucleolus for one-bound core games, and show that
the nucleolus coincides with the Shapley value and the z-value when these games
are convex.

Keywords One-bound core games - Lower bound core games - Upper bound core
games - Core - Nucleolus

JEL Classification C71

1 Introduction

In a cooperative game with transferable utility, coalitions of cooperating players are
able to attain joint revenues. A characteristic function models this feature by assign-
ing to each possible coalition a real number, called worth, reflecting these joint rev-
enues. Depending on the structure of the characteristic function, different classes of
games arise. For a class of games, a main issue in each game is how to allocate the
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worth of the grand coalition, consisting of all players in the game. Solution concepts
assign to each game in a certain class such an allocation. A central benchmark for
evaluating solutions is the core, which equals the set of allocations that for each coa-
lition assign in total at least the worth to its members. The nucleolus (cf. Schmeidler
1969) is a particular solution that assigns to each game with a nonempty core the
unique core allocation that lexicographically minimizes the maximal excesses over
all coalitions.

In this paper, we introduce a new class of cooperative games, called one-bound
core games, where the core can be described by either a lower bound or an upper
bound on the payoffs of the players. A game is a lower bound core game if the core
can be described by a lower bound on the payoffs of the players, and an upper bound
core game if the core can be described by an upper bound on the payoffs of the
players. A game is both a lower bound core game and an upper bound core game
if and only if it has at most two players or a single-valued core. Both lower bound
core games and upper bound core games are specific two-bound core games (cf.
Gong et al. 2022b), where the core can be described by a lower bound and an upper
bound on the payoffs of the players. Moreover, upper bound core games generalize
1-convex games (cf. Driessen 1985), where the worth of the grand coalition is large
enough for each nonempty coalition to cover its worth while allocating to all non-
members their marginal contributions to the grand coalition. We provide a necessary
and sufficient condition for one-bound core games to be convex (cf. Shapley 1971).

We characterize one-bound core games by the structure of the core. A game with
nonempty core is a lower bound core game if and only if each player obtains its
maximal payoff within the core exactly when the other players obtain their mini-
mal payoffs within the core, or equivalently, in each extreme point of the core one
player obtains its maximal payoff within the core and all other players obtain their
minimal payoffs within the core. Similarly, a game with nonempty core is an upper
bound core game if and only if each player obtains its minimal payoff within the
core exactly when the other players obtain their maximal payoffs within the core, or
equivalently, in each extreme point of the core one player obtains its minimal payoff
within the core and all other players obtain their maximal payoffs within the core.
We show that a game with nonempty core is a lower bound core game if and only
if all Davis-Maschler reduced games with respect to core allocations have the same
lower exact core bound. Similarly, a game with nonempty core is an upper bound
core game if and only if all Davis-Maschler reduced games with respect to core allo-
cations have the same upper exact core bound.

We also study the nucleolus for one-bound core games. We show that it is the
unique pre-imputation that is a convex combination of the two exact core bounds.
We provide axiomatic characterizations based on new properties that require that the
difference between the allocation and the minimal payoff or maximal payoff within
the core is equal for all players. For convex one-bound core games, the nucleolus
is the unique solution satisfying symmetry and translation covariance. This implies
that it coincides with the Shapley value (cf. Shapley 1953), another well-known
solution for cooperative games, and the z-value (cf. Tijs 1981).

The remainder of this paper is organized as follows. Section 2 provides pre-
liminary definitions and notation for cooperative games. Section 3 introduces and
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studies one-bound core games. Section 4 analyzes the nucleolus for one-bound
core games. Section 5 concludes.

2 Preliminaries

Let N be a nonempty and finite set of players and let 2V = {S | S C N} be the set
of all coalitions. For all x € RY, we denote xg = (x,);5 for all § € 2V\{@}. For all
x,y € RN, we denote x < yif x; <y foralli € N, x > yif x; > y, foralli € N, and
x+y =+ Ydien

A (transferable utility) game is a pair (N, v), where v : 2V — R assigns to each
coalition S € 2V its worth v(S) € R such that v(#) = 0. The class of all games
with player set N is denoted by 'V, For simplicity, we write v € I’V rather than
(N,v) eIV,

For each game v € 'Y, the set of pre-imputations X(v) C RV is given by

Zx,- = v(N) },
iEN

X(v) = {x e RV

and the core C(v) C R" is given by

Clv) = {x e X(v)

vse 2V : Zx,zv(S)}.

ieS

A game v € 'V is balanced (cf. Bondareva 1963 and Shapley 1967) if and only if
C(v) # @. The class of all balanced games with player set N is denoted by 1"2' .

For each game v € 'Y, the lower exact core bound I*(v) € RV (cf. Bondareva
and Driessen 1994) is given by

[(v) = min x; forallie N,
! xeC(v)

and the upper exact core bound u*(v) € RV (cf. Bondareva and Driessen 1994) is
given by

u;(v) = max x; foralli€ N.
x€C(v)

A game ve Tl Ibv is a two-bound core game (cf. Gong et al. 2022b) if there exist
I,u € RN such that C(v) = {x € X(v) | ] < x < u}. Gong et al. (2022b) showed that a
game v € l"g is a two-bound core game if and only if

C={xeXW |l <x<u*®}.

The class of all two-bound core games with player set N is denoted by Ff' . Gong
et al. (2022b) showed that Fﬁv = FZV if and only if |[N| < 3.
A gamev € FLV is a I-convex game (cf. Driessen 1985) if
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(S)+ Y ((N) = v(N\{i})) < v(N) forall S € 2V\{f)}.

iEN\S

The class of all 1-convex games with player set N is denoted by FIIVC .
A game v € 'V is convex (cf. Shapley 1971) if and only if

viSU{i}) = v(S) < v(T u{i})—w(T) forallie NandallS C T C N\{i}.

The class of all convex games with player set N is denoted by cmv . Shapley (1971)
showed that TV CT'Y, and I'V =T if and only if |[N| < 2. Moreover, for each
ve ™, I'(v) = v({i}) and u}(v) = v(N) — v(N\{i}) for alli € N.

A solution @ on a domain of games assigns to each game v in this domain an allo-
cation @(v) € X(v). The nucleolus n (cf. Schmeidler 1969) is the solution that assigns
to each game v € Fg the allocation x € X(v) that lexicographically minimizes the
excesses V(S) — X, X; for all S € 2V\ {#} arranged in non-increasing order. Clearly,
n(v) € C(v) for all v € l"g . Gong et al. (2022b) showed that the nucleolus of a two-
bound core gamev € I f' is for each i € N given by

I*(v) + min { L) = ), ,1} if L3 ey ) + () 2 vN;

m;(v) = . 1 ) o1
I*(v) + max { L) = 0D w) = 1) — /1} if L3 ey 0) + () < v,

where 4 € R is such that ), #,(v) = v(N). This implies that for each v € Ff’ ,
n(v) = L) =m(v) — lj(v) for all i,j €N with ui(v) —Ii(v) = u;f(v) - l;‘(v). The

Shapley value ¢ (cf. Shapley 1953) is the solution that assigns to each game v € I'V
the allocation given by

¢i(v)=S; 'S“(IN'l;ll'!S'_1)!(v(Su{i})—v(S)) for all i € N.
e2N ¢S

Shapley (1971) showed that ¢(v) € C(v) for all v € FQ’ . The z-value v (cf. Tijs 1981)
is the solution that assigns to each game v € FZV the allocation given by

7;(v) = da;(v) + (1 — A)b;(v) forallie N,
where

a(v) = max {v(S) = X, 0 = vN\{) }

jes\{i}

b;(v) = v(N) — v(N\{i}),

and A € [0, 1] is such that },_, 7,(v) = v(N). Tijs (1981) showed that a(v) = I*(v)
and b(v) = u*(v) for all v € Fiv . Driessen and Tijs (1983) showed that #(v) = 7(v)
for all v e F’lvc . Driessen and Tijs (1985) showed that 5n(v) = ¢(v) = v(v) for all
vel¥ nTV.
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A solution @ on a domain of games satisfies symmetry if for each game v in this
domain, it holds that ¢;(v) = ¢;(v) for all i,j € N with v(S U {i}) = v(S U {j}) for all
S C N\{i,j}. A solution ¢ on a domain of games satisfies translation covariance if
for each game v in this domain and each @ € RN such that v + « is in this domain, it
holds that @(v + a) = @(v) + a, where v + a is defined by (v + a)(S) = v(S) + X ;5 @;
for all S € 2V. It is known that the nucleolus, the Shapley value, and the z-value each
satisfy symmetry and translation covariance on each subdomain of balanced games.

3 One-bound core games

In this section, we introduce the new class of one-bound core games, where the core
can be described by either a lower bound or an upper bound on the payoffs of the
players. A game is a lower bound core game if the core can be described by a lower
bound on the payoffs of the players, and an upper bound core game if the core can
be described by an upper bound on the payoffs of the players.

Definition 1 A game v € FQ’ is a lower bound core game if there exists [ € R" such
that
Chy={xeXv|Il<x}
A gamev € FQ' is an upper bound core game if there exists u € R" such that
CW={xeXWv)|x<Lu}.
A game is a one-bound core game if it is a lower bound core game or an upper

bound core game.

The class of all lower bound core games with player set N is denoted by I 5\' . The
class of all upper bound core games with player set N is denoted by Fﬁ’ . It turns out
that each lower bound core game with at least two players can only be described by
the lower exact core bound, and each upper bound core game with at least two play-
ers can only be described by the upper exact core bound.'

Lemma1l Letv € FQ' and letI,u € RN, Then the following statements hold:
1) IfCv)={xeXW)|lLx},then|N|=1lorl=101"®W).
i) IfCv)={xeXW)|x<Lu},then|N|=1oru=u*).

Proof (i) Assume that C(v) = {x € X(v) |l <x}. Then [ <[*(v). Assume that
|N| > 2 and suppose for the sake of contradiction that there exists i € N such that

! In contrast, two-bound core games could be described by infinitely many bounds.
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" 1
l; <I*(v). Define x € RY by x; =1/ and xp =1+ INI_—I(V(N) — Y ) for all
J € N\{i}. Then x € C(v), which contradicts the definition of L)

(if) The proof is analogous to the proof of (7). O
The following result follows directly from Lemma 1.

Corollary 1

i) A game VEFIbV is a lower bound core game if and only if
Cv)={xeX |I'w) <x}

(i) A game vng is an upper bound core game if and only if
Cv)={xeXW)|x<u®}

Moreover, the lower exact core bound of each lower bound core game with
infinitely many core elements is given by the individual worths of the players, and
the upper exact core bound of each upper bound core game with infinitely many
core elements is given by the marginal contributions to the grand coalition.

Lemma 2

(i) Letve Fﬁv. Then|C(v)| = 1orl:(v) = v({i}) foralli € N.
(i) Letve FQ’. Then|C(v)| = 1oru;(v) = v(N) — v(N\{i})foralli € N.

Proof (i) Assume that |C(v)| # 1. Then v(N) > Y._y IZ(v). Suppose for the sake of
contradiction that there exists i € N such that [7(v) > v({i}). Let £ > 0 be small.

Define x € RY by x; = I(v) — g and x; = L'(v) + Wl;_l(v(zv) — Yien 2(00) + €) for all
J € N\{i}. Then x € C(v), which contradicts the definition of /7 (v).

(ii) The proof is analogous to the proof of (i). |

All lower bound core games with at most two players are upper bound core
games, and all upper bound core games with at most two players are lower bound
core games, but this does not hold for more players.
Theorem 1

(1) IfIN| £2, then Ff' =1

e N ¢ TN N - TN
(i) IfIN| >3, thenT} ¢V and T} 2T

Proof (i) Assume that |[N|<2. Let vel). Then veI¥, so
L) =v({i}) and ui(v) =v(N) —v(N\{i}) for all i€ N. This implies that
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Cv)={xeXW) | I'WM) <x}={xeXm |x<u*(v)}, so vel¥nTY. Hence,
FN — l—\N — FN
1 u b
(if) Letv € FLV with [N| > 3 be defined by

1ifS=N;
v(S) = { 0 otherwise.

Then [f(v)=0 and wui(v)=1 for all i€eN. This implies that
CW)={xeXW) | lF(v)<x}andC(v) # {x € X(v) | x <u*(v)}. Hence, v € FﬁV\FLV.
Letv e FI’;’ with |N| > 3 be defined by

IN|-1ifS=N;
v(8) =4 IN| =2 if [S| = [N] - L;
0 otherwise.

Then [f(v)=0 and wu’(v)=1 for all ieN. This implies that
CW#{xeXW) | F(v) <x}andC(v) = {x € X(v) | x < u*(v)}. Hence, v € FQ’\F;V.
O

The following result follows from Lemmas 1 and 2 and Theorem 1.

Theorem 2 A game v € Fév is both a lower bound core game and an upper bound
core game if and only ifIN| <2 or|C(v)| = 1.

Proof For the if-part, assume that |[N| <2 or |C(v)| = 1. If |N| < 2, then Theorem 1

implies that v € T N TV, If|C(v)| = 1, then Lemma 2 implies that v € T'Y nT.
For the only-if part, assume that v e ng N FQ’ . Let x& C(v). Then

v({i}) < x; < v(N) — v(N\{i}) for all i € N. Assume that |[N| > 2. Then Lemmas 1

= A =

and 2 imply that

Cv) ={x€X() |VieN : v({i}) <x
={x€X) |Vie N : x; <v(N) —v(N\{i}) }.

This implies that v({i}) = x; = v(N) — v(N\{i}) for alli € N. Hence, |C(v)| = 1. O

As the following example shows, one-bound core games are not necessarily
convex, and convex games are not necessarily one-bound core games.

Example 1 Letv € I'Y n I with |N| > 3 be defined by

o) = { S| if IS] € (1, IV1}:

0 otherwise.

Then v({i}) —v(@) =1 > —1 = v({i,j}) — v({j}) for all distincti,j € N, sov & F’CV.
Now, let v € I'Y with |[N| > 3 be defined by
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3ifS=N;
v(S) =4 1if |S| =|N| -1,
0 otherwise.

Then [f(v)=0 and u;(v)=2 for all i€N, which implies that
CW#{xeXW) | F(v)<x}andC(v) # {(x e X(v) | x Su*(v)},sov & F;V V] F’;’. AN

As the following theorem shows, all 1-convex games are upper bound core
games, and all one-bound core games are two-bound core games. Strict inclusion
depends on the number of players in the game.

Theorem 3

(i) IfIN|=1thenT =T) =T =TV =T) =TV,
(i) IfIN|=2,thenT) =T) =" =TV =) ¢ TV,
(i) IfIN| =3, thenTY CTN =T TV andTY ¢TIV ¢TIV =T) c TV

(iv) IfIN| >4, thenT) CTV CT) TV and TV cTN ¢V ¢TIy ¢ TV

Proof First, we show that Fﬁv C Fi\’ C F’g’ CcTV and Fﬁ cr 2’ C Fi\’ C FI':] crv,
Clearly, 'V c ) C TV,

Let Vv E Fﬁv. Then
CCxeXw) | vy <xuw W C{xeXw | v <x} =CW), SO
C(v) = {x € X() | I*(v) <x <w*(v)}and v € I'V. Hence, Fﬁv cry.

Letv € ') If x € X(v) and x < u*(v), then for each S € 2V\ {#},

Zx,-=2xi— Z x; 2 v(N) — Z u; (v)

ieS ieN iEN\S iEN\S
> V() = ) N) = v(N\{i}) = v(S),
iEN\S

so x € C(v). This implies that C(v) = {x € X(v) | x <u*(v)}, so v € FQ’. Hence,

ry crw.
Let verll, Then
CCxeXw | <xLuwWCcxeXw |xLu ()} =CWy), )

Cv) ={x€X) | I*(v)<x<w*(v)}andv € I'V. Hence, 'V C 'V,
(i) & (ii) Assume that |N| € {1,2}. Clearly, FZV =TIV if and only if |[N| = 1. Let
v € I'). Then for each S € 2"\ {#},

W(S)+ Y, () = v(N\{i})) = v(N).

iEN\S

This implies thatv € I'Y . Hence, 'Y, =T =TV =TV =T,
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(iii) & (iv) Assume that [N| > 3. By Gong et al. (2022b), Fﬁv = F’;’ if and only
if [N| <3. Letve Fﬁv n FLV be the one-bound core game from Example 1. Then
v(N) — v(N\{i}) = |N|for alli € N. This implies that for each § € 2" with S| = 1,

v(S) + Z (v(N) =v(N\{i})) = 1+ (IN| = DIN| > |[N| = v(V),
iEN\S

sov &' Hence, I, ¢ TV
Let v eIV be the convex game from Example 1. Then v & I'N UTY. Hence,
Y cMandIV ¢ IV, 0

We provide a necessary and sufficient condition for one-bound core games to be
convex.

Theorem 4

(1) A lower bound core game v € F;V is convex if and only if

D ) =v(S) forall s € 2V\(N}.

ies
(i1) An upper bound core game v € Fﬁ’ is convex if and only if

D wrw)=vN) - v(S) forall S € 2"\(#}.
iEN\S

Proof (i) Let v € I'). Assume that ),
and let S € N\{i}. If S = N\ {i}, then

I(v) = w(S) for all § € 2N\{N}. Leti € N

ieS

V(S U {i}) = v(S) = v(N) — v(N\{i}) = v(N) — Z L)
JEN\{i}
> Y rm - Y Ew) =),
JEN JEN\{i}

If S#N\(i}., then W(SU{i})=v(S) = Tyeqyp 0D~ Tyes () = ['(v). This
implies that v(SU {i}) — v(S) < w(T U {i}) —w(T) for all SC T C N\{i}. Hence,
vel®

Let ve Ff'. Then (V(N) — ZJGN\“} l;‘(v),l;\“}(v)) € C(v) for all i € N, which
implies that Y c5(v) > v(S) for all §€2V\{N}. Assume that veTI. Let
S € 2V\{#,N}. Denote S = {i, ..., 5 }. Then
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S|
Dre =Y i) =Y, (v({i ) —v®)
ieS ieS k=1
IS

< (i e i) =iy iy 1) = (),
k=1

where the first equality and the inequality follow from convexity. Hence,
Yies i) = v(S) forall S € 2M\{N}.

(i) Let v € I'V. Assume that ZieN\S uf(v) = v(N) = w(S) for all S € 2V\ {@}. Let
i € NandletS C N\{i}.If S = @, then

V(S U{iD) = v =v({i) =v(N) = Y ui(v)

JEN\{i}
<Y wW= Y W) =u).
JjeN JEN\{i}

If S # @, then

v(SU{i}) —v(S) = <V(N) - Z u;.‘(v)> - <v(N) - z uJ’.‘(v)) = u; (v).
JEN\(SULi}) JEN\S
This implies that v(SU {i}) —v(S) < w(T U {i}) —w(T) for all SCT C N\{i}.
Hence, v € I'.
Let v e F],:’. Then (V(N) — ZjeN\{i} u;‘(v), u;’;,\{i}(v)) € C(v) for all i € N, which
implies that 3,y g #(v) < v(N) — w(S) for all S € 2\ {#}. Assume thatv € I'V. Let

S € 2V\{#,N}. Denote N\S = {i}, ... ,ijy\5 }. Then

Douwrm =Y G —vN\{i})
iEN\S iEN\S
IN\S]

= Y (v(N) = v(N\ (i, }))
k=1

IN\SI

= 20 (MWD U (i) = vV (i)
k=1

IN\S|

> D (Wi 5 DU () = VN oL i D)
k=1

= v(N) — v(N\(N\S))

= () = W(S),

where the first equality and the inequality follow from convexity. Hence,
ZieN\S u;(v) =v(N) —w(S) forall § € 2N\ {#}. O
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One-bound core games are characterized by the structure of the core. A balanced
game is a lower bound core game if and only if each player obtains its maximal
payoff within the core exactly when the other players obtain their minimal payoffs
within the core, or equivalently, in each extreme point of the core one player obtains
its maximal payoff within the core and all other players obtain their minimal payoffs
within the core. Similarly, a balanced game is an upper bound core game if and only
if each player obtains its minimal payoff within the core exactly when the other play-
ers obtain their maximal payoffs within the core, or equivalently, in each extreme
point of the core one player obtains its minimal payoff within the core and all other
players obtain their maximal payoffs within the core. These observations are cap-
tured by the following theorem.

Theorem 5

i A game vthN is a lower bound core game if and only if
M*(v)+ZjEN\ l*(v)—v(N) for all ieN, or -equivalently,
C(v) = conv{(u} (V), i ) 1 EN}?

(i) A game veFN is an upper bound core game if and only if
l;"(v)+zjeN\{i} u;(v)zv(N) for all ieN, or equivalently,
Clv) = conv{(ll’f(v), u;\{i}(v)) |ie N}

Proof (i) The only-if part follows directly from Lemma 2. For the if-part, let v € F’bv
and assume that ul’f(v) + ZJEN\“} lj’.“(v) = vy(N) for alli € N. For eachi € N and each
x € C(v) such that x; = u;‘(v), we have X = l;(v) for all j € N\{i}, which implies
that  (u;(v), [}, * (v)) € C(v). Convexity of the core implies that
conv{(u W), I M (i (v)) |ie N} CCw).Letx e Cv). Define A € [0, 11V

A x; =)
V) - Xen B0
Then dienti=1 and X = Yy A (), l* i (v)) SO

x € conv{(u;(v), [, ..,(v) | i € N}. Hence, C(v) = conv{(u;(v),[}, ) (v)) |ie N}

M)
Then Zies lj.‘(v) > v(S) for all S € 2V\{N}. Now, let x € X(v) be such that I*(v) < x.

For each § € 2V\ (N},
PEEDWACENO

ieS ieS

foralli € N.

which implies that x € C(v), so C(v) = {x € X(v) | I(v) < x}. Hence, v € F;V.
(it) The only-if part follows directly from Lemma 2. For the if-part, let v € F’,:’
and assume that /7 (v) + ZjeN\{i] u;f(v) = v(N) for alli € N. For eachi € N and each

2 The convex hull conv(Y) of a set Y C R is the smallest convex set containing Y.
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x € C(v) such that x; = lf(v), we have X = u;‘(v) for all j € N\{i}, which implies
that (I (v), u;\m(v)) € C(v). Convexity of the core implies that
conv{(l7(v), u;\{i}(v)) | i € N} C C(v). Let x € C(v). Define 4 € [0, 1]V by

u;(v) — x;

A= . foralli € N.
ZjeN uj (V) - V(N)

Then dienti=1 and x =Yy AW, u;\{i}(v)), SO
X € conv{(l;"(v),u;\{i}(v)) | i€ N}. Hence, C(v)=conv{(l}(v), u;\m(v)) |ie N}
Then v(N) — ziezv\s ui(v) 2 v(S) forall S € 2N\ {@}. Now, let x € X(v) be such that
x < u*(v). For each S € 2V\ {#},

Y= x= Y xn=v= Y H2vN) = Y ) > v,

ies ieN iEN\S iEN\S ieN\S

which implies that x € C(v), so C(v) = {x € X(v) | x < u*(v)}. Hence, v € quv_ O

The reduced game (cf. Davis and Maschler 1965) of v € FQ’ onT € 2V\{@} with
respect to x € R, denoted by v}. € I'", is defined by

V(N) — ZieN\T X; if §$=T;
Vi(S) = 4 maxpen s {MSUQ) = Yo X} if S € 27\ {0, T};
0 if S =0.

In other words, the worth of a coalition in a reduced game is defined as the maximal
remainder in cooperation with any subgroup of players in the original game that are
not present in the reduced game. We show that a balanced game is a lower bound
core game if and only if all reduced games with respect to core allocations have the
same lower exact core bound. Similarly, a balanced game is an upper bound core
game if and only if all reduced games with respect to core allocations have the same
upper exact core bound. We use the following lemma, which follows from Peleg
(1986) and Hwang and Sudholter (2001).

Lemma 3 Let vel), lee Te2V\{#}, and let xeC(). Then
Cvp) =1{y € X(0}) | (. xp7) € CW)}

Theorem 6
(i) Agamev e F’: is a lower bound core game if and only if I*(v}) = [7.(v) for all
T € 2N with|T| > 2 and all x € C(v).

(i) A gamev € F’;’ is an upper bound core game if and only if u*(vy) = u.(v) for
allT € 2V with|T| > 2 and all x € C(v).
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Proof (i) Let v €T). For the only-if part, assume that v € I'Y. Let T € 2V with
|T| >2 and let x € C(v). By Lemma 3, l*(v") > [7(v). For each i €T, define
y e X(vy) by yf = Zjerxj - ZjeT\ Y l (v) and y = l*(v) for all j € T\{i}. For each
ieT,

EDETEDY Fov)=x+ PR Fo) 2 x, 2 L),

JET JET\{i} JET\{i} JET\{i}

which implies that *(v) < (v/, xy\7)» 50 (Y, Xpn7) € C(v). By Lemma 3, y' € C(v})
foralli € T, so I*(v}) < I7(v). Hence, I*(v}) = [L(v).
For the if-part, assume that I*(v;) = l;(v) for all T €2V with |T| > 2 and all
x€ CW). If |IN| £2, then v € FN by Theorem 3. Suppose that |N| > 3. Denote
={1,. |N|} Let x!' € C(v) be such that x = [{(v). Then I*(v}, \ ) = lzv\ ).
Let x> € C(v*, .. ,) be such that x2 = 5(vy N\{l}) = [5(v). By Lemma 3, (x ,xl) e Cv).

2.1
S OVIFIN] > 3 IFIN] > 3, let * € e ”‘1)2}) be such

N\({L,

N\ 1
v P L
Moreover, [ (VN\ 12) )= N\ 1
that x} = I;(v ;V\{x])z ) = [5(v). By Lemma 3, (x*,x3,x]) € C(v). Continuing this rea-
soning, W(N) = N7 ), I (V) € C(v). This holds for all permutations,
so (u:(v), l;\{i}(v)) e C) for all ieN. Convexity of the core implies that

conv{(u;(v), l;\{i}(v)) | i € N} C C(v). Now, let x € C(v). Define 4 € [0, 1] by

x; =W
lj=——————— foralli €N.
V) = ey E)
Then v Ai=1 and x= Yy A ), l i) )
X € conv{(u*(v) l*\ ,}(V)) |ie N} This 1mplles that

C(v) = conv{(u; (), [}, i}(v)) | i € N}. Hence, by Theorem 5, v € F;V.

(i) Letv € FN For the only-if part, assume that v € FN LetT € 2N with |T| > 2
and let x € C(v) Then w*(v}) < uZ(v). For each i€ T define y' € X(v;) by
yi. = ZJeij ZJGT\ u ) andy =u; *(v)forall j € T\{i}. Foreachi € T,

y—Zx— Z u(v)—x+ Z X — Z u]’f‘(v)gxiSM;‘(v),

jer JET\{i JET\{i} JET\{i}

which implies that (yi,xN\T) < u*(v), so (¥, xy\r) € C(v). By Lemma 3, ' € C(v})
foralli € T, sou*(vy) > uz(v). Hence, u*(vy) = uy.(v).

For the if-part, assume that u*(v;) = uy(v) for all T € 2V with |T| > 2 and all
x€ CW). If IN| <2, then v € FN by Theorem 3. Suppose that |N| > 3. Denote
N={1,...,|N|}. Letx! € C(v)be suchthatx =u (v) Then u* (V% N\ 1}) ];]\{1}(1/).
Let x? e (C( N\“}) be such that x% = u*( ) =u;(v). By Lemma 3,

2 1 oy (2x])
(x%,x;) € C(v). Moreover, u (VN\{12
3 o)) 3w _
x> eCly ! be such that x; = u3(vN\{1,2}) =u;(v). By Lemma 3,

N\{ 1»2}) 3
@3, x2,x]) € C(v). Continuing this reasoning,

)—uN\”(v) if |N|>3. If |N| >3, let

o*x))
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o) = 20 ure), e () € ). This holds for all permutations, so
(), uN\{i}(v)) € C(v) for all ie N. Convexity of the core implies that
conv{(l7(v), u;\{i}(v)) | i € N} C C(v). Now, let x € C(v). Define 4 € [0, 11N by

u;(v) — x;
A= foralli € N.
Yo () = v(N)
Then DienAi=1 and x =Yy GO, u;\{i}(V)), )
x € conv{(lX(v), uN\ l}(v)) |ie N} This implies that
Clv) = conv{(l:f(v), ut i}(v)) | i € N}. Hence, by Theorem 5, v € FQ’. O

By Lemma 3 and Theorem 6, reduced games of one-bound core games with
respect to core allocations are again one-bound core games with the same exact core
bound. Typically, the exact core bounds of reduced balanced games are different
from the exact core bounds of the original game. Theorem 6 actually states that if all
reduced games have the same exact core bound, then the original game has to be a
one-bound core game.

4 Nucleolus
In this section, we analyze the nucleolus for one-bound core games. The nucleolus
for one-bound core games is the unique pre-imputation that is a convex combination

of the lower exact core bound and the upper exact core bound.

Theorem 7

(i) Letve F;V be a lower bound core game. Then

nw) = Wu (V)+< |N|>l*(V)

(i) Letve F{:’ be an upper bound core game. Then
N0) = o1 )+< 1 )u ).
IN IN]

Proof (i) By Theorem 3, v € Fﬁv. By Theorem 5, u}(v) — I*(v) = v(N) — Z,eN ; )
for alli € N. This implies that #;(v) — l;k(v) = nj(v) - lj’f‘(v) foralli,j € N, so for each
i € N, we have
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nv) =) + W(V(N) > l*(v))

JEN

=)+ ll{}—l(u W =)

- Wllu W) + < N >1*(v)

(if) By Theorem 3, v € Fﬁv. By Theorem 5, u;(v) — I*(v) = ZjeN uj’f‘(v) — v(N) for all
i € N. This implies that n;(v) — [7(v) = n,(v) — lj’.‘(v) foralli,j € N,soforeachi € N,
we have

) = L) + lN—|<v(N> > z*(v>>

JjEN
='W+ W<1*(v)+ D W) - Zz;w)
INI JEN\{i} JEN
1
=LV + — HOETS
)+ 7 EN}\‘,{” (ww-10)

=)+ ﬁazw — () - L)

—_— * 1
INll’ W)+ < V] >u ).

Corollary 2 Letv € F;V U Ff:’ be a one-bound core game. Then
n(v) = Ar'() + (1 = Hu*(v),
where A € [0, 11is such that Y.\ n,(v) = v(N).

The nucleolus for one-bound core games is characterized by the properties that
require that the difference between the allocation and the minimal payoff or maxi-
mal payoff within the core is equal for all players. We refer to these properties as
balanced lower gaps and balanced upper gaps, respectively.

Definition 2 A solution ¢ on a subdomain of balanced games satisfies balanced
lower gaps if for each game v in this domain, it holds that ¢,(v) — [} (v) = ¢;(v) — l]’.k(v)
foralli,j € N.

A solution @ on a subdomain of balanced games satisfies balanced upper gaps if
for each game v in this domain, it holds that u}(v) — ¢;(v) = u;"(v) — @;(v) for all
i,j EN.
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Theorem 8

(i) The nucleolus is the unique solution for one-bound core games satisfying bal-
anced lower gaps.

(i) The nucleolus is the unique solution for one-bound core games satisfying bal-
anced upper gaps.’

Proof (i) Letv € I'Y UT™. Leti,j € N.If v € I'), then Theorem 5 implies that

W) =) =vN) = Y () = W) = L),
keN
If vy € I'V, then Theorem 5 implies that
u;(v) = () = Z u;(v) = v(N) = uj’."(v) - l;(v).
keN

By Theorem 7,

n) = [0) = — (') = () = N ( (1) — l*(v)) = ()~ L.

[N

Hence, the nucleolus satisfies balanced lower gaps.
Let @ be a solution on Ff’ U F{:’ satisfying balanced lower gaps. Let i € N. If

VE I“;V , then Theorem 5 implies that v(N) — u}(v) = Z]EN\ ) lj*(v), SO
() =) + (VIN) — uf (1) + (9,(») = v(V))

=wm+ Y L= ) @)

JEN\{i} JEN\{i}
=uwm- Y, (om-rm)
JEN\{i}
=ur - Y (e -L)
JEN\{i}

=) = (IN| = D (@) = ')
=) + (IN| = DE®) = (IN] = Do),

where the fourth equality follows from balanced lower gaps, and rewriting yields

;) = —ui(v)+ <1 - —)lj(v).

31In fact, on each subdomain of balanced games, the unique solution satisfying bal-

anced lower [upper] gaps is the solution ¢ given by ¢;(v)= l*(v)+m(v(N) Zezv /(v))

[o;(v) = ul(v) + M(V(N) ZieN u]’."(v))] for each i € N and each game v in this domain.
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Ifve F;V , then Theorem 5 implies that l;.‘(v) =v(N) — ZkeN\ Ut uy(v) for all j €N,
o)

o =L0) + WINI((/J () =)

=W+ — V] g‘v ((pj(v) - l;.‘(v)>

=)+ m(Z @;(v) — Z [*(v)>

JEN JEN

_l*(v)+m<v(N) Z<v(1v)— D uZ(v)>>

JEN keN\{j}

_l*(v)+m<v(N) INDN) + Y uZ(v))

JEN keN\{j}

=L+ —| A= INDv(N) + (IN| - 1) Zu )
INI e

=20+ —=(IN = D[ Y w ) v
V| i

=L+ W(INI D () = )

__* 1 %
TR )+< |N|> R

where the second equality follows from balanced lower gaps. Hence, by Theorem 7,

(Pi(V) = ﬂi(V)'
(if) The proof is analogous to the proof of (i). O

As the following example shows, in contrast to the nucleolus, the Shapley value
and the z-value do not assign to each one-bound core game a core allocation.

Example2 Let N = {1,2,3,4}and letv € I N I"Y be defined by

36 if S=N;
wS) =424 ifS e {{1,2},{1,3},{2,3}};
0 otherwise.

Then I*(v) = u*(v) = (12,12,12,0), so n()=(12,12,12,0) and ()€ CO).

However, ¢(v)=(11,11,11,3) and 7(v)=(9,9,9,9), so ¢(v) & C(v) and
T(v) & Cv). /A
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However, the Shapley value and the z-value assign to each convex one-bound
core game a specific core allocation. In fact, the nucleolus, the Shapley value, and
the z-value coincide for convex one-bound core games. This follows directly from
the following theorem.

Theorem 9 The nucleolus is the unique solution for convex one-bound core games
satisfying symmetry and translation covariance.

Proof 1t is known that the nucleolus satisfies symmetry and translation covariance
on each subdomain of balanced games. Let ¢ be a solution for convex one-bound
core games satisfying symmetry and translation covariance. Let v € F;V N F]CV . By
Theorem 4, v(S) = Y. .¢ Ii(v)forall S € 2N\ {N}. This implies that (v — I*(v))(S) =
for all S € 2N\ {N}. Leti € N. By symmetry,

0.0 =) = o= vV = Y 1)
IN] =

By translation covariance and Theorem 5,

o) = L) + (v =)

=) + m<v(N) Z l*(v)>

JEN

=)+ Ili/_l(u W =)

- Wl|u ) + ( N >1*(v)

Hence, by Theorem 7, @;(v) = #;(v). The case v € FLV N Fi\,’ follows analogously. 0O

Theorem 9 implies that the nucleolus for convex one-bound core games coincides
with each other solution satisfying symmetry and translation covariance. This obser-
vation is in line with Yokote et al. (2017). In particular, the nucleolus for convex
one-bound core games coincides with the Shapley value and the z-value.

Corollary 3 The nucleolus, the Shapley value, and the t-value coincide for convex
one-bound core games.

Example3 Let N = {1,2,3}and letv € 'Y nI"Y be defined by

3ifS=N;
v(S) = { 0 otherwise.

Then n(v) = p(v) = z(v) = (1,1, 1). A
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The game from Example 3 is not a 1-convex game, so Corollary 3 does not fol-
low from Driessen and Tijs (1985). Kar et al. (2009) and Trudeau and Vidal-Puga
(2020) showed that the nucleolus and the Shapley value coincide for so-called PS-
games and clique games, respectively. It can be shown that the game from Exam-
ple 3 is not a PS-game or a clique game. This implies that it is neither a 2-additive
game (cf. Deng and Papadimitriou 1994), so Corollary 3 does neither follow from
their results, nor from Van den Nouweland et al. (1996), Chun and Hokari (2007), or
Chun et al. (2016).

5 Concluding remarks

In this paper, the new class of one-bound core games is introduced. By Theorem 3,
all one-bound core games are two-bound core games. By Lemma 3 and Theorem 6,
all reduced games of one-bound core games with respect to core allocations are one-
bound core games. This implies that the axiomatic characterizations of the core,
the nucleolus, and the egalitarian core (cf. Arin and Ifarra 2001) provided by Gong
et al. (2022a) on the class of two-bound core games can be reformulated on the class
of one-bound core games. However, the exact core bounds of reduced two-bound
core games are not necessarily the same. By Theorem 6, if all reduced games of a
balanced game have the same exact core bound, then it is necessarily a one-bound
core game.
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