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Abstract

The trend in automotive manufacturing towards lower volumes and an increased number of car variants combined with the
need for forming higher strength metals to reduce weight has led to the implementation of alternative and flexible manufactur-
ing methods. These have new manufacturing constraints compared to conventional stamping that change the part shapes that
can be formed. This requires new methods for part shape optimisation. This study proposes a novel parametrisation for shape
design that allows: 1) implementation of a gradient-based optimisation approach; and 2) taking manufacturing constraints
into account. Our novel parameterisation can describe most long automotive structural parts using only a small number of
design variables. The parts are described using multiple series of straight and curved connected profiles. We have uniquely
conducted a detailed sensitivity analysis on the profiles to determine analytical solutions for the first order derivatives of
the design variables with respect to the surface area/mass of a generic part. The profiles are also used to determine the final
manufacturing strains in a part based on ideal forming. These ideal manufacturing strains can be compared to manufactur-
ing process strain limits to determine the potential manufacturability of the part. The proposed parametrisation is applied to
optimise a variable width channel formed by flexible roll forming. The channel is optimised to maximise the stiffness while
maintaining both mass and manufacturability. In detail, the effectiveness and the general applicability of the established
parametrisation technique and shape optimisation platform are demonstrated using three case studies of a flexible roll formed
automotive S-rail channel part subjected to compression and bending loads. Furthermore, the manufacturability of the opti-
mised structure is demonstrated by a forming model of the flexible roll forming process, where the model has been previ-
ously validated against experimental data. These examples show that the presented parametrisation and the associated shape
optimiser can be successfully applied to increase part stiffness while reducing weight and maintaining manufacturability.
The range of problems analysed demonstrates the flexibility and capability of the newly developed optimisation platform.

Keywords Shape optimisation - Parametric model - Flexible roll forming - Manufacturing constraints - Newton-like
interior-point method

1 Introduction

Automotive companies are pursuing lightweight struc-
tures with high strength materials to reduce carbon dioxide
emission and fuel consumption while meeting the strength
requirements [1]. This is combined with a shift towards flex-
ible manufacturing to enable the cost-effective production
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of multiple electric vehicle variants at lower volumes on
the same platform. Conventional stamping does not allow
the forming of new high-performance materials that often
combine high strength with limited ductility. Hot stamping
can form high strength steels but requires high infrastruc-
ture investment [2, 3] and only allows production of one
component shape per tool set. New forming processes have
therefore been implemented. These are often limited to the
forming of different component shapes than those that are
conventionally producible with stamping. This requires the
manufacturable design and optimisation of new shapes that
lead to similar or enhanced structural performance compared
to the complex stamped counterparts while at the same time
suiting the manufacturing constraints of the new process.
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Shape optimisation is an efficient design tool for thin-
walled structures for identifying the design satisfying crash
and structural performance requirements in comparison to
trial-and-error approaches. The mechanical properties of thin-
walled channels and tubes mainly rely on the cross-sectional
geometry. Investigations on straight beams with constant cross-
section along the longitudinal axis [4], including circle [5],
square [6, 7], triangular [8], multi-corner [9], start shape [10],
and polygonal tubes [11-13] have been conducted in previous
studies. Simple geometrical changes along the axis such as
tapering and conical tubes were also analysed to exploit further
potential in lightweight and stiffness improvement [14-21].

However, the increasing functionality and assembly have
demanded interests in long components with curved axes and
variable cross sections. The mesh morphing technique was
used to account for complex shape variations by relocating the
nodes to modify the element during the optimisation process
[22], however this technique is limited to small shape changes,
as otherwise the finite element mesh will distort. To solve this
issue, an implicit parametrisation modelling technique in SFE-
CONCEPT was established [23]. In this method, the variable
cross-sectional structure is represented by baselines, base sec-
tions and control points. Adjacent arbitrary cross sections are
connected along the baseline in the longitudinal direction and
the baselines are varied by control points [24, 25]. Hilmann
[26] integrated the implicit parametrisation technique into the
shape optimisation process where the viability was tested by
optimising a front bumper system using a Genetic Algorithm
(GA). Duan et al. [27] developed a lightweight strategy for
a body-in-white concept using a global sensitivity analysis
coupled with the SFE-CONCEPT. In their work, the design
space complexity reduction was conducted by using the global
sensitivity analysis (GSA) technique and a response surface
method model (RSMM). Cai and Wang [28] combined the
grey relational analysis technique and grey entropy measure-
ment method to optimise an SFE-CONCEPT modelled S-rail.
Xie and Wang [29] optimised a cross-sectional S-rail with and
without reinforcement using the commercial SFE-CONCEPT
in combination with a multi-objective optimisation process.
The similar finite element mesh model, which decomposes the
variable slender component into global and local deformation
were proposed by Yang et al. [30] and validated numerically
by Hu et al. [31].

Although the implicit method with the SFE CONCEPT can
form curved tubes, it only has been used for shape optimisation
to a limited extend. There are three main reasons for this. First,
a large set of design variables, including cross sections, base
points and base lines, need to be considered to describe longi-
tudinal parts that have a variable cross section over the length.
Therefore, reducing the number of design variables is usually
conducted before optimisation [27], which may result in fail-
ing to explore all relevant shape configurations. Secondly, as
the sensitivity information cannot be calculated with the SFE
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CONCEPT, non-gradient-based methods, such as metaheuristic
algorithms, are usually selected as the optimisation solvers. For
one of the widely used metaheuristic algorithms, GA, it requires
orders of magnitude more function evaluations compared with
gradient-based optimisation approaches [32, 33]. GA generates
design variables randomly and executes multiple simulations
based on the demanded size of the population at each itera-
tion. This results in high computational costs. In addition, the
results of GA highly depend on the way of formulating the cost
function and the selected rate of crossover and mutation opera-
tors [34-36]. Although the same parameters are defined, the
randomness of GA still causes difficulties in reproducing the
same optimised results. In contrast, the gradient-based algorithm
can reproduce the same optimised results while using the same
parameter settings since the sensitivities calculated based on
the proposed parametrisation technique provide a deterministic
descent direction [37]. Meanwhile, the simulation only needs to
be executed once for the objective function evaluation at each
iteration in the gradient-based optimisation process. Third,
besides the metaheuristic algorithms, statistical techniques, such
as response surface methods, are also widely used for shape opti-
misation because of no requirements of sensitivities. However,
every set of the input design variables and output results needs
to be modified and collected by users. It is a manual method that
is time-consuming compared to other automatic methods [27].

This work therefore proposes a flexible and more effi-
cient shape parametrisation for complex channel shapes
that requires only a small set of design variables while
capable of formulating manufacturing constraints. This
allows using a modified Newton-like interior point opti-
misation method, that is more robust and efficient than
GA. The optimisation platform is established using the
sensitivity derived from the proposed parametrisation
method, to optimise mechanical performance under the
weight constraint. Geometrical and manufacturing con-
straints are considered to ensure that the optimised cross
sections can be successfully modelled and manufactured
with the designated manufacturing process.

The approach is developed and applied to the new Flex-
ible Roll Forming (FRF) process but can also be trans-
ferred to other manufacturing processes if required. FRF
was chosen because it enables cost-efficient manufacture of
automotive parts from high strength metal sheet, including
bumpers, door beams, roof bows and frame rails [38—43].
Unlike conventional roll forming process where the form-
ing rolls are mounted on fixed stands to form constant
cross-sectional parts, the forming rolls in FRF can rotate
and move to follow a complex part contour, as schemati-
cally shown in Fig. 1. This enables the manufacture of full
families of long components with variable width and depth
over the length of the part with only one tool set. This
promises reduced manufacturing costs and higher product
flexibility.
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Fig. 1 Movement of the roll
tooling in FRF with width
variation

Front View

The problem is that when the concave and convex zones
are formed, longitudinal tensile and compressive strains
and stresses occur in the flange (Fig. 1). This can result
in shape defects such as web warping (deviation in height
of the web) and wrinkling (waving in the flange) [44, 45].
Previous studies have been limited to the development of
tool solutions such as blank holders [46] and special form-
ing rolls [47, 48] or have aimed at optimising the forming
sequence [49] to eliminate the defects. Recent studies have
developed relationships between the process parameters and
the defect initiation, and proposed analytical equations to
estimate the strain limits during manufacturing [50-55].
This has produced a fundamental platform for optimis-
ing part performance of FRF parts while at the same time
accounting for manufacturing constraints to prevent defect
formation.

2 Concept of the Proposed Parametrisation

As discussed in Section 1, the parametrisation can affect the
selection of the optimiser, and this is directly related to the
rate of convergence. Generic examples of flat channels with
variable width are demonstrated in Fig. 2. The web of these

Fig.2 Channels with variable
width cross sections

Compression Zone

— Flange

Forming roll

—— Web

Symmetric blank

channels is made of straight and curved sections. The pro-
posed parametrisation approach directly defines the contours
of the web using a number of control circles, and then find-
ing the tangential envelope. This is demonstrated in Fig. 3.

In this parametrisation, the i, transitional arc is fully rep-
resented by the coordinates of the circle centre in the Car-
tesian coordinate system with the length - x;, the width - y;,
and the radius of the transitional part - r;. These three values
are grouped as one triplet in this method. Depending on the
positive or the negative value of r;, the direction of the arc
will be convex or concave respectively after connecting the
straight sections. If r;=0, the transitional section merges to
one point. From these triplets (x;,y;, r;), all points of tangency
(P; j in Fig. 3), which form the contour of the part, can be
calculated based on the relationship of two arcs (refer to
Appendix A for more details).

There are four sets of design variables including the 12
coordinates in Fig. 3. Based on the definition of the para-
metrisation method, ry = r,= 0, r; and r, are negative and
positive, respectively. Three straight sections and two transi-
tional sections are connected by six points of tangency (P )).
With this method, the shape configuration of parts can be
modified by changing the coordinates of the design varia-
bles. More complicated channels can be analysed by adding
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Fig.3 Geometrical model y
demonstrating the proposed
parametric method

Width /mm

@ Design variables:
&y yp1),i=0,..,n
% Tangent points:
Pij (Xi5,¥iy).i = 0,1

additional sets of coordinates. Utilising this parametric
method, any combination of potential channels with a varia-
ble width cross section can be represented. Most importantly,
the small number of design variables in this parametrisation
allows usage of gradient-based optimisation techniques.

3 FRF and Manufacturing Constraints

The mechanics of the manufacturing constraints of FRF
mentioned above are illustrated in Fig. 4. In the FRF pro-
cess, the sheet metal strips are bent incrementally by the
rollers to form variable cross sections along the feeding
direction. The bend curves in the transitional section of the
pre-cut blank are a,b, <a,b, and c¢,d, > c,d,. To include a
bend angle, the final bend curve must be subjected to the
condition of a,b, =a,b, and c¢,d, = c,d,. Therefore, the initial
bend curve a,b, is stretched to a,b,, and ¢,d; is compressed
to c,d, after FRF [54]. To maintain a defect-free structure,

Fig.4 Schematic of the sym-
metric half of the FRF channel
with variable width cross
section

Finally formed part

Pre-cut blank
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the tension and compression in the transitional sections need
to be less than the tearing or wrinkling limit of the material,
respectively, otherwise forming defects will occur [56, 57].

The following analytical equations, based on ideal
forming conditions, can be used to determine the forming
strains [54]:

_ h(1 — cos (0))

g,_1n<1+—rt_h > M)
_ h(1 — cos (0))

56‘1“<1‘—rc+h ) @

where ¢, and ¢, are the predicted longitudinal strains for
tension and compression in the concave and convex zones,
respectively; 6 and h are the bend angle and flange height; r,
and r,. are the transitional radii of the tension and compres-
sion sections in the final part (Fig. 4). Following Egs. (1) and
(2), the manufacturing constraints are defined as:
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where £, and £, are the longitudinal strain limits for tension
and compression in the transitional sections, respectively.

4 Using the Proposed Parametrisation
to Describe FRF Parts

The proposed parametrisation can efficiently capture the
characteristics of the FRF shape modes with a small num-
ber of design variables. The feature of variable width FRF
parts (similar as Fig. 2) can be represented by transitional
sections in form of arcs of circles that are connected by

Fig.5 A variable width chan-

nel modelled by the proposed @
parametric method, (a). Upper :
and lower design variables in !
channel (ru,, rus, rl; and rl, are J
positive, ru,, rug, rly, rl; and |
rls are negative, and ru, rus, :
rly and rlg are equal to zero), :
(b). A channel with variable

. \ \|
cross sections in width ,Sﬂ?’ylz' ___I\ | \:\_

) I =

I | p / %® ¥ |

|4 \ I

% ) \

’ \

Lo CORRED E

Upper flange

the tangents of these circular arcs. Besides, the manufac-
turing constraints of FRF discussed in Section 3 (Egs. (3)
and (4)) can be easily formulated and controlled as the
radii r, and r, are among the design variables.

4.1 Design Variables

Based on the parametric method demonstrated above, a gen-
eral FRF channel with complex variable width cross sections
is established in Fig. 5. The profile of the variable width
channel is represented by the line and curve sections. As the
profile is not symmetric and the design domains of the tran-
sitional radii in the concave (tension) and convex (compres-
sion) zones are different, the upper and lower profiles of the
structure are analysed and modelled independently.

The upper and lower profiles of the channel in Fig. 5 are
formed by six and seven triplets of design variables, sepa-
rately. All design variables can be expressed as:

|| Upper design variables

| Lower design variables

(Xla, ylsl I‘l;)

Lower flange

(b)
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2j=0,....9)

&)
where (xu;, yu;, ru;) represents the design variables of the
upper contour and (x;, yl;, rl;) represents the design variables
of the lower contour. For this model, p is equal to 5 and
q is equal to 6. The vector of the design variables can be
expressed in a general form:

= [xui,yu,», ru,-,xlj, ylj, rlj ]T(i =0,...

X =[x, ] (n=p+q) (6)

During the optimisation process, the shape configuration
of the part and the manufacturing constraints can be easily
controlled by changing the values of the design variables.

5 Formulation of the Optimisation Problem
and Sensitivity Analysis

5.1 Objective Function

The aim of this study is to optimise the structural perfor-
mance of the channel under the relevant loading conditions
by minimising the strain energy (compliance) while main-
taining the manufacturability. Minimising strain energy or

y ® Coordi of upper tangent points
Swu (Web area formed by upper contour)

g P! Pzo P21 u
8 u 11 * % P30
2 P pu 10 ®
| 00 fo1 u
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'
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Length direction x
(a)
y ¥ Coordinates of lower tangent points
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g
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x

s ® *
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| ! 1 e

! P20 P}, '

{ |

: i

Length direction x

(b)

compliance will result in stiffer designs which is generally
desirable in automotive parts. The objective function is given
as a function of the design vector X which has the form:

minf(X) (LB, <x; <UB_)(i=0,...,n) )

where LBy and UBy are the upper and lower bounds of the
design variable X;. The boundary can be represented by
8pouX). The magnitudes of these boundary variables are
determined subjected to both manufacturing and part geom-
etry constraints.

5.2 Area Constraints

The strain energy caused by the external loads is inversely
proportional to the area of the cross section of a fixed
length structure [58, 59]. Minimising the strain energy of
the channel by changing the geometrical parameters will
change the weight of the structure. Therefore, it is important
to include a constraint on the maximum weight of the part.
Here, the whole structure is built from a constant thickness
pre-cut blank with single isotropic material. As the man-
ufacturing process is a variant of roll forming, the thick-
ness of the formed channel is assumed to be uniform and
unchanged compared with the pre-cut blank during the entire

Y S (Web area of the structure)
- Py l;z",o P31
x
‘g pu P Py ® Pio
2 00 0 pos pu
B »* 31 pu u
= x 40 PPy
= %
= »® %
Z | P, Pl % - I
X 1 % 1
00 FO1 Py %y o Pl Pio P! b
Pl Pio P}, 30 41 pg P,
Length direction x

(©)

Syu (Area of upper flange)
Sy1 (Area of lower flange)

(d)

Fig.6 Method of calculating the area of the structure, (a). Web area formed by the upper contour, (b). Web area formed by lower contour, (c).

Web area, (d). Flange areas formed by upper and lower contours
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Fig.7 Geometrical constraints based on the developed modelling method

optimisation process. Therefore, the weight constraint can be
represented by the surface area of the formed channel. The
total area of the channel is defined as:

SO0 = 8,0 (X) = 8, (X) + S (X) + S4(X) ®)

where §,,,(X) (Fig. 6(a)) and S,(X) (Fig. 6(b)) are the web
areas of the upper and lower profiles positioned above the
x-axis, respectively. The overlapping area of §,,,(X) and
$,,/(X) 1s the total web area of the channel (Fig. 6(c)). S;,(X)
and Sﬁ(X) are the areas of the upper and lower flanges, which
can be obtained based on the length of the upper and lower
profiles (Fig. 6(d)).

Calculating the profile of the structure can be divided
into straight and transitional sections while the area of the
web (Fig. 6 (c)) and flanges (Fig. 6 (d)) can be represented
with the points of tangency (P; (X; ;,Y; ;) (full formulation
presented in Appendix B). The area constraint is expressed
as:

Fig. 8 Relation between design y
variables and points of tangency

Width /mm

(b) Reverse

/o Xpyim)
\ ®
\

Xoss Viss Tt :
(i1, Yir 1) X g / (Xi+1, ¥is1,Tis1)

® (Xi-1,¥i-1,Ti-1) :, ©

(c) Crossover

8,(X) = SX) = S(Xipisiar) <0 )

The integrated area constraint ensures that the weight
of the channel is not increased during the optimisation
process.

5.3 Geometrical Constraints

Given the flexibility of the parametric method, in some
cases, impossible geometrical combinations of shape
configurations may occur, which results in invalid shape
modes. Therefore, all possible ill-conditioned relationships
were identified and formulated into the optimisation plat-
form as geometrical constraints. There are three kinds of
geometrical constraints: overlap between two arcs, reverse
direction, and crossover between two straight sections, as
shown in Fig. 7.

As the parametric model forms channels based on the
calculated points of tangency P; (X; . Y; ;) (j=0,1) (Figs. 4

i

Design variables:
x;,y,1:),i=0,...,n
# Tangent points:
P (X Yi5),i =01
S : Straight section
T : Transitional scction

X

Length /mm

@ Springer



128

The International Journal of Advanced Manufacturing Technology (2023) 128:121-144

and 7), the geometrical constraints can be formulated
based on these points which in turn are dependent on the
design variables.

When the distance between the centres of the two
arcs is shorter than the sum value of the radii of these
two arcs, the overlap will be generated (Fig. 7(a)). This
situation needs to be avoided by adding the following
constraint:

golp(X) = |”i| + |”i+1| -D;;y,, £031@=0,...,n) (10
where r; and r; , | are the radii of the adjacent arcs, and D, ;,
is the distance between them.

Based on the definition of the reverse (Fig. 7(b)) and the
crossover conditions (Fig. 7(c)), these two constraints can be
formulated as described in Eqgs. (11) and (12),

geX) =X;0=X;, <0 (i=0,...,n)

)

8ereX) =X = Xjp<0  (@=1....n) (12)
DenOting gc(X):[gv(X)9 gb(m(X)s g[gn(X)9 gcom(X)9 golp(X)s

2,0/X),8.,,X) 1" and ER", the shape optimisation problem can be
stated as:

min f(X) }

subject to  g.(X) (13)

Fig. 9 Flowchart of the optimi-
sation procedure

5.4 Sensitivity Analysis

The challenge in gradient-based optimisation is the sensitivity
analysis that determines the optimisation direction [60, 61].
Here, first order derivatives of the objective and constraints
with respect to design variables are derived with numerical
and analytical methods.

5.4.1 Sensitivity Analysis of the Objective Function

The finite difference technique is an easy way to calculate the sen-
sitivity of the objective function with no need of coding or for-
mulating equations. However, this method might be calculation
intensive for the problem requiring numerous design parameters.
This drawback can be avoided in this work, because only a small
number of design variables are needed to form the complicated
structure based on the proposed parametric method in Section 2.
Therefore, the finite difference technique is used to approximate
the sensitivity of the objective function, which is stated as:

f(Xk+l) _f(Xk)
AX

M: lim

14
0X AX—0 (14

where AX=rd=X""'— X* AX stands for the vector of the
design perturbation determined by step size ¢ and descent
direction d. The step size and descent direction can be cal-
culated and updated by the optimiser during the optimisation

I Initial design variables: X°, Initial dual variables: 2o |

4—| Calculate: gj(Xk), g}(X"), FE analysis:f(Xk), f'(Xk) |
}

Calculate descent direction: df, di = dy, dual variables:A}, 1} = A |

Decrease: t

!

Auxiliary function: Af(X*) = £(X*) + 4. g;(x*)
Af'(X¥) = f1(X¥) + Ak gj(X5)
|

Update design variables: X**1 = X + ¢ - ud,,

].7

Update: Ay, X<+t = x* |

YES

f(X"“), g,-(X"“) Decrease: t
AFQE) = F(X540) + A g (X44)

l

| Calculate: g;(X**1), gj(X**1), FE analysis: f(X**1) |

Af(X* ) < Af(X*)+6

YES

NO
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process. X**! and X* are the vectors of design variables
corresponding to the objective function AX**1!) and f(X¥),
respectively. As X is a vector of the design variables, the
sensitivity of the objective function can be formulated as:

9f (X) of (X)]

0x, ox,,

(15)

VIX) = [

5.4.2 Sensitivity Analysis of the Constraints

The sensitivity analysis of the area constraints can be devel-
oped based on Eq. (8) as:

08,00 _ 98,00 05,00  05,X) 05,(X)

16)
0X 0X 0X 0X 0X

However, differentiating Eq. (16) with respect to the
design variables requires the analysis of the points of tan-
gency that are intermediate variables (P; (X; ,, Y; ;). The
relationship between the design variables and intermediate
variables in the modelling method is illustrated in Fig. 8,
where the change of one design variable affects four inter-
mediate variables (points of tangency).

Therefore, the sensitivity of the area with respect to one
design variable can be expressed as:

98,(X) Yo %’j’aﬁi (i=0)

on Zjl=0 (%% + %)i)%)(z =1,...,n=-1
a7

v 2 - 5850 0 50 o

be obtained according to the formulation presented in

Appendix A.
The derivative of the area with respect to the design vari-
ables is expressed as:

Fig. 10 Geometric parameters
of the simplified S-rail

Table 1 Material properties of DP780 steel [66]

Mass density Young’s Poisson’s Yield stress  Ultimate
(kg/m3) modulus ratio (MPa) stress
(GPa) (MPa)
7850 200 0.3 597 960
T
9g,(X) _[0g,)  9g,(X) .
0X ox, =7 ox,

The sensitivity analysis of other constraints including
boundaries (Egs. (3), (4) and (7)) and geometries (Egs. (10),
(11) and (12)) can be derived based on the formulation pre-
sented in Appendix A.

The sensitivity analyses of constraints can be summarised as:

08,X) 98, X) 980X 98,0, (X) 980, %) |"

Vgx = R ) s R i=0,...,n
¢ ( ) ()x,- ()x,» ox; ()x,» ox; (l )

After the formulation of the problem and the sensitivity
analysis, the optimisation model in Eq. (13) can be solved
by gradient-based optimisers.

6 Optimisation Algorithm

This paper adopts the modified Newton-like algorithm
proposed by Herskovits [62] as the optimiser to update the
design variables iteratively. The method is efficient and
robust in solving large-scale nonlinear and linear program-
ming compared to widely used GA [37]. An initial esti-
mate of the design variables that are in the feasible domain
defined by the constraints is required for the initiation of the
optimisation. The Lagrangian function is introduced:

600 mm

D=

L=1500 mm
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Fig. 11 Schematic of the half
S-rail with the strain limit in
critical regions

FRF S-rail

Pre-cut blank

LX, 1) =fX) — 1'g.(X) (20)

where A €R™ gives the dual variables. The Karush-Kuhn-
Tucker first order necessary conditions [37] stated below
are utilised to explore a feasible direction with respect to the
objective and constraints:

VLX*, 2%) =0 1)
G(X*) A* =0 22)
=0 23)
8X") <0 24)

where G(X™) is a diagonal matrix and the elements of main
diagonal are g.(X™). After each iteration, a new vector of X*
will be obtained and the structural configuration is updated
based on it.

An FEA model is constructed to assess the performance
of optimised structures subjected to specified loading condi-
tions. The commercial FEA software ABAQUS 2020 is used

End surface

AN

(a) Compression load

Convex (compression) zone

Concave (tension) zone

as the solver. The parametric model, optimisation algorithm
and FEA model are combined to form the optimisation plat-
form using a built-in ABAQUS Python script. The optimisa-
tion process of the proposed methodology is shown in Fig. 9.

The auxiliary function shown in Fig. 9 is used as the ter-
mination criterion in the Armijo’s Line Search to determine
the step size at each iteration. The proposed parameterisation
technique forms the structural configuration based on the
design variables in the design domain. Then, these param-
eters are transferred into FEA. The result of FEA allows
the objective function to be calculated and written into the
output file. The platform compares the results according to
the auxiliary function and convergence criteria. New design
variables that reduce the objective function and satisfy all
constraints are chosen as inputs in the next iteration. There
are two termination criteria, the maximum number of itera-
tions and the ratio of change in the auxiliary function. The
ratio of change in the auxiliary function is defined as:

) )Af(Xk+l) _Af(Xk)|
- |Af(Xk+1) |

<t (25)

(b) Bending load

Fig. 12 The two loading conditions analysed in the S-rail optimisation problems
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Fig. 13 Convergence process of the objective and the change of the
area for Case 1

where 7 is an allowable tolerance and Af(X") is the value of
the auxiliary function in the k,, iteration. If the convergence
criteria are met, the optimisation process terminates, and the
result is an improved configuration.

7 Case Studies

S-rails situated in the front and rear sides of the automo-
tive body in white play a vital role in preventing drivers
from being severely injured in crash events by absorbing
the impact energy [63]. Current S-rails are commonly
stamped [64], however FRF presents a more flexible and

cost-effective alternative [56]. To investigate the S-rail, the
shape is simplified as shown in Fig. 10 and modelled by the
proposed parametrisation method in Section 2. Numerical
experiments are then applied to the S-rails to validate the
flexibility and robustness of the proposed optimisation plat-
form via three case studies.

The geometric dimensions of the initial S-rail design
are shown in Fig. 10, where L, D, w, h, t and 0 represent
the total length of the S-rail, the offset of the two-end
parts, the left and right ends of the web width, the flange
height, the wall thickness and the bend angle between
the web and the flange, respectively. r’, 7V, r- and r are
the radii of the upper concave (tension) flange section,
the upper convex (compression) flange section, the lower
concave (tension) flange section, and the lower convex
(compression) flange section, respectively. Here, the val-
ues of L, D, W, h, t and @ are based on [65] and have been
fixed as shown in Fig. 10.

The S-rail is modelled in ABAQUS Implicit as a deform-
able part using four node shell elements (S4R) with 5 inte-
gration points (through-the-thickness). It is assumed that the
material of the S-rail is an isotropic DP 780 steel. The mate-
rial properties used for optimisation are listed in Table 1.

As previously mentioned, excessive longitudinal strain gen-
erated along the flange will lead to web warping or wrinkling.
The critical regions in the S-rail with the corresponding maxi-
mum longitudinal strain for tension and compression are shown
in Fig. 11. To avoid the initiation of defects, the manufactur-
ing constraints outlined in Eqs. (3) and (4) are considered in
the optimisation process. Here, the approximate strain limits
for compression (€,.) and tension (£,) for high DP 780 steel
with a thickness of 2 mm are ¢,= —0.04 and £,=0.2 [42]. As
the height of the flange (%) and the bend angle (6) are fixed

Table 2 Comparison between the results of the initial and the optimised structure for Case 1

Upper design variables (mm)

Lower design variables (mm) Performance
Iteration
xul xu2 yul yu2 rul ru2 x11 x12 yll yl2 il rl2  Strain energy (J) Area(mm?)
Initial 215.00 1285.00 870.00 230.00 -620.00 620.00 240.00 1310.00 820.00 180.00 -620.00 620.00 0.22 175492.30
Optimised  198.67 1290.29 909.71 158.39 -573.80 645.48 198.81 1329.42 868.43 193.34 -634.06 608.59 0.03 175292.47
Change (A) -1633 529 3971 -71.61 4620 2548 -41.19 1942 4843 13.34 -14.06 -11.41 -0.19 -199.83
Change ratio -7.60% 0.41% 4.56% -31.13% -7.45% 4.11% -17.16% 1.48% 591% 7.41% 2.27% -1.84% -86.49% -0.11%

Initial design

Optimised design
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(Fig. 10), the minimum radii of the concave and the convex
zones in the S-rail can be calculated based on Egs. (3) and (4),
obtaining " = 612.95 mm and ""=137.92 mm. These lower
limits of radii are defined as manufacturing constraints in the
optimisation platform to avoid any defect initiation during part
manufacture with FRF. The optimisation process only focusses
on the linear behaviour of the material.

As the major purpose of the S-rail is to resist the front
and side crash, the stiffness of the structure is one important
aspect for the evaluation of the structural performance. In
the cases solved here, six degrees of freedom are constrained
on one end of the S-rail, while the other end is loaded by
either compression or bending, as shown in Fig. 12. The
objective function of the optimisation is to minimise the
strain energy or to maximise the stiffness of the S-rail on
condition that the total weight does not increase.

7.1 S-rail Subjected to Compression Load
7.1.1 Case 1: Four Sets of Design Variables

In the first numerical example, the initial S-rail is optimised under
a compression load applied on the right end surface, as demon-
strated in Fig. 12(a). Twelve design variables, which form the
upper and lower transitional sections, are selected as shown in
Fig. 4 (i equals to 1 and 2). The upper and lower bounds of these
design variables can be calculated based on the given parameters
(Fig. 10) and manufacturing constraints (Eqs. (3) and (4)).

The optimisation results of the objective function (strain
energy) are shown in Fig. 13 and indicate an 86.49%
decrease from 0.22 J to 0.03 J. The solution converged at
the 85" iteration after reaching the termination criterion
(Eq. (25)). Compared with the initial design, the optimised
S-rail yields a minimal 0.11% area reduction. The dynamic
view of the S-rail and the change of the design variables are
demonstrated in Table 2.

An obvious decrease in rail deformation is observed
when comparing the initial and the optimised S-rails
shown in Fig. 14(a) and (b) respectively. The magnitude
of the maximum displacement reduces from 26.96 mm to
2.80 mm, meaning that the optimised structure is almost
90% stiffer than the original one. This verifies the change
of the objective function shown in Fig. 13. In addition, the
maximum stress in the optimised structure is 54.69% less
than that in the original one (Fig. 14(c) and (d)).

7.2 S-rail Subjected to Bending Load
7.2.1 Case 2: Four Sets of Design Variables
The same design variables and geometric properties as used

for Case 1 are applied in Case 2. The S-rail is now subjected
to a bending force in the negative y-direction (Fig. 12(b))

@ Springer

and the convergence history is shown in Fig. 15. The opti-
mised structure that is obtained at the 58" iteration shows a
51.62% reduction from 0.88 J to 0.42 J in the strain energy
and a 0.09% reduction in area compared to the initial design.
Table 3 displays the effect of the design variables change
on the shape of the S-rail after the optimisation process.
The displacement decreases from 46.92 mm to 11.77 mm
compared to the initial S-rail shown in Fig. 16 (a) and (b)
i.e., the optimised structure is about 74.91% stiffer than the
initial design. A 10.13% reduction of the maximum stress
can also be observed when comparing the initial and the
optimised S-rail in Fig. 16(c) and (d), respectively.
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Fig. 14 Contour plots of displacement and stress for the S-rail under
compression before and after optimisation for Case 1, (a) the dis-
placement of the initial S-rail before and after compression, (b) the
displacement of the optimised S-rail before and after compression, (c)
the initial S-rail after compression, (d) the optimised S-rail after com-
pression
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Fig. 15 Convergence process of the objective and the change of the
area for Case 2

7.2.2 Case 3: Four Sets with an Additional Design Variable

In Cases 1 and 2, all the design variables are in triplet for-
mat (x;,y;, r;). Therefore, an additional single design vari-
able yu, shown in Fig. 4 (i equals to 0) is introduced here
to test the capability of the modelling method to handle
different forms of design variables. The initial structure and
load condition as used for Case 2 were applied here. The
convergence process is shown in Fig. 17. The optimised
structure of Case 3 achieves a 64.58% strain energy reduc-
tion combined with a slightly lighter weight after the 73

iteration. It is clear that a further strain energy reduction
(0.11J) has been obtained in Case 3 (red line) compared to
Case 2 (purple line). Yet the area of the optimised results in
Case 3 (175486.85 mm?) is slightly larger than that in Case
2 (175334.86 mm?). The changes of shape configurations
before and after optimisation are shown in Table 4. Com-
paring the maximum displacement of the initial and opti-
mised S-rail in Fig. 18 (a) and (b) respectively, the stiffness
improved by 84.31% while the maximum stress decreased
from 91.02 MPa to 48.06 MPa (47.30% reduction) (see
Fig. 18 (c) and (d)). In contrast to this, the structure opti-
mised in Case 2 only shows a stiffness increase of 74.91%
and a 10.13% reduction of the maximum stress (Fig. 16).

8 Manufacturing Simulation
of the Optimised Structure

This section presents the simulation results of the FRF
process for the optimised S-rail structure to show the
manufacturing feasibility of the structure and to proof the
structural performance by considering the residual stresses
introduced by the manufacturing process. The structure
optimised for the bending load in Case 3 is selected for the
manufacturing simulation. For testing the manufacturing
feasibility, two FEA models are created in Abaqus.

8.1 Static Implicit Model for Forming the Critical
Regions of the Flange

The first model is a static implicit model that is based on a pre-
vious study [67] and has been validated by experimental shape
and strain measurements. As mentioned earlier, flange wrinkling

Table 3 Comparison between the results of the initial and the optimised structure for Case 2

Upper design variables (mm) Lower design variables (mm) Performance
Iteration
xul xu2 yul yu2 rul ru2 xI1 x12 yll yl2 rll rl2  Strain energy (J) Area(mm?)
Initial 215.00 1285.00 870.00 230.00 -620.00 620.00 240.00 1310.00 820.00 180.00 -620.00 620.00 0.88 175492.30
Optimised 220.08 1300.68 903.47 171.27 -592.08 634.29 173.86 1341.28 847.94 182.77 -635.72 600.35 0.42 175334.86
Change (A)  5.08 15.68 3347 -58.73 2792 1429 -66.14 3128 27.94 277 -1572  -19.65 -0.45 -157.44
Change ratio 2.36% 1.22% 3.85% -25.53% -4.50% 2.31% -27.56% 239% 3.41% 1.54% 2.54% -3.17% -51.62% -0.09%
Initial design Optimised design

£
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Fig. 16 Contour plots of displacement and stress for the S-rail under
bending load before and after optimisation for Case 2, (a) the dis-
placement of the initial S-rail before and after bending load, (b) the
displacement of the optimised S-rail before and after bending load,
(c) the initial S-rail after bending load, (d) the optimised S-rail after
bending load

is the major challenge for FRF. Therefore, the static analysis is
limited to the two convex regions (as highlighted in Fig. 19)
where the flange is under longitudinal compression and is likely
to show wrinkling. This saves the computational effort as run-
ning an implicit analysis of the full component would require
more than 30,000 elements and is very time consuming.

The key model features such as the part type, the blank
and die element types, material definition, contact proper-
ties, damping factor and boundary conditions for the tool
movements are the same as used in the previous study [67].
The bending sequence used for the forming simulation of
both regions is shown in Fig. 20 (a). Each forming pass is
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Fig. 17 Convergence process of the objective and the change of the
area for Case 3

modelled as one single implicit step with a time period of
11.2 seconds. The cross-section of the forming roll is shown
in Fig. 20(b). A 2mm thick DP780 material is used for mod-
elling the process, and the properties are given in Table 1.
A bending radius of 4mm is selected (Fig. 20 (a)) to mini-
mise springback as well as to keep the element size optimum
at 0.6mm in the bending zone as shown in Fig. 21. The element
size along the longitudinal direction is fixed at 3.4 mm. The
blank is fixed along the transverse (Z) and the longitudinal
(X) direction for both regions as shown in Fig. 21 (a) and (b).

8.1.1 Shape and Strain Measurements from the Simulation
Output

The shape and strain measurements from the FEA models
are analysed along the node paths (as shown in Fig. 22) to
determine the deviation in the shape of the formed blank
from the ideal CAD design. This provides an indication
of the feasibility of manufacturing the part shape. The
deformed mesh after the final forming pass is plotted in
Fig. 22 for the two critical convex regions along with the
ideal CAD profile. The average shape deviations (3,,) of
the flange edge are calculated along the X (length) and the
Z (width) direction according to the formula:

X=n

1
6y, = 5 Z |ZyreA — Zs—capl (26)
x=1

where Z, _ppp and Z, _ -, are the Z-X coordinate points
of the flange edge from the FEA and the CAD, respectively
while n is the number of nodes in the node path. The §,, for
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Table 4 Comparison between the results of the initial and the optimised structure for Case 3

Upper design variables (mm) Lower design variables (mm) Performance
Iteration
xul xu2 yu0 yul yu2 rul ru2 x12 yll yl2 rll rl2  Strain energy (J) Area(mm?)
Initial ~ 215.00 1285.00 250.00 870.00 230.00 -620.00 620.00 240.00 1310.00 820.00 180.00 -620.00 620.00 0.88 175492.30
Optimised 213.54 1301.60 296.35 916.20 165.66 -584.64 634.28 193.35 1344.04 881.27 178.92 -630.20 600.84 0.31 175486.85
Change (A) -1.46 16.60 46.35 4620 -6434 3536 1428 -46.65 34.04 6127 -1.08 -1020 -19.16 -0.57 -5.46
Change ratio -0.68% 1.29% 18.54% 5.31% -27.97% -5.70% 2.30% -19.44% 2.60% 7.47% -0.60% 1.64% -3.09% -64.58% -0.003%

Initial design

Optimised design

the convex regions-1 and 2 are calculated to be 0.55 mm and
0.59 mm, respectively.

The springback measurements are carried slicing three
planes across the cross section of the formed component as
shown in Fig. 23. The average springback values are calculated
to be 1.33° and 2.96° for convex regions- 1 and 2, respectively.

The minimum principal strain component along the flange
edge (at the middle integration point) is plotted in Fig. 24 (a)
and (b) to show the level of compressive deformation achieved
in the flange after each forming pass. To compare the strains,
the analytical strain value is calculated from Eq. (2) and com-
pared to the FEA strain distribution. The FEA shows that a
smooth uniform distribution of strain is achieved after each
pass for both convex regions. The peak compressive strain
values achieved after each pass are close to the analytical val-
ues for most forming passes in both regions. There is only a
small deviation in passes 5 and 6 in region-1 and passes 4,5
and 6 in region-2. This could be either related to springback or
due to the limitations of the analytical equations in predicting
the exact strain value [67]. Regardless of this, it can be con-
cluded that the strain distribution from the FEA shows a good
forming of the flange without any major wrinkling defects.
This provides the initial confirmation that the optimised part
is manufacturable according to an experimentally validated
process simulation model of FRF.

8.2 FEA Model for Forming the Full Structure

A dynamic explicit model is used to simulate the forming
process for the full structure, for running the forming simu-
lation of a full S-rail structure with mass scaling to speed
up the simulation. This model is used to create a final stress

state of the formed component, which can be imported to
the structural testing model of the S-rail component in Sec-
tion 7.2. The model parameters such as the part, mesh type,
tool and blank boundary definitions are kept the same as
those in the implicit model. The bending sequence and roll
tools are also the same as shown in Fig. 20. The key changes
that were introduced are:

e The forming steps are changed to the dynamic explicit
type with a total step time of 352.8 seconds.

e The blank material is defined with a density of 7750 Kg/m’.

e Mass scaling of the blank is introduced to achieve a fixed
time increment of 0.001 seconds.

e The contact algorithm is changed to surface-to-surface
explicit.

The analysis is performed in three steps. In the first step,
the full forming simulation is performed using the explicit
analysis to extract the final stress state of the formed part.
In the second step, the model performs a static implicit
analysis for the unclamping operation where the blank
is released from the die and the boundary conditions are
removed. In the final step, the released implicit model with
the extracted stresses is subject to the same loading condi-
tion in Case 3 to validate the structural performance of the
optimised component.

8.2.1 Deformed State after Forming and Unclamping
The deformed shape with the stress contour on the blank after

the forming simulation using the explicit analysis is shown in
Fig. 25 (a). The Mises stress and the minimum principal strain
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Fig. 18 Contour plots of displacement and stress for the S-rail under
bending load before and after optimisation for Case 3, (a) the dis-
placement of the initial S-rail before and after bending load, (b) the
displacement of the optimised S-rail before and after bending load,
(c) the initial S-rail after bending load, (d) the optimised S-rail after
bending load

Fig. 19 Convex regions of the
optimised structure which may
show to flange wrinkling
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along the flange edge are compared between the two implicit
models in Section 8.1 (Fig. 21) and the corresponding regions
in the explicit model for assessing the accuracy of the explicit
analysis. The stress and strain extracted from the node paths
after final forming pass are shown in Fig. 25.

The comparison shows that the strain and stress values
from explicit analysis are slightly lower than those of the
implicit analysis. Overall, there is a good correlation. In
addition to this, the ratio of kinetic energy to internal energy
is below 5% throughout the entire forming in the explicit
analysis, which suggests that the inertia effect is negligible.

The deformed shapes before and after unclamping the
formed blank component are shown in Fig. 26 (b). It can
be noticed that the formed component shows some twist-
ing after the unclamping operation. This means that the
formed structure may have some defects in the form of
longitudinal twist, and this needs to be considered.

8.2.2 Structural Testing of Unclamped Component

The structural testing of the unclamped shape is carried out
using the static implicit analysis with only elastic material con-
siderations presented in Section 7.2. Since the application of
the concentrated load causes convergence issues due to the
presence of residual stresses, the bending load is applied at the
end using contact with rigid shell punch as shown in Fig. 27.
In this case, a simple displacement in the vertical direction is
applied with a static implicit step using a punch with a time
period of 1 second. This is applied to both the original model
without the forming stresses and the model with residual stress
imported from the manufacturing simulation.

The structural test does not enable a comparison and
the analysis of the effect of residual stress on the structural
load. Given that the component with the residual forming
stresses is twisted. It does not reflect on the same manner
as component without residual stress. This is illustrated in
Fig. 28. The original model shows that the deflected shape
stays within the ZX plane, i.e., the load is pure bending.
However, the twisted shape with forming stresses shows that
the deflection tends to move out of the ZX plane which gives
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Fig.21 The mesh and boundary conditions for the blank in (a) convex region-1 and (b) convex region-2

significantly higher load. Hence, the structural analysis of
the formed component does not represent the ideal scenario
since the formed part produced some twisting defects which
is not considered in the optimisation analysis.

9 Discussion
The parametrisation description of long automotive structural

parts can be achieved using our system of connected straight
and curved profiles. The numerical examples in Section 7

(Cases 1 to 3) indicate that the newly presented parametrisa-
tion description can successfully find the final part shape with
variable cross sections using only a few sets of design variables.
The gradient-based method is selected as the optimiser because
of the analytical sensitivities derived from our proposed para-
metrisation method. Given only a small number of design var-
iables were utilised in the established optimisation platform,
the number of iterations required to achieve the final optimised
design is small, which reduced the computational cost.

The potential effectiveness and numerical stability of
the proposed algorithm are exampled by the strain energy
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Fig. 24 Minimum principal strain distribution along the flange edge for (a) convex region-1 and (b) convex region-2

decreasing monotonically during the optimisation pro-
cess for all three chosen cases. With respect to Case 2,
as the bending moment decreases from the fixed left end
to the right end of the S-rail in the bending situation, this
implies that the left-hand web end must widen during
the optimisation process to decrease the strain energy.
This has been shown by releasing the additional left end

@ Springer

(yup) in the width direction in Case 3. The optimisation
process of Case 3 leads to the left end becoming wider
and the location of maximum stress moving towards the
right end which becomes clear when comparing Fig. 18
(c) and (d).

It is noteworthy that the weight of the optimised S-rails is
marginally lower compared to the initial design in all three
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Fig.26 Deformed shapes from (a) the explicit analysis with Mises stress state before unclamping the sheet and (b) implicit analysis of sheet after
unclamping with the twisted shape

presented case

studies. This is due to the integrated area

constraint being obeyed by the optimisation platform.
Although manufacturing constraints are included in the

process, the results indicate that in some cases additional

manufacturing constraints will be needed. The narrow width

of the web section in the optimised design for Case 1 (refer
to Table 2) would still cause manufacturing issues since the
forming roll tools would not fit between the flanges at the
minimum web width. Solving this issue would need an addi-
tional manufacturing constraint for a minimum web width.
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Fig. 27 Applying bending load
through punch contact.
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Fig. 28 Comparison of structural performance of optimised part and FRF formed part under bending load through punch contact

This constraint will need to be incorporated into a future opti-
misation method and can be created from an appropriate con-
straint on the profiles of the channels. Apart from this, it has
been found that the residual stress from the FRF process may
cause a small amount of twist after unclamping the formed
structure. This twist can be formed out if an in-depth manu-
facturing process analysis was conducted, which still indi-
cates that the optimised part is manufacturable. The amount
of twist can be related to the amount of forming performed
on each side of the channel. The twist can be estimated using
the straight and curved profiles associated with the part, and
thus will also need to be considered in future work.

Despite the advantages of the proposed method, it has to be
also noted that there are some limitations. Most importantly,
the proposed parametrisation is not able to automatically add
additional curves to the initial input geometry. As mentioned in
Section 2, the transitional curve can merge to one point, which
enables the removal of unneeded transitional sections during
the optimisation process. However, the current version does
not support the ability to add more curved sections during the
optimisation process. As the submitted geometry at the initial
stage is usually based on the engineers’ experience, it is there-
fore important to determine the input design variables of geom-
etries, especially for complex loading and boundary conditions.

@ Springer

10 Conclusion

A new parametrisation method that uses a small number of
design variables is proposed to capture shape configurations of
channels with variable cross sections in width. The bend profile
that the parameterisation method describes has been shown that
it can estimate the forming strains in the part. This result can
be used to manage the manufacturing constraints. We analyti-
cally derived the first order derivatives of the parameter driven
variable width channel profiles. The derivatives that are cal-
culated based on the proposed parametrisation method enable
the utilisation of gradient-based optimisers. These optimisers
require less iterations compared to gradient free methods to
save the computational cost. An optimisation platform has been
established based on the parametrisation and gradient-based
Newton-like interior-point method and applied to the Flexible
Roll Forming (FRF) process to test the optimisation platform.
For this, the manufacturing constraints of FRF parts with vari-
able cross section in width were integrated into the optimisa-
tion platform. As improving the stiffness of the structure would
normally lead to increasing the weight, an area constraint of the
structure was integrated. In addition, geometrical constraints
were considered to avoid invalid shapes. Three optimisation
cases were conducted to validate the parametrisation method,



The International Journal of Advanced Manufacturing Technology (2023) 128:121-144 141

as well as the effectiveness and general applicability of the plat-
form. The concluding remarks are:

e The proposed parametrisation method successfully pro-
duced slender channels with width variants that main-
tained the manufacturing constraints, while only using a
small set of design variables.

e Combined with a gradient-based optimisation, the parametri-
sation platform enables part shape optimisation with only
a small number of the design variables. This significantly
reduces the number of iterations and optimisation time.

e The new method successfully accounts for manufacturing
constraints that are relevant to FRF to ensure the optimised
part shapes can be successfully manufactured. The manu-
facturing constraints are based on ideal forming of the part,
so it can be applied to other manufacturing processes.

e Part stiffness was increased by over 80% and the maxi-
mum stress was reduced by over 45% in some optimi-
sation cases. This promises to improve the structural
performance of an optimised part while maintaining
the manufacturability of the final part shape.

Appendix A

The relationship between design variables(x;, y;, r;) and
intermediate variables P; (X; ;,¥; )(j=0,1) can be catego-
rised into several situations based on the sign of transitional
radii and the values of adjacent coordinates in the y direction.
One example is given in Fig. 29 to clarify this relationship.

Pio o

(X;, ¥i, 13)
(Xi+1,¥Yi+1 Tir1)

Fig.29 Calculation of intermediate variables related to design vari-
ables

If r;<0, r;,1>0,and y;<y;,, ais calculated by:

a=r—f-y 27)
where

_ —1 Tit1
p = cos 28)

(Vi1 —yi)2 + (X —Xi)z

_ |xi+1 - xi|

= i ?éi 29
|yi+1_yi| <y+l y) @9

Substituting Egs. (28) and (29) into Eq. (27) yields:

a=rm—cos”! [l - :x,-+1 —X;: (yi+1 # yi)
2 2 i+1 — Vi
(}’i+1 _yi) + (xi+1 —xi) Vi 7
(30)
Using this angle, intermediate variables are defined as:
X0 =x; +r;sina 31)
Yiop=Yyi—ricosa (32)
Xi1 =Xy — Ty Sina (33)
Y1 =Yg + iy cosa (34)
P,

Sensitivity analysis of ?” in Eq. (19) is decomposed as:

i

19Xy Y, . _
oP;; 3 Zj:O P @i=0
- 10Xy, | oYy | 0Xy | oYy .
dxl Zj:() _0)(’ + _dx,» + d_xl+ 0—x!(l— 1,...,}'1— l)
(35)

oy,

X, . i
where d—"’ and axJ are calculated through differentiating Egs.

i

(31-34). Sensitivities of intermediate variables with respect
to design variables y; and r; are conducted using the same
method.

Appendix B

The area of the channels can be calculated based on the
intermediate variables (P; (X; ; Y; )(j=0, 1)), as shown in

Fig. 6(a)-(c). Based on Fig. 4, the regular formulation of the
web area is formed as:

@ Springer
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D
ol QR S )_FIZ(TN‘Z[Z(T)] (r, <0)

R By RN
g ] Gy | 7 [ (T)J | RS
(36)
S,(X) = ;01 ( (o + Y,-,1)2(X,«,1 ~ %) +2sin”! (%)rﬁqh
(37)

where [ is the chord length of the ith transitional section and
h is the flange height shown in Fig. 6(d).
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