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Abstract A universal frequency domain approach for
studying the dynamics of metal cutting with a flexible work-
piece and a compliant tool is derived. The method is used
for the identification of the position-dependent stability
lobes in turning. It enables a fast, accurate, and system-
atic stability analysis of turning processes in the parameter
space, which is not restricted to simple dynamic models
with only a specific number of modes in one spatial direc-
tion. In particular, a combination of experimental data for
the tool tip dynamics with analytical or numerical data for
the workpiece dynamics is possible, which is demonstrated
by a concrete example. The effect of the mode interaction
between tool and workpiece modes via the cutting pro-
cess is illustrated. Counterintuitively, the possibility of a
process destabilization for an increased workpiece stiffness
was observed, which can be explained by the mode interac-
tion. The presented methods and results can be efficiently
used for optimizing machine tool development and process
planning.
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1 Introduction

Machine tool chatter has been a rich topic of research for
over 50 years. The interest in chatter phenomena is driven by
the manufacturing industry’s desire for maximizing metal
removal rates while maintaining acceptable surface finish
and tool life. As the machining technology advances and
needs for new products emerge, chatter continues to be one
of the main impediments to high productivity. One example
of modern manufacturing processes where chatter plays
an important role is machining of slender components for
aerospace, medical, and energy industries.

There have been many studies on machining dynamics
where the tool is assumed to be compliant while the work-
piece is assumed to be rigid [1–4]. However, the number
of studies on machining slender structures is significantly
smaller due to modeling and computational challenges asso-
ciated with machining flexible structures. Some of these
challenges include the variation in the workpiece charac-
teristics due to metal removal and tool position, and the
increased number of degrees of freedom due to the flexibil-
ity of both the tool and the workpiece. Flexible structures
are often modeled using partial differential equations with
possibly several modes contributing to the onset of chatter.
The situation is further complicated because in general the
tool is also compliant and the motions of the tool and the
workpiece are coupled by the cutting process at the tool tip.

A large number of studies on machining flexible work-
pieces solely focus on the workpiece dynamics. Several
of these studies use computationally expensive numerical
simulations and finite element modeling to obtain accu-
rate workpiece dynamics while the interaction between the
workpiece and the tool dynamics is not taken into account
[5–7].
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Semi-analytical methods based on time domain analysis
have also been used to investigate machining of compliant
structures. For example, Song et al. used semi-discretization
for studying the stability in milling a thin workpiece [8]
while Urbikain et al. used a Chebyshev collocation method
for the stability analysis of turning a flexible workpiece
[9]. In both studies, only the dynamics in one spatial direc-
tion and only one dominant mode is considered. Eksioglu
et al. simulated and studied the stability in milling a flexi-
ble workpiece using semi-discretization [10]. Both the tool
and the workpiece were assumed to be flexible along one
spatial direction. Time domain methods can be useful espe-
cially for systems with time-varying coefficients; however,
they are not ideal if a large number of modes are needed in
the analysis.

The above limitations of time domain simulations have
made frequency domain methods more attractive for study-
ing machining of flexible structures. Thevenot et al. studied
the stability of a single degree of freedom end milling pro-
cess [11]. The tool was assumed to be rigid while the
workpiece was assumed to be flexible. Bravo et al. studied
milling of monolithic components with flexible tools [12].
They showed that the interaction between tool and work-
piece dynamics is important for a reliable prediction of the
process dynamics. In [12] different geometries of the work-
piece corresponding to different machining stages were
taken into account but no position-dependent dynamics was
calculated. The authors of [13–16] studied the stability in
turning with and without tailstock-supported workpiece.
However, their methods are restricted to a specific number
of modes along one spatial direction.

In this paper, a generic frequency domain method for
the quick and reliable identification of the stability lobes
in turning is derived. This method takes into account the
flexibility of both the workpiece and the tool. In contrast
to the existing literature, the position-dependent stability
analysis for an arbitrary number of modes in any spatial
direction is presented. Moreover, the combination of exper-
imental and numerical data for the tool and workpiece
dynamics is shown. Therefore, the present approach makes
the full power of frequency domain methods available for
the position-dependent stability analysis in metal cutting.
Specifically, the present approach enables fast computations
and parameter studies with complex models or experimen-
tal results as input data. Position-dependent stability lobes
are calculated for a simple model from the literature and a
complex model based on experimental data. The oriented
transfer function [17] is used to study the influence of vary-
ing the cutting point, lead angle, and boundary conditions
on the critical depth of cut via Tlusty’s law. The effects
of the mode coupling between tool and workpiece modes
via the cutting process is illustrated. The results show the

possibility of process stabilization through decreasing the
workpiece stiffness.

2 Dynamic cutting model

The dynamic cutting model consists of a model for the
machine tool dynamics at the tool tip, a modal descrip-
tion for the workpiece dynamics at the cutting point, and a
cutting force model.

2.1 Tool tip dynamics

The geometry of the turning process is illustrated in
Fig. 1a. The dynamic displacement of the tool tip
rt (t) = (xt (t), yt (t), zt (t))

T in Cartesian coordinates is
expanded in a superposition of modal displacements of the
first Nt tool modes

rt (t) = Vtqt (t). (1)

The vector qt (t) contains the modal displacements qt,j (t),
j = 1, . . . , Nt and the columns of the 3 × Nt dimensional
matrix Vt are the mode shapes vt,j of the tool modes in
Cartesian coordinates evaluated at the tool tip. The dynam-
ics of the tool modes can be described by the equation of
motion

Mt q̈t (t) + Ct q̇t (t) + Ktqt (t) = VT
t F(P, t), (2)

where T denotes transposition. The matrices Mt , Ct ,
and Kt are the modal mass, damping, and stiffness
matrices for the dynamics at the tool tip and the vec-
tor F(P, t) = (

Fx(P, t), Fy(P, t), Fz(P, t)
)T contains the

cutting force components in Cartesian coordinates act-
ing on the tool tip at the cutting point P . The entries
of the matrices Mt , Ct , Kt , and Vt can be deter-
mined by using an analytical or finite element model
for the machine tool structure. Alternatively, in Section
3, we show the implementation of experimentally mea-
sured frequency response functions (FRFs) for the tool tip
dynamics.

2.2 Workpiece dynamics

The workpiece is assumed to be rigid in the z-direction.
In addition, vibrations in the y-direction are not considered
because the influence of tangential vibrations on the limiting
chip width in turning is typically very low [18]. Euler-
Bernoulli beam theory similar to [13] is used to describe
the workpiece displacements in x-direction. The moment
produced by the cutting force in the z-direction and the
variation of the workpiece diameter D due to cutting are
neglected. The extension to a more accurate model as in [7]



Int J Adv Manuf Technol (2015) 79:1453–1463 1455

Fig. 1 a Model for turning of a
cylindrical workpiece of length
L and diameter D at cutting
point P with cutting force
F(P, t) acting on the tool tip. b
The uncut chip area (shaded
parallelogram) is the product of
the chip thickness h and the chip
width b. The chip thickness
depends on the relative
displacement between the
cutting edge and the workpiece
along the normal direction n at
the current (green, dashed) and
the previous (blue, thick) cuts
(cf. 13)

(a) (b)

or to Timoshenko beam theory as in [5] is straightforward
but is not shown in this paper.

The equation of motion for the x-displacement of the
workpiece xw(ξ, t) dependent on the reference axial coor-
dinate ξ and time t is

ρA
∂2xw(ξ, t)

∂t2
+ EI

∂4xw(ξ, t)

∂ξ4
= −Fx(ξ, t)δ(ξ − P). (3)

Here, ρ is the density, A = πD2/4 is the cross-sectional
area,E is the modulus of elasticity, and I is the area moment
of inertia of the workpiece. The cutting force Fx(ξ, t) in the
x-direction is approximated via a point load at the cutting
point P and the negative sign is due to Newtons action-
reaction law. Similar to Eq. 1 for the tool dynamics, the
workpiece displacement rw(ξ, t) = (xw(ξ, t), 0, 0)T can be
expressed via a superposition of the first Nw workpiece
modes

rw(ξ, t) = Vw(ξ)qw(t). (4)

In contrast to Eq. 1, in Eq. 4, the 3×Nw dimensional matrix
Vw(ξ) of the workpiece mode shapes vw,j (ξ) depends on
the reference axial position ξ with the second and third row
corresponding to the y and z components set to zero. The
workpiece eigenmodes are mutually orthonormal according
to

1

L

L∫

0

VT
w(ξ)Vw(ξ)dξ = I, (5)

where I is the Nw × Nw identity matrix. Combining
(3) and (4), multiplying by VT

w(ξ) from the left, integrating
over the length L of the beam and using Eq. 5 results in

Mwq̈w(t) + Kwqw(t) = −VT
w(P )F(P, t). (6)

In Eq. 6,Mw = ρALI andKw are Nw×Nw diagonal matri-
ces with the workpiece mass mw = ρAL and, respectively,
the modal stiffnesses mwωw,j on their main diagonals.

The mode shapes vw,j (ξ) and the eigenfrequencies ωw,j

of the workpiece modes are determined by the eigenvec-
tors and, respectively, the eigenvalues of the boundary value
problem

LEIv′′′′
w,j (ξ) − mwω2

w,jvw,j (ξ) = 0. (7)

In this paper, the left end of the workpiece is fixed to the
chuck (vw,j (0) = 0, v′

w,j (0) = 0) while the right end
is either free (v′′

w,j (L) = 0, v′′′
w,j (L) = 0) or pinned

(vw,j (L) = 0, v′′
w,j (L) = 0). The fixed-free and the fixed-

pinned boundary conditions are used to approximate turning
a cantilevered or tailstock-supported workpiece, respec-
tively. The ideal fixed-pinned boundary conditions are also
used in [7], and verified experimentally. Non-ideal bound-
ary conditions can be taken into account by permitting small
deflections in the boundary conditions [19].

The stability lobes are sensitive to damping because the
limiting chip width is proportional to the damping ratio of
the structure [20]. Without damping, the minimum limiting
chip width becomes zero which obviously does not rep-
resent the real cutting dynamics. Therefore, in contrast to
[13], workpiece damping is introduced in Eq. 6 to account
for energy dissipation. Workpiece damping is typically
low; thus, it is assumed that the workpiece eigenmodes,
i.e., the matrix Vw(ξ), does not change with the intro-
duction of damping. For example, this can be realized by
introducing proportional (Rayleigh) damping or generalized
proportional damping in the equation of motion [21]. With
the addition of damping, the equation of motion for the
workpiece in modal coordinates reads

Mwq̈w(t) + Cwq̇w(t) + Kwqw(t) = −VT
w(P )F(P, t). (8)

In Eq. 8, the matrices Mw, Kw, and Vw(ξ) can be obtained
from an FE model or an analytical model, e.g., the pre-
sented Euler-Bernoulli beam model. The parameters of the
diagonal modal damping matrix Cw can be determined by
measuring FRFs of the workpiece dynamics [21]. In con-
trast to the direct implementation of the FRF measurements,
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the presented workpiece model permits the specification of
the workpiece dynamics for different cutting points ξ = P

due to the known workpiece mode shapes Vw(ξ).

2.3 Combined model

Equations 2 and 8 for the dynamics of the tool and the work-
piece can be combined. The displacements of the tool and
the workpiece generate the relative dynamic displacements
r(ξ, t) = rt (t) − rw(ξ, t) in Cartesian coordinates. These
relative displacements can be written as a modal expansion
according to

r(ξ, t) = V(ξ)q(t). (9)

The definition qT (t) = (
qT

t (t), −qT
w(t)

)
for the

N = Nt + Nw dimensional vector, containing the modal
displacements qj (t), accounts for the opposite sign in
the contribution of tool rt (t) and workpiece displace-
ments rw(ξ, t) to the relative displacements r(ξ, t). The
3 × N dimensional matrix V(ξ) for the mode shapes of
the combined model is defined by V(ξ) = [Vt ,Vw(ξ)].
The dynamics of the combined structure with tool and
workpiece modes can be described by the N-dimensional
differential equation

Mq̈(t) + Cq̇(t) + Kq(t) = VT (P )F(P, t), (10)

where the modal mass, damping, and stiffness matrices M,
C, and K are diagonal matrices with the corresponding
masses mj , damping mj2ζjωj and stiffness values mjω

2
j ,

j = 1, . . . N of the tool and workpiece modes on the main
diagonal.

2.4 Cutting force

According to Fig. 1, the cutting force vector F(P, t) at time
t and cutting point P in Cartesian coordinates, representing
the force on the tool, can be obtained from the cutting force
vector Fe(P, t) = (Ft (P, t), Fn(P, t), Fr(P, t)) in cutting
edge coordinates by the coordinate transformation

F(P, t) = TFe(P, t)

=
⎛

⎝
0 sinψr cosψr

1 0 0
0 cosψr − sinψr

⎞

⎠

⎛

⎝
Ft(P, t)

Fn(P, t)

Fr(P, t)

⎞

⎠ , (11)

with the lead angle ψr . The cutting force in cutting edge
coordinates Fe(P, t) is divided into a tangential component
Ft(P, t) parallel to the cutting velocity in y-direction, a nor-
mal component Fn(P, t) perpendicular to a plane formed by
the cutting velocity and the cutting edge and a radial com-
ponent Fr(P, t) parallel to the cutting edge similar to [22].
Details on the specification of the tangential cutting pressure
Kt , and the ratios between normal and radial versus tangen-
tial cutting pressure, kn and kr , respectively, can be found in

[17] and references therein. The force in edge coordinates
can be determined from

Fe(P, t) = bKt

⎛

⎝
1
kn

kr

⎞

⎠ h(P, t), (12)

where b is the chip width and h(P, t) is the chip thickness
at time t and cutting point P . Note that the chip thickness
h(P, t) and the chip width b, respectively, are measured
in normal and radial direction of the edge coordinates (cf.
Fig. 1b). For comparing cylindrical turning processes with
different lead angles, the depth of cut ar = b cosψr , i.e.,
the width of the cut in x-direction, is defined according to
Fig. 1b. In Eq. 12, the influence of process damping is
neglected, but its inclusion is straightforward as described
in [23].

The chip thickness h(P, t) is composed of a static part
h0 due to the feed per revolution and a dynamic part due to
the oscillations of the tool and the workpiece. For grooving
operations (ψr = 90◦), the feed motion is in the nega-
tive x-direction, and for cylindrical turning (ψr < 90◦), the
feed motion is in the negative z-direction. It is assumed that
the dynamic part is always smaller than the static part h0,
i.e., the tool does not lose contact with the workpiece. The
static part h0 of the chip thickness h(P, t) has no influence
on the process stability and is therefore dropped from the
analysis. The dynamic part of the chip thickness is defined
by the projection of the relative dynamic displacements
from two consecutive revolutions onto the normal direc-
tion. Figure 1b shows the relative dynamic displacements at
the current r(P, t) and the previous r(P, t − τ) cuts with
dashed (green) and thick (blue) lines, respectively. The cor-
responding expression for the dynamic chip thickness reads

h(P, t) = (sinψr, 0, cosψr) (r(P, t − τ) − r(P, t))

= eT
n (r(P, t − τ) − r(P, t)) .

(13)

In Eq. 13, the vector en defines the direction of the nor-
mal component of the cutting force, i.e., en is equal to the
second column of the matrix T in Eq. 11. The time delay
τ is equal to the period of one spindle revolution. Since
the cutting points for the present and the previous cuts are
assumed to be constant and equal to P , Eq. 13 represents a
quasistatic approximation of the chip thickness and the pro-
cess dynamics. This approximation is valid as long as the
feed per revolution is much smaller than the length of the
workpiece.

Combining (11), (12), and (13), the cutting force can be
written as

F(P, t) = bKtBr (r(P, t − τ) − r(P, t)) . (14)



Int J Adv Manuf Technol (2015) 79:1453–1463 1457

The 3×3 dimensional coefficient matrix Br of the so-called
directional factors in Cartesian coordinates is defined by

Br = T

⎛

⎝
1
kn

kr

⎞

⎠ eT
n , (15)

which is similar to the definition in [23].

3 Position-dependent stability analysis

In this section, the position-dependent stability analysis is
described for varying cutting points P . Since the coeffi-
cients of the equation of motion (10) and the coefficients of
the cutting force vector in Eq. 14 are constant, the analy-
sis in the frequency domain is suitable. The stability lobes
specify the limiting chip width blim for a given spindle speed
� = 2π/τ . For chip widths b > blim, the process is unstable
and the amplitude of chatter vibrations increases, whereas
for b < blim the amplitude of vibrations due to perturba-
tions decreases. Thus, a purely periodic relative motion of
the structure with chatter frequency ωc and constant ampli-
tude can be considered for the calculation of the stability
lobes. The Fourier transformation

û(ω) = 1√
2π

∞∫

−∞
u(t) e−iωtdt (16)

is used to transform some vector u(t) from the time domain
to the frequency domain.

3.1 Closed loop representation of chatter in different
coordinates

With the aid of Eq. 16, the frequency domain representa-
tion of Eq. 10 is found for the description of the structural
dynamics

q̂(ω) = �q(ω)VT (P )F̂(P, ω), (17)

where �q(ω) is the N × N dimensional diagonal matrix,
containing the modal FRFs Φq,j (ω) on the main diagonal,

Φq,j (ω) = 1

mj

(
ω2

j − ω2 + 2ζjωj iω
) . (18)

Equation (14) for the cutting force can be written in the
frequency domain by

F̂(P, ω) = bKt

(
e−iωτ − 1

)
Br r̂(P, ω). (19)

Substituting Eq. 19 into Eq. 17 and using the frequency
domain representation of the modal expansion (9) for the

relative displacements r̂(P, ω) yields the closed loop rep-
resentation of regenerative chatter in modal coordinates

q̂(ω) = bKt

(
e−iωτ − 1

)
�q(ω)Bq(P )q̂(ω). (20)

Here, Bq(P ) = VT (P )BrV(P ) is the N × N dimensional
matrix of the directional factors in modal coordinates
depending on the cutting point P .

Multiplying (20) with V(P ) from the left results in the
representation of the closed loop for regenerative chatter in
Cartesian coordinates

r̂(P, ω) = bKt

(
e−iωτ − 1

)
�r(P, ω)Br r̂(P, ω). (21)

In contrast to the modal FRF matrix �q(ω), the
matrix �r(P, ω) = V(P )�q(ω)VT (P ) specifies the struc-
tural dynamic behavior in Cartesian coordinates, which
depends on the cutting point P . The entries {�r(P, ω)}ij ,
i, j ∈ {x, y, z}, describe the displacements along i in
response to a force acting along j on the structure at cutting
point P with frequency ω.

Another variable transformation ĥ(P , ω) = eT
n r̂(P, ω)

converts (21) to a scalar relationship describing the vibra-
tions in the normal direction en

ĥ(P, ω) = bKt

(
e−iωτ − 1

)
σ(P, ω)ĥ(P, ω). (22)

Equation (22) is the closed loop representation of regenera-
tive chatter for chip thickness variations. The corresponding
oriented transfer function σ(P, ω) = σR(P, ω) + iσI(P, ω)

for the turning process is defined by

σ(P, ω) = eT
n �r(P, ω)T

⎛

⎝
1
kn

kr

⎞

⎠ . (23)

Equation (22) shows that the regenerative effect in turn-
ing is a one-dimensional problem because only vibrations
in the fixed normal direction en affect the chip thickness
h(P, t) and the cutting force F(P, t). In fact, consistent
with [23], the oriented transfer function σ(P, ω) is the only
nonzero eigenvalue of the matrix products�q(ω)Bq(P ) and
�r(P, ω)Br corresponding to Eqs. 20 and 21, respectively.

3.2 Identification of stability lobes

Following the argumentation in [23], the limiting chip width
blim can be calculated using the eigenvalue

λ(P, ω, τ) = λR(P, ω, τ) + iλI(P, ω, τ) =
(
e−iωτ − 1

)
σ(P, ω).

(24)

Due to a real-valued chip width b and tangential cutting
pressure Kt , Eq. 22 can only be fulfilled if the imaginary
part of this eigenvalue vanishes

λI(P, ω, τ) = 0. (25)
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Consequently, the associated chip widths are defined by

b(P, ω, τ) = 1

KtλR(P, ω, τ)
. (26)

For a fixed cutting point P and delay τ , Eqs. 25 and 26
specify infinitely many pairs of frequencies ω = ωcr and
critical chip widths bcr = b(P, ωcr, τ ) where purely peri-
odic vibrations of the structure are possible. However, only
the minimum value blim = min bcr of the critical chip
widths defines the stability boundary that separates sta-
ble and unstable regions. The chatter frequency ωc is the
critical frequency which corresponds to the limiting chip
width, blim = b(P, ωc, τ ), and is always close to any
eigenfrequency ωj of the structure. The shape of the chat-
ter vibrations at the stability lobes can be characterized
by q̂(ωc)eiωct , r̂(P, ωc)eiωct , and ĥ(P , ωc)eiωct in modal,
Cartesian, and normal coordinates, respectively.

The present approach describes an efficient method for
the position-dependent identification of the stability lobes
for cutting processes with flexible tool and flexible work-
piece. The modal FRF matrix �q(ω) and the mode shapes
V(P ) of the structure can be calculated analytically via
beam theory as described in Section 2 or numerically via
FE methods. It is also possible to combine, for example,
measurements for the FRF �t,r (ω) at the tool tip in Carte-
sian coordinates with numerical or analytical results for the
workpiece dynamics. In this case, the FRF matrix �r(P, ω)

of the combined structure in Cartesian coordinates can be
determined by

�r(P, ω) = �t,r (ω) + Vw(P )�w,q(ω)VT
w(P ), (27)

with the Nw × Nw diagonal FRF matrix �w,q(ω) of the
modal FRFs for the workpiece dynamics being similar to the
definition in Eq. 18 with j = 1, . . . Nw. If the FRF matrix
�r(P, ω) is known, the oriented transfer function σ(P, ω)

can be determined via Eq. 23 and the stability lobes can be
identified with Eqs. 24, 25, and 26.

The current approach offers several advantages which
include (1) flexibility in using experimental, numerical, and
analytical data to generate the combined FRF of the struc-
ture, and (2) the stability analysis is not restricted to a
specific number of modes in one direction. This makes
the described approach a significant generalization and an
extension to prior works [7, 9, 13–16].

3.3 Stability evaluation via oriented transfer function

Applying Eq. 25 to 24 yields the relationship
λR(P, ωcr, τ ) = −2σR(P, ωcr) which is independent of
the time delay τ . Using this relationship in Eq. 26 one

obtains the well-known stability law of Tlusty [24] for the
position-dependent oriented transfer function

bcr = − 1

2KtσR(P, ωcr)
. (28)

Equation 28 reveals a relationship between the real part of
the oriented transfer function and the critical limiting chip
width bcr, which holds for all spindle speeds �. In general,
the position-dependent oriented transfer function σ(P, ω) is
suitable for understanding the stability behavior of turning
with flexible tool and flexible workpiece. In particular, the
negative minimum of the real part σR(P, ωcr) of the oriented
transfer function defines the minimum limiting chip width
min(blim). Thus, the real part of the oriented transfer func-
tion can be used for evaluating the system stability that
depends on the variation of the structural or process param-
eters but is independent of a specific spindle speed �

or cutting pressure Kt . This is useful for the optimiza-
tion of machine tool development or process planning as
demonstrated by the examples below.

4 Results

4.1 Machine tool model from the literature

In this subsection, a grooving process (ψr = 90◦) based
on parameters from the literature is studied [14]. In this
example, a steel rod was turned. The normal direction is
defined by en = (1, 0, 0)T , that is, only vibrations in x-
direction affect the cutting force. The force in z-direction
is zero (kr = 0). The resulting oriented transfer function
according to Eq. 23 is σ = kn�xx + �xy . Consistent with
Ref. [14] only a single mode for the tool dynamics parallel
to the x-axis is considered. Thus, the y and z components
of the mode shapes vj are zero. The only non-zero com-
ponent of the FRF matrix �r(P, ω) is �xx(P, ω), and the
position-dependent oriented transfer function further sim-
plifies to σ(P, ω) = kn�xx(P, ω). The parameters for
the tool dynamics, the workpiece dynamics and the cutting
force behavior are summarized in Table 1.

As mentioned above, the boundary conditions for the
workpiece model are fixed at ξ = 0, and pinned or free
at ξ = L, representing the turning process with or without
tailstock, respectively. The x-component of the dominant
mode shapes along the workpiece axis are shown in Fig. 2.
The tool mode (green, thick) does not dependent on the
axial coordinate ξ of the workpiece. For fixed-free boundary
conditions (red, dashed), the highest workpiece flexibility
appears at the free end of the workpiece. The eigenfre-
quency of the workpiece mode is 190.6 Hz. The mode shape
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of the second bending mode with eigenfrequency 1195 Hz is
not shown in Fig. 2. It has only a minor influence on the pro-
cess dynamics due to its higher stiffness. For turning with
tailstock, i.e., fixed-pinned boundary conditions, the high-
est workpiece flexibility can be found around ξ = 0.3 m as
can be seen from the black (solid) curve in Fig. 2. Here, the
eigenfrequency for the first bending mode is 836 Hz (see
Table 1).

In Fig. 3, the dynamics of the cutting process at the cut-
ting point P = 0.3 m is illustrated for the case with (black,
solid) and without (red, dashed/thick) tailstock. Figure 3a
depicts the real part σR(P, ω) of the oriented transfer func-
tion. According to Eq. 27, it is a superposition of the direct
FRF of the tool and the workpiece. For both cases, the
first peak around 100.6 Hz corresponds to the tool mode.
The remaining peaks at 836 Hz for the tailstock-supported
workpiece (black, solid), as well as the peaks at 190.6
and 1195 Hz for the fixed-free workpiece (red, dashed)
correspond to the first bending modes of the workpiece.
The amplitude of σR(P, ω) at the first workpiece mode
is lower for turning with tailstock than for turning with-
out tailstock. This is a direct consequence of the increased
dynamic stiffness due to the tailstock support. As a result,
the process is stabilized by the tailstock, which can be seen
by an increased limiting chip width for a wide range of
spindle speeds in Fig. 3b. The corresponding chatter fre-
quencies ωc are shown in Fig. 3c. It can be seen that in both
cases for spindle speeds � ∈ [2150, 2350] rpm and � ∈
[3350, 3950] rpm, the stability is determined by the tool
mode with chatter frequencies slightly larger than 100.6 Hz.
Obviously, for these spindle speeds, the tailstock support
does not stabilize the process (cf. Fig. 3b). In general, a
stabilization of the process via a tailstock can be obtained
only for spindle speeds with chatter frequencies around the
workpiece eigenmodes.

In Fig. 4, the process dynamics are analyzed for fixed-
free boundary conditions of the workpiece and a varying
cutting point P . The solid (black) curves for P = L =
0.5 m correspond exactly to the cutting conditions from
[14]. The stability lobes in Fig. 4b for this case coincide with
the results from the literature. According to the shape of

the dominant workpiece mode for fixed-free boundaries (see
red, dashed curve in Fig. 2), the influence of the workpixece
dynamics decreases for cutting points closer to the chuck,
P → 0. As a consequence, for decreasing P the ampli-
tude of the oriented transfer function in Fig. 4a around the
workpiece mode at 190.6 Hz decreases. Furthermore, as can
be seen in Fig. 4b, the limiting chip width of the process
increases for decreasing P . An exception can be seen for
P = 0.2 m (green, thick). In this case, the global minimum
of σR(P, ω) in Fig. 4a can be found around the tool mode
at 100.6 Hz. However, according to Tlusty’s law (28) the
minimum of the real part σR(P, ω) of the oriented transfer
function determines the limiting chip width. Thus, for spin-
dle speeds � ∈ [2150, 2350] rpm and � ∈ [3350, 3950]
rpm, no further stabilization of the process is possible by
increasing the workpiece stiffness. Indeed, for P = 0.2 m
the chatter frequencies, which are not shown here, are
located around the eigenfrequency of the tool, whereas for
P = 0.4 m and P = 0.5 m in the whole spindle speed inter-
val � ∈ [2000, 6000] they are located around the workpiece
eigenfrequency.

4.2 Mode interaction between tool and workpiece modes

Actually, the tool mode is slightly destabilized for an
increasing workpiece stiffness. This can be seen in Fig. 3b
and in Fig. 4b for spindle speeds � ∈ [2150, 2350] rpm
and � ∈ [3350, 3950] rpm, where the chatter frequency is
close to the eigenfrequency of the tool. Although the shape,
stiffness, or damping of the tool mode does not change with
changing boundary conditions of the workpiece or varying
cutting position, there is a mode interaction between the
tool and the workpiece mode due to the regenerative effect.
Mathematically, this can be explained by a decreasing real
part σR(P, ω) of the oriented transfer function around the
tool eigenmode at 100.6 Hz for decreasing influence of the
workpiece dynamics in Fig. 4a. Since the negative mini-
mum of σR(P, ω) determines the stability, the limiting chip
width corresponding to the tool eigenmode decreases with
increasing workpiece stiffness. In general, all eigenmodes
with eigenfrequencies smaller (larger) than the workpiece

Table 1 Process parameters for the examples in Section 4

Workpiece parameters

ρ = 7600 kg/m3 E = 180 ×109 N/m2 L = 0.5 m D = 0.07 m I = 1.18×10−6 m4

Modal parameters mass kg damping ζ frequency Hz mode shape

Dominant tool mode 50.0 0.032 100.6 vt,1 = (1, 0, 0)T

Workpiece 1st mode (fixed-free): 14.6 0.025 190.6 vw,1(0.5 m) = ( 1.99, 0, 0)T

Workpiece 2nd mode (fixed-free): 14.6 0.025 1195.0 vw,2(0.5 m) = (−1.99, 0, 0)T

Workpiece 1st mode (fixed-pinned): 14.6 0.025 836.0 vw,1(0.3 m) = (1.51, 0, 0)T

Cutting force coefficients Kt = 2000 × 106 N/m2 kn = 0.342 kr = 0
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Fig. 2 Mode shapes in x-direction for the dominant tool mode (green,
thick), as well as the dominant workpiece mode with fixed-free (red,
dashed) and fixed-pinned (black, solid) boundaries. The mode shape
of the tool does not change along the workpiece axis

eigenmode are stabilized (destabilized) by increasing the
workpiece flexibility.

The physical explanation of the mode interaction is as
follows. First, a rigid workpiece and a flexible tool where no
mode interaction is possible are considered. For an unstable
process, a tool tip vibration rt (t) with a chatter frequency
ωc slightly larger than the eigenfrequency of the tool occurs.
The energy introduced by the regenerative effect is larger
than the dissipation due to damping [25]. If a flexible work-
piece is considered, vibrations of the workpiece rw(P, t)

with the same chatter frequency ωc occur. For workpiece
eigenfrequencies larger than the chatter frequency ωc, the
energy balance of the regenerative effect of the workpiece
vibration is negative. In other words, energy is not only dis-
sipated by tool damping but also by workpiece damping and
the self-excitation of the workpiece due to the regenerative
effect. If the workpiece flexibility is increased, more energy
is dissipated by the regenerative effect at the workpiece. As
a result, an instability of the tool eigenmode can be sta-
bilized by increasing the flexibility of workpiece or other
eigenmodes with higher eigenfrequencies.

4.3 Realistic machine tool model

In this subsection, a complex realistic model for the tool
dynamics is considered, where experimental data for the
FRFs at the tool tip are used. Cylindrical turning at the
cutting point P = L = 0.5 m without tailstock (fixed-
free boundaries) is considered. The force has components
along x, y, and z. The normal direction is defined by eT

n =
(sinψr, 0, cosψr). Thus, depending on the lead angle ψr ,
vibrations in the xz-plane can become unstable, whereas
vibrations in y-direction are forced vibrations. The cutting
force coefficients and the parameters for the steel rod are
taken from the example from the literature (see Table 1),
except for a larger workpiece diameter D = 0.12 m. The
mode shape of the dominant bending mode of the workpiece
is similar to the red (dashed) curve in Fig. 2. However, due
to the increased diameter of the workpiece, the workpiece
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Fig. 3 a Real part σR(P, ω) of the oriented transfer functions, b sta-
bility lobes, and c chatter frequencies are shown for grooving with
(black, solid) and without (red, dashed/thick) tailstock. Tailstock sup-
port increases the dynamic stiffness of the workpiece modes, and
workpiece instabilities can be suppressed

stiffness and eigenfrequeny are increased. Figure 5 shows
the magnitude of the relevant FRFs at the tool tip of a CNC
lathe Gildemeister CTX 400 E. The direct and cross FRFs
at the tool tip of a lathe were obtained by impact hammer
tests. The dynamic behavior for vibrations in the x- and z-
directions is shown in Figs. 5a, b. The dynamic behavior at
the tool tip is dominated by a low-frequency mode of the
machine tool structure around 140 Hz and a high-frequency
tool mode slightly below 1600 Hz. The maximum magni-
tude of the FRFs can be found at the tool mode around
1600 Hz for excitation and response in the z-direction. In
contrast to the simplified model in the example above, the
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cross FRFs cannot be neglected for an accurate character-
ization of the dynamics at the tool tip of a real lathe. To
elaborate, the directions of the vectors vt,j for the mode
shapes at the tool tip in Cartesian coordinates are not per-
pendicular to the x, y, or z directions. The workpiece is
assumed to be rigid in the z-direction and the direct FRF
in the x-direction is shown in Fig. 5c. The eigenfrequency
of the first bending mode for the workpiece with diame-
ter d = 0.12 is 326 Hz. The oriented transfer function
according to Eq. 23 can be specified by

σ = s
(
(�t,xx + �w,xx)kns + �t,xy + �t,xzknc

)

+c
(
�t,zxkns + �t,zy + �t,zzknc

)
,

(29)

where s = sinψr and c = cosψr .
In Fig. 6, the stability lobes and the corresponding chat-

ter frequencies are shown for varying lead angle ψr . For
comparison of the stability behavior, the stability lobes are
presented in terms of the depth of cut ar = b cosψr rather
than pure chip width b. Theoretically, for zero lead angle
ψr = 0, the workpiece dynamics �w,xx have no influence
on the oriented transfer function σ = �t,zy + �t,zzkn and
the stability lobes. For increasing lead angle, the influence
of the vibrations in the x-direction on the chip chip thickness
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Fig. 4 The workpiece flexibility decreases for cutting points P closer
to the chuck. a For decreasing P , the peak of the real part σR(P, ω) of
the oriented transfer functions around the workpiece mode decreases.
b The process is stabilized for smaller P (P = 0.5m: black,solid;
P = 0.4m: blue, dotted; P = 0.3m: red, dashed; P = 0.2m: green,
thick)
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Fig. 5 Magnitude of measured tool FRFs for vibrations in x (a) and
z (b) direction in response to a force in x (black, solid), y (red,
dashed) and z (green, thick) direction, and magnitude of the analyti-
cally determined direct workpiece FRF �w,xx(P, ω) in x-direction (c)
with P = L, D = 0.12m and fixed-free boundaries

increases. In Fig. 6a, the stability lobes for ψr = 15◦ (black,
solid) are composed of slender lobes corresponding to the
tool mode and wide lobes corresponding to the structural
mode of the machine tool. The associated chatter frequen-
cies in Fig. 6b are around 1600 and 140 Hz, respectively.
No instability of the workpiece eigenmode occurs. For the
larger lead angle ψr = 30◦ (red, dashed), the flexibility
of the workpiece in x-direction becomes more important.
Consequently, e.g., for spindle speeds � ∈ [3450, 3650]
rpm and � ∈ [4050, 4350] rpm, new lobes associated to
the first bending mode of the workpiece appear. The cor-
responding chatter frequencies are slightly larger than the
eigenfrequency of the workpiece mode at 326 Hz as can be
seen in Fig. 6b. The slender lobes for the tool mode with
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Fig. 6 Stability lobes (a) and chatter frequencies (b) for cylindrical
turning without tailstock and varying lead angles ψr = 15◦ (black,
solid), ψr = 30◦ (red, dashed/circles), and ψr = 45◦ (green, thick).
An optimal lead angle can be found around ψr = 30◦, where tool and
workpiece instabilities are balanced

high chatter frequencies are stabilized. This is due to the
fact that the excitation of the tool mode is lower because for
larger lead angle ψr the excitation in z-direction decreases.
Furthermore, in contrast to ψr = 15◦, for ψr = 30◦, the
wide structural modes with low chatter frequencies are also
stabilized. A reason for this can be the effect of mode inter-
action as explained in detail in Section 4.2. For a lead angle
ψr = 45◦ (green, thick), the excitation of the workpiece
mode in x-direction is further increased. The stability lobes
are almost everywhere associated with an instability of the
workpiece mode. As a result, the maximum limiting depth
of cut can be obtained for a lead angle around ψr = 30◦,
where tool and workpiece instabilities are balanced. The
presented efficient investigation of the nontrivial effect of
the lead angle on the stability of the process can be useful
for process planning.

5 Conclusion

A universal model for analyzing the dynamics of turning
a flexible workpiece with a compliant tool at varying cut-
ting points has been presented. The model can be used to

combine analytical, numerical, and experimental data for
the tool and the workpiece dynamics and is not restricted to
the consideration of a specific number of modes or a spe-
cific spatial direction. The stability lobes can be identified
via a frequency domain method similar to [23], which is
very efficient even for a large number of modes. The real
part σR(P, ω) of the oriented transfer function is used to
study the effect of process parameters on the stability of the
cutting process.

In particular, the effect of the flexible workpiece on the
stability lobes has been analyzed for two examples based on
experimental data and results from the literature. The quali-
tative and quantitative changes in the stability behavior were
shown for varying cutting point, lead angle, and boundary
conditions, i.e., turning with and without tailstock. The main
observations can be summarized as follows.

1. An increasing influence of the workpiece dynamics due
to a change of the cutting point, lead angle, or boundary
condition, obviously, leads to a destabilization of the
workpiece modes.

2. Counterintuitively, increasing the stiffness of the work-
piece can destabilize tool modes with eigenfrequencies
lower than the first workpiece eigenfrequency due to the
interaction between tool and workpiece modes via the
cutting process.

The results reveal potential strategies for increasing quality
and productivity of metal cutting if both the tool and the
workpiece are flexible. One interesting effect is the stabi-
lization of low-frequency modes at the tool tip by decreasing
the dynamic stiffness of the workpiece. The main disadvan-
tage may be a destabilization of workpiece modes at higher
frequencies. However, these high-frequency vibrations are
typically suppressed by process damping [26].

Moreover, the presented position-dependent oriented
transfer function approach can be combined with the recent
results in [23] to study the stability in milling of flexible
workpieces.
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