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Abstract

We study the fixed point property and the Craig interpolation property for sublogics
of the interpretability logic IL. We provide a complete description of these sublogics
concerning the uniqueness of fixed points, the fixed point property and the Craig
interpolation property.
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1 Introduction

De Jongh and Sambin’s fixed point theorem [12] for the modal propositional logic GL
is one of notable results of modal logical investigation of formalized provability. For
any modal formula A, let v(A) be the set of all propositional variables contained in A.
A logic L is said to have the fixed point property (FPP) if for any modal formula A(p)
in which the propositional variable p appears only in the scope of [, there exists a
modal formula B such that v(B) € v(A) \ {p} and L - B <> A(B). De Jongh and
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Fig.1 Sublogics of IL

Sambin’s theorem states that GL has FPP, and this is understood as a counterpart of
the fixed point theorem in formal arithmetic (see [4]). Bernardi [2] also proved the
uniqueness of fixed points (UFP) for GL.

A logic L is said to have the Craig interpolation property (CIP) if for any formulas
Aand B,if L - A — B, then there exists a formula C such that v(C) € v(A)Nv(B),
LA — C,and L - C — B.Smorynski [13] and Boolos [3] independently proved
that GL has CIP. Smorynski also made an important observation that FPP for GL
follows from CIP and UFP.

The interpretability logic IL is an extension of GL in the language of GL equipped
with the binary modal operator >, where the modal formula A > B isread as “T + B is
relatively interpretable in 7 4 A”. It is natural to ask whether IL also has the properties
that hold for GL. Indeed, de Jongh and Visser [8] proved UFP for IL and that IL has
FPP. Also Areces, Hoogland, and de Jongh [1] proved that IL has CIP.

Ignatiev [5] introduced the sublogic CL of IL as a base logic of the modal logical
investigation of the notion of partial conservativity, and proved that CL is complete
with respect to relational semantics (that is, usual Veltman semantics). Kurahashi and
Okawa [9] also introduced several sublogics of IL, and showed the completeness and
the incompleteness of these sublogics with respect to relational semantics.

In this paper, we investigate UFP, FPP, and CIP for sublogics of IL shown in Fig. 1.

Moreover, for technical reasons, we introduce and investigate the notions of {UFP
and ZFPP that are restricted versions of UFP and FPP with respect to some particular
forms of formulas, respectively. Table 1 summarizes a complete description of these
sublogics concerning ¢UFP, UFP, ¢FPP, FPP, and CIP.

The paper is organized as follows. In Sect. 3, we show that UFP holds for extensions
of IL™ (J4.), and that UFP is not the case for sublogics of IL™ (J1, J5). We also show
that ZUFP holds for extensions of IL. ™. In Sect. 4, we prove that the logic IL™ (J2, J5)
has CIP by modifying a semantical proof of CIP for IL by Areces, Hoogland, and de
Jongh. We also notice that CIP for IL easily follows from CIP for IL™ (J24, J5). In
Sect. 5, we observe that FPP for IL™ (J2, J5) immediately follows from our results
in the previous sections. Also, we give a syntactical proof of FPP for IL™ (J24, J5).
Moreover, we prove that IL™ (J4, J5) has £FPP. In Sect. 6, we provide counter models
of £FPP for CL and IL™ (J1, J5) and a counter model of FPP for IL™ (J1, J4,, J5).
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The fixed point and the Craig interpolation ... 3

Table 1 ¢UFP, UFP, (FPP, FPP,

and CIP for sublogics of IL CUFP UFP CEPP FPp cip

IL-
IL~JD
IL~(J5)
IL~(J1,J5)
IL™(J44)
IL-(J1, J4,)
IL~(J24)

CL

IL-(J4,. J5)
IL~(J1, J4,, J5)
IL~(J24.J5)

IL

N N N Y N N NN NN
NN X X X X X X X X X X

LN NN RS SR X X XX
AN A X X X X X X X X

[8] (8] (1]

As a consequence, we also show that CIP is not the case for these sublogics except
IL™(J24,J5) and IL.

2 Preliminaries
2.1 IL and its sublogics

The interpretability logic IL is a base logic of modal logical investigations of the
notion of relative interpretability (see [15, 16]). The language of IL consists of propo-
sitional variables p, g, ..., the propositional constant L, the logical connective —,
the unary modal operator [, and the binary modal operator I>. Other logical connec-
tives, the propositional constant T, and the modal operator ¢ are introduced as usual
abbreviations. The formulas of IL are generated by the following grammar:

Ai=1|p|lA— A|OA| A A.

For each formula A, let 1A = A A LIA.

Definition 1 The axioms of the modal propositional logic IL are as follows:

L1 All tautologies in the language of IL;
L2 O —- B) — (OA — OB);

L3 O0A — A) —» A,

J1 J(A - B) — A> B;
J2(A>B)A(B>C)— AD>C;
JB3A>C)AB>C)— (AVB)>C;
J4 A>B — (OA — OB);

J5 OAD> A.

. A A— B o A
The inference rules of IL are Modus Ponens ————— and Necessitation O
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4 S.lwata et al.

The conservativity logic CL is obtained from IL by removing the axiom scheme
J5, that was introduced by Ignatiev [5] as a base logic of modal logical investigations
of the notion of partial conservativity. Several other sublogics of IL were introduced
in [9]. The basis for these newly introduced logics is the logic IL™.

Definition 2 The language of IL™ is that of IL, and the axioms of IL™ are

L1,L2,L3,J3, and J6: [JA < (—A) > L. The inference rules of IL™ are Modus

o A— B A— B
Ponens, Necessitation, Rl ———— and R2 ————.
C>A—Cp>B B>C— A>C

For schemata Xy, ..., X, let IL™ (X, ..., X,) be the logic obtained by adding
X1, ..., X, as axiom schemata to IL ™. The following schemata J2, and J4, were
introduced in [9] and [15], respectively:

J2, (A (BVC)AB>C)— A C;
J4, O(A—- B) > (C>A— Cr> B).

In this paper, we mainly deal with logics consisting of some of the axiom schemata
J1,J2,, J4., and J5 (see Fig. 1 in Sect. 1). Then, we have the following proposition.

Proposition 1 Ler A, B, and C be any formulas.

IL-+-0O-A— A> B.
IL-~0O(A— B) > (B>C — A C).
ILTF(—AAB)>C— (A>C — B> ().
IL~(J4,) - J4.

IL™(J20) FJ2 A J4,.
ILTJ2)F(ABYA((BA=C)>C) — (A> C).
ILTJD) - AD> A

CL is deductively equivalent to IL™ (J1, J24).

IL is deductively equivalent to IL™ (J1, J24, J5).

000NN W~

Proof Except clause 3, see [9]. For 3, by J3,IL™ FH (mFAAB)>C)A(AD>C) —
(mAAB)VA)>C.SinceIL™ - B — (mAAB)VA),wehaveIL™ - (mAAB)V
A)>C — B> C bytherule R2. Thus, IL™ - (mFAAB)>C)A(A>C) — B> C.

[}

The following lemma (Lemma 1) plays an important role in our proofs of CIP and
FPP for IL™ (J24, J5) in Sects.4 and 5.

Fact1 (See [17]) For any formula A,
IL” = (AV QA) < (AAO-A) v O(A AO=A)).

Lemma 1 Let A and C be any formulas.

1. IL=(J2,J5) - (AAO=A) > C) < (A O).
2. IL=(J24,J5) F (C > (A AO=A)) < (C > A).
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The fixed point and the Craig interpolation ... 5

Proof In this proof, let B = (A A O—A).
1. («): Since IL™ - B — A,wehave IL” - A C — B> C by R2.
(=): Since IL~(J5) + OB > B, we have IL~(J2,J5) - B> C — OB > C.
Hence, by J3,
IL-(J2,J5-B>C —- (Bv{B)>_C.
By Fact 1 and R2, we obtain
IL-(J2,J5-B>C — (Av_OA) > C.
Since IL™ = A — (A v QA), we obtain
IL-J2,J5-B>C— Ap>C
by R2.
2. (—): This is immediate from IL~ - B — A and R1.
(«<=):Since IL™ F A — (A Vv QA), we obtain
ILTFC>A— C>(AVOA)
by R1. Then, by Fact 1 and R1,
IL -C>A— C>(BVOB).
Since IL~(J5) - OB > B, we obtain
IL-J2.,J5)FC>A— C>B

because (C > (OB V B)) A (OB > B) — C > B is an instance of J2. O

2.2 IL~ -frames and models

Definition 3 We say that a system (W, R, {Sy }wew) is an IL™ -frame if it satisfies the
following three conditions:

1. W is a non-empty set;
2. R is atransitive and conversely well-founded binary relation on W;
3. Foreach w € W, S, is a binary relation on W with

Vx,y e WxSyy = wRx).

A system (W, R, {Sy}wew, IFF) is called an IL™ -model if (W, R, {Sy}wew) is an
IL™ -frame and |- is a usual satisfaction relation on the Kripke frame (W, R) with the
following additional condition:

wlFAD>B < Vxe WwRx & xIFA=3ye WxSyy &y IF B)).
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6 S.lwata et al.

A formula A is said to be valid in an IL™ -frame (W, R, {Sy }wew) if w I- A for any
satisfaction relation IF on the frame and any w € W.

Foreachw € W, let R[w] := {x € W : wRx}.

Proposition 2 (See [9] and [15]) Let F = (W, R, {Sy}wew) be any IL™ -frame.

1. J1isvalid in F if and only if for any w, x € W, if wRx, then xSyXx.

2. J24 is valid in F if and only if J&; is valid in F and for any w € W, S, is
transitive.

3. J4. isvalid in F if and only if for any w € W, Sy, is a binary relation on R[w].

4. JSisvalid in F if and only if for any w, x,y € W, wRx and xRy imply xSy, y.

Theorem 1 (See [5], [7] and [9]) Let L be one of logics shown in Fig. 1 in Sect. 1.
Then, for any formula A, the following are equivalent:

1. L+ A
2. Aisvalid in all (finite) IL™ -frames in which all axioms of L are valid.

2.3 The fixed point and the Craig interpolation properties

For each formula A, let v(A) be the set of all propositional variables contained in A.

Definition 4 We say that a formula A is modalized in a propositional variable p if
every occurrence of p in A is in the scope of some modal operators [ or [>.

Definition 5 A logic L is said to have the fixed point property (FPP) if for any proposi-
tional variable p and any formula A(p) which is modalized in p, there exists a formula
F such that v(F) Cv(A)\{p}and L - F < A(F).

Definition 6 We say that the uniqueness of fixed points (UFP) holds for a logic L if
for any propositional variables p, g and any formula A(p) which is modalized in p
and does not contain ¢,

LEU(p < A(p) AlL(g < A@)) — (p < q).

Theorem 2 (De Jongh and Visser [8])

1. 1L has FPP.
2. UFP holds for IL.

In particular, de Jongh and Visser showed that a fixed point of a formula A(p)>B(p)
is A(T)> B(O—A(T)). Then, a fixed point of every formula A(p) which is modalized
in p is explicitly calculable by a usual argument.

Definition 7 A logic L is said to have the Craig interpolation property (CIP) if for
any formulas A and B, if L = A — B, then there exists a formula C such that
v(C) Cv(A)Nv(B),LFA— C,and L+ C — B.

Theorem 3 (Areces, Hoogland, and de Jongh [1]) IL has CIP.
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The fixed point and the Craig interpolation ... 7

3 Uniqueness of fixed points

In this section, we investigate the uniqueness of fixed points for sublogics. Firstly, we
show that UFP holds for extensions of IL™ (J44). Secondly, we prove that UFP is
not the case for sublogics of IL™ (J1, J5). Then, we investigate the newly introduced
notion that a formula A(p) is left-modalized in a propositional variable p. We prove
that UFP with respect to formulas which are left-modalized in p (¢UFP) holds for all
extensions of IL ™. Finally, we discuss Smoryriski’s implication “CIP + UFP = FPP”
in our framework.

3.1 UFP

By adapting Smoryriski’s argument [14], de Jongh and Visser [8] showed that UFP
holds for every logic closed under Modus Ponens and Necessitation, and containing
L1, L2, L3, El, and E2, where

El1 A< B) - (A>C < B> (),
E2 A< B) - (C> A< Cr> B).

Since E1 and E2 are easy consequences of Proposition 1.2 and J4 respectively,
we obtain the following theorem.

Theorem 4 (UFP forIL™ (J4.)) UFP holds for every extension of the logic IL™ (J4.;).

As shown in [8], in the proof of Theorem 4, the use of the following substitution
principle is essential.

Proposition 3 (The Substitution Principle) Let A, B, and C(p) be any formulas.

1. IL=(J41) F (A <+ B) — (C(A) < C(B)).
2. If C(p) is modalized in p, then IL™ (J41) F (A < B) — (C(A) < C(B)).

Proposition 3.2 shows that every extension L of IL™ (J4,) proves [J(A <> B) —
(C(A) < C(B)) for any formula C(p) which is modalized in p. We show that the
converse of this statement also holds.

Proposition4 Let L be any extension of IL™. Suppose that for any formula C(p)
which is modalized in p, L = (A <> B) — (C(A) <> C(B)). Then, L + J4..

Proof Let A, B, and C be any formulas and assume p ¢ v(C). Then, the formula
C > p is modalized in p. By the supposition, we have

LFOA< AAB)— (C>A<C>(AAB)).

Since IL" FOA - B) > A < AAB)andIL" HCr> (AAB) — C> B,
we obtain L - [J(A — B) - (C> A — Cr> B). O

On the other hand, we show that UFP does not hold for sublogics of IL™ (J1, J5)
in general.

@ Springer



8 S.lwata et al.

Fig.2 A counter model of UFP LSRN
for IL~(J1, J5) ! 1

Proposition 5 Let p, g be distinct propositional variables. Then,
IL™(J1,J5) # L(p < (T > =p)) Aldg < (T > =) = (p < q).

Proof We define an IL™-frame F = (W, R, {Sy }wew) as follows:

{()C,)C), <-x1 Y)}’ Sx = (A, Sy = w

Obviously, by Proposition 2, IL™ (J1, J5) is valid in F. Let IF be a satisfaction
relation on F satisfying the following conditions:

w -

— wlF pand w k¥ g;
—xlFpandx IF g;
- yW¥F pandylgq.

We prove w IF El(p < (T > —=p)) Ald(g < (T > —g)) A—=(p < q). Since
wlF pand w ¥ g, w IF =(p < ¢q) is obvious. We show w IF (p < (T > —=p)) A
(g < (T > —g)). Since w I p and w ¥ ¢, it suffices to prove w I T > —p and
w lF =(T > —gq).

— w Ik T —p:Let z € W be any element with wRz. Then, z = x. Since xS,y
and y IF —p, we obtain w I T > —p.

— wlF=(T > —g): Let z € W be any element with xS,,z. Then,z =x orz = y. In
either case, we obtain z I ¢g. Since xRy, we conclude w IF —=(T > —q).

Atlast, we show w IF O(p <> (T>—p))Al(g < (Tr>—g)).Letz € W be such that
wRz. Then, z = x. Since thereisno z’ € W suchthatxRz’, x I (T >—=p) A(T >—q).
Since x IF p and x I g, we have x IF (p < (T > —=p)) A (g < (T > —q)). Hence,
we obtain w IF O(p < (T > —=p)) AlU(g < (T > —q)).

Therefore, w IF H(p < (T > —p)) Aldg < (T >—g)) A—=(p < q). m]

3.2 LUFP
Even for extensions of IL ™, Proposition 1.2 suggests that the uniqueness of fixed points

may hold with respect to formulas in some particular forms. From this perspective,
we introduce the notion that formulas are left-modalized in p.
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The fixed point and the Craig interpolation ... 9

Definition 8 We say that a formula A is left-modalized in a propositional variable p
if A is modalized in p and p ¢ v(C) for any subformula B > C of A.

Then, we obtain the following version of the substitution principle.

Proposition6 Let A, B, and C(p) be any formulas such that p ¢ v(E) for any
subformula D > E of C.

1. IL™ F (A < B) — (C(A) < C(B)).
2. If C(p) is left-modalized in p, then IL™ = (A <> B) — (C(A) <> C(B)).

Proof 1. This proposition is proved by induction on the construction of C(p). We
only prove the case C(p) = D(p) > E (By our supposition, p ¢ v(E)). For any
subformula D' 1> E’ of D, it is also a subformula of C, and hence p ¢ v(E’). Then,
by the induction hypothesis, we obtain

IL™ - (A < B) — (D(A) < D(B)).
Then, IL™ - C(A < B) — C(D(A) < D(B)). Therefore, by Proposition 1.2,
IL” - 0O(A < B) > (D(A) > E < D(B) 1> E).
Since p ¢ v(E), we find C(A) = (D(A) > E) and C(B) = (D(B) 1> E). Therefore,
IL™ - O(A < B) — (C(A) < C(B)).

2. This follows from our proof of clause 1. O
We introduce our restricted versions of UFP and FPP.

Definition 9 We say that £UFP holds for a logic L if for any formula A(p) which is
left-modalized in p, L = E(p < A(p)) Al(g < A(q)) — (p < q).

Definition 10 We say that a logic L has ¢FPP if for any formula A(p) which is left-
modalized in p, there exists a formula F such that v(F) C v(A)\{p}and L - F <
A(F).

Then, ¢UFP holds for every our sublogic of IL.

Theorem 5 (¢UFP for IL™) LUFP holds for all extensions of IL™.

Proof Let A(p) be any formula which is left-modalized in p. Then, by Proposition 6.2,

IL™ FO(p < q) — (A(p) < A(q)). Therefore,

IL” FH(p < A(p)) AL < A(g)) — (L(p < q) = (A(p) < A(9)))

- (P < q) = (p<q)
— (M < q) = (p < 9))
- Dp <9
= (P <.

]
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10 S.lwata et al.

3.3 Applications of Smorynski’s argument

We have shown that UFP and the substitution principle hold for extensions of
IL™ (J4+) (Theorem 4 and Proposition 3). Then, by applying Smoryiniski’s argument
[13], we prove that for any appropriate extension of IL™ (J4,.), CIP implies FPP.

Lemma2 Let L be any extension of IL™ (J44) that is closed under substituting a
formula for a propositional variable. If L has CIP, then L also has FPP.

Proof Suppose L D IL™ (J4.) and L has CIP. Let A(p) be any formula modalized in
p. Then, by Theorem 4,

LECU(p < A(p) AL < A(g)) = (p < ).
We have
LEU(p < A(p)Ap— g < A@) = q).
Since L has CIP, there exists a formula F such that v(F) € v(A)\{p}, L - EH(p <
A(p)Ap— Fand L+ F — (d(g < A(g)) — q). Since g ¢ v(F), we have
L+ F — ((p < A(p)) — p) by substituting p for ¢g. Then,
LE=L(p < A(p)) — (F < p).
By substituting A(F) for p, we get
L EL(A(F) < A(A(F))) = (F < A(F)). ey
Then
L+TOA(F) < A(A(F))) = O(F < A(F)).
Since A(p) is modalized in p, by Proposition 3.2,
L =0(A(F) < A(A(F))) = (A(F) < A(A(F))).
Then, by applying the axiom scheme L3, we obtain L -+ A(F) < A(A(F)). From

this with (1), we conclude L -+ F <> A(F). Therefore, F is a fixed point of A(p) in
L. O

Also, we have shown that UFP and the substitution principle with respect to left-
modalized formulas hold for extensions of IL™ (Theorem 5 and Proposition 6). Thus,
our proof of Lemma 2 also works for proving the following lemma.

Lemma 3 Let L be any extension of IL.™ that is closed under substituting a formula
for a propositional variable. If L has CIP, then L also has ¢FPP.

@ Springer



The fixed point and the Craig interpolation ... 11

4 The Craig interpolation property

In this section, we prove the following theorem.
Theorem 6 (CIP for IL™ (J2., J5)) The logic IL™ (J2., J5) has CIP.

Our proof of Theorem 6 is based on a semantical proof of CIP for IL due to Areces,
Hoogland, and de Jongh [1].

4.1 Preparations for our proof of Theorem 6

In this subsection, we prepare several definitions and prove some lemmas that are
used in our proof of Theorem 6. Only in this section, we write = A instead
of IL™(J24+,J5) + A if there is no confusion. Notice that by Proposition 1,
FJ2AJ4NAJ44.
For a formula A, we define the formula ~A as follows:
{ B if A = —B for some formula B,
~A = .
—A otherwise.

For a set X of formulas, by Ly we denote the set of all formulas built up from L
and propositional variables occurring in formulas in X. We simply write £ 4 instead
of L4y. For a finite set X of formulas, let /\ X be a conjunction of all elements of
X. For the sake of simplicity, only in this section, - /\ X — A will be written as

FX— A
For a set @ of formulas, we define

@ := {A : there exists a formula B suchthat Al>> B € @ or B> A € D}.

Definition 11 A set @ of formulas is said to be adequate if it satisfies the following
conditions:

1. @ is closed under taking subformulas and the ~-operation;
2. L e @\>;

3.IfA,Be dy,then AD> B € @

4. If A € @, thenI~A € D.

Our notion of adequate sets is essentially the same as that introduced by de Jongh
and Veltman [7].

Note that for any finite set X of formulas, there exists the smallest finite adequate
set @ containing X. We denote this set by @y.

Definition 12 1. A pair (I, I>) of finite sets of formulas is said to be separable if
for some formula I € L, N Lp,, = It — I, and - I — —I. A pair is said to
be inseparable if it is not separable.

2. A pair (I'7, I3) of finite sets of formulas is said to be complete if it is inseparable
and

@ Springer



12 S.lwata et al.

— Foreach F € @, either F € I or ~F € I7;
— Foreach F € &, either F € [ or ~F € 5.

We say a finite set X of formulas is consistent if ¥ X — L. If a pair (I, I2) is
inseparable, then it can be shown that both of I"| and I, are consistent.

In the rest of this subsection, we fix some sets X and Y of formulas. Put ®! := @ e
(resp. @2 := ®y)and L1 := Lx (resp. L2 := Ly). Let X' € &' and Y’ C &2, It is
easily proved that if (X', Y’) is inseparable, then for any formula A € @', at least one
of (X U{A},Y’) and (X' U{~A}, Y’) is inseparable. Also, a similar statement holds
for @2 and Y’. Then, we obtain the following proposition.

Proposition 7 If (X, Y) is inseparable, then there exists some complete pair I'' =
(I't, 1) suchthat X C T} € @' and Y € I C &2,

Let K (!, ®2) be the set of all complete pairs (I, I>) satisfying I'7 C ®! and
I, € @2. Note that the set K (P!, ®?) is finite. For each I' € K(®!, #2), let I'] and
I be the first and the second components of I", respectively.

Definition 13 We define a binary relation < on K (®!, ®2) as follows: For I', A €
K@@', @?),

F<A-o Fori ={1,2}, if A € I}, thenJA, A € A;, and
"7 there exists some [1B such that (1B € Aj U Ay and B ¢ 7 U I».

Then, < is a transitive and conversely well-founded binary relation on K ((151 , (Dz).
Definition 14 Let I', A € K(®', ®#?) and A € (D11> U <D‘2>. We say that A is an

A-critical successor of I' (write I' <4 A) if the following conditions are met:

1. I < A;
2. If A € @, then

i :=(0~B,~B:B>Acl)CAy;
FzA ={0~C,~C:C € (Dé and for some I € £ N Ly,
FM—> (IA=AB>A& D — C 1} C A,

3. If A € ®2, then

FlA :={(0~B,~B : B € ¢|1> and for some I € L1 N Ly,
FIM—-> B> Il& &I —> UAN-A)D> A} C Ay,
Iy ={0~C,~C:C>Ael)C A,
The notion of A-critical successors is originally introduced by de Jongh and Veltman
[7]. Our definition is based on a modification due to Areces, Hoogland, and de Jongh

[1].

From the following claim, Definition 14 makes sense.
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The fixed point and the Craig interpolation ... 13

Proposition8 If A € <15|1> N <15|2>, then the sets FlA in clauses 2 and 3 of Definition 14
coincide. This is also the case for 1"2A.

Proof We prove only for FIA. It suffices to show that for any formula B, the following
are equivalent:

1. B> Ael.
2. Be¢,1> andforsome I € LiNLy,= T — B> 1,and - I — (I A—=A) > A.

(1 = 2): Suppose B> A € [I7, then B € <Dl>. By Proposition 1.1, we have
IL™ (A A—=A) > Abecause IL™ F [O—(A A —A). Since A € L1 N L, the clause
2 holds by letting I = A.

(2 = 1): Assume that clause 2 holds. Then, A > B € ®! because A, B € <P1>.
Suppose, towards a contradiction, that —=(B > A) € I'|. By Proposition 1.6, - (B >
I)AN (I AN—-A)> A) — B> A. Then, we obtain - I'T — —((I A —A) > A).
This contradicts the inseparability of I" because (I A —=A) > A € L1 N L;. Hence,
—(B 1> A) ¢ I'. Since I" is complete, B> A € I7. O

Lemma4 For I', A € K(®', ®2), if ' < A, then I" <, A.

Proof Notice that | € d>|1> N @é. By Proposition 8, it suffices to show thatif C> L €
Iy (resp. I3), then O~C, ~C € Aj (resp. Ajz). Suppose C > L € I7. Then, by
J6), - I — O~C. Note that O~C € &!, and hence O~C € I7. By I' < A,
U~C,~C € Ay. Thecase C > L € I, is proved similarly. Therefore, I' <] A. O

Lemma5 For I', A, 0 € K(@', @*)and A € L UPL, if ' <4 Aand A < O,
then I' <4 ©.

Proof We only prove the case A € d5|1>. Let I IA and I 2A be the sets as in Definition 14.
If O~B,~B € FIA, then (0J~B € Aj because I' <4 A. Thus, (0~B,~B € ®;
because A < @. Similarly, if O~C, ~C € FQA, then ®; contains [I~C and ~C. This
means I” <4 6. |

In order to prove the Truth Lemma (Lemma 4.2), we show the following two
lemmas.

Lemma6 Let I’ € K(®', ®2). If =(G > F) € I'| U I, then there exists a pair
A€ K@, ®?) such that:

1. F<F A,‘
2. G,0~F € A1 U A,.

Proof Suppose —(G > F) € I'. Let

X =0NU{G,0O~G,O~F}U{O~A,~A: A> F € I};
Y =0 U{O~B,~B:B e<15|2> and for some I € £1 N La,
FINM—-> UAN-F)>D F& 15 — B> 1},

where (115 (i = 1, 2) denotes the set {{JC, C : LIC € I;}.
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14 S.lwata et al.

We claim O~G ¢ I U I, Assume (-G € I7. Then, - I7 — [O—=G. By
Proposition 1.1, - [J=G — G > F. Hence, - I'1 — G > F. This implies that I} is
inconsistent, a contradiction. Thus, (J~G ¢ I'i. Moreover, if (J~G € I, then 0G
separates (I, I>) because OG € L1 N L. This contradicts the inseparability of I".
Hence, OI~G ¢ I>.

We show that (X', Y’) is inseparable. Suppose, for a contradiction, that J € £1N L,
separates (X', Y'). From b Y' — —J,

FED - | > \/((}ijBj) ,
Jjek

where « is an appropriate index set for Y such that for each j € «, B; € <DI2> and
there exists a formula /; € £; N £; such that

FIn— (jA=F)>F, and 2)
I — B> ;. 3)

Then
FD 07— \/(ijij)
Jjek
By Proposition 1.2,
- [ [\ ©BivB) |\ 1 -1\
Jex jex jex

By (3), J2, J3, and J5, we have - I — (\/jEK (OBj v Bj)> >\ e 1j- Hence

FD > T\ 1 )

jek
On the other hand, from - X' — J,
FOM = [ -JAGAD-G — \/ (OAV AV OF |,

A>Fel
(By Proposition 1.2)

F—>O|=JAGAO-G — \/ (OAV AV OF |,
AD>Fel
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The fixed point and the Craig interpolation ... 15

S \/ ©QAVA)VOF|>F— (=JAGAO-G)>F
AD>Fely

By J2, J3, and J5, we have - I} — (\/ADFGF1 (OAV A) v OF) 1> F. Hence,
we obtain - I1 — (—=J A G A U-G) > F. By Proposition 1.3, - I —
J>F—> (GAO-G)> F).ByLemma 1.1, I'T - (J> F — G > F). Since
FIp— —(G> F),wegetk I — —(J > F). From (2) and J3, we obtain - '] —
(Vjec 1 A=F) > F. By Proposition 1.6, = 1 — (J=\ ;o ;= J > F).
Hence,

Jjek

I — — JD\/I]' .

Jjek

From this and (4), we conclude that —=(J >\/

Therefore, (X', Y') is inseparable.
Now let A € K (@', ®2) be a complete pair extending (X', Y'). We have I' <5 A
and G, J~F € A. The other case where —(G > F) € I is proved in a similar way.
O

jex 1;) separates (17, ), acontradiction.

Lemma7 Let I', A € K(®', ®?). Suppose that ' <4 A, G > F € I'' U I and
G € A1 U Ay. Then, there exists a pair © € K((Pl, 4)2) such that:

- F<A @,’
- Fe®uU®my;
- O~A,~A € ®1 U O,.

Proof Suppose G > F € I'l. From G € A} U A and G € &1, we obtain G € A; by
the inseparability of A. We distinguish the following two cases:

(Case 1): Assume A € CDID. Then, G> A € ®L.IfFG 1> A € I, then ~G € A
because I" <4 A. This contradicts the consistency of Aj. Therefore, G > A ¢ I7.
Since I" is complete, we have —=(G > A) € I7.

Let:

X' =0 U{O~F, F,00~A,~A}U{O~B,~B : B> A € I};
Y =0 u{O~C, ~C:Ce<15|2> and for some I € £1 N L7,
FIMM—> UAN-AD>DA& T, > C> 1.

We show LI~F ¢ I U I, If OO~G € I, then ~G € Aj because I' < A. This
contradicts the consistency of Ay. Hence, (0~G ¢ I'.Since I'T — (G > F) AQG,
we have = It — OF by J4. Therefore, O0~F ¢ I'\. Moreover, if O~F € I, then
O F would separate (7, I3), a contradiction. Thus, C~F ¢ I5.

We show that (X', Y’) is inseparable. Suppose, for a contradiction, that for some
JeliNly,FX — JandFY — —J.
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16 S.lwata et al.

Fromt Y — —J,

FOD > J—>\/(<>cjvc,-) ,

Jj€Kk

where « is an appropriate index set such that foreach j € «,C; € cbé and there exists
aformula I; € L1 N Lysuchthat- T — ([ A—A)>Aand I — Cj > ;.
Then,

07— \/©c vy

jek
Since - I — (\/jEK (OC;j v Cj)> > \/ I}, by Proposition 1.2, we obtain

Fh -\ 1. )

On the other hand, from+ X' — J,

FOM —» | ~JAO-FAFA—-A— OAV \/ OBV B) |,
B>Ael

Fr > O(=JAO-FAFA=A— 0Av \/ (OBVB)
B>Ael

Then, by Proposition 1.2, we obtain - I — (=J AO=FAF A-A)D>A
because - I't — (OAV /gy aer, (OB V B)) > A. By Proposition 1.3, - I —
J>A— (UO-FAFA—-A)D>A).ByLemmal.2,wehavetI'T — G> (U-F A
F). Then, by Proposition 1.6, we obtain - I'y — (U—=FAFA—A)>A — G> A).
Thus,-17 — (J>A — G1>A).Since ~(G>A) € I, wegetk- I — —~(J > A).

Since - I} — (\/jEK I; /\—|A> > A, we have - I — (J >Vie lj = J I>A)
by Proposition 1.6. Therefore,

Jjek

Fh—> =\

Jj€Kk

From this and (5), we conclude that =(J > \/
diction.

(Case 2): Assume A € <I>‘2>. Let:

jewx I;) separates (I, 1), a contra-

X' =0T U{O~F, F}

@ Springer



The fixed point and the Craig interpolation ... 17

U{J~B,~B:B € CDID and for some I € L1 N L,,
FI—>B>I1& 15— (I A=A > A}
Y =0 U{O~A, ~A}U{O~C,~C:C1> A € I»).

AsinCase 1, itcanbe shown O~ F ¢ I'TUT%. We prove that (X', Y’) is inseparable.
Suppose, for a contradiction, that for some J € LN Ly, - X' — Jand+ Y — —J.
From - X' — J,

OO — D—|F/\F/\—-J—>\/(<>Bj\/Bj) ,

jek
where « is an appropriate index set such that foreach j € k, B; € <D1> and there exists

aformula I; € L1 N Ly suchthat- It — B; > Ijand - I — (Ij A —A) > A.
Then,

FI - 0O D—-FAFA—-J—)\/(OBJ-\/B]-)

Jjek
Since - I} — (\/jEK (OB v Bj)> > \/ I;, we have

I > (O=FAFA=D >\

jek

by Proposition 1.2. Then,

Fr— [O-FAFAN-LiA=T || \/LiviT],

Jjek Jjek

Fno [O-FAFA=[\/Lvi]||e|\/ v

jek jek

Since G > F € '], by Lemma 1.2, we obtain - I'T — G > (O—=F A F). Therefore,
by Proposition 1.6, we obtain

Fh—>Ge [ \/ v (6)

jek
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18 S.lwata et al.

On the other hand, fromF+ Y’ — —J,

FOD > | JA=A = OAV \/ wcvol,
C>Ael

FD—>0O|JA=A—> QA V \/ (OC Vv C)
C>Ael

Since - I = (OAV Vepaer, (OCV C)) > A, we obtain - I — (J A—=A) > A

by Proposition 1.2. Since - I, — (\/ I; A —-A) > A, we have

Jj€k

Fo> (Vv A-A] A

Jjek

From this and (6), we conclude ~G € A because I <4 A. This contradicts the
consistency of Aj.

In both cases, (X', Y’) is inseparable, and hence we can obtain a complete pair
©® e K(®', #?) which extends (X', Y’) and satisfies the desired conditions. O

4.2 Proof of Theorem 6

We are ready to prove Theorem 6.

Proof of Theorem 6 Suppose that the implication Ag — Bp has no interpolant, and
we would like to show ¥ Ag — By. It follows that ({Ao}, {—Bo}) is inseparable.
Let @' (resp. ®2) be the smallest finite adequate set containing Ag (resp. —By),
and put K := K(®!, ®?). There exists I € K(®!, ®#2) such that Ay € I'{ and
—By € I 2/ For I' € K, we define inductively the rank of I" (write rank(/")) as
rank(I") := sup{rank(A)+1 : I < A}, where sup ¥ = 0. This notion is well-defined
because < is conversely well-founded.

For finite sequences 7 and o of formulas, let 7 € o mean that o is an end-extension
of t. Let T x (A) be the sequence obtained from t by adding A as the last element.

We define an IL™-model M = (W, R, {Sy }wew, IF) as follows:

W :={(I',t): I' € K and 7 is a finite sequence of elements of
oL Ul with rank(I") + || < rank(I")};
(I',T)R(A,0) & ' < Aand 7 C 0;
(4,0)8(r (@, p)
(I',T)R(A,0),(I", T)R(®, p) and
o 1iftx(A) Co, " <g Aand~A € A1 U Ap,
thent % (A) C p, " <4 ® and[[J~A, ~A € ®1 U Oy;

(F,t)lFp:i<= pelnUl,.
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The fixed point and the Craig interpolation ... 19

Claim IL™(J24, J5) is valid in the frame of M.

Proof 1t is clear that R is transitive and conversely well-founded.

— Suppose (A, 0)S(r,7)(®, p). Then, we have (I', T) R(®, p) by the definition of
S(r 7). Therefore, J4, is valid in the frame of M.

— Suppose (A, 0)Sr.o){@, p)S(r,){A, ). Then, we have (I", T)R(A, o) and
("', T)R(A, 7).
Assume 7 * (A) C o, " <4 A,and U~A € A1 U Ay. By (A, 0)S(r,)(®, p),
we obtain T x (A) C p, I" <4 ©,and J~A € ®1 U ©@,. By (O, p)S(r 1){A, ),
we conclude 7 % (A) Cw, " <4 A,and [J~A, ~A € A1 U Aj.
Thus, (A, 0)S(r.«){A, w). We obtain that J2 is valid in the frame of M.

— Suppose (I, T)R(A, 0)R(O, p).Then, (I", T) R(A, o),andhence (I", T) R(O, p)
by the transitivity of R.
Assume T % (A) C o, " <4 A,and [J~A € Ay U Aj;. Since 0 C p, we have
T % (A) C p. Since A < @, we have J~A, ~A € ®1 U ®,. Also, by Lemma 5,
r <A e.
Thus, (A, 0)S(r.7)(©, p). We conclude that J5 is valid in the frame of M. O

Claim (The Truth Lemma) For B € ®! U &2 and (I', t) € W, the following are
equivalent:

1. Be Ul
2. (I, 1) I+ B.

Proof The lemma is proved by induction on the construction of B. We only prove for
B=GD>F.

(1 = 2):Assume G > F € I'1 U I. Let (A, 0) € W be any element such that
(I',T)R(A, o) and (A, o) IF G. By the induction hypothesis, G € A} U Ay. We
distinguish the following two cases:

(Case 1): Assume that T % (A) C o, <4 A,and~A € A1 U A,. By Lemma 7,
there existsapair @ € K suchthat " <4 @, F € @1UB,and[I~A, ~A € O1UO,.

Take p := 1% (A). By I' < ®, rank(®) + 1 <rank(I"). We have

rank(®) + |p| = rank(®) + 1 + |7| < rank(I") + |t| < rank(J").

Itfollows that (®, p) € W,and we have (A, ) S(r 1)(®, p). By the induction hypoth-
esis, (@, p) I- F. Therefore, (I",t) IF G > F.

(Case 2): Otherwise, by Lemma 4, we have I" <; A. By Lemma 7, there exists a
pair ® € K suchthat I' <] ® and F € ®; U O;.

Take p := 7 % (L). Then, we have (@, p) € W by a similar argument as in
Case 1. By the definition of S ;y and induction hypothesis, (A, 0)S(r (@, p) and
(®, p) IF F. Therefore, (I", ) IF G > F.

2= 1) Assume G > F ¢ I'1 U I». Then, =(G > F) € I'1 U I, because I is
complete. By Lemma 6, there exists a pair A € K suchthat I <r Aand G,U~F €
A1 U Ay. Let o := 1 % (F). We have (A,o0) € W. By the induction hypothesis,
(A, o) I G. It suffices to show that for any (@, p) € W, if (A, 0)Sr (O, p),
then (@, p) ¥ F. Suppose (A, o)Sr.)(®, p). Since T * (F) C o, I' <f A, and
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20 S.lwata et al.

O~F € AjUA, wehave ~F € ®1U®; (and hence F ¢ ©1U®,). By the induction
hypothesis, (@, p) ¥ F. m]

Let € be the empty sequence, then (I"’, €) € W because rank (I"’) +|e| < rank(I"’).
By the Truth Lemma (Lemma 4.2), (I"’, €) IF Ag A =By, and therefore Ag — By is
not valid in M. It follows that IL™ (J2, J5) does not prove Ag — By. O

4.3 Consequences of Theorem 6

In this subsection, we prove some consequences of Theorem 6 on interpolation proper-
ties. Firstly, we prove that IL™ (J2., J5) has a version of the >>-interpolation property.
Secondly, we notice that CIP for IL easily follows from Theorem 6.

Before them, we show the so-called generated submodel lemma. Let M =
(W, R, {Sy}wew, IF) be any IL™-model such that J4, is valid in the frame of M.
For each r € W, we define an IL™-model M* = (W*, R*, {S} }yew=, IF*) as fol-
lows:

W* .= R[r]U{r};
- xR*y : <= xRy;
- ySiz i = ySz;
- xlFp:<= xIFp.

We call M* the submodel of M generated by r. It is easy to show that if J1 is valid in
the frame of M, then it is also valid in the frame of M*. This is also the case for J2
and J5. Also, the following lemma is easily obtained.

Lemma 8 (The Generated Submodel Lemma) Suppose that J4, is valid in the
frame of an IL™-model M = (W, R, {Sy}wew, |F). For any r € W, let M* =
(W*, R*, {S3 Ywew=, IF*) be the submodel of M generated by r. Then, for any x € W*
and formula A, x | A if and only if x IF* A.

Proof This is proved by induction on the construction of A. We only prove the case
A= (Br>C0).

(=): Suppose x IF Br>C.Lety € W* be any element such that x R*y and y IF* B.
Then, x Ry, and by the induction hypothesis, y IF B. Hence, there exists z € W such
that ySyz and z IF C. Since J4 is valid in the frame of M, x Rz. Since r Rx, we have
rRz. Thus, z € W*. It follows yS¥z. By the induction hypothesis, z IF* C. Therefore,
xIF B> C.

(«): Suppose x IF* B> C.Let y € W be any element with xRy and y I B.
Since x € W*, we have y € W*, and hence xR*y. By the induction hypothesis,
y IF* B. Then, for some z € W*, ySiz and z IF* C. We have yS,z. By the induction
hypothesis, z I C. Thus, we conclude x IF B > C. O

Proposition 9 For any formulas A and B, the following are equivalent:

1. mA> B.
2. FA— OB.
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Proof (1 = 2): Suppose ¥ A — O B. Then, by Theorem 1, there exist an IL~-model
M = (W, R, {Sylwew, ) and r € W such that IL™ (J24, J5) is valid in the frame
of M and r I A A [0—B. By the Generated Submodel Lemma, we may assume that
r is the root of M, that is, for all w € W\{r}, r Rw.

We define a new IL™-model M" = (W', R’, {S/ }yew, ') as follows:

— W' := W U {rg}, where rq is a new element;
xRy ifx #ro,

- xRy :
Y yeW ifx =rg;
Sz ifx #ro,
—yS;z: {y X . #ro
YRz ifx =rp;

-xlHp:é= x#rpandx |- p.

Then, IL™ (J24, J5) is also valid in the frame of M’. Also, it is easily shown that for
any x € W and any formula C, x IF C if and only if x I C.

Then, r I A AO—B. Let x € W’ be any element such that rS;Ox. Then, r Rx, and

hence r R’x. We have x ¥/ B. Therefore, we obtain ro ¥/ A > B. It follows ¥ A > B.

(2 = 1): Suppose+ A — OB, then OB > B — A > B by R2. Thus,- A > B.

O

Areces, Hoogland, and de Jongh [1] proved that IL has the >-interpolation property.
Namely, for every formulas A and B with IL - A > B, there exists a formula C such
that v(C) € v(A)Nv(B),IL+ A C,andIL F C > B. We prove that IL™ (J2, J5)
has a version of the [>-interpolation property.

Corollary 1 (A version of the >-interpolation property) Let A and B be any formulas.
If= A > B, then there exists a formula C such that v(C) € v(A) Nv(B),F A — C,
andt+ C > B.

Proof Suppose = A > B. Then, by Proposition 9, H A — {B. By Theorem 6, there
exists a formula C such that v(C) € v(A) Nv(B),F A — C,and+ C — {B. By
Proposition 9 again, we obtain - C > B. O

Problem 1 Does the logic IL™(J24,J5) have the original version of the -
interpolation property?

For each formula A, let Sub(A) be the set of all subformulas of A. Also, let
PSub(A) := Sub(A) \ {A}. We prove that IL is embeddable into IL™ (J24, J5) in
some sense.

Proposition 10 For any formula A, the following are equivalent:

1. IL - A.
2. Aisvalid in all finite IL™ -frames in which all axioms of IL are valid.
3. FOA{Br> B: B ePSub(A)} > A.

Proof (1 = 2) is obvious.
(3 = 1) follows from Proposition 1.7.
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(2 = 3): Suppose L ¥ LI A\{B > B : B € PSub(A)} — A. Then, by Theorem 1,
there exist a finite IL™-model M = (W, R, {Sy}wew,|F) and r € W such that
IL~(J24, J5) is valid in the frame of M and r IF J A{B > B : B € PSub(A)} A —A.
By the Generated Submodel Lemma, we may assume that r is the root of M.

We define an IL™-model M’ = (W', R’, {S} }wew, IF) as follows:

- W=w;

— xRy : & xRy;

- yS.z: 4= ySyzor(xRyandz =y);
-xFp:<= xlp.

Claim IL is valid in the frame of M’.

Proof By Proposition 1.8, it suffices to show that J1, J2, and J5 are valid in the
frame of M’.

J1: Suppose xRy. Then, yS, y by the definition of S. Thus, J1 is valid.

J4.: Suppose yS;z. Then, yS,z or (xRy and y = z). If ySyz, then x Rz because
J4. is valid in the frame of M. If xRy and y = z, then x Rz. Hence, in either case,
we have x Rz. Therefore, J4. is valid.

J2.: Suppose y S’z and zS,.u. We distinguish the following four cases.

— (Case 1): ySyz and zSyu. Since J2 is valid in the frame of M, yS,u.
— (Case 2): ySyz, xRz and z = u. Then, ySyu.

— (Case 3): xRy, y = z and zSyu. Then, ySyu.

— (Case4): xRy,y =z, xRz and z = u. Then, xRy and y = u.

In either case, we have yS.u. Since J4 is valid, we obtain that J2. is valid in the
frame of M.

J5: Suppose xR’y and yR’z. Then, x Ry and y Rz. Since J5 is valid in the frame of
M, ySyz. Then, yS.z. Therefore, J5 is valid. O

Claim For any B € Sub(A) and x € W, x |- B if and only if x I B.

Proof We prove the claim by induction on the construction of B. We only give a proof
of the case that B is C > D.

(=): Suppose x IF C > D. Lety € W be such that xRy and y I C. By the
induction hypothesis, y I C. Then, there exists z € W such that ySyz and z I+ D.
Then, y S’z and by the induction hypothesis, z I" D. Therefore, x I C > D.

(«<): Suppose x I C > D. Let y € W be such that xRy and y |- C. By the
induction hypothesis, y I C. Hence, there exists z € W such that y S,z and z I D.
By the induction hypothesis, z |- D. By the definition of S’., we have either y S,z or
(xRyandy =z). If ySyz,thenx IF C> D.If xRy and y = z,then xRy and y I+ D.
Here either x = r or rRw. Since D € PSub(A), we obtain x |+ D > D because
rIFEQA{B > B : B € Sub(A)}. Thus, for some 7/ € W, yS,z" and 2’ IF D. We
conclude x I- C > D. O

Since r ¥ A, we obtain r ¥/ A by the claim. Thus, A is not valid in some finite
IL ™ -frame in which all axioms of IL are valid. O
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Proof of Theorem 3 Suppose IL = A — B. Then, by Proposition 10,
FD/\{C>C:C€PSub(A—>B)}—> (A — B).
Since PSub(A — B) = Sub(A) U Sub(B), we have
FE/\IC>C:CeSubA)AA— (D/\{C>C:Ce$ub(3)}—>3).
By Theorem 6, there exists a formula D such that v(D) € v(A) Nv(B),
I—B/\{CDC:CeSub(A)}/\AaD
and
FD - (D/\{C>C:CeSub(3)}—>3).

Then, by Proposition 1.7, we obtain IL+- A — D andIL -+ D — B. |

5 The fixed point property

In this section, we investigate FPP and ¢FPP. First, we study FPP for the logic
IL™ (J24, J5). Then, we prove that IL™ (J4, J5) has ¢FPP.

5.1 FPP for IL~ (J2., J5)

From Theorem 6 and Lemma 2, we immediately obtain the following corollary.
Corollary 2 (FPP for IL™(J2+, J5)) IL™(J24, J5) has FPP.

Moreover, we give a syntactical proof of FPP for IL™ (J2, J5) by modifying de
Jongh and Visser’s proof of FPP for IL. Since the Substitution Principle (Proposition 3)
holds for extensions of IL™ (J4.), as usual, it suffices to prove that every formula of
the form A(p) > B(p) has a fixed point in IL™ (J24, J5). As a consequence, we
show that every formula A(p) which is modalized in p has the same fixed point in
IL™(J24, J5) as given by de Jongh and Visser. That is,

Theorem 7 For any formulas A(p) and B(p), A(T) > B(O—A(T)) is a fixed point
of A(p) > B(p) inIL™(J2+, JS).

Theorem 7 follows from the following five lemmas.

Lemma9 Let L be any extension of IL ™. For any formulas A and B, if L - [—A —
(A < B), then L+ (A AO—-A) < (B AO-B).
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Proof Suppose L +O—A — (A < B). Then, L - [0—-A — (O-A < [O—-B) and
hence L F [0—A — [J—B. By combining this with our supposition, we obtain

L+ (AAO=-A) — (B AO=B).

On the other hand, L H =B — (O—A — —A). Hence, by the axiom scheme L3,
L =B — UO—A. Therefore, by our supposition,

LF (BADO-B) — (A AO=A).

Lemma 10 For any formulas A and C,

IL"(J4+) F (A(T) AO-A(T)) < (ACA(T) > C) AO-AA(T) > 0)).
Proof By Proposition 1.1,IL™ + O—A(T) — A(T)r>C. Therefore, we obtain IL™ F
O-A(T) = (T < (A(T) > C)). Then, IL™ - O—A(T) — (T < (A(T) > C)).
Therefore, by Proposition 3.1, we obtain

IL™ (J4) F O-A(T) = (A(T) < A(A(T) > C)).
The lemma directly follows from this and Lemma 9. O

Lemma 11 For any formulas A, C, and D,
IL~(J2,J4.1,)5) F (A(T) > D) < (A(A(T) > C) > D).
Proof By Lemma 10 and R2, we obtain
IL"(J44) - ((A(T) AO=A(T)) > D) < (A(A(T) > C) AO-AA(T) > C)) > D).
Therefore, by Lemma 1.1, we obtain

IL™J2,J4.,J5) F (A(T) > D) < (A(A(T) > C) > D).

Lemma 12 For any formulas B and C, IL™ (J45) proves
(B(O-C) AO=B(O—-C)) < (B(C > B(O-C)) AO=B(C > B(O-0))).
Proof Since IL™ - O-B(O-C) — O(L « B([O-0)),

IL"(J4) FO-B(O-C) —» (C> L < C 1> B(O-C)).
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Then, by J6, IL™(J4+) + O-B(O—-C) — (-C < C > B(J—=C)) and hence
IL~(J4,) - O-B{O-C) — L(HO-C <« C > B(J-C)). Therefore, by Proposi-
tion 3.1, we obtain

IL~ (J4,) - O-B({O-C) - (B(O-C) <+ B(C > B(O-0C))).

The lemma is a consequence of this with Lemma 9. O

Lemma 13 For any formulas B, C, and D,
IL™J2.,J5) F (D> B(O-C)) < (D> B(C > B(J-0))).
Proof By Lemma 12 and R1, IL™ (J4,) proves
D > (B(O—~C) A O=B(@-C)) < D > (B(C > B(O~=C)) A O=B(C > B({O-C))).
Therefore, by Lemma 1.2,

IL™J2.,J5) F (D> B(O-C)) < (D> B(C > B(U-0))).

Proofof Theorem7 Let F = A(T) > B(O—A(T)). By Lemma 11 for C = D
B({[O—A(T)), we obtain

IL™(J2,J4.,J5) F F < (A(F) > B(O—A(T))).
Furthermore, by Lemma 13 for C = A(T) and D = F,
IL™(J24,J5) = (A(F) > B(LU—-A(T))) < (A(F) > B(F)).
We conclude

IL-(J2.,J5) - F < A(F) > B(F).

5.2 £FPP for IL™ (J4, J5)

From Lemma 11, we immediately obtain the following corollary.

Corollary 3 For any formulas A(p) and B, if p ¢ v(B), then A(T) > B is a fixed
point of A(p) > B in IL™ (J2, J4+, J5).

Therefore, IL™ (J2, J4., J5) has £FPP. Moreover, we prove the following theorem.
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Theorem 8 (¢FPP for IL™(J4, J5)) For any formulas A(p) and B, if the formula
A(p) > B is left-modalized in p, then A(U—A(T)) > B is a fixed point of A(p) > B
in IL™ (J4, JS). Therefore, IL.™ (J4, J5) has ¢FPP.

Before proving Theorem 8, we prepare two lemmas.

Lemma 14 For any formula A(p) such that JA(p) is left-modalized in p,
IL™ - OA(T) < OAQA(T)).
Proof This is proved in a usual way by using Proposition 6. O

Lemma 15 Let A(p) and B be any formulas such that p ¢ v(E) for any subformula
D > E of A(p). Then,

IL™(J4,J5) - (A(O—A(p)) > B) <> (A(A(p) > B) > B).
Proof By Proposition 1.1, IL™ + [J=A(p) — A(p) > B. On the other hand, since
IL-(J4) - A(p) > B — (OA(p) — OB), we have IL~(J4) - 0—-B — (A(p) >
B — [O—A(p)). Hence, IL™ (J4) - [0-B — (—A(p) < A(p) > B). Then,
IL~(J4) - O-B — E(O-A(p) <> A(p) > B).
By Proposition 6.1, we obtain
IL”(J4) = 0=B — (A(0—A(p)) < A(A(p) > B)).

Thus,

IL™J4) = (A(O—A(p)) v OB) < (A(A(p) > B) vV OB).
By R2, we obtain

IL”(J4) = (A(H-A(p)) vV OB) > B) < ((A(A(p) > B) v OB) > B).

Therefore, we conclude

IL™(J4.J5) - (A(O—A(p)) > B) <> (A(A(p) > B) > B).

O
Proof of Theorem 8 Let F := [—A(T). Since [J—A(p) is left-modalized in p,

IL™ v F < O—-A(F) by Lemma 14. Since IL™(J4) -+ O(F < O—A(F)), by
Proposition 6.2, we have

IL"(J4) + (A(F) > B) < (A(U-A(F)) > B).
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By Lemma 15,
IL™(J4,J5 F (A(O-A(F)) > B) < (A(A(F) > B) > B).
Therefore,

IL"(J4,J5) F (A(F) > B) <> (A(A(F) > B) > B).

6 Failure of {FPP, FPP, and CIP

In this section, we provide counter models of £FPP for CL and IL™ (J1, J5), and also
provide a counter model of FPP for IL™ (J1, J4., J5). We also show that CIP is not
the case for our sublogics except IL™ (J2, J5) and IL. Let w be the set {0, 1, 2, ...}
of all natural numbers.

6.1 A counter model of £FPP for CL

In this subsection, we prove that IL™, IL™ (J1), IL™ (J4.+), IL™ (J1, J4,), IL™ (J24),
and CL have neither ¢FPP nor CIP.

Theorem 9 The formula p > g which is left-modalized in p has no fixed points in CL.
That is, for any formula A which satisfies v(A) C {q},

CLF A< A>g.

Proof We define an IL™ -frame F = (W, R, {Sy }wew) as follows:
- Wi={x,y:i €}
— R = {(xi, %)), (X, yj)s is x50, (i y) € W2ii > s
— Foreachi € w and w; € {x;, yi}, Su; := {{a,a) : w;Ra} U {{a, b) : there exists
an even number k < i — 1 such that ((a = xx ora = yx) and b = xp+1)}.

For example, Sy;, Sy;, Sx,, and Sy, are shown in the following figure (Fig.3).
In the figure, R relations and S relations are drawn by solid lines and broken lines,
respectively. Since R is transitive, we draw only solid lines connecting the immediately
preceding and succeeding elements.

It is easy to show that J1 and J24 are valid in F. Thus, CL is valid in F by
Proposition 1.9. Let I be a satisfaction relation on F such that for any i € w, we have
x; IF g and y; ¥ g. For each w € W, we say thati € w is an index of w if either
w=Xx;0orw =y%y;.

Claim 1 For any formula A with v(A) C {¢}, there exists an n4 € w satisfying the
following two conditions:

1. Either Vin > ny (x,, IF A) or Vim > ny (x,, ¥ A);
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Sz, and Sy, Sz, and Sy,

Fig.3 A counter model of ¢FPP for CL

2. Either Vimm > na (yy, IF A) orVim > ny (y ¥ A).

Proof We prove the claim by induction on the construction of A.

A= _1:Then,ng =0and Vm > ny (x,, ¥ A and y,, ¥ A).

A =gq:Then,ng =0and Vm > ny (x, I+ g and y,, ¥ q).

A = B — C: By the induction hypothesis, there exist np,nc € W satisfying
the statement of the claim for B and C, respectively. Let n4 = max{np,nc}. We
distinguish the following three cases.

— Vm > ny (x,, ¥ B): Then, Vin > ny (x,, IF B — C).

— Vm >ny (x, IF C): Then, Vin > ny (x,, IF B — C).

— Vm >ny (xp IF B)yand Vim > ny (x,, ¥ C): Then, Vmm > ny (x,, ¥ B — C).
In a similar way, it is proved that either Vin > ng (yy, IF B — C) orVm > ng (yi ¥
B — O).

A = [1B: We distinguish the following two cases.
— There exists an n € W such that either x, ¥ B or y, ¥ B: Then,n4 = n + 1 and
VYm > ny (x, ¥ OB and y,, ¥ OOB).

— Foralln € W, x,, IF B and y, IF B: Then, ngy = 0 and Vimn > ny4 (x,, IF OB and

ym IFOB).
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A = B > C: We distinguish the following five cases.

— (Case 1): There exists an even number k such that x; I+ B, x; W C, and x;41 ¥ C.
Let ngy = k+ 2 and m > ny. Then, x,,Rx; and x; I B. For any v € W
with xSy, v, either v = x; or v = xx41 by the definition of Sy, . Thus, v ¥ C.
Therefore, we obtain x,,, ¥ B > C. Since y,, Rxy, we also obtain y,, ¥ B > C in
a similar way.

— (Case 2): There exists an even number k such that yy I+ B, y ¥ C, and x;1 ¥ C.
It is proved that n4 = k 4 2 witnesses the claim as in Case 1.

— (Case 3): There exists an odd number k such that x; I B and x; ¥ C. Let
na =k+1andm > ny. Then, x,, Rx; and x |- B. For any v € W with xSy, v,
we have v = x; by the definition of Sy, . Thus, v ¥ C. Therefore, we obtain
xm W B> C. Since y,, Rxg, y, ¥ B > C is also proved.

— (Case 4): There exists an odd number k such that y; I- B and y; ¥ C. It is proved
that n4 = k + 1 witnesses the claim as in Case 3.

— (Case 5): Otherwise, all of the following conditions are satisfied.

(D For any even number k, if x; IF B, then either x; I+ C or xx41 IF C.
(IT) For any even number &, if y; |- B, then either yy I C or x4 IF C.
(II) For any odd number k, if xi |- B, then x IF C.
(IV) For any odd number k, if y; IF B, then y; IF C.

By the induction hypothesis, there exists an np € @ which is a witness of the
statement of the claim for B. Now, we prove that there exists a natural number
n4 > 1 such that foreachi > ng — 1, we have x; IF =B Vv C and y; IF =B Vv C.
We distinguish the following four cases.

— Vm > np (x, IF B and y,, |- B): Then, by (III) and (IV), there are infinitely
many odd numbers k such that x; |- C and y; I C. Thus, by the induction
hypothesis, there exists an n¢ € w such that Vim > n¢ (x,, IF C and y,, IF C).
Then, we define nyg :=n¢ + 1.

- Vm > np(x,, I+ B and y,, ¥ B): Then, by (III), there are infinitely many
odd numbers k such that x; |- C. Thus, by the induction hypothesis, there
exists an n¢c € w such that Vm > nc (x,, I+ C). Then, we define ny =
max{ng,nc}+ 1.

- Vm > np (x,, ¥ B and y, IF B): Then, by (IV), there are infinitely many
odd numbers k such that y; |- C. Thus, by the induction hypothesis, there
exists an n¢ € w such that Vm > nc (v, IF C). Then, we define ng :=
max{ng,nc}+ 1.

— Vm >ng (x;, ¥ B and y,, ¥ B): We defineny :=np + 1.

We prove that n 4 witnesses the claim. Let m > n4 and z € W be such that x,, Rz
and z I- B. We show that there exists a v € W such that zS,,vand v I C. Let i
be an index of z. If i is odd, then z S, z and z I C by (III) and (IV). Assume that
i is even. We distinguish the following two cases.

—ngq — 1 <i < m:Weobtain z IF =B Vv C by the choice of n4. Since z I+ B,
we have z I C. By the definition of Sy, we find zS,,, z.
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— 1 <ng—1:Then,i < m — 1. Therefore, zS, z and zS,,, x;+1. Furthermore,
by (I) and (I), we obtain z I C or x; 41 IF C.

In any case, there exists v € W such that zSy, v and v I C. Therefore, we obtain
Xm IF B > C. Similarly, we have y,, IF B> C. O

We suppose, towards a contradiction, that there exists a formula A such that v(A) C
{g}and CL - A <> Ar>¢q.Since CLisvalidin F, A <> A>>gq is validin F. Moreover,
the following claim holds.

Claim 2 For any w € W whose index is n, n is even if and only if w I+ A.

Proof We prove the claim by induction on n. Let w € W be any element whose index
is n.

For n = 0, since there is no w’ € W such that wRw’, we obtain w |- A > ¢ and
hence, w |- A. Suppose n > 0 and that the claim holds for any natural number less
than n.

(«<=): Assume that n is an odd number. Then, wRy,,—1.Sincen—1liseven, y,_1 IF A
by the induction hypothesis. Let v be any element in W satisfying y,—1 Sy v. By the
definitions of S,, and IF, we obtain v = y, 1 and v ¥ ¢. Therefore, w ¥ A > ¢ and
hence w ¥ A.

(=): Assume that n is an even number. Let v be any element in W with wRv and
v Ik A. Let m be the index of v. Since m < n and v I A, m is even by the induction
hypothesis. Since n is also even, m < n — 1 and hence vS, x,,+1. Furthermore,
Xm+1 IF g by the definition of It-. Therefore, we obtain w IF A > g and hence, w IF A.

O

This contradicts Claim 1. Therefore, for any formula A with v(A) C {g}, we obtain
CLF A< A>g. |

Corollary 4 Let L be any logic that is closed under substituting a formula for a propo-
sitional variable and satisfies IL™ C L C CL. Then, L has neither £FPP nor CIP.

Proof By Theorem 9, every sublogic of CL does not have ¢FPP. By Lemma 3, every
logic L such that IL™ € L € CL does not have CIP. O

6.2 A counter model of ¢FPP for IL~(J1, J5)

In this subsection, we prove that IL™ (J5) and IL™ (J1, J5) have neither ¢FPP nor CIP.

Theorem 10 The formula p > q which is left-modalized in p has no fixed point in
IL™(J1, J5). That is, for any formula A which satisfies v(A) C {q},

IL-JLIJ5) ¥ A< A>g.

Proof We define an IL™-frame F = (W, R, {Sy }wew) as follows:
- W =wU{v};
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Fig.4 A counter model of ¢FPP for IL™ (J1, J5)

- R:={(x,y)eW?:x,ycwandx > y};
— Sy:=0Wandforeachn € w, S, := {{(x,y) € W2 : nRx and (y=xorxRyor(x
iseven,x <n — 1l and y = v))}.

For instance, the relations S3 and S4 are shown in the following figure (Fig.4). In
the case of xRy for x, y < n, xS,y holds, and the corresponding broken lines are
omitted in the figure.

Then, IL™ (J1, J5) is valid in F. Let IF be a satisfaction relation on F such that
v I g and foreachn € w, n ¥ q.

Claim 1 For any formula A with v(A) C {gq}, there exists an n4 € w such that
Vm >ng(mlk A)orVm > ny (m ¥ A).

Proof We prove the claim by induction on the construction of A. We only prove the
case of A = B > C. We distinguish the following three cases.

— Case 1: There exists an even number k such that k I B, forall j <k, j ¥ C and
v C:Letngy =k+1andm > ny. Then, mRk and k I B. Forany w € W with
kS,,w, since either w < k or w = v, we obtain w ¥ C. Therefore, m ¥ B > C.

— Case 2: There exists an odd number k such that k IF B and for all j <k, j ¥ C:
Letng =k+1andm > n4. Then, mRk and k I+ B. For any w € W with kS, w,
we have w ¥ C because w < k. Therefore, m ¥ B > C.

— Case 3: Otherwise: Then, the following conditions (I) and (II) are fulfilled.

(D For any even number k, if k I B, then there exists a j < k such that j |- C or
viFC.
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(II) For any odd number k, if k |- B, then there exists a j < k such that j I+ C.

By the induction hypothesis, there exists an np € w such that Vim > np (m |- B)
or Vm > np (m ¥ B). We may assume that np is an odd number. We distinguish
the following two cases.

—Vm >np(ml- B):Letng =np+ 1 and m > ny. Let k be any element in
W satisfying mRk and k |- B. Since np is odd and np |- B, there exists a
Jjo < np such that jo IF C by (II). We distinguish the following three cases.

e kis odd: By (I), there exists a j; < k such that j; IF C. Then, kS, j; and
J1lFC.

e kisevenand k > np: Since k > jo, we have kS, jo and jo IF C.

e kiseven and k < np: By (I), there exists a j; < k such that j; I C or
vIFC.Sincek <np <m — 1, we obtain k < m — 1. Hence, kS,, j1 and
kS v.

In any case, there exists a w € W such that k£S,,w and w I C. Therefore,
ml-Bp>C.

—Vm >np(mMW¥ B):Letng =np+ 1and m > ny. Let k be any element in
W satisfying m Rk and k I+ B. Then, k < np because k I B. We distinguish
the following two cases.

e k is odd: Since there exists a j < k such that j I C by (II). Then, kS, .

e k is even: By (I), there exists a j < k such that j I C or v I- C. Since
k <np <m — 1, we obtain k < m — 1 and hence kS, j and kS, v.

In any case, there exists a w € W such that kS,,w and w I C. Therefore,
ml- B> C. O

We suppose, towards a contradiction, that there exists a formula A such that v(A) C
{g} and IL~(J1,J5) - A < A > ¢. Since IL™ (J1, J5) is valid in F, we have that
A < A D g is also valid in F. Then, the following claim holds.

Claim 2 For any n € w, n is even if and only if n I A.

Proof We prove the claim by induction on n.

For n = 0, since obviously 0 I A > ¢, we have 0 |- A. Suppose n > 0 and the
claim holds for any natural number less than 7.

(«): Assume that n is odd. Then, nRn — 1 and since n — l iseven,n — 1 |- A by
the induction hypothesis. Let w be the any element in W which satisfies n — 1S, w.
By the definition of S, we find w < n — 1 and hence w ¥ g. Therefore, n ¥ A > g,
and thus n ¥ A.

(=): Assume that n is even. Let m be the any element in W which satisfies n Rm
and m |- A. By the induction hypothesis, m is even and hence m < n — 1. Then, m S, v
and v IF ¢g. Therefore, n IF A > g and hence, n I A. |

This contradicts Claim 1. Threfore, for any formula A with v(A) C {q}, we obtain

IL-JLJ5) ¥ A<+ Arq. O
As in Corollary 4, we obtain the following corollary.

@ Springer



The fixed point and the Craig interpolation ... 33

Corollary 5 Let L be any logic that is closed under substituting a formula for a propo-
sitional variable and satisfies IL~ C L C IL™ (J1, J5). Then, L has neither {FPP
nor CIP.

6.3 A counter model of FPP for IL~(J1, J4,, J5)

In Theorems 9 and 10, we proved that the logics CL and IL™ (J1, J5) do not have
LFPP. On the other hand, we proved in Theorem 8 that IL™ (J4, J5) has ¢FPP. Thus,
we cannot provide a counter model of ¢FPP for extensions of IL™ (J4, J5). In this
subsection, we prove that the logics IL™ (J4., J5) and IL™ (J1, J4., J5) have neither
FPP nor CIP.

Theorem 11 The formula T t> —p has no fixed point in IL™ (J1, J4, J5). That is, for
any formula A with v(A) = 0,

IL~(J1,J4,.J5) F A < T > —A.

Proof We define an IL™-frame F = (W, R, {Sy }wew) as follows:

- Wi=w;

- xRy : &= x>y;

— Foreachn € W, S, :={{x,y) € W? :x,y <nand (x > yor (x = 0and (y is
evenory =n— 1)))}.

We draw the relations S3 and S4. As in the proof of Theorem 10, in the case of xRy
forx, y < n, xS,y holds, and the corresponding broken lines are omitted in the figure
(Fig.5).

Then, IL™ (J1, J4,, J5) is valid in F. Let I be an arbitrary satisfaction relation on
F.

Claim 1 For any formula A with v(A) = @, there exists an n4 € W such that
Vm >na(mlE A)orVm > ny (m ¥ A).

Proof This is proved by induction on the construction of A. We prove only the case
of A = B > C. We distinguish the following three cases.

— Case 1: There exists an n > 0 such that n |- B and for all k < n, k ¥ C. Let
nga =n+ landm > ny. Then, mRn and n I+ B. Also, for any k € W, if nS,,k,
then k < n because n # 0. Therefore, k ¥ C. Thus,m ¥ B> C.

— Case 2: 0 IF B and for all even numbers k, k ¥ C. By the induction hypothesis,
there exists an nc € W such that Vim > nec (m I+ C) or Vim > nc (m ¥ C).
Since there are infinitely many even numbers k € W such that k # C, we obtain
VYm > nc(m W C). Let ng = nc + 1. Then, for any m > n4, we have m RO
and O IF B. Let k € W be such that 0S,,k. Then, k is even or k = m — 1 by
the definition of S,,. By our supposition, if k is even, then k W C. If k =m — 1,
then m — 1 ¥ C because m — 1 > n¢. Therefore, in either case, k ¥ C. Thus,
mW¥ B> C.
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Fig.5 A counter model of FPP Sg S 4
for IL~(J1, J4+, J5)
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— Case 3: Otherwise: Then, the following conditions (I) and (IT) are fulfilled.

(D Foranyn > 0,if n I B, then there existsak € W suchthatk <nandk I C.
(I) If 0 I B, then there exists an even number k € W such that k I+ C.

We distinguish the following two cases.

— 0¥ B:Letng =0and m > ny. For any n € W satisfying mRn and n |- B,
since n # 0, there exists a k < n such that k I C by the condition (I). Since
nS,,k, we obtainm I+ B> C.

— 0 IF B: By the condition (II), there exists an even number & such that k I+ C.
Letng =k+1landm > ny. Let n € W be such that mRn and n I+ B. If
n # 0, then there exists a k¥’ < n such that k¥’ I- C and nS,,k’ by the condition
(D). If n = 0, then since k is even and k < m, we obtain nS,,k and k I C.
Therefore, m I+ B > C. O

We suppose, towards a contradiction, that there exists a formula A such that v(A) =
Band IL~(J1,J44,J5) F A < T > —A.Then, A < T > —A is valid in F because
sois IL™ (J1, J44, J5). Then, the following claim holds.

Claim 2 Forany n € W, n even if and only if n |- A.

Proof We prove the by induction on n. For n = 0, obviously 0 I+ A. Suppose n > 0
and the claim holds for any natural number less than n.
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(«): Assume that n is odd. Then, n RO. For any k € W which satisfies 0S5k, since
n is odd, k is even and k < n. By the induction hypothesis, k |- A. Thus, we obtain
nW¥ T > —A and hence, n ¥ A.

(=>): Assume that n is even. Let m € W be such that n Rm. We distinguish the
following three cases.

— m = 0: Then, 0S,n—1.Sincen—1isodd,n—1 I —A by the induction hypothesis.

— miseven and m # 0: Then, mS,m — 1. Since m — 1 is odd, m — 1 |F —A by the
induction hypothesis.

— m is odd: Then, m S, m. Since m is odd, m |- —A by the induction hypothesis.

In any case, there exists a w € W such that m S, w and w |- —A. Therefore, we obtain
nlk T > —Aandhence, n - A. O

This contradictions Claim 1. Therefore, there is no formula A such that v(A) = ¢
and IL™(J1,J44,J5) ¥ A < T > —A. m]

Corollary 6 Every sublogic of IL™ (J1, J44, J5) does not have FPP. Furthermore, if
L is closed under substituting a formula for a propositional variable and satisfies
IL™(J441) € L CIL™(J1, J44,J5), then L does not have CIP.

Proof By Theorem 11, every sublogic of IL™ (J1, J4,, J5) does not have FPP. By
Lemma 2, every logic L that is closed under substituting a formula for a propositional
variable and satisfies IL™ (J44) € L € IL™ (J1, J4., J5) does not have CIP. O

7 Concluding remarks

In this paper, we provided a complete description of twelve sublogics of IL concerning
UFP, FPP, and CIP. In particular, for these sublogics L, we proved that L has FPP
if and only if L contains IL™ (J24, J5). On the other hand, there are many other
logics between IL™ and IL. For instance, Kurahashi and Okawa [9] introduced eight
sublogics such as IL™ (J2, J4., J5) that are not in Fig. 1, and proved that these eight
logics are not complete with respect to usual Veltman semantics but complete with
respect to generalized Veltman semantics. Then, it is natural to investigate a sharper
threshold for FPP in a larger class of sublogics. Then, for example, we propose a
question if J24 can be weakened by J2 in the statement of Corollary 2.

Problem 2 Does the logic IL™ (J2, J4., J5) have FPP?

In our proofs of Theorems 6, 7, and 8, the use of the axiom scheme J5 seems
inevitable. In fact, CL (= IL™ (J1, J2,)) fails to have ¢FPP. From this observation,
in an earlier version of the present paper, we had proposed the question whether J5
is necessary or not for {FPP and FPP. Later on, the third author of the present paper
settled this question. For each n > 1, let J5" be the following axiom scheme:

J5" O"A > A.

Concerning J5", the following result is established.
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Theorem 12 (Okawa [11]) Letn > 1.

1. IL=(J5") = J5" ! and IL~— (J2,., J5"+1) # J5™.
2. IL™(J24, J5") and IL™ (J4, J5") have FPP and LFPP, respectively.

Furthermore, the authors have already developed several studies related to the
present paper (cf. [6, 10]).
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