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Abstract

We prove a topological completeness theorem for the modal logic GL P containing
operators {(§) : £ € Ord} intended to capture a wellordered sequence of consistency
operators increasing in strength. More specifically, we prove that, given a tall-enough
scattered space X, any sentence ¢ consistent with GL P can be satisfied on a poly-
topological space based on finitely many Icard topologies constructed over X and
corresponding to the finitely many modalities that occur in ¢.
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1 Introduction

The purpose of this article is to prove a topological completeness theorem for the
transfinite extension of Japaridze’s logic GL P. GL P is a provability logic in a propo-
sitional language augmented with a possibly transfinite sequence of modal operators;
our case of interest is that in which the sequence is wellfounded. Each of these oper-
ators can be interpreted arithmetically as asserting provability within a given theory,
and the logic GL P relates these notions of provability to one another. For arithmeti-
cal interpretations of G L P, see Beklemishev [6], Ferndndez-Duque and Joosten [18],
Cordoén-Franco et al. [15], and others. As a modal logic, GL P has some unusual
properties. For example, it is not complete with respect to any class of relational
frames; a natural question is whether it is complete with respect to its neighborhood
(i.e., topological) semantics. Beklemishev and Gabelaia [11] showed that GL P, the
restriction of GL P to w-many modalities, is complete with respect to a natural topo-
logical space on the ordinal ¢p. Because sentences in the language of GL P contain
instances of only finitely many modalities, the spaces constructed by Beklemishev and
Gabelaia serve as models also for formulas in the language of transfinite G L P; hence
it is also topologically complete. However, it is an open problem whether transfinite
GLP is complete with respect to a single Beklemishev-Gabelaia space.! Another
open problem is that of completeness with respect to what are known as the canonical
topological semantics for GL P. The question of completeness with respect to these
spaces has very interesting connections with stationary reflection and indescribable
cardinals (see Bagaria [4], Bagaria-Magidor-Sakai [5] and Brickhill [14]). Complete-
ness for the two-modality fragment with respect to these topologies was proved by
Beklemishev [8]. It is not hard to see that GL P is not strongly complete with respect
to its canonical topological semantics; we shall prove this below.

Completeness with respect to Beklemishev-Gabelaia spaces was proved by
Fernandez-Duque [16] for restrictions of G L P to any countable amount of modalities.
It is not known whether this result can be extended to arbitrarily long sequences of
modalities, but the results from [3] show that the techniques would need to be very
different.

The topological completeness theorem we shall prove here goes in this direction.
Roughly, given a sentence consistent with G L P, we construct a topological model for
it with finitely many topologies. The new feature is that these topologies in a way corre-
spond to the modalities appearing in the sentence; we call these ¢-polytopologies, for
¥ a finite sequence of ordinals. In particular, one can extend the space with intermedi-
ate increasing topologies corresponding to modalities not appearing in the sentence in
such a way that each topology results in a model of the unimodal G L. Unfortunately,
this extension (with the intermediate topologies) will not be a model of GL P, but
we hope that a similar construction can yield completeness for Beklemishev-Gabelaia
spaces with any amount of topologies. This hope is the main motivation for carrying
out the work reported in this article.

I The anonymous reviewer has pointed out that if X = (Ord, {7, : « € Ord}) is a Beklemishev-Gabelaia
space, then G L P is complete with respect to the space (Ord, {741 : t € Ord}) consisting of the successor
topologies of X. (This can be proved by adapting the previous arguments for completeness.)
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Our main tool is a technical “product lemma.” Essentially, given two ordinals « and
A, we find an ordinal ® and natural projections g : ® — « and 71 : ® — A which
preserve satisfiability of polymodal formulas, if the ordinals are equipped with the right
topologies. This is a generalization of a technical lemma of Beklemishev-Gabelaia
[10], which corresponds to the case in which the first element of the sequence B is 1.
The proof is largely arithmetical and relies heavily on the theory of hyperexponentials
and hyperlogarithms of Ferndndez-Duque and Joosten [17].

2 Preliminaries
2.1 The polymodal logic of provability

For any ordinal number A we consider a language £, consisting of a countable set
of propositional variables [P together with the constants T, L; Boolean connectives
A, V, =, —; and a modality [£] for each ordinal £ < A. As usual, we write (§) as a
shorthand for —[£]—.

Definition 2.1 The logic GL Py is then defined to be the least logic containing all
propositional tautologies and the following axiom schemata:

1) [Elle = ¥) — ([Elg — [E1Y) forall § < A,
(i) [E1([Elp — @) — [Elp forall§ < A,
(i) [E]lp — [Clp forall§ < ¢ < A,
(iv) (§)g = [Cl)p forall§ <& < A,

and closed under the rules modus ponens and necessitation for each [£]:

=Y ¢ ¢
v M Elp "

We will often write simply GL P for GL Py, when we do not want to specify a A.
Note that GL P when restricted to any one modality is simply the well-known logic
GL. Modal logics are usually studied by means of relational semantics. A Kripke
A-frame is a structure (W, {Rg})e<a, where each R is a binary relation on W. We
define a valuation [-] to be a function assigning subsets of W to each £-formula
such that [[-] respects boolean connectives and such that

[&)e] = R; ']

Proposition 2.2 (Segerberg [19]) GL P is complete with respect to the class of finite
relational frames (W, R) that are conversely wellfounded trees.

The preceding proposition provides a convenient way to study GL P;. However,
as is well known, G L P, is incomplete with respect to any class of relational frames
whenever 1 < A. This motivates the search for topological models of the GL P.

Recall that x is a limit point of A if A intersects every punctured neighborhood of
x. We call the set of limit points of A the derived set of A and denote it by dA. We
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754 J.P.Aguilera

may also denote it by d; A to emphasize the topology we are considering. The derived
set operator is iterated transfinitely by setting

1. d°A = A,
2. d*tA = dd® A, and
3. d¥VA =(),., d*A for limit ordinals.

a<y

Since d*X D df X whenevera < B, there exists a minimal ordinal At (X)—the height
or rank of X—such that "X X = @"X+1x For any x € X, we let pyx, the rank
of x, be the least ordinal & such that x ¢ d5T1X | if it exists.

Throughout this paper, we will speak about rank-preserving extensions of topolo-
gies. (A topology o on a set X is a rank-preserving extension of a topology t on X if
T Coand pox = p;x forall x € X.)

Lemma 2.3 (Beklemishev-Gabelaia[10]). A topology o is a rank-preserving extension
of a scattered topology t if, and only if, p[U] is an ordinal for each U € o.

A point in A that is not a limit point is isolated. Thus a point is isolated if and only
if it has rank 0. We denote by iso(A) the set of isolated points in A. A topological
space is scattered if iso(A) # & foreach A C X (alternatively, if d"X) X = &), Not
all scattered spaces are 77 (e.g., X = {0, 1} with open sets &, {0} and X), however,
the examples in which we will focus are.

We study polytopological spaces—structures (X, {7,},<A), where X is a set and
{7.},<a is a sequence of topologies of length A. Topological semantics for modal
logics may be defined by interpreting diamonds as topological derivatives.

Definition 2.4 (Topological semantics). Let X = (X, {7,},<a) be a polytopological
space. A valuation is a function [-] : Lo — P(X) such that for any £ -formulae

@, ¥
M [L] =@
(i) [—¢] = X\[e];
(i) [o Av] = le] N[¥]:
(iv) [&)¢] = dz[e].
A model M = (X, [-]) is a polytopological space together with a valuation. We

say that ¢ is satisfied in 9 if [¢] is nonempty and we say ¢ is valid in a space X and
write X |= ¢ if [¢] = X for any model based on X.

Observe that x € [[£]¢] if, and only if, there is a Z¢-neighborhood of x all of
whose points belong to [¢], except possibly for x. In order that a space validate the
axioms of GL P, we need to impose some regularity conditions (see Beklemishev-
Bezhanishvili-Icard [9]). A space (X, {7,},<a) is a GL Pp-space if {7,},<p is non-
decreasing, scattered, and

deA € Ty forall ¢ < ¢ andall A € P(X) 2.1

In the situation above, we refer to {7,}, <o as a GL Pp-polytopology. Clearly, we have:
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Lemma 2.5 Any GL Py -space validates all theorems of GL Py.

A natural way of constructing G L P -polytopologies appears to be to start with any
scattered topology and simply add all derived sets at each stage. This results in what
has come to be known as the canonical G L P-space generated by X . In doing so, the
topologies quickly become extremely fine. In fact, for the most natural examples, their
non-discreteness becomes undecidable within ZFC after two or three iterations.

One way out of this, explored in Beklemishev-Gabelaia [10], is to extend the topol-
ogy at each stage before adding derived sets. Extending the topology reduces the
amount of derived sets attainable and makes subsequent topologies coarser. A dif-
ferent approach, introduced in Ferndndez-Duque [16], is to fix increasing topologies
from the beginning and restrict the algebra of possible valuations. We will consider
the first approach here.

Let us finish this section with the remark that GL P is not strongly complete with
respect to its canonical semantics. By strong completeness (with respect to a class of
models X'), we mean the following assertion: whenever I is a set of £ -sentences
consistent with GL Py, then there is some model X € X where I' is satisfied.

Proposition 2.6 Suppose X is a scattered space in which every G set is open. Then
GL is not strongly complete with respect to X.

Proof This is a generalization of the usual proof that G L is not strongly complete with
respect to trees. Let

['={0po} U{(pi = Opit1) i < w}.

Suppose I' is satisfied at some x. Then, for each i, there is a neighborhood U; of
x such that every y € U; with x # y, if y satisfies p;, then y is a limit of points
satisfying pj;41. Since U := (");_,, Ui is Gs, it is open. Since x satisfies { po and U
is a neighborhood of x, U contains some xo 7# x of some rank oy < p(x) satisfying
po- Inductively, for each i < w, there is some x; € U satisfying p; with x; # x, and,
since x; € Uj, x; is a limit of points satisfying p;41; in particular, there is one such
point x;41 in U, say of rank «;+1 < o4 (so in particular x;41 # x). This gives an
infinite decreasing sequence of ordinals. O

Recall that if « is an ordinal of uncountable cofinality, then the intersection of
countably many sets which are closed and cofinal in « is also closed and cofinal in
k. Hence, Proposition 2.6 applies to the closed-unbounded topology from Blass [13].
More generally:

Corollary 2.7 G L is not strongly complete with respect to topologies on ordinals given
by countably complete filters, such as the closed-unbounded topology.

The spaces we will consider will instead be built around the Generalized Icard
topologies.

Definition 2.8 (Generalized Icard Topologies). Let (X, 7) be a scattered space of rank
©®. We define a topology 741 generated by 7 and all sets of the form

(o, B i={x e X:a < px < B},
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756 J.P.Aguilera

for ordinals @ < B < ® + 1. We iterate this construction by setting

® Tye+1) = (Tp)yy. and
o 71 = Ug_; Tre at limit stages.

These are called the generalized Icard topologies.

These topologies were defined differently in [3]. By Lemma 2.20.2.20 below, both
definitions coincide. Another equivalent formulation is as follows: T4 is generated by
7 and the family

(d5F1X: € € Ord). (2.2)

2.2 Arithmetic, |

Definition 2.9 We fix some notation related to ordinal arithmetic.

1. Whenever @ < §, we denote by —« + f the unique ordinal y suchthata +y = .

2. Whenever A is a set of ordinals, we denote by o + A the set {« + B8: € A}.
Expressions such as —« + A are defined analogously, if they make sense.

3. For all nonzero £, there exist ordinals  and S such that £ = o + . Such a 8 is
unique. We denote it by ££ and call it the end-logarithm of &.

4. For all nonzero &, there exists a unique ordinal 5 such that £ can be written as
o+ vy, with y < &. We denote this ordinal by L& and call it the initial logarithm
of &.

The operations £ and L should be regarded as functions on (a sufficiently large subset
of) Ord. Nonetheless, in its use and in general whenever we deem it convenient, we
will omit the symbol ‘o’ for function composition, as well as perhaps parentheses.

Our completeness proof will rely heavily upon an analysis of generalized Icard
topologies and their structure induced by the arithmetical properties of ordinals. Hence,
developing a thorough intuition about them will be crucial. A most useful remark in
this direction is the fact that they are to arbitrary topological spaces as the usual order
topology is to ordinal numbers. Indeed, define the initial segment topology Zo on an
ordinal ® (or on Ord) to be generated by all initial segments [0, «], for ¢ < ©.
Then (®, Zy) is a scattered space: a rather trivial scattered space—it carries no further
information than the usual ordering on Ord. For instance, we have p7,a = o for all
o and ht(©, Zy) = O.

Lemma2.10 7; := Zyy is the order topology. We have pz,a = La for all a, so
in particular isolated points are exactly the successor ordinals. Moreover, ht(® +
1,77) = L(®) + 1.

Proof 1t is not hard to see that 7 is the order topology, and that the rank function
is £ is established by a simple induction. Finally, let H be the class of additively
indecomposable ordinals. It follows that

htO©+1,7))=sup(E+1)= sup ((E+1)= sup (LE+ 1) = sup(LE+1).
£<0 E<ONH £<ONH £<O
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A topological completeness theorem for transfinite... 757

Since o — Lo is non-decreasing, this last supremum is equal to L (®) + 1, as claimed.
(]

In what follows, we write simply Z;, instead of Z .. These topologies are important
because, as we will see, the completeness theorem can quickly be reduced to the case
when the underlying space is an ordinal equipped with a topology of the form 7.

2.3 d-maps and J-maps

There is an appropriate notion of structure-preserving mappings between scattered
spaces. We say that a function between topological spaces is pointwise discrete if the
preimage of any singleton is a discrete subspace.

Definition 2.11 (d-map) Let X and Y be scattered spaces. A function f : X — Y is
a d-map if it is continuous, open, and pointwise discrete.

Clearly, any homeomorphism is a d-map. In particular, ordinal addition and sub-
straction, i.e., functions of the form

(=§+): (5.6 + 061, Zy) — (10, 0], Ip),

are d-maps. The rank function
pr: (X, 1) = ([0, p: X1, Zo)
is also a d-map. A more interesting example is given by end-logarithms of the form:
:(0,Z14) = (©,I;).

A proof of this, and the more general Lemma 2.21 below can be found in Fernandez-
Duque [16].

Since the composition of d-maps is a d-map, they can be thought of as morphisms
in the category of scattered spaces. We will now state various properties of d-maps.

Lemma2.12 Let f : X — Y be a d-map.

1. IfY is an ordinal © with the initial segment topology, then f is the rank function
on X.

2. Forany ACY, f~'dA =df A

3. f (X, ) = (Y, 042) is a d-map for any A.

4. If f is surjective, then for any L-formula ¢, X = ¢ implies Y = .

Proof Items 1 and 2 appear in Beklemishev-Gabelaia [10]; item 4 appears in
Bezhanishvili-Mines-Morandi [12] in the current formulation. Item 3 is proved in
[3], but therein a different definition of 74, is used, and we still have not shown that
they are equivalent. Nonetheless, the claim can be proved by an easy induction.
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758 J.P.Aguilera

Suppose f : (X, t4).) — (Y, 042) is a d-map. Note that 2 implies that d-maps are
rank-preserving, i.e.,

Py, (X) = poy, (f (x)) forevery x € X.

It follows that for any 74,-open A,

fAN(a, B = f(A) N (o, BT € opatis

and for any o4;-open B,

I BN @, B = BN (a, B € Trat;

so that f is (4341, 0441)-continuous and open. Clearly it is also pointwise discrete.
The case for limit A follows from Ferndndez-Duque [16, Lemma 5.8]. O

As mentioned in the proof of 2.12.3, Lemma 2.12.2 implies that d-maps are rank-
preserving. Also, it follows from 2.12.3 that if the rank of (X, 7) is ®, then

pr s (X, ) — (0,1)

is a d-map. The main feature of d-maps is as follows:

Lemma 2.13 GL P is complete with respect to a scattered space (X, t) if, and only
if, for any finite, converse-wellfounded tree T, there exists a T-open subspace S of X
and a surjective d-map f: (S, ) > T.

Proof That completeness follows from the existence of d-maps is independently due
to Abashidze [1] and Blass [13]. Note that it immediately follows from Proposition
2.2 and Lemma 2.12.4.

The converse is probably folklore and will not be needed below, but we prove it
anyway. Suppose G L P is complete with respect to (X, 7), where t is scattered. Let
(T, <) be a finite, converse wellfounded tree. We define from 7 a modal formula ¢
consistent with GL P1. Let {p;: t € T} be a set of distinct propositional variables and
r be the root of T'. Set

e=p-r N\ Al N Op /\D(\/pt>/\|:|(_‘pr)

seT; s#r teT;t#r teT

AN\ D= —po | A (/\ O(ps — Opr))

s,teT; s#t s<t

A /\D(ps — =Opr) /\D/\ (pt - D\/m) .

s £t teT t<s
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Clearly, there is a Kripke model based on 7" where ¢ is true in 7; namely, any one where
each p; holds only in . Hence, ¢ is consistent with G L P, whereby it is satisfiable in
X. Fix a valuation over X and a point x, € X such that x, = ¢. Thus, x, satisfies p,
and /\s’teT; s#r —Ps and x, is a limit point of points satisfying each of p;, for r 7 r.
Moreover, by each of the conjuncts above:

1. there is a punctured neighborhood of x,, where each point satisfies p; for some
teT,

2. there is a punctured neighborhood of x,, where no point satisfies p,;

3. for each pair of distinct s, ¢ € T, there is a punctured neighborhood of x, of points
satisfying at most one of p; and p;;

4. for each pair of distinct s, ¢ € T with s < ¢, there is a punctured neighborhood of
x, where all points satisfying p; are limits of points satisfying p;;

5. for each pair of distinct s, t € T with s £ ¢, there is a punctured neighborhood of
x, where all points satisfying p, are not limits of points satisfying p;; and

6. there is a punctured neighborhood of x, where whenever a point x satisfies p;,
then there is a punctured neighborhood of x where each points satisfies one of py,
witht < s.

Let S be the intersection of all those finitely many open neighborhoods of x,. Clearly,
X = pr and t # s together imply x [~ ps. We define f: S — T by

f(x) =tif, and only if, x = p;.
We claim f is a d-map. Let A; be an open subset of T of the form
{seT:t<s},
so that
FUA) ={xeS:x Eps At <s).

This clearly equals S if # = r. Otherwise, for each x € S with x = pyand ¢ < s,
there is an open neighborhood U of x where each point satisfies p, for some u > s.
Butr < u, whence U C f‘l(At). This implies that f‘l(At) is open, and so f is
continuous.

Conversely, suppose U C S is open, x € U is such that x |= p;, and t < s. Then
x is a limit of points satisfying py, so that

yeS:yEpinU # 2,

whence s € f(U). Hence, f is open. Finally if # € T, then f~!(¢) is discrete, for ¢
is the image of points satisfying p; and no point in S can satisfy ps A O ps for any s.
Therefore, f is a d-map. O

Hence, the need to check whether a given space X satisfies a formula is replaced by
the definition of a suitable mapping between X and some other space which is known
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760 J.P.Aguilera

to do so. In practice, polymodal analogs of Lemma 2.13 do not even require us to use
full d-maps, but rather a weaker form of embeddings, as shown by Beklemishev [7]:

Definition 2.14 (J-frame) A finite polymodal Kripke frame

S = (W, {<n}n<w)

is called a J-frame if each relation is transitive and conversely wellfounded and it
satisfies the following two conditions:

(D Forallx,y € Wandallm < n: x <, y implies that for all z € W: x <, z if,
and only if y <, z.
(J) Forallx,y,z€ Wandallm < n:ifx <,, yand y <, z, thenx <, z.

We call a J-frame a J,,-frame if all binary relations past the nth one are empty.

Let (T, <o, ..., <n) be a frame. Denote by E, the reflexive, symmetric, and tran-
sitive closure of | J n<k<w <k- The equivalence classes under E,, are called n-planes.
A natural order is defined on the set of (n 4 1)-planes:

o < pif, and only if, x <, y forsomex € o,y € B

We say that a J-frame is a J-tree if for all n, the (n + 1)-planes contained in each
n-plane form a tree under <, and if whenever « < § for two (n + 1)-planes «, 8, we
have x <, y forall x € @ and y € $. This means that each J,-tree can be thought of
as a tree each of whose nodes is itself a J,,_;-tree. Below, anode ¢t € T is a hereditary
k-root if forno j > kandno s € T do we have s <; t. We also write x < y if
x < y for some j > k and

L) ={xeT:x <y}

Definition 2.15 (J-map) Let (T, oy, ..., 0,) beal,-treeand (X, 19, ..., T,) be a space

with n + 1 topologies. We say that a function f : X — T is a J,-map if

(v f (X, ) = (T, 0p) is a d-map;

(j2) f:(X,w) — (T, oy) is open for each k;

(j3) fN (<), f71({x} U «x(x)) € 1 for each k < n and each hereditary
(k + 1)-root x;

(ja) f~'xisa t;-discrete subspace for each k < n and each hereditary (k + 1)-root
X.

Lemma 2.16 (Beklemishev [7]). If f : Y — ZisaJ,-mapand g : X — Y isa
d-map, then fog: X — ZisaJ,-map.

Lemma 2.17 (Beklemishev-Gabelaia [10]). For each L, 1-formula ¢ consistent with
GLP, there exists a J,-tree T such that if X isa GLP,41-spaceand  : X — T is
a surjective J,-map, then X = —, i.e., ¢ is satisfiable in X.

We call the tree obtained in Lemma 2.17 the canonical tree for ¢.
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2.4 Arithmetic, Il

We will need the definition of hyperlogarithms and hyperexponentials, due to
Fernandez-Duque and Joosten [17]:

Definition 2.18

1. The hyperlogarithms {65}560 rd are the unique family of pointwise maximal ini-
tial”> functions that satisfy:

(a) ¢! = ¢, and
(b) €xth = pPye.

2. Let the function e be defined by & — —1 + wf. The hyperexponentials {¢} ceord
are the unique pointwise minimal family of normal functions that satisfy

(a) ¢! =e, and
(b) e*tP = e%eP for all o and B.

One can verify by induction that the sequence {¢¥y : & € Ord} is non-increasing for
any ordinal y. If we set ¥ to be the identity function and ¢50 = 0 for all £, then one
can also describe hyperexponentials recursively by condition 2.18.2(b), together with
the following normality clause:

for any & and any limit A : Er= lin}\ eén; 2.3)
n—

and the following fixed-point clause:

for any & and any limit A : e* (& + 1) = 1imA e"(eME + 1). (2.4)
n—
The hyperexponential family refines the Veblen hierarchy. We mention some more
properties of hyperlogarithms and—exponentials.

Lemma 2.19 (see Ferndndez-Duque and Joosten [17] and Ferndndez-Duque [16]).

1. If& and 8 are nonzero, then €5 (y +8) = (58; if y < 8 as well, then {5 (—y +8) =
058, Moreover, if 1 < &, then 05 (y8) = £56;

2. If&€ < ¢, then t5ef = e~ 51 and 086 = ¢=51¢. Furthermore, if a < €% B, then
o < B.

Proof (Sketch of 2.19) That £5(y + §) = €55 is proved by induction on £ using
2.18.2(b). From this follows that if y < §, then

@) =E@ + -y +8) =L (—y +9).
Finally, it is proved by induction that £(yé) = Ly + ¢4, so thatif 1 < &, then

(8 =150y = 7 (Ly +48) = 071508 = 655,

2 That is, sending initial segments of Ord onto initial segments of Ord.
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as desired. O

We now give an alternative characterization of topologies 74, and their rank func-
tions:

Lemma 2.20 Ler (X, t) be a scattered space of rank ©.
1. The topologies T4, are computed as follows:

® 710 isequalto T
o 14, generated by T and all sets of the form

(Ol,ﬂ]g ={xeX:a <£$p,x < B},

for some —1 < a < B < O and some & < A.

2. If (X, ) is a scattered space, then pr,, = 0* o py. In particular, the rank function
of Iy, is £*.

Sets of the form [«, ,B]if, [, ﬂ)g, and (a, ﬂ)g are defined in the obvious way. In
particular, note that (a, 8)§ = (a, B)°.

Proof The second claim follows from Lemmas 2.12.1 and 2.12.3. We use this to prove
the first claim by induction. Suppose 74, is generated by 7 and all sets of the form

(@, BIE == {x € X 1o < £5prx < B},

for & < A. By definition, t4(,41) = (T4a) 1 is generated by 74, and all sets of the
form

(@, )™ :={x € X 1 < pry, x < B},

but pr,, = £* o p, by induction hypothesis. So (ty )‘)Tl is generated by all sets of the
form

(. BIf = {x € X 1o < 5 prx < B,

for £ < A + 1. The limit case is immediate. O

The following lemma provides the key relationship between arithmetic and topology
for ordinals:

Lemma 2.21 (Fernandez-Duque [16]). Hyperlogarithms
(0, Tere) = (0,T;)

are d-maps.

We will make use of the following two lemmata from [3]:
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Lemma 2.22 Let (X, T) be a scattered space and A be an ordinal. Any x in (X, T43)
has a A-neighborhood U such that whenever x #y € U, £*poy < £*pox.

Lemma 2.23 Let 1 < X be an additively indecomposable ordinal and x € X be such
that pzx = €*® > 0. Then for any T4a-neighborhood V of x, there exist

e asetU € 1, and
e ordinalsn < @ and ¢ < A,

such that 'V contains the set U N (, e)‘G)]z.

For ranks not of the form ¢*®, we have a more general result, also from [3]:

Lemma2.24 Let (X, 1) be a scattered space. Suppose 0 < A, 0 < £*&, and p;x = &.
Then for any tyy-neighborhood V of x, there exist

e asetU €1, and
e « finite partial function r : . — Ord such that letting

BXx) = () @), el

cedom(r)

we have U N Brx(x) cV.

We conclude this section with a final observation on logarithms:

Lemma 2.25 Suppose that ) is additively indecomposable, ¢ is of the form e* ¢y, and
08 < ¢ Let

n = min{B : £P¢ < ¢}.
Then 1 is a successor ordinal or zero.

Proof This is proved by induction on &. Suppose towards a contradiction that £ is least
such that 7 is a limit; clearly ¢ < &. If n is additively decomposable, say

n=no+ao’ > o’
then
01 = @ pog,
Now, we must have £7& < &, for otherwise
E=ME <0k =000 <,
contradicting the fact 09" gmg < thus, £M¢ < &. But then, { < £ and

g = e < 048 < g,
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so by the induction hypothesis applied to £70&, the least " such that
Mg < ¢
is a successor ordinal. However, this ordinal is w”, which is a contradiction.
Thus 7 is additively indecomposable. Fernandez-Duque and Joosten [17] computed
that, letting

n* = argmin{€"¢ : 0 < v < n},

i.e., letting n* be the least ordinal v which minimizes £"¢ in [0, 1), we have

1. if 0 < n*, then
0 = L7 E;
2. if 0 = n*, then

% = sup (L"B+1).
Bel0.8)

If 0 < n* then €& < &, then one reaches a contradiction as above, using the
induction hypothesis on Z”*é; thus 0 = n*. Now, note that y < A, since £*€ < o < ¢.
In fact, we must have n < A, by the displayed equation above. Since A is additively
indecomposable, we have

ety =€ty =¢ <k,
and thus

0 = sup ("B +1)
Bel0,§)

>0 + 1
= et o+ 1
=g+ 1,
=¢+1,

which is again a contradiction. This proves the lemma. O

3 §-polytopologies
In this section, we state our completeness theorem and prove it modulo the product

lemma, which will be proved in the next section. Let us begin with some motivation by
recalling the constructions from [10] and [16]. Let X = (X, t) be a scattered space;
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by [3], GL is complete with respect to each topology 74;, with 0 < A, provided X is
tall enough. Thus, one would attempt to prove completeness of G L P with respect to
the polytopology

{ta 10 <A < A}

However, this is not a G L P-space and thus does not validate the axioms of GL P. The
idea is then to replace each topology 74, by a rank-preserving extension and prove
completeness for that space. It is not known whether this is possible for arbitrary A.
What we will do here is, given a formula ¢ consistent with G L P, say, with occurrences
of modalities Ag, . .., A,, and a (tall enough) scattered space X = (X, ), we produce
a sequence of topologies 1o, . . ., T, such that

1. (X, 1, ..., 1,) satisfies ¢, and
2. each t; is a rank-preserving extension of t414,.

Definition 3.1 (¢-maximal topology) Let ¢ be a nonzero ordinal and (X, t) be a
scattered topological space. We say that 7, is a ¥ -extension of t if

1. T C 1,
2. pr, = pr,and
3. the identity function id : (X, 7) — (X, 14) is continuous at all points x such that

€% pr(x) = 0.

We say that 7, is an ¥-maximal topology if there are no proper ¥ -extensions of 7.

In particular, when ¢ = 1, ¥-maximality coincides with the notion of £-maximality
from [10]. If & = {&;: 0 < i < n}isafinite increasing sequence of non-zero ordinals,
we write

39 = {00i4+1: 0 <i < n},

where 0941 = —19; +9;41 for 0 < i. For such a sequence 5,We also write 01 = ¥q.

Definition 3.2 Let us call a_polytopological space X = (X, 7,...,7:) a -
polytopology over (X, t) if 9 = {;: 0 < i < n} is an increasing sequence of
non-zero ordinals and

1. 7o is a ©¥;-maximal extension of 7,
2. Tj41 1S a 9 4p-maximal extension of (Ti)Tr’h%w fori +1 < n, and
3., = (fn—l)Taﬂn-

We remark the following consequence of the definition.

Lemma3.3 Let X = (X, 10,...,Ty) bea §—polytopology over (X, t). Then, for each
iwithl <i <n,

pr = Pryy, =L 0 pr.
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Let us refer to the polytopologies considered in [10] and [16] as BG-polytopologies.
We will not need that notion below, so we do not define them. ¥-polytopologies are
weak versions of BG-polytopologies. For example, suppose X is a {w1 }-polytopology
over the interval topology on an ordinal. Then 77 is a rank-preserving extension of
7., obtained just by adding sets that would be already included in the corresponding
rank-preserving extension of Z,,, in any corresponding B G-space of length > w1 over
7Z1. We now state the completeness theorem we shall prove:

Theorem 3.4 Let ) bean increasing sequence of nonzero ordinals. Denote by GLP |
B the fragment of G L P whose only modalities appear in 5.

1. (Soundness) All theorems of GLP | 9 hold in every - -space.

2. (Completeness) Let A > v, be a limit ordinal and (X, ‘L’) be any scattered space
of height > e™ 1. Suppose ¢ only contains modalities in % and is consistent with
GLP | 9. Then, there is an open subset U of X such that ¢ is satisfied on a
5-polytopology over (U, t11).

The result also holds also for successor ordinals by replacing e® 1 with e! 2w, In

fact, this general version is what we will prove; the smaller bound in the statement of
the theorem follows from the fact that, for limit A,

lim ¢*w = lim ¢*T!'1 = lim ¢*1 < lim et Aq
A=A A=A A=A A=A

=e

These bounds are sharp (this follows from Lemma 2.13).

Notice that in Theorem 3.4.3.4, we satisfy the consistent formula on a 9-
polytopology over a subspace (X, t41). We cannot in general replace this with
(X, Ty0)—consider an ordinal with the initial-segment topology. It is still useful to
consider polytopologies of this sort. We will call 5-polyt0pologies over the initial-
segment topology improper.

In the remainder of this article, we prove Theorem 3.4. Soundness follows from
Lemma 3.6 below, which in turn follows from Lemma 3.5. The proofs are the same
as in the case ¢ = 1 from [10]. They can also be found in [2].

Lemma 3.5 (X, 1) is a ¥-maximal space if, and only if, for all x € X whose rank p
is such that €’ p > 0 and all V € t with V C [0, ), one of the following holds:

1. VU{x}er,or
2. p(UNYV) < p for some t-neighborhood U of x.

Lemma 3.6 Suppose (X, t) is ¥-maximal and ). > ¥. Then {dA: A C X} C .

It follows from Lemma 3.6 that all 5-polytopologies are G L P,-spaces, which implies
soundness.

Lemma 3.7 (pullback) Suppose ) = (Y, So, ..., Sy) is a (possibly improper) B-
Eolytopology over (Y,o) and f: (X, 1) — (Y,0) is a d-map. Then, there exists a
?-polytopology X = (X, Ty, ..., T,) over (X, t) such that

X, T) — (Y, S) 3.1
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is a d-map for each i < n.

Proof This is essentially the same proof as for the case ¢ = 1 (see [10, Lemma 8.5]).
The key point is the following claim:

Claim 1 Suppose T and S are topologies such that f: (X,7T) — (Y, S) is a d-map
and 8’ is a ¥-maximal extension of S. Then, the topology generated by T and the

family
18 ={f7's: Se8)

is a ¥-extension of T. Moreover, f: (X, T') — (Y, S') is ad-map for any 9 -extension
T’ of this topology.

To see this suffices, suppose the claim holds. Then, letting 7y be any ;-maximal
extension of the topology given by 7 and f 'Sy, we obtain that (3.1) holds for i = 0.
Inductively, suppose (3.1) holds for some i. By Lemma 2.12.3,

[ (X, Tiggo) = (Y, Sivow,yy)

is a d-map. If i + 1 = n, then we are done; otherwise, by definition, S; 1 is a 99;42-
maximal extension of S; 4y, ,, whereby the claim yields that (3.1) holds for i + 1 if
we set 7; 4 to be some 99, 12-maximal extension of the topology given by 7; 45y, .,
and f~1S; ;1. Hence, it suffices to prove the claim.

Proof of the claim Let R be the topology given by 7 and f~'S’. Using the fact that
f:(X,T)— (Y,S)is ad-map, (3.2)

it is not hard to see that f: (X, R) — (Y, &) is also a d-map. By definition, 7 C R,
whence R is a rank-preserving extension of 7. Let x € X be such that £ p7x = 0.
We need to show thatid: (X, 7) — (X, R) is continuous at x. This follows from the
fact that S’ is a ¥-extension of S: for any R-neighborhood of x of the form f~1V, we
have that V is a §’-neighborhood of f(x) and Kﬁpg/f(x) = 0, so that f(x) € U for
some U € S with U C V. Therefore, x € f~'U c f~'V and f~'U € 7, by (3.2).

Now let 77 be any #-extension of R. Clearly, f: (X,7’) — (Y, S’) is continuous
and pointwise discrete. Suppose towards a contradiction that x € X and W € T’
witness a failure of f being open. Let

p = prx = prx = ps f(x).

Note that we must have 0 < £7 p. Without loss of generality, we may assume p is the
least possible rank of a counterexample and W contains no other point of rank > p,
so that W = Wy U {x}, for some Wy € 7 with Wy C [0, ,o)OT. We will arrive at a
contradiction using Lemma 3.5: since f is rank-preserving, we have that £7p > 0,
f(Wy) € &, and f(Wy) C [0, p)(‘?/. Hence, by Lemma 3.5, one of the following
holds:
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L. f(Wo)U{f(x)} €S’ or

2. ps(UN f(Wp)) < p for some S’-neighborhood U of f(x).

It must be the second one that holds, for f(Wy) U {f(x)} = f(W) is not S’-open
by hypothesis. Observe that f~'U N W is a 7'-neighborhood of x and thus contains
points with rank of every ordinal up to, and including, p. Because W contains only
one point of rank p and f is rank-preserving,

(flunw\ ) = i nw.
It follows that the set
f'unw

contains points with rank of every ordinal up to, but not including, p. However, this
is impossible by 3 above, because p is a limit ordinal. This finishes the proof of the
claim and the lemma. O

Lemma 3.7 is still true in the degenerate case o = Zy. In this case, notice that 7y is
already ¥-maximal for every @, for there is only one point of each rank. The proof of
Theorem 3.8 below is postponed to the next section. It is stated in a way that directly
gives all information we will need when applying it below.

Theorem 3.8 (Product Lemma) Assume ¢ is a nonzero additively indecomposable
ordinal, ([0, k], Ty, ..., T,) is a ®-polytopology over I, and ([0, 1], So, ..., Sp) is
a v -polytopology over Ly. Suppose moreover that

K < eSTlng

and that

1

A<e"w.

Let £ = £5[0, k], let © = eS(& + 1) < eSTVnw, and define Xt =1[0,0]N[&, c0),
and X | = [0, ©] N[0, ). Then, there exist:

1. A 5‘-polytopology ([0, ®], Ro, ..., Ry) over I..
2. Functions g : [0, ®] — [0, k] and 71 : [0, ®] — [0, A] such that:

mo: (Xy, Ri) = ([0, k1, Tp) is a surjective d-map for each i;

w1 (X4, Ri) = ([0, 1], &) is a surjective d-map for each i;

Xy C dnonal(a)for any o < k;

m=—&+4L5;

the polytopology (Ro, . .., Ru), when restricted to Xy, is the one obtained
from Lemma 3.7 by pulling back via m;

o 7 (M) = (O).

Theorem 3.8 is the main new ingredient of our proof. With it, we can adapt the
usual proofs to obtain completeness. First, we need an embedding lemma:
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Lemma3.9 Let (T, <o, <1, ..., <n)beafinite J,-tree with rootr and ¥ be an increas-
ing n-sequence of nonzero ordinals. Then, for any ¢ > 0, there exist

e a 5—polytopology ([0, ©1, 7o, ..., Ty) over ([0, O, Z) such that © < eStlngy;
and
o a surjective J,-map f : ([0, ©), T, ..., T,) — T such that f~'(r) = {®).

Proof The proof is by induction on n. The base case follows from [3, Theorem 6.11],
so we assume that the result holds for all m < n and proceed by a subsidiary double
induction on

1. ¢, which we decompose as ¢y + »”; and
2. hgto(T), the height of <y,

in that order. Let hgt; (T') be the height of <;. We need to consider various cases:
Case I: w” < ¢. By the induction hypothesis (for ¢) applied to w?, there are:

e a 1?}-polytopology ([0, ®91, So, ..., S,) over ([0, ®gl, Z,e) such that ®y <
e’ and
e asurjective J,-map g : ([0, ©¢], So, ..., S,) — T such that g~ (r) = {Op)}.

By Lemma 2.21,
€502 ([0, e ©01, Zg) — ([0, Ool, Zer)
is a d-map, whence by Lemma 3.7, there is a 5-polyt0pology
X = ([0, 001, T0, - - ., Tn)
over ([0, e59©y], Z,) such that
€502 ([0, e ®0]1, 7;) — (10, Ool, )
is a d-map for each i < n. It follows that f := g o £50 is a surjective J,-map from

X onto T. It remains to check the bound on ® := ¢5°®y. Since Oy < e’ g we
have

o o
€00 < €S0 Ty = eS0T ) — oSHng,

as needed.

Case II: ¢ is additively indecomposable and 0 = hgto(T), so that <p= &. Let
9 = =01+ 0 [ [2.n] = (=01 + 02, =01 + D3, ..., =01 + D).

By induction hypothesis (applied to n), there are:
e a 5*—polytopology ([0, ©¢l, Si, ..., Sp) over ([0, ®pl, Iy,) such that

@0 < eﬂ1+(_191+19)1)a) — glyna);
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e a surjective J,_1-map g : ([0, ®¢], S1,...,Sy) — (T, <i,..., <p) such that
g~ 1(r) = {Og)}.

Note that each S; is a rank-preserving extension of Zy,. Thus, a simple computation
shows that ([0, ®¢], Zo, S1, . . ., Sp) is a(n improper) ¥ -polytopology. Clearly,

Eg : ([01 e§®0]1 Ig) - ([Ov ®0]9 IO)

is a d-map. By Lemma 3.7, there exists a ﬁ—polytopology X of the form ([0, eS ®g],
To, ..., T,) over ([0, eS O], Z.) such that

€52 ([0, €5 ©9l, 7;) — ([0, O], S;)
is a d-map foreachi < n.Let ® := eS@g < ST w. Let f := g 0 £5. We have that
f:(0,81,7,...7,) > (T, <yq,...,<p)isal,_i-map. (3.3)
We claim (3.3) holds for the full space X and the structure (T, <o, ..., <p), i.€.,
f is already a J,-map: condition () is given by definition; (j) is satisfied trivially

since the topology induced by < is discrete; (j3) and (js) hold for k # 0 because of
(3.3) and for k = 0 because r is the sole hereditary 1-root of T'.

Case III: ¢ is additively indecomposable and 0 < hgto(T). Letry, ..., ry be all <q-
successors of r that are hereditary 1-roots and (following earlier notation) let <o (#;)
denote the generated subtrees. Also let <1 (r) denote the subtree consisting of all
nodes that are <o-incomparable with r (i.e., the <o-roots). By induction hypothesis
(applied to hgto(T)), there exist ¥-polytopologies
X =(0,61T5, ..., T,)
over ([0, «;], Z,) and surjective J,,-maps
Jit Xi = (Lo(ri), <05 -+ -5 <n)
for0 < i. Let
k=Kk1+1+ky+1+...+14«,
and
% = ([0’ K]a ,]E)a . ‘7:1)

be the topological sum. We also denote by

ffi:xXx— U <o(ri), <0, ...y <n

O<i<n
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the sum of the functions f;. We may define an improper 5-polytopology
' = ([0, 1), Zp, S, ..., Sn)
over Zy as in Case Il in such a way that there is a J,,_1-map
g: ([0, AL, 81y ..., Sp) = (KL1(r), <1, <p)
such that, letting fy = g o £ and
Y =1[0,e°2]
then
fo: Y — (L1(r), <0, -5 <n)

is a J,,-map.
Similarly, suppose § is any ordinal and let

fe©) =g(—+E©).
Since
—E 445 ([0, eS(E +M]N[E. oo)g,Ig) — ([0, 11, Zo)

is a d-map (it is the rank function), by applying Lemma 3.7 we obtain a polytopology
So, ..., S, on [O, esS(&+ A)] N [S, oo)g such that

fe: ([0, eS(E+M]NIE, OO)g,Si) - (10,41, 5)

is a d-map for each i. Arguing as in Case II, we see that

fe: ([0 € + 0] N[ 00) . Sov 1) > (10D <00s <)
is also a J,,-map. We now fix
& = the unique ordinal equal to £°[0, «].

Let ©® = (£ 4+ 1) and write X4 = [0, ©] N [§, 00)c and X | = [0, ©] N[0, ). By
the Product Lemma, there are:

1. A é-polytopology ([0, ®], Ro, ..., Ry) over Z.
2. Functions g : [0, ®] — [0, k] and 7 : [0, ®] — [0, A] such that:

o my: (X, Ri) — ([0, k], ;) is a surjective d-map for each i;
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o m1: (X4, Ri) — ([0, A, S;) is a surjective d-map for each i;
o Xy Cdpymy l(oz) for any @ < «, and in particular when

a=k1+14+...+1+«;,

fori < m;

o =—§+1L5;

o the polytopology (Ro, ..., Ry), when restricted to X4, is the one obtained
from Lemma 3.7 by pulling back via 7y;

o 77 (M) = (O).

Thus, when restricted to X4, the topologies R; and 3‘,- coincide (directly by definition),
SO

fe 1 (X4, Ro, ..., Rp) = (L1(r), <0, .-, <n)
is a J,-map. We define a function
f([()v@]?ROs’Rn)_) (T’<0""7<n)

given by:

. f*(mo(x)) if x € X,
Sy = {fg ifx € X3

Since X4 and X | are Z.11-clopen and 1 < 9, it follows that X4 and X are R;-
clopen for all 0 < i. The facts that f¢ and f* are J,-maps and that the projection g
is a d-map yield condition (), as well as conditions (j2)—(ja) for 0 < i. We verify
the remaining ones:

(j2) Let U be Rp-open. If U C X, then f(U) is <p-open, as mp o f* is a J,-
map. If U N Xy # @, then we claim f(U) is <¢-open in T. Indeed, since
Xy C dRono_l(/q) for any 0 < i < m, then there are ordinals &y, ...,&, € U
such that 7o(§;) = «; for each i. But then o(U N X ) contains a neighborhood
U; of each «; and by choice of f*, f*(U;) = <o(ri).

(j3) Any hereditary 1-root x is either r or in some 7;. In the former case, f o))
and f~1({r} U <o(r)) € 19 equal [1, ®) and [1, O], respectively. In the latter
case, the result follows from the continuity of g and the fact that f* is a J,,-map.

(ja) Again, f~1{rh) = {®} and for any hereditary 1-root x # r, f~l(x) =
Ty ! F*~1(x) is discrete because f*~!(x) is discrete and mq is pointwise dis-
crete.

Therefore, f is a indeed a surjective J,,-map.
Since we have considered all cases, the lemma follows. O

We can now finish the proof of Theorem 3.4. Let A > ¥, and (X, 7)_be any
scattered space of height > ¢! w. Suppose ¢ only contains modalities in ¥ and is
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consistent with GLP | 9. We need to show that @ is satisfied on a 5‘-polytopology
over (X, t41).
We use Lemmata 2.17 and 3.9 to find

1. the canonical tree T' for ¢ with root r,

2. a ¥-polytopology ([0, ®], Zo, ..., T,) over ([0, ®], Z1) such that ®@ < eltong,
and

3. asurjective J,-map f : ([0, ©], 7o, ..., T,) — T such that f~'(r) = {®).

By Lemma 2.17,

([O’ ®]’ 767""7;) % _|(p’

i.e., @ is satisfiable in ([0, ®], 7, ..., 7,). Now, by assumption, (X, 7) is a scattered
space such that
et < e < hgt(X, 7).

Let U be the neighborhood of x consisting of all points of rank <®, so (U, 7) is a
scattered space of height ® + 1. By Lemma 3.7, there is a -polytopolgy

U=(U,S,...,Sn)
over (U, t41) such that
pr = (U, S) — (10, ©1, 7;)
is a d-map for each i < n. By Lemmata 2.17 and 2.16, ¢ is then satisfiable in 4{. This
completes the proof of Theorem 3.4.
4 Proof of the product lemma

For convenience, we restate the lemma:

Theorem 4.1 (Product Lemma) Assume ¢ is a nonzero additively indecomposable
ordinal, ([0, k], Ty, ..., Ty) is a 9-polytopology over I, and ([0, 1], So, ..., Sp) is
a v -polytopology over Ly. Suppose moreover that

K < eSTng
and that

1

A<e"w.

Let £ = £5[0, k], let ©® = eS (& + L) < ¢SV, and define X1 =10,0]N[&, c0),
and X | = [0, ®] N[0, §).. Then, there exist:

@ Springer



774 J.P.Aguilera

1. A 5-polyt0pology ([0, ®1, Ro, ..., Ry) over I..
2. Functions nrg: [0, ®] — [0, k] and 71 : [0, ®] — [0, A] such that:

o mo: (X, Ri) — ([0, k], T;) is a surjective d-map for each i;

o m1: (X4, Ri) — ([0, A, S)) is a surjective d-map for each i;

o X4 C dnono_l(a)for any a < k;

o T = —&+4+14£5;

e the polytopology (R, ..., Ry), when restricted to X4, is the one obtained
from Lemma 3.7 by pulling back via m;

o 7 (M) = (O).

Let ¢, «, and A be as in the statement. Fix 5—polyt0pologies (10,«1, 7o, ..., 7y
and ([0, A], So, ..., Su) over Z. and Zo, respectively and let

& =1¢°[0, k]
Since logarithms map initial segments of Ord to initial segments of Ord (by defini-
tion), £ is an ordinal. In fact, it is a successor ordinal. To see this, suppose towards a
contradiction that it were a limit ordinal. Thus, for each { < &, we have ¢ € £5][0, k],
S0 eS¢ < k. By continuity, eS€ < «, so & € £5[0, k]—a contradiction.
Thus & is a successor ordinal. Write ¢ for its predecessor. We have
e <k < et
for otherwise eS& belongs to the interval [0, «] and so & € £5[0, k], contrary to its

definition. The case ¢ > 1 will require most of our efforts and will be considered first,
over the next few sections. The case ¢ = 1 will be covered in Sect.4.4.

4.1 The partition
Definition 4.2 As in the statement of the theorem, we define:

® = least @ such that — & + £5a = A
=e (E+A)
— ¢S (6510, k] + A).

Observe that if A < e%"w and k < €S, then
eSE+2) < ey,

as desired. We also set:

1. X, =[0,0]1N10,&):0
2. X3 =[0,0]N [, 00),.

See the following picture:
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X4
tc0rd 1 1 1 1
eSE eSED SE3 O
Ord

The purpose of this section is to partition X | into smaller clopen cells. The idea is that
the projection g will be defined differently on different cells. We begin by defining
a partition of the interval [0, e &) into smaller intervals [¢,, 8,] and then we lift it to
all of X . What o, and B, are, as well as the set over which « ranges, will depend on
various parameters.

Condition (2.4) states that

ef(t+1)= O}E)ng e“(esc +1).

One of the cases we consider is that eS¢ < k < e(eS¢ + 1). Otherwise, e(eS¢ + 1) <
Kk < eSE, and so

¢+ 1) <«
for some greatest ordinal 0 < o < ¢, which we will denote by v. Thus,
(S +1) <k <e'Tlesc +1).
We are not assuming that ¢ is multiplicatively indecomposable, but it is a limit of

ordinals of the form v -¢. This is because ¢ is additively indecomposable, soifv-t < ¢,
thenv - (t 4+ 1) < ¢ as well.

Y

Qoo A a3 Oy Oo+l
| | | | |
| | | |
| | | |
L 1 1 ]
— |
o — ]

I
I I
I I
I |
| ]
[ J

S
Xo X1 Xo Xo e’§

4.1.1 Whene(eS¢+1) < k

Definition 4.3 For each ¢ such that v - ¢ < ¢, we define:

e op =0;
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e a1 =B+1;
e o, =" (eS¢ + 1), at limit stages; and
o B, =e"'k.

Let X, = [o, B.]. Then X, is clearly Z.-clopen.

Lemma 4.4 Suppose ¢ is a limit ordinal and e(eS¢ + 1) < k. Then, the sets {X, :
y < ¢} in Definition 4.3 form a partition of eS&.

Proof Recall that ¢ is additively indecomposable and thus a limit of ordinals of the
formv - .. If ¢ = v - w, then X, is only defined for finite y. We have

lim B, = lim """«
n<w n<w

> lime""e(eS¢ + 1)
n<w

= lime"" (eS¢ + 1)
n<w

= lime¥ (eS¢ + 1)
Y<g

= eSE.

Since B, < eS& for all n < w, we have lim,, ., 8, = eS&.
Suppose now that v - w < ¢. Then, ¢ is a limit of ordinals of the form v - ¢, where
¢ is a limit ordinal. In that case, we have
sup{og, vt < ¢, t € Lim} = 5§,

so it suffices to show that

lim o, = "V (eS¢ + 1) for each limity such thatv -y < .
L=y

Let us assume that ¢ is multiplicatively indecomposable for notational simplicity and
show that

lim o, = €Y (eS¢ + 1) for each limit y < ¢; 4.1)
L=y

the general case is similar. Let thus ¥ < ¢ be a limit ordinal and decompose it as
y = y* + wP, where p is nonzero. Recall that the functions e' are normal. First, we
have:

lim @, = lim B, = lim ¢""«.
1=y 1=y =y
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Using the decomposition of y:

By choice of v, we have

e\)

so normality implies that

lim "
1=l

This implies that

1—>wP

lim "'«
L—)y

lim o,
L=y

lim e 0
1—>wl

= lim "V Vi

=P

=7 ( lim ew) ) 4.2)
—> !

(eS¢ +1) <k <e"tleSc +1),

(e”(e% + 1)) < lim ek
L= wP

< lim e"'e¢" (eS¢ + 1)
=P

lim e"“(eSC + 1)

L=l

lim e"*
=P

(e”(e% + 1)).

lim e"',k = lim e"*(eS¢ + 1).
1—>wP

(4.3)

Now, recall that if v* is any limit, then, for every ordinal y, we have

Using this (for v¥ = v -w” and y =

we obtain:

lim e"(eS¢ + 1)

L—>wP

e (y+ 1) = lim ey + 1).
1— ¥

¢5¢) and the additive indecomposability of ¢,

= lim e'(eSC+1)

L—>v-wP

lim et g 4 1)

L—l>i1?»]w/7 et(ev-wﬂegé, +1)

=" (St + 1).
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Putting this together with Eqgs. (4.2) and (4.3),

V(S + 1) =" e (St + 1) = e""’*( lim e"" (e + 1))
l—w

. * . .
"V | lim "'k
1—>wl

= lim ¢,
L=y

which proves Eq. (4.1). This finishes the proof of the lemma. O
41.2 Whenef¢ < k<e(€¢+1)

In this case, the partition is simpler than before:

Definition 4.5 For each ¢ < ¢, we define:

o ap =0;

e a=B+1;

e o, = ¢' (eS¢ + 1), at limit stages; and
o B, =etl(ex +1).

Let X, = [o, B,]. As before, X, is Z.-clopen.

Remark 4.6 If eS¢ < «, then B, could also be defined to be ek, and the argument
below will go through. We have chosen to define 8, = e*!(ex 4 1) in order to merge
the case eS¢ = k with the case eS¢ < k < e(eSC + 1).

Lemma 4.7 Suppose ¢ is a limit ordinal and eS¢ < k < e(eS¢ + 1). Then, the sets
{X, : v < ¢} in Definition 4.5 form a partition of e*§.

Proof If ¢ = w, then X, is only defined for finite . We have

lim B, = lim " (ex + 1)
n<w n<w
> lim e" (eS¢ + 1)
n<w
= eSE.
Since 8, < eS& for all n < w, we have lim, ., B, = eS&.
Suppose now that w < ¢. Then, ¢ is a limit of limit ordinals. In that case, we have

sup  «, = e°¢&,

tegNLim
so it suffices to show that
lim o, = e¥ (eS¢ + 1) for each limit y < ¢. “4.4)
1=y
However, this is immediate from [3, Lemma 2.8]. O
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4.2 Projections

Definition 4.8 (Projections) We define the functions g and 7:

() mo: [0, e5€) — [0, k] is defined by:

02, ifeSC <k < e(eSt + 1);

7TO(O€) = {gwa, ife(egg‘ + 1) <k

where ¢ is the unique ordinal such that o € X,.
(1) The function 7rg is extended to all of X : given & € X, let n be least such that
U < eS&. Then, mo(a) = mo(£7w).
(1) m1: X4 — [0, A] is defined by
wia =—&+£5a.
Being the rank function,
o (XT’ Ig) g ([Ov )"]’IO)
is a surjective d-map. It is not immediately clear whether 7 is a d-map; this we verify
below.
Observe first that, since X | = [0, ©]p N [0, &) by definition, the ordinal 1 in the
second clause above must be strictly smaller than ¢.
Let us look at the definition of 7 a bit more closely. Consider a typical element o*
of X | and generate the sequence
{€’a* : v € Ord)}.
Let n be least such that o := £"a* < eS&. Then « belongs to some cell
X, = [a, B,].
Let us suppose first that eS¢ < k < e(eS¢ + 1). Then,
o= eTlex + 1),
so moar = £12¢ € [0, k] and

molew, Bl = € (e, B = [0, «1,

with the maximum being attained at the value etk € [ay, B.1.
Let us suppose now that e(eS¢ + 1) < k. Then

B = ek,
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so moae = £"'a € [0, k] and again

molaw, B = €' [a,, Bi1 = [0, k1,
with the maximum being attained at the value g,.
Lemma4.9 np: (X, 7o) — ([0, k], Zo) is a surjective d-map.

Proof Surjectivity we verified in the discussion preceding this lemma; we verify that
it is a d-map. Consider cells of the form

X! ={xe X, :¢"'x < eS¢ andeSE < ¢"x and ¢"'x € X,}
={xeX, :¢"x <eSEand et < ("xand (" 'x € X}
=X, N [0, eg%-]n+l N (e°E, 00)y N ey, Blyt1-

(The second equality follows from the definition of X .) Observe that [, B,];+1 is
an Z.-clopen interval if n < ¢, even when «, is a limit ordinal; this is because «; is
always an isolated point in Z by its definition. The definition of 77 is the same within
each X" and in each of those sets, 7 is defined as a logarithm and is thus a d-map
(recall that ¢ is additively indecomposable). Additionally, by Lemma 2.25,if x € X,
then the least 1 such that £7x < eS¢ is a successor ordinal or zero. If we additionally
define X~ .= X,, then the collection of all X, forms a clopen partition of X |- Since
70 is a d-map on each cell, it is a d-map on all of X . O

Lemma 4.10 710_105 is Io-dense in X4 for any a < k.

Proof Let € X4, so that g has Z.-rank p := £58 > &. It is enough to consider the
case p = &, as any Z.-neighborhood of any point of higher rank contains a point of
rank &. Let U be an Z--neighborhood of 8 and fix « < x — we show U contains some
point x such that oy = o. We distinguish three cases:

CaseI: B = eS& and e(eS¢ + 1) < k. We can apply Lemma 2.23 (over the interval
topology) to obtain a Z.-neighborhood base of eS& consisting of sets of the form

(777 egg]lﬁy
forn <eSé€andv-y < ¢.
Hence, we may assume U is a neighborhood of e*£ of the form (n, e*£],.,,. Let
be an ordinal large enough so that n < «,. This ordinal certainly exists, as it follows

from Lemma 4.4 that:

lim e"'x = lim o, = e%&.
adY Al

Claim2 Let x :=opyyp +e"V(ay +e""a). Then x e UN X, 1.
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Proof We first verify that x € [ot) 44, By4u]. Clearly oy, < x. Moreover, e #k is
additively indecomposable, so

oy +e"Ha < e i
eV'V eV Mk is likewise additively indecomposable, and thus

X =iy _'_elr)/(()[,u _I_ev-l/«a)
< el)*)/ev'/LK

— VT,

= ﬂy+/»lv’

$0 x € oy 4, By+u]. We now verify that x € U. To see this, it suffices to note that,
by choice of u,

n<ay <o, +eta
=0"7e"V (ay +e" )
=7 (“Hu +e"V (ay + ev'““)>
=" x.
This proves the claim. O

A direct computation shows
mox = €Ty = Uiy <a7+u +e"V(ayp + ew‘”)
=L"HEY " (ayqp + €V M)
=" (ay4p + ")
= VeV

= .

Since U was arbitrary, this finishes the proof in this case.

Casell: 8 =eS£ and eS¢ < k < e(eS¢ + 1). As before, we may assume U is of the
form

(n, el
forn < e*€ and y < ¢. Let u be an ordinal large enough so that n < «,.

Claim3 Let x := oy + €V (o + e"2q). Then, x € U N Xy
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Proof Clearly ot 4, < x.Sincea < x and el (ex+1) is additively indecomposable,
we have

oy + 2 < e lex + 1),
so that

and thus x € X, y,.
As before, we have

n <oy, <a,+ e a
= 07e¥ (a, + " a)
=0 (ay_w + e (ay + e“+2a)>
=47 y.
This proves the claim. O

A direct computation shows

mox = LYy = g2y (ay+u + e (o, + e’”za))
= (Ht2gv oY (o + e 2q)

= E’”‘z(au + " 2q)
= (HH2ont2y

= .

Since U was arbitrary, this finishes the proof in this case.

Case III: eS& < B. As observed by Ferndndez-Duque and Joosten [17], there is a
least n* < ¢ such that

7B = €SE.
Since ¢ is additively indecomposable, n* must be a successor ordinal, say n+ 1. Thus,
1B = eSE < 078,

and so £ 8 must be of the form B’ 4 ¢¢&. The Hyperexponential Normal Form theorem
[3, Proposition 2.13] states that every ordinal y can be uniquely written in the form
e”y|, where y; is either additively decomposable or 1. If y; = 1, then let us call
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the expression e 1 the normal form expansion of y. Inductively, the normal form
expansion of

y ="+ )

is defined to be

nf(y) =" (y1 + nf ().
Observe that n < ¢, for otherwise we would have
E <e'E <0,

contradicting the choice of 8. Thus, if one writes out the normal form expansion of
B, one obtains an expression of the form

e (Br+ e (.. (B +nEeE)..)), 4.5)

where e§ < B’ + €& and all the exponents to the left of 8 + nf(eS&) add up to 7.
Consider the sequence {8(¢) : t < eS&}, where B(¢) is the ordinal one obtains if one
substitutes ¢ for the rightmost occurrence of nf(eS&) in the normal form expansion
(4.5) of B. If U is a Z--neighborhood of B, then, by Lemma 2.24, U contains a set of
the form

B.(B)= () @), £'Bli,

iedom(r)
where r : ¢ — B + 1 is a finite partial function. It follows from this and from the
continuity of exponentials that every such set U, if nonempty, contains cofinally many

ordinals of the form B(1). Since eS& < B’ +eS& and e5& is additively indecomposable,
we must have eS€ < B/, so it follows that for each 8(1),

7B (1) = mol(B' + 1) = mole.

An argument as in Case I or Case Il (according as k < e(eS¢ +1)ore(eS¢+1) < «)
shows that there is some ¢ < ¢S& such that 8(t) € U and mpB8(1) = «. m]

4.3 The polytopology

It remains to define a 5-polyt0pology (Ro, ..., Ry) on ([0, ®],Z) such that the
projection mappings

mo : (Xy, Ri) — ([0, «1, T)
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and
m (X4, Ri) — ([0, A], &)

remain d-maps. Recall that n denotes the length of 53
To begin, we observe that since

mo (X, Zo) — (10,41, Z¢)

is a d-map by Lemma 4.9, we may apply Lemma 3.7 to obtain a ;9—polytopology
(X, 7o, ..., 7,) over Z such that

7 (Xy, T) = (0,41, 7))
isad-map foreach0 <i <n.
This ¢-polytopology (7o, . . ., 7,) is not, however, a topology on [0, ®], so we need
to extend it. For each 7, let R; be the smallest topology on [0, ©] extending Z. 4y, and

containing all sets in 7;. Since X4 is Zo11-clopen, R; is simply equal to Z. 4y, when
restricted to X4, for 0 < i. We are closer to our goal, but not done yet, since the space

(10, ©], Ro, ..., Rn)

might not be a 5-polytopology, as Ro might not be #{-maximal around points in X.
The projection 1, which was defined as the function

ar> —&+05a
is the rank function of (X4, Z.) (viewed as a subspace of ([0, ®], Z,)), so
(X, Ze) — ([0, A1, Zo)

is a d-map. Having only one point of each rank, the space ([0, A], Zp) has no proper
rank-preserving extensions, and in particular is ©};-maximal. By the claim within the
proof of Lemma 3.7, if (X4, R) is any ¥}1-extension of (X4, Z,), then

my (X4, R) — ([0, 2], Zo)

remains a d-map. Let ([0, ®], Rp) be a ©}-maximal extension of ([0, ®], 7@0). Then,
R0 only adds neighborhoods around points of rank some p such that 0 < £71p and,
moreover, only neighborhoods around points in X4, since (X, 70) was already 91-
maximal. Given a point x € X4, and recalling that &, the minimum Z-rank of points
in X4, is a successor ordinal, we see that

0 <M £(10.01.R)X if, and only if, 0 < S x
if, and only if, 0 < 91 (—€ + £5x)
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if, and only if, 0 < £ p(x, 7.)X.
Thus, the space (X4, Ro) is a #1-extension of (X4, Z.). It follows that
w1 2 (X, Ro) — ([0, A1, Zo)
remains a d-map. We may now apply Lemma 3.7 to obtain a 5-polytopology
(X1, R0, 81, .., Sn)
over (X4, Ro) such that
71 (X, 8) = (10,41, 8)
is a d-map for each 1 <i < n.Foreach 1 <i <n, we let R; be the disjoint union
(Xy. T u (X, S)).
The sets X1 and X | are Ro4,-clopen and so it follows that
(10, 8], Ro, R1, ..., Ra)
isa 5-polyt0pology. Moreover, we have seen that
7o (X, 7)) = (10,61, 7))
is a d-map for each 0 < i < n and that
7 (Xp, Ri) — ([0, A1, S)

is also a d-map for each 0 < i < n. The other conditions in the statement of the
Product Lemma we have shown already, so its proof is complete.

4.4 When¢g =1

The plan to prove the lemma in the case ¢ = 1 is similar to the case 1 < ¢, but
simpler. We follow the same proof outline from the preceding sections. The essence
of the construction below is the same as that of the d-product from Beklemishev-
Gabelaia [10], but more direct (and, in return, less general). Let £[0, k] =& =¢ + 1,
O =t X, =1[0,01N[0, &)1, and X4 = [0, ®] N [£, 00)1. Then, X4 consists of
all ordinals in [0, ®] which are of the form «f - n, for some 1 < o*, and X | consists
of all ordinals in [0, ®] which are of the form w® - 1 4 y, for some n < w* and some
y €1, of).

Lemma4.11 (1 +«)-w = of.
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Proof Since £[0, k] = & = ¢ + 1, we must have
o <K < ab.

The ordinal ¢ is additively indecomposable and thus (1 +«) - n < «f foralln < w,
SO

o =limo’ -n<lim(l+«)-n < aof,
n<w n<w

which proves the lemma. O

Thus, a typical element of X | has the form o -n+ (1 +k)-n+1+y,where n < o,
n < w,and 0 < y <. For such n, n, and y, we define

7@+ A 4+Kk)-n+1+y)=y;
for n < w*, we let
1@ - 1) = —§ + €.
Being the rank function, 1 : (X4, Z1) — ([0, Al, Zo) is a surjective d-map. Similarly,
o : (Xy,Z1) — ([0,«],Zy) is a surjective d-map, since X is a disjoint union of

copies of the space [0, k] indexed by ordinals < w* and numbers n < w and 7 is
a homeomorphism when restricted to any one of these copies.

Lemma 4.12 n(;lot is I1-dense in X4 for any a < k.

Proof Fix p = w® -n e X +. Suppose first that 7 is a successor ordinal, so 8 is of the
form wf - ij + w%. Let U be a Z;-neighborhood of B; we may assume that

U =@ -ii+v. Bl
where y < »f. By Lemma 4.11, we may find n large enough so that
y<({1+4«)-n.
Therefore, letting
d=of 1+0+Kk)-n+1+a,

we have & € U and mpd = «, as desired.

If n is a limit ordinal, then, 8 is a limit of ordinals of the form ot - n, for any Z;-
neighborhood U of B, the previous argument applied to any sufficiently large enough
7 shows that U contains some & such that 7o& = «. This proves the lemma. O
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The argument in Sect.4.3 does not depend on whether ¢ = 1, so one may proceed
similarly to construct the polytopology (Ro, ...R,) and argue that the projection
mappings

o : (X}, Ri) — ([0,«], T)
and
w1 (X4, Ri) — ([0, A], &)

remain d-maps. This completes the proof of the theorem.

Acknowledgements The author would like to thank David Fernandez-Duque for introducing him to the
subject and for many insightful conversations during the time when [2] was being written and afterwards.
The author would also like to thank the anonymous reviewer for his or her comments. This work was
partially supported by FWO fellowship 3E017319 and FWF Grant 14513-N.

Funding Open access funding provided by Austrian Science Fund (FWF).

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Abashidze, M.: Ordinal completeness of the Godel-Lob modal system (in Russian). Intensional logics
and the logical structure of theories, pp. 49-73 (1985)
2. Aguilera, J.P.: Uncountable topological interpretations of provability logic. B.Sc., Thesis (2015)
3. Aguilera, J.P.,, Ferndndez-Duque, D.: Strong completeness of provability logic for ordinal spaces. J.
Symb. Logic 82, 608-628 (2017)
4. Bagaria, J.: Topologies on ordinals and the completeness of polymodal provability logics (2015)
(circulated manuscript)
5. Bagaria, J., Magidor, M., Sakai, H.: Reflection and indescribability in the constructible universe. Isr.
J. Math. 208, 1-11 (2015)
6. Beklemishev, L.D.: Provability algebras and proof-theoretic ordinals, I. Ann. Pure Appl. Logic 128,
103-123 (2004)
7. Beklemishev, L.D.: Kripke semantics for provability logic GLP. Ann. Pure Appl. Logic 161, 756-774
(2010)
8. Beklemishev, L.D.: Ordinal completeness of bimodal provability logic GLB. In: Proceedings of the 8th
International Tbilisi Conference on Logic, Language, and Computation, TbiLLC’09, pp. 1-15 (2011)
9. Beklemishev, L.D., Bezhanishvili, G., Icard, T.: On topological models of GLP. Ways of Proof Theory.
Essays in honor of Wolfram Pohlers, 135-155 (2010)
10. Beklemishev, L.D., Gabelaia, D.: Topological completeness of the provability logic GLP. Ann. Pure
Appl. Logic 164(12), 1201-1223 (2013)
11. Beklemishev, L.D., Gabelaia, D.: Topological interpretations of provability logic. Leo Esakia on Duality
in Modal and Intuitionistic Logics 257-290 (2014)
12. Bezhanishvili, G., Mines, R., Morandi, P.: Scattered, Hausdorff-reducible, and hereditarily irresolvable
spaces. Topol. Appl. 132(3), 291-306 (2003)

@ Springer


http://creativecommons.org/licenses/by/4.0/

788

J.P.Aguilera

13.
14.

15.

16.

17.

18.

Blass, A.: Infinitary combinatorics and modal logic. J. Symb. Logic 55(2), 761-778 (1990)
Brickhill, H.: Generalising the Notions of Closed Unbounded and Stationary Set. PhD thesis, School
of Mathematics, University of Bristol (2017)

Cordén-Franco, A., Fernandez-Duque, D., Joosten, J.J., Lara-Martin, F.: Predicativity through transfi-
nite reflection. J. Symb. Logic 82(3), 787-808 (2017)

Ferndndez-Duque, D.: The polytopologies of transfinite provability logic. Arch. Math. Logic 53(3—4),
385431 (2014)

Ferndndez-Duque, D., Joosten, J.J.: Hyperations, Veblen progressions, and transfinite iteration of ordi-
nal functions. Ann. Pure Appl. Logic 164(7-8), 785-801 (2013)

Ferndndez-Duque, D., Joosten, J.J.: The omega-rule interpretation of transfinite provability logic. Ann.
Pure Appl. Logic 169(4), 333-371 (2018)

. Segerberg, K.: An essay in classical modal logic. Filosofiska Foreningen och Filosofiska Institutionen

vid Uppsala Universitet (1971)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	A topological completeness theorem for transfinite provability logic
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 The polymodal logic of provability
	2.2 Arithmetic, I
	2.3 d-maps and J-maps
	2.4 Arithmetic, II

	3 "0245-polytopologies
	4 Proof of the product lemma
	4.1 The partition
	4.1.1 When e(eςζ+1)leqκ
	4.1.2 When eςζleqκ< e(eςζ+1)

	4.2 Projections
	4.3 The polytopology
	4.4 When ς= 1

	Acknowledgements
	References




