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Abstract

Let M = (M, G) be an expansion of a real closed field M by a dense subgroup G
of (M>9,.) with the Mann property. We prove that the induced structure on G by M
eliminates imaginaries. As a consequence, every small set X definable in M can be
definably embedded into some G, uniformly in parameters. These results are proved
in a more general setting, where M = (M, P) is an expansion of an o-minimal
structure M by a dense set P C M, satisfying three tameness conditions.
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1 Introduction

T,Eis note is a natural extension of the work in [6]. In that reference, expansions
M = (M, P) of an o-minimal structure M by a dense predicate P < M were
studied, and under three tameness conditions, it was shown that the induced structure
P;q on P by M eliminates imaginaries. The tameness conditions were verified for
dense pairs of real closed fields, for expansions of M by an independent set P, and for
expansions of a real closed field M by a dense subgroup P of (M>?, .) with the Mann
property (henceforth called Mann pairs), assuming P is divisible. As pointed out in
[6, Remark 4.10], without the divisibility assumption in the last example, the third
tameness condition no longer holds, and in [6, Question 4.11] it was asked whether in
that case Pj,q still eliminates imaginaries. In this note, we prove that it does. Indeed,
we replace the third tameness condition by a weaker one, which we verify for arbitrary
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Mann pairs, and prove that together with the two other tameness conditions it implies
elimination of imaginaries for Pj,q.

Let us fix our setting. Throughout this text, M = (M, <, +,0, ...) denotes an
o-minimal expansion of an ordered group with a distinguished positive element 1. We
denote by L its language, and by dcl the usual definable closure operator in M. An
‘L-definable’ set is a set definable in M with parameters. We write ‘L 4-definable’
to specify that those parameters come from A C M. It is well-known that M admits
definable Skolem functions and eliminates imaginaries ( [4, Chapter 6]).

Let D, P € M. The D-induced structure on P by M, denoted by P;,4(p), is a
structure in the language

Linapy = {Rpx)(x) : ¢(x) € Lp},

whose universe is P and, for every tuple a € P,

Piapy E Rp(a) & M E=d(a).

If O € P",byatrace on Q we mean a set of the form Y N Q, where Y is £-definable.
We call Y N P" a full trace. We call a set Q C P" fiber-dense if for every x in the
projection 7 (Q) of Q onto the first # — 1 coordinates, the fiber Q is dense in P.

For the rest of this paper we fix some P C M and denote M = (M, P). We
let £(P) denote the language of M; namely, the language £ augmented by a unary
predicate symbol P. We denote by dclzp) the definable closure operator in M. Unless
stated otherwise, by ‘(A-)definable’ we mean (A-)definable in ./\/l where A € M. We
use the letter D to denote an arbitrary, but not fixed, subset of M.

Tameness Conditions (for M and D):

(OP) (Open definable sets are L-definable.) For every set A such that A\ P is dcl-
independent over P, and for every A-definable set V. C M", its topological closure
V C M" is L 4-definable.

(dchp Let B, C C P and
A =dcl(BD)Ndcl(CD) N P.
Then
dcl(AD) = dcl(BD) Ndcl(CD).
(ind)p Let X € P be definable in P;,4(py. Then X is a finite union of traces on
sets which are ¢J-definable in P;,4(p) and fiber-dense. That is, there are £-definable

sets Yy,...,Y; € M", and sets Qy, ..., Q; € P" that are {J-definable in P;,4(p) and
fiber-dense, such that

x = Jwinon.
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Conditions (OP) and (dcl)p are the same with those in [6], and are already known
to hold for Mann pairs ( [6, Remark 4.11]). Condition (ind)p is weaker than the
corresponding one in [6], in three ways: (a) X is now a finite union of traces (instead
of a single trace), (b) the traces are on subsets of P" (instead of on the whole P"),
and (c) there is no control in parameters for the Y;’s (although we achieve this in
Corollary 3.5 below). These differences result in several non-trivial complications in
the proof of our main theorem, which are handled in Sect. 3. For now, let us state the
main theorem.

Theorem 1.1 Assume (OP), (dcl)p and (ind) p, and that D is dcl-independent over P.
Then P;pq(p) eliminates imaginaries.

Condition (ind)p is modelled after the current literature on Mann pairs, which
we now explain. Assume M = (M, <,+,-,0,1) is a real closed field, and G a
dense subgroup of (M>O, -). Forevery ay, ..., a, € M, asolution (¢qy, ..., g) to the
equation

aixy+ - +ax, =1

is called non-degenerate if for every non-empty I C {1, ..., r}, Zie[ a;iqi #0.We
say that G has the Mann property, if for every ay, ..., a, € M, the above equation has
only finitely many non-degenerate solutions (¢, . . ., ¢,-) in G"." Let us call such a pair
(M, G) a Mann pair. Examples of Mann pairs include all multiplicative subgroups of
(R, -) of finite rank [8], such as 2Q and 2Z3%Z, Van den Dries—Giinaydin [5, Theorem
7.2] showed that in a Mann pair, where moreover G is divisible (such as 2Q), every
definable set X € G" is a full trace; in particular, (ind)p from [6] holds. Without
the divisibility assumption, however, this is no longer true. Consider for example
G = 2237 and let X be the subgroup of G consisting of all elements divisible by 2.
Thatis, X = {22’"32" :m,n € Z}. This set is clearly dense and co-dense in R, and
cannot be a trace on any subset of G.

A substitute to [5, Theorem 7.2] was proved by Berenstein-Ealy-Giinaydin [1], as
follows. Consider, for every d € N, the set G4l of all elements of G divisible by d,

G[‘”:{xeG:ElyeG,x:yd}.

Under the mild assumption that for every prime p, G!P! has finite index in G, [5,
Theorem 7.5] provides a near model completeness result, which is then used in [1]
to prove that every definable set X € P” is a finite union of traces on (J-definable
subsets of P" (Fact 3.10 below). Note this mild assumption is still satisfied by all
multiplicative subgroups of (R, -) of finite rank (as noted in [9]).

Corollary 1.2 Assume M= (M, G) is a Mann pair, such that for every prime p, G'P)
has finite index in G. Let D C M be dcl-independent over P. Then (OP), (dcl)p and
(ind)p hold. In particular, P;,qp) eliminates imaginaries.

! The original definition only involved equations with coefficients a; in the prime field of M, but, by [5,
Proposition 5.6], the two definitions are equivalent.
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Observe that Corollary 1.2 stands in contrast to the current literature, as it is
known that in Mann pairs both existence of definable Skolem functions and elimi-
nation of imaginaries (for M) fail ( [2]). Note also that the assumption of D being
dcl-independent over P is necessary; namely, without it, P;,4(p) need not eliminate
imaginaries ( [6, Example 5.1]).

Theorem 1.1 has the following important consequence. Recall from [3] that a set
X C M"iscalled P-bound over A if there is an L 4-definable function 2 : M™ — M™"
such that X € h(P™). The recent work in [7] provides an analysis for all definable
sets in terms of ‘L-definable-like’ and P-bound sets. Using Theorem 1.1, we further
reduce the study of P-bound sets to that of definable subsets of P’.

Corollary 1.3 Assume (OP), (dcl)p and (ind)p hold for every D € M which is dcl-
independent over P. Let X C M" be an A-definable set. If X is P-bound over A, then
there is an A U P-definable injective map v : X — Pl. If A itself is dcl-independent
over P, then the extra parameters from P can be omitted.

Note that the assumption of Corollary 1.3 holds for M as in Corollary 1.2. Note
also that allowing parameters from P is standard practice when studying definability
in this context; see for example [7, Lemma 2.5 and Corollary 3.26].

Structure of the paper. In Sect. 2, we fix notation and recall some basic facts. In Sect. 3,
we prove our results.

2 Preliminaries

We assume familiarity with the basics of o-minimality and pregeometries, as can be
found, for example, in [4] or [10]. Recall that M = (M, <, +,0, ...) is our fixed o-
minimal expansion of an ordered group with a distinguished positive element 1 and dcl
denotes the usual definable closure operator. We denote the corresponding dimension

by dim. If A, B are two sets, we often write AB for A U B. We denote by I'(f) the
graph of a function f. If T € M™ x M" and x € M", we write T, for the fiber

(beM"™ : (b,x) €T}

The topological closure of a set ¥ € M" is denoted by Y and its frontier Y\Y by
fr(Y).If X C Y, the relative interior of X in Y is denoted by inty (X). It is not hard to
see that:

inty (X) = {x € X : there is openB C M"containingxwithB NY C X}.

We will need the following fact.

Fact2.1 ([4,Ch. 4 (1.3)]) Let X C Y € M" be two L-definable sets. Then

dim(X\inty (X)) < dimY.
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2.1 Elimination of imaginaries

We recall that a structure \ eliminates imaginaries if for every -definable equivalence
relation E on N", there is a #-definable map f : N” — N’ such that for every
x,y € N",

E(x,y) & fx)=f).

In the ordered setting, we have the following criterion (extracted from [10, Section 3];
for a proof see [6, Fact 2.2]).

Fact2.2 Let N be a sufficiently saturated structure with two distinct constants in its

language. Suppose the following property holds.

(*) Let B,C € N and A = dcly/(B) Ndclp/(C). If X € N" is B-definable and
C-definable, then X is A-definable.

Then N eliminates imaginaries.

2.2 The induced structure
Recall from the introduction that

Pinapy = (P, {RN P : R € M'Lp — definable, [ € N}).

Remark 2.3 For A C P, we have:

(1) if Q € P"is A-definable in P;,4(p), and ¥ € M" is L p-definable, then Q NY
is A-definable in P;,q(p). Indeed, 0 NY = QN (Y N P").

(2) in general, if Q € P" is A-definable in P;,q(p), then it is A D-definable. The
converse will be true for Mann pairs, by Corollary 3.11 below.

3 Proofs of the results

In this section we prove elimination of imaginaries for P;,4(p) under our assumptions
(Theorem 1.1) and deduce Corollaries 1.2 and 1.3 from it. Our goal is to establish
(*) from Fact 2.2 for N = :nd(p) (Lemma 3.8 below). As in [6], the strategy is to
reduce the proof of (*) to [10, Proposition 2.3], which is an assertion of (*) for M.
This reduction takes place in the proof of Lemma 3.8 below, and requires the key
Lemma 3.4. The analogous key lemma in [6] (namely, [6, Lemma 3.1]) cannot help
us here, because its assumptions are not met in the proof of Lemma 3.8. Furthermore,
the proof of Lemma 3.4 requires an entirely new technique.
We begin with some preliminary observations.

Fact3.1 Assume (OP). Then for every A C P, dclg(py(A) = dcl(A).
Proof Take x € dclz(py(A). That is, the set {x} is A-definable in M. By (OP), we
have that {x} is £ 4-definable. But {x} = {x}. O
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Lemma 3.2 Assume (OP). Let X < M" be an L-definable set which is also
C-definable, for some C C M with C\ P dcl-independent over P. Then X is Lc-
definable.

Proof We work by induction on & = dim X. If X = {, the statement is obvious.
Assume k > 0. By (OP), X is Lc-definable. By o-minimality, dim fr(X) < k. Since
fr(X) = X\X is both £-definable and C-definable, by inductive hypothesis, it is
Lc-definable. So X = X\ fr(X) is L¢-definable. O

Lemma3.3 Let C C M and
m
X = U(Zi NR;),
i=1

where Zy,...,Zn, < M" are Lc-definable sets, and Ry, ..., R, < P" are {-
definable in P;,q(p) and fiber-dense. Then

!
x =Jwinon,

i=1

for some Lc-definable disjoint sets Y1, ...,Y; € M", and sets Q1,...,Q; € P"
which are ¥-definable in P;,q(p) and fiber-dense.

Proof Foro C {l1,...,m}, let

Q<7=UR1'

ieo
and
Yy = (ﬂzi>\ Uz
ico jéo

Clearly, Q. is fiber-dense. It is also easy to check that for any two distinct o, T C
{1,...,m}, we have Y, N Y; = @, and that

x= U wnoo,

oc{l,...,m}
as required. O
Now, the key technical lemma.

Lemma 3.4 Assume (OP) and (ind)p, and that D is dcl-independent over P. Let
B,C C P and X C P" be B-definable and C-definable in P;,q(py. Then there
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are Wi, ..., W; € M", that are both Lpp-definable and L¢p-definable, and sets

Si,..., Sk € P", that are V-definable in P;,q(p) and fiber-dense, such that
I
x=Jwins.
i=1

Proof First note that X is both B D-definable and C D-definable in (M, P). Since
B, C C P, by (OP) it follows that X is £pp-definable and £¢ p-definable.

We perform induction on the dimension of X. For X = @, the statement is obvious.
Suppose now that dim X = k > 0. By (ind)p and Lemma 3.3, there are £-definable
disjoint sets Zy,...,Z, € M", and sets R{,..., R € P", each (-definable in
Pina(py and fiber-dense, such that

1
X = U(Zi NR)).
i=1
For every i, define
T, ={x € X : thereis relatively openV C Xaroundx, withV N R; € X 1.
Let T = Ui T;. ILis immediate from the definition, that each 7;, and hence T, is
relatively open in X. Therefore, by (OP), it is £-definable. On the other hand, each 7;

is B D-definable and C D-definable, because X is, and R; is D-definable. Hence, by
Lemma 3.2, each T;, and hence T, is L p-definable and L p-definable.

Claim. dim X\ J,(T; N R;) < k.
Proof Observe first that X < [ J ; Zi, and hence it suffices to show that for each i,
dim ((Z; N X)\(T; N R)) < k.
We may write
(Zi VTN Ry) = ((Zi 0 X)\intge(Z; 0 X)) U (intg(Zi 0 XO\(T; N R)),

By Fact 2.1, it suffices to show thatintw(Z; N X) C (T; N R;). Clearly, int5(Z; N X) C
intw(Z;) N X, and hence it suffices to show:

inty(zi) NX CT,NR;.

Letx € int5(Z;)N X. Since x € intx(Z;), thereis arelatively open V C X containing
x,withV C Z;, andhence VNR; C Z;NR; C X.Thereforex € T;.Sincex € XNZ;
and the Z;’s are disjoint, we must also have x € R;. Hence x € T; N R;, as needed. O
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324 P. E. Eleftheriou

By Remark 2.3(1), the set X\ |J;(7; N R;) is both B-definable and C-definable in
Pinqa(py- Hence, by inductive hypothesis and the claim, the conclusion holds for this
set. Now, for each 7, by definition of 7;, we have 7; N R; € X. Hence

X = (X\ Uain R,-)) vl Ja@ nr,

and we are done. m]

Corollary 3.5 Assume (OP) and (ind)p, and that D is dcl-independent over P. Let
A C Pand X C P" be A-definable in P;,q(p). Then there are L 4 p-definable sets
Wi,...,W;, € M", and sets Sy, ..., S, € P* thar are @-definable in Pipqpy and
fiber-dense, such that

X = U(W,» N S).

1

Proof By Lemma 3.4 for B = C = A. O

Our next goal is to prove the promised Lemma 3.8. Denote by c/p the definable
closure operator in P;,4(p). We first prove that, under (OP) and (ind) p, c/p defines a
pregeometry (Corollary 3.7).

Lemma 3.6 Assume (OP) and (ind)p, and that D is dcl-independent over P. Let
f i+ P" — P be an A-definable map in P;,q(p). Then there are L 4 p-definable maps

Fi,....,.Fp : M" — M*, such that for every x € P", thereisi = 1,...,1, with
f(x) = F;(x).

Proof By Corollary 3.5, there are finitely many £4p-definable sets Wy, ..., W, C
M"*! and sets Sy, ..., S € P"*! which are (J-definable in P;,4(p) and fiber-dense,

suchthat I'(f) = J; W; N S;. Fix i, and let f; be the map whose graph equals W; N S;.
It suffices to prove that the graph of f; is contained in finitely many graphs of L4 p-
definable maps. To simplify the notation, we set f = f;, S = S; and W = W;. So
I'(f) = WNS, where f : X € P" — P is A-definable, W C M"*! is Lap-
definable, and S € P"*! is @-definable in Pina(p) and fiber-dense. By o-minimality,
for every x in the projection 7t (W) of W onto the first n coordinates, each fiber W, is a
finite union of open intervals and points. Since for every x € X, (W N ), = {f(x)},
and the fiber Sy is dense in P, it follows that W, is finite, with only one of its elements
belonging to P. Let

T ={x € 1 (W) : W, is finite}.

So, X C T. Moreover, T is L4 p-definable. Now, by o-minimality W N (T x M) isa
finite union of £ 4 p-definable maps that contains I'( ), as needed. O

Corollary 3.7 Assume (OP) and (ind)p, and that D is dcl-independent over P. Then
forevery A C P, clp(A) = dcl(AD) N P. In particular, clp defines a pregeometry.
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Proof The inclusion D is immediate from the definitions, whereas the inclusion C is
immediate from Lemma 3.6. Since dcl(— D) defines a pregeometry in M, it follows
easily that so does c/p(—) in P;,q(p). O

Lemma 3.8 Assume (OP), (dcl)p and (ind)p, and that D is dcl-independent over P.
Let B,C C Pand A =clp(B)Nclp(C). If X C P" is B-definable and C-definable
in Piyq(p), then X is A-definable in Pipq(p).

Proof Let X C P" be B-definable and C-definable in P;,4(py. By Lemma 3.4,
there are Wi,...,W; € M", each both Lpp-definable and L p-definable, and
Si,..., Sk € P", each {J-definable in P;,4(p), such that

1
X:UW[QS[.
i=1

By [10, Proposition 2.3], each W; is L-definable over dcl(B D) Ndcl(C D). By (dcl)p,
W; is L-definable over dcl(B D)Ndcl(C D)NP D. Hence X is definable over dcl(BD)N
del(CD) N P in Pjuq(p)y. But

dcl(BD) Ndcl(CD)N P =clp(B)Nclp(C) = A

and hence X is A-definable in P;,q(p). O
We can now conclude our results.

Proof of Theorem 1.1 By Fact 2.2 and Lemma 3.8.
For the proof of Corollary 1.3, we additionally need the following lemma.

Lemma 3.9 Assume (OP) and (ind)p, and that D is dcl-independent over P. Let M’
be the expansion of M with constants for all elements in P, and M = (M, P).
Then (ind)p holds for M’ and D.

Proof Denote by P/, d( py the D-induced structure on P by M. Let X € P" be A-
definable in Pl 4(D)" It follows that X is A P-definable in P;,q(p). By Corollary 3.5,
there are £ pp-definable sets Yq,...,Y; € M", and Q1,..., Q; C Pk, which are

{J-definable in P;,q(p), such that

X =Jwinoy.

Such Y;’s are £ 4 p-definable in M, and the Q;’s are of course #J-definable in P[ nd( D),
as required.

Proof of Corollary 1.3 The proof when A is dcl-independent over P is identical to that
of [6, Theorem B]. The proof of the general case is identical to that of [6, Corollary
1.4], after replacing in [6, Lemma 3.4] the clause about (ind) p with Lemma 3.9 above.
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We finally turn to our targeted example of Mann pairs. The proof of Corollary 1.2
will be complete Agfter we recall the fact below, which is extracted from [1]. First,
observe that if M = (M, G) is a Mann pair, then for every d € N, G4l s ¢-
definable in P;;4(p). Indeed, G is the projection onto the first coordinate of the set
{(x4,x):x € M} N G2,

Fact3.10 Let M = (M, G) be a Mann pair; such that for every prime p, G'P! has
finite index in G. Let X € G" a definable set. Then X is a finite union of traces on
sets which are -definable in Ginqp) and fiber-dense. That is, (ind)p holds.

Proof By [1, Corollary 57], X is as a finite union of traces on sets of the form g(G[d])" s
d € N. As pointed out in the proof of [1, Theorem 1], each such g can be chosen to
be P-definable (in M). By Fact 3.1, g € dcl(#). By the above observation, g(G41)"
is #-definable in G;,q(y). It is also fiber-dense. O

Proof of Corollary 1.2 By Fact 3.10, (ind)p hold. By [6], as explained in Remark 4.11
therein, (OP) and (dcl)p holds. By Theorem 1.1, we are done.

A byproduct of our work is the following corollary.

Corollary 3.11 Let M = (M, G) be a Mann pair; such that for every prime p, G'7]
has finite index in G. Let D C M be dcl-independent over P. Let X € P" be AD-
definable, with A C P. Then X is A-definable in P;,q(p). In particular, the conclusion
of Corollary 3.5 holds.

Proof By Corollaries 1.2 and 3.5 . O
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