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                    Abstract
A polynomial time ultrapower is a structure given by the set of polynomial time computable functions modulo some ultrafilter. They model the universal theory \(\forall \mathsf {PV}\) of all polynomial time functions. Generalizing a theorem of Hirschfeld (Israel J Math 20(2):111–126, 1975), we show that every countable model of \(\forall \mathsf {PV}\) is isomorphic to an existentially closed substructure of a polynomial time ultrapower. Moreover, one can take a substructure of a special form, namely a limit polynomial time ultrapower in the classical sense of Keisler (in: Bergelson, V., Blass, A., Di Nasso, M., Jin, R. (eds.) Ultrafilters across mathematics, contemporary mathematics vol 530, pp 163–179. AMS, New York, 1963). Using a polynomial time ultrapower over a nonstandard Herbrand saturated model of \(\forall \mathsf {PV}\) we show that \(\forall \mathsf {PV}\) is consistent with a formal statement of a polynomial size circuit lower bound for a polynomial time computable function. This improves upon a recent result of Krajíček and Oliveira (Logical methods in computer science 13 (1:4), 2017).
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                    Notes
	All relevant technical notions will be defined precisely later.


	For \(\ell ,k\in \mathbb {N}\), the theory \(\forall \mathsf {PV}\cup \{\exists n LB [g](c\cdot n^\ell ,n)\mid c\in \mathbb {N}\}\) does not seem to imply \(\forall z\exists n LB [g](|z|\cdot n^k, n)\). For all we know, there could be a nonstandard model of the former theory that contains only standard n witnessing the lower bounds, while every nonstandard model of \(\forall z\exists n LB [g](|z|\cdot n^k, n)\) witnesses the lower bound with some nonstandard n.


	This is a slight abuse of standard terminology according to which a structure is existentially closed if it is existentially closed as a substructure of any of its extensions. We shall not use this terminology.


	In contrast to the setting of [17] and of this paper, [11, 27, 31, 37] consider ultrafilters over restricted Boolean algebras, namely those consisting of sets with characteristic function in F.
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