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Abstract We prove that if the Mathias forcing is followed by a forcing with the Laver
Property, then any V-Q-point is isomorphic via a ground model bijection to the canon-
ical V-Ramsey ultrafilter added by the Mathias real. This improves a result of
Shelah and Spinas (Trans AMS 325:2023-2047, 1999).
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Let us fix and recall the following notation. In a generic extension V' of V:

for x € [w]?,

[x] ={y € [w]”: x C* y},

where x C* y means that x\y is finite;
e if Y C [w]” and f € w®, then

L) ={y € [w]°: f'ylelU);

o a V-ultrafilter is a maximal filter of subsets of [w]® NV,
e a V-ultrafilter / is V-Ramsey (resp. V-q-point) if each (resp. each finite-to-one)
f € w® NV is injective or constant (resp. injective) on a set from .
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Shelah and Spinas [2] prove the following very interesting (see [1]) result.

Theorem ([2], Propositions 2.3 and 2.4) Suppose that r is a Mathias real over V = CH
and that (re)e <o, s a generic sequence of Mathias reals added to \[r] via countable
support iteration. Then, for any

x € [w]” NVI[rI{re)e <wn ],
if |x] NV is a V-Ramsey ultrafilter, then
[rINV = fillx]NV)

for some bijective f € w® N V.
In particular,

Fr1eVirl and |x]NV=[f'Ir1JNV.

Unfortunately the proof in [2] is somewhat demanding.! We prove:

Theorem Suppose that r is a Mathias real over N, P € V[r] is a poset that has
the Laver property in V[r], Gp C P is a generic filter over V[r], and x € [w]® N
V[rl[Gp] is such that |x] NV is a V-ultrafilter.

Then

lrinV=fi(lx]NV)

for some f € w®NV.
If moreover | x| NV is a V-Q-point, then f can be chosen to be bijective.

Recall that a poset P has the Laver property iff for any f € (w\1)®, if 7t is
a P-name for an element of [],_, f(n), then dense in P is the set of p such that
there is T, € [[,_,[f (IS with plFp V, T(n) € T)(n).

Our theorem generalizes the result of Shelah and Spinas since V-Q-points are
V-Ramsey and V[r][(rg)e<w,] is a generic extension of V[r] via a poset that has
the Laver property, namely via countable support iteration of the Mathias forcing.

Before starting the proof let us introduce and recall some more notation.

For u € [w]®, U € [w]~% and n < w, let

u/U={neu:U Cn},

u(n) = the n-th element of u,
n™ = sup(u Nn),
n* = min(u/{n});

so, u(0)™ =sup¥ = 0.

1 In the proof of the key Lemma 4.6 in [2], at the very end of Case 1, it is claimed that the desired
contradiction has been reached. It seems to us that this is too optimistic.
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The Mathias forcing consists of the set
Q={(U,u) €[w]™x[w]”:u<Cw/U}
ordered by
U,u) < (V,v) <= VCUCVUv A uchn.
If a filter G € Q is generic over V, its associated Mathias real is given by
r= U{U: Ju (U,u) € G}.
We have V[r] = V[G] since
G={U,u) e @NV:U Cr CUUul.

Let 7 denote the canonical name of r.

Lemma (Technical Lemma) Suppose that
Q IF (P has the Laver property)
and
(U° u°) = p° IF (x €[w]® A View [XNF@E)| < i).
Then, there exists
WU, u)*p < (U%u®) * p°
such that for any (U, u®) % pT < (U, u) = p,

W uhyxpt i & [ [n ™).

neut

Proof of Theorem Since |x] NV is a V-ultrafilter, we have that |[x | NV = [x'| NV

for any x’ € [x]? from V[r][Gp]. So, without loss of generality we may think that

Vi<o |x Nr(@)| < i. To prove the Theorem we run the following density argument.
Assuming that a condition (U°, u°) % p° forces that

X €[w]® AVicw |xNFGE)| <i A |X] NV isa V-ultrafilter,

get (U, u) x p by the Technical Lemma.
Let

u* = {ui + 1)} <.
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Then (U, u®™) % p forces that
Voepny & S (J{[u(@i), u2i +2)) : u(2i +1) € v}.

Indeed, given

W' u®y* pt < (U uy % p
and v € [w]® such that

Uhuh*pTlFvelF|nV,
we have that u™ C* v N u°¥; so, by the Technical Lemma,

WhuMysph Ik x c* U{[n'”ﬁ ny: nev ﬂu"dd}.
Define f € w® by
FI10,u2)=u(), Visof [[ui),ui+2))=u2i+1).
Clearly the condition (U, u*) % p forces that
lFINV C fu(lx] NV).
Since it also forces that
[F]NV and f,(|x] NV) are V-ultrafilters,
it must force that
[FINV = fi(lx] NV).
Note that the function f is finite-to-one, so, if
(U°u®)x p°IF |x] NV isa V-g-point,

then we can find

Wiuy*p < U, u*"«*p
and

D e [w]®
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such that w\ D and w\ f[D] are infinite, f [ D is injective, and
U uyxp'IF Delx|NV.
Modifying f on w\D we can get a bijective f’ € w® such that
W,uy*p' IF[F]NV = fl(lx]NV).

m}

Proof of Technical Lemma For x C w X w, let (x); = {j: (i, j) € x}. Also, let the
topology in #(w) be induced by the standard product topology of the Cantor space
2% by identifying ¢t € 2® with {n: t(n) = 1}; likewise for Z(w x w).

We will need the following well-known lemma. O

Lemma (Pure Extension Property) The poset Q has Pure Extension Property, ie.,
for any (U% u°) € O, n € w, and a Q-name t such that (U°, u°) I+ t < n, there
exist i <n and (U,u) < (U u°) with U = U° such that (U,u) |- 17 =1i.

Now we can begin the proof.
Lemmal If v € [w]® and f: [V]™® — w, then there exists v' € [v]® such that

VVE[U’]<“’ f(V) < min(v//V).

Proof Let vg = v. For i € w let n; = minv; and vi+; = v;/ f[Z(i)]. Then put
v = {”i}iew- O

Lemma?2 Let v € [@]? and f: [v]™® — P (w). Then there exist v € [v]® and
VT - P(w) such that

Vyepye f'(V)= lim f(VU{n}).
nev'/V
We can require moreover that the convergence is so fast that

VVE[U’]<“’ Vmev’/V Vnev’/{m} f/(V) Nm = f(VU{n})Nm.

Likewise, if we have f: [v]=® — Z(w X w), with the obvious modifications, e.g.,
the fastness condition changes to

Y ve[v]<e Vmev’/V Vnev’/{m} f,(V) Nmxm)= f(VU{n})N@mxm).
Proof Let V = [v]=®. For n € v, let x,, € (P(w))Y be given by

JF(VUin}), V Cn,

xn(V):[Q), V < n.
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By compactness of (,@(a)))v, there exist v' € [v]® such that (x,),c, converges to
some x € (Z(w)Y.Put f/ =x | [v']<%
Further trimming of v/, using that &2 (m) is finite, gives the second part. O

Lemma 3 Suppose that
Vicw (U u°) Ik % S ().

Then there exists (U,u) < (U°, u°) such that for any nonempty V € [u]<® there
exists x¥V C max V with

U UV, u/V)IFxV = xpuv)-1.
Likewise, if
Vicw (USu®) IF % €0+ 1) x @),

then there exists (U,u) < (U° u°) such that for any nonempty V € [u]=® there
exists xV € |[UU V| x max V with

WUV, u/V)IFx" =% p0v-1-

Proof We prove the first part. Let uy = u°, n;, = minu, and

Vo= (V:ng eV S ng)} = {{ng})-
Note that

(U U {ng}, ug/{ng)) IF7(JU U {ng}| — 1) = ny,.

Using the Pure Extension Property find u; C u,/{n,} and xinol n, such that

(U Ufng}. uy) IF 21y -1 = x (o},
and put n; = minu, and

Vi={Vin eV C{ngn}}.

Since |V,;| = 2, using the Pure Extension Property twice find u, C u,/{n,} and
xV c n; for V €V, such that

VVGVI WUV, uy) Ik xguvi—1 = xV.
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Put n, = minu, and
Vz = {V ny eV - {n0an]7n2}}'

Since |V,| = 4, using the Pure Extension Property four times find u; C u,/{n,} and
xV Cn, for V €V, such that

VVEVZ WUV, uy)lkXguyi—1 = xV.
Continuing in this way we get (u;, n;, Vi)i<, such that for each i < w we have

u; € [w]®, n;y = minu;, uiy; < u;/{n;},

Vi={Vin,eVCin;:j<i}), and Yyey x" Cn,
and
Vyey, (UUV, uip) IF fyovi—1 = x".
Now, the condition
U, u) = (U, {ni}icw),

and the sets x" work. |

Lemma 4 Suppose that Q IF P has the Laver property, and that
Vicw USu?)xp°lEx Cw A Y |xNFE)] <.
Then there exists a condition
(U, u)* p < (U u°) * p°
such that for any n € u and V C u N n the condition
WUV Uin}, u/{n)) *p
forces that
x N [supU,n) C [supU, (sup(U U V)*™) U [n7% n*").
In particular, any condition (U™, u") x p* < (U, u) * p forces that
)'c\minuJf - U [n7% n*").

neu’t
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Proof Since
Q IF P has the Laver Property,
there exist Q-names X;, i < w, and a condition
(U u) * p < (U u°) % p°
that forces that for all i
5 CG+ 1) X)) A Y )] <i A Tig 6 = ().
Put (U, u) = (U°, u°) and trim u as follows.
Use Lemma 3 to trim u so that for the trimmed u for any nonempty V € [u]~
there exist x""* € |U U V| x max V such that
WUV, u/Vyl x" = %001
This implies in particular that
<lvuv|

Vi<uuv) (ZCV’O)j € [max V]

Next, use Lemma 2 to trim u further so that for the trimmed u for any (possibly empty)
V € [u]=“ the sequence

(V0 ey
converges in Z(w X w) to some gcv’l C w X w in such a way that

Voneuv Voeusimy x70 0 (m x m) = xVY0 N (m x m);
in particular,

Vmeu/v ¥ juuv| |(2_€V’1),~ Nm| < |UUV,
and thus
Viwov 17D < U UV
Finally, trim u again so that for the trimmed u we have
Vmeu ¥ veunm ¥ juuv (zcv’l)j cm™.

It is not hard to see that the condition (U, u) * p works.
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To see the last assertion of the lemma, fix
O uyx pt < (U w) % p.
Suppose that k > minu " and that for some condition
W uty « p* < (U ) x p

we have

(U* u¥y s prIFk e x.
Without loss of generality |[U¥| > 2 and k < max U*. Let m < n be the consecutive
elements of U such that k € [m, n).Let V = U¥nN [sup U, n). Note that sup(U U
V) = m. Since

(U UV U{n},u/{n}) * [Ji IFxN[supU,n) C[supU, m*™)U[n™" n)
and
(U UV U{n}u/n)«p* > U ub)« pF -k e %,

we must in fact have

kelmm™)yUl[n™ n) C[m™, m™)U[n™ n™).

Since both m and »n are in u', we are done. |

This ends the proof of Technical Lemma. O
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