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Abstract We study the Generalized Kurepa hypothesis introduced by Chang. We
show that relative to the existence of an inaccessible cardinal the Gap-n-Kurepa
hypothesis does not follow from the Gap-m-Kurepa hypothesis for m different from
n. The use of an inaccessible is necessary for this result.

1 Introduction

In this paper we study the Generalized Kurepa hypothesis introduced by Chang (see
Chapter VII of [1]). We show that relative to the existence of an inaccessible cardinal
the Gap-n-Kurepa hypothesis does not follow from the Gap-m-Kurepa hypothesis for
m different from n. The use of an inaccessible is necessary for this result.

Definition 1.1 (a) For infinite cardinals A < «, a KH(x, A)— family is a family F of
subsets of « such that:

(i) Card(F) >« T,

(i) forall x € [k]*, Card(F | x) < A, where F [ x ={trNx:t € F}.
We say KH(k, A) holds if such a family exists.
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(b) For infinite cardinals & < «, a KH(k, < A)—family is a family JF of subsets of
such that:
(i) Card(F) = «™,
(i) forall x € [k]<*, Card(F | x) < Card(x) + Ro.
We say KH(k, < A) holds if such a family exists.
(c) Let n > 1, n finite. By the Gap-n-Kurepa hypothesis we mean the following
statement: for all infinite cardinals A, KH(A 1", 1) holds.

The following is well-known (see [1], Chapter VII, Theorems 3.2 and 3.3).

Theorem 1.2 (Jensen). If V = L, then KH(x, < A™) (and hence KH(k, A)) holds for
all infinite cardinals A < «, k regular.

In this paper we prove the following theorem.

Theorem 1.3 Let n > 1. The following are equiconsistent:

(a) There exists an inaccessible cardinal,
(b) GCH + the Gap-m-Kurepa hypothesis holds for allm # n, but the Gap-n-Kurepa
hypothesis fails.

Remark 1.4 Our proof shows that if A < k are infinite cardinals, « regular and
KH(x, )) fails, then T is inaccessible in L (see Lemma 3.1).

Remark 1.5 (b) of the above Theorem can be strengthened to the Gap-m-Kurepa
hypothesis holds for all m # n, but KH(R,,, Ry) fails (see Lemma 2.7).

2 Proof of Con(a) implies Con(d)

In this section we show that if there exists an inaccessible cardinal, then in a forcing
extension of L, the Gap-m-Kurepa hypothesis holds for all m # n, but the Gap-n-
Kurepa hypothesis fails, where n > 1 is a fixed natural number.

From now on assume that V = L, and let « be an inaccessible cardinal. We consider
two cases.

Casel. n=1.

Let P = Col(w;, < «) be the Levy collapse with countable conditions which
converts k into wy, and let G be P-generic over L.

Lemma 2.1 The following hold in L|G] :

(a) KH(N1, Ro) fails,
(b) The Gap-m-Kurepa hypothesis holds for all m > 2.

Proof (a) is a well known result of Silver (see [7], or [2] Lemma 20.4).

(b) Letm > 2, and let A be an infinite cardinal in L[G]. Let u = (A7)l By
Theorem 1.2, there is a KH(u, ) family F in L. We show that it remains a
KH(ut, A) family in L[G]. Clearly Card(F) = putL = (" +1HLIG] Suppose
x € ([uhHtel,
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Independence of higher Kurepa hypotheses 623

Note that Pis k —c.c. and wj — closed, and in L[G], ¥ becomes w;. Thus it is easily
seen that infinite sets in L[G] are covered by sets of the same cardinality which belong
to the ground model L, in particular there isaset y €  in L such thatx C y and x and
y have the same cardinality in L[G]. If A # 8, then y has L— cardinality X, hence
in L, Card(F [ y) < A. It follows that in L[G], Card(F | x) < Card(F [ y) < 1. If
A = Ry, then y has L—cardinality less than «, hence in L, Card(F | y) < «. Itfollows
that in L[G], Card(F [ y) < Ry, and hence in L[G], Card(F [ x) < Card(F [ y) <
N =A. O

Case2. n>2.

For each i,0 < i < n, fix an injection J; : [w,]=¥ —> w,. Let R = P x
H0<i<n Q;, where the forcing notions P and Q;, 0 < i < n, are defined as follows.

P = Col(w,, < «)isthe Levy collapse with conditions of size < w,, which converts
K into wp41.

Qi,0 < i < n,is the set of triples p = (X, Fp, gp) such that:

(i — 1) X, is a subset of wj of size < w;,

(i —2) F, is a subset of X2 of size < w;,

(i —3)gpisal— 1 function from a subset of « into F,

(i —4) F) is w; —closed in the following sense: If 1 € Xp2 and (Xg: & <wj_q)isa
sequence of subsets of X, such thatforallé < w; 1, J;(X¢) € Xpandt | Xe € F) |
Xe, thenthereiss € Fpsuchthats [ X =7 [ Xands [ (X, \ X) =07 (X, \ X)
(=the zero function on X, \ X), where X = U§<wi_1 Xe.

For p, q € Q;, let p < g (p is an extension of g) iff:

(i - 5) Xp 2 Xq,

(i =06)Fg =Fp | Xy,

(i —=7)dom(gp) 2 dom(gg),

(i —8)forall o € dom(gy), g4(a) = gp(a) | Xg.

We show that in the generic extension by R, the Gap-m-Kurepa hypothesis holds
for all m # n, but the Gap-n-Kurepa hypothesis fails.

Lemma 2.2 (a) Pis wy,-closed,

(b) P satisfies the k-c.c.,

(c) Let0 < i < n. Then Q; is w;+1—closed modulo J; in the following sense: If
(pe 1 & < A), A < w;, is a descending sequence of conditions in Q; such that
foralls < X, Ji(Xp,) € Xp,,, then there is a condition p € Q; which extends
all of the pg’s, § < L. Furthermore if . < w;, then p can be chosen to be the
greatest lower bound of the pg’s, & < A

(d) Let0 < i < n. Then Q; has the w;j2—c.c.

Proof (a) and (b) are well known results of Levy (see [2], Lemma 20.4). We prove
(¢) and (d).

(¢) Fix0 < i < n, and let (pg : § < A) be as above. To simplify the notation let
pe = (Xg, Fe, ge), & < A. We consider two cases.

Casel. A < w;.

Let p = (X, F, g), where:
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e X = U§<A Xe,

e Fisthe least subset of X2 such thatif r €X 2 and forall & < A, ¢ | X¢ € F¢ then
t € F,and F is w; —closed in the sense of (i — 4),

o dom()=/,_, dom(ge),

o foralla € dom(g), g(e) = |J{ge(@) : § < A, 0 € dom(ge)}.

Itis easy to show that p € Q; and that p is the greatest lower bound for the sequence
(pe : & < A).
Case2. A= w;.

Let p = (X, F, g), where:

o X = U§<A Xz,
o dom(g) = U§<k dom(gg),
forall @ € dom(g), g(a) = J{ge(@) : & < A, 0 € dom(ge)},

F is the least subset of X2 such that ran(g) U{z | X:UO [ (X\Xg):teXe} ©F
and F is w; —closed in the sense of (i — 4).

Then it is easy to show that p € Q; and that p is a lower bound for the sequence
(pg 1 & < A).

(d) Fix 0 < i < n. Suppose that Q; does not satisfy the w;p—c.c. Let A be a
maximal antichain in QQ; of size > w;4+2. By a A-system argument we can assume that

e The sequence (X, : p € A) forms a A-system with root X.
e The sequence (dom(gp) : p € A) forms a A—system with root D.
o Forallp#qinA,g, | D=g, [ Dand F, | X =F, | X.

Let 6 be large regular, and let M be an elementary submodel of H(6) of size w;+
which is closed under w; — sequences and such that Q;, X, D, A € M.Pickqg € A\M
andletg | M = (X, | M, F, | M, g, | M), where:

X IM=X,NM,

FoIlM={t](XyNM):telk,}

dom(gy | M) =dom(gy) N M,

foralla € dom(gy | M), (g4 | M)(a) = g4(a) [ (Xqg N M).

Then g | M € Q; N M. Extend this condition to a condition p € Q; N M which
extends an element r € A. We show that p and g and hence r and g are compatible,
which is impossible since r, g € A.

Fix so € Fp, 19 € F. Define X, F and g as follows:

e X=X,UX,,
Fistheleast subset of X2 such that {s | XpUt [ (Xg\M) :s € Fp,t € Fg} € F,
and F is w; — closed in the sense of (i — 4),
o dom(g) =dom(gp) Udom(g,),
gp@) [ XpUgy(a) [ (Xy\ M) if aecdomgy,NM,
o gla)=1gpl) [ XpUty [ (X4 \ M) if aecdomg,\domg,,
gq 1 XgUso [ (Xp\ Xy) if acdomg;\ M.
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Independence of higher Kurepa hypotheses 625

Then (X, F, g) € Q; and it extends both of p and ¢. O

LetK =G x H . HibeR=Px H . Qj generic over L. It follows from
O<i<n O<i<n
the above lemma that

° a)iL[K] = a)iL foralli < n.
LIK] _ L
o W, =K.

Lemma 2.3 In L[K], the Gap-m-Kurepa hypothesis holds for all m # n.
Proof First show that KH(R,;, X;) holds in L[K], forall 0 < i < n.

Claim 2.4 Let 0 < i < n. Forcing with Q; adds a family F < “*2 such that

(a) Card(F) =«,
(b) forall X € ([w,]“)E, Card(F | X) < N;.

Proof By Lemma 2.2, Q; is a cardinal preserving forcing notion. It is easy to prove
the following (where H; is assumed to be a Q;-generic filter over L):

U{Xp 1 p € Hi} = wy,

Uldom(gy) : p € Hi} =,

for all X € ([w,]1?”)E, there is some p € H; with X, 2 X,
if @ < k, then g(«) : w, —> 2, where

g@) = Jlgp(@) : p € Hi,a € dom(g)))

o ifa < B <k, then g(a) # g(B).
Then F = {g(x) : o < «} is as required. O

Claim 2.5 Infinite sets in L[K] are covered by sets of the same cardinality which
belong to the ground model L.

Proof 1Tt is easily seen that any infinite set of ordinals from L[K] is covered by a set
of ordinals of L[G] of the same cardinality and that L[K] and L[G] have the same
cardinals. On the other hand since Pis k¥ —c.c. and w,, —closed and in L[G], k becomes
wn+1, any infinite set of ordinals from L[G] is covered by a set of ordinals of L of the
same L[G]—cardinality. The result follows immediately. O

Now using the above Claim and the fact that a)lL (KT _ a)iL, we can show that F is
in fact a KH(Y,,, R;)— family in L[K].
Next let A be an infinite cardinal, m # n, and suppose u = (A T)LKD £ R,

We show that KH(u, 1) holds in L[K].
Claim 2.6 KH(u, 1) holds in L[G].

Proof If u < R, the claim follows from the facts that KH(u, A) holdsin L, (u,+)L =
([L+)L[G] and L and L[G] have the same u—sequences. If u© > 8, the claim follows
exactly as in the proof of Lemma 2.1 (b). O
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Using the facts that L[G] and L[K] have the same cardinals and any infinite set
of ordinals from L[K] is covered by a set of ordinals of L[G] of the same car-
dinality, we can immediately conclude that KH(u, 1) holds in L[K]. The Lemma
follows. O

Lemma 2.7 KH(R,,, Rg) fails in L[K].

Before going into the details of the proof of Lemma 2.7, we introduce some notions.
Let X be a regular cardinal, X, < A < «. Define the following forcing notions

Py = Col(wy, < L),
Qi 5 = thesetofall p € Q;suchthatdom(g,) C A,

Ry =P x H Qi

O<i<n
Also let K; = G, x Ho _H;, be Ry-generic over L. Define i) : R — R; by
<i<n

(P (X, Fiy g) 10 < i <n))) = (p [ A ((Xi, Fi, &g [2) 10 < i <n))

Claim 2.8 7, is a projection, i.e.

(@) m(R) = 1g,,

(b) m; is order preserving,

(¢) ifro € Ry, r1 € Randryg < m(r1), then there is some r < ry in R such that
7 (r) < ro.

Proof (a) and (b) are trivial. We prove (c). Letr; = (p;, (X; j, Fij. &i,j) : 0 <
i <n)), for j=0,1.Thenr = (p, (X;, Fi, &) : 0 < i < n)) is as required, where:

p=poUpi ] (k\21),
Xi = Xipo,
Fi is the least subset of %12 such that F; , U {t | X; 1 U0 | (X;0\ Xi1)} € F,
and F; is w; —closed in the sense of (i — 4),

e domg; =domg;oVUdomg; 1,

8io(@) if o <cdomg,y,

o gi(a)= gi1(@) [ Xi U0 (Xio\ Xi1) if «edomgii\ .

Let
(R:R)={{p, (X, Fi, &) : O<i<n))eR:m((p, (Xi, Fi, &) : 0 <i <n))) €K, }.

It follows from Lemma 2.2 (¢) that

Claim 2.9 (R : R;) is countably closed modulo the J;’s, 0 < i < n, in the following
sense: if ({pms ((Xims Fim» &im) : 0 <i <n)):m < w) is adescending sequence
of conditions in (R : R;) such that forall0 <i <nandm < w, J;(Xim) € Xim+1,
then this sequence has a lower bound in (R : R;).
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Independence of higher Kurepa hypotheses 627

Proof Foreachi, 0 < i < n, the sequence ((X; ., Fi.m, &i.m) : M < ) is a descend-
ing sequence in Q; modulo J;, thus by Lemma 2.2 (c) it has a greatest lower bound
(Xi, Fi, gi). Letr = <U Pm, (Xi, Fi,gi):0<i < n)>. Then r is the greatest
m<w

lower bound for the above sequence, and 7, (r) is a lower bound for the sequence
(T ({pms (Xim, Fim, 8im) : 0 < i < n))) : m < w). Note that the projection iy,
just restricts the domain of functions involved in the condition to A and thus we can
easily show that:

e 1, (r) is in fact the greatest lower bound of the above sequence.

e Ifr’is compatible with all of {py,, ((Xim» Fim» &im) : 0 <i <n)),m < w, then
r’ is compatible with m; ().

It then follows from the maximality of K that m) (r) € K;, and hence r € (R : R;).

Thus r is as required O

We are now ready to prove Lemma 2.7. Assume on the contrary that KH(R,,, Ro)
holds in L[K]. Suppose for simplicity that IRl—"F is a KH(R,,, Ro)-family 7.

Let F = F[K], and let A = (F 1 X:X € [w]®. Choose . < « regular such
that A € L[K,]. Letb € F be such thatb ¢ L[K,].

From now on we work in L[ K ] and force with (R : R;). Letb be an (R : R;)-name
forb,andletrp € (R : R;), ro = (po, ((Xi.0, Fi0, 8i.0) : 0 <i < n)), be such that

roll-"b e F and b ¢ V7

It is easy to prove the following.

Claim 2.10 For each r < ro,r = (p, {((X;, Fi, gi) : 0 < i < n)), there are two
conditions ri = (p1, ((Xi1, Fi.1, 8i1) 1 0 < i < n)),r2 = (p2, (Xi2, Fi2,82) :
0 < i < n)) and some & < w, such that:

(@ ri,rnn=<r,

b) Ji(Xi)eXimforall0 <i <nandm =1,2,

(©) rill-"€ €bTiffrall—"E g b,

Using the above, we can construct a sequence (rs = (ps, (Xis, Fis, 8is) 1 0 <
i<n)):s € <?2) of conditions in (R : R;) and a sequence (&, : m <w) of elements
of w, such that the following hold:

o ryun <rs foreachs e<“2andm < 2,

o Ji(Xis) € Xjgumforeachs €e 2, m <2and0 < i < n,

° rs*0||—r§m € b iff ryy ||—r§m o4 b7, where m is the length of s.

Let X = {§, : m < w}, and for each f € “2, using Claim 2.9, letry € (R : R;)
be an extension of all of the r¢),,,’s, m < w. For each f as above, we can find some
qy <ryandsome by € L[K;] such that

LIf”—’_l;ﬁ)V(:l;f—‘
Note that 7 [ X 2 {by : f €” 2} and for f # g in “2, we have by # by, and

hence F | X must have size at least 2%0 which is in contradiction with our assumption.
It follows that KH(R,,, R¢) fails in L[K]. This completes the proof of Lemma 2.7.
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3 Proof of Con(d) implies Con(a)

Now we show that if n > 1, and the Gap-n-Kurepa hypothesis fails, then there exists
an inaccessible cardinal in L. In fact we will prove the following more general result.

Lemma 3.1 Suppose that . < k are infinite cardinals such that « is regular, k* =

and KH(x, A) fails. Then k™ is an inaccessible cardinal in L.

K

The rest of this section is devoted to the prove of the above lemma. Assume on the
contrary that the lemma fails. Thus we can find X C « such that:

e V and L[X] have the same cardinals up to x ™,
o (kMY = (k]HHXL.

It follows that a KH(x, A)-family in L[X] is a real KH(k, A)-family, and hence
KH(k, ) fails in L[ X]. The following lemma gives us the required contradiction.

Lemma 3.2 Suppose that V = L[X], where X C k. Then KH(x, A) holds.

Proof Our proof is very similar to the proof of Theorem 2 in [3]. We give it for
completeness. For each x € (k] let

M, = the smallest M < L,[X]suchthatx U{x}U A+ 1) C M.

Let F = {t C« :Vx € [k]*,t Nx € M,}. We show that F is a KH(x, A)—family.
It suffices to show that Card(F) > «T. Suppose not. Let C = (t, : v < k) be
an enumeration of F definable in L,+[X]. By recursion on v < «, define a chain
(N, : v < k) of elementary submodels of L,+[X] as follows:

No = the smallest N < L,+[X] suchthatA € Nand N N« € «,
Ny41 = the smallest N < L, +[X] suchthat N Nk € kand N, U {N,} C N,

N5 = U N, if 8 is a limit ordinal.

v<§

For each v < « set @, = N, N k. Using the condensation lemma for L[X], we
obtain an ordinal 8, and an isomorphism o, such that

oy {Ny, €, NyNX) = (Lg [XNayl, €, X Nay).

Then:

o ay, < By <yt

o 0y(k) =ay,

o 0,(X)=XNa,,

o oy oy =id ]y,

o Lg[XNay] = "a,is aregular cardinal, and @, is the largest cardinal .

Lett ={B, : B € 1,}. Clearly t # 1, forall v < k, and hence t ¢ F. Letx € [x]*
be such that:
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o Nx ¢&M,,
e « = sup(x) is minimal.

It follows that # N x is cofinal in o, and hence o = «;, for some < . We have
tNx={Byex: Py, <ay and B, &, Nay}

and thus # N x is definable from x, (B, : v < 1) and (¢, N o, : v < 7). Itis clear that:

e xeM,,

e (By:v < n)isdefinable in L, [X Nayl.

o 0,(C) = (ty Nay : v < n),and hence (t, N a; : v < n) is definable in
Lg,[X N ayl.

Clearly X N, € M. We show that 8, € M,. It will follow that r N x € M, which
is a contradiction. The proof is in a sequence of claims. Let M = M,.

Claim 3.3 P(ay) "M € Lg [X Nayl.

Proof Suppose not. Since cf(ay) = cf(x) < A < oy, there is a € M such that
a C ay is cofinal in «;; and has order type less than o;,. Then a € Lﬁn [X Nayl, and
hence «;, is not a regular cardinal in L B[ X Nyl A contradiction. O

Forl < v < « set:

a® = (a, 11 <),

BY) = (B 1<),

ow =0v0, L (LglX Nad e, X Na,) —> (Lg [X Nyl €, X Navy),
oW = (o, 1t <T<V).

Claim 3.4 v € M Ny implies o™, ), ™) € M.

Proof First note that «, € M implies o) € M, since (o, : ¢ < v) is definable from
Lg,[X Na,]the way (o, : ¢ < k) was defined from L,+[X]. It follows thatv € M N7p
implies o) e M, sincethereist,v < T < nsuchthata; € Mando, = a®(v) € M.
By similar arguments v € M N n implies B, 0™ € M. O

We note that
((LﬂL [XNaol, e, XN al)t<7’]v (GLU)L<V<n>

is a directed system of elementary embeddings, and if

((U,E,Y), <gl>t<7})

is its direct limit, then:

o (U EY)=(LglXNayl, € XNay),
o g :(LglXNal, e, XNa) —> (U,E,Y),
o Iff:(U,E, YY)~ (L,gn[Xﬂa,,], €, X Nay), thenoy,, = fg,.
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Now let 7w : (M, €, M N X) ~ (Ls[X], €, X), where X = 7[M N X]. Let

a™ = 7@W),

g
e &M _ﬂ(U(V))

» @=U, 0, @
* A=l P
* 7 =Uon, ™"
and

° 551 =7 (1)
o Bi=m(Br1)):

° 6'“; =T (Un_](L),ﬂ_l(v))'

Now

((Lﬁ[ [f( Na,l, e, XN &L>L<JT(1’])7 (&LV>L<V<7T(7'])>

is a directed system of elementary embeddings. Let

(U, E,Y), (&) i<ntp)

be its direct limit. Then

o &:(LzlXNal e XN&)— (UE,Y),

e There 1s an elementary embedding /4 such that the following diagram is commu-
tative

“lo
<L,B;T*1(L)[Xman*1(t)]v E,Xﬂa 71(L)> RN (U E Y)

R
<LﬁL[XﬁozL )

"<1

It follows that (U, E) is well founded. Let

Also let
o & =f&:(LzlXN&l e Xna) — (LglX] € X),
o 7*=fhf " {LjIX] € X) —> (Lg[X Nyl €. X Nary).

@ Springer



Independence of higher Kurepa hypotheses 631

Then 6,r =6, 15, for 1 < © < (), and the following diagram is commutative

%=1,

(L1 [X Nt € X Negary) 57 (Lg, [X Nyl € X Nay)
7t trt

(LiIXN&l.e, XNa) —> (LglX] € X)

Let & be such that L B[)_( ] = Ta is the largest cardinal .
Claim 3.5 (a) 7(apy) =a,
(b) 7 (@) =ay,
(¢) n*Ja=id]a.
Proof (a) Follows easily from the facts that @ = sup,,q,, oy = sup,epmn,o, and
7 &) = -1, (b) Follows from the choice of & and the elementarily of 7*. (c)
Is trivial, as @ € L;;[X']. O

Next we have

Claim 3.6 Ifa C & and a € Lg[X]1N Ls[X], then w*(a) = 7~ (a).

Proof Sincea C @, 7*(a), 7 1 (a) C a,, and hence 7*(a) = @) Nv =
f Ca.n*@). 7 (@) Sy @ =, 0, 7@
claim3.5

* —1 _ -1
UKW) 7*(@nv) “E Uuq(n) 7 Y anv) =7 ). O
Claim 3.7 § > B.

Proof Suppose not. Then § < 8 and 7*7 maps M into Lg,[X N ayl, and by claim
3.6, t*m(a) = a fora C oy, a € M. It follows that P(ay;) N M C Lg, [X Nayl,
which is in contradiction with claim 3.3. O

It follows that B_E Lg[j(] and hence B = (,3[ 1< m(n) € Lg[f(], since ,3 is
definable from LB[X] as (B, : t < k) was defined from L,+[X]. Similarly 6 = (6, :
t<v<m(n)e Ls[X]. Itis easily seen that
Claim 3.8 (a) 7@ = (o, ;< n),

b 7By = (B <)

() 77 6)=(on:t<v<n).

Now note that:

e Lg[X]is the direct limit of Ly (XNa&l,ép,t<v<n),
o 7 X]I=XnNay,

o 7l XNa&l=XNa,

and hence by elementarily of w1, L (5)[X N, ] is the direct limit of Lg [X N ],
O, L <V <. .
It follows that 7 ~!(8) = By € M. We are done. O
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4 Open problems

We close the paper with some remarks and open problems.

By the results of Vaught, Chang, Jensen (see [1], Chapter VIII) and Silver (see
[7]), it is consistent, relative to the existence of an inaccessible cardinal, to have the
Gap-n-transfer principle with the failure of the gap—(n + 1)—transfer principle for
n = 1. The answer is unknown for n > 1.

Question 4.1 Letn > 1. Is it consistent to have the Gap-n-transfer principle with the
failure of the Gap—(n + 1)—transfer principle?

Another related question is

Question 4.2 Let n > 1. Is it consistent to have (k, n)—morasses for each uncount-
able regular k, but no (w1, n + 1)—morasses?

Remark 4.3 Assuming the existence of large cardinals, it is possible to build a model
of set theory in which there exists a (k, 1)—morass for each uncountable regular «,
but there are no (w1, 2)—morasses.

In the literature the canonical counter-example to the Gap-1-transfer principle is the
non-existence of Special Aronszajn trees (see [5]). T. Raesch, in his dissertation (see
[6]), showed that this principle can fail in the presence of such trees. On the other hand
the canonical counter-example to the Gap-2-transfer principle is the non-existence of
Kurepa trees (see [7]). Inspired by the work of Raesch, Jensen produced, relative to
the existence of a Mahlo cardinal, a model in which the Gap-2-transfer principle fails,
while the Gap-1-Kurepa hypothesis holds (see [4]). However the following is open.

Question 4.4 Is it consistent relative to an inaccessible cardinal to have the Gap-
1-Kurepa Hypothesis but a failure of the Gap-2-transfer principle?

Remark 4.5 1t is possible to show that the existence of an (w;, 1)—morasses implies
KH(R,, < 82). Thus in our model, for n = 2, the Gap-1-Kurepa hypothesis holds,
while in it there are no (w;, 1)—morasses.

Question 4.6 Let n > 1. Is it consistent with GCH to have KH(R,;, Rg) but not
KH(Rp, R1)?

Question 4.7 Letn > 1. Is it consistent with GC H to have KH(R,,, 8;) foralli < n,
but not KH(R,,, < 8,,)?
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