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Abstract

On RY equipped with a root system R and a multiplicity function k > 0, we study the
generalized (Dunkl) translations txg(—y) of not necessarily radial kernels g. Under
certain regularity assumptions on g, we derive bounds for txg(—y) by means the
Euclidean distance ||x — y|| and the distance d(X,y) = miny<g [|Xx — o (y)]||, where
G 1is the reflection group associated with R. Moreover, we prove that t does not
preserve positivity, that is, there is a non-negative Schwartz class function ¢, such that
x@(—y) < 0 for some points x,y € RV,
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1 Introduction

We consider RV equipped with a root system R and a multiplicity function k > 0.

Behavior of the generalized Dunkl translations 74 g(—y) and, consequently, bounded-
ness of the generalized convolution operators

fr— fxgx)= /RN fxg(=y) dw(y),
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on various function spaces are ones of the main problems in the harmonic analysis
in the Dunkl setting. Here and subsequently, dw is the measure associated with the
system (R, k) (see (2.2)).If f € LP(dw), g € L'(dw) and one of them is radial then,
thanks to the Rosler formula (see (2.22)) on translations of radial functions, one has

I gllLr@w) < CllfllLr@w) 181zt @) (1.1)

with C = 1. Further, since the generalized translations of any radial non-negative
function g are non-negative, some pointwise estimates for txg(—y) can be derived
from the bounds of the heat kernel /,;(x,y) (see Proposition 4.3). In particular, if g
is a radial function such that |g(x)| < Cp(1 + |[x])~™ for all M > 0, then for any
M >0,

ltxg(—=y)| < Chpw(Bx, 1) 7H(1 + [x —yD) 21 +dx, y) ™™, (1.2)

where d(X,y) = mingeg [|Xx — o (y)||, G is the reflection group associated with R
(see (2.29)).

On the other hand, the L? (dw)-bounds for the generalized translations 74 g of non-
radial L?-functions for p # 2 is an open problem as well as the inequality (1.1).
However, if we assume some regularity of a (non-radial) function g in its smoothness
and decay, then

ltxg(—y)| < Cw(B(x, 1) (1 +d(x,y) ™M, (1.3)
(see [11, Proposition 5.1]) and, consequently,

If *gllLr@wy < CIfllLe@w)- (1.4)

The estimates of the form (1.3), which make use of the distance d(x, y) of the orbits
and the measures of the balls, seem to be useful, because they allow one to reduce
some problems to the setting of spaces of homogeneous type and apply tools from
the theory of these spaces for obtaining some analytic-spirit results. For instance, in
[4] this approach was used in order to define and characterize the real (Dunkl) Hardy
space Hik by means of boundary values of the Dunkl conjugate harmonic functions,
maximal functions associated with radial kernels, the relevant Riesz transforms, square
functions and atoms (which were defined in the spirit of [16]). From the point of view
of non-radial kernels g, in some cases, the estimates (1.3) can be used as a substitute
for L?-boundedness of the Dunkl translations (see [8]).

On the other hand, it was noticed that in some cases the estimates of the form
(1.3) are not strong enough to obtain some harmonic analysis results involving Dunkl
translations and convolutions. For example in order to prove that the Hardy space H i
admits atomic decomposition into Coifman—Weiss atoms, the authors of [9] needed
the following estimates for the generalized translations of radial continuous functions
supported in the unit ball:

g (=) < Cw(Bx, D) A+ Ix = yI) ™ x0.11(d(x, ). (1.5)
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The estimate (1.5) is a slightly weaker version of (1.2) because the factor (1+||x—y]||) is
raised to the power negative one, however its presence is crucial for the proof the atomic
decomposition. Further, a presence of the factor (14 |x—y||) (or its scaled version)
in estimates of some integral kernels helps to handle harmonic analysis problems in
the Dunkl setting (see e.g. [10, Section 5] and [25] for a study of singular integrals).

Another question can be asked for the exponent(s) associated with the Euclidean
distance(s) in estimates of generalized translations of g. It was proved in [12] that
for the Dunkl heat kernel /;(x, y) the exponents depend on sequences of reflections
needed to move y to a Weyl chamber of x. To be more precise, the following upper and
lower bounds for %, (x, y) hold: forall ¢; > 1/4 and 0 < ¢, < 1/4 there are constants
C;, C, > 0 such that

a(x, 2
Crw(Bx, Vi) ~le= M Ax,y. 1)

dx.y)?

< hi(x,y) < Cuw(B(x, V1) le T Ax,y, 1), (1.6)

where A(X,y, t) is expressed as a sum of products of specially selected factors of the
form (14 ||x — o (y)|l/+/1) "2 (see Sect. 2.7 for details). The estimate (1.6) improves
the known bound

2\ —1
1 cd(x,y)?
lIx yll) —cd&y” 1.7

<

s 5 (1455 max(w(B(x, 1)), w(BGY. VD)
(see [9, Theorem 3.1] for a proof of (1.7)), which can be used, as we remarked out,
for proving estimates for translations of radial kernels. An alternative proof of (1.7)
which uses a Poincaré inequality was announced by W. Hebisch. Let us also point out
the presence of the same function A (X, y, t) in the upper and lower bounds (1.6). Thus
if d(x, y)? < t, the estimates (1.6) are sharp.

The goal of this paper is to present some properties of the generalized translations
7xg(—y) of non-radial kernels g, and, in particular, propose some methods which
allow to one to derive estimates for 7y g(—y) and express them in terms of measures
w(B) of appropriate balls and the distances [|x — y|| and d(x,y). We expect that
information about generalized translations of non-radial functions can be useful in
further development of real harmonic analysis in the Dunkl setting; for example in
characterizations of some function spaces by means of non-radial kernels. We prove
that if a (non-radial) function g is sufficiently regular, then

g (=y)| < Cw(Bx, dx,y) + 1) A+ [x —yD ' A +dxy)™  (1.8)

(see Theorem 4.1).

Further we aim to obtain estimates for 74 g(—y) for non-radial g and interpret them
in the context of (1.6). From one point of view, one can expect the upper estimates
making use of the same function A(X,y, 1). Since in the case of non-radial kernels
the Rosler’s formula is not available, we need a different approach, which is presented
in Sect. 3, for obtaining estimates for the generalized translations of any non-radial
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Schwartz-class function ¢, which involve the function AY2 that s,
Ix@(=y)| SwBx, D) Ay, D21 +dx y) M (1.9)

(see Theorem 4.5). Let us note that (1.9) improve the bounds (1.8).

Then we use the methods described in Sect.3 in order to unify two approaches to
the theory of singular integrals from [10] and [25]. We prove that for a large class
of singular integral operators of convolution type (including the Dunkl transform
multiplier operators), their corresponding integral kernels /C(x, y) satisfy Calderén-
Zygmund type conditions, which are expressed by means of the distances ||x —y|| and
d(x,y) and w(B(x, d(Xx,y)) (see Sects. 4.2 and 4.3).

Further, it turns out that our approach developed in Sect. 3 can be used in order to
prove non-positivity of the Dunkl translations. We show that for any root system R # ¢
and k > 0 there is a non-negative Schwartz class function ¢ such that 7xp(—y) < 0
for some x, y (see Sect. 4.4 for details).

2 Preliminaries and Notation
2.1 Dunkl Theory

In this section we present basic facts concerning the theory of the Dunkl operators.
For more details we refer the reader to [6, 21, 23, 24].

We consider the Euclidean space RY with the scalar product (x, y) = 27: 1XjYjs
where X = (x1,...,xy5), ¥ = (J1, ..., yn), and the norm [x||> = (x, X).

A normalized root system in RV is a finite set R ¢ R \ {0} such that R N aR =
{+a}, 0o (R) = R, and |la|| = +/2 for all « € R, where o, is defined by

(x, &)
o
llee?

0g(X) = X — 2 2.1)

The finite group G generated by the reflections oy, o € R, is called the Coxeter
group (reflection group) of the root system.

A multiplicity function is a G-invariant function £ : R — C which will be fixed
and positive throughout this paper.

The associated measure dw is defined by dw(x) = w(x) dx, where

w®) =[] Ix, ). 2.2)
aER
LetN=N + >, k(). Then,
w(B(rx, tr)) = Nw(B(x,r)) forallx e RN, ¢,r > 0, (2.3)
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where, here and subsequently, B(x, ) = {y € R" : |x — y|| < r}. Observe that there
is a constant C > 0 such that for all x € RY and r > 0 we have

ClwBx ) <V TAx @)+ 1" < Cw(Bx, ), (2.4)

a€R

so dw(x) is doubling, that is, there is a constant C > 0 such that

w(B(x,2r)) < Cw(B(x,r)) forallx e RV, r > 0. 2.5)
Moreover, there exists a constant C > 1 such that, for every x € RN and for all
rp>r1 >0,
N N
()" < wB&.r)) _ c(2)" 2.6)
r w(B(x,r1)) r

For £ € RV, the Dunkl operators Tt are the following k-deformations of the
directional derivatives dg¢ by difference operators:

Tef(®0) =0 f () + ) —— K o, 6 £l 00, 2.7
aeR
where, here and subsequently,
f{“}(x) — M_ (2.8)

(o, x)

The Dunkl operators Tg, which were introduced in [6], commute and are skew-
symmetric with respect to the G-invariant measure dw, i.e. for reasonable functions
f. g (for instance, f, g € S(RY)) we have

/ Te f(x)g(x) dw(x) = —/ FX)Tg(x) dw(x). (2.9)
RN RN

Let us denote 7j = T;, where {e;}1<j<n is a canonical orthonormal basis of RV,
For f,g € C'(RN), we have the following Leibniz-type rule

8§(x) — g(9a(x))
{x, @) '
(2.10)

Ti(fe)(x) = (T; H(0)gX) + f(x)d;g(x) + Z (a ej) f(ou(x))

a€R

For multi-index 8 = (B1, B2, ..., Bn) € N = (NU{0})", we denote
Bl =Bi+... 4By, T =id, 8 =3'o...00fY, TP =T"o...oTf¥. 2.11)

For fixed y € RN, the Dunkl kernel x — E (x,y) is a unique analytic solution to the
system

I f =&y f, f(O)=1 (2.12)
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The function E(x, y), which generalizes the exponential function ™Y hasa unique
extension to a holomorphic function on C¥ x CV. It was proved in [21, Corollary
5.3] that for all x, y € RN andv € N(')V we have

oy E(x, iy)| < [Ix||"". (2.13)

2.2 Dunkl Transform

Let f € L'(dw). We define the Dunkl transform F f of f by

FrE& =c¢ ! [RN JXEX, —i§) dw(x), (2.14)

where )
lxl
Ck =/ e 2 dwix)>0
RN

is so called Mehta-Macdonald integral. The Dunkl transform is a generalization of the
Fourier transform on RY . It was introduced in [7] for k > 0 and further studied in [5]
in a more general context. It was proved in [7, Corollary 2.7] (see also [5, Theorem
4.26)) that it extends uniquely to an isometry on L% (dw), i.e.,

I £l 22wy = IF fll L2 forall f € L*(dw) N L' (dw). (2.15)

We have also the following inversion theorem ( [5, Theorem 4.20]): forall f € L L(dw)
such that F f € L' (dw) we have

fx)= (.7-')2f(—x) for almost all x € RV (2.16)

So, the inverse F~! of F has the form
Flfmx =¢! / FEVEGE, X)dw(E) = Ff(—x) forf € L'(dw). (2.17)
RN

It can be easily checked using (2.12) that for compactly supported f € L'(dw) we
have

Tj(F f)(&) = Fg(&), where g(x) = —ix; f(x). (2.18)
2.3 Dunkl translations

Suppose that f € S(RY) (the Schwartz class of functions on RV) and x € RY. We
define the Dunkl translation tx f of f to be

nwf(-y) =¢ /RN E(i&,%) E(—i&,y) F (&) dw(€) = F(E@- ) F f)(-y).
(2.19)
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The Dunkl translation was introduced in [20]. The definition can be extended to the
functions which are not necessary in S (RM). For instance, thanks to the Plancherel’s
theorem (see (2.15)), one can define the Dunkl translation of any L?(dw) function f
by

wf(=y) = F HEG )Ff()(-y) (2.20)

(see [20] and [26, Definition 3.1]). In particular, it follows from (2.20), (2.13),
and (2.15) that for all x € RY the operators f +— 4 f are contractions on L% (dw).
Here and subsequently, we write g(X,y) := txg(—y).

We will need the following result concerning the support of the Dunkl translated
of a compactly supported function.

Theorem 2.1 ([8] Theorem 1.7) Let f € L%*(dw), supp f € B(0,r), and x € RV,
Then
supp =x f (=) € O(B(X,1)). (2.21)

Here and subsequently, for a measurable set A € R" we denote

OA) ={o(z) : 0 €G,ze A}.

2.4 Dunkl Translations of Radial Functions

The following specific formula was obtained by Rosler [22] for the Dunkl translations
of (reasonable) radial functions f(x) = f(||x]]):

wf(=y) = fR ., (f o A)(x,y, ) dux(n) forall x,y € RV. (2.22)

Here

A Yo = IXIP + 112 = 2y, 1) = IXI2 = Il + Iy — 01

and py is a probability measure, which is supported in the set conv O(x) (the convex
hull of the orbit of x under the action of G).

2.5 Dunkl Convolution

Assume that f, g € L*(dw). The generalized convolution (or Dunkl convolution)
f * g is defined by the formula

fHg®) =aF ((FNHF)®X, (2.23)

equivalently, by

(f * )X =/ F(y) g (—=y) dw(y) =/ gy wf(=y)dw(y). (224
RN RN
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Generalized convolution of f, g € S (RN ) was considered in [20, 28], the definition
was extended to f, g € L?(dw) in [26].

2.6 Generalized Heat Semigroup and Heat Kernel

The Dunkl Laplacian associated with R and k is the differential-difference operator
Ay = Zé\’:] T2, which acts on C%(RV)-functions by

Arf (%) = Aewer f () + Y k(@)da f (%),

oa€R
S el f) = (e (X))
ol =0 T 2 ox?

The operator Ay is essentially self-adjoint on L%(dw) (see for instance [1, Theo-
rem 3.1]) and generates a semigroup H; of linear self-adjoint contractions on L?(dw).
The semigroup has the form

H f(x) = / he(x, ) £ (¥) dw(y),
RN

where the heat kernel

hi(x.y) = ¢! (2,)—N/2E<\/%’ \/%)e—(nx||2+||yu2>/<4z> (2.25)

is a C°°-function of all the variables X,y € RY .t > 0, and satisfies
0 < hi(X,y) = he(y, X). (2.26)

In terms of the generalized translations we have

he(x, ) = b (=), where b, (0 = ki (Ix]) = ;' @0 N2 @.27)
and, in terms of the Dunkl transform,
Fhi(€) = ;e I, (2.28)
2.7 Upper and Lower Heat Kernel Bounds
The closures of connected components of
(xeR" : (x,a) #0foralla € R}
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are called (closed) Weyl chambers. We define the distance of the orbit of x to the orbit
of y by
d(x,y) =min{||[x —o(y)|| : 0 € G}. (2.29)

For a finite sequence « = (1, @2, ..., o) of elements of R, X,y € RN andt > 0,
let £(a) := m be the length of «,

Oy 1= 0g,, 00y, ;O...00q, (2.30)

and

Po (X, Y, 1)

lIx — yli ‘2( ||x—aa1(y>||>‘2( ||x—amoao“(y)n)‘2
=11 14 — 14—
( * N ) * N * NG )

-2
o (1 N Ix — 0w, 0---00'(x1(}’)||>
NG

Forx,y € R letn(x,y) = 0ifd(x,y) = ||x — y|| and

2.31)

n(x,y) =min{m € Z : d(X,y) = |X — 0y, 0...004, 00g; (Y)l, @ € R} (2.32)

otherwise. In other words, n(X, y) is the smallest number of reflections o, which are
needed to move y to a (closed) Weyl chamber of x. We also allow « to be the empty
sequence, denoted by « = . Then for @ = ¢, we set: o, = id (the identity operator),
2(e) =0, and py(x,y, 1) = 1 forallx,y € RY and ¢ > 0.

We say that a finite sequence o« = (o, @2, ..., oy) of roots is admissible for a
pair (X,y) € RN x RN if n(x, g (y)) = 0. In other words, the composition oy, o
O,y © -+ - © Oy, Of the reflections oy ; maps y to a Weyl chamber of x. The set of the
all admlss1ble sequences a for the palr (x, y) will be denoted by A(x, y). Note that if
n(x,y) =0, thena = ¢ € A(x,y).

Let us define

AKX, Yy, 1) = > pa (X, Y, 1). (2.33)
ac Ax,y), {(a)<|G|

The following upper and lower bounds for /,(x, y) were proved in [12].
Theorem 2.2 ([12, 13] Theorem 1.1 and Remark 2.3) Assume that 0 < ¢, < 1/4 and

c; > 1/4. There are constants Cy, C; > 0 such that for all X,y € RN andt > 0 we
have

Crw(B(x, Vi) le*
7%, ¥) < Caw(Bx, Vi) ~'e " Ay, 1). (2.35)

A(x y, t) < hi(x,y), (2.34)

We also have the following regularity estimate for /;(x, y) ( [12, Theorem 6.1]).
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Lemma2.3 Let g1 € (0, 1]. There is a constant C > 0 such that for all x,y,y € RN
andt > 0 we have

ly =yl

NG

As an application of Theorem 2.2 and (2.22) it is possible to describe a behavior
of the measure uy near the points o (x) for o € G (see also [17, Theorem 2.1]). The
behavior, stated in Theorem 2.4, gives another proof of the theorem of Gallardo and
Rejeb (see [14, Theorem A 3)]), which says that all the points o (x), o € G, belong to
the support of the measure jx.

|ht(x’ Y) - ht (Xv y/)l = c ( ) (h2t (Xs y) + hZI (Xa y/)) . (236)

Theorem 2.4 ([12]) Forx € RN andt > 0 we set
U, t):={n e convO(X): ||X||2 —(x,n) <t} (2.37)

There is a constant C > 0 such that for all X € RN, t > 0, and 0 € G we have

S EPARO®D o) < (o AR I®D
w(B(x, V1)) w(B(x, V1))
2.8 Kernel of the Dunkl-Bessel Potential
For an even positive integer s, we set
T = A4 DT, de FISNE) = A+ 1812 (2.39)

It can be easily checked that for x, y € RY we have

ey (YT g2 4 s} (T[T s dt

J (X)—F(2> /0 e 'h,(x)t tand] (x,y)—F<2> A e "hi(x,y)t P
(2.40)

Since & —> (1 + [|€]1%)~%/? is radial, thanks to (2.7), forall 1 < j < N we have

IT; (L4117 72 = 19, A+ 1EID T2 < CA+IENH V2 < ca+)g1H) /2.
(2.41)

3 Some Formulas and Estimates for Dunkl Translations of Regular
Enough Functions

In the present section we prove formulas and derive basic estimates for translations
of certain functions. Then, in the next section, we shall use them for more advanced
estimations.

We start by the following lemma, which is a consequence of the generalized heat
kernel regularity estimates (2.36).
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Lemma 3.1 Let ¢; € (0, 1]. There is a constant C > 0 such that for all t > 0 and
v,y € RN, we have

) 12 c
E(—ig, d <—) 3.1
(fB(O’lm| (=i, y)| w(s)) < oG 3.1

12
( / |E(=it, y) — E(—it, y/)lzdw($)>
B(0,1/1)

ly —y'1\" C C

5( r ) (w(B(y,t»W+w<B(yzz)>1/2>' G2

Proof We prove just (3.2), the proof of (3.1) is analogous (in fact, it was proved in [8,
(3.6)]). By (2.28), the Plancherel’s equality (2.15), and (2.36) we get

1/2
(/ |E(—i&,y) — E(—it, y/)|2dw(s>>
B(0,1/1)
) 5 1/2
§e< / |E(—i&,y) — E(—i&,y) e 2 ] dw(é))
B(0,1/1)
) ) 1/2
se< / |E(—i&,y) — E(—i&,y)|Pe 2 1] dw(%‘))
RN

1/2
—e <fRN |hpa(X,y) — ho(X, y/)|2dw(x)>

e 1/2
<C (M) (/ |hop2 (X, y)|2dw(x)>
t RN
e 1/2
(5521 ([ mm e

/ 1 1 ly =y I\
EC(w(B<y,r>)l/2+w(B(y’,r>)1/2>< t ) '

O

In order to estimate translations of non-radial functions we need further preparation.
The following lemma and its proof, which is based on the fundamental theorem of
calculus (see e.g. [11, pages 284-285]), will play a crucial role in our study. Recall
that for a function f, £ is defined in (2.8).

Lemma3.2 Let £ € No, M > 0. If f € C*TY(RYN) is such that 3; f are bounded
functions for all 1 < j < N, then f1*} belongs to C*(RV) for all « € R and there is
a constant C > 0 independent of f such that

N
LF Moo < €19 Fll .

j=1

Birkhauser



52 Page12of35 Journal of Fourier Analysis and Applications (2023) 29:52

Moreover, there is a constant C > 0 independent of £ and f such that if

07 r@l < A+ XD forall|pl < € +1
then |TP F @ x)| < CA+ IxID)"NM forall |B] < ¢, & € R, andx € RV.
Proposition 3.3 Let ¢ € S(RV) and 1 < j < N. Then for all x,y € RN we have

k
i(xj —yjoX,y) =—¢;jX,y) — Z %(0@ ej)Pu (X, 04 (y)), (3.3)

a€R

where ¢, ¢o are Schwartz class functions defined by

Fo&) = Fplou(8))

Foj&) =0j:Fd &), Fda(§) = & a) . (3.4)
Moreover, if ¢ is G-invariant, then
i(xj —yjoX,y) = —¢;(X,y), (3.5)

where F¢pj(§) = 0 : Fp(&) =T e Fp(§), i.e. ¢ (X) = —ix;p(x).

Proof 1t is obvious, that ¢; defined in (3.4) belong to & (RN). Further, the functions

F¢&) — Fo(oa($))

RN
25 & a)

belong the Schwartz class (see Lemma 3.2). Hence, ¢, € S (RM) for all « € R.
Thanks to the inversion formula and definition of Dunkl kernel (see (2.17) and (2.12))
we get

ooy =t [ i EE W EGE, 9 F©) du )

=c' /R (Tl EGE 01 EGE —y) FoE) dw(?).

It follows from (2.13) that for fixed x € RY we have (E(—i-,X)F¢ () € S(RV).
Hence, by the integration by parts formula (2.9) and the Leibniz-type rule (2.10) we
get
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ixjp(x,y) = —¢' /RN EG&,x)T; ¢[EGE, —y)(F)(E)]dw(§)

= ¢! | EGXTj¢EGE, —y)Fp&) dw(©)
]RN

¢! /RN E(i&, X E(i§, —y)9; £ (F$) (&) dw(&) (3.6)
_C;I/RN E(ifx)%’%m, ¢j) Ei§, —oa(y))
FOE) — FH@) ;o
(£.e)

Using (2.12) and inverse formula (2.17) we obtain

—C;:l/ E@@E, x)(FP)(E)T;j  E(i&, —y) dw(§)
RY (3.7)
= —Ck_l /]RN E(i&, x)(F)E)—iy; E(i§, —y)]dw(&) = iy;jd(X,y).

Therefore, (3.3) is a consequence of (3.6) and (3.7). The proof of (3.5) follows
from (3.3) and (3.4), since F¢ is G-invariant, so ¢, = 0and 9; : Fop(§) = T; Fp(§)
in this case. O

Let us note that Proposition 3.3 together with its proof can be generalized to ¢ which
not necessary belongs to S(RV), but the quantities which appear in the proof make
sense. One of such a possible generalization is presented in the proposition below,
which will be used in the proof of Theorem 4.6.

Proposition 3.4 Let§ > 0. Assume that f € L'(dw) is compactly supported and g €

L' (dw) is G-invariant function such that | Fg(&)| < (1+ |E])"N"?, Fg € C'RN),
and |T;Fg€) < 1+ |E) NP forall1 < j < Nand & € RN. Then

i = yD(f*xy) =~ 1 | EG& 0E(i&,y)0;F ))EFgE) dw(®)
RN

_ k F - (F o .
—ck1 Z %(a, ej)‘/RN E(ié,x)( HE <$fa>f)(0 (S))E(—lé,ao,(y))]-'g(s)dw(g) (3.8)
a€R

—c! E@i§, X)E(=i&, y)F f(E)NT; Fg)(E) dw(E).
RN

Proof First, let us observe that for every multi index v € N}, a function f € L!(dw),
supp f € B(0,r), and § € R" one has

10" FFE| < e r™ 1l L1 g (3.9)
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Indeed, by (2.13),

0" Ff©)] = [eg 0" /R E(=i£.x) f(x) dw()

(3.10)

c,;‘/ O E(—ik. x) f(x) dw(x)
B(O.r)
< c”/ I f )l dwx) < e e £l
=¢ =¢ L' (dw)-
B(0.r)
Similarly, by Lemma 3.2,

(FHE) = (Ffloa(§))
(§, )

N
< CY N F fliee < Crllfllp aw) (3.11)
j=1

Consequently, all of the integrals in (3.8) can be interpreted as the Dunkl transforms
of L! (dw)-functions. Hence, in order to establish (3.8), it is enough to note that
applying the Leibniz-type rule (2.10) twice: firstly to the functions: E(—i-, y)F f (not
necessarily G-invariant) and F g (G-invariant) and then to the functions E(—i-, y) and
F f, we obtain

Tj g (E(=i- Y)(F ) (FNE) =Tj e (E(—i&, y)(ENF [HE)(F)E)
+ E(=i§,¥)0;.s(F f)E)(Fg)&)
Y k() (@ e)) (FHE) = (Fflou(§))

oER <$’ Ol)

+ E(=i&, )(F [HE)T):(Fg)E),

E(—i§, 04(y)(F ) (&)

and repeat the proof of Proposition 3.3. O

Proposition3.5 Let§ > 0and0 < ¢ < 1. Assumethat f € Ll(dw) andg € L'(dw)
is such that |Fg&)| < (1 + |EI) N7 for all ¢ € RV Then the following statements
hold.

(a) There is a constant C1 > 0 independent of f, g such that forall 1 < j < N and
X,y € RY, one has

(f ¥ )| < CwBE& ) wBy, D1 @ — G12)
(b) If additionally g is G-invariant, Fg € C'(RV), and satisfies T Fg&)l <1+
1E1)~N"3 for all € € RN, then there is a constant Cy > 0 independent of f, g

such that for all f € L'(dw) such that supp f € B(0,r) andx,y € RN, we have

|G =y (f )X, )| < Carw(Bx, 1) 2w (B, D)2 fll 1 gy (3:13)
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(c) Assume 8§ > e1. If g is G-invariant, Fg € C'(RN), and IT;Fg®) < (A +
||§||)7N"3 forall & € RN, then there is a constant C3 > 0 independent of f, g
such that for all f € L'(dw) such that supp f € B(0,r) and x,y,y € RN, we
have

lxj = yill(f * @)X, ¥) = (f * &)(x, ¥

< Carlly — Y I w(Bx, 1) 2wBy, D)1l @w) (3.14)
+ Carlly = Y I w(Bx, D) 2wBA, 1)) 1 @w)-
Proof Let Uy = B(0,1) and U, = B(0,29\B(0,2"!) for £ € N. In order to

prove (3.12), we use the Cauchy—Schwarz inequality, (3.1), and (2.6) (cf. [8, Propo-
sition 3.7]),

If *g(x, ¥ = _I/RN E(ié‘,X)E(—ié,}’)(ff)(é)]:g(é)dw(é)‘

E%g

'| [ B v ECiEDEDE©FE due)
L

~
Il
[«

Mg

¢ IF flle

( |E (i€, x)|? dw@))m(/ |E(—i& >|2dw(s>)l/2
(1 (14 [|£])2N+25 B(0.2%) Y

<C Zz N (B, 27N 2w (B, 27D 2 F Lt )
(=0

C'w(Bx, D) 2wBy. D)2 f L w)

(3.15)

&~
I
=)

so (3.12) is proved. In order to prove (3.13), we use (3.8). We shall estimate the first
component of the right-hand side of (3.8), the others are treated in the same way. Recall
that [|0; F fllpe < c,:lr||f||L1(dw) (see (3.10)). Therefore, similarly as in (3.15), we
obtain

||| EGe0E i @, F DO Fs@ du )|

2

< \ / E(is,x)E(—is,y)(ajffxs)fg(@dw(s)\
=0 YUt (3.16)
<Cry 27 B, 27N PwB (. 27N T F L aw)

=0

< ClrwBx, D) 2wBy, 1)1 £l qw)-

We now turn to prove (3.14). We write
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Ixj = yill(f * X, ¥) = (f # )X YD < 1(xj — y)(f * (X, y) — (xj — y)(f * )X, ¥)I
+ 1Y, = yill(f *x ¥) = I + Do

The required estimate for I, follows from (3.12). To deal with I, we use (3.8) and
obtain

Lh<g! /RN |EG&, OE(=i&,y) — E(—i&, Y)10;,¢F HENFgE)|dw(®)

iy k@) v o | FNE = (F o)
+ep Y e ej>|fRN |E(zs,x>|' .ol

a€R

|E(—i&, 0q(y)) — E(—i&, oa (YD1 Fg &) dw(§)
+C,:1 /RN |EGE, X)||E(—i&,y) — E(—i&, Y)IF fFEIT;F)(E) | dw(§)
=L+ 5La2+13. (3.17)

In order to estimate /1,1, we proceed similarly to (3.15) and (3.16). By the Cauchy-
Schwarz inequality together with (3.1), (3.2), and (2.6) we have

o0
hi<e'y /U |EGE XI(E(—i&.y) — E(—i&, Y@} ¢ F [)E|Fg®)] dw(©)
1=0""¢

o0
<Y M9 e F fllpe
=0
1/2 1/2
dw(®) / |E(—i£,y) — E(—i£, ¥ dw(®)
0,2%)

|E(i&, %)[?
(1+ [|g])2N+25
Ue

o0
< Crlly -y )27 tNHI=e)
=0

wBx, 2N 2@y, 27N+ wBG 27N TNl )
< Crlly =y 1P wBx D) @@y, D)2+ wBG, D)l g

The estimate for /; 3 goes identically. In order to deal with 7; », we recall that

(FHE) = (Fflou(§))

< Crlfllz1 gy forall & € RV
(.a) L

(see (3.11)). Moreover, ||oq(y) — oo (¥)| = ly — ¥l forally,y € RY and « € R.
Consequently, for /1 7 one can repeat the same proof as for /1 . O

Since any sufficiently regular function can be written as a convolution of a nice
radial function with an L!-function, as a consequence of Proposition 3.5 we obtain
the following theorem.
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Theorem 3.6 Let s be an even integer greater than N. Then for any 0 < g1 < s — N,
g1 < 1, there is a constant C > 0 such that for all f € CS(RN) such that supp f <
B(0, 1), and for all x,y,y' € RYN we have

IF& DI < Cllflesny (T I =y wBx, 1) 2wB(y, 1)~ xj0,11d (x, y)),

(3.18)
W lles@mly = Yl i
lfx,y) — fx,y)l <C T+ Xy w(B(x, 1))
(w(B(y, ))~12 £ wBy, 1))—1/2). (3.19)

Proof For x,y € R we write

fxy) =c¢ /}R , EGENE(E y)(F)(E) dw(€)
=< fRN EGig 0Eig,» [(F N + 161D ] 1+ 1617~ dw@)
= (7 1) ),
where J ¥ is defined in (2.39) and
FFE) = FHE A+ 117

Therefore, by (2.18) we have f = (1 — Ap)*/? f. Consequently, by the assumption
supp f € B(0, 1) and Lemma 3.2, there is a constant C > 0 such that

1z < Cllflles - (3.20)
Hence, applying Proposition 3.5 with ]7, JUY (which is G-invariant), § := s — N,

and any 0 < & < & (the assumptions are satisfied thanks to the definition of J
and (2.41)), we obtain (3.18) and (3.19). O

4 Applications of Formulas and Estimates from Section 3
4.1 Estimates for Dunkl Translations of Schwartz-Class Functions

As a consequence of Theorem 3.6, we obtain the following theorem.

Theorem 4.1 Let s be an even integer greater than N. Assume that for a certain
k > —N/2 — 1 and a function g € C*(R"N) one has

108g(x)] < (1 + x| N"PI=1K forallx € R and |B| < s. @.1)
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Then there is a constant C > 0 (independent of g) such that for all X,y € RN and
t > 0 we have

Ix —yl\ "
lg:(x,y)| =C 1+f (1+

axy) )_K ! (4.2)

t w(B(x,d(X,y) +1))’
where g;(x) = t Ng(x/1).

Remark 4.2 Let us note that by (2.6), w(B(x,t + d(x,y))"! < w(B(x, 1)1 +
d(x,y) /t)_N hence, under assumptions of Theorem 4.1, we have

Ix —ylI\~" dx, y)\-N-« 1
|gt(X,Y)| §C<1+ ; > (1+ ; ) m (43)

Proof of Theorem 4.1 By scaling it is enough to prove (4.2) for t = 1. Let Uy e
CX((—%, %)) and U € C((4. 1)) be such that

1= To(lIx) + Y Q@™ Yxl) = Y Te(lxll) =: ) Wex) forall x € RY. (4.4)

(=1 {=0 =0
Then - -
g =) gOWe(x) =Y g(), (4.5)
£=0 £=0

where the convergence is in L2 (dw(x)). By continuity of the generalized translations
on L2(dw) for all y € RY we have

gxy) =) (g Wxy =Y g(xy), (4.6)
=0

{=0

where the convergence is in L% (dw(x)). We turn to prove that the series converges
absolutely for all x,y € RY . Indeed, for fixed £ € Ny we consider 2i(x) = g¢ (2%x).
Then gy is supported by B(0, 1) and it follows from (4.1) that there is a constant C > 0
such that for all £ € Ny we have

10830l L0 < C27ENFIH0),

Applying Theorem 3.6 we get

170 (x, )| < C27 N0 (4 ix —y T w(Bx, D)V 2w(B(y, )TV X011 (x, ),
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therefore, by scaling and (2.3),
—1
gl = €275 (28 4 Ix—yl)  wBx, 29~ 2w(B (. 27y 50 @(x,¥).

Finally, by (2.6),

dMlgexyl= Y lgexy)l
£=0

262d(x.y).£20
-1
=c Y (2 x—vl) wB 2D PwBe, 27
2t>d(x,y),£>0

e d(x,y) + DY -
sc Y 2w EDEDT (!

2t>d(x,y),£>0
w(B(x,dx,y)+ D))" w(B(y,dx,y) + 1)/
<CU+x—yD™ "1 +dx y) ™ wBx, dxy) + 1),

where in the last step we have used the fact that the quantities w(B(x, d(x,y) + 1))
and w(B(y, d(x,y) + 1)) are comparable. O

Assume ¢ € S (RNM). It follows from Theorem 4.1 that for any M > O there is a

constant Cp; > 0 such that for all x,y € R we have

Cm _ -1 -M
lpx, y)| < m(l +lx—=ylh™ A+dx,y) . 4.7

Moreover, if additionally a Schwartz class function ¢ is G-invariant, then

Cum _ -2 -M
|§0(XsY)|§m(1+||X yib = +dx,y) . (4.8)

Let us remark that if g is radial then the bound for 74x(—y) can be improved under a
weaker assumption on g. This is stated in the following proposition.

Proposition 4.3 Assume that k > 2 — N and k > —N/2. Then there is a constant
C > 0 such that for all radial functions g satisfying |g(x)| < (1 + ||x[)"N"* one has

lgx. Y| < CwBx, 1+dx y) A+ x -y A +dxy) " 49
Proof The proof follows the same pattern as that of Theorem 4.1. To this end we
note that from the estimates for the Dunkl heat kernel (1.7) and the fact that the

generalized translation of a non-negative radial function is non-negative combined
with Theorem 2.1 we have

-2
gex M| = C27 (B, 27 (24 I = Y1) xpo2@x. YD), (4.10)
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where g are define as in (4.5). Summing up the estimates we arrive in the desired
bound. O

Now we provide the estimates for the Dunkl translations of the (non-necessarily
radial) Schwartz-class functions ¢, which make use of the function A(X,y, 1)
(see (2.33)). The following lemma has an easy proof (see [12, 13]).

Lemma 4.4 For any sequence {oj}’;’zo of elements of the group G, m > |G|* + 1,
satisfying the condition o¢ = id and

Oj+1=gj+1 00 forj =0, (4.11)

where gjy1 € {id}U{oy : o € R}, and X,y € RN, there is a sequence a € A(X,y)
of elements of R such that £(a) < |G| and for all t > 0 we have

m

1_[ (1 + w) < pa(X,y, 1) < AX,y, 1). (4.12)
J=0 vt

Theorem 4.5 Let ¢ € S(RY) and M > 0. Let ¢; := t Ng(-/t) There is a constant
Cum,p > O such that for all X,y € RN andt > 0, we have

M
LS Y)) ! (4.13)

V< CupAx,y. )2 (1 :
lp: (X, V)| = Cu,pA(X, Y, 17) t w(B(x,1))

Proof By scaling, without loss of generality, we may assume ¢ = 1. It follows by (3.3)
that there is a constant C > 0 independent of x, y € R" and ¢ € S(R") such that

N
oy < CA+Ix—yD ™ Yoy pI+ D 1ax oyl | @14)

j=1 o€eR

where ¢;, ¢ are defined in (3.4).
Fix a function ¢ from the Schwartz class S(R"). In the first step we estimate ¢ (X, y)
by (4.14). In the second step we apply the formula (4.14) to ¢; and ¢, obtaining

N N
lp(x. Y| < (1 + x — )™ { DA+ Ix=yD (D I D+ Y 190 % 0D

j=1 ji=1 a'eR

N
+ 3+ Ix = oD (Y 190 % 0@+ Y e (. 7 (a1 }

a€R J1=1 a’eR

where ¢; i\, @j o' Pujis Paa’ €S (RN). Then we continue this procedure with
the use of (4.14) to estimate ¢; j,, ¢ o's Pu.ji» P and soon. Setm = |G|2. Let
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B be the set of all sequences {o j}';':O of length m + 1 satisfying the assumptions of

Lemma 4.4. Finally, after all together (m + 1)—steps described above, we get

eyl = | > JT0a+1x=a®n)™ [ 3D e gl |-
{0} g€B j=0 {=0geG
(4.15)
where ¥, ¢ € S@®N)andn = (N+ |R|)m+1. Since d(x, g(y)) = d(x,y) (see (2.29)),
by (4.7) we get

n
, <CU+dxy) ™ ——. 4.16
DY Weax gl | < C (1 +d(x,y) SGED) (4.16)
(=0 geG
Moreover, by Lemma 4.4 we have
> [la+ix-omn'=c > pax.y. D712 < C'Ax.y. D2
loj1_peB j=0 acAx,y), {(@)<|G]

4.17)
Hence, taking into account (4.15), (4.16), and (4.17) we obtain (4.13). O

4.2 Singular Integral Operators

Basic examples of singular integral operators are Riesz transforms. The Riesz trans-
forms

Rifx) =Tj(—A) 2 fx)=F! (—i”i—f”ff<s>> (x)

in the Dunkl setting were studied by Thangavelu and Xu [27] (in dimension 1 and
in the product case) and by Amri and Sifi [2] (in higher dimensions) who proved the
bounds on L”(dw) spaces. Further, in [4] the Riesz transforms R ; were used for
characterization of the Hardy space H ik.

Recently, some various approaches to the theory of singular integrals, which use
the d(x,y), ||x — y| and w(B(x, 1)) were investigated. For instance, in [10], the
convolution—type singular integrals f + K % f were studied under some assumptions
on the kernel K (see (A), (D), and (L) in Sect. 4.2.1 below). On the other hand, in [25],
the authors proposed certain assumptions on kernels of non-necessarily convolution—
type singular integrals (see (CZ1), (CZ2), (CZ3) below) which are relevant for proving
some harmonic analysis spirit results in the Dunkl setting. As an example, it was
proved there that the kernels of Riesz transforms R ; have the expected properties. In
this section, we will use the results of Sect. 3 to unify these two approaches and prove
that the kernel estimates of [25] are satisfied for the Dunkl type convolution operators
considered in [10]. Consequently, we obtain a large class of examples of operators
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satisfying the assumptions (CZ1), (CZ2), and (CZ3). Moreover, thanks to the results
of [25], we obtain several Fourier analysis spirit theorems for the convolution type
operators.

4.2.1 Assumptions of [10]

Let so be an even positive integer larger than N, which will be fixed in this section.
Consider a function K € C*0(RV\{0}) such that

sup / KX) dw(x)| < oo, (A)
O<a<b<oo ' Ja<|x||<b
b
K| = CalxI NP forall ] < 5o, (D)
oxp
lim K (x)dw(x) = L for some L € C. @L)

=0 Je x| <1

Set
K (x) = K®@)(1 — ¢t~ 'x)),

where ¢ is a fixed radial C*°-function supported by the unit ball B(0, 1) such that
¢ (x) = 1 for ||x|| < 1/2. It was proved in [10, Theorems 4.1 and 4.2] that under (A)
and (D) the operators f > f % K} are bounded on L”(dw) for 1 < p < oo and
they are of weak—type (1, 1) with the bounds independent of r > 0. Further, assuming
additionally (L), the limit lim,_,¢ f * K {1} (x) exists and defines a bounded operator
T on L?(dw) for 1 < p < oo, which is of weak-type (1,1) as well [10, Theorem 4.3
and Theorem 3.7]. Moreover, in this case, the maximal operator

K*f(x) = sup|f * K" (x)]
t>0
isbounded on L? (dw) for 1 < p < oo and of weak-type (1, 1) (Theorem 5.1 of [10]).

4.2.2 Assumptions of [25]
In [25] (see also [15]) the following definition of Dunkl-Calderén—Zygmund singu-

lar integral operators was proposed. Let n > 0. Let Cg (RV) denote the space of
continuous functions f with compact support satisfying

1 ® = £l
Iflly := sup —————— < 00
Xy Ix —yll"
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We say that a sequence {f,},en converges to f in C0 (RN), if the functions are
supported in the same compact setin R and lim, oo [| f, — f |, = 0. Let C (RY)' be
its dual space endowed with weak-* topology. An operator T : CO RY) — C TRNY
is said to be a Dunkl-Calderén-Zygmund singular integral operator assomated with a
kernel KC(x, y) (which is not necessary the Dunkl translation of some function) if the
following estimates are satisfied: for some 0 < ¢ < 1:

dx,y) \° 1
K(x, <C ( ) for all x , CZ1)
K 5)l Ix—yl) wBxdx y) R

, ly —y'1\* 1 o dx,y)

IKx,y) —Kx,y)l <C ( Xyl ) DB dx ) forall [y —y'|l < 5
(CZ2)

, Ix —x[1\* 1 ;o d(x,y)

IKx,y) - K&,y <C ( T > P BE dxy) forall |[x — x'|| < —
(CZ3)

and, furthermore,

(Tf. &) / / K(x, y) £ (0g(¥) dw(x) dw(y) if supp f Nsupp g = . (4.18)

We finish this subsection by the remark that the conditions (CZ1), (CZ2), and (CZ3)
imply the following Calderén-Zygmund integral bounds for KC(x, y) on the space of
homogeneous type (RY, |x — y||, dw) (see [25]): there is a constant A > 0 such that
for all » > 0 one has

/ (K 3] + K@ 0D dw) < A, (4.19)
r<|x—y|l<2r
/ (K. ) — K. yo)|

lyo—x|>2r

+IK(y, x) — K(yg, X)|) dw(x) < A whenever y € B(yg, r)- (4.20)

4.2.3 Assumptions (CZ1), (CZ2), and (CZ3) for Convolution Kernels

Theorem 4.6 Assume that a kernel K € C*0(RN\{0}) satisfies (D) for a certain even
integer so > N. Then the kernel defined by

K(x.y) = lim Kk (—y) = lim K (x,y) 4.21)
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forx,y € RN, x #y, satisfies the assumptions (CZ1), (CZ2), and (CZ3) with some
0 < ¢ < min(1, sop — N). Moreover; if additionally (A) and (L) are satisfied, then
K(x,y) is a kernel associated with the Dunkl-Calderon—Zygmund operator 'T.

Proof Let 0 < & < min(1, so — N). For any # > 0 let us denote

K20 . gl2) _ gt

Then K /1) is C%0 (RN)-function supported by B(0, ) \ B(0, t/4) (cf. [10, (3.1)]),
hence FK /21 e L'(dw). Firstly, let us consider K /2% for t = 1. By Theorem 3.6
applied with s = 59, &1 = €, and assumption (D) there is a constant C > 0 such that

K12y < €A+ Ix =y wB e 1) uBy, 1)~ 2, (4.22)
K20y - k20 y))
= Cly =y 1° 0+ Ix =y~ w(Bex. )7 (wB (. )7 +w(By, 1))
(4.23)

for all x,y,y’ € R. For the other r > 0, note that K;(x) = t_NK(x/t) satisfies the
assumption (D) with the same constants Cg as K. Hence, proceeding by scaling, for
allx,y,y € R" we obtain

—1
K20 y)) < € (1 y o y”) w(B, )~ PuB(y, 072, (4.24)

K20 (x,y) = K20 (x, )|

e
<glly v
< "

—&
(1+ 550) w2 (b2 w0712
(4.25)

We now turn to prove that K(x, y) is well defined (see (4.21)). Since supp K lr/2.1h ¢
B(0, t), by Theorem 2.1 concerning the support of the Dunkl translated function, we
have

KU20(x,y) =0 fort <d(x,y). (4.26)

Forx,y e RY such that d(x,y) > 0, let us set

{—1 »t {—1 ~t
Kxy) =) k¥ Py = Y k¥ Flxy),
teZ 2t>d(x,y)

where the series converges absolutely. Indeed, thanks to (4.24) and then (2.6) we have
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Kyl < Y 1K 2 x )l

LeZ
= Y kP wpi+ Y kP )
26> |x—y]| Ix=yll>2¢=d(x,y)
<C Y wBEx29 w2
26> |x—y]|

+C Y wBx 2 PwBy, 29 ?

x—yle 4.27
Ix—yl>2¢=d(x.y) Il = ylie @.27)
dx,y)" _
= Y HrwBadxy)”
2> x—yl
d(x, N 2(5
to Y Y B de )
2 Ix —ylI*
Ix—yl>2¢=d(x,y)
d(x, y)*
< C'w(B(x, d(x, y))) | LXY_
Ix—yl*

where we have used the fact that dw is G-invariant and doubling (see (2.5)), so
the quantities w(B(x, d(x,y))) and w(B(y, d(x,y))) are comparable. Since tx is a
contraction on L2(dw), we conclude that

o0
Ky =Y k2 y) (4.28)
£=0

for any fixed x € RY with convergence in L%(dw(y)). Now, from (4.24) and (4.26)
we deduce that for t < d(x,y)/4 we have

=1 »t
Kxy= Y K Pxy =Kxy),
2t>d(x,y)/4

hence the limit in (4.21) exists and C(x,y) = K(x,y) ford(x,y) > O.

We now prove that K(x, y) is the kernel associated with the operator T. To this end
let f, g € L*>(dw) be such that g is compactly supported and supp g N supp f = @.
Then there is n > O such that ||[x —y|| > 6 fory € supp f and x € supp g. Thus, from
the results stated in Sect. 4.2.1, we have

/R (TN dwe = lin [ /| K e f@s0 duty) dwe.
— 0 X—y||>
(4.29)
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The functions K (s (x,y) f(y)g(x) converge pointwise to (X, y) f (y)g(x) and are
dominated by the integrable function

w(B(x,d(x,y))"! Ay

1S DINE®) .00 (X =¥,
Ix =yl

since g has compact support. Hence, (4.18) holds, by the Lebesgue dominated con-
vergence theorem.

The proof of (CZ2) is similar but it uses (4.25) instead of (4.24). Indeed, assume
ly =y < @. Then %d(x, y) < d(x,y’) and, by Theorem 2.1,

K120 (x y) = K2 (x,y) = 0if t <

d(x,y)
5

Consequently, by (4.25),

—1 ~€ {—1 €
Kx,y) — K y) <Y 1KY 2y — K2 x,y)

el
-1 ~¢ -1 ~¢
< Y KPPy — kPP y)
202450
C||y—y’||€ Bix. 20012 (w(B(v. 26y ~1/2 B(v. 2012
oy L B2 B 297wy, 297
y 2£>M
)
ly —y'lI° dx,y)Y 1
/
= Ix —y|¢ Z Ww(B(X’d(XsY)))
202450
SNy =yl

—w(B(x,d(x,y) ",
Ix -yl

where we have used the fact that thank to the assumption ||y — y'|| < @ the

quantities w(B(x, d(X,y))), w(B(y, d(x,y))),and w(B(y’, d(x, y))) are comparable.
Finally, (CZ3) is a consequence of the fact K (x,y) = K(—y, —X). O

4.3 Dunkl Transform Multiplier Operators

Our aim of this subsection is to prove that for bounded functions m the Dunkl trans-
form multiplier operators f +— F~1(m(£)F f(£)) admit associated kernels K (x, y)
satisfying (depending on the regularity of m) (CZ1)—(CZ3) or (4.19)—(4.20).

4.3.1 Multipliers-Pointwise Type Estimates

For an L' (dw)-function f we set
Flfxy = /RN FEEGE, X)E(—i&, y)dw(§).
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Theorem 4.7 Assume n is a positive integer and 0 < & < 1. There is a constants C > 0
such that for f € C"(RN) such that supp f < B(0,4) and for all x,y,y € RV,
ly = ¥'Il <1, we have

_ Cllf llon gy B B
1 RY) . 1 n+1
| f(xy)\sw(B(X’I))lﬂw(B(y’l))l/z(1+||x v~ +dex oy
(4.30)
F ey - F w0 y)
Cllflen -y
17l @]y — v S+ Ix—yD 7 A+ doxy) 4.31)

~ w(Bx, 1) 2w(B(y, )/
For the proof we need the following lemma.

Lemma 4.8 Letn be a non-negative integer. Then there is a constant C, > 0 such that
for f € C"RN), supp f < B(0,4), and x,y € RN one has

Call fllen@mny
w(B(x, ) 2w(B(y, 1)!/?

F )| < (+dxy)™. @32

Proof of Lemma 4.8 The proof goes by induction. If n = 0, then using the Cauchy-
Schwarz inequality, (3.1), and (2.6) we get

IF T fx,y)| =

.’ f f(é)E(iE,X)E(—ié,y)dw(é)’
B(0,4)

1/2 1/2
<c; ' flleee (/ |E (i€, x)|2dw(s>) (/ |E (i€, —y)|2dw<s>)
B(0,4) B(0.,4)

< Cll fllieew(Bx, 1)~ 2w(B(y, 1))~ "/2
(4.33)
Now assume that the inequality (4.32) holds for n. Let f € C*t'(RN), supp f <
B(0, 4). Then the functions f; = 3; f € C"(RY) and £ € C"(R") (see (2.8)) are
supported in B(0, 4) and

”f] ”C"(]RN) < CllfIICH+I(RN) and “f[a}”C”(]RN) < CHf”C”H(RN) forj S {] ..... N}, a €R

(see Lemma 3.2). The same calculation as in the proof of Proposition 3.3 gives

k
(= F ) = —F iy = 3 e P, o).

a€R

(4.35)
Recall thatby (2.2) and (2.29) forallo € G wehave w(B(o (y), 1)) = w(B(y, 1)) and
d(x,0(y)) = d(x,y). Using (4.35), (4.34), and the induction hypothesis we deduce
that
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IF 1= Copt (L Ix = YD TN F it vy w(Bx, D)™ 2w(B(y, D)1 +d(x,y) "

< Cottlfllen @y w(Bx, 1)~ 2w By, 1721 +dx, y) ™
(4.36)
]

Proof of Theorem 4.7 We start by proving (4.30) first. Let f;, f {@} be as in the proof
of Lemma 4.8. Then, by (4.35), (4.34), and Lemma 4.8 applied to f;, f{% we get

N
IF el <ca+ix—yD™ | Y IF T el + Y 17 A 0w )
j=1 aER
< Call fllengeyy( + Ix = yID " wBx, 1)~ 2w(B(y, 1) ™20 +dx, y) ",

s0 (4.30) is proved. Now let us prove (4.31). Fix 0 < ¢ < 1. Consider x,y,y’ € RV,

~ 2 ~ ~
ly =y < 95¥. Let f(¢) = f(&)eléI". Then supp f € B0 4), | fllenn, <
Cr/l”f”C”(RN)’ and

Flxy = fR JFHE D@, y) dw@).

Applying (4.30) to fand then (2.36), we obtain

A+ Ix =y +dxy)" NF ! fxy - F iz y)l
<+ Ix -y +dx y)*! /RN \FLFx, 21 (2, y) — hi(z, ¥)| dw(z)

< /RN(I +lx =z 4+ dx,2)" 1+ l|lz — yI) (A + d(z, y)" !

IF @, y) = hi (2, )] dw(z)
< Clifllengrmy /RN wBx, 1) 2wB@ D)2+ |z -y +dz y)"!

ly — ¥l (ha(z, y) + ha(z,y)) dw(z). (4.37)
Since ||y — y'|| < 1, forall z € RN we have
I+ lz—ylDA+d@y)" ' <Cl+lz—yID(1+d@y)" "  (4.38)

It follows from the estimate on the heat kernel (see either (1.7) or Theorem 2.2) that

fRN w(B@ 1) 20+ 2 -y +d(@y)"  ha(z ydw() < Cw(B(y, D)~/

So we conclude the desired inequality (4.31) from (4.37) and (4.38), because
w(B(y, 1)) ~ w(B(', 1)). mi
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Corollary 4.9 Suppose that n € N is the smallest integer such thatn > N and m €
C™"(RN\{0}) satisfies the following Mihlin—type condition: for all B € N(I)V, Bl <n
there is a constant Cg > O such that

I8P m (&) < Cp forall € € RN \ {0}. (4.39)

Then the integral kernel K (X,y) of the multiplier operator T, f = F~Y((F f)m)
satisfies the conditions (CZ1), (CZ2), (CZ3).

Proof Let ¢ be aradial C*°(R") function, supp ¢ < B(0, 4)\ B(0, 1/4), which forms
a resolution of the identity, that is,

Yoo e) =1, £eRY\ {0} (4.40)

LeZ

We write

mE) =y mEQE) =Y m2 %),

LeZ LeZ
K, y) = oy F 7 (m(O6 7)) @, Rexy) = (Flmox,y).

Then K (x,y) = Y,z K¢(x,y) and, by homogeneity,

Y o Kexy) =Y 2NKi(2'x,2').

el LeZ

Let us note that the functions m, are supported by B(0,4). Moreover, it follows
from (4.39) that supycy, [[mellcnryy < C. Therefore, by Theorem 4.7, (2.3), and (2.6),

+24x —yD~' A + 2% (x, y) !
w(B(2fx, 1)12w(B (2, 1)1/
(1+2%x —yD~ ' + 2%d(x, y) " *!
- w(B(x,2-9))12w(B(y, 2-4)1/2
(1+28x -y~ + 2% x, y) !
w(B(x,d(x,))) '
4.41)

Similarly, using (4.31) if ||2%y — 2%y|| < 1, and (4.30) if || 2%y — 2%y|| > 1, we get

- (1
IKe(x, y)| = 2N K, (2%, 2%y)| < C2N

<C (2Nfd(x, VY 4+ 2N, y)N)

) Birkhduser
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IKe(x,y) — Ke(x, y)| = 2N K (2%, 2%y) — Ke(2%, 2%)))

1Y =YI° (5N ¥ 4 oV s, pyN) E 20X =YD + 2% (x, y) !
C 2%%d 27d(x,
< 5=l < x,y)" + (x,y) ) w(B(x, d(x,y)))
ly =¥l /. ne NN | ANE ANy 20X =y DT+ 2% (x y)
2 2
O (2 + 2V y) w(B(x,d(x.y)))

(4.42)
Finally, (CZ1) follows from (4.41). Indeed, fix0 < ¢ < 1,& < N. Then

Kxyls Y Kxyl+ Y Kexy)
€eZ, 24d(x,y) <1 ez, 2td(x,y)>1
C
5 e
w(B(x,d(x,Y)))
2€Nd X, N szd X, N
( Z 2“IIX(—?IIS - Z 26x — )’IIZ("(*”Z(X y)rl
LeZ, 2td(x,y)<1 LeZ, 2td(x,y)>1 ’
d(x,y)® 1
T Ix—ylIf w(B(x, d(x,y)))

(4.43)

The proof of (CZ2) withe < n—N, 0 < ¢ < 1, follows the pattern presented in (4.43)
but it uses (4.42) instead of (4.41).

Finally, (CZ3) is a consequence of the fact that K (x,y) = K(-y, —X). O

4.3.2 Multipliers-Integral Type Estimates
Let m be a bounded function on RV which for a certain s > N satisfies

M = sup [ (m(t)llws < oo, (4.44)
>

where 1 € C*°(R") is a fixed radial functionsupp ¥ C {£ e RN : 1/4 < ||&|| < 4},
V(&) = 1forall & € RN such that 1/2 < ||&]| <2, and

11y = /RN(l + XD 11/ 01 dx

denotes the classical Sobolev norm of the classical Sobolev space W3 (RN, dx). It was
proved in [8, Theorem 1.2] that the Dunkl multiplier operator

Tnf = F {F im),
originally defined on L?(dw) N LP (dw), has a unique extension to a bounded operator
on L?(dw) for 1 < p < oo. Moreover, 7,, is of weak-type (1,1) and bounded on the
relevant Hardy space. In order to prove the results the authors considered the integral

kernels (see [8, (5.3)]):
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Ko y) =y F ! (m(92~") 0 = /R L QT EmE EE. ) E(—ig.y) dw @),
(4.45)
where ¢ is a radial C>®(RN) function, supp¢ < B(0,4) \ B(0, 1/4), which forms a
resolution of the identity as in (4.40) and showed the following estimates with respect
to d(x,y) (see [8, formulas (5.8), (5.10), and (5.11)]): there are § > 0 and C > 0 such
that for all y, y’ € RV we have

/ |Ke(x,y)| dw(x) < CM, (4.46)
RN
/ |Ke(x, Y)d(x, y) dw(x) < C27%M, (4.47)
]RN
/RN IKe(x,y) — Ke(x, Y) | dw(x) < CM2 ly —y'|l. (4.48)

The estimates imply that for every ball B = B(xg, r) one has
/ IKe(x,y) — Ke(x,¥)| dw(x) < CM min ((2‘fr)—5, 2fr) (4.49)
RN\O(B*)

for all y,y’ € B. Here B* = B(xp,2r) and O(B*) = {o(x) : 0 € G, x € B*}.
The bounds (4.46)—(4.48) play crucial roles in proving the Hormander’s multiplier
theorem ([8, Theorem 1.2]).

In this subsection we will prove the following proposition.

Proposition 4.10 Suppose that m is as in [8, Theorem 1.2], that is, (4.44) holds for
a certain s > N. Let Ky be defined by (4.45). Then the integral kernel K (X,y) :=
Y vez Ke(x,y) associated with the multiplier T, satisfies the Calderén—Zygmund
integral conditions (4.19) and (4.20).

In other words, 7, is a Calderén-Zygmund operator on the space of homogeneous
type (RY, [x -y, dw).

Proof Fix sy > N+ 1 (sufficiently large) and assume that n € Wgz (RN ,dx),suppn €
B(0,4). Then

() = nloa ()

0 =m0, 1) = T TS e wpT @Y ax) (4.50)

(cf. Lemma 3.2). Applying the technique from the proof of Proposition 3.3, for all
je{l,2,..., N} we have

k
i —y)F 'y =—F ey - ) %(a, e))(F ' hx, y).

oEeR

(4.51)
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Since 5o — 1 > N, it follows from (5.10) of [8] (see (4.46)) that for all y € RY we
have

Lo 070y 01 1 0 ) = € (s et + 100t ) < il
(4.52)
Consequently, from (4.51) and (4.52) we conclude

/ Ix = yIIF D, 9 dw®) < Clinllys. (4.53)
RN 2

Further, if s > N and 5 € W;l (RN dx), suppn € B(0,4), then (5.10) of [8] (see
also (4.46)) implies

fR IE Pl dw) = Clalys. (4.54)

Now, (4.53) and (4.54) together with the interpolation argument of Mauceri and Meda
[18] (see also [3, Proposition 5.3]) give that if s > N, then there are constants C > 0
and 0 < 6 < 1 such that for all n € W) (RY, dx) supported in B(0, 4), and for all
y € RN we have

[, 1=y el dweo < Clalyg. (4.55)
Hence, by scaling, forall £ € Z and y € RY we have
[, 1x =y Kk s < caa, (4.56)
Consequently,

/ Kexpldwx) <C > 27770 <A (457)
r<|x—yll<2r

LeZ : 20>r—1 LeZ : 2t>r—1

Further, it follows from Lemma 3.1 (see Proposition 3.7 of [8]) that
[Ke(x, )| < Cw(B(x,279) " Pw(B(y.27) /% (4.58)

By (2.5), w(B(x,27%) ~ w(B(y,27%),if |x—y|| < 2r <21, Soapplying (4.58)
and (2.6), we get

B(y,2
Y Kexyldvw <c Y, 2O0E)
e, atep1 IrElIX=yl<2r vez gty WBY,27)
N
S
CeZ : 2t<r~!
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Thus (4.19) is proved.
In order to prove (4.20) we observe that (4.48) together with (4.56) give

f Kex,y) — Kex ¥ = Cmin (@702 ) 459)
x=yoll>2r

whenever y, y’ € B(yo, r). Finally (4.20) follows from (4.59). O

4.4 Non-positivity of Dunkl Translation Operators

In this subsection, we will use Proposition 3.3 to prove that for any root system R and
a multiplicity function k > 0 there is x € R such that 7y is not a positive operator
(see Theorem 4.11 for details). If G = Z,, the result follows from the explicit formula
for 74 (see [19]). For G being symmetric group, the result was proved by Thangavelu
and Xu (see [26, Proposition 3.10]).

Theorem 4.11 For any N € N there is a sequence of N non-negative functions
{(pj}j.vzl, @ € C®(RN), such that for any system of roots R C RN and any pos-
itive multiplicity function k, at least one @; satisfies the following property: there are
X,y € RY such that pjx,y) <0.

Proof Letp € C*®(R") be aradial function (¢(x) = @(||x])) supported by B(0, 1/2)
such that 0 < ¢(x) < 1 forallx € RN andgp =1on B(0,1/4).For1 < j < N we
set

i) =1+ x)eXx). (4.60)

Since ¢ is supported by B(0, 1/2), the functions ¢; are non-negative. Then, using (3.5),
forall x,y € RY we have

p;ix,y) =0+ (&x; —yj)eX,y).

Take any o € Randlet1 < j < N be such that (o, e;) # 0. Then, by (2.1), for any
x € RN we get

@i (X, 0q(x)) = (1 +x; — (04(X)) )p(X, 04 (X)) = (1 + (o, €;}{X, a))p(X, 0y (X)).
4.61)
One the one hand, let us note that for all x € RY we have

@(x, 0g (x)) > 0. (4.62)

Indeed, thanks to (2.22), the fact that ¢ = 1 on B(0, 1/4), and Theorem 2.4 we get
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(X, 04(X)) = /RN P(A(X, 04 (x), 1)) dux(n) 2/ dux(n)

AX,06(X). )<}
- / dix(n) = pix (U (0 (x)., 1/32))
lloa (®)[12—(0g (X).7) < 2
(1/32N2A(x, 04 (x), 1/32)
w(B(x, /1/32))

>c!

On the other hand, for any & € R" such that (c, e i) # O thereis x € R¥ such that
(I + (o, ej)(x,a)) < 0. (4.63)

Consequently, for such a x, from (4.61), (4.62), and (4.63), we obtain our claim. O

Remark 4.12 The result that the generalized translations do not preserve positivity of
some functions can be also obtained using the generalized heat kernel and Theorem 2.2.
To this end let us observe that here is a constant C; > 0 such that for all x € RY we

have Ciha(x) = (1+ [Ix|)hi (%), (4.64)
where h,(x) is defined in (2.27). We now set
@;j(x) := Crha(x) + x;h((x). (4.65)

Then, thanks to (4.64), the function ¢; is non-negative. Further, by (3.5) together with
Theorem 2.2 (recall that d(x, o, (x)) = 0), we get

@j (X, 04(X)) = C1ha(X, 04 (X)) + (@, ;) (X, @) h1 (X, 0(X))
< Cahi(X, 00/(X)) + (@, €;) (X, @) h1 (X, 00 (X)).

Finally, by (2.26), we have h1 (X, 04 (x)) > 0 and (if (&, e;) 7# 0) one can take X € RN
such that C; + (@, e;)(x, @) < 0. Consequently, ¢; (X, 0 (x)) < 0.
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