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Abstract

Let (X, d, ) be a space of homogeneous type. Let L be a nonnegative self-adjoint
operator on L%(X) satisfying certain conditions on the heat kernel estimates which
are motivated from the heat kernel of the Schrodinger operator on R”. The main aim
of this paper is to prove a new atomic decomposition for the Besov space B?”IL (X)
associated with the operator L. As a consequence, we prove the boundedness of the
Riesz transform associated with L on the Besov space B?IL (X).

Keywords Heat semigroup - Besov space B?l - Atomic decomposition - Riesz
transform

Mathematics Subject Classification 42B35 - 42B15

1 Introduction
Let (X, d, t) be ametric spaces endowed with a nonnegative Borel measure 1. Denote

B(x,r):={y € X :d(x,y) < r}. In this paper we assume that the measure satisfies
the doubling property condition, i.e., there exists a constant C1 > 0 such that

w(B(x,2r)) < Cipu(B(x,r)) ey
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for all x € X and r > 0. This condition implies that there exist constants C>, D > 0
such that

V(x,Ar) < CoAPV(x,r) (2)

forallx € X,r >0and A > 1. See [11].
We also assume further that (X, d, u) satisfies the noncollapsing condition, i.e.,
there exists c¢o > 0 such that

Vix,1) = co 3

forall x € X.

From now on, for any measurable subset E C X, we denote V(E) := u(E). For
all x € X and r > 0, we also denote V (x,r) = u(B(x, r)).

Note that the classical Hardy space H'(X) is a suitable substitution for the space
L'(X) when we work with Calderén—Zygmund operators but the classical Hardy space
might not be suitable for the study of certain operators that lie beyond the Calderon
Zygmund class. This observation highlights the need for the development of new
function spaces that adapt well to these operators. In recent times, there has been a
remarkable progress in the field of function spaces associated with operators, reflect-
ing the growing interest in understanding the behaviour of these operators and their
associated function spaces. See for example [1, 5, 15, 21, 23, 29] and the references
therein.

Motivated by this ongoing research, we aim to study new atomic decomposition
of Besov spaces associated to Schrodinger type operators. Throughout this paper, we
assume that H is a non-negative self-adjoint operator on L*(X) which generates the
analytic semigroup {e¢~/#},_¢. Denote by p;(x, y) and g;(x, y) the kernels of e~*#
and t He™"H respectively, we assume that the kernels 7, (x, y) satisfy the following
conditions:

(H1) There exist positive constants C and c¢ such that

d(x, y>2>

~ ~ C
P D+ e ) = e (= e

forallx,y € X and ¢ > 0;
(H2) There exist positive constants 1, ¢ and C such that

|Dr(x, y) — pr (X, W+ 1Gr (x, y) — @ (X, y)|
C  d(x,©)7 d(x, y)?
= V(x, /1) [d(x,y)] x <_C t )

whenever d(x,x) < +/f and t > 0;
(H3) / pr(x, y)du(x) =1fory e X.
X
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In fact, the assumptions (H1) and (H2) can be assumed only for the kernel p; (x, y)
since the estimates in (H1) and (H2) for p;(x, y) imply similar estimates for g; (x, y).
However, for the sake of simplicity, we make the assumptions for both p;(x, y) and
qGr(x, y).

Standard examples of operators which satisfy conditions (H 1), (H2) and (H3)
include the Laplacians A on the Euclidean spaces R”, the Laplace-Beltrami operators
on non-compact Riemannian manifolds with doubling property, the Bessel operators
on (0, 00)", the sub-Laplacians on stratified Lie groups and certain degenerate elliptic
operators on doubling spaces and domains.

Our motivation is to study the Schrodinger operator L = H + V which is a non-
negative self-adjoint operator on L*(X). Under suitable conditions, the potential V
induces a critical function p which appears on the upper bounds and regularity esti-
mates of the heat kernels of L and its time derivative. We refer the reader to Sect. 2.1
for a general definition of critical functions and further details.

In this paper, without the assumption L = H + V, we assume that L is a non-
negative self-adjoint operator on L2(X). Denote by p;(x, y) and g;(x, y) the kernels
of e’ and tLe~'L, respectively. Suppose that p is a critical function defined on X.
See Sect. 2.1 for the precise definition of critical functions. We assume that the kernels
p:(x, y) and g;(x, y) satisfy the following conditions:

(L1) For all N > 0, there exist positive constants ¢ and C so that

c d(x, y)? Vi VNN
[pe(x, ¥)| < mexp(—c P )(1 + o(x) p(y))

forallx,y € X and ¢ > 0;
(L2) There is a positive constant §, so that for all N > 0, there exist positive constants
c and C which satisfy

9y) — ) = o [A D

‘It » Y Qt » Y _V(x,\/;) d(x,y)
d(x, y)? Vi JEA-N

exp(‘Cf)(‘*@*@)

whenever d(x,x) </t and t > 0;
(L3) There is a positive constant §3 such that

|pe(x, y) — prCx, W+ 1qe(x, y) — Gr (x, y)]
C Jt 8 d(x,y)?
=ve v ) -

forallx,y € Xandt > 0.

Remark 1.1 (a) If we set § = min{d1, &2, 83}, then (H2), (L2) and (L3) are satisfied
with the exponent §. For this reason, we might assume that §; = 6, = §3 = 6.
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(b) Notethatthe condition (L1) implies thatforall N > 0, there exist positive constants
c and C so that

W (1 Y VYT

C
< - —

91 = g s e (= e P )
forallx,y € Xandt > 0.

Since the proof of (4) is standard, we leave it to the interested reader.

(c) As mentioned above, an example of the pairs of operators (H, L) which satisfy
our assumptions are the operators H mentioned above and L = H + V for suitable
potentials V. See Sect. 2.1, also [9, Section 6] and [34]. We remark that our work
on the operator L in this paper only relies on the assumptions (L1), (L2), (L3)
and does not use the representation L = H + V.

Our aim is to study the homogeneous Besov space B?lL (X) associated with the
operator L.

Definition 1.2 The homogeneous Besov space B?,’IL (X) is defined as the set of f €
L' (X) such that

> L dt
Ilflll;?y.]L(X) = A ltLe f||17<00.

When L = —A the Laplacian on R”, the Besov space B?IL (R™) coincides with
the classical Besov space B?’I(R”). It is well known that the Besov space B?’I(R") is
contained in the Hardy space H ' (R") and is used in proving the dispersive estimates of
the wave equations (see for example [3, 8, 13]) and the regularity of the Green functions
on domains (see for example [20]). See also [17, 18, 24-26] and the references therein
for further discussion on the Besov space type B?’l and the Besov spaces on spaces
of homogeneous type. It is worth noticing that in the definition above we define the
Besov space a subset of L'(X). This is more advantageous than the approach using
new distributions as in [5, 26].

We are interested in atomic decompositions of the Besov space B?lL (X). Note
that atomic decompositions of Besov spaces associated to non-negative self-adjoint
operators satisfying Gaussian upper bounds were obtained in [S] for homogeneous
Besov spaces and in [27] for inhomogeneous Besov spaces. Adapting ideas in [5, 27],
we can define atoms for the Besov spaces B?”IL (X) as follows.

Definition 1.3 Let M € N,.. A function a is said to be an (L, M) atom if there exists
a ball B so that

() a = LMp with b € D(LM), where D(LM) is the domain of LY ;
(ii) supkab CB,k=0,...,2M,;
(iii) |Lkb(x)| < rlzg(M_k)V(B)_l, k =0,...,2M, where rg denotes the radius of
ball B..
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Note that the atoms defined in [5, 27] are supported in balls associated to dyadic
cubes. See Lemma 2.2 for the definition of dyadic cubes. In this paper, we do not need
the dyadic cubes in Definition 1.3 and we are able to prove the following result.

Theorem 1.4 Let M € N,. Assume [ € B?”IL(X). Then there exist a sequence of
(L, M) atoms {a;} and a sequence of coefficients {A;} € 2! so that

f= Z,\jaj in L' (X),
j
and
DTS I g0 -
j
Conversely, if

=) xjaj in L'(X),
j

where {a;} is a sequence of (L, M)-atoms and {X;} € 21, then
110t ) Z 1351
J

The proof of Theorem 1.4 will be presented later. In comparison with the atomic
decomposition in Theorems 4.2 and 4.3 in [5], the main difference is that in Theo-
rem 1.4, the convergence used in the atomic decomposition is in L!(X) instead of in
the space of new distributions associated with the operator L; moreover, Theorem 1.4
uses the atoms associated with balls rather than the dyadic cubes as in Theorems 4.2
and 4.3 in [5].

We now consider new atoms associated with the critical function p which will be
defined in Sect. 2.1. Note that the idea of the atomic decomposition associated to the
critical functions was used in the setting of Hardy spaces. In [16], the atomic decompo-
sition associated to the critical functions was studied for the Hardy spaces associated to
Schrodinger operators with potential satisfying certain reverse Holder inequality. Then
the results were extended to encompass a broader scope, incorporating Schrodinger
operators in various contexts such as stratified Lie groups and doubling manifolds. See
for example [9, 34]. However, this is the first time the atomic decomposition associated
to the critical functions was established for the Besov spaces.

Definition 1.5 Let ¢ > 0 and p be a critical function. A function a is said to be an
(e, p(-))-atom if there exists a ball B such that

(i) supp a C B;
(i) la(x)| < V(B!

Birkhauser
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d(x,y)

€
) , X,y €X;
rp

(iii) |a(x) —a(y)| < V(B)™! <
@iv) fa(x)du(x) =0ifrg < p(xp).

It is interesting that the atoms in Definition 1.5 depend on the critical function p only.
This type of atoms can be viewed as an extended version of the atoms used for the
inhomogeneous Besov type. In fact, in the particular case p = constant, the atoms in
Definition 1.5 turn out to be the atoms which characterize the inhomogeneous Besov
spaces. See for example [26]. Our main result is the following theorem.

Theorem 1.6 If f € B’?”{“(X), then there exist a sequence of (e, p(-))-atoms {a;} for
some € > 0 and a sequence of coefficients {;} € 2! so that

=Y xjaj in L'(X),
j
and
DS Ao -
j
Conversely, if

= xjaj in L'(X),

J

where {a;} is a sequence of (€, p(-))-atoms with € > 0 and {);} € 2!, then
1102 ) Z 1251
J

The organization of the paper is as follows. In Sect.2, we recall the definitions of
critical functions and dyadic cubes, and prove some kernel estimates of the spectral
multipliers of H. In Sect.3, we will set up the theory of the inhomogeneous Besov
space B?y 1 (X) including atomic decomposition results. The proofs of the main results
will be given in Sect. 4. Finally, Sect.5 is devoted in the proof of the boundedness of
the Riesz transform associated with L in Besov spaces.

Throughout the paper, we always use C and ¢ to denote positive constants that are
independent of the main parameters involved but whose values may differ from line
to line. We write A < B if there is a universal constant C sothat A < CB and A &~ B
if A< Band B < A.Givena A > 0 and aball B := B(x, r), we write AB for the
A-dilated ball, which is the ball with the same center as B and with radius Ar. For each
ball B C X, we set

So(B) = B and S;(B) =2/ B\2/ !B for j € N.

Birkhauser
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2 Preliminaries
2.1 Critical Functions

A function p : X — (0, 00) is called a critical function if there exist positive constants
C, and ko so that

ko

(x y))k0+l )

p(y) < Cpp(x) <1 o)

forallx,y € X.

Note that the concept of critical functions was introduced in the setting of
Schrodinger operators on RP in [19] (see also [30]) and then was extended to the
spaces of homogeneous type in [34].

A simple example of a critical function is p = 1. Moreover, one of the most
important classes of the critical functions is the one involving the weights satisfying
the reverse Holder inequality. Recall that a non-negative locally integrable function w
is said to be in the reverse Holder class RH, (X) with g > 1 if there exists a constant
C > 0so that

(ye; [ anw) " = 5o [ weodueo
—_— w(x w(x < —— | w)dulx
V(B) JB V(B) J
for all balls B C X. Note that if w € RH,(X) then w is a Muckenhoupt weight. See
[32].

Now suppose V € RH,(X) for some ¢ > max{l, D/2} and, following [30, 34],
set

2

—_— V(y)d It 6
SBGT) Do, VOMRO) = 1] ©)

p(x) =sup{r >0:

Then it was proved in [30, 34] that p is a critical function provided ¢ > max{1, D/2}.
The following result will be useful in the sequel which is taken from Lemma 2.3 and
Lemma 2.4 of [34].

Lemma 2.1 Let p be a critical function on X. Then there exist a sequence of points
{xa}aez C X and a family of functions {4 }yeT Satisfying the following:

@) | Blxa, p(xa)) = X

ael
(ii) For every A > 1 there exist constants C and N1 such that Z LBy, p(r)) =
ael
caM,

(iii) supp ¥y C By := B(xy, €0p(xy)) and 0 < wa(x) < 1forall x € X, where €

is a fixed constant such that C,€o(1 + €9) k0+1 < L.

(V) [¥a(x) = V()| = Cd(x, y)/p(xe);

Birkhauser
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(V) Y Yu(x) =1 forall x € X.

ael

2.2 Dyadic Cubes
We now recall an important covering lemma in [10].

Lemma 2.2 There exists a collection of open sets {Q’; C X :keZrte I,
where I denotes certain (possibly finite) index set depending on k, and constants
n e 0,1),a9 € (0, 1] and kg € (0, 00) such that

(i) w(X\U; 05 = 0forallk € Z;
(ii) if i > k, then either Q\. C Q’E or QL N Ql/g —
(iii) for every (k, T) and each i < k, there exists a unique t’ such Q]; C Qir,;

(iv) the diameter diam (Qlé) < K()T]k,'
(v) each Q1§ contains certain ball B(xng, aonk).

Remark 2.3 Since the constants 1 and ag are not essential in the paper, without loss
of generality, we may assume that n = ap = 1/2. We then fix a collection of open

sets in Lemma 2.2 and denote this collection by D. We call open sets in D the dyadic
cubes in X and x gy« the center of the cube QX € D. We also denote

D, ={0""' eD:te 1}
for each v € Z. Then for Q € D,, we have B(xg,c027") C Q C B(xg,k027") =:

By, where cq is a constant independent of Q. For the sake of simplicity we might
assume that kg = 1.

2.3 Kernel Estimates

Denote by Ey(A) a spectral decomposition of H. Then by spectral theory, for any
bounded Borel funtion F : [0, c0) — C we can define

F(H) = /OO FO)dER (L)
0

as a bounded operator on L2(X). It is well-known that the kernel cos(tvH)(-, -) of
cos(t+/ H) satisfies the finite propagation speed

suppcos(t«/ﬁ) C{x,y) e X x X :d(x,y) < cot} 7

for some ¢g > 0. See for example [31].
In what follows, without loss of generality we may assume that ¢y = 1.
We have the following useful lemma.

Birkhauser
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Lemma 2.4 ([23]) Let ¢ € C°(R) be an even function with supp¢ C (—1, 1) and
/ ¢ = 2. Denote by ® the Fourier transform of ¢, i.e.,

1 .
D) == F¢(§) = E/Re_’x%(x)dx. )

Then for every k € N, the operator (1* H)X®(t~/H) is an integral operator with
kernel denoted by (12 H)X® (t+/H)(x, y) satisfying the following

supp ((PHYX®(tvVH) (-, ) C{(x,y) € X x X :d(x,y) <1}, )

and

() DV H)(x, y)| < (10)
Vix,t)
forallt >0andx,y € X.
Lemma 2.5 ([7]) Let A > 0. Then we have:
(a) Forany N > 0ands = N + 2D + 1, there exists C = C(N) so that
C dx, y)\=N
F(AVH)(x, < 1 F 11
FOVE @I = 5os (14 75) T 1F I an
forall x,y € X, and all functions F supported in [1/2,2].
(b) Forany N > Qand s = 2(N 4+ 2D + 1) there exists C = C(N) so that
C d(x,y)\—N
F(OVvH < 1 F|lwee 12
FOVI I = 55 (1 75) 1w (12)

forall x,y € X, and for all functions F supported in [0, 2] with F(z“'H)(O) =0
forallv e N.
Here, | Flys = (I —d*/dx*)F| 4 fors > 0and q € [1, o).

Lemma 2.6 Let . > 0. Then we have:

(a) Forany N > Qands = N + 3D + 2, there exists C = C(N) so that

|FOWH)(x,y) — FONH)(x, )

3 C(d(yiy’))‘S V(xl’ - (1 n d(’;’ y))_NIIFllwg (13)

forallx,y,y € X withd(y,y') < A, and all functions supported in [1/2, 2].

) Birkhduser
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(b) Forany N > 0 and s = 2(N 4+ 3D + 2) there exists C = C(N) so that

|FONH)(x,y) — FOVH)(x, Y

- C(d(yk,y/))é V(x1, . (1 N d(x): y)>7N||F||WJ°° "

forallx,y,y € X withd(y,y'") < A, and for all functions F supported in [0, 2]
with F@*TD(0) = 0 forall v € N.

Proof (a) We write F(A) = G(A)e*", where G(1) = F(1)e*". Then we have
FONE)(x. y) = fx GONH)(x, P2 (2, V().

This, along with Lemma 2.5, (H2) and the fact ||G||Wg < ||F||W3 for every s > 0,
yields that, for x, y,y’ € X withd(y,y) < A, N > Oands = N + D + 1 with

N=N+D+1,
|[FONH)(x, y) — FOVH)(x, Y
< /X GOV (x. DBy (22 ¥) — B (20 )i (2)

< ||G||wg[d(yk’y/)]sfx vo:, 5

d(x, z))—ﬁ 1 d(y,z)?
A V(z, &) A2

< ||F||Wg[d(yk’y/)]sfx V(xl, 5

d(x,z))*f/ . (_Cd(y,z)2
Y Vi P 22

exp(—c )du(z)

)du(z).

On the other hand,

(1 + M)_N exp ( _ Cd(y, Z)z) < (1 n d(x, z)>—1§/(1

2
' " d(y, z)A -N d(y, 2)?
T e"p<_c 22 )
< (14 552) e (-0

) Birkhiuser
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Therefore,

1 d(x,z)\-N 1 d(y,z)?
/;(V(x,k)(1+ Fy ) V(z,k)eXp(_C 22 )d“(Z)

1 d(x, y)\—N 1
<
~ V(x,k)<1+ A ) /x Viz, A)

d(y, 2
(;)é) )du(z)

a1+ )

exp(—c

A

< 1 <1+d(x,y)>*"”
V(x,A) A
which implies (13).
The estimate (14) can be proved similarly.
This completes our proof. O

Lemma 2.7 Let ¢ € S(R) be an even function. Then for any N > 0 there exists Cn
such that

lp(tvH) (x, y)| < -

Cn )(1 d(x,y)>*N’ (15)

(x,t t

and

diy,y)19 1 d(x, -N
V) = a1 = [ T o (14 S

(16)

forallt >0andx,y,y € X withd(y,y') < .
Consequently, go(t\/ﬁ ) is bounded on LY (X).

Proof The inequality (15) was proved in [7]. Taking N > D, it follows that ¢ (1~/H)
is bounded on L' (X) since

! d@ NN
/XV(x,t)(H_ t ) du(x) S 1,

aslongas N > D.

We need only to prove (16).

Let ¢9 € C*°(R) supported in [0, 2] such that /o = 1 on [0, 1] and 0 < g < 1.
Set (1) = Yo(X) — Yo(2A) and ¥ (X) = w(2_jk) for j > 1. Then we have

> i) =1.2>0.

Jj=0

) Birkhduser
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Hence,

o(H) =Y v tVH)p(vH). (17)
Jj=0

By (14), for N > 0 we have

[0t/ HYp(tvH) (x, y) — Yot H)p(tvV H) (x, )|
d(y,y)78 1 d(x, y)\~N
5[ t ]V(x,t)<1+ t )

(18)

forallz > Oand x, y, y € X withd(y,y’) <.
Since supp ¥ C [1/2, 2], using (11) and (13), we have, for j > 1,¢ > 0,x,y,y €
X withd(y,y") <1,

[ (N H)p(NH) (x, y) — ¥tV H)p(tv H) (x, )|
d(y,y)18 1 d(x,y)\—N
5 verms 0+ 550)

2-Jt V(x,277t) 2=t
(12 iy
2](n+8) d

S [d(yty)]SV(x 1) ( = y))

1+

[
+(1+d(x y)) ]uh w2
(

- [d(y y )]521(”3)

d(x, y))
~ t Vi(x,t)

17 llw2.

where s = N +3n+2and h;(X) = }p()\)tp(Z_jk).
Since ¢ € SR), |14 lly2 < C,27/ 54D for every s > 0. As a consequence,

1Y N H)pNH) (x, y) — ¥tV H)p(tvVH) (x, )|

d(yt, y’)]5 V(i’ - (1 N d(xt, y)>*N’

<271

whenever d(y, y') < 1.
This, along with (17) and (18), implies that for each N > 0 there exists C such that

d(y.y)7P 1 d(x, y)\-N
Iw(tﬁ)(x,y)—w(tx/ﬁ)(x,y’)l§[ (yty)] e t)(1+ (xt y))

forallt > Oand x, y,y € X withd(y, y) <t.
This completes the proof. O

) Birkhiuser
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Remark 2.8 The results in Lemmas 2.5, 2.6 and 2.7 hold true if we replace H by L
since we do not use the assumption (H3) in the proofs.

Lemma 2.9 Assume that ¢(A) = )qub (1), where ¢ € S(R) is an even function. Then

we have

fx otV H)(x, y)du(y) = /X (NH)(y, x)du(y) =0

forallx € X andt > 0.

Proof Let ¢ ;j be the function as in the proof of Lemma 2.7 for j =0, 1,2, .... Then
we have

QUNH)f =Y ¥t H)pvH)f in L*(X)

Jj=0

for f € L*(X).
Let B = B(xp, R) forafixed xop € X and R > 0. Taking f = 1p,, then it follows
that

/B o H)(x, )dp(y) =) /B VvV H)p(vV H)(x, y)du(y) in L*(X).
& j=0" R
(19)

Arguing similarly to the proof of Lemma 2.7, we also yield that for any N > n and
j=0,1,2,..,

[ (N H)pVH) (x, y)| S 27

1 (1 d(x,y))—N.

Vx,t) t
Consequently,
_j 1 d(x, y)\=N
Z/ 1 V)V H) (e p)ldpn(y) S )2 f/ sog (1 ) dn
=07 Br =0 x V(x. 1) t (20)

S

~

This, together with (19), implies that

/B oV an) =Y
R

j>07B

Ui (N H)p(tvH) (x, y)du(y)
R

for x € X.
Using (20), and letting R — o0, the above identity deduces that

/X @V H)(x, y)dp(y) =Y /X V(v H)p(t~ H) (x, y)du(y)

Jj=0

Birkhauser
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for x € X.
It now suffices to prove

/X Vit H)p(VH) (x, y)du(y) =0

forx e Xand j =0,1,2,....
Indeed, since (1) = A2¢ (1), we have

‘/fj(f\/ﬁ)w(t\/ﬁ) =Gj(H)o [tZHe—tZH]’

where G (1) = "% (1A)p (11).
Therefore, due to Lemma 2.5, the upper bound of g;(x, y) and Fubini’s theorem,

/X ¥V H)e(tVH) (x, y)dp(y) = /X /X G (H)(x, 232 (z, y)dpr(z)du(y)

_ /X G . (H)(x. 2) /X G2 VAR ().

In addition, from the conservation property (H3), we immediately have

/X qr2(z, y)dp(y) =0,
which implies
/X ¥ V)V H) (x. y)dp(y) = 0.
This completes our proof. O

3 Inhomogeneous Besov Spaces B‘1”1 (X) and Atomic Decomposition

In this section, we will introduce the Besov space B?,l (X). Our approach relies on
the function spaces associated to the “Laplace-like” operator. This is motivated from
the classical case in which the classical Besov spaces can be viewed as Besov spaces
associated with the Laplacian. In our setting, under the three conditions (H1), (H2) and
(H3), the operator H satisfies important properties which are similar to the Laplacian
on the Euclidean space.
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3.1 Inhomogeneous Besov Spaces 8271 @x

Definition 3.1 The (inhomogeneous) Besov space B?I(X ) is defined as the set of
f € L'(X) such that

! dt
119, cx) = lle™ £y +/0 leHe™ ™ fll— < oo.

In the sequel we will show that the Besov space B?’I(X ) is independent of the
operator H. This is a reason why we do not include the operator H in the notation of
the Besov space.

Lemma 3.2 The inhomogeneous Besov space B?’] (X) is complete.
In order to prove Lemma 3.2 we need the following technical lemmas.

Lemma 3.3 Foreach1 < p < 0o, the space LP (X) is dense in inhomogeneous Besov
space B?,l(X). In fact, for each f € B?’I(X) and each 1 < p < oo, there exists a
sequence { fr} € L'(X) N LP(X) such that
1 fe = Fll+ 1 fe = Fllgo ) = 0 ask — oo.
Proof We first recall the following fact in [4]
lim le*® f — fl1 =0 for f € L'(X). 2D

s—0

Assume that f € B?’] (X). It follows that f € L'(X). For each n € N, define
fi=eky.

From the Gaussian upper bound condition (H1) and (3),

le™ % Fllp S cok™ Pl flln, p el o0),

which implies f; € LP(X) foreach 1 < p < oo.
Hence,

! d
17 = g 0 = 1€ = Pl + [ et o= P
By (21),

le (e — O SUfc— fli=lle 5 fF — £l = 0 ask — oo.
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Similarly,

ltLe " (fi — 1 = 0 ask — oo.

—sH

On the other hand, since e is bounded on Ll(X ), we have

ltHe " (fie — Ol < leHe " flly + lltHe™ fielly
=ltHe " £l + e/ (tHe T f)|
SleHe £y

1

In addition,

1 —tH 4y A
ltHe f”l_SHfHBO (X)"
0 t 1.1

By the Dominated Convergence Theorem,

1
dt
/ ||tHeftH(fk—f)||lT—>O as k — oo.
0
It follows that
||f—fk||B?1(X)—>0 as k — oo.

This, along with the fact that f; € L?(X) for each n € N and p € [1, 00), implies
that L?(X) is dense in B?,I(X) for each p € [1, 00).

This completes our proof. O
Lemma 3.4 Let Yo, ¥ be even functions such that suppvyo C {A : |A| < 2} and
suppy C {A:1/2 < |A| <2}, and

o0
YU =1 1reR
j=0

where Y;(L) = y(27/A), j=1,2,....
Then we have

Y YiWH)f = f in L'(X)

j=0
for f € B | (X).
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Proof Let f € BY(X). By Lemma 2.7, we have
Ivo(VH) £l = IWo(VH)e™ e It S lle™ fli1,
and for j > 1,
~ Y _H=2j
I, WD fl = |7V e )|
S ¥ He |,
where §/; (1) = 27223~ e ¥y ).
Note that for r € [272/72,272/],
2y ,—2"2H 27 _ionm H
272 ey = S e 0 (et ) |
SlieHe M )y,
which implies
2-2j dt
lv; (VH) £l sf  leHe M f i —.
2-2j-2 t

Therefore,

0 2-2j dt

S 1w WE I S e P f +Z/ eHe g e

2 2 9-2j-2 13

J=0 izl

(22)

1
_ _ dt
She ™ fln+) j/o ltHe ’Hful—t

j=1
<
~ ”f”B?_](X)'

It follows that there exists g € L'(X) such that

g=> Yj(VH)f inL'(X).

j=0

If f € L*(X), then by the spectral theory,

Y v WH)f = f in L2(X).

j=0

) Birkhduser
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Consequently, f = g for a.e.. Hence,

f=> v(VH)f inL'(X).

j=0

In general, for f € BIO’I(X), by Lemma 3.3 there exists a sequence { f;} C L*(X)
such that

If = Sl +Lf = fellgp — O ask — oo.

Similarly to (22),
H ‘ooo ViVH)(fi — ) Hl S e flpe x)-
j:
Hence,
Jim H i)wj(\/l‘])(fk - Hl — 0. o3
j=

We now write

S =Y WIS — o+ [ e S~ ]+ e £+ S

j=0 j=0 Jj=0

From (23),

Y Wi (VH)(f — fi) > 0 in L'(X) ask — oo.

=0
Since fy € L*(X) N B?}l (X), we have proved that
o
S Y WH) fi - fi =0 in L'(X) fork € N.
=0
In addition,
I fx — fllh > 0 ask — oo.
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Consequently,
Y v VL)f=f inL'(X)
j=0

forall f € BY | (X).
This completes our proof. O

Corollary 3.5 We have the following continuous embedding

B, = L'(X).
Proof Let Y, ¥ be even functions such that supp Yo C {A : [A] < 2} and suppy C
{A:1/2 <|A| <2},and

lej(x) =1, rAeR,
=0

where ¥;(A) = ¢(27/1), j=1,2,....
By Lemma 3.4,

Y v WH)f = f inL'(X)
j=0

for f € BY |(X).
It follows that

o
£l < Y Il (VH) £l
j=0
This, along with (22), implies that
11 S0 gy -

This completes our proof. O
We are now ready to prove Lemma 3.2.

Proof of Lemma 3.2 Assume that { f;} is a Cauchy sequence in B?,] (X). Hence, this
is also a Cauchy sequence in LY(X) since B?,l(X) — LYX). As a consequence,
fi — f € LY(X) for some f € L'(X). On the other hand, we have

—H —tH
le™ o1+ ltHe™ s S 1
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uniformly in # > 0.
Therefore,

—H —H
le ™ filli = e £l ask — oo,
and
ltHe ™ filly — lltHe ™ f|; as k — oo.

Since {fi} is a Cauchy sequence in B?’I(X ), for any € > 0 there exists N such that
form,k > N,

! d
le™ (fe = Fll +/0 eLe (g~ ol 2 <.

Fixing k, then using Fatou’s Lemma we have

1
_ _ dt
le ™ (i — Pl +/0 JeLe=" = P
. —H . . ! —tH dt
< lim |le”" (fx — fiwllh +liminf | |tLe™ " (fx — fu)lh1—
m—00 m—0o0  Jg t
< €.
It follows that
fe > f in B} [ (X).

This completes our proof. O

3.2 Atomic Decomposition

In order to establish atomic decomposition for the Besov space, we need another
Calder6n reproducing formula.

Proposition 3.6 Let ¢ be as in Lemma 2.4. Let € C;°(R) be an even function with
suppyy C (—1,1) and [ = 27. Let ® and V be the Fourier transforms of ¢ and
Y, respectively. Then we have, for [ € B?,l (X),

1/4
f:d>(2‘2«/ﬁ)\ll(2_2\/ﬁ)f—f (t«/ﬁ)qﬂ(r\/ﬁ)qz(t«/ﬁ)f%
0
(24)

1/4
—/ (t\/ﬁ)\ll’(t«/ﬁ)cb(t«/ﬁ)f%
0

in LY(X).
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Proof Similarly to the proof of Lemma 3.4, it suffices to prove the proposition for
feL*X)n B?’I(X). Observe that

174 coodt (A
/ (1) (W) (1z) — = fo (®W) (u)du
0

= O(z/4)W(z/4) — ®(0)¥(0)
= D (z/4)W(z/4) — 1,

which implies that

1/4 NL
1=®z/HV(z/4) —/ (t2) (W) (12)—
0
1/4 dt 1/4 dt
= CI>(z/4)\I/(z/4)—[0 (tz)d>’(tz)‘~lf(tz)7—/0 (tZ)\If/(tZ)CD(tZ)T-

This, along with spectral theory, yields

1/4
f=¢(2—2ﬁ)\y(2—2ﬁ)f—/ (t«/ﬁ)cb’(tx/ﬁ)\ll(tx/ﬁ)f%
0
(25)

1
—/ (t\/ﬁ)\ll’(t\/ﬁ)cb(t«/ﬁ)f?
0

in L2(X).
Set

FWH) = o(WH)WWH) — [/ t/H) ' ¢/H) W (1 H) 4
— [}V (VH) D (1VH) L

Then, by Lemma 3.9 and Corollary 3.5,

IFWHE IS I+ 115

f, ”f”B?’,(X)'
This implies that
FWH)f =g inL'(X)

for some g € LY(X).
This, in combination with (25), implies that f = g for a.e.. Therefore,

1
f= CD(VH)‘I’(VH)J‘—/ (WH)CD/(WH)‘I’(WH)f%
0
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1
—/ (tx/ﬁ)\ll’(t\/ﬁ)CD(t\/ﬁ)f? in L' (X)
0

for f € L*(X) N BY | (X).
This completes our proof. O

For any bounded Borel function ¢ defined on [0, co). We now define, for A > 0,

* VA
ROV = sup o ST

forall f e L'(X),x € Xandr > 0.

Definition 3.7 ([27]) Let (¢, @) be a pair of even functions in S(R). We say that the
pair (¢, ¢o) belongs to the class A(R) if

[po(X)| > O for |A| < 4e, |pX)| > Ofor €/4 < 1| < 4e (26)
for some € > 0, and
27201 € 8(10, 00)).

Arguing similarly to the proof of Therem 1.2 in [28], we have:

Lemma 3.8 Let (¢, @) be a pair of even functions in A(R). Then, for A > 2n, we
have

£ 180 ) ~ I @OEVEDflli+ ) gk @/ VE) £l

j=1
forall f € BY |(X).

Lemma3.9 Let (1) = )L2¢>(k) be an even function in S(R). Then, for . > 2n, we
have

! dt
f et VEDFI== S 1 F gy x)
0 )
Jorall f € BY | (X).
Proof Let v, ¥ be even functions such that supp Yo C {1 : |A| < 2}, suppy C {A:
1/2 < |A| =2} and

Yy =1, reR,
=0
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where ¥;(A) = ¥(27/1), j=1,2,....
Then we have

o(tVH) f =Y ;(VH)p(tVH) f 27)

j=0

forallt € (0, 1). . .
LetA > Oandlets € [27/0~! 27/0] for some jo > 0 and M > /2. We then have

eVH f = > ouVHW;NHf+ Y ouVH)Y(VH)f.
Jj=Jjo+1 0=j=jo

Set ¥ m(X) = (2772)72My; (). This, along with the fact that (1) = A%¢(R),
yields

uVH) f = Y 27MUDaVHYM ot Hyyj u(VH) f
J=jo+1
+ Y 2720 Dy VH)QIVH)YY (VH) £
0=<j<jo

By Lemma 2.7, foreach y € X and N > n,

ad o 1 d(y, —N-x
oV = Y 220 [t (1 SO g (VD @l

j=io+1 x V0.9

- 272(1'0*]')/ ! (1+d(y’Z))7N7A|v,b,~(«/ﬁ)f(z)ldu(z)~

0=j=Jo x VO, !

Using the inequality

(1+12) (1 202)

()

we obtain, for x, y € X,

VDI awg / L, d(y,z>)—w|w,,M(ﬁ>f(z)| o
v d@n/or ~ 2= VoD ' (1 dGx. /0
e 1 Ay NN [ (VD f (2]
2( ) J
+ 2 e /x T T7) U de oy @

0=j<jo

5 i 2_2M(j_j0) sup W

S T+ dir oy M@

J=jo+1

Y 220 g v, VH) f ()] ey

A
052 cex (I d(x.2)/1)

) Birkhduser
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Since t ~ 27/, for x, y € X we further simplify to that

lp(tvH) £ ()] Z = CM-1)(i~0) |wJM<f>f<z)|dM(Z)
(1 +d(x,y)/0)* "j et X (1 +27d(x, )
£y e Wf )f @) (2

s cex (1+27d(x, )

S 2 CMRGR) (g )t f o)

J=Jjo+1

+ ) 2T,

0=j=Jjo

which implies that for each x € X and r ~ 2770 € (0, 1),

UNH)f() S Y 2RO i Fe + Y 2720 D (gt f ().

J=Jjo+1 0=<j=jo

This, along with Lemma 3.8, implies that

2-Jo
/ ||¢Aw_)f||——zf IV 11

Jo=0
oo

Sy Y 2 CMERGE(yr ) £
Jo=0 j=jo+1
+ Y0 > 2720 ;£

Jo=00<j<jo

S MW il + Y Wi flh
Jj=1 Jj=0

S ”f”B?,l(X)’

provided that A > 2n.
This completes our proof. O

We now introduce the notion of atoms for the Besov space B(l) 1(X).

Definition 3.10 Let € > 0. A function a is said to be an e-atom if there exists a ball B
with rg < 1 such that

(i) supp a C B;
(i) Ja(x)| < V(B)™!;

(iif) Ja(x) —a(y)] < V(B)~! (d(x,y)> :

re
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@iv) /a(x)du(x) =0ifrg < 1.
Theorem 3.11 (a) Let f € L'(X). Then f € B?,I(X) if and only if there exist a

sequence of e-atoms {a} for some € > 0 and a sequence of numbers {A;} € 1" such
that

f=> %jaj inL'(X), (28)
j

and

£ 180, ) ~ DIl (29)
J

(b) In particular, if f € B?’l (X) supported in a ball B with rg = 1, then there exist a
sequence of e-atoms {a} supported in 3B for some € > 0 and a sequence of numbers
{Aj} such that (28) and (29) hold true.

Proof (a) Let @, ¥ be as in Lemma 3.6 such that

1/4 -
fF=oQ 2 VHVQ VH)f — / @(r«/ﬁ)\y(z\/ﬁ)f%
0

1/4~ dt
—/ \y(m/H)@(t\/ﬁ)fT
0

2—j+l

= dQ AVH)WQAVH) f + Z[—/ _ E)(tx/ﬁ)\ll(t«/ﬁ)f%
=3
27+ dt
- /  SaVmewE) Y
2-J
= fi+ f2

in L'(X), where ®(1) = Ad’(1) and U (1) = AW/ (L).
Moreover, according to Lemma 2.4, we have, for¢ > O and x, y € X,

supp FVH) (-, ) C{(x,y) € X x X :d(x,y) < 1}, (30)

and

|F(tvH)(x,y)| < 31)

C
V(x, 1)’
where F € {®, U, 5, \3}.
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We first decompose f] as follows:

fi= ) QAVH)[WQVH)f - 1g].

0eD,

For each Q € D, as in Remark 2.3, we set

sg = V(Q)( sup |\If(2*2~/ﬁ)f(y)l)

yeQ

and
ag = ch(z—zx/ﬁ)[(\lf(z‘zx/ﬁ)f) -1o]. (32)
SQ

It is clear that

fi= Z sgag.

0eD,
For the part f>, we write
00 2—j+l1 N dt
A=Y [—/  BVHY(YAVH)f - 10) =
. 2-j t
j=3 QEDj
2—Jj+1

—/ﬁ @(tﬁ)(@(tﬁ)folQ)i—t].

For each Q € D; with j > 3, we set

27/t dt 27+ dt
so=-V(Q) sup[/ | |W(r~/ﬁ)f<y>|7+/ﬁ @aVH F(I .

yeQ 2-J
and
1p 2" dt
agp = —[  BaVH(YAVE) f 1)
SQ 2-J t
2fj+1 - d[
+/  VVH)(QuVEH) f - 1Q)T]. (33)
2=J

Then we have

h= Z Z spag.

jZ3 QED_/'
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Therefore,

f=h+hHh=) > seap.

jZ2 QED_/

We next claim that ag is an atom for each Q € D;, j > 2. Indeed, for j = 2 we have

1
2000 = o fQ ®Q2VH) (. 1)U Q2 VH) F()du(y).

It follows, by (30) and Remark 2.3, that suppag C 3B(xo, 272 ¢ Bp := B(xg, 1).
Moreover, owing to (31),

1
2000l = /Q 2 2VH) (x, )| W@ 2VH) f()Idp(y)

1
— | |2 2 VH)(x, y)|d
SV(Q)/Ql Q@ 2VH) (x, )ldp(y)

<11
V() V(B

On the other hand, by Lemma 2.7,

1
lag(x) — ag()] < —/ 02 2VH)(x. y)
SQ Jo
— QT AVH) X, I WQRTAVH) f()ldu(y)
2 -2
< V(Q)/ |2 2VH)(x,y) — ®Q2VH) (X', y)|dp(y)

1 /d(x,x))
V(BQ)( - )

A

VBQ

whenever d(x, x") < rp, = 1.

Hence, ag is a multiple of an e-atom associated to the ball By for each Q € D;
with j = 2.

Arguing similarly to above, we can verify that for Q € Dj, j > 3, ag satisfies
(1)-(iii) in Definition 3.10 with the corresponding ball defined by BQ = B(xgp,2” .

The condition f ag(x)du(x) = 0 follows directly from Lemma 2.9 and the fact that

® and W are even and ED(O) = \TI(O) = 0. Hence, ag is a multiple of an e-atom
associated to By with € = § foreach Q € D;, j > 3.
It remains to show that

o0
< R
Y Isol S 11159, -

Jj=2 QeD;
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Indeed, from the definition of {sp}, we have, for A > 2D

D Isel S Y V(Q)inf W f(x)
0eD, 0€eDy ree

S /Q W f (0)dp(x)

0€eDy
~ 5 f -

It follows, by using Lemma 3.8, that

Y ol S, x)
0€Dy Y

We now show that

D 2 lsol Sl oy

Jj=3 QGDj
Indeed, for Q € D; with j > 3,

2—j+l1 2—j+1

d d
so=v@[ [ it waviswl o+ [T int eV e ]

2-J+l

e 2 dr
< [/2 _ ||‘1’(WH)if||L1(Q)T+/2 , ”q)(tVH);tf”L‘(Q)T]
—J —J

This, together with Lemma 3.9, implies that

1 1
> X ol £ [ WvaVED; S+ [ 10GVE fl fdi

jZl QEDj

< .
~ ||f||3?,1(x)‘

For the reverse direction, it suffices to prove that there exists C > 0 such that
1 dt
le™"ally + f lrHe ™ M al— < €
0

for every e-atom a.
Assume that a is an e-atom associated to a ball B. Since ||a||; < 1, we have

le=®ally < llally < 1.

~
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It remains to prove that

! dt
/ ltHe "Ha|,— < 1.
0 t
To do this, we write

4r% dt

4r12; H dt b
lallgo. cx) =/O ltHe™ a||L1(4B)T+/O ltHe™ a||L1(X\4B)T

1

dt

+/ ltHe "Hall,—

min{(4r3),1) t
=E|+ Ey+ Es.

For the second term E, using the Gaussian upper bound of g; (x, y),

d(B, X\4B)2>
t

ltHe ™ Mal| 1 x\ap) S exp ( —c llall

G

)

~Y
B

which implies E; < C.
To estimate the term E1, using the fact that

/ qr(x, y)du(y) =0,
X
we obtain

e Maln < [ | [ Gt n@o) - atndumanw.

By the smoothness condition of the atom a and the Gaussian upper bound of g; (x, y),

we have

~ _ < —
|/Bqt<x,y>(a<y) a(x»du(y)! ~VB) S Vix 1)
1 /1€
7w ()

t

which implies

[‘B‘fBZIIt(X, y)(a(y) _a(x))d“()’)’du(x) 5 (:/_Z)s

It follows that Ey < 1.

exp ( - cd(x’ y)2>(d(f71;y))€du(y)

Birkhauser



48 Page 30 0f47 Journal of Fourier Analysis and Applications (2023) 29:48

It remains to estimate E3. Note that if rp = 1, then E3 = 0. Hence, we need only
to consider the case rp < 1. Due to the cancellation property of the atom a, we have

e at = [ | [ @ - Texm)aeidum|anco
x4 ' JB

. /X\w ‘ /B (d(y«};CB))é V(x? un P ( - Cd(x;y)2)Ia(y)ldu(y)du(x)
S (:—’;)5||a||lfxﬁexp(_cﬂ“’“”2
)
< (%) .
It follows that E3 < 1.

This completes our proof of (a).
(b) Assume that supp f C B with rp = 1. Recall that in (a) we have proved that

=32 soao.

j:2 QEDj

)du«(x)

where {s¢} is a sequence of numbers satisfying (29) and {a ¢} is a sequence of e-atoms
defined by (32) and (33). From (30), (32) and (33), we have

f= 2 soag

10 0eD;:0n3 B2
and
suppag C 3B whenever O N %B # 0.

This completes the proof of (b). O

We now introduce a new variant of the inhomogeneous Besov spaces. For £ > 0,
the Besov space B?’f(X) is defined as the set of functions f € L'(X) such that

2

—H —tH 4y 41
= tH —.
11 goe ey == lle™™ 7 flhn +f0 e e flh=

When ¢ = 1, we simply write B?,l(X ).

Definition 3.12 Lete > 0 and £ > 0. A function « is said to be an (¢, £)-atom if there
exists a ball B such that

(i) supp a C B;
(i) la(x)| < V(B)™";
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(i) |a(x) —a(y)| < V(B)~! <d(x,y)> _

rp ’
@iv) /a(x)du(x) =0ifrg < £.

Using the approach in the proof of Theorem 3.11 and the scaling argument, we are
also able to prove the following theorem.

Theorem 3.13 Let £ > O and f € L'(X). Then f € B?’f(X) if and only if there exist

a sequence of (¢, £)-atoms {a;} for some € > 0 and a sequence of numbers {A ;} such
that

f=Y kxjaj. (34)
j

and

£ 150, ~ D21l (39)
J

In particular, if f € B?:f (X) supported in a ball B with rg = ¢, then there exist
a sequence of (€, £)-atoms {a}; supported in 3B for some € > 0 and a sequence of
numbers (A j} such that (34) and (35) hold true.
4 Proofs of Main Results

4.1 Proof of Theorem 1.4

We state the following results in which the proofs of Lemma 4.1 and Proposition 4.2
below are similar to those of Lemmas 3.4, 3.2, 3.3 and Corollary 3.5.

Lemma 4.1 Let  be an even function in S(R) such that supp C {1 :1/2 < |A| <
2}, and

D=1, 1>0,

JjEZ

where V(L) = Y7, jeZ
Then we have

D UL f=f inL'(X)

JEZ
for f € BY T (X).
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Pr(?position 4.2 The following properties hold true for the homogeneous Besov space
BYL(x).
1,1

(i) The homogeneous Besov space BO’L(X ) is complete.
1,1
(i1) The inclusion B?IL(X) — LY(X) is continuous.

(iii) Foreach p € [1, 00), the space L? (X) is dense in B?”IL(X).

Proposition 4.3 Let ¢ be as in Lemma 2.4 and let ® be the Fourier transforms of ¢.
Foreachm € N,

f= c/oo(zzL)me—’zLob(n/Z)f? in L'(X) (36)
0

00 dz1-1
for f € B)'[(X), where ¢ = [/ sze_z2¢(z)_z] -
, 0 Z

Proof Similarly to the proof of Lemma 3.4, it suffices to prove the proposition for
f e L2(X) N B?:f‘(X). By spectral theory,

Fec / (LY e Lo (/T I (37)
0

in L2(X).
On the other hand, from Lemma 2.7,

© o m L dt R S dt
A Y e B A (G e O T
© dt
< / I Le™ L £l =
0 t
This implies that
* - dt -
f (1*L)"e™! dD(t\/Z)szg in L1(X)
0

for some g € LY(X).
This, in combination with (37), implies that f = g for a.e.. Therefore,

f= cfoo(ﬂL)me*szqm\/Z)f? in L'(X)
0

for f € L2(X) N BT (X).
This completes our proof.
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Proof of Theorem 1.4: The proof of the atomic decomposition for functions f e
B?”IL(X ) is similar to that of Theorem 4.2 in [5] and the proof of Theorem 3.11.
Hence, we leave it to the interested reader.

For the reverse direction, it suffices to show that there exists C > 0 such that

o0 dt
/ ltLe " Fall;— < C
0 t

for every (L, M)-atom a.
Suppose that a is an (L, M)-atom associated with a ball B. Then we have

2
o0 _ dt "B _ dt o0 _ dt
/ ILe ’Lan]—:/ lltLe ’La||1—+/ ltLe™ Eall; —.
0 t 0 t r2 t
B

For the first term, we have

2 2

s dt s dt
/ jLe a2 = / te " Laly
0 t 0 t

2
"B dt
5/ tlalli—
0 1t

2
] dt
5/ tr;z—
0 t
<1
For the second term, using a = LMp,
> dt o dt
tLe "ta|— = tLYyM+le= 1Ly
/r% l ||1t /rg (L) leM+1
o dt
S / 11—
3 t
oo
< M dt
~ rlzg B tM+1
< 1.
This completes our proof. O

4.2 Proof of Theorem 1.6

We refer the reader to Sect. 2.1 for the index set Z, the family functions {4}, and the
family of balls { By }o which will be used in this section.
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Lemma 4.4 For each o € T and f € L'(X) we have

(xa) d
[ [ e = e v ] Faneo < v 69

Proof By (L2), we have

/X/Op(xa)z[
p(xa)?
I L, V(x1f><f£(y>>6

exp < (x )2

tHe M — tLe—’L](f%)(X))dt—tdu(X)

)I(f%)(y)ldu(y)—du(X)

Since p(y) ~ p(xq) forall y € By, we have

(xa()z
/Xfop [tHe—lH _tLe_TL](fwa)(x)’%dM(x)

_ p(xa)? 1
N/./o /V(xf)exP

dx, )2\ V1
_Cf>< o(x a)) |(fl/fa)(y)ldu(X)—du(y)

Using the fact that

b _dxy)? _
/)(V(x,ﬁ)eXp< “— )d“(x)wl’ (39)

we obtain that

/X/Opmﬂ [

tHe M — zLe—’L](fw(x)\?du(x)

PE)? o fE NS dt
< " “a
N/B/O (o) 10 v dn)

S/B I(fYa)D)dp(y)
S el

This completes our proof.
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Lemma4.5 Foreach f € L' (X) we have

p(xa)z L L dt
E / f ’tLE_[ FWa(x) — tLe™ (fre) (0) | —du(x) S |1 f -
7 X 0 f

(40)
Proof Denote
Tiw={B€I:B;NBs#W} and Tr, ={B€T:B;NBg =0},

where B = 4By, a € 1.
Observe that

tLe™"L f(x) e (x) — tLe B (f ) (x)
=> f @ (6, M) (Ve (d) = Vo) (f ) (AR (y).
B

BeL B

Then we write

Z/ /p(xa)2
acl xJo

d
L f@Ya () — tLe () )| diato)
p(xa)?
=Z// \Z/ 41 (x. ¥) (Ve ()
aez /X0 Bel Bg

d
) (P R )

p(xa)®
sgfxfo > fBﬂq,(x,y)(m)

BEIl.a

d
— ) PR o)

p(xa)?
+X%fxfo > /Bﬂqu,y)(wa(x)

13622,05

d
— V)Y@ T o)
= E1+ E.
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We estimate E first. Owing to Lemma 2.1 and the upper bound of ¢, (x, y), we have

_d@,y)P\d(x, y)
Z/Bﬂv(x i S b SUA I

Bl o
E d(x’ )7)2 \/;
< —
fﬂ V(x, /1) X p( ; )p(xa)l(ftlfﬁ)(y)ldu(y).

BT o
This implies that

p(xg)?

E1<ZZ//

a€l BeL) o

/Bﬁ Ve v T

d
I(flﬁﬂ)(y)ldu(y)—tdu(X)

(_C/d(x,y)2) a

t 0 (xXq
p(xa>2
M AP AN
ﬂEI ﬂ aejllg V(x \/—)
(_ ,d(x, y)? ) «/?

dt
d ’
; ; w(y)

where
Ji.g Z{OtEI:B:;ﬂB’B #+ @},

Since {171, is uniformly bounded in 8 € Z, using (39) we obtain

p(xa)z dt
2/;(/0 ‘tLe_th(x)l/fa(x) - tLe_tL(fllfa)(x) Tdﬂ(x)

p(xa)?
/ |(f1/fﬂ)()’)|—dH(Y)

,BeI Bg aeJlp

D A7 VAT

BeT

If B € 15 o, then Yo (y) = O for all y € Bg. Therefore,

,O(Xa)
B [ [T X [ et snom| T,
ael "¢

Belr o
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By the upper bound of ¢;(x, y) and the fact that d(x, y) > p(x,) whenever x €

By, y € Bg with B € 1 o, we further simplify to that

p(xa)?
EZS’Z/]%/O Z/B/,vu N

ael BELs o

d 2
(-2 )vfa(x)|(fw,s><y)|du<y>—du(x>

< poca)2
Z/ / Z /B Vi, d(x DI
(_c/d(x,y)z) ﬁ

t dx,y
p(xa)®
<
X;/B/o ﬂe; /B Vi, d(x T

(et

t
/O(Xo()
<
;;/,3/0 ;/ Vo

,d(x, Y)2 \/;
(-<=5)

t

d
|(fw,e)<y)|du<y>7tdu(x)

where

jzﬁ:{olGI:B&kﬂBﬁZ@}.

d
I(fwﬁ)(y)ldu(y)%du(x)

ﬁ|(f1/fﬂ)(y)|dﬂ(x)7tdﬂ(”,

Note that d(x, y) ~ d(x, xg) ~ d(x4, xg) whenever x € By,y € Bg witha €

J,p- Hence,
E<Z/ /(xa)z Z/
2NﬁeI wenp V(xﬂ,d(x xg)) eXp
d(xq,
(-~ txﬁ)) (ﬁ )I(flﬂﬂ)(y)ldu(x)—tdu(y)
P(Xa)
<
/g;/ / Z / V(xﬁ,d(x xg)) exp
o /d(xoz,xﬂ) \/_ di
(= p(xa)? )p( )'(fwﬁ)(y)'d/‘(x) L),
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On the other hand, invoking (5) we have

,d(xq, X,s)z) < P

eXp<_ p(xe)? /™ d(xa, xp)

ko

< _Pp) 1 d(xg, Xg)\ 511

Nd(xa,m( TN )
p(xg) \ T

S (d(xa,xlg)) ’

Therefore,

p(xa)
E, <
? Nﬁezzfgﬂfo / V(g d(x.%p) d(x *4)
( p(xp) )k(ﬁ \/f

|(fw,s)<y)|du<x)7’dmy)

d(xa,xlg) (*ar)
Z/ /’P(xa) /
ez !Bs 0 Vixg, d(x xg))
P(xp) \ g f dt
(26 p) (a)l(fw,s)(y)ldu(x) L)
1 0(XB) \ wrT dt
S Y)Y (x) —dp(y).
é Bg wedag / V(xg,d(x, xlg))(d(x,xﬁ)) p t

Since {Bg}ger is a finite overlapping family and Uye 7, , B« C X\ Bj, we also obtain
that

,O(Xﬁ) k0+l
Ey S < /;/ I(f‘ﬂﬂ)()’ﬂ/ V(x/g, d(x xﬂ)) <d(x xﬁ)> du(x)du(y)
<2 f (FUDOIRG)
BeT
Sl
This completes our proof. .

We are ready to give the proof of Theorem 1.6.

Proof of Theorem 1.6: We first prove that each function f € B 11 L (X) admits an atomic
decomposition as in the statement of the theorem.
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Indeed, we first observe that from Theorem 3.13,

p(a)® d o)’ d
/ IItHe””(fwa)lll—ZS // ‘[zHe*’”—zLe*’L](fwa)(x)‘—tdu(x)
0 t x Jo t

pxa)?
e[ [T et repae
X JO

d
1L ()| TZdu(X)

+ / / \tLe"Lf(xm(x)]ﬂdu(x).
x Jo t

By Lemmas 4.4 and 4.5, we have fy, € B?:f“ (X) with £, = €pp(x4)/3, where €
is the constant in Lemma 2.1. Therefore, we can write

e = Z)Lj,ozaj,aa
J

where a; 4 is an (€, £4)-atom associated to a ball B 4 C 3B, foreach j, and {A; o},
is a sequence of numbers satisfying

p(xa)? o dt
Zm,ug[ B el
. 0
J

Note that 3By = B(xy, €00 (xs)), by (5),

_ ko
p(xp,,) = C,lp(xa)(1+€) i,
which implies that

ko

3y = €0p(xa) < Cpeo(1 +€0)** p(xp; ).

ko
From (iii) in Lemma 2.1, Cpeo(1 + €p) *0*! < 1. Hence,

by = p(xB;,)-

Consequently, each a; 4 is also an (e, p(-)) atom associated to the ball B; 4.
Therefore, by Lemmas 4.4, 4.5 and (ii) in Proposition 4.2,

/= ZZ)\j,aaj,a
o«
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such that

p(xa)? J
ZZ Al < Z/X/o )[tHe*tH — tLe*fL](fwa)(x)’Tth(x)
a o
p(xe)? . ) u
+Z[X/o ’tLe_’ f) Yo (x) —tLe™’ (f%)(x)‘TdM(x)

> /X /0 et e Lanco

o0 d
SZIIf%II1+IIfII1+/X/O et | Fuo

SIFI+ 11300

< R
S 020

This completes the proof of the first direction.
For the reverse direction, it suffices to prove that there exists C > 0 such that

lall o ) < €

for every (e, p(-)) atom with some € > 0.
To do this, suppose that a is an (e, p(-)) atom associated with a ball B. Then we
write

4r123 dt 4rl23 dt
all so. = tLe 'Lqg ——i—/ tLe 'Lq —
lallgosao = [ ke alan T+ [ Le el S

OO —ry 4t
+ ) |tLe ally p = A1 + Ay + As.
4

T

For the second term Aj, using the Gaussian upper bound of ¢, (x, y),

d(B, X\3B)?
1L

ltLe™"allpix\3m) S exp ( —c

< (XY

which implies Ay < C.
To estimate the term A, observe that

lLeLallyigp < /3 B\ /X 4, V)@(y) — aE)dp () |dpa ()
+ [ ] @t nawduo|anco.
3B X
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By the smoothness condition of the atom a, we have

}/qt(x Pa0) ~adu)] 3 V(B) V()lc,t) e"p(‘cd(x}y)2>(d(f3y)) du(y)
iy

which implies

[ ][ @@ - awndian|anco < (L) (41)
3B'JX B
Invoking the condition (II) to give

LY )

\ /X qi(x, y)a(x)du(y)( S la(x)'(m p(x)

This, along with (41), implies that

A< /4’3 (%)Gdt /4’ /|a(x)| p*(/;))a(w%)_’(du(x)?

VK dt
< -
H/ '“(x)'/ p(x) p<x>) ;)
<1+ / () dp(x)
X
<1

It remains to estimate A3. To do this, we consider two cases.
Case1: 0 < rg < p(xp)
Due to the cancellation property of the atom a, we have

ltLe " "all; = /X‘/w (q:(x. y) —qz(x,xs))a(y)du(y)‘du(x)

s /X ‘ /3Q (d()l};B))a V(xle/f) exp ( S ty)2)|a(y)|du(y)du(X)
2

() s [ v e (- S Jaweo

<('BY

<(2y.

It follows that A3 < 1.
Case2:rg > p(xp)
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Observe that by (5), for z € 3B,

d )
p(@)  plam) (14 S22

=TB.

<
o(x B)p(x )

This, together with (L1), yields that
ltLe Lall; =/ ‘/ qz(x,y)a(y)du(y)‘dx
x ' J3B

< PN 1 _dx,y)?
N// ( t) V(x J_)exp< € )Id(y)ldu(y)du(x)

I L, (rBt Vi, f) w0 (=25 a0y
< () tal
(7

It follows that A3 < 1.
This completes our proof. O

5 Application to Boundedness of Riesz Transforms Associated to
Schrédinger Operators on R"

In this section, we show the boundedness of the Riesz transforms associated to
Schrodinger operators L = —A + V on R” on the new Besov space B?IL ®R"Y). It
is worth noticing that although we restrict ourselves to consider the Schrodinger oper-
ators on R", our approach works well in more general setting including settings listed
in Remark 1.1.

Let L = —A + V be a Schrodinger operator on R*, n > 3 with V. € RH,>. Our
main result in this section is the following theorem.

Theorem 5.1 The Riesz transform VL~/2 is bounded from B?”IL(R") to B?l (R™).

We would like to remark that in the classical case, the Riesz transform V(—A)’]/ 2
is bounded on the classical Besov spaces B?’l (R™). See for example [6, Proposition
2.4]. In the setting of Theorem 5.1, we have a better estimates for the Riesz transform
VL~"/2 since by Theorem 3.13, BY |(R") < B{"{"(R"). Therefore, as a consequence
of Theorems 3.13 and 5.1, we have:

Corollary 5.2 The Riesz transform V' L~'/2 is bounded on B?,I(R”).

In order to prove Theorem 5.1 we need the following technical lemma.
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Lemma 5.3 Let a be an (L, M) atom associated with a ball B with M > 1. Then for
o € (0, 1), we have

—2 1/p—1
IL%ll, < rg|B|MP

forevery p € [1, oo].

Proof We have

o ds
L% = c/ sl=pe™slg =
0

s

B ds o ds

:/ sl—ae—.cLLa_+/ sl—aLe—sLa_,

0 s r% s
which implies

5 | I ds o L ds
IL%all 5/ s e ||p—>p||La||p_+/ s NsLe™ "l p—pllally—
0 s r% s

2

"B ds * ds

1- - —sL
5/ s a||La||p_+/ sTsLe ™ |l pspllall ,—
0 § ’Zz N

2
T _ ds o ds
SJ\/ Sl—arBZ|B|l/p—l +f S—Ot|B|l/p—1
0 s r% s
-2 1/p—1
Srp Bl

O

Proof of Theorem 5.1: Let a be an (L, M) atom associated to a ball B. It suffices to
prove that

172 . Y  AAg =172 ﬂ<1
VL a”B?l(R") = o l1(=A)e' VL alllt ~ L

To do this, we write

4r12; dt 4r§, dt
:/o “t(_A)etAVL_l/za||L1(4B)T +/0 ”t(_A)e[AVL_l/za”Ll(]R"\4B)T

* A —1/2, Al
+ lt(=A)e'“VL alli—
4r12g t

= E1 + Ey + Ej.
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Using the L"-boundedness of V2L~ (see [2]), we have

It (=) 2V L™ 2a| 1 4py < t(=A)e' VL™ a1 ap)| B
S NeVe VAL 2al| 1r gy BIVT
S VeV A o V2L o I L 2all | BT

G

~Y
B

It follows that Eq < 1.
For the term E3 we have, fora = Lb,

l1(=A)e AVL™2a)y = [t V(=A)e' 2L b]|,
< [tV (=A)e X s I

< I'B

N\/;v

which implies that E3 < 1.
It remains to estimate E>. To do this, we use the following formula

00
L—l/2 — C/ s3/2Le—sLﬂ
0 N

so that

[e¢)
d
H(—A)e'SVL 12 = cf 12— MY Y Lol DS
0 N

! 3/2 tAw —sL ds
=c ts?’“(—=A)e'“Ve " (La)—
0 S
o ds
+ c/ ts32Ve! AV Le g =,
t S
It follows that
Ay —1/2 ' 3/2 tA ,—sL ds
[t(=A)e' VL™ Zally S | ts77l[(=A)e' Ve (La)||1?
0
o0
d
+/ ts3/2||Ve’AV2Le_SLa||1—S.
t S
On the other hand, we have

[(=A)e'2Ve E(La)lly < I(=A)e"* 11 1Ve ™ Eli -1l Lally
1

5 —’
\/Etré
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and
IVe'*V2Le™  ally < [|Ve' 1o IVPL ™ e 11| Ll
< W a € (0,1/2).
Therefore,

13 o o

_ s ds Jt ds t t
t(—=A)e' VL™ 2q]|, 5/ B E I 3’
07g S t “s g g

which implies that

gy dr _
Ey < (— ) <
2~/0 2+2a P~

g

It was proved in [12, 22] that there exists 8 > O such that

x=y©
/ WV pr(x, y)leP 7 dx+/ V2 py(x, )P <1,

This completes our proof. O
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