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Abstract

The paper deals with the problem under which conditions for the parameters s, s2 € R,
1 < p,q1,q2 < oo the Fourier transform F is a nuclear mapping from Aj';,q, (R™)
into A;,%qz (R™), where A € {B, F} stands for a space of Besov or Triebel-Lizorkin
type, and n € N. It extends the recent paper ‘Mapping properties of Fourier trans-
forms’ (Triebel in Z Anal Anwend 41(1/2):133-152, https://doi.org/10.4171/ZAA/
1697, 2022) by the third-named author, where the compactness of F acting in the
same type of spaces was studied.

Keywords Fourier transform - Nuclear operators - Besov spaces - Triebel-Lizorkin
spaces
1 Introduction

Let JF be the classical Fourier transform, extended in the usual way to S’(R"), n € N.
The mapping properties

FS®R") =S®R"), FS®R"Y =S8R, (1.1)
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and

1 1
FiLyR) > Ly®RY), 1<p=<2, —+—=1 FL®R") =LyR"),

p /
(1.2)
are cornerstones of Fourier analysis. These basic assertions have been complemented
in [25] covering in particular the following observation. Let A‘;’ q (R™) with

Ae{B,F}, 1<p,qi,q2 <00 and s1€R, s €R, (1.3)

be the usual function spaces of Besov and Triebel-Lizorkin type. We denote

d;=2n<%—%>, l<p<oo, neN, (1.4)
and introduce
r;+ = max (0, d;’,) and 7,';_ = min(0, df,). (1.5)
Then
Fi AL, R AR, (R (1.6)

is compact if

both 51 > r[’,H' and s7 < r['j_ . 1.7)
If (independently)
either s; <"t  or s3> 1", (1.8)

p
then there is no continuous embedding of type (1.6). We refer to Fig. 1 below for some
diagram. It was one of the main aims of [25] to deal with the degree of compactness
of F in (1.6) in case of (1.7), expressed in terms of entropy numbers. In the present
paper we look for conditions ensuring that the mapping F in (1.6) is nuclear. Recall
that a linear continuous mapping 7 : A < B from the Banach space A into the
Banach space B is called nuclear if it can be represented as

Tf=Y (fia)be. {a}) CA'. {b)C B, (1.9)
k=1

such that > -22 |lag |A’|| - |bx| B|| is finite, where A’ is the dual of A. In particular, any
nuclear mapping is compact. We refer to Sect. 3.1 for further details and some history
of the topic.

Our main result is Theorem 3.4 characterising in particular under which conditions
the compact mapping (1.6) under the assumptions (1.7) is nuclear. We refer to Fig.3
below for some illustration.

The paper is organised as follows. In Sect.2 we collect definitions and some
ingredients. This includes wavelet characterisations and weighted generalisations
A;,, q (R, wy) of the above unweighted spaces A;,’ q (R™), where the function wy (x) =
(1+1x|»)*/2, o € R, is a so-called ‘admissible’ weight. In Sect. 3 we recall first some
already known properties about nuclear embeddings between these spaces and prove
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Theorem 3.4. This will be complemented by related assertions for some limiting cases.
Finally, in Sect.4 we collect some more or less immediate consequences when F is
considered as a mapping between weighted spaces of type A‘;, q R, wy).

2 Definitions and Ingredients
2.1 Definitions and Some Basic Properties

We use standard notation. Let N be the collection of all natural numbers and
No = N U {0}. Let R” be the Euclidean n-space where n € N. Put R = R!. Let
S(R™) be the Schwartz space of all complex-valued rapidly decreasing infinitely dif-
ferentiable functions on R” and let S’ (R™) be the dual space consisting of all tempered
distributions on R". Furthermore, L ,(R") with 0 < p < 00, is the standard complex
quasi-Banach space with respect to the Lebesgue measure, quasi-normed by

1/
171 @01 = ( [ 1rcor ax)”” @.1)

with the obvious modification if p = co. As usual, Z is the collection of all integers;
and Z", n € N, denotes the lattice of all points m = (my, ..., m,) € R" withmy € Z
foranyk =1,...,n.

If ¢ € S(R"), then

PE) = (Fo) () = 2n)™/? f e o(x)dx, £eR", (22)

R)‘l

denotes the Fourier transform of ¢. As usual, 7~ '¢ and ¢" stand for the inverse
Fourier transform, given by the right-hand side of (2.2) with i in place of —i. Here
x& stands for the scalar product in R”. Both F and F~! are extended to S’(R") in the
standard way, i.e.,

FHW) = fFY), if feS®R) and ¢ € SR,

and similarly for F~!. Let g9 € S(R") with

po(x) =11if [x] <1 and ¢o(x) =0if |x|>3/2, 2.3)
and let
oc(x) = o2 x) —@o2*F1x), xeR", keN. (2.4)
Since
o0
Y pjx)y=1 for xeR", (2.5)
j=0

o ={p; };?OZO forms a smooth dyadic resolution of unity. Moreover, it follows from the
Paley—Wiener—Schwartz theorem that the Fourier transform of the distribution ¢, fas
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well as its inverse Fourier transform are entire analytic functions for any f € S'(R").
So the expression (¢; f)¥ (x) makes sense pointwise in R”.

Definition 2.1 Let ¢ = {¢ j};?ozo be the above dyadic resolution of unity. Let s € R,
0<g < oo

(i) Let0 < p < co. Then By, ,(R") is the collection of all f € S’(R™) such that
s n = js o\ ny |4 1/a
1718 @Dl = (32279 (0, DY 1L, &) 2.6)
j=0

is finite (with the usual modification if g = 00).
(ii) Let0 < p < oo. Then F ;y q(R”) is the collection of all f € S’(R") such that

115 @1 = | (271w Y o) 1L, @)

Jj=0

2.7)

is finite (with the usual modification if g = 00).

Remark 2.2 These well-known inhomogeneous spaces are independent of the above
resolution of unity ¢ according to (2.3)-(2.5) in the sense of equivalent quasi-norms.
This justifies the omission of the subscript ¢ in (2.6), (2.7) in the sequel. Let us mention
here, in particular, the series of monographs [20-22, 24], where also one finds further
historical references, explanations and discussions. The above restrictionto p < oo in
case of F, . (R") is the usual one, though many important results could be extended to
F, q (R™), cf. [24] for the definition and properties of the spaces as well as historical
remarks. Here we stick to the above setting.

As usual we write A‘;)’ q (R™), A € {B, F}, if the related assertion applies equally to
the B-spaces B), , (R") and the F-spaces F, , (R"). We deal mainly with the B-spaces.
The F-spaces can often be incorporated in related assertions using the continuous
embeddings

BS

p,min(p,q)(Rn) — F;,q(Rn) — B R™), 2.8)

p.max(p,q)

s €R,0 < p < 00,0 <g < 00.Occasionally we use also Sobolev-type embeddings
for F;,q(R”) spaces: If 0 < p; < p2 < 00,0 < g1, g2 < oo and s1, 57 € R, then
Fpl g ®Y) = F2 (R (2.9)
provided that s; — % > 59 — %. Let
wex) =1+ [xH)%?, xeR", ack. (2.10)
Then I,
L fr (wef) = wef¥)", feS®RY, ackR, (2.11)
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is a lift in the spaces As (R”) seR,0< p<o0,0< g < oo, mapping A;,q(R")
isomorphically onto AS O‘(IR”)

Iy A, (R") = ASE(RY), || )AL SR ~ | £ A, RY],  (2.12)

equivalent quasi-norms, see [24, Theorem 1.22, p. 16] and the references given there.
Of interest for us will be the Sobolev spaces (also called fractional Sobolev spaces or
Bessel potential spaces)

H,(R") =F,,(R"), seR, 1<p<oo, (2.13)
their Littlewood—Paley characterisations and
IHSR") = Ly(R"),  [[(ws )Y |L, R = | f [H5 R (2.14)

Remark 2.3 For our arguments below we need the weighted counterparts of the spaces
Ai,’ q(R") as introduced in Definition 2.1. Let s, p, g be as there and let w, be the
weight according to (2.10). Then A;,, q(R”, wy) is the collection of all f € S'(R")
such that (2.6), (2.7) with L ,(R", wg) in place of L ,(R") is finite. Here L ,(R", wg)
is the complex quasi-Banach space quasi-normed by

IfILpRY, w)ll = lwa f IL,RM]I,  0<p=o0, aelR (2.15)

These spaces have some remarkable properties which will be of some use for us later
on, see also [11] and [5, Sect. 4.2]. In particular, for all spaces f > wqy f is an
isomorphic mapping,

lwa f 1A RO~ N f 1A} R, w)ll,  «€R, (2.16)

and for all spaces the lifting (2.12) can be extended from the unweighted spaces to
their weighted counterparts,

I A%, (R", wg) = AS 2 (R, wg),

AU s—aon N (2.17)

(e £)YAY 7R, wp)ll ~ I f 1A}, (R, wp)ll,
a € R, B € R. Both (substantial) assertions are covered by [22, Theorem 6.5, pp. 265—
266] and the references given there. Note that weights of type w,, given by (2.10) are
also special Muckenhoupt weights when o > —n.

2.2 Wavelet Characterisations

Our arguments below rely on wavelet representations for some (unweighted) B-spaces.
Here we collect what we need and refer to the standard monographs for this topic [4,
13, 14, 26], where one can find related definitions and explanations. We will follow the
notation used in [24, Sect. 1.2.1, pp.7-10]. Further remarks concerning wavelets in
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Besov and Triebel-Lizorkin spaces can be found in [22, Chap. 3] with a short summary
given in [22, Sect. 1.7].

As usual, C*(R) with u € N collects all bounded complex-valued continuous
functions on R having continuous bounded derivatives up to order u inclusively. Let

Yr € C*"(R), Yy e C'R), wuel, (2.18)
be real compactly supported Daubechies wavelets with || r L2 (R) || = ||[Yuy |L2(R)| =
1 and

/RwM(x) xVdx =0 forall veNy with v <u. (2.19)
This means, in particular, that the functions
YEa@) = Yr(x — k), Y @) =272y, @Ix — k), keZ jeN,
form an orthonormal basis in L (R). Let n € N and, when j = 0, let
G = (Gi.....Gy) € G* = {(F, M}", (2.20)
which means that G, is either F or M. Furthermore, for j € N, let

G=(Gi,....,Gp) € G/ =[F,M}™, jeN, 2.21)

which means that G, is either F or M, where * indicates that at least one of the
components of G must be an M. Note that the parameter j indicates that we take
different sets G’/ incase of j =0 and j € N. Let

n
Ve wm@ =]]v6 @5 —m)., GeG/, mez" (2.22)
=1

x € R", where (now) j € Ny. Then
{2772yl . jeNo, GeGl, mer") (2.23)
is an orthonormal basis in L, (R"). Let
1<p,g <0 and s e€R. (2.24)

Letu € Nbesuchthat|s| < u,recall (2.18). Then f € B[S,’q (R™) can be represented

as
=353 ST 2wl ) Ve (2.25)

Jj=0GeGJ meZ"

Birkhauser



Journal of Fourier Analysis and Applications (2023) 29:38 Page 7 of 28 38

unconditional convergence being in S’ (R"), with

1/q

I f 1B, (R ~ (Zz“‘ ED OIS meW’)q/P) . (2.26)

GeG/ meZn

where the equivalence constants are independent of f, with the usual modification
if max(p, g) = oo, cf. [22, Theorem 3.5] and [24, Sect. 1.2.1]. If max(p, q¢) < oo,
then the series in (2.25) converges unconditionally in terms of the convergence in
Bv (R") hence also in terms of the convergence in 8’ (R"). Furthermore (2.23) is a
bas1s in B IV, R™) if max(p, g) < oo. From (2.26), (2.8) and the orthonormality of
the system (2 23) it follows that

W A4S RO ~27C7D jeNy, meZ', GeGl,  (227)

1 <p,g=<oo,seR Ae{B,F}(withp < ocowhen A = F), where the equivalence
constants can be chosen independently of j, G, m.

2.3 Mappings

We recall some mapping properties of the Fourier transform F obtained in [25]. This
covers also (more or less) what has already been said in the Introduction, (1.3)—(1.8).
Letn e N,1 < p < ooands € R. We use the notation

1 1
d;=2n<———>, l<p<oo, neN, (2.28)
p 2
and define
+ _ - _ .
‘L';,l = max(0, d;‘,) and rl',’ = min(0, d;,’). (2.29)
We denote by
L,(R") if 2<p<o0,s=0,
X;(]R") = stzp(Rn) if 2<p<o0,s5s>0,
B;’p(R") if l<p<2,s>4d?,
and

B;’p(R”) if 2<p<oo,s=<d?
Y;(IR{") =B, ,R") if 1<p=<2,5s<0,
L,RY) if 1<p=<2,s=0.
For convenience, we have sketched in the usual (l, s)-diagram in Fig. 1 below the
corresponding areas for the definition of X7, and Y, indicating the space By, ,(R") by

its parameters s and p, neglecting q.
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We collect what is already known about the continuity and compactness of the map
F Xy (RY) < YRR,

Theorem 2.4 ([25]) Let 1 < p < o0, s1€ R, 52 € R and rl’,”‘, 1:[’,1_ be given by (2.29)
with (2.28).

(1) Then
F: XP®R") > Y2(R") with s; = 1) and sy < 1))~ (2.30)
is continuous. This mapping is even compact if, and only if, both s; > r[’,l"' and

5y < ‘L';,l_.
(ii) Furthermore, if there is a continuous mapping

F: B (R") = B2 (R"), (2.31)
Fig.1 Parameter areas for the
definition of spaces X ;, and Y; S
and their continuous embedding
S1
(2.31). Bp,p
Spfrmmrm e (%]
S8= dy
X5 ¥
p ',
4
/4
_ n+
s=T1p14
I e
/
/
/
1 3 1
L/ 1 1
2
2 ¥ i -
4 1
’ p
,
’
,
’
’
,
’
”
Vg — o
/ S = Tp
’
K4
S9 ",l """"""""""" ‘g
L4 S2
—nl Bp,p
S
Y,
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then both s; > tﬁ* and sy < T)”.
Remark 2.5 These assertions are covered by [25, Theorem 3.2, Corollary 3.3]. There
one also finds results about the entropy numbers e (F), k € N, of F which further
characterise the ‘degree of compactness’, cf. [25, Theorem 4.8].

Corollary 2.6 Let1 < p < 00,0 <q1,q» <00, 51,52 € R Let A € {B, F}. Then

f AS] (Rn) N A.Yz

Pt 7R (2.32)

and sy < 11','_.
then there is no continuous map (2.32).

is compact if both s1 > 1’1’;

Ifsi <tyForsy>1)",
Proof This is an immediate consequence of Theorem 2.4 together with the elementary
embeddings A‘;Jr;l (R") = By, ,(R") = A" (R"), & > 0.1f 51 > 1:;,1+ and 57 <

—,then one can choose & > Osuchthats1 =] —e > 7:;’+ andsz =S5+ < ‘L’ —.So

by the elementary embeddings A’} pg R") — B ».p(R") and B p(R") — A% g R™)
the operator (2.32) can be factorised through the compact operator

F: B, (R") < B2 (R"). (2.33)

On the other hand, if 51 < rl’j*' and the operator (2.32) is continuous, then we can
choose ¢ > O such that §] = s1 +¢& < r[’,l+. If we also put 53 = s» — ¢, then by the
elementary embeddings the operator (2.33) can be factorised through the continuous
operator (2.32). This contradicts the second statement of Theorem 2.4. A similar

argument works if s > 7).

The above result shows that s; = ‘L';l+ and s = r;’ are natural barriers if one
wishes to study continuous and compact mappings of type (2.32). The observation
justifies (1.6)—(1.8). It also implies that the compactness restrictions s1 > r;Jr and
52 < 7,'1',’_ in what follows are natural. We complement the above assertion in Sect. 3.3

where we shall also deal with the limiting cases p = 1 and p = co.

3 Nuclear Mappings
3.1 Preliminaries
A linear continuous mapping 7 : A — B from the (complex) Banach space A into
the (complex) Banach space B is called nuclear if it can be represented as
oo
Tf =Y (f.ap)bx. la} C A {b} CB, 3.1)
k=1

Birkhauser



38 Page100f28 Journal of Fourier Analysis and Applications (2023) 29:38

such that ;2 | [la;|A’[| - |bk| B is finite. Here A’ is the dual of A. Then

o)
IT N (A, B)|| = inf ) llag|All - 1be| BI (3.2)

k=1

is the related nuclear norm, where the infimum is taken over all representations (3.1).
In particular any nuclear mapping is compact. The collection of all nuclear mappings
between complex Banach spaces is a symmetric operator ideal, see [16, 8.2.6, p. 108],
[17, p.280]. Here symmetric means that 7’ : B’ < A’ isnuclearif T : A < B is
nuclear.

Remark 3.1 Grothendieck introduced the concept of nuclearity in [7] more than 60
years ago. It provided the basis for many famous developments in functional analy-
sis afterwards, we refer to [16], and, in particular, to [17] for further historic details.
In Hilbert spaces Hy, H», the nuclear operators N'(H;, H>) coincide with the trace
class S1(Hi, H»), consisting of those 7" with singular numbers (s (7))ken € £1. It
follows directly from the definition that nuclear operators can be approximated by
finite-rank operators. However, it is well known from the remarkable Enflo result [6]
that there are compact operators between Banach spaces which cannot be approxi-
mated by finite-rank operators. This led to a number of—meanwhile well-established
and famous—methods to circumvent this difficulty and find alternative ways to ‘mea-
sure’ the compactness or ‘degree’ of compactness of an operator, e.g. the asymptotic
behaviour of its approximation or entropy numbers. In all these problems, the decom-
position of a given compact operator into a series is an essential proof technique. It
turns out that in many of the recent contributions [2, 3, 8, 10, 23] studying nuclearity,
a key tool in the arguments are new decomposition techniques as well, adapted to the
different spaces. This is also our intention now.

In addition to the tools described above we will rely on the following two observa-
tions about nuclear embeddings between function spaces.

Let 2 be a bounded Lipschitz domain in R”, n € N, (bounded interval if n = 1).
Then AS q(Q) is, as usual, the restriction of the spaces A (]R”) as introduced in
Deﬁmtlon 2.1 and Remark 2.2.

Proposition 3.2 Ler
1< pl,p2,q1,q2 <00 and s €R, s eR. 3.3)

(1) The embedding

id : Aj,}l 7 (&) — Ap2 7 (&) (3.4
is compact, if, and only if,
1 1
s1—spy>nmax | ———,0]). 3.5)
pr1 P2
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@
=
—
2
S~—
N
N
N
SiE

S1 """t

compact

S1—n

Fig.2 Parameter areas for the compactness and nuclearity of embedding (3.4).
(ii) The embedding (3.4) is nuclear if, and only if,
1 1
si—sy>n—nmax | —— —,0]. 3.6)

The classical condition (3.5) can be found e.g. in [5, p. 60]. Part (ii) of the proposition
was proved in [23, Theorem, p.3039], clarifying some limiting cases compared with
what was already known before, cf. [15, 18]. In [10] we also dealt with the situations
p = 1 and p = oo. Let us briefly illustrate the situation in Figure 2 above. This has
to be understood in the sense that for a fixed source space A}, 4, (), that is, given
parameters s1, p1 (and g1 hidden), we indicate the area of parameters s, and p; (and g2
hidden again) such that the embedding id, given by (3.4), in the corresponding target
space Af,zz,qz (£2) is compact or nuclear, respectively.

Secondly we need the counterpart of this result for weighted spaces A;,’ q R, wy)
as introduced in Remark 2.3 with wy as in (2.10). Let p1, p2, g1, g2 and s1, 52 be as
in (3.3). Let —00 < ap < a1 < 0o. We consider the embedding

idy : A;}IJII R", wy,) — A;}z’qz(R", Wq,) where o =oa; —a2 >0, (3.7)

extended to the indicated limiting cases 1 and oo for the parameters pi, p2, g1 and ¢».

Proposition3.3 Ler 1 < p; < oo, 1 < py < oo (with p» < oo for F-spaces),
1 <qg1,q2<00,s1,2 €R anda =a; —az > 0.

) Birkhduser
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(1) idy given by (3.7) is compact if, and only if,

1 1 1 1
a>nmax<———,0> and sl—sz>nmax(———,0). 3.8)
P2 D1 P1 p2

(i) idy given by (3.7) is nuclear if, and only if,

1 1 1 1
a>n+nmin<———,0) and sl—sz>n+nmin<———,0>.
P2 D1 rPr P2
3.9)

For the compactness result (i) we refer to [22, Prop. 6.29], [11, Thm. 2.3], [5, Thm.
and Rem. 4.2.3] (in the context of so-called admissible weights) and [9, Prop. 2.8]
(in the context of Muckenhoupt weights). The nuclearity part (ii) is covered by [10,
Theorem 3.12, p. 14] combined with the lifting (2.17), see also [10, Cor. 3.15, p.22].

3.2 Main Assertion

We first restrict ourselves to the non-limiting situation, that is, we assume 1 < p, g <
oo. We consider the limiting cases when p, g € {1, oo} in Sect. 3.3 below. Let s € R.
Then

A5 (R"Y = AT (RY) l+i:l+l:1 (3.10)

p.q Pq ’ p / q 61/ ’

is the well-known duality in the framework of the dual pairing (S R", S ’(]R”)), cf.
[20, Theorem 2.11.2, p. 178]. Let F be the Fourier transform as introduced in Sect. 2.1
andlet F f € Ai,’ q (R™) be expanded according to (2.25). Then

FF=3"% S 2NEL AL Ve

j=0 GeGJ meZ"

= Z Z Z 2jn(f"7:w(];z‘m>w(j},m
j=0

j GeGJ meZl

(3.11)

follows from F' = F in the context of the dual pairing (S ®RM), S (R”)) and
(Ff, wé’m) = (f, flﬁ(j;’m> what can be justified by (3.10) and the properties of

the wavelets w(j; me
Our main result in this paper reads as follows.

Theorem3.4 Let1 < p,q1,q2 < o0 andlet sy € R, so € R. Then

Fio A (R") < A2 (R") (3.12)

Birkhauser
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is nuclear if, and only if, both

o and sy <
Ffor 2<p<oo, —n for 2 <p < oo.

(3.13)

:n for 1<p<2, (-1 for 1<p<2,
s > p

Remark 3.5 Note that (3.13) can also be written as s > n — rZ,Jr and sp < —n — t;,_

with t;‘f’ and 7, asin (2.29) with (2.28), replacing p by p’ and using % +L=1.We
return to this ogservation in Remark 3.6 below. There one also finds some illustration
of the corresponding parameter areas in Fig.3. This discussion will be extended in
Remark 3.15 to the limiting cases p = 1 and p = oo where compactness and nuclearity
coincide.

Proof Step 1 First we prove that (3.13) ensures that F in (3.12) is nuclear. We choose
51,52 € R such that s1 > §7 > nmin{l, %} and s < 53 < —nmin{l, %} Then by
elementary embeddings (monotonicity of the spaces A}, / (R") with respect to s) and
(2.13) the operator (3.12) can be factorised in the following way,

~ F o~
A RY) = HJ(R") < HPR") — A}, (R").

Thus, by the ideal property of A, it is sufficient to prove that the operator
Fi HJ}R") <~ HZR"), 1 <p<oo, (3.14)

is nuclear if the conditions (3.13) hold. We recall that H ; (R™) are the Sobolev spaces
according to (2.13), (2.14), normed by

L IH R = [[(ws )Y ILpRD],  1<p<oo, seR, (3.15)

with wy(x) = (1 + [x]?)%/2, x € R".
Step 2Let 1 < p < 2. Werely on (3.11). By (2.27) one has the following equiva-
lence ' . :
Ml IHRR| ~ 277D jeNo, meZ'.  (3.16)

It follows from the duality (3.10) and (2.13) that Hf,‘ R"Y = H[;‘” (R™). Then one
obtains from (3.15) and the Hausdorff—Young inequality (1.2) that

NFY Gy 1H TR = 1F (wosy ¥ ) 1Ly (R
< et lw—g ¥, ILp(RM)] (3.17)
< (1427 m)~1 277,

Jj € No,m € Z", where we used that 1//é . given by (2.22) has a support within a ball
centred at 2~/m and with radius ¢27/. Then (3.11), (3.16), (3.17) applied to (3.1),
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(3.2) show that

o0
j i (sp+n—2
||-7'-|N(H[S)1 (RM), H;Z(Rﬂ))” <c Z Z (a +2—]|m|)—s121( 2+n—31)

j=0meZ"
< C 221(524’”77)2 Z (1 +2k) S1
k=0 2-j|m|~2k
o° 2
< 2j(sz+n77")( Z 1+ Zz—kslz(j-i-k)n)
j=0 |m|<2J k=1
o 1 o
< C/// szsz+j2n(17;) Zz—k(sl—n) <00
j=0 k=0
(3.18)
if both 51 > n and so < —22. Here we could omit the summation over G € G/ since

it is finite for any j and has at most 2" summands. Moreover, the third inequality
follows from the elementary combinatorial estimate #{m € Z" : |m| ~ 2%} ~ 2"¢,
This proves that F is nuclear as claimed in (3.13) for | < p < 2.

Step 3 Let2 < p < oo. As recalled in Sect. 3.1 the operator ideal \ is symmetric.
Then one obtains from the above-mentioned duality for H ; (R") and F = F’ that

Fi HJ)R") < HXR"), 2<p<oo, (3.19)

is nuclear if, and only if,
—82 n —S51 n l l
F: H,”R"Y— H(R"), —+—=1, (3.20)

is nuclear. So it follows from Step 2 that F is nuclear as claimed in (3.13) for 2 <
p < o0.

Step 4 We prove in two steps that the conditions (3.13) are also necessary to ensure
that F in (3.12) is nuclear. Let 2 < p < oo and let

. N n S
F Ap‘ql(R ) — Apzq2

(R™), (3.21)
be nuclear. According to (3.13) we wish to prove that s, < —n and s; > 21 Let us
take k € N such that k > 5. Since we have an elementary continuous embedding
W; R") = F ;2(]1%”) SN Asp"z(]R"), by the ideal property of A it follows that the
mapping

F Wk R") — A2 (R") (3.22)

p.q2

is nuclear. Now we proceed to the proof of the condition s, < —n if the operator
(3.22) is nuclear. Let f € Ly (R", wy), p' = %, according to (2.15). Then for any
multi-index o € Njj with |e| < k, the function & > &% (&) belongs to L,/ (R"). So
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using the modification of the Hausdorff—Young inequality (1.2) for the inverse Fourier
transform we get that

DYF f0) =i FIE F©) ) € LyRY, ol <k, (3.23)

and consequently F~! : Ly @®R", wy) — W;(R”). Now (3.22) and FF~! = id
imply that the mapping

id: Ly@®R", wp) — A7 (R") (3.24)

is nuclear. But now s < —n is an immediate consequence of Proposition 3.3(ii)
applied to (3.24).
Step 5 We prove that s; > 27” if the operator (3.12) is nuclear and 2 < p < oo. We

proceed by contradiction. So let us assume that s; < 2%, Let us choose an arbitrary

p
s < s2 and go = min{p, q1}. Then

2n

u F
BpgR") — A}, RY) = AR (R") — By, ,(R").

So, we can factorise the operator

2n

F: BJg®R") < By (R"), 2<p<oo, (3.25)

through the nuclear operator (3.12) and in consequence the operator (3.25) is also
nuclear by virtue of the ideal property of N. Let us fix an arbitrary number a €

(—rc’>o, s). The mappings I : B;’p(R") — B;Tp“ (R™) and F~! : BZTP"‘ (R™) —
B)’,(R") are both continuous. The continuity of the second operator follows from
Theorem 2.4, since s —a > 0 = t,’,”‘ and dj, = 7,7 Using the ideal property of N

again we obtain nuclearity of the mapping
p1] dn
FlolyoF: By (RY) — B, (R"Y). (3.26)
But F~! o I, o F is a factorisation of the mapping

2n

=L dﬂ
Wy : Bplgo(R") = By, (RY),  f = we f,
n n
and W_q : By 5o (R", w_g) <= B4 (R") is an isometry. This implies that the map-
ping

2n

=2 dn
id= Wy oW_y: B4 (R", w_y) = B,,(R")

is nuclear. Therefore it follows from Proposition 3.3 that 27" —dy, > n which contradicts

2n _ gn __
> dp_n.
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The corresponding assertions for 1 < p < 2 are a matter of duality. The justification
of s1 > n in (3.13) can be proved similarly as in Step 4. The corresponding assertion
for s, is based on (3.10).

Remark 3.6 In the Fig. 3 below we sketched in the usual (% s)-diagram the param-
eter areas where the Fourier operator F is nuclear—as a proper subdomain of the
compactness area, recall Fig. 1. Note that, using the notation (2.29) with (2.28), one
could rewrite the condition (3.13) for the nuclearity of F in (3.12) as well as for the
compactness in (2.32) as: F is compact, if

and o < 17

n+
S1>T »

p
and F is nuclear, if, and only if,

s1>n—r;'fr and sz<—n—r;T.

This explains somehow the reflected and shifted ‘nuclear’ parameter areas compared
with the compactness areas, see also Fig. 2.

Remark 3.7 Let us briefly mention that the method from Step 5 of the proof of Theo-
rem 3.4, that is, to ensure 51 > 2n/p for2 < p < oo, canalsobe usedif 1 < p < 2.
If we assume that s, > 2n(l — —) = d” n and fix arbitrary s > sy, then we get
the nuclearity of the mapping

—n

F: B ,(R") — Bp (g B (3.27)

which is the counterpart of (3 25). Moreover, taking « < —s and using the continuity
of the operators F~! : p(R”) — Byf*(R")and I : By (R") — B, ,(R")
together with the factorlsatlon Wy = Fol, o F~!, we prove the nuclearity of

d
Wyt By p(R") — B ) (R™). But this implies the nuclearity of the embedding

P, maX(p 92

—n

) dn d"
id: B,”,(R", w_y) — B ’max(p qz)(R”)
which contradicts (3.9).

3.3 Limiting Cases

So far we excluded the values 1 and oo for the parameters p, g1, g» in Theorem 3.4.
We now collect what can be said about these limiting cases.

Proposition3.8 Let 1 < p <00, 1 < ¢q1,q2 <00, and let s1 € R, sp € R. Then
. s n S n
F: Fplql(R ) — szqz(R ) (3.28)

is nuclear if, and only if, (3.13) is satisfied.
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Fig.3 Parameter areas for the s
compactness and continuity of
F given by (3.10).

S1 8 dp

compact

NI
—

"

S =
S |-

compact

Proof Step 1 The sufficiency of the assumptions (3.13) follows by Theorem 3.4
together with the elementary embeddings for the spaces F), , (R"). We can take 1
and 53 such that s; > §7 > nmin{1, %} and s < 55 < —nmin{l, %}. Then for any
q1 and ¢> such that 1 < g1, ¢2 < oo, we have

Fls,}ql (R") — F;fﬁ (R™) i F;?@(R") — Fls,%qz(R"),
where Theorem 3.4 ensures the nuclearity of the middle mapping, and thus also of
(3.28).

Step 2 We prove the necessity of the condition (3.13). The case 1 < g1, g2 < o0is
covered by Theorem 3.4. So it remains to consider the situation when the parameters
q1 or ¢» attain the limiting values 1 or co. First we consider the following composition,

- r B
51 s
Fp,tTl (R") — F[igfh R") < FIS?%qz R") < Fp,zﬁ(Rn)’ (3.29)

19 Birkhduser
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where the parameters §;, g;, i = 1, 2, will be chosen appropriately below. We would
like to reduce the argument further and claim that it is sufficient to prove the necessity
of the assumption concerning s, if go = o0, and concerning s; if g; = 1. This can
be seen as follows. Let ¢ > 0. If go = oo and ¢; > 1, then we may choose §] = s
and g1 < gy suchthat 1 < g7 < oo, and §2 = s5 —e and 1 < g < oo. Thus the
necessity of the condition (3.13) for 51 follows from Theorem 3.4 applied to (3.29).
On the other hand, if ¢g; = 1 and g < o0, then we can take 57 = 51 +¢, 1 < g1 < 00,
55 = s and g3 < @» such that 1 < g3 < oo. Then the necessity of the condition
(3.13) for s, follows once more from Theorem 3.4 applied to (3.29). If 2 < p < o0
and g = 00, then the argument that was used in Step 4 of the proof of Theorem 3.4
shows the necessity of s; < —n in this case. Here we benefit from the fact that in
Proposition 3.3 the case g = oo is covered.
If o <ocoand 1 < p <2, and the mapping

F: F;{I(R”) — F;2,,(R")

is nuclear, then, by duality, the mapping
. —S2 n —S1 n
F: Fp’,qé R ) (SN Fp/,OO(R )

is nuclear. So —s; < —n is a consequence of the last argument.
Now we consider the case 2 < p < oo and g = 1. We choose r with2 <r < p

and s3 such that
n o n
3 =51+ —— —. (3.30)
ro.p

Then by the Sobolev type embedding, cf. (2.9),

f
HP3@R") = ij2(R") SN F;{I(R") = F? (R") (3.31)
this implies that
F: HPR") — F? (R") (3.32)

is nuclear. Since I(F~'(f) = F '(wgf) and ws, f € L (R") if f €
Ly (R", wyy), r’ < 2, it follows from the Hausdorff-Young inequality that

IFLFIHS@®RD| = IF wg ) IL-RD]| < ¢ llw, £ 1L RD]. (3.33)
Now FF~! = id combined with (3.32) shows that
id: LyR" wg) = F2, (R") (3.34)

is nuclear if (3.32) was nuclear. Thus Proposition 3.3(ii) implies that

1 1
S3>n—nmax<—/——,0>:n—ﬁ/—i—z:z—l-z, (3.35)
r p r p r p

Birkhauser



Journal of Fourier Analysis and Applications (2023) 29:38 Page 190f28 38

which leads to

n,mon,n_2n (3.36)
.

n n
s1=83——+—>—+—— —
r.p rp 4 D

Analogously we can prove the necessity in the case | < p < 2 and g3 = oco. We
choose r such that p < r < 2 and s3 given by

=+l (3.37)
rop

Now the Sobolev embeddings, recall (2.9), imply

]:
Fplyy(R") < F (R") < H*(R"), (3.38)
which finally leads to the nuclearity of

Fi F) (R") < HPR"). (3.39)

Thus in the same way as above, since wg, F(f) = F(l;(f)) and |F~LFIL,
R, we) | = IF fIL(R", wy,)]l, it follows from the Hausdorff—Young inequality
that

IF~ LR, we)ll = IFf 1Ly (R", wi) | < ¢ [IF " (wyy F£) IL-(RY)||
cllf 1H2@RY]. (3.40)

Combined with F~!F = id and (3.39) this leads to the nuclearity of

id: F3 (R") < Ly(R", wy,). (3.41)

Another application of Proposition 3.3(ii) implies

—s 4o - (3.42)
r

n
b
Consequently,

1
s < —2n <1 — —) , (3.43)
p

which concludes the proof of the necessity of the conditions (3.13) in all cases.

Corollary3.9 Let1 < p <00, 1 <¢q1,q2 <00 andlet s € R, so € R. Then

F: B;{ql (R") — B;%qz(R") (3.44)

is nuclear if (3.13) is satisfied.
Conversely, the nuclearity of (3.44) implies (3.13) in all cases apart from2 < p < 00
andqy = l,orl < p <2and gy = 0o. Incase of 2 < p < oo and q1 = 1 the
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nuclearity of (3.44) implies s1 > 27”, while in case of 1 < p < 2 and gy = o0 the

nuclearity of (3.44) implies sy < —2n(1 — %)

Proof Step I The sufficiency of the assumptions (3.13) can be proved in exactly
the same way as in Proposition 3.8, Step 1 of its proof by substituting F-spaces by
corresponding B-spaces.

Step 2 As for the necessity we can use the same argument as in Step 2 of that proof,
to reduce the argument to the assumption concerning s> if g» = 00, and concerning
s;ifgr = l.Incaseof g1 = 1,1 < p <2,orgp =occand2 < p < 0o, we
can follow the same arguments as presented at the beginning of Step 2 in the proof
of Proposition 3.8. Since the argument works for any ¢ > 0, it proves the inequality
51 > @ if2 < p < 00,and s, < —Zn(l — %) if I < p < 2. The strict inequalities
1ncaseof2 <p<oocand gy =00,0rl < p <2andgq; = 1, can be proved in the
same way as in Step 2 of the above-mentioned proof.

Remark 3.10 To prove the necessity of the strict inequalities for F-spaces in the cases
1 < p<22andg; = o0,0r2 < p < ooandg; = 1, we benefit from the independence
of the Sobolev embeddings of the g-parameters, cf. (2.9) and (3.31). This holds for
Triebel-Lizorkin spaces, unlike for Besov spaces. So our argument does not work in
that context.

Next we consider the case p = 1. If 1 < g1, ¢» < 00, we can extend Theorem 3.4
in the desired way.

Proposition 3.11 Let 1 < g1, q» < oo and let s1, 52 € R. Then

F Ai’ql(R”) — A1 qz(R”) (3.45)
is nuclear if, and only if,
s1>n and s2 <O0. (3.46)

Proof 1t is sufficient to consider the Besov spaces, i.e.,
F: By, (R") < By, (R"), 1=qi,q2 <00, (3.47)

since B} ](R”) — F*q(R”) — Bj (R") forany s € Rand 1 < ¢ < o0. By [20,
Thm. 2. 11 2, p. 178] we have the followmg duality

1 .q1 (Rn) = O:;]qi (Rn)
and according to (2.27) the estimates for the norms of the wavelets

2J”||Wcm B}, (R ~ 2% jeNy, meZ', GeG. (3.48)

First we assume that (3.46) holds and we prove the nuclearity of (3.45). Asforp < 2
we have the continuity of the Fourier transform F : L,(R") — Bg, p(R") (see [19,
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Theorem 1]) and we also have a continuous embedding Bgo | (R?) — Bgo 4 (R™).
’ 1]
Now using the lift property for Besov spaces we obtain that

IIf’ﬁGm |B_ ”/(R”)II = IIl—slfllfémlBo g ®DI (3.49)

<C||-7:(w—v11//G ) 1B 1 (RM] < ¢ IIw—mDGm ILi(RM)|
<c"(+27|mp=r27/",

where j € No, m € Z". Then (3.11), (3.48), (3.49) applied to (3.1), (3.2) show in the
same way as in (3.18) that

IF IN (B, (RY, B2, (RD) [ <c1 Y Y (1427 |m|) 12727

j=0meZ"

00 00
<o 22”2 2271‘(“7") <00
j=0 k=0

(3.50)

as s1 > n and 52 < 0. This proves that F is nuclear as claimed.
Now we assume that F given by (3.47) isanuclear operator. Let f € B fz . (R™).Due

to the continuous embedding B}, (R") < B}, (R") and the lift property for Besov
.42 ,00

spaces we obtain I, (f) € B?» oo (R™). Using the continuity of the Fourier transform

F: B?’ o R") = Loo(R") (see [19, Theorem 1]) and the mapping properties of I,

cf. (2.12), we get

lw, F~' f 1Loo RN = s, F f [LocRM)| = |FF we, FfILao®M)| (3.51)
c 15, F1BY o R < /Il f1B7,, R

IA

Lg>

We combine (3.47) and (3.51) with the identity id = F —lo Fand get the following
nuclear embedding,

, Fos F

id : ijql(R”) < quz(R") — Loo(wy,, R™). (3.52)
Thus, the embedding id : B‘Yl (}R”) — Lo (ws,, R") and obviously also the embed-
ding id : leq R", w_y,) ~'—> Loo(R™) are nuclear. But Lo (R") — B co®),

therefore the embedding

id: B

Uy R w_g) < By (R

is also nuclear, and another application of Proposition 3.3(ii) implies —s» > 0 and
S1 > n.
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Remark 3.12 We would like to mention that one can also use a more direct argument
to prove the above extensions. This would be based on the modifications

F: Li(R") = B | (R") (3.53)

and
F: B (R") = Loo(R") (3.54)

of the Hausdorff—Young mappings. Here (3.53) follows from

IF £ 1B @D~ Y IF @) ) ILooRD)]
j=0

s (3.5%)
<c)y llei fILI®RY]

Jj=0

~Lf 1L RY) |

where the last equivalence follows from the properties of the dyadic resolution of unity
{g)}, cf. (2.3)=(2.5). In an analogous way (3.54) is a consequence of

IFf Lo R")[| ~ sup ll¢;F f Lo (R
Jj€No

<c sup |Fl;FfILI(RY] (3.56)
JjeNg

=c|f1B) R
Now we can use (3.53) in (3.49) and (3.54) in (3.51).

Finally, by duality arguments, one can cover the case p = oo, when A = B and
1 < q1, g2 < co. But using Proposition 3.11, we even have a characterisation in this
case.

Corollary 3.13 Let 1 < g1, g2 < oo and sy, 53 € R. Then

F: B3 qI(R”) — B2 qz(R”) (3.57)
is nuclear if, and only if,
s1>0 and s < —n. (3.58)

Proof Let 51 > 0 and s < —n. Then by Proposition 3.11, the mapping F :
(]R") — B, (R") is nuclear. So, a duality argument and symmetry of the

1dea1 N imply nuclearlty of (3.57).
We come to the necessity. Note first, that by Proposition 3.11

F: B, R") < B2 (R"), 1<q1.q <o, (3.59)

Birkhauser



Journal of Fourier Analysis and Applications (2023) 29:38 Page 23 0f28 38

is nuclear if, and only if, 51 > n, s < 0. Then F is also compact. Conversely, if
F in (3.59) is compact, then the decomposition in (3.52) implies the compactness
of F: Bffql (R", w_y,) < B3, . (R™), which by Proposition 3.3 implies s; > n,
52 < 0. In other words, F in (3.59) is nuclear if, and only if, it is compact.
Let now, conversely, F in (3.57) for some 51 € R and s> € R, be nuclear. Then for
the same s; € R and s, € R both F in (3.57) and
F

(R") — B2, (R"), 1< g1, g2 < 00, (3.60)

OO(!I 00,q92

are compact. Here BY (R”) stands for the closure of S(R") in B, (R”) which is
a proper subspace of B (R”) The Fourier transform JF maps S (R“) onto S(R™).

Therefore it follows from (3.57) that its restriction to Boo_,q1 (R™) is a continuous

mapping into BOo .o (R™). Using the duality

1 1
B, ,R" = B;;,(R”), seR, 1<qg=<o0, 7 + = =1, (3.61)
cf. [20, Remark 2.11.2/2, p. 180], then
F: (R”) — B_Yl (R, 1 <gq},q5 < oo, (3.62)

is compact. This requires —s, > n and —s1 < 0.

Remark 3.14 Note that the nuclear counterpart of the argument in (3.60) is not clear,
maybe not true, as there is no projection operator from £, onto co, [1, Corollary 2.5.6,
p-46], on which a related proof could be based. Furthermore, according to [17, p. 343]
the operator ideal V' is not injective which would otherwise ensure the nuclear version
of (3.60).

Remark 3.15 Let us remark that
F: B, ®) < BY RY,  1<qi,q <%, (3.63)
is nuclear if, and only if, it is compact. The same phenomenon can be observed for

F:.: B! (R")— B

00,41

2 o®), 1<qiqr< o0, (3.64)
which is nuclear if, and only if, it is compact. In view of Theorems 2.4 and 3.4
this is different from the situation for 1 < p < oo, when the conditions for the
nuclearity of F are indeed stronger than for its compactness. In other words, for
F : B (R") < B}, (R") compactness and nuclearity coincide if, and only if,
p = 1 or p = oo (with appropriately chosen ¢, ¢2), as can be also seen from the

reformulated conditions in Remark 3.6 or in Fig. 3. We always have n — ‘L’Z+ > t,’}+

and —n — 77 < 7, , with both inequalities turning into equalities only in each of
the cases p = 1 and p = o0
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A similar phenomenon was observed in [10, Cor. 3.16, Rem. 3.18] related to the
situations on domains as described in Proposition 3.2, and for weighted spaces, recall
Proposition 3.3.

4 Weighted Spaces

Let again A‘;’q(R", wy), A € {B, F},and s, p, g as in Definition 2.1 be the weighted
spaces as introduced in Remark 2.3 where we restrict ourselves to the distinguished

weights
we(x) = (1+xH*?  xeR", aeck 4.1)

So far we concentrated mainly on the unweighted spaces A‘;) q(R") and used their
weighted generalisations as tools caused by the specific mapping properties of F. But
under these circumstances it is quite natural to ask how weighted counterparts of the
main assertions obtained in the above Sect.3 and in [25] may look like. Fortunately
enough there is no need to extend the quite substantial machinery underlying the
related theory for the spaces A‘;,’ q(R”) to the weighted spaces A';, q(R", wy) (what
might be possible), but there is an effective short-cut based on qualitative arguments
which will be described below. We rely on the same remarkable properties of the
spaces A;,’ q (R"*, wy) which we already described in Sect. 2.1 with a reference to [22,
Theorem 6.5, pp.265-266]. In particular, the multiplier

Wg: f = wgf, feS®"Y, BeR, 4.2)
is for all these spaces an isomorphic mapping,

WﬂA;),q (Rn’ wa) = A;),q(Rn’ w()tfﬂ)’

(4.3)
lwp f 1A, R", wa—p)ll ~ | £ 1A% ;R w)ll.  «€R, BeR,
and the lift I,,, y € R,
Lt fre(wf) =@ )", feS®RY, yeR, (4.4)

for the spaces A, , (R") according to (2.12) generates also the isomorphic mappings

I A (R we) = A (R, wy),

PR 4.5)
(wy HVIAL S R, w)ll ~ |1 f |A%, (R, we),

aeR,yeR,seRand0 < p,q < 0o (p < oo for F-spaces).
Note that by the definitions of Wg in (4.2) and /,, in (4.4),

FoWgol,=IgoW,0oF on S'R"),
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which directly leads to the decomposition of F into
F = W,y o I,lg oFo Wﬂ ] IV on S/(Rn). (46)

We shall benefit from this observation below, see also Remark 4.2.

Although not needed, it might illuminate what is going on that any f € S’(R")
belongs to a suitable weighted space of the above type. More precisely, one has for
fixed 0 < p, g < oo that

S(R") = ﬂ By ,(R", wy) and S'(R") = U B, ,(R" wy). (4.7)
aeR,seR aeR,seR

This is more or less known and was proved in [12].

In what follows we are not interested in generality. This may explain why we
suppose as in Theorem 3.4 that 1 < p, g1, g2 < 00, whereas it is quite clear that at
least some of the arguments below apply also to a wider range of these parameters.

Proposition4.1 Let 1 < p,q1,q20 < o0 and s1 € R, 5o € R Let —o0 <

ar, a2, B,y <ooand A € {B, F}. Then there is a continuous mapping

Fi AY el R, weypp) = AP TER" wayiy) (4.8)

if, and only if, there is a continuous mapping

F: A (R, wy,) — A%

P (R", we,). (4.9)

P.q2

Furthermore, F in (4.8) is compact if, and only if, F in (4.9) is compact, and F in
(4.8) is nuclear if, and only if, F in (4.9) is nuclear.

Proof Step 1. Let F in (4.9) be continuous and let f € A3 gt R, w4 5). Then due
to (4.3), wg f € AS gt R", wey,), so

IF ) 1A% 0 R, wa)ll < c llwp f 1AL, (R, we).  (4.10)

By (4.4) one has
FoWg=IgolF. 4.11)

Inserted in (4.10) one obtains by (4.3) and (4.5) that

IFFIAZE R wa)l < eI 1A%, (R", w1 4. 4.12)

This proves the continuity of F in (4.8) with y = 0. Let again F in (4.9) be continuous
and let f € A7 (R, wy,). Then due to (4.5), I, f € A}l ., (R", wyg,), 50

IF Ly FIIAG ¢, R we) |l < Iy f 1A} 5 R™, wa) . (4.13)

By (4.4) one has
Fol,=W,oF. (4.14)
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Inserted in (4.13) one obtains by (4.3) and (4.5) that

IFF 1A 3 R wayi) | < cLf 1ARST R, way)]. (4.15)
This proves the continuity of F in (4.8) with B = 0. A combination of the above
arguments for y = 0 and B = 0 shows that F in (4.8) is continuous for all 8 € R and
y € Rif F in (4.9) is continuous. But this covers also the reverse step from (4.8) to
(4.9). Indeed, it is sufficient to take 5] = s1 — y, 5 = o — B, &1 =] — B, 4y =
ay — y and then ASTY (R" wg 1 p) = A3, (R", wy,) and AT PR, wey ) =
AR o (R, wy,).
Step 2. The above arguments combine supposed mapping properties for F with
isomorphisms of type (4.3) and (4.5). But then not only continuity is inherited, but
also compactness and nuclearity.

Remark 4.2 The strategy of the above proof can be illustrated by the following com-
mutative diagram:

V- AN AS n 1_’/ Aty
qu(R Wey) == o Ap. g R", we 48) = . Apgi R", we,48)

F| ﬁ y \F

wy,
P R we,) = N Ajvzj;zﬂ R", we,) == W A;z;rzﬂ R", Way+y)
-8 -y

Here the mappings (4.8) and (4.9) can be found on the left-hand and right-hand side
of the diagram, while travelling around in the diagram is based on (4.6).

Now one can extend assertions about continuity, compactness and nuclearity for
the unweighted spaces A3, , (R") to their weighted counterparts.

Theorem4.3 Let 1 < p,q1,q2 < ocands; € R so e R Let B € R,y € R and
A €{B, F}.

(i) Let dy and ‘L';l+, T be as in (2.28), (2.29). Then

Fri AYGT R, wp) — APHER" w,) (4.16)
is compact if both s1 > rl’,”‘ and sy < T),".

(ii) Then F in (4.16) is nuclear if, and only if, both

o and sy <
= for 2 <p < oo, —n for 2 < p < oo.

4.17)

{n for 1 <p<2, —2n(1—31) for 1<p<2,
51> p

Proof This follows immediately from Proposition 4.1 with «; = a2 = 0 combined
with Corollary 2.6 and Theorem 3.4.
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Remark 4.4 Tt was one of the main aims of [25] to measure the degree of compactness
of

F B;‘)ql(Rn) — B;%qz(R"), (4.18)

1 < p,q1,92 < o0ands; > r[’,‘+, 2 < T, in terms of entropy numbers. Proposi-

tion 4.1 and its proof show that these assertions can also be extended to the compact
mappings in (4.16).

Remark 4.5 1t is quite obvious that one can relax the assumptions 1 < g1, g2 < 00
for the compact mappings in (4.16) by 0 < g1, g2 < oco. This applies also to related
entropy numbers as mentioned in Remark 4.4.
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