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Abstract

In this paper, we use the representation theory of the group Spin(m) to develop
aspects of the global symbolic calculus of pseudo-differential operators on Spin(3) and
Spin(4) in the sense of Ruzhansky—Turunen—Wirth. A detailed study of Spin(3) and
Spin(4)-representations is made including recurrence relations and natural differential
operators acting on matrix coefficients. We establish the calculus of left-invariant dif-
ferential operators and of difference operators on the group Spin(4) and apply this to
give criteria for the subellipticity and the global hypoellipticity of pseudo-differential
operators in terms of their matrix-valued full symbols. Several examples of first and
second order globally hypoelliptic differential operators are given, including some
that are locally neither invertible nor hypoelliptic. The paper presents a particular case
study for higher dimensional spin groups.
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1 Introduction

The classic principal calculus of Hérmander over manifolds, which is based on the
notion of the symbol via localizations, has several limitations such as in the charac-
terisation of global and local hypoellipticity. This is due to the fact that one uses local
Euclidean Fourier analysis on manifolds which makes only the principal part of a sym-
bol to be coordinate-invariant. But in the case of Lie groups one has another approach
based on harmonic analysis over these groups which allows for a global approach.
For instance, Zelditch [29] used the non-Euclidean harmonic analysis of Helgason to
replace the local Euclidean Fourier analysis to obtain a pseudo-differential calculus on
hyperbolic surfaces in the plane. Hereby, Helgason’s non-Euclidean harmonic analysis
is based on a Fourier transform given by eigenfunctions of the invariant Laplacian over
a suitable homogeneous space which has its own drawbacks. For a detailed description
on the historic development of calculi of pseudo-differential operators we refer to [21,
26].

During the last decade, a new and full symbol calculus over compact groups was
developed by Ruzhansky, Turunen, and Wirth which represents a non-commutative
extension of the classical Kohn—Nirenberg quantization. This calculus has several
advantages over the classic principal calculus of Hormander. Given a Lie group G one
makes full use of its representation theory and the corresponding harmonic analysis
to create a global Fourier transform which allows the study of matrix-valued symbols
defined on G x G and their characterisation using results from harmonic analysis on
phase space. This full symbol calculus has been extended to the case of type-1 groups
[18] and, recently, to a subelliptic pseudo-differential calculus on compact Lie group
[2] as well as to the case of nilpotent groups [9, 20].

As with all these abstract approaches there appears always the question of its real-
ization in concrete cases. The full symbol calculus over compact groups has been
explicitly worked out in the case of the n-dimensional torus and the case of SU(2).
But it also raises the question of how this calculus would look like in one of the
most important cases of compact groups, the case of Spin(m). The classic approach
to a Fourier symbol calculus over Spin(m), i.e., the case of spinor-valued functions,
consists in constructing Gelfand pairs and employing the spherical Dirac or Laplace
operator, see the classic work by Dieudonné [7]. Naturally, these approaches restrict
also the class of pseudo-differential operator symbols which can be considered and
to overcome this problem a full symbol calculus in the sense of Ruzhansky, Turunen,
and Wirth becomes even more important. In this paper, we are going to establish this
calculus for the group Spin(4). This choice is based on two reasons. First of all the
structure of group representations of Spin(m) makes it difficult to obtain explicit for-
mulae in the general case so that the case of Spin(4) will provide further insight into
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the general case. Secondly, the case of Spin(4) is important by itself in applications.
For instance, Spin(4) is the translation group on the three-sphere which appears in the
study of diffraction tomography and the construction of wavelet and Gabor frames
over the three-sphere [3]. While classically diffraction tomography is used to estab-
lish the so-called orientation density function of a fixed specimen, recent advances
have also created new interests in time-dependent versions of diffraction tomography
in structural analysis. Furthermore, discussion of perturbations of wavelet and Gabor
frames over the three-sphere will require the study of pseudo-differential operators
over Spin(4) in the same way as in the classic case. Additionally, Spin(4) also appears
in quantum gravity (see, e.g., in Spin(4) BF models [19]). Among other things, these
investigations require tools for the study of symbols of pseudo-differential operators
and global hypoellipticity of differential operators defined over function spaces on
Spin(4).

After recalling some necessary facts about the abstract case of the full symbol
calculus by Ruzhansky, Turunen, and Wirth and Spin(3)-representations, we are going
to study Spin(4)-representations and their connections with harmonic and spinor-
valued monogenic polynomials. Hereby, we establish the necessary tools for a full
symbol calculus like matrix-coefficients, recurrence relations and difference operators
acting on them. This will allow us to work out details of the Fourier transform on
Spin(4), which in turn gives rise to the full symbol calculus. Furthermore, we are
going to obtain conditions on ellipticity and hypoellipticity.

In the end we provide some examples of differential operators to show the symbol
calculus in action.

2 Preliminaries on the Harmonic Analysis for Compact Groups

We start with some basic notations and results about harmonic analysis of a compact
Lie group. Let G be a compact Lie group of real dimension n with unit element e. A
finite-dimensional unitary representation & of G is a continuous group homomorphism
& : G — U(dg) of G into the group of unitary matrices of a certain dimension dg . The
representation & is irreducible if £(x)A = A&(x) forall x € G and some A € Ce xdx
implies A = ¢/ is a multiple of the identity. This is equivalent to the statement that
C% does not have non-trivial £-invariant subspaces V C C% with £(x)V C V for all
x € G.

Two representations &1 and & are equivalent if there exists an invertible matrix B
with &1 (x) B = B& (x) forall x € G. Let G denote the set of all equivalence classes
of irreducible representations.

We further equip G by its normalized Haar measure. The group structure gives
rise to left and right translations, L, : ¢ +— (;b(x_1 Jand Ry : ¢ — ¢(-x) of
functions on the group. These left- and right-translations are unitary on the Hilbert
space L?(G) of square integrable functions and therefore the translations give rise to
unitary representations x — L, and x — R, of the group G on the Hilbert space
L?(G). These representations split into irreducibles and give rise to the Peter—Weyl
Theorem in the following form, see [10, 21], or [28].
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Theorem 2.1 (Peter—Weyl) The space L%(G) decompose/s\ as the orthogonal direct
sum of minimal bi-invariant subspaces parameterised by G, that is

L*(G) = @ HE, HE = {x > tr(AE(x)) | A € C%x%y, .1
[£1eG

The Fourier transform of f € L*(G) is a matrix valued function on G defined by

f& = /G F)E*(x) dx 2.2)
with inverse given by
f) =" de wER) FE). (2.3)
[£1G

Furthermore, the following Parseval identity holds

11 2y = D de 1 F®liis, 2.4)

HEE

where ”A”12-ls = tr(A*A) is the Frobenius or Hilbert-Schmidt norm of a matrix A.

On the group G the convolution of two integrable functions ¢, ¥ € L!(G) is defined
by

(6 % ¥)(x) = /G S v (0 dy. 25)

The following convolution theorem on G is well-known. Note the change in the order
of the factors.

Theorem 2.2 Let ¢, ¥ € LY(G). Then ¢ + ¥ € LY(G) and (¢ * ¥)(£) = ¥ (§) $(&).

The Laplace—Beltrami operator L € Diff?>(G) on the group G is bi-invariant,
i.e., it commutes with all L, and R,. Therefore, all of its eigenspaces are bi-invariant
subspaces of L?(G). Since He are minimal bi-invariant subspaces, each of them has
to be eigenspace of L and we denote the corresponding eigenvalue by —Ag. Hence,

we obtain the following decomposition

Lop=—Y de il wE@HE)). 2.6)

556

The notion of Fourier series extends naturally to C*°(G) and the space of dis-
tributions D’(G) with convergence in the respective topologies. Now, any operator
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A on G mapping C*®(G) to D'(G) gives rise to a matrix-valued full symbol
oa(x, &) € C%*4%  x ¢ G defined by

oa(x,§) = &) (A8)(x) 2.7

which can be understood either pointwise or distributionally, as the product of a smooth
matrix-valued function &*(x) with the matrix-valued digribution A&, ie.04(-, &) =
£* A€ as a distribution in the first variable, for all [§] € G. Then it can be shown that

Af(x) = Z ds tr(E(x) oalx, £) f(£)) (2.8)
[£1eG

holds as D’-convergent series. If it happens that the operator A maps C*°(G) to itself,
then (2.8) holds in the strong topology of C*°(G). For A and o4 related by (2.8) we
write A = Op(o4). For a comprehensive treatment of this quantization we refer to
[21] and [24].

We denote the right-convolution kernel of A by R4, so that

Af(x) = /G Kar.y) f()dy = /G RaCr,y~'x) £(») dy. 29)

The symbol o4 and the right-convolution kernel R4 are related by o4(x, &) =
Jo Ra(x, y)E(y)*dy.

The class V" (G) of Hormander’s pseudo-differential operators on G was fully
characterised in [21] and [22] using commutator properties with the vector fields in
Sobolev spaces, and in [23] by the behaviour of their matrix symbols. Before we give
a characterisation of the class " (G) we fix some notations.

We say that Q¢ is adifference operator of order k if itis given by Q¢ f(é ) = ;Q\f(é )
for a function ¢ = @p € C°(G) vanishing of order k at the identity e € G, i.e.,
(Py 9o)(e) = 0 for all left-invariant differential operators P, € Diffk— 1(G) of order
k — 1. We denote the set of all difference operators of order k as diff¥ (G) In the
sequel, for a function ¢ € C*°(G) it will be also convenient to denote the associated
difference operator, acting on Fourier coefficients, by A(pf(é) = g;? &).

Definition 2.3 (cf. [23]) Let G be acompact Lie group of dimension n with unit element
e. A collection of k > n first order difference operators Ay, ..., Ay € diff 1(é\)
is called admissible, if the corresponding functions @i, ..., ¢x € C°°(G) satisty
dp; #0,j =1,...,k, and rank(dgi(e), ..., dgr(e)) = n. It follows, in particular,
that e is an 1solated zero of the family {¢ j} it An admissible collection is called
strongly admissible if Nj{x € G : ¢;(x) = 0} = {e}.

The previous definition was adapted to a collection of k > n first order difference
operators since this happens in our case. For a given admissible selection of difference
operators on a compact Lie Group G we use the multi-index notation

Af = AT - ATE and @ (x) == @ ()M - g ()™ (2.10)
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Furthermore, there exist corresponding differential operators 8,50‘) e Diffl*/(G) such
that the Taylor’s formula

1
f@= 3 —¢"GHETf@+0hmY), k0 —>0 @11

la]<N—1 """

holds true for any smooth function f € C*°(G) and with h(x) the geodesic distance
from x to the identity element e (see [21, Sec. 10.6]). Additionally, we introduce
operators 0¢ as follows. Let 9y ;€ Diff! (G),1 < j <n =dimG, be a collection of
left-invariant first order differential operators corresponding to some linearly indepen-
dent family of the left-invariant vector fields on G. We denote 9% = 9y, - - - 95" . The
following theorem characterises Hormander’s class of pseudo-differential operators
W (G) by the behaviour of their matrix symbols.

Theorem 2.4 (cf. [23, Thm. 2.2]) Let A be a linear continuous operator from C*(G)
to D'(G). Then the following statements are equivalent:
(A) A e v"(G).
(B) For every left-invariant differential operator Py € Diff*(G) of order k and every
difference operator Q¢ € diff! (G) of order | the symbol estimate

10z Peoa(x,E)llop < Coy.p, (€)' (2.12)
is valid, where (£) = (1 + Ag)lﬂ and —)% are the eigenvalues of Lg.
(C) For an admissible selection Ay, ..., A, € diffl(a) we have
1Ag 82 0a(x, &)llop < Cap (€)™ (2.13)
for all multi-indices o, B. Moreover, sing supp Ra(x, -) € {e}.
(D) For a strongly admissible selection Ay, ..., Ay € diff! (G) we have
1A 82 0a(x, &) llop < Cap (£)" ! (2.14)

for all multi-indices «, B.

The set of symbols o4 satisfying either of equivalent conditions (B)-(D) is also
denoted by S™(G), such that the operator quantization gives an isomorphism Op :
S™(G) — W™(G). The composition of pseudodifferential operators gives again a
pseudo-differential operator with a symbol, which can be expressed as an asymptotic
expansion.

Theorem 2.5 (cf. [21, Thm. 10.7.9]) If A € W™ (G) and B € W™(G) then A o B €
WM (GY satisfies

oaone) ~ Y - (Afoar.6)) (105(x. ) @.15)

al
in the sense that c Ao — Z|a|<N %(Ag(m)(a;a)og) e Sm+m=N(G) holds true.
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Note that the proof in [21] omits the crucial remainder estimates for the underlying
Taylor expansion. For a complete proof including the remainder estimates see e.g. [4,
Sections 9.5 and 9.7].

3 Irreducible Representations of Spin(m)
3.1 Notation

First we introduce some basic notation about Clifford algebras. We refer to [5] for
a more detailed overview. Let (eq, ..., e,) be the standard basis of the Euclidean
space R™ and Ry ,, be the real Clifford algebra generated by the vectors ey, ..., en
such that e? = —lforj=1,...,m, and eje; = —eje;, fori, j =1,...,m, and
i # j.Anelement a € Rg,, is of the forma = ), aaea, as € R for ordered
subsets A € {1,...,m} and with ez = e9p = 1. The k-vector part of a is given
by [alx = ZIAI caaea and a = Y )" glaly. Vectors x € R™ are identified with
I-vectors x = Y " i=1Xjej € Rom. The Clifford product of two 1-vectors x and y
in R splits in a scalar part given by minus the inner product in R and the wedge
product:

Xy=—X-y+xXA)y. 3.

Itholds —x - y = 2(x y+yx)andx Ay = %@X — y x). These can be extended to
the whole Clifford algebra by setting

1
—ej - lale = lejlaldir = - (ejlal + (= alke) (3.2)

1
ej Alaly = [ejlalilisr = E(e,[a]k—(—1)"—1[a1ke.,~>. (3.3)

The Dirac operator on R™ is given by d, = €10y, + ...+ €p,dy,, and its null solutions
are called (left) monogenic functions. Right monogenic functions can also be defined
considering the multiplication of the partial derivatives by the basis elements on the
right.

The complex Clifford algebra C,, is the complexification of R ;,, i.e. C;, = C®
Ro, . The main anti-involution in C,, is defined by

a= axes, eej=eje, & =-—¢, € =¢eo. (3.4)
The complex Clifford algebra is equipped with the Clifford inner product defined by

(a,b)c, =[ablo=Y_ (=D)"lazb,. (3.5)
|A]=0
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We will frequently use the Witt basis vectors

1

. 1 . .
Tj= (e —iey). Tj=-c(ej1+ie). j=1..M (6

for M = |2 ]. They satisfy 77 = 0 = (T})? together with 7;T; = —T;7; and
T,-TJT = —TJTT,- fori # j and T,-Tf + TI.TTI- = 1. For even m they generate all of C,,.

Later on we will use spaces of C,,-valued polynomials on R™. For this, we recall
the Fischer inner product

(P, Q) :=[P(3,) Q)] = [(P(3) Q)]0 (3.7

0
x=0

defined for two such polynomials P and Q. This definition implies immediately that
homogeneous polynomials of different degree are Fischer orthogonal. The multiplica-
tion by the variable x; and the derivative dy, are Fischer-adjoint while the generators
e; of the Clifford algebra C,, are skew-adjoint

(xiP, Q) =(P,0,0), (eiP,Q)=—(P,eQ). (3.8)
3.2 The Spin Group and H- and L-Representations

The spin group Spin(m) is realised as the set of even products of unit vectors, that is,

0,m>

2k
Spin(m) = { [[s; |'s; eR", |sjl =1, ke N§ C Ry (3.9)
j=1

where R(J)fm = spangf{ea | |A| even} denotes the even subalgebra of Ry ,,. The spin
group is a double covering of SO(m) as seen by the group action R” 5 x + sxs € R™”
on vectors. There are two distinguished representations of the spin group on C,,,-valued
functions on C,, defined by

H@s)f(x) =sf(sxs)s and  L(s)f(x) = sf(sxs), (3.10)

where x € C,,, s € Spin(m),and f : C,, — C,,. The H-representation corresponds to
the standard representation of SO(m) on scalar-valued functions f € L2(S™ 1), while
the L-representation corresponds to the half-spin representations. Models for all irre-
ducible representations arise from decomposing H and L into irreducibles. Although
spin representations are an old topic (see [1]), here we follow [27] which construct
representation models based on simplicial harmonic and monogenic polynomials, i.e.,
harmonic and monogenic polynomials of simplicial variables. This is an extension of
the work in [11], where the authors consider simplicial harmonic polynomials which
provide only models for irreducible representations with integer weight of the SO(m)

group.
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The Lie algebra spin(m) can be realised as the space

1 1

spin(m) éR((fzn = span{ze,-,j = Eeiej ‘ i<j,i,j= 1,...,m} (3.11)

of bivectors in Ry ;. The Cartan subalgebra h) C spin(m) is given by

m

h= span{%ezj_l,zj (j =1,....M = bJ} (3.12)

The exponential of h yields the maximal torus T C Spin(m)

1 1 m
T = {S = exp (Etlel’z) - eXp (EIM ezM_l’zM) | t € [0, 27'[[}, M = LEJ’

(3.13)

from which we can label all the unitary irreducible spin representations. Any repre-
sentation R : Spin(m) — Aut(V) of Spin(m) on some vector space V is determined
by the restriction to the maximal torus and any representation of the maximal torus
invariant under the adjoint action of the group comes from a representation of the
group itself. The space V splits into subspaces generated by weight vectors v € V
satisfying

M

1 1 .
dR(EtICIZ 4+t EtM 62M71,2M>U = (l;ljtj)v (3.14)

for the derived representation dR : spin(m) — Aut(V) and with weights [ =
(l1,...,Ipn) consisting entirely of either integer or half integer numbers. Factoring
out the action of the Weyl group, we obtain the highest weights given by the ordering

l=U,....ly) Li=b>...>2ly>0 ifm=2M +1,
(h M) 2> M (3.15)

l=U,....Iy): L=l >...>|ly| ifm=2M,
where all [; € Zoralll; € Z + %
3.3 Explicit Models
To construct explicit models for irreducible representations of Spin(m) we follow [27]
and consider k < m vector variables x|, ..., x;, where x; = Z'}Ll x;jej and Cy,-
valued polynomials in these k vector variables. A polynomial P(x;, x| AXy, ..., X| A

... A x;) depending on the simplicial variables x; A ... A x; is called a simplicial
polynomial. A harmonic simplicial polynomial P is a simplicial polynomial satisfying

AL,P()_cl,l1 ANXg, oo XA AX) =0, i=1,... k. (3.16)
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The space of these polynomials is denoted by H(x, ..., x;). It is invariant under the
H-action. A monogenic simplicial polynomial P is characterised by the condition

BLP(£1’£1A£2""’£1A"/\ik):O’ i=l,...,k. (3.17)

The space of monogenic simplicial polynomials is denoted by M(x,, ..., x;) and is
invariant under the L-action.

Different to the notation from [27] we will parameterise representations and repre-
sentation spaces by their weights and not by degrees of homogeneity of the polynomials
in the representation spaces. '

Case 1 For the highest weight (I, ..., Iy—1,p), i € No, we take the highest weight
vector

w(ll,...,lM)(ilv e viM)
= TP Ay, AT ™5y A Ay TEA LA Tig) M
(3.18)

and let Spin(m) act by the H-representation on it. We recall that for s € Spin(m) the
H-representation on simplicial functions is given by

HE)F Xy, o X A AX ) =S FExs, .., 85X A A Xy s)s. (3.19)
We denote the resulting representation space by
Hay, .., ®R™) = span{H(s)wq, .1, | s € Spin(m)}. (3.20)

Case 2 For the highest weight (I1, ..., Iy—1, —Im), i € Np, we have to consider the
H-action on the highest weight vector
@,..., *lM)(ilﬂ"’iM)
= G T T A Xy TU AT B A A Xy TUA A Ty AT
(3.21)

The resulting representation space will be denoted by H, ... —1,,)(R™).

For half-integer weights we have to realise the representations in the spinor space
of the complex Clifford algebra C,,. We distinguish between even and odd m. For
even m = 2M we use the pairwise commuting idempotents Z; = T; TjT = %(1 -
ieyj_1e2), j = 1,..., M, together with 7}, = T;,TM = %(l +ieyj_1ez), to
construct the primitive idempotents

I+ =I1 -~-IM and I =Il ~-~IM_1I;V1. (3.22)

1 Although both parameterisations of representations have their own merits, we will always use weights as
parameters later on. This allows for direct comparison to abstract results on compact groups as used in [23,
25]or [2, 17].
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and define

StH=cltz,, S,=Ci7_. (3.23)

They are both Spin(m)-invariant, minimal and inequivalent.
In the odd dimensional case m = 2M + 1 there is up to equivalence only one spinor
space and we use

S=81,,=Cl T, (3.24)

Case 3 For the highest weight (I1, ..., ly—1,1m), i € Ng + %, we take the highest
weight vector

@y, ) Eqs oo Xpy)
=, T P A I AT ™ gy A Ay TI AL ATy M 2T
(3.25)

and let Spin(m) act by the L-representation on it. We recall that for s € Spin(m) the
L-representation on simplicial spinor functions is given by

L)F (g, oo s X Ao AXy) =S FExps, .. ,Sx A AXy,s). (3.26)
We denote the resulting representation space by
,,,,, L (R™) = span{L(s)wq, .1, | s € Spin(m)}. (3.27)

Case 4 For the highest weight (/1, ..., Ipy—1, —Ipm), i € No+ %, we have to consider
the L-action on the highest weight vector

Oy, =y X5 -5 X ) =

o T2 (A, TE AT (3.28)

1
@ A A TI A ATy AT )M 2T

The resulting representation space will be denoted by M, ... —s,,)(R™).

To summarize, in the odd dimensional case (m = 2M + 1) the irreducible repre-
sentations of Spin(m) are obtained considering the H- and L-actions on the weight
vectors (3.21) and (3.28), correspondingly. In the even dimensional case (m = 2M)
all the irreducible representations of Spin(m) are obtained considering the H-action
on the weight vectors (3.18) and (3.21), and the L-action on the weight vectors (3.25)
and (3.28).
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4 Spin(3) Representations

In this section we collect results on Spin(3)-representations, in particular constructing
the irreducible modules from the theory explained in Sect. 3. These turn out to be also
important in the construction of Spin(4)-representations later on.

The group Spin(3) is the universal cover of SO(3) and can be realised inside the
even Clifford algebra R; Moreover, it is isomorphic to the special unitary group
SU(2) and also isomorphic to the unit 3-sphere S® understood as the group of unit
length quaternions, i.e.

Spin(3) = {a € R{ 5 : la| = 1} = §* = SU(). .1

We want to make these isomorphisms explicit for later use. An element of Spin(3) is
of the form s = ag + ajej2 + aze13 + azers such that |s|2 = ag + a% + a% + a% =1.
It acts on vectors x = xje; + x2¢3 + x3e3 € R? by x > sxs and this mapping is
represented by the SO(3) rotation matrix

1-— 2a% — Za% 2(apay; — azaz) 2(apar + ajaz)
—2(apay + azaz) 1 — Za% — 2a§ 2(apaz — ajaz) “4.2)
—2(apgar — araz) —2(apaz + ajar) 1 — Za% — 2a§

as a straightforward calculation within Rq 3 shows. Identifying ej» = i, e;3 = j und
ex3 = k with the quaternion units yields an isomorphism Rg) 3 = H and identifies
the spin group with the group of unit length quaternions. We identify H = C? by
writing ¢ = ag + aji + axj + azk = q1 + ¢2j with ¢ = ag + ia; € C and
q>» = ap + iaz € C. Then in particular ¢ = g — ¢2j is the quaternion conjugation
and quaternion multiplication corresponds to matrix multiplication for the associated

matrices
q1 q2
— X7, 4.3
<—f]2 ‘h) “-3)

which belong to SU(2) whenever |g| = 1. This completes the isomorphisms in (4.1).
We rewrite the rotation matrix (4.2) in these complex coordinates for Spin(3). This
yields

| (@] - a3+ T - T) g1 + 43 +91 — D) 2> + T142)
S|l +ai -1 -7 @i+ +71+7) 2@ -9 | @44
—2(9,92 + 9192) 2lgigx — 7192 2lq11* —2lqal?
For later calculations we need the H-action on the polynomials z; = x| + ixp, 7] =

x1 — ixp and x3. Using the rotation matrix (4.4) applied to x = (x1, x2, x3) € R we
obtain

H(q) 21 = @2 21 + 23,9253 — 43 21, (4.52)
H(q)Z1 = —G3 21 + 2013253 + 41 21, (4.5b)
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H(q) x3 = —q13221 + (q11* = 1921P)x3 — q19271. (4.5¢)

4.1 Representations of S* c H

Before explicitly giving irreducible Spin(3)-representations based on the general the-
ory of Sect.3, we will recall the closely related irreducible S*-representations from
[13, 21] (see also [10, 23, 28]). Since the quaternionic unit sphere S3 can be viewed
as a subset of C2 through S? = {(z1,22) € C? : |z1)> + |z22|* = 1} we write the
quaternion multiplication and conjugation in S as

(21, 22) ® (w1, w2) = (w1 — 22W2, Z W2 + 22W1), (4.6a)
(z1,22)" = @1, —22). (4.6b)

Let P be the space of all polynomials P(z, w) = > cj,kzj wk in two complex vari-
ables, and let P,, C P be the space of homogeneous polynomials of degree m

sz[P(Z,w)=icjzjwm_j‘qe(C,j:O,...,m]. @7
j=0

An orthonormal basis of P, with respect to the Fischer inner product (or equivalently,
with respect to the normalised L2 inner product) consists of the set of functions

mkk

P (21, 22) = 5, 0<k<m, meN. (4.8)

mf

The group S® naturally acts on P, by right translation Ry, w) [ (21, 22) = f((z1,22)0
(w1, wp)). Next, we follow [13] and express the linear map Ry, ,w,) : P — P With
respect to the orthonormal basis P}, j = 0, ..., m. By straightforward computations
we have

Vo = DIV R,y P21 22)
=V m = DIV PP (@1, 22) @ (wi, w2))

= (z1w1 — z22w2)" 7 (zywa + z2w)’

m—j . . / j j
- Z (m k ])(lel)’"—l—k(—zzwz)k Z (j)(lez)]_l(Zzwl)l
= 1=0
i=0 k+1=i
=) ————
pr mﬁ
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min(i,m—j)

i .
X Z mﬁ( L J)(i ik)w’ln J= kﬁll sz HE —ayk
k=max(0,i— )
4.9)
Hence, for each j =0, ..., m, we obtain
m
R(wlywz)P;'n(Zl»ZZ) = Z P,'m(Zl, 22)
i=0
min(i,m—j)
—k —i Kk, —
D P S T S G AV (4.10)

k=max(0,i—j)

where

S G [

and, therefore, the matrix elements of the unitary representation

£,:SUQ =S’ > Um+1) (4.12)
are given by
min(i,m—j)
E wiw)ij= > Chwi TR T ok, 0<ij<m
k=max(0,i—j)
(4.13)

In particular, the first row contains the holomorphic polynomials, i.e.

[rm\
&, (wi, w2, = <J>w’1” Twi, 0<j<m, (4.14)

while the first column contains polynomials of the form

£, (wi, wa)io =,/ <’:1> Wi (—w), 0<i<m. (4.15)

The following recurrence relations are taken from [13] and follow easily by direct
computation.
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Theorem 4.1 (cf. [13]) For every m € Ng and all 0 < i, j < m the following recur-
rence relations hold

Vm+1l—iym+1—]
E,1(21,22)i,)

z21€,(21,22)i,) =

m+1
\/7 0
+ —Jj§m—1(Z1,Z2)i—1,,/—1 (4.16a)
m+1
Vm+1—iJj+1
2§, (21,225 = p——) &1 (21, 22)i 11
Viym =]
- —]’Emﬂ(Zl,Zz)i—l,j (4.16b)
m+1
_ N/ ESWIESY
218,120 = ————&u1(21, 22)i41,j+1
m+1
Vm —iy/m— j
B 1 En_1(21,22)i,j (4.16¢)
- Vitlym+T1—]
—2&,(1, )i = 1 Enr1(21, 22)i41,j
m —i\/j
- —ﬁémfl(ZhZZ)i,jfl (4.16d)
m+1

where every expression out of domain is interpreted as zero.

The previous recurrence relations can be written in matrix form using suitable matrices
filled up with zeros and suitable weights in their entries.

Definition 4.2 (cf. [13]) For m > 0 we define the matrices a_(m), ar(m) €
Rm+1)x(m+2) by

m+1 0 00
a_(m) = 0 Vmoono) (4.17a)
0 0410
0+/1 0 0
1
ay(m) = 00 V2 (4.17b)
LR T
00 0 Vm+1

) Birkhduser
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For m > 1 we define the matrices b_ (m), by (m) € Rm+Dxm by

0 0 0
V10 0
1 .
b_(m) = 0 V2 . (4.18a)
m+1
S
0 0 Jm
Jn 0 .0
1 0 Vm—1" :

b = . ) } 4.18b
+(m) — | ) 0 ( )
0 0 V1
0 00

and for convenience, we set b_(0) = b4 (0) = 0.

Theorem 4.3 (cf. [13]) For every m € Ny the following recurrence relations hold

21 € (21, 22) = a—(M)&, 41 (21, 22)a—(m) " +b_(m)E,,_1(z1, 22)b—(m) ",

(4.19a)

228, (21, 22) = a_(M)&,,, 1 (z1, 22)ar(m) " — b_(m)&,,_1(z1, 22)b+(m) ",
(4.19b)

~226,,(21,22) = ay (M)&, 11 (21, 22)a—(m) " — by (m)&,,_ (21, 22)b—(m) ",
(4.19¢)

21E,(21, 22) = ap ()&, 41 (21, 22)ar(m) " + b (m)E,, 1 (21, 22)b(m) .
(4.19d)

Itis possible to define shift operators acting on the matrix coefficients of a given rep-
resentation. They are related to left- respectively right-invariant differential operators
3
on S-.

Definition 4.4 (cf. [13]) For differentiable functions S* > (z1, z2) — f(z1,22) € C
we define the following differential operators

3+ - —12311 +Zl&zzv J_ = 22821 - Zlazzv (4203)
0l =719;, — 220, o = —218:, + 228, (4.20b)

It is easy to see that the operators d+ and 81 are linear combination of rotational

derivatives. The operators 9+ are left invariant and the operators 81 are right invariant.
This means that

Rwy w0 f (21, 22) = 04 Rewy ) f (215 22), (4.21a)
Ly, w0+ f (21, 22) = 0+ Ly, wy) f (21, 22) (4.21b)
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holds true for the right translation Ry, w,) f(z1,22) = f((z1,22) (w1, w2)) and
the left translation Ly, u,) f(21.22) = f((w1, w2) ™" e (z1.22)) = f((W1, —w2)
(z1, z2)) on the group S3.

Theorem 4.5 (cf. [13]) For everym € Ng and 0 < i, j < m the following relations
hold

O E)i = Vm— i+ 1 (Epit s (4.22a)
0 & = Nm+1—iviE)i1, (4.22b)

0+E,)ij = —vVm—jNJj+1E)ij+1, (4.22¢)
_E)ij = —vm+1—jViGEij-1, (4.22d)

where every matrix coefficient outside of the matrix is understood as zero.

The previous relations can be written in matrix form using two special matrices
o04+(m/2) and o_(m/2) defined as follows. The use of m /2 instead of m as argument is
related to the parametrisation of representations by weights instead of by homogeneity
used later on.

Definition 4.6 (c¢f. [13]) For m > 0 we define the matrices o4 (m/2),0_(m/2) €
Rm+1D)x(m+1) by

0 0 0 O
—Jm 0 0 0
o m/2)=| 0 —V2m—-1) . = |, (4.23a)
0 0 —/mO
0 —/m 0 0
0 0 —V2m—1) .
om/2)y=|. - . o (4.23b)
0 0 0 —m
0 O 0 O
They satisfy o (m/2) = o_(m/2)".
Corollary 4.7 (cf. [13]) For every m € Ny the following relations hold
0+&,,(z1,22) = §,,(z1,22) 04(m/2), (4.24a)
0-§,,(z1,220) = &,,(21,22) 0-(m/2), (4.24b)
0L, (z1.22) = 0l (m/2)§,,(z1, 22), (4.24c)
0 &, (z1,22) = 0 (m/2)&, (21, 22), (4.24d)
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where Gjr(m/Z) = —o,(m/2)" = —o_(m/2) and aj(m/Z) = —o_(m/2)" =
—o4+(m/2).

Remark 4.8 The matrices o4 (m/2) can be obtained as

or+(m/2) =034+&,,lq,00 and  o_(m/2) = 0-&,]1,0) (4.25)

where we apply the operators entrywise and use the point evaluation at (1, 0). Thus,
they are the matrix-valued symbols of the left-invariant differental operators 0+ €
Diff!(S?) in the sense of Sect. 2.

4.2 H-Representations: Spherical Harmonics in R3

We follow the approach of Sect.3. By (3.21) and (3.5) the weight vector w;(x) for
[ € Ny is given by

—1i l 71N/
w(x) = (x, 7)) = (%) = (%1) ) (4.26)

We renormalise the weight vector considering 27 instead of 77 obtaining the poly-
nomial le . To perform the H-action on wj;(x) we consider (4.5b) and we get

H(q)Z) = (Gxq,2T1)' = (4?71 + 21323 — G5 21). (4.27)

Using multi-index notation @ = (o1, @2, ®3) € NS, o] = a1 + ap + a3, and ! =
orloplas!, and the multinomial theorem to further expand (4.27) we obtain

_ o, _ _
H@) 7 = ) = (@120 Qg1 32 %)™ (=35 7)™
la‘:l(x.
2 . I (4.28)
=D TCa) Y I () ),
j=0 lal=l
w+2u3=j

where in the last line we put oy + 2a3 = j, which yields 2oy + oy = 2] — j from
|| = 1. The 21 + 1 polynomials given by

il
Pl(z1,71,x3) = Z — 2N (=2x3) (2™, j=0,...,21, (429)
J o o!
ol=

ar+2u3=]j

suffice to build the representation space from the weight vector. As the dimension
of the representation to weight / is 2/ 4 1, the polynomials must also belong to the
representation space and form a basis. The polynomials are orthogonal with respect
to the Fischer inner product (3.7)

(P}, P{) = [P}(20z, 20, 9x3) P{(21, 21, )]0l zs=0 = 0, j #k,  (4.30)
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due to the non-matching orders of the monomials and in order to calculate their norm,
we use

(P}, Py = [PL(20z,,20:,, 9:5) P (21, 21, X3) 02y 2 x3=0

an?
= Z a! 2l+0(2 = Cl,j- (431)

|o|=1
ar+2a3=j

The inner product is calculated using the Fischer duality z1 — 20z,, 21 + 20;,, and
X3 > Oxy.

The following lemma provides a relation between trinomial and binomial coeffi-
cients.

Lemma4.9 Fora = (a1, a2, @3) € N} it holds

A 21
§ _'2“2 = ( ) (4.32)
o=t * /

ar+2a3=j

Proof Multiplication by x/ = x®2+2% and summing over j yields

! |

§ : § : l_'zazxa2+2a3 — § : ! 191 (2x)ot2x2a3
o! olalas!

=0 Jaj=I o= F17H2°%3

wrt2a3=] (4.33)
21

=1+ 22+ =1+ =) (Zl)xf'

=0

based on the multinomial theorem. Comparing powers of x yields the desired result.

]
Using Lemma 4.9 we can write the normalising constants ¢;, ; as
21
c,,,:(,)z’l!, j=0,...,21 (4.34)
J

and obtain 2/ + 1 orthonormal spherical harmonics (4.29) on R? spanning the rep-
resentation space H;(R3) for the given weight / € N. It remains to express H(g) in
this basis in order to obtain the matrix coefficients and to obtain the relation to the
representations constructed in Sect.4.1.

For this, we consider the H-action on the orthogonal polynomials P]’. . For each
j =0,...,2l, we use first the actions (4.5a)-(4.5¢) and then the multinomial theorem
to obtain
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H(q) P} (21,71, x3)

[ _ _ _
= > <a> (@121 +29192%3 — g521)*1 2%
|a|=I
o +2a3=j
x (19221 — (11> = |219)x3 + 13220 (q321 — 241 q2x3 — G121)™

-z T 2 2 2()G)EE0)

|Bl=a1 ly|=c2 |8|=a3 n=0
ar+203=]j

q2ﬂ1+ﬂ2+1/1+n51/3+52+233+n q)/1+)/2 n+231+32( — )ﬁ2+2ﬂ3+y3+y2 n

(4.35)
% 21131+V1+81 (_2x3)/32+)/2+52 (—Zl)ﬁ3+y3+63.

Putting B + ya + 8n = €1, A = 1,2,3 and since |«¢| = [, |B] = a1, |Y| = a2,
|6] = a3 we obtain that |e| = €] + €3 + €3 = [. Moreover, putting €; + 2€3 = i and
B2+ 283+ y3+ y» —n = k and since ar + 203 = |y| + 2|8] = j we obtain the
following identities

21+ B+yi+n=21—j—k,
v3+8+20+n=i—k, (4.36)
i+t +256+éb—n=j—i+k.

Since2l —j—k>0,i —k >0,and j —i +k > 0 we get that max(0,i — j) <k <
min(i, 2/ — j). Therefore, (4.35) can be written as

20  min(i,2l—j)

2l—j—k —i k, —
—H(q)P @zux) =Y. > thya T e T )
i=0 k=max(0,i—j)
(4.37)

1 l)_g
x H(=2x3) (—21),
A/CLi |6|Z:l <€ ’ :

er+2e3=i

for some coefficients ti]f ol Comparing (4.37) with (4.10), we must have the following
identifications between the matrix coefficients (4.10) and (4.37): m — 21, wi — q1,
and wy + ¢». Thus, the matrix coefficients related to the (normalised) basis of
harmonic polynomials P/l. associated with the weight [ € Ny are given by

min(i,2/—j)
2—j—k —i— k

i+k .o
@ng)ij= Y. Choyar TG T gk =02
k=max(0,i—j)

Spin(3)

&
(4.38)

where C{‘j 5 18 given by (4.11) with m = 2[. Therefore, it holds tikj = Cik it Con-
sequently, the relationship between these H-representations and the representations
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constructed in Sect.4.1 is given by

£ (g1, 2) = Ex(q1. q2). (4.39)

Next we give two examples. For [ = 1, the module H;(R>) has dimension 3
and an orthonormal basis is given by {\%31, —X3, —%ﬁzl}. The matrix coefficients

associated to this basis are

Spin(3) q12 \/EQI(/]Z q%
M) = | V2013 1> = 192> V23,92 | - (4.40)
7 V29 @

For [ = 2, the module > (R?) has dimension 5 and an orthonormal basis is given
by

{1_2 1 _ 1(22 _)1 1, “41)
—=21, ——=21%3, —=2x5 — 2121), —=X321, —=2]( - .
232 V2 2/3 V2 22
. . Spin(3) . . .
The matrix coefficients &, (q1, g2) associated to this basis are
af 2qia V6ata? 2q143 a3
“2q¢i7 4} q11? =321 Vea1a2(191 12 — 1921 30> -1 23143
V6qia: —Voqimaai? —1a2%) (a1 —1a21*)? = 2lq1Pla2? V671920191 1% — |92 V63243
205 Bl -1 —V6qi @ (a1l* — 12 Fail? =312 2542
73 27133 N 2739, 7t
(4.42)

4.3 L-Representations: Spinor-Valued Monogenics in R3

In the 3-dimensional case there is only one basic spinor representation S = SI =
(C;{’Lr = spanc{l, e;3}Z, where the idempotent Z is given in terms of the Witt
basis elements (as introduced in Sect. 3)

1 . 1 .
T = 5(61 —iey), T = 5(63 —ieq),
(4.43)

i1 : i1 .
T, = —5(61 +iey), T, = —5(63 +ies),

by Zy = 111>, withZ} = TlTlT and 7, = T2T2T. For z € SI weputz = (z7,77) €
C? such that z = ztZ, — z7e;3Z,. Now, considering the left multiplication by
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q = a1 +aze2 +aze3 +aserz € Spin(3) on the spinor representation SI we obtain

gzt —z7e13) Iy
= (ap + aren + azerz +azers)(z" — 2 e13) Iy (4.44)

- ((ao Tianzt + (@ +ia3)z — (—(as — asi)zt + (ag — ial)z*)en)a,

where we have used the multiplication rules of the Clifford algebra and the identities
e1pZ+ = iZ; and exp3Z = —ie|3Z4 following from the basic rules ;7 = —ie|Z
and e4Z4 = —ie3Zy. The linear transformation (4.44) can again be written as an

SU(2)-action given by
+
(5.5)()
—4291) \%2

where g1 = ag +iaj and ¢p = ap +iaz and z = 277, — z7e;374.

_1
Next, we perform the L-action on the weight vector w;(x) = le 27, forl € No+ %
to obtain the representation space for the half-integer weight. Based on (4.5b), (4.45),
and (4.28), we get

_ _1
L@ w(x) =q(qxq.2T) 2T,
_ _ _ _1 _ _ _ _ _1
= [q1(qi71 +2q1G2%3 — 35 21)' 72 — (=2 (@71 + 2q1G0x3 — @321) " 2)ei3]1 Ty
21 .
=[S a7 o P e T
=0

21
A-1-j , — i+l pl=3, =
—<qu / (—612)]+]P/~ 2(21,Zl,x3))613]1'+
Jj=0
21 o
=[ZCI1 (=g Py (21,71, x3)
Jj=0

21
A—j  — it _
—( E q; ! (—Q2)JPJ-_12(Z1,Zl,xs))€13]f+
j=1

21
s s -1 _ -1 _
= quﬂ J (_qz)l |:Pj 2(11,117)63) - Pj—lz (Zl,Zl’x3)el3j| Z+. (4.46)
Jj=0

. - _ -5
where we set for convenience P_, 2(z1,21,x3) = Py, 2(z1,21,x3) = 0. Therefore,
we have obtained the 27 4 1 SI -valued monogenic polynomials
17

~ _ -1 _ 1 _ .
P}(Zl,m,x?)) =[P; *(z1,71,x3) — P;_j (21,21, x3)ei3 T4, j=0,....2L
4.47)
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As this is the dimension of the representation space, we know that they are indeed
linearly independent and thus must form a basis. Note that for j = 0 we obtain
~ _ -3 . . . .

Pé(zl, 71,X3) = 7, 27,, ie. the weight vector, while for j = 2/ we get

~ _ _1
P ,(21,71,x3) = —(—z1) " 2e3Zs.

To obtain an orthonormal basis for MI(R3), we still need to compute the Fischer
inner products (3.7) of the polynomials. By (4.30)

~ 1 1
(PLB) = (P, 7. P, ) +(P,].P_{)=0, j#k (448
follows and the normalizing constants
5151 =3 pl=3 =3 pl=3
dij =(Pj, Pj)=(P; *, P, >+<Pj71’Pj71>:Cl—%,j+cl—%,j—l

2\ 1
_(])2 (1—§>! (4.49)

are obtained for j = 0, ..., 2/. We will endow the representation space M; (R3) with
the basis obtained by normalising Pl

To obtain the matrix coefﬁcignts associated to (4.47), we calculate the L-action on
these orthogonal polynomials P]l-. Using (4.45) we obtain for each j =0, ...,2/

L(q) P}(x) =q P}(gxq)
_1
[0 P\ @xg) + 4P @xa) + (@ P @xg) — T P F @aa))ens] T
(4.50)

Using (4.37) we see that the maximal exponents of ¢ and g5 are qfl_j " and q2 ik

Therefore, we can write (4.50) using the renormalised basis (4.47) in the form

1 min(i,2[— j)
oy 20—j—k —i +k —
——L(@)Plx) = Z Yookl T g e T gt

/ R J
dl’] i=0 k=max(0,i— j)

1
X \/T( (Zl Z1,x3) — P;_; (Zl Z1, X3)€13>I+,
i
4.51)

for some still to be determined coefficients t ol Comparing (4.51) with (4.10), we
must have the identifications m +— 21, wq »—> q1, and wy +— ¢ between the matrix
coefficients (4.10) and (4.51). Therefore, the matrix coefficients related to the basis of
monogenic polynomials Pl associated with the weight / € Ny + 2 are given by

min(i,2/—j)
3 21—j—k —i k
EP Vg = Y. iy TR e T —gh @2
k=max(0,i—j)
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fori, j=0,...,2landwith C} , , givenby (4.11)form = 20. Thus, {; ,; = C} ; 5,
and consequently, the relatlonshlp between the spinor-valued representatlons and the
representations constructed in Sect. 4.1 is

£ (g1, 42) = Ex(q1, q2). (4.53)

Next we give two examples. For [ = %, the representation space M ; (R3) has
2

dimension 2 and an orthonormal basis is given by {Z, —e3Z,}. The matrix coeffi-
cients associated to this basis are

P (g1, q2) = ( a 22) . (4.54)
2 —q2 91

Forl = %, the module M 3 (R3) has dimension 4 and an orthonormal basis is given
by

1 1 1 1
—21Ly, —=(—2x3 —71€13) 14, —=(—z1 +2x3e13)Z4, —=z1€13L. }
{ﬁ 6 NG Y/ A
(4.55)
The associated matrix coefficients are
q; V3aiq V34143 7
£SO (s V3413, qilqi> =2a1? @Clq11> —19:1*) V33,93 (4.56)
1.92) = . .
; V3a@3 —0:Qlq11? — 192 @1 (a1 1 = 21921%) V37392
-3 V39,43 V330, I

5 Spin(4) Representations
5.1 Prerequisites

We start by recalling the notation from Sect.3. We use an orthonormal basis
{e1,en,e3,e4} of R* and denote by Ro,4 the real 24_dimensional Clifford algebra
over R* generated by the relations ei2 =-—1,i=1,...,4and eje; = —eje;, i # j.
The group Spin(4) consists of even products of unit vectors

2k
spin(@) = { [[sj:s; R, Isjl =1, ke N} C Ry, 5.1)
j=1
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Later on we will make use of the isomorphism Spin(4) = Spin(3) x Spin(3) following
from the identifications Ra 4 = Ro3 = H @ H, which we recall next. Due to [5,
Section 0.5.4] we can write a € RS’A in the form a = wia4 + w_a— withay €

R{% = span{l, eq2, 13, €23} = H and wy = %(1 + eq234). These elements w are
mutually annihilating idempotents satisfying

wi = w4, wro_ = w_wy =0, oy +ow_ =1, w+ =w+. (5.2)

As wt commute with a4 and a_ we can also write a = a;wy + a_w_. Applying
this decomposition to elements s € Spin(4) we obtain

s=swy +qw_  with ¢g,s € Spin(3) 5.3)

together with
ss' =ss'wy +qq'w_  for 8 =s5'w, +q'w_ with ¢',s" € Spin(3) (5.4)
making the isomorphism explicit. For an arbitrary element x € R* putting x =
Z?:l x;e; and observing that for each i = 1,...,4 it holds wye; = ejw_ and

w_e; = e;w4+ we obtain

Sxs= (ot +qo-)x (so +qw-)
=Ssxsw_wy + EJ_cqwz_ + ﬁ&swi +gxqwiw_ (5.5)

=5Xq w— +gxs 0y,

which describes a rotation in R* induced by (g, s) € Spin(3) x Spin(3). Due to the
isomorphism Spin(3) = S? and the identification of R* with C? we can write the
action 5 x s inside C2. Putting ¢ = (¢1, q2), s = (s1,52) € S3, and x = (21, z2) € C?
yields after a lengthy calculation

Sxs= (75121 + $222) + 925122 — $221))

_ _ . (5.6)
+ (g1 (5122 — 5221) — q2(51Z1 +5222))j

identifying C? with H. Next, we describe the Spin(4) action on the spinor spaces S f.
A realisation of SI was already described in Sect.4.3. Considering s = sw4 + qw—
with g, s € Spin(3) we obtain for SZ“ the half-spin action

(sot +qu_)z" —z7e3) Ty = qzt —ze13)Ty (5.7

aswiZy =0, w_7I4 =74, and w4, w— commute with e;3. Thus on SZ’ the action
corresponds to the left multiplication by ¢ € Spin(3) = S* and hence by (4.45) also

to the matrix multiplication
ar @) (zF 5.8)
—92q1)\z" )" '
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For §;, we get the half-spin action
(ot +qo_)(z" —z7en)I- = szt —z7e3)I-. (5.9)

Thus, this action corresponds to the left multiplication by s € Spin(3) = S? and as in
(4.45) we see that it corresponds to the matrix-multiplication

s1 2\ (27
(.0)6)

5.2 H-Representations: Spherical Harmonics in R*

Following Sect. 3, we construct explicitly the representations associated to the weights
(11, ), withl1, I € No, and0 < I < ;. Consideringx = Y"7_ xjer,y = Y7 vie;
by (3.18) the (normalised) weight vector is given by

O @ Y) = (@ 21172 (x Ay, AT A T2 = 278 @ws — w1222 (5.11)

where 71 = x| +1ix2, 220 = x3 +ix4, w; = y; +1iy2 and wy = y3 +1iy4. Representing
an element s = sw4 + gw_ € Spin(4) by two unit quaternions g = (g1, g2), s =
(s1,52) € S? and using complex coordinates for x = (z1,22),y = (wy, wy) € C?
equation (5.6) yields h

(Sxs,2T1) = q15121 + q15222 + §25122 — 25221
= q1 (5121 +5222) —q5 (5221 — $122) (5.12)
01 )]

and

SxANys, 4TI ANT2) = (5x8) A (5ys), 4TI A T2)

= ¢} @1w2 — 22W1) —q1G> Z1w1 — 211 + Zaws — 22W2)
03 04 (5.13)
+c_1% (ziw2 — Z2wy) .
Os

Thus, we obtain for the H-action on the weight vector w(, 1,)(x, ¥) and by using
shorthand notations Q ; for the terms marked above
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HS)w(, 1) (x, y) = (828,271 72 Ex A ys, 4T A T)2

l1—D 21

) - Up—j, — \j
—Z( ) P ) 0 TR0 Y e (g
Jj=0
!
> o 030rey (5.14)
loe| =12
ar+203=]j
L=l 2 !
L+h— !
S S (" ot Y Bovares
i=0 j=0 la|=l
ar+2u3=j
Collecting the powers of g this can be written as
L1+ I
-_— l l .
Hs)wg, 1) (X, y) = Z g =gk Y ( )Ql 1 0h
i+j=k
[p! Al A A3
> 0510505 (5.15)
la|=l> '
ar+2a3=]j

The terms 03, Q4 and Qs are independent of the spinor s = sw4 + gw_. For Q1 and
0> we extract the dependence on s and obtain (with [ =11 — [2)

Qlfi 05 = (5171 +5222) 7 (221 — 5122)
1 min(i,m) 1—i .
— Zsll_m(_§2)m Z (_1)1( )( )Zl i— m+nZnZz2 n( Zz)mﬂz.
. m—n/\n
m=0 n=max(0,m-+i—I)

(5.16)

Thus, defining the following polynomials

i min(i,m) I ; ;
— g _ _
Spi (@) = (=1 (l) 2 (m_n)<n)zl T " ()"

n=max(0,m+i—I)

(5.17)
!
Qi cAw = Y 2050705 (5.18)
= .
azl-(l)r[‘Zasij
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where z = 2111 — Zle + 22717 — ZszT andw = w1 T; — wlTﬁ + worTh —sz; are
the Hermitian variables constructed from x and y, we can write (5.15) as

I+ Li—b

H(s)w, 1) (x, y) = Z ql|+12 (—7 ) Zsll h— M (_Fy)m

Z Shi (@) Qlf(zAw)- (5.19)

itj=k

From (5.19) the tensor product structure of the Spin(4)-representations of weight
(1, 12), l; € No, I} > I can be seen.

Lemma 5.1 Letly, 1> € Ng withly > [5. Then the polynomials

Y Sit@ R Aw), (5.20)

i+j=k

fork =0,....1+bandm =0, ..., 11—, forman orthogonal basis ofH(ll,lz)(R“).
In particular the dimension of the (11, l2)-representation is (I; + 1> + 1)(I1 — I + 1).

Proof By construction, these polynomials generate the representation space H, 1,)
(R*). To obtain orthogonality with respect to the Fischer inner product we consider
their degrees of homogeneity in certain sets of variables. First we distinguish holomor-
phic variables z1, z2, wi, wy from their antiholomorphic counterparts 71, Z2, W1, Wa.
Then due to (5.18) the polynomial Sf,;;lz (2) is of holomorphic degree i and of anti-
holomorphic degree [; — I — i, while Qlj2 (z A w) is of holomorphic degree j and
antiholomorphic degree 2/, — j. Thus, the polynomials (5.20) are holomorphic of
degree k and antiholomorphic of degree [ + 5 — k.

Next we consider a mixed form of degree considering the variables 21,22, Wi, W2
the mixed degree of the polynomial S, h=l (z) is of degree m and Q (z A w) of mixed
degree /> and thus the above polynomrals (5.20) are of mixed degree m+ 1.

It follows that for given /; and /; and different k and m the polynomials (5.20) have
different homogeneities and are thus Fischer orthogonal. O

Next, we construct the representations associated to the weights (/1, /o) with/q, [, €
Zandl; > —I> > 0. By (3.21) the corresponding (normalised) weight vector is given
by

o1y (X, Y) = (1, 2T T2 (x Ay, 4Ty AT T2 =22 (0w — 2w 7
(5.21)
Using again ¢ = (q1,¢2),s = (s1,52) € S? to describe elements of the spin group
and x = (z1,22), y = (W, wy) € C? as complex coordinates, equation (5.6) yields

again

(8x8,2T1) = 51 (q121 + G222) —52 (G221 — q122)

(5.22)

(0] 05]
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and now

SxAys, —4Ti ATy) = (Ex8) A Gys), —4Ti AT,)

2 = — - = — = 2 — =
=57 (T1w2 — 22W1) —8152 (1w — 21 W1 + 22W2 — Z2w2) +55 (2 W2 — Zowy) -
— ———

03 O4 Os
(5.23)

Using these short-hand notations we compute the H-action on the weight vector
(1) (X, y) following the lines of (5.14) as

HS)wg, 1) (X, ) = G285, 27142 Ex Ays, —4 Ty ATy) "
L1 =1

—lp—m — \m h+1 i Ni ) Ao
=Y ST e Y (‘ 2>Q’1”2 o Yy Zovoror
m=0 ’

i+j=m lel=12]
+203=j
L+ L=
h+h—k — \k h—=lh—m, — S+ !
= T gt YT e Y 5P 0 e aw)
= m=0 i+j=m
(5.24)
with

min(i,k)
~ /1 ] —
5@ =(=1) (l> > <k_;) (n>z’1 ikt i (—z)* ", (5.25)

n=max(0,k+i—1I)
and obtained from S,l(‘ ;(2) by complex conjugating z; and
~ l ~
0%crwy= ) Bk 2' 05' 032 0% (5.26)

lee|=ll2]
ar+2a3=j

obtained from Q‘;Zl (z A w) by complex conjugating z, and w».

Lemma5.2 Letly, I € Z withly > —ly > 0. Then the polynomials

Y SRR 0% Aw), (5.27)

i+j=m
fork =0,....,1+bandm =0, ..., 11—, form an orthogonal basis ofH(llJz)(R“).

Proof The proof follows again by considering holomorphic, antiholomorphic and
mixed degrees of the polynomials. O

Birkhauser



32 Page30of 56 Journal of Fourier Analysis and Applications (2023) 29:32

5.3 L-Representations: Spinor-Valued Monogenics in R*

In this section we construct the representations associated to the weights (l 1s 12) with
Li,lh e Z+ % and /1 > |l»|. First we consider the case /; > 0 and the corresponding

L-representation on the space of SI-Valued simplicial monogenic polynomials. From
(5.7), (5.8), and (5.19) we obtain

L(s)wa, 1) (X, y) = ¢ (x5, 2T)" 2 Sx A ys, 4T) AT)2 3 T,
I+l —1 L=l

_ —bh— _ _ h—1
— I:([l Z qll+12 ( 2)k Zs]ll 53 m(_sz)m Z Sﬁy]lYiIZ(g) Q]2 Z(E/\Q)
k=0 m=0 itj=k
L+h—1 l1=h
+§2 Z q{]-}-lz—k—l _ﬁz)k Z Lh—l— m( — )m
k=0 m=0 (5.28
_ h—1 28)
>oshit@0f e Awen]T:
itj=k
I+l I =l
_ Z q11+12 (=7» ) Z l1—l— " (—Fp)™
m=0
_ Lh—1
x[ Y st teaw - Y s 0k Feawen]T
i+j=k itj=k—1

11 h—3 11 h-3
where we used Zi+j=_1 S”‘l’l. *(2) Q; ‘zAw) = Zi+j=11+12 S”‘H. *(2) Q; “(ZA
w) = 0. Due to the orthogonality between our basis functions of H;, 1,)(R*) we
conclude:

Corollary 5.3 Let 1,1 € Ny + % with 1y > l>. Then the monogenic polynomials
— L—1 _ Ih—L
[ > Sﬁrll,ilz(g) Qj2 ISHEY S,[,i,,-lz(g) sz (z /\y)eB]Lr (5.29)
i+j=k i+j=k—1
fork =0,..., L1+l andm =0, ...,y =1, form an orthogonal basis ofM(ll,lz)(R“).

The calculations for the representations of weight (l 1 lz) with ly,lh € Z + % and
Iy > —I > 0 on the space of S, -valued polynomials are similar. Indeed,

LS)a, i (. y) = s x5, 2T)1H2 Sx A ys, —4Ty AT) 272 1.
L1+ I —lh—1

Lhtb—k , — -1 1 S+l Shts
=[a X d et Y s e Y §0 8 eaw
k=0 m=0 i+j=m
L1+ l1—h—1
L+l l1—lh—m—1 —
45 Y g gl Y s sy
k=0 m=0
~ ~lh+ 1
> 50T A wens|T-
i+j=m
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L+l

_ Z qll+/2 ( q )k Zsll —lh— m( Sz)m

x[ S e eaw - Y S,i{?’Z(g)é’f*%(;w)em}zf (5.30)

i+j=m i+j=m—1
h d Sl1+lz ~I+3 _ 1]+12 b+
where we used ) i @Q; "EAwW =30 S & )Q (zA
w) = 0. Again we conclude
Corollary 5.4 Letl), 1, € Z+ % withly > —lp > 0. Then the monogenic polynomials

~ ~l 41 ~ ~lra L
[ Y S0 eaw - Y 3@ 07 P cawen] (31

i+j=m i+j=m—1
fork =0,....I1+landm =0, ..., 11— forman orthogonal basis of./\/l(ll,lz)(R“).

5.4 Matrix Coefficients

To describe all Spin(4) representations &, ;,), we consider the lattice

1\2
Tspina) = {1, 1) € Z* U (Z + 5) [y > |2} (5.32)

consisting of pairs of integers and pairs of half-integers. In Sects.5.2 and 5.3 we con-
structed orthogonal bases for the representation spaces of the Spin(4) representations
&@y,1p) for all (11, ) € spin4). This choice of bases allows to make direct use of the
tensor product structure of these representations. By construction, we have

i) = Ep (. 5) = 511‘11‘;(3’<q>®slf"““)(s> £ (@) ® &y (9),
(5.33)

where s = sw4 + gqw_ and ® denotes the Kronecker product of the matrices. Each
£(,.1,)(s) 1s a unitary matrix of dimension

da, 1) =d@d¥ =l +hL+Dl —L+1). (5.34)

Figure 1 shows the infinite triangle of Spin(4) representations acting on harmonic

modules H and monogenic modules M. At the borders of the infinite triangle, we can

observe the Spin(3) representations & 15111112(3) ® 1 in red and the Spin(3) representations
7

Spm(3)

1® é in blue.
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Ho,00 M) Hap) M) Hew) Mei,) He)

(3,3)
(9
(2,2) (3,2)
B9
(1,1) (2,1) (3,1)
(53) (3:3) (5:3)

(0,0) (1,0) (2,0) (3,0)
(1,-1) (2,-1) (3,-1) ---

(2,-2) (3,-2) ---

Fig. 1 Harmonic and monogenic modules of Spin(4) representations &, ,)

5.5 Recurrence Relations

In the following two sections we discuss the general structure of matrix coefficients
of the representations we have constructed. First, we prove recurrence relations for
the matrix coefficients and then we define differential operators corresponding (up to
factors) to shifts in the matrix coefficients of a given representation.

Definition 5.5 For all (/1, [2) € I'spin4) we define the following matrices:

Ar(, ) =ax (i + 1) @1 —pp11,
Bi(l1, ) =bx(li + 1) 1,141,
Cili, ) =1 4541 ®ax(ly — b,
Di(l1, ) =1 4541 @ b (1 — D),

where a4 (I] 1) and b4 (I1 & [3) are the matrices given in Definition 4.2.

Using the matrices just defined we can transfer the recurrence relations given in
Theorem 4.3 to the Spin(4) case. To simplify the expressions we use A4 instead of
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A+ (I1, ») and the same for the other matrices. The notation introduced will also be
used later on when dealing with difference operators and the group Fourier transform.

Theorem 5.6 For all (I, 12) € Uspinw) the three term recurrence relations

q1601)(@8) = A+ (@) AL + B_g- - (q.9) BI,  (5.35)
02601)(q.9) = At +)(q.$) AL — B o). 5) Bl (535b)
~T26010(@:9) = Av byt i1 (@.9) AL = Bigg- oy(q.9) BI, (5.350)
7160 (@.9) = Avdgr 4 (@) AL + Brég- (¢, BY,  (5.35d)

$1601.(@.8) = C= gt =)(q.5) CL + D_§- 4)(q. ) DL, (5.35¢)
5260, 8) = C- g+ 12)(q.8) CL — D +)(q.9) Dy, (5.350)
—5281.(@:$) = Ca &gt =@ 9 CL = Di§yc (g, 9) DL, (5359)
51800,1)(q,5) = C i+ =)(q, ) C| + D; -‘3(11—,1;)(%5)1)1 (5.35h)

hold true, where we used the notation

1 1

for the neighbouring weights in the weight lattice.

Proof Theorem 4.3 together with the mixed product property (A ® B)(C ® D) =
(AC) ® (BD) of the Kronecker product yields

q181,.1)(q, ) = q18§,41,(q) ® &)1, (5)
= (a—(ll + 1) &1 141(q) a-( +12)T> ® &1, (5)

+ (b + D) &1 @ b +12)T) @ 1,1, ()

= (a-(h + 1) @ Ly—1,41) (§1,4141(@) ® &,y (5)) (a—(h + h'® Iy —ir41)
+ (- + 1) ®Ty—ty41) (&35 1@) ® &1, () (-1 + 1) T @ Ty —1p11)
= A+ (@) AL + B§- - (q.5) BI (5.37)

and thus the first identity follows. The remaining identities are proved analogously.
Note that for the last four formulas the sum of the weights stays the same while the
difference is altered by +1. O

Example 5.7 The matrix recurrence relations yield three term relations for coefficients.
We provide one example obtained by plugging in the definition of the matrices a4 and
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b+ from (4.2). It follows that

q1801.1)(q59)i,j = S Ll/mr\/r e Sar i @- S

n L/ plNLilp]
r

(5.38)
§ar15)(@5S)i—p.j—p

withr =1+ +1land p=1; — I+ 1.

The next theorem provides second order recurrence relations following from The-
orem 5.6.

Corollary 5.8 Forall (11, I2) € I'spinea) the following matrix recurrence relations hold

@151 €111, 8) = (a—(i + 1) @ a— (i — )@ +1,12)(q. ) (a—1 + b) ® a— (1 — 12))T
+ (a=i + 1) @ b_(l1 — 1))&a, b1 (g, ) (a1 + 1) @ b1 — 12))T
+ (b=l + 1) ® a—(ly — 1))&1-1) (@, ) (-l + 1) ® a_(ly — 1))

+ (b + 1) ® b_(ly — 1)1 (@, ) (bl + 1) @ b_() — 1)) |,
(5.392)

025280,.1)(q, 8) = (a—(y + 1) @ a_ (1 — 12))E@, 41,1 (g, $) (ar (hh + 1) ® ay (1) —12))T
—(a-(h + 1) ® b (I — 1))y 1) (g $)(ar U + 1) ® b (1) — 1)
— (b + 1) ®@ a1 — 1))et 1n—1)(q, ) (b4 1y + 1) @ ar(ly — 1)) "

+ (b + 1) @by — 1)) —1.)(@, ) (bl + 1) @ b_(h — 1)) |,
(5.39b)

3252 €01.1)(q. 5) = (ar (1 + 1) @ ay (i — 1))@ +1.)(q. ) (a— U + 1) ® a1 — 12))T
—(ar (i + 1) @by (h — )y (@ ) (a— (i + 1) @ b_(I) — 12))T
= (b1 + 1) @ ay i — ))& -1 (g, ) (b-(h + ) @ a— (1 — 12))T

+ (by(h + 1) @by (ly — 1))E@ -1,y (g, ) (b— (L + 1) ® b_ (I —lz))T,
(5.39¢)

G151 &0 (. 8) = (ar (i + 1) ® ay (I — 1))@y +1.0) (- ) (ar (U + 1) ® ar (I —lz))T
+ (ar(h + 1) ® by (ly — ))& 11y (g, ) (ar (h + 1) @ by (I —12))T
+ (bl + 1) @ ar(li — 1))Ea -1 (q. ) (b1 + 1) ® a () —lz))T
+ (b + 1) @by — 1)ée-11)(q. ) (b1l + 1) @ by (h — 1))
(5.39d)

where every expression out of domain is interpreted as zero.

5.6 Differential Relations for Matrix Coefficients

The matrix coefficients of the Spin(4) representations can be generated using particular
first order differential operators. This is a consequence of Theorem 4.5, for which we
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provide the details now. We use again a pair ¢ = (g1, q2) € S3and s = (51, 52) € S?
of unit quaternions as coordinates for s = swy + gw_ € Spin(4), cf. Sect. 5.

Definition 5.9 On Spin(4) we define the following first order differential operators

dg+ = q20q; — q19g,, s+ = 5205 — 5195,
dg— = —q20g, + 919, d— = =525, + 5195,
8qT+ = =410, + 204, 3:+ = =519, + 520,
aqT— = q10g, — 9297, 8:_ = 5105, — 5205,

These operators are complex linear combinations of rotational derivatives and,
moreover, are left or right invariant operators.

Let s, sp € Spin(4) be given by s = swy + qw— and sy = sow4 + gow— with
q. 5,40, 50 € S°. Then by the properties of the idempotents w it is easy to see that
the left translation on Spin(4) is given by s, s = 5os w4 + qoq w—, while the right
translation is given by ssg = ss59 w4+ +¢qqo w—. Consequently, left and right translations
for functions f(q, s) are given by

Lgo.s0)f (@, 5) = f(@oq,505), (5.40a)
Rgo.50) f (g, 5) = f(qq0. s50) (5.40b)

in these coordinates. The following statement follows by direct calculation similar to
(4.21).

Theorem 5.10 The operators dy+, s+ are left invariant and the operators 8;i, BLZ
are right invariant on Spin(4), that is,

Lgo,50) © 9+ = g+ © L(gg,s0) L(gy,s0) © 05+ = 05+ 0 L(gg,50) ~ (5.41a)
together with
R 3, =09, 0R R 3, =09,0R (5.41b)
(90,50) © Og+ = 9g+ © R(gp,s0)» (90,50) © 95+ = O+ © L(go,s0)- :

We now determine derivatives of our representations. Using the matrix relations
(4.24a)—(4.24d) we can obtain the following differential relations.

Theorem 5.11 For all (I1, 1) € Tspin4) the following identities

¥ s (h+D
0+ 51,1 (q, ) = | 04 > QLy—p+1 ) 1) (g, 9), (5.42a)
h+1h
g+ &a1.)(q,8) =&, (g, 5) (U:I: ( 5 ) ® 11]12+1> , (5.42b)
t i (=D
8si 5(11,12)(61» S) = Ill+12+l ® o4 3 E(ll,lz) (61, S), (5420)
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I =1
as:t 5(11,12) (q’ S) = S(ll,lz) (q’ S) (Il]+12+1 R o4 ( ) )) (542(1)

hold true with

s (h+h h+Dh s (h—Dh h—Db
oL > = -0t > and oy > = -0t > .

(5.43)

and for o4 given by (4.23).

Proof We prove only the identity for 8; ., the remaining ones are obtained analogously.
By using (5.33), (4.24c¢), and the mixed-product property for the Kronecker product,
we obtain

+<§(11 1)(q,$) = <3q+§11+12(61) ® &)1, (s)
I +1
< ! 2) 511+12(61)> Q& _,(s)

_l’_
( 2)®Iz1 12+1> ’;'11+12(61)®511—12(S))
(*5%)

Example 5.12 On the level of matrix coefficients this allows to switch around between
different indices. We only give some formulas

(o}

- (
(o
-

+ -
[\

+ -

—|—l\)

15

(o2

+
[\

1, 12+1> §u1.)(q, 5). (5.44)

O

Oy &0 (@ )i = N1 —8F — 1i/pl V1i/p] + 8% 64,1 (q. )iz, (545)
0+ &) (q,8)ij = —r =8 —j/plVLj/pl + 6% E1.)(q, 8)i, j+p (5.46)

wherer =l +b+1,p=1l1—L+1,8t =1, =0,and every expression out of
domain is interpreted as zero.

Corollary 5.13 For all (11, 1) € U'spin) the following relations hold

. - (L1 + 1 -1 —Db
0p 4 0)s 81y (g, ) = (al( 5 )@ai( > >) Enn(g.s),  (5.47a)

I +1 I —1
05 0fs Eaym(q.5) = ( (‘2 2)@01( = 2))&11,12)@»), (5.47b)
h+1D I —1
Og+ 05+ &11.1)(q, 8) = &) (q, 8) <0+< > >®Gi< > )) (5.47¢)

h+1D I —Db
3g— B+ £y (@ ) = Ey.1n) (@ 8) (o_ (IT) ® o ( ! 5 )) (5.47d)

Birkhauser



Journal of Fourier Analysis and Applications (2023) 29:32 Page 37 of 56 32

for oy and al given by (4.23).

6 Calculus
6.1 Left Invariant Differential Operators

The differential operators 04+, ds+ appearing in the recurrence relations for matrix
coefficients allow to construct all left-invariant differential operators. To see this, we
first provide a basis for the space of left-invariant vector fields on Spin(4), i.e. for the
Lie algebra spin(4).

Note, that the differential operators d,+ and 0s+ are complex derivatives and that
on a formal level 8;‘ . = —04—. To obtain elements of the Lie algebra, we form
combinations of them.

Definition 6.1 We define the left invariant differential operators

i i
Dig = =50y +,4), Dis = =3 (8- + 85) (6.1a)

1 1
Dz = 5@ = 44). Dy = 5 (B = 854) (6.1b)

i i
D3q = [quv DZq] = _E[aq—h 8q—]v D3, [Dis, Dos] = _z[as—&-s d5—]. (6.1c)

Remark 6.2 The operators 9,1 and 9, are sometimes called creation operators, while
the operators d,_ and d;_ are called annihilator operators (cf. [23, Remark 12.2.3.]
where the operators are denoted by 94 and d_, and [28, p. 140] where the operators
are denoted by ﬁ+ and H_). It is also customary to define

1
90 = 5105+ 9, 62)

and denote this as the neutral operator. The operator D3, can thus be written as D3, =
—1i0,0.
q

Proposition 6.3 The commutator relations hold

[qu» D2q] = D3qa [D2q’ D3q] = quv [D3qa qu] = Dan (633)
[Dis, Das] = Das, [Dag, D3s] = Dy, [D3s, Dis] = Dy, (6.3b)

together with Dy, D] for all u, v € {1, 2, 3}. Furthermore, the set {D,4,D,; |
w,v =1, 2,3} forms an (orthonormal) basis of the Lie algebra spin(4).

Proof The last identity follows from the direct product decomposition of Spin(4). For

the remaining identities we are concentrating on derivatives with respect to the compo-
nent g, the remaining ones are obtained similarly. The first commutator relation holds
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by definition. For the second commutator relation we observe that by straightforward
calculation

[0+, 8g—1 = —q13q, + q23¢, + 135, — G2y, (6.4)
such that
[0g. [+ 911 = =20, and [9g—.[g4. 911 =20,—. (6.5

Therefore, we obtain

[D2g: Dsgl = =5 ([ [y 811 = [0y [0+ 9, 11)

i
= —7 (20— +20,4) =Dy (6.6)

together with

[D3g4, D14l = —[D1g4, D34] = %([3(1—7 [0+, 0g—11 + [9g+, [9g+. 3g—1D
= %(2%_ —2054) = Dy 6.7)
O
The Laplace—Beltrami operator £ on Spin(4) is given by
£ =D}, + D3, + D3, + D}, + D3, + D3,

| . L 68
= —E(anraq— + 05— 044 + 054+ 05— + 05— 05+) — aq() — 050-

If we denote by H1"2) the complex linear span of the matrix coefficients of &¢, 1,),

H "R = spanfs > £, (8)ij 1 0 < i, j < dyyiy) — 1}, (6.9)

the following theorem holds true.

Theorem 6.4 The space H'"2) is an eigenspace of L with eigenvalue

G+ +hb+2) -0 —-h+2)
= = 4 - 4 )

GH2h+0

5 (6.10)

Proof This follows directly from (6.8) in combination with the formulas of Theo-
rem 4.5 for the matrix coefficients of the Spin(3)-representation. O
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For later use we define

12+ 12
Enn) =V1I—Aypn = 1+ll+¥. 6.11)

6.2 The Group Fourier Transform on Spin(4)

First, we introduce notation and recall some basic facts. Then the characterisations of
function spaces on Spin(4) follows from abstract arguments, as presented in [21] and
[23]. See also [16] for the relation between certain function spaces on direct products
of groups.

The group Fourier transform on Spin(4) is given in terms of all equivalence classes
of irreducible representations

Enriy (04 +qo) = E00 () ® E;P L (s). 6.12)
2 2
For an integrable function f € L! (Spin(4)) we define
flib) = / J(8) &) (8)" ds, (6.13)
Spin(4)

where we integrate with respect to the normalised Haar measure on the group Spin(4).
Note that by uniqueness of the Haar measure and by the direct product structure
Spin(4) ~ Spin(3) x Spin(3) the Haar measure on Spin(4) is also the tensor product
of the normalised Haar measures on both factors.

The Fourier transfo/r_m\ maps L?(Spin(4)) unitarily onto a sequence space. For this

we define £% := £2(Spin(4)) to be the space of all sequences
o : Tspinay 3 (1, 1) = o (l1, 1) € Clr*dan) (6.14)
such that

lol= > damlo bl < oo (6.15)
(I1,12) €T spin(4)

This space is clearly a Hilbert space and we endow it with its natural inner product.
Now, Peter—Weyl Theorem 2.1 implies

Theorem 6.5 The Fourier transform is unitary from L>(Spin(4)) to Ez(Sﬁn(\4)) with
inverse

f& =Y duyuyw(Fli b n)(s) (6.16)

(1,12) €T spin(4)

Birkhauser



32 Page 40 of 56 Journal of Fourier Analysis and Applications (2023) 29:32

and Plancherel identity
I o spineay = D davin 17U D). (6.17)
(1,12) €T spin(a)
Remark 6.6 In the particular case f(swy + qw_) = fi(q)fo(s) with f; €

L2 (Spin(3)), the Kronecker product representation of the Fourier coefficients

Fli 1) = / F5) &y ()" ds
Spin(4)

= / A@ & (@) dg ® / £ &P (5)* ds
Spin(3) 2 2

3 Spin(3)
~ (L +Db ~(li =D
—f1< 5 >®f2< 5 ) (6.18)

in terms of the Spin(3) Fourier transforms imply

for+qo)= Y @mi+ Dt (fitn) & @)

mleéNo

x Y @my+ Dt (fam) g ().

sz%NO

(6.19)

Here we made use of tr(A ® B) = tr(A) tr(B) together with (5.34). This also allows
to split the Plancherel formula into a double sum

1A 1 s spinay = 2 Cmi+DIFiemDllis Y @ma+ DI f20m2) s

mle%No mZE%NO

(6.20)

based on the product formula || A® B|lus = ||Allus || B|lus for Hilbert-Schmidt norms.

The group Fourier transform extends naturally to distributions. The space
D' (Spin(4)) of distributions is the topological dual space of smooth functions
C°°(Spin(4)). As usual for a function f € L! (Spin(4)) and ¢ € C*°(Spin(4)) we
define Ty € D’'(Spin(4)) by

(Tr, ) = / f($)p(s)ds (6.21)
Spin(4)

and use the same notation for the dual pairing between distributions and functions.
For a distribution T € D’(Spin(4)) its Fourier transform T is defined by T (11, ;) =

(T, &G, 1))
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6.3 Function Spaces

Sobolev spaces are characterised in terms of the Laplacian. Thus, for r € R the space
H" (Spin(4)) has the familiar characterisation

f e H’(Spin(4)) <= (—E)rf € L2(Spin(4))
= (Eq) F1. 1) € £2(Spin(d)) (6.22)

in terms of the group Fourier transform. This allows to characterise spaces of smooth

functions and of distributions. In the following, we denote by s := 5(Sm)) the
space of rapidly decaying matrix sequences

p : Tspinay — |_J T4 (6.23)
d

such that the dimension of p (1, l2) equals d¢, 1,y = (1 + 1> + 1)(l1 — > + 1) and

sup  |lpWs, ) lns{Eq )Y < oo (6.24)

(1,02) €l spin)

for any number N. The particular choice of matrix norm does not matter due to the
polynomial growth of (§¢, ,)) in the dimension d(, 1,). We also denote by s' :=

s’ (Sm)) the space of all such matrix sequences with

sup o, ) lusEwn) ™Y < 00 (6.25)
(I1,12) €T spin(4)

for one number N. Both are equipped with their natural locally convex topology arising
from (6.24) and (6.25), respectively. Using this topology the spaces s and " are dual
to each other.

Theorem 6.7 The Fourier transform provides isomorphisms

1. F:C*®(Spin(4)) — s
2. F :D'(Spin(4)) — ¢

and thus characterises smooth functions in terms of rapidly decaying sequences of

Fourier coefficients and distributions in terms of moderately growing sequences of
Fourier coefficients.

6.4 Differential and Pseudo-Differential Operators on Spin(4)

In a next step we provide details on the differential and pseudo-differential calculus
on the group Spin(4).
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Table 1 Symbols for some left and right invariant first order differential operators

Left-invariant Right-invariant
operator Left symbol operator Right symbol
[+l i L1+l
g+ ox(152) @ 1), 1y 41 Byt —ox(152) Q1) 141
) L1+ T L1+
40 00(=5=) ® 1}~ +1 350 —00(5=) ®I;; —1y+1
11—l ¥ =
s+ I 4ipt1 ® 0 (152) 054 Iy +1 ® o (F52)
P 11—l N 11—l
350 I 11,41 ® 00(152) 350 1y 4141 ® op(152)
Table2 Symbols for some left and right invariant second order differential operators
Left-invariant Right-invariant
operator Left symbol Operator Right symbol
11+ = T 1141 1=l
O+ Oyt o (132 @ o1 (1512) 0y 00y o_ (142 @ o (1512)
11+ 11—l T 1141 1=l
0g— s+ o-(132) @ o1 (152) o504 or(132) @ o (152)

6.4.1 Symbolic Calculus of Invariant Operators

Now, we discuss the symbolic calculus for operators on Spin(4). We recall from Sect. 2
that an operator A : C* — D’ is said to be left-invariant if it commutes with left
translations, i.e. if A o Lgy, = Lg, o A for any s) = qow+ + sow— with L given by
(5.40a). Any such operator A can be expressed in terms of a left-symbol o4 in the
form of a Fourier multiplier

AfS) = > dayn tr(oali. ) i, 1) & )(). (6.26)

(11,12) €l spin(4)

Similarly, right invariant operators B : C* — D’ with B o Ry, = Ry, o B correspond
to right multiplication of the Fourier coefficients by a right-symbol a;

Bf®)= > dyuy ur(fli.)oj. b Egy$).  (627)

(1,02) €l spin)

It is important to distinguish between left and right-symbols here, right-invariant oper-
ators also posses (variable coefficient) left-symbols.

In Tables 1 and 2 we present symbols for some left-invariant respectively
right-invariant differential operators on Spin(4). The formulas for symbols are a con-
sequence of Theorem 5.11 and Corollary 5.13 and given in terms of o4+ from (4.23)
and with og = [0, 0_], i.e. with og(m/2);; = %(m —2j)8;; for every m € Ny and
0<i,j<m.

Mapping properties of left-invariant operators are characterised in terms of dif-
ference operators acting on their symbols. We recall the definition first before
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Table 3 Difference operators of order 1 for s = swy + gw— € Spin(4)

Difference operator Associated Function Difference operator Associated function
Ay 9q,5) =q1—1 Ay p(g.s) =51 —1
Azt 9(q.5) = 2 Ayt 0(g.9) =5

AT 0(q.5) =~ AT (g, ) = =52
AfT ¢(q.5)=q1 — 1 Aft 9(g,5) =51 -1

providing properties of the difference operators of our choice. A difference opera-
tor A : s’ — ¢’ acting on moderate matrix sequences is defined in terms of a function
@ € C°°(Spin(4)) via Af: g;? using the group Fourier transform fof distributions
f € D'(Spin(4)). If ¢ vanishes to first order at the identity, we call A a first order
difference operator.

There are different ways to construct first-order difference operators. At first glance
the concept of difference operators introduced in [8] seems to be a natural choice for
difference operators defined over tensor products of compact Lie groups, but it has a
major drawback. In general, arbitrary tensor products of representations are not irre-
ducible and require another decomposition making the construction of an admissible
collection rather difficult. In the present case this approach leads to the same difference
operators which we introduce here in a more direct way.

We use particular difference operators related to the matrix entries of the represen-
tations é( 1l As pointed out in [23] this construction leads to difference operators
satisfying a finite Leibniz rule. To fix notation, we collect them in Table 3.

We recall the following result from [25]. We will use multi-index notation for
difference operators and write A* = (A 7)* --- (AFH)* fora € N8 and formulate
the multiplier theorem [25, Theorem 3.5] for the particular case of Spin(4).

Theorem 6.8 (Multiplier theorem, [25]) Let A : C*°(Spin(4)) — D’(Spin(4)) be a
left-invariant operator on Spin(4) with left-symbol o 4 satisfying

loat. ) llop + Y G NA% oAW1 D) llop + (€11 17 041 ) lop < €

|| <3

(6.28)

with the particular second order difference & = ATT + A7 + ATT + AT €
diff? (Sm)). Then A is bounded on LP (Spin(4)) for 1 < p < oo and of weak type
(1, .

Explicit formulas for the difference operators from Table 3 follow from the recur-
rence relations given in Theorem 5.6.

Theorem 6.9 The difference operators of order 1 given in Table 3 are explicitly given
by

Lh+Db

ATE li,h)) =——"—
q ol h) Lh+bh+1

Asly, ) o7, 15) Ax(y, 15)

Birkhauser



32 Page 44 of 56 Journal of Fourier Analysis and Applications (2023) 29:32

R Y 0 ) B ) 0.1,
(6.29a)

AqiﬂF ol,h) = % AT 1) oD 15) Av (T 1)
N % Bi(f, ) o (1) B (. 1), (6.29b)

AT o) = % Co(f, ) o (i, 15) Callf, I7)

Zii—zﬁm(’l—’l?)%(’ilf) DL 1) — ol 1),

(6.29¢)

AFF o, h) = % Co(F 1) o 1) Co(F 1)
- l‘;i—zrz DT, I oy, 1F) DT, 1) (6.29d)

Proof We consider the first difference operator A, ™. By using the first matrix recur-
rence relation from Theorem 5.6 and the cyclic property of the trace, we obtain

afe = > dun v (Fli0)q &)

(I1,12) €l spin(4)

= Y duy v (FULR) AU D) &g )0 A1 1))

(I, 12) €l spin(a)
+ Y dap w(FUb) B D) Ege () B-(l, 1))
(I1,12) €l spin(4)
= > g oy 0 (FUT 1) A-AT 1) €y () AT, 1))
(11.12) €T spinay+(5. 3)
+ > dyt i) o (FUF ) B 1) 60, () B-(UF 1T
(Il 2) €T spingay — (3.4
= > gy (AT )T FUT ) A-UT 1) 01 ()
(1 .12) €T spincay+(3 - )
+ > dgs 3y w0 (BoAF 5T T 1) B-(F 1) 50,0 ) ).

(.)€l spingay— (3.3

-

—

(6.30)

As for indices just outside I'spin(4) the matrices A+ and B vanish, the last sums can
be rewritten as sums over I'spin(4). Making use of the identities

doriry  L+b+2  daay L+ b
day 1) h+bh+1 day 1) Lh+h+1

6.31)
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and subtracting by o (/1, /) we obtain the expression for A . The remaining formulas
are obtained similarly from Theorem 5.6. O

Corollary 6.10 When o (l1,1r) = p(#) ® t(%) is of tensor product form, the
difference operators of order 1 given in Table 3 are explicitly given by

, (6.32a)

2
)
(132 or (152w (23] o (152).
AFEp (“ ;ZZ> ®t (“ ;lz> —p (“ ;lz) ® (A% 1) (“ - 12) (6.320)
AFFp (l‘ ;12> ®T (l‘ ;12> =p (#) ® (A*Fr) (1‘ 5 12> (6.32d)
where
AT p(l) = zfi [ ax2I) T p7) ax217)
I - 2 b oM b1 o), (633)
AFp(l) = 2121 CaxI) p(7)ax217)
Z j: 1 be2IH) T pUH) b 217) (6.33b)

are the difference operators on Spin(3) given in terms of a+ and by from Definition 4.2.

Corollary 6.11 A matrix sequence is of the form o (11, [2) = p(%) Rl 41 if and
only if

AFfo = AFFo = 0. (6.34)

Similarly, it is of the form o (I1, [2) = 1, 41,41 ® t(l‘erlz) if and only if
A;Fo=AFo =0. (6.35)

In Table 4 we show the difference operators applied to the symbols of the elementary
first order differential operators 9y, ds,, v, 4 € {0, +, —} and the Laplacian £ on
the group. The table can be computed using Corollary 6.10 in combination with the
first columns of [23, Table 1], the symbol of the Laplacian is corrected here.

By construction, difference operators are mutually commuting operators. Differ-
ences acting on symbols of differential operators are best calculated using the Leibniz
rule for difference operators combined with Table 4. From [23] it follows that
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Table 4 Difference operators acting on some symbols

%340 T3+ Ty or
AT 1 0 0 —oy o — 31
q 2ld 99,0 — 3'd
A;t 0 Iy 0 —09,_
AT 0 0 Iy —09,,
1 3
AZ]'—+ —5la 0 0 %40 ~ ala
950 Ods+ 05— oL
Ay~ 1y 0 0 —og., — 31
s 2ld 950 71d
AT 0 1y 0 —ay,_
A;‘—_ 0 0 Iy —09 4
3
AFT -1 0 0 oy — 3a

AT = (Aot +oain— Y akoyao,  ijet+ )
ke{+,—)
(6.36)

and similarly for Aéj . We show how to apply this to compute the difference operators
acting on the symbol of the partial Laplacians

1
Es = _5(8S+8s— + 85—85+) - 830 and
1
Ly, = _5(8q+aq* +9-9g+) — 830 (3D

and thus the Laplacian L. As oc, = (—%(04_0_ +o_04) — 002) ® I it follows that

—2A} or, = (AT (op0- + 004 +203) ® Iy 11

= (oo +or@atto)+ Y (atoaito )+

jet+.—)
+@HMo o to(Atte + Y (Ao ato)+

jet+.—} (6.38)
+2((A*F 000 +oo(A o+ 3 (AT o0) (AT a0)) ) ®T iy

jet+.—}

= (AT o)A o) +2((AH a0 + a0(A T ap) + (AT o) (AT o)) @1

1
= (I +5+1 — 200 + 5111+/2+1) &I 141

where we made use of ATTo, = 0 and AT~y = 0 to simplify the expression. The
calculation for the remaining differences A;tiogq and Asiioﬁx is similar and due to
AfFor, = A7Fop, =0 the formulas for differences applied to o follow.
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6.4.2 Symbolic Calculus of Pseudodifferential Operators

A continuous linear operator A mapping C*°(Spin(4)) to D’(Spin(4)) can be charac-
terised by its matrix-valued full left-symbol

o4 Spin(4) x Tpineay 3 (5,11, 1) > 0a(s, 11, ) € CHuw >4t (6.39)
defined by

oa(s, 11, 1) == &3, 1) () (A&, 1)) (S). (6.40)

By definition

Af(s) = Z di, 1) tr(oa(s, Iy, 1) f, 12) &a,.12)(9)) (6.41)

(I1,12) €T spin(4)

holds true as D’-convergent series. For A and o4 related by (6.41) we write A =
Op(0a).

In [21, 23] the Hormander class \Ilk(G) of pseudo-differential operators of order
k on a compact Lie group G was characterised in terms of these full symbols, also
(p, §)-classes \-IJ" have been introduced there. We recall this and the resulting char-
acterisations of elhptlclty and hypoellipticity of operators for the particular case of
Spin(4).

Adapted to the difference operators A%, o € Ng, we find left-invariant differential
operators 9% of order || such that Taylor’s formula (2.11) and Theorem 2.5 hold
true. Although these differential operators play a crucial role for the calculus, we will
use a different set of differential operators for our purposes. We use the multi-index
notation

3P = (3,4)P1(350)72 (9, )P (354)P4 (350)5 (9,-)P5,  BeN§,  (6.42)

and point out that 8% # 3@ are different operators. However, 3 is a complex linear
combination of 8% with |8| < |«|.

Theorem 6.12 ([23, Theorems 2.2 and 2.6])] Let A be a linear continuous opera-
tor from C*(Spin(4)) to D' (Spin(4)) with matrix-valued full symbol o4 (s, 1, 1) €
Clur*darb) Then A € Wk (Spin(4)) if and only if

1A%0F oa(s. 11, 1) llop < Carplyim))* 1™ (6.43)

Sfor all multi-indices o and B uniformly in's € Spin(4) and (I1, [2) € Uspin(4)-
Moreover, the rapid off-diagonal decay property of the symbol

1A%3Poua(s, 11, 1)i j| < Cawpn(+1i — iD™N Eq )1 (6.44)
holds true uniformly in s € Spin(4), (I1,2) € Uspin@) and 0 < i, j < dg, 1,)-
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In order to obtain symbolic estimates for the (multiplicative) inverse of a symbol
o = o(s, 1, [>) we will use the following result taking from [23]. It implies ellipticity
and also hypoellipticity of certain operators within the calculus.

Lemma 6.13 ([23, Lem. 4.5]) Let k > kg and 0 < § < p < 1. Let the matrix symbol
o (s, 11, 1p) satisfy the (p, §)-estimates of order k

1A%8P 0 (s, 11, 1) llop < Ca.p (Ey 10))* P11 FIAI (6.45)

Sfor all multi-indices o and B and uniformly in s € Spin(4) and (I1, ) € Ispin(a).
Assume further that o (8, l1, I2) is invertible for all s € Spin(4) and (1, I2) € Uspin(a)
and satisfies

lor(s, 11, 12)  llop < ClE 1)) ~r0 (6.46)

foralls € Spin(4) and (11, [2) € Uspina) and if ko < k in addition that
lo(s. 11, 1)~ (A%0P o (s, 11, 1)) llop < C (&ty 1)) ~1HIP! (6.47)

fOV alls € Spin(4) and (I1, ) € FSpin(4)-
Then the symbol o~'(s,11,1) = o(s,l1,1>)~" satisfies the (p, 8)-estimates of
order —k

1A%3P o= (s, 11, ) llop < Cly g (Eqtyiyy) RO P1IHOI] (6.48)

Sor all multi-indices a and B and uniformly in s € Spin(4) and (11, I2) € Tspin(4)-

As consequence, one obtains combined with Theorem 2.5 and the standard con-
struction of parametrices within the calculus characterisations of ellipticity and local
hypoellipticity. We recall these theorems before giving examples on Spin(4) later on.
First we give a characterisation of the elliptic operators in W*(Spin(4)) in terms of
their global symbols.

Theorem 6.14 [23, Thm. 4.1] An operator A € W*(Spin(4)) is elliptic if and only if
its matrix valued symbol o4 (s, l1, l2) is invertible for all but finitely many (11, 1) €
Dspin) and for all such (I, I2) satisfies

oy (s, 11, D) llop < C (&) * (6.49)
uniformly in s € Spin(4).

We say that a symbol o4 belongs to the symbol class Sﬁ) s(Spin(4)) if estimate
(6.45) holds true for all multi-indices «, 8 and uniformly in the remaining variables.
We recall the existence of parametrices for operators with such symbols under suitable
conditions on the multiplicative inverse of the symbol. It is again taken from [23] and
provides an analogue of the well-known hypoellipticity result of Hormander [15],
requiring conditions on lower order terms of the symbol.
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Theorem 6.15 ([23, Thm. 5.1.]) Let k > koand 1 > p > 8§ > 0. Let A €
Op(S]/j’ s(Spin(4))) be a pseudo-differential operator with the matrix-valued sym-

bol 64 = oa(s,l1,1) € S’;’S(Spin(4)) which is invertible for all but finitely many
(1, 12) € Tspin4y and satisfies for all such (11, 1)

loa(s, 11, 1) llop < € (Eay.1)) ™" (6.50)

uniformly in s € Spin(4). Assume further that
Loy (s, 11 ) (A%F 0a (s, 11, 1)) llop < € ()7L (6.51)
for all multi-indices o and B, all s € Spin(4), and all but finitely many (l1, I). Then
there exists an operator B € Op(S;]fSO (Spin(4)) such that AB — I and BA — I map

D' (Spin(4)) to C*°(Spin(4)).
Consequently, A is locally hypoelliptic and

sing supp Au = singsuppu for all u € D' (Spin(4)). (6.52)

Note, that the parametrix B provided by this theorem satisfies the subelliptic esti-
mates || Bf ||gr S || f |l gr+x With ko independent of r € R.

7 Examples

To conclude this paper we provide examples of operators on Spin(4) having interesting
ellipticity and hypoellipticity properties.

Example 7.1 (See [23, Example 5.2]) Consider the operator D3, + ¢, with ¢ € C.
Using the identity D3, = —3 3,0 and the symbols given in Table 1, we have

Lh+Dbh

i
oD +c(l1, D) = ¢ — 500 ( ) ® Iy 141

i .
= (|:C— E(ll +l2—21)] 5ij> ® I 1,41
(Li+h+1D)x{+1+1)

and this symbol is invertible for all (/1, [>)-representations if and only if ic ¢ %Z. The
inverse satisfies (D34 + o) e Op(Sg,O(Spin(4))) since

(7.1)

Ay O3t = O(Dsyg+eti)-1
++ _ )

Ay ODs ) T Oy e iy (7.2)
+- — At _

Ag OD3g+c)"' = Aq O(D3g+e)~t = 0
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together with

- A+t - A+ _
AL oDy, 10t = AJT 0Dy, 401 = AT 0Dy 401 = Ay 0Dy, 401 =0
(1.3)

by using Corollary 6.10. Therefore, the operators D3, + ¢ satisfy subelliptic estimates
with loss of one derivative and are thus globally hypoelliptic.

Example 7.2 Any left-invariant vector field on Spin(4) can be conjugated by an inner
automorphism to a constant multiple of

X = D3y + #D3; (7.4)

with parameter »r € R. We investigate this in dependence of s¢. Considering the symbol
of the operator we obtain

. L+ L —1D
2iox(ly,r) = o9 5 I —p+1 + 211141 ® 09 5 . (1.5)
where 0(%) = $(m — 2j)8;; = diag(~%, —%2 + 1,..., 2 — —1,%). This matrix

is diagonal with entries given as sums

Lh+h . Lhi—b
ey o

forO0 < j <lij+ b and 0 < k < [; — [. Both terms vanish for some admissible
k and [ if both /1 + > and [; — 5 are even. Thus, there are always infinitely many
(l1,12) € Tspiny for which ox(l1, [2) is not invertible and none of the left-invariant
vector fields on Spin(4) can be globally hypoelliptic.

This is in contrast to tori T”, where hypoelliptic left-invariant vector fields are known
to exist, see [12] and [6]. In [17] a new notion of hypoellipticity was introduced. We
say that X is hypoelliptic modulo ker X, if for f € D’ with Xf € C* we find an
element g € ker X such that f — g € C*.

The vector field X is globally hypoelliptic modulo ker X if (and only if) s is
irrational and non-Liouville. Indeed, such a number s can only be approximated to
finite order by rationals (cf. [14, §11.7]) and hence

—n
Lh—1h _ kD
2

(57 )= (57 )=
(1.7)

with constants ¢ and w for all (/1, I2) € Uspin4)and0 < j <1+ and0 <k <1 —I»

such that (% - j)+ %(% — k) # 0. The term in parantheses on the right hand

side is clearly bounded by (£(;, 1,)) and thus we obtain a lower bound on the symbol

Jj+

h+h .
2

Birkhauser



Journal of Fourier Analysis and Applications (2023) 29:32 Page 510f56 32

by a multiple of (£(;, 1,)) ~*. This implies the subelliptic estimate

I/ — gl spiny) = CUX S lImr+u-1(Spin(a))» (7.8)

where the Fourier coefficients of g equal those of f on the zeros of ox and in turn the
global hypoellipticity modulo ker X follows.

Example 7.3 Next, we consider the (partial) Laplacians

Lg = g0y + g1 + 0 (7.9)
and

Ly = d5105— + 05— 54 + 02 (7.10)
together with the Laplacian £ = L; 4 L£,. Their symbols are given by

_(11 + D)+ 1+ 2)I

=) — L+ 2)I
1 ,

4

oc, (i, b) = or. (1, ) =—

(7.11)
and

112+211+1§I

> (7.12)

O—[,(l]a 12) = -

(see also Theorem 6.4). While the latter one is elliptic, the symbols of the two partial
Laplacians £, and L vanish for /; = —I5 and for /1 = [, respectively.

Clearly any combination £, + 5L with sz > 0 is elliptic. For sz < 0 the behaviour
of this operator depends on number theoretic properties of s as the next example
shows.

Example 7.4 The ultra-hyperbolic operator
L, — L (7.13)

with »¢ > 0 is hypoelliptic for irrational non-Liouville numbers 5. To see this, we
consider its symbol

L+ + Db +2) =y — 1) — 1 +2)
4

oL,—sL, (1, 1) = — 1. (7.14)

This is clearly invertible for irrational »¢ and (I1, ;) # (0, 0). Furthermore, if s is
non-Liouville we find a maximal approximation order and hence there is a number
w such that ¢ can not be rationally approximated to this order (see e.g. [14, Chapter
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§11.4 und §11.7]) and hence there is a constant C > 0 such that there are at most
finitely many couples (/1, [>) with [} # [ and

_ Gt +h+2] 1
=) —h+2) C((lh =) — L +2)*

(7.15)

Thus, apart from those (/1, [2), it follows that

oz, e, (1 )llop < 4C(U1 =) =+ 27" < Cleuu))™ 2 hi#b

(7.16)
together with the estimate
_1 1
log, —ser, s Dllop = TS Lh=h=1#0. (7.17)
Thus, the operator satisfies the subelliptic estimate
Il fllar spinyy < CILy f — %Esf||1-1r+2u—2(spin(4)) (7.18)

between Sobolev spaces with loss of 2u derivatives. We leave it open whether the
parametrix to this operator is pseudodifferential in our calculus.

Example 7.5 We consider the following sub-Laplacian on Spin(4)

Lsub = D%q + D%q + D%s + D%s + D%s

1 5 (7.19)
= —5(8q+8q_ + 0g— g+ + 054 05— + 05— 054) — 0yp-
with symbol given by the diagonal matrix
I+ b —2i)2 — Q1% + 41, + 212
oL (1, ) = (((1 2220 4( 1 1 2)>3ij> Iy —p+1.
(L +h+1)x (1 +h+1)
(7.20)

As all the entries are non-zero, we conclude that the operator L, has trivial null space.
As symbol of a second order differential operator it belongs to the class S%(Spin(4))
and thus satisfies the norm estimate

1A% o, (1, 1) llop < Co (Ety 1)) > ! (7.21)

for all multi-indices «. The operator is not elliptic, but it is subelliptic with loss of
one derivative. We are going to show this next by appealing to Theorem 6.14. The
pointwise inverse of the symbol satisfies the norm estimate

4 -1
< C (§uy.1)) (7.22)

—1
o h,1 = =
l Esub( 1 2)||0p l% 22— 1)+ l%
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for all admissible (1, l;) with C = +/7 being the sharp constant. In particular, we
obtain the subelliptic estimate

I £ e spincd)) < CllLsub f -1 (Spinay) (7.23)

for all Sobolev regularities r € R.

The condition (6.51) of Theorem 6.14 is satisfied with p = % and for « = 0 or
|| > 2. Hence, it remains to check the case of first order differences. For this we use
A 7oLy, =Af Yo, = —%Id together with

loz! (. )IAS 0L, (1. ) lop = oz (1. 12)0s,, (11, 12)]llp

4/h + 1 _1
= 2 =< C (‘%—(ll,lz)) 2
ll + 211(2 - 12) +12

(7.24)

and an analogous statement for A;"’. Concerning the differences in s we can make

; - _ 3 ++ _ 3 +- _
use of the relations A7 "op = —0p, — Zld’ AT Tor., = 0a — ZId’ A op =

—0y,,,and A "op = —o,,_ directly arising from the partial Laplacian.
Hence, Lqyp has a pseudo-differential parametrix Eiub € Op(Sl_lo(Spin(4))).
2

Further examples can be constructed along the lines of [23, Section 5]. As proofs
are similar, we only provide the results.

Example 7.6 The following analogue of the heat operator on Spin(4)
H = D3, — D}, — D3, — D}, — D3, — D3, = D3; — L (7.25)

has a parametrix H* € Op(S 10 (Spin(4))) and, consequently, it satisfies the sub-elliptic
7

estimate

I f e spinay) < CIHflar-1(spinay) (7.26)
for all Sobolev regularities r € R.

Example 7.7 The operators
S+ = £iD3; — L. (7.27)

are analogues of the Schrodinger operator on Spin(4). These operators have non-trivial
distributions in their null-spaces and can thus be not hypoelliptic.
However, the operators S+ + ¢ with ¢ € C\R are globally hypoelliptic.

Our last example shows a differential operator with non-constant coefficients which
cannot be written as tensor product of Spin(3) operators.
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Example 7.8 Let us consider the operator
A = a(s)(Dj, + D3,) + b(s)(D}, + D3,) (7.28)
with a, b € C°°(Spin(4)) such that W(Oa(s)) > ¢, > 0 and R(Ob(s)) > ¢, > O for

all s € Spin(4) and for a fixed complex number 0 € C \ {0}. The full symbol of the
operator A can be written as the Kronecker sum

oA, 11,1) =C®D =C®I_jyt1 + 11511 ® D (7.29)
with
_9i)2
C:(a(s)((ll+lz 2j)° (ll+12)(11+12+2))5ij) ’
4 4 (DX Uitht ) (7 30
— — 2 — — '
b (b(s) ((z. L-2) h—bb—b+ 2))5,-,-) ,
4 4 (h—b+1)x (I —l+1)

Since N (Aa) and NR(Ob) are both positive and (I — 2j)2 —I(l+2) < —-2land 0 <
Jj <landevery! € Ny, we conclude that the symbol is invertible for all s € Spin(4)
and all (/1, I2) € Ispina) \ {(0, 0)} with eigenvalues satisfying

N(O Specoa(s, [1,12)) = RN(Oa(s)) (1 + 1) +ROb(S) (1 — 1),  (7.31)

where Spec o4 denotes the spectrum of the matrix o4. As symbol of a second order
differential operator we also know that oo € 52 (Spin(4)) and it remains to ask for
symbolic properties of o, 1(s, l1,1p) for (I1,12) # (0, 0). As the absolutely smallest
eigenvalue corresponds to the operator norm of the inverse, we observe

2

=C (32
lca(li + 1) +cply — )| — (1)) ( )

loa(s, 1, 1) lop =

for all (I1,12) € I'spiny \ {(0, 0)}. Hence, condition (6.51) of Theorem 6.15 holds
with p = % and § = 0. Thus, the operator A has a pseudo-differential parametrix

At e Op(Sflo(Spin(4))) and therefore satisfies the subelliptic estimate
7»

I/ &5 (spindy) < CHAS N gs—1(spincay) (7.33)

forall s € R.
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