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Abstract

It is still unclear whether the density of analytic polynomials in an H-admissible
space is sufficient to the minimality of the space? This question has a purely foun-
dational background, relating fundamental concepts from the theory of H” spaces.
We hypothesize that there is no general relationship between the density of analytic
polynomials and the R-admissibility of an H-admissible space. We solve this prob-
lem by finding suitable counterexamples of Hardy spaces built upon some weighted
Lebesgue spaces. In particular, we provide a direct construction of weights from Szegd
class, which guarantees the existence of isomorphic copies of the space of bounded
sequences in weighted Hardy spaces on the unit disc.
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1 Introduction

Let H(D) denote the space of all analytic functions on the unit disc D = {z € C :
|z| < 1}. Let f be a complex-valued function on D and 0 < r < 1. We write f, for
the function f,(z) := f(rz),z € T = 9D and f, for its radial limit. The class H (D)
consists of functions which are analytic in a neighbourhood of the closed disc . Let
iy, : D — C denote the monomials u,(z) = 7", n € Ny := {0, 1,2, ...}. The set P
of all analytic polynomials, is defined to be the linear span of {u,},eN,-

Following Pavlovi¢ [10, 2nd rev.] let us recall that a quasinormed vector space
X C H(D) (i.e., equipped with a g-norm for some 0 < g < 1), is called H-admissible
if it is complete, H (D) C X, and the inclusion X C H (D) is continuous. If an H-
admissible space X satisfies

sup [ frllx =Cxlfllx, feX,

0<r<l1

then we call it an R-admissible space. An H-admissible space is said to be minimal if
lim 1y = fllx =0.

The analytic polynomials always form a dense subset in a minimal space. The R-
admissibility of a minimal space follows from the Banach—Steinhaus principle (see,
e.g., [10, 11] for its more general variants). Moreover, if X is an R-admissible space,
then the closure Xp of P in X equals

{r: tim if = fix =0

(see,e.g.,[10, Lemma 1.21]). However, it is still unclear whether the density of analytic
polynomials in an H-admissible space is related to the R-admissibility of this space?

We hypothesize that there is no general relationship between the density of analytic
polynomials and the R-admissibility of an H-admissible space. We shall prove that
neither the R-admissibility nor the density of analytic polynomials alone is sufficient
for minimality to hold. Let us note here, that in the second revision of his book [10,
p- 15], Pavlovi¢ posed a closely related problem whether the density of harmonic
polynomials in an h-admissible space is sufficient to the minimality of the space?

The purpose of this paper is to study the weighted Hardy spaces H qf (D) and H, qf (T)
for Szegd’s weights. Here 0 < p < oo and B is the o-algebra consisting of Borel
sets of T and £ is the normalized Haar measure on T. By a weight function we shall
always mean a non-negative function ¢ on the unit circle T. The Szegé class of
weights, denoted by W, is the collection of all weights on T satisfying ¢ € L'(T)
and log¢ € L'(T). We adopt the convention that (a class of £-a.e. equal measurable
functions) f belongs to Lg(T), for 0 < p < oo, exactly when

1 1/
1/ ler e = (gAlf<s)|P¢<s> ag) " < o,
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and f € L°(T) whenever its essential supremum satisfies

Il 1l ooy = esssup | f| < oo.
(T.B.¢)

Here, every contour integral along T will be taken counter-clockwise. For L” (T) we
take ¢ = 1. Moreover, the following functionals from H (D) give rise to the quasi-
norms of the weighted Hardy spaces H, df (D), H®(D) and H d,: (T), namely

[ SUP1||fr||Lg(T), [ Suplllfr“Loo(T) and f'_>||f*||L£(’]1‘)~

O<r< O<r<

If ¢ = 1, then we recover the classical case H? (D) = HP(T).

Recall that by Beurling’s theorem (see, e.g., [5, Theorem 7.4]), the analytic poly-
nomials P are always dense in H ;; (T) for every ¢ € W. Specifically, we plan to solve
the aforementioned problem by addressing somewhat simpler claims:

* There exists a weight ¢ € W such that H df D) #H qf (T) forevery 0 < p < o0.
xx There exists a weight ¢ € W such that the set of analytic polynomials P is not
dense in H, (D) for every 0 < p < oc.

In contrast to the case of the Hardy spaces H df (T), the subspace structure of the cor-

responding disc spaces H, q’; (D) is still not satisfactorily understood. Nonetheless, we
also show that for the weighted Hardy spaces on the disc:

sxxx There exists a weight ¢ € W such that H qf (D) contains an isomorphic copy of
£,

Finally, let us recall that the question of how to construct copies of £, in H? for
1 < p < oo was already considered in the literature (see, e.g. the survey [1]).

2 Notation, Definitions and Auxiliary Results

Note that H (D) is a Fréchet space equipped with the F-norm generated by the family
of seminorms {|| - ||, : n € N} given by

1
sup{lf(z)l =1 - ;}, f e HD).

In the case where f € H(ID) has non-tangential limits ¢-a.e. on T (which gives
rise to boundary function £-a.e. on T), we write f, for the £-a.e. defined radial limit

Sfe =lim, - fr.
A function f € H(D) is said to be of the Nevanlinna class N if the integrals

/ log™ | f| dt
T
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are bounded for 0 < r < 1. Since log+ f is subharmonic, it follows that these
integrals increase with r. The theorem due to F. and R. Nevanlinna says that a function
belongs to N if and only if it is the quotient of two bounded analytic functions (see,
e.g., [5, Theorem 2.1]). Therefore, for each non-zero function f € N, there exists
non-tangential limit f, and log | f| is integrable (see, e.g., [5, Theorem 2.2]).

Let us recall that an outer function for the class N is a function F of the form e’ F
for some real constant ¢, where

1
Fy(2) = eXp<Z/1r

and the weight ¢ satisﬁes logg € L'(T). If ¢ is additionally assumed to satisfy
¢ € LP(T) then F = €'“Fy, c € Ris an outer function for the class H” (T). The outer
function satisfies the equality |F| = ¢. A function f € H (D) satisfying

(i) |fl <1onD, and

(i) |f«l =1lae.onT,

is called an inner function. In the case where an inner function has no zeros, it is called
a singular inner function. It is well known that S € H (D) is a singular inner function
if and only if there exists a non-negative singular measure o on T satisfying

S g p(@) |d§|), zeD
E—z

i 1 +z
S(iz)=e exp(—g 11‘2—2

do(é)), zeD,

where c is a real constant. Let us remark that both functions S and F do not vanish in
D.

The zeros of a non-zero function f from H (D) cannot cluster inside its domain of
analyticity ID. In the case where the set of zeros is empty, we have f € N by Jensen’s
formula and we set B = 1 (the auxiliary function B will be defined below for the other
cases). If this is not the case, we arrange the zeros {a,} in an order of non-decreasing
absolute values, where each zero is counted according to its algebraic multiplicity. If f
has infinitely many zeros {a,}, then lim,_, » |a,| = 1. In the case where the function
satisfies a growth condition, the zeros must tend more rapidly to the boundary. Let
us recall the theorem due to Blaschke (see, e.g., [5, Theorem 2.3 and 2.4] or [10]).
The zeros {a,} of a non-zero function f € H (D) satisfy the Blaschke condition

Z(l —lan|) < o0

if and only if f € N.If a sequence {a,} C DD satisfies the Blaschke condition, then
the product

B(z) = l—[ lan| an — z

a, 1 —a,z

converges in H(ID) (i.e., uniformly on each disc {z eC: |zl £ R < 1}). By
convention, we set |a,|/a, = —1ifa, = 0.
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(1) Each a, is a zero of B, with multiplicity equal to the number of times it occurs
in the sequence, and B has no other zeros in .
(ii) |B| < 1onD.
(iii) |B4«| =1l a.e.onT.
The function B is called a Blaschke product. A function f € N is said to be of
the Smirnov class N if

lim /10g+|fr|d£=/10g+|f*|d£.
r—>1=JT T

Every non-zero function of the class N™ can be expressed in the form f = BSF,
where B is a Blaschke product, S is a singular inner function, and F is an outer function
for the class N (see, e.g., [5, Theorem 2.10]). The Smirnov class N1 is the natural
limit space of H” (D) as p — 0 and the inclusions H? (D) C N C N are proper for
every p > 0.

If ¢ is a weight and 0 < p < oo, then the weighted Hardy space H, dI: (D), consists

of all functions f which are analytic in ID and satisfy f, € Lg('ﬂ‘) forall0 <r < 1,
where the corresponding Lg (T') bounds are uniform with

Il grmy = sup 1fillppery < 00.
Hy @) O§rI<)l "M

The classical Hardy space H” (D) is obtained by taking ¢ = 1. At the other endpoint,
the Hardy space H°°(D) is the collection of all analytic functions f € H(D) that
satisfy

I f Il oey = sup I frllpoo(my < 00.
0<r<l1

By A(D) we denote the disc algebra, that s the set of all functions from H (D) which are
continuous on . We also have H(D) C A(D) c H* (D). Moreover, the assumption
that ¢ € L'(T) is equivalent to the inclusion A(D) C de (D). The Poisson integral

of a function f € L!(T) is the harmonic function P[ f] defined by

PLAIG) = f PaE DS @ el <D,
where P is the Poisson kernel, given by

1—1z? 1
_ |z|2:R +z
[1—z] l—z

P(2)

, zel.

It is a well-known fact that if f € H'(DD), then f, € L'(T) and f = P[ f,]. For more
details concerning classical Hardy spaces on the unit disc we refer the reader to [5,
10].
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Assuming log¢ € L'(T) and 0 < p < oo, let H qf (T) denote the space of all
analytic functions f € H (D) that satisfy f F(;/ P e HP (D) with

||f||H41)’(1r) = ||fF¢}/p ”HP(D)'

Let us remark here that we always have H qf (T) ¢ N. Indeed, taking any non-
zero f € qu(']l‘) we have fF(;/p = BSFy for some v satisfying logyr € LY(T).

Since both log ¢ and log ¢ are members of L'(T), it follows that logp € L'(T) for
@ = ¥/¢'/P, and the function

belongs to NT. Therefore, each f € H 4[; (T) has a boundary function f (¢-a.e. on T)
and

1z ry = |57 Loy = W fill iz 2.1)

We make the following provisional definition. If for logy € L'(T) we have that
VS Lg(T), then we say that F = ¢/Fy, ¢ € R, is an outer function for the class
Hq’; (T).

Thus, we have proved the canonical factorization theorem for weighted Hardy
spaces on the torus.

Theorem 2.1 Iflog¢ € L' (T) and 0 < p < oo, then every non-zero function f from
HQI; (T) admits a unique factorization of the form f = BSF, where B is a Blaschke
product, S is a singular inner function, and F is an outer function for the class
H(l’: (T). Conversely, every product BSF for the outer function F for the class H(; (T)

is a member of qu (T).

In fact, (2.1) allows us to treat H(f (T) as a subspace of Lg (T). If also we have
¢ € L'(T), then A(D) C de (T), and moreover, de (T) is isometrically isomorphic
to the closure of P in Lz(’]I‘) by Beurling’s theorem (see, e.g., [5, Theorem 7.4] or [4]).
In the case where ¢ = 1, we have H” (D) = H?(T).

The Szegé class of weights, denoted by W, is the collection of all weights on T
satisfying ¢ € L'(T) and log¢ € L'(T).

W=1{peL(T) : loggp € L'(T)}

MCCarthy showed in [9] (see also [8]) that N, can be realized as a union of weighted
Hardy spaces, namely

Nt = U Hy(T).
peWw
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Let us note that since a non-zero function f € N has a factorization f = BSF and
g = FP/?> ¢ N* forall p > 0, it follows that

= U HJ(T). (2.2)

peWw

Let us first discuss the relation between the weighted Hardy spaces H 5 (D) and
Hd’: (T) for ¢ € W. We state the following technical result, which is a more general

version of Stoll’s lemma given in [3]. The proof that fF (;/ P e HP(D) whenever

feH (f: (D) appeared first in [3, Lemma 2.3] and [7, Theorem 3]. Here is a simple
direct proof.

Lemma2.2 Let0 < p < o0o. Assume that p € W and f € H(;(D). Then
||f||qu(']1') = ||f||de(D) . 2.3)

Moreover if f € HJ;(']I‘) with lim sup,._, |- ||f,||L5(T) < 09, then f € Hd‘:’(]D)).

Proof In the proof below, we shall use the mean convergence theorem and Hardy’s
convexity theorem (see, e.g., [5, Theorems 1.5 and 2.6]). Fix f € de (D). Since

Sup || (fp l/p) ||LP(T) = || fp¢l/p ||Lp(r]1v) < 00, 0 < p < 1

where f,¢"" = (f,F;'").. it follows that

1 1 ..
175" oy = oot [FFESD) N oy = oot Hhrillrlffrp(Fé/p)r Lr(T)

< sup 11m1nf||frp( ]/p)
0<r<1 p—1

< hm 1nf|| fp

”LP(']I‘) HLP(T)

= ||f||H$’(1D))

by Fatou’s lemma.
We now prove the remaining inequality (cf. [3, Remark 2.4]). By assumption, ¢ €
L'(T) and log¢ € L'(T), and moreover F. qi/ P is an outer function for the class H? (D).

Let f € H(T). Then f € H(D) with fF,/" € H?(D). Since f.¢"" € L”(T) and

. 1/p
limsup || fr¢  llLr(T) < 00,
r—1-

and since moreover

sup [1frllze ey = IfRlla~mll¢lLir) < o0

0<r<R

Birkhauser
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for every 0 < R < 1, it follows that f € qu (D). ]

Lemma23 If0 < p < oo and ¢ € W, then both H;,’(D) and Hg(’lr) are H-
admissible.

Proof For the sake of rigor, we first show that both qu (D) and H(l[; (D) are com-

plete. Fix 0 < p < oo. Let {f,} be a Cauchy sequence in de (T). Since {f, Fqi/p}

is a Cauchy sequence in HP(T), it follows that there is g = lim,_ an(;/ P

in HP(T). On the other hand, {(f,)«¢'/?} is a Cauchy sequence in L?(T) with
gs = lim,_, o0 (f)5¢'/? in LP(T). By Theorem 2.1,

g _ BSF,,

- F¢l/p F¢1/p

is a limit lim,— o0 f, in de (T) with f, € L[; (T).
Take an absolutely convergent series Y oo, f, in Hg (D). Lemma 2.2 shows that
this series converges in H df (T) to some analytic function, say f = Y > | f,.Observe

that the series Z;’zozl (fn)r is absolutely convergent in Lg (T)to fr forevery0 <r < 1,
where

o o
Ifelr ey < 2Nz < D M fall gy < oo
n=1 n=1

That

AD) C qu D) c Hg (T), 2.4)

where the inclusions are continuous, follows immediately from ¢ € L'(T) and
Lemma 2.2.
We will make use of the classical inequality

IF@IP (A =12 < 1 f 1 pery > z€D

(see, e.g., [10]) which we apply to the case of weighted Hardy spaces. Take f € H, f (T)
and 0 <r < 1. Then
crg L f @I (L= 121P) < 1f @I [Fp@] (1 = |z

2.5)
= ”qul/p”Zf’(T) = ”f”Z‘f(’]l‘)

is valid for |z| < r, where ¢, ¢ = min|; <, |F¢ (z)\ is positive because of the fact that
an outer function cannot vanish in . By (2.4) and (2.5), de’ M) CcH (5 (T c H(D),
where the last inclusion is continuous, too. O

Birkhauser
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3 Main Results

Let us point out that the equality H f D) =H ¢’: (T) as sets, first announced in [6] with-
out proof, was discussed in a series of papers [2, 3, 7] in the context of Muckenhoupt’s
weights.

While the Hardy spaces Hj (D) and H, (T) resemble the classical Hardy spaces
H? (D) and H?(T), they in general need not be equal for weights from W.

Theorem 3.1 If0 < p < oo, then there exists a weight ¢ € W such that de D) #
Hd’,’ ().

Proof Fix 0 < p < oco. We give a direct construction of both the weight ¢ € W and
the function f € qu(T) that satisfy lim sup,_, - ”fr”Lg(T) = oo. Let {I;},en, be

a partition of T given by

={eT:2<argé <2n}
b1 = {g €T : 3/ <argt < 2/2"} and

Ionss = {g eT: 1/2" <argt < 3/2"“].

Consider 1 < ¢ < 2. Then the following weight

o0
¢ = x1, + Z(e—c” Xyt t X12n+2) ew.
n=0
Indeed,
e +1
2n/¢dz_(2n—2)+z ot and

S n

C
271] |log¢|dﬁzzﬁ < 0.
T n=0

By the above, we also have log¢~! € L!(T). Now f is defined by setting an appro-
priate outer function, where i := q)_l, namely

Y= X1+ Z(‘fcn Ay T+ X12n+2)
n=0

and

1
f(z)::Fvl/”:exp<2P7/;T§tio ) zeD.

Birkhauser
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Since | fx|? = ¥ £-a.e.,itfollows that f € H(f (T). Letus also define a family {J, },,en,
of subsets of T by

Iy = {s,: €T : —1/2" <argt < 0}.

It is routine to verify that for r,, :== 1 — 1/2"T! we have P(r,&) > 2" for all & € J,
for each n € N, where P is the Poisson kernel. Thus,

V4 4
— fn
=17

| £, pdt

! 1
" om exp( /P(rn;s D log v (6) |d§|)¢(¢) ldz |

u 2

1 1 )

v

] 1 em\ 1
27 P\ 2 4 ) o

1 n
——exp(c——nlog2>—>oo as n — oo,
4 8w

and so Hg D) £ de (T), as required. O

Actually, based on the ideas presented in Theorem 3.1 one can also find a pair
consisting of the weight and the function satisfying more refined estimates.

Theorem3.2 If 0 < p < oo, then there exists a weight ¢ € W such that qu (D)
contains an isomorphic copy of £°°.

Proof We use the notation from the proof of Theorem 3.1, and the definitions of
the intervals and functions given there (1, ¢, . . .). The purpose of this proof'is to give
the construction of a weight ¢ and a linear embedding 7: £*° — H ;; (D). This will
give rise to the countable family F of analytic functions h, := T(e,), n € Np on
the disc satisfying

>

nel

~
~

=1 and 1nf

D hy =Y hy

Hdl;(D) JCN nel neJ HP(D)
for all § # I C Np. Our proof breaks into three parts.

As a first step we put

1
fa@):=F /p—exp<2—/ €+110g1/fn($) Id§|>, z €D,
prJré—z2

where

n
‘(/fl’l = XT\IZrH»l + eC X12n+| ’ ne NO

Birkhauser
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I fllLp ey forall f € LP(’]I‘) and gl grm) < Igllgoo(m) for all g € HOO(T) and
since moreover v, < e¢ " ¢-a.e., it follows that Il H! (D) < 00, n € N. On the other

It is also clear that |(f,)«|? = V¥, C-ae. and logy, € L'(T). Since ||f||Lp(T) <

hand, the key estimate (3.1) in the proof of Theorem 3.1 also gives
nlggo ||fn||H¢f(]D)) = Q. (3.2)

Indeed, a close inspection of the above proof reveals that

1 c"
IIntIH,,(D) z exp(g— - n10g2) n € Np. 3.3)

By the mean convergence theorem for H” (D) (see, e.g., [5, Theorem 2.6]) one can
quickly check that

lim [|(f)r — (fn)*”LP(T) =0, neN. (3.4)
r—1- 4
A standard verification shows that forall 0 < r < 1,

Am [[(f)rll gy = 1im sup |fy(2)] =1, and sup II(fn)*IILp(T) - 35)

| |<r neN

Indeed, this follows immediately from
P ! -1
atrl? = exp( 5 / P(ra& ") log i (€) IdE |
7T Jr
1 1
exp<2 10g Y (§) |d$|> (3.6)
T 1

1 1 c"
< exp o v —1 as n—>o00, z€D,

and
e 1 2
Il p iy = / Ynpdl = (27‘[ —-2+ Z —e t F)
k;én
<2 n ) <1
respectively.
In the second part, we define a new sequence of functions by setting
gnim— neNo.
l fn ”qu(D)

Birkhauser



26 Pagel12of16 Journal of Fourier Analysis and Applications (2023) 29:26

By (3.2), (3.4) and (3.5), ||gx ”de(]D)) = 1land
rgnll* l(gn)r — (gn)*”[_g(']r) =0, nlingo ”(gn)*”L(’;(']r) =0, nlggo ”(gn)r”[-[dl)’(]n)) =0

foralln e Npand0 <r < 1.Fix0 < ¢ < 1 and 0 < ¢,, n € Ny satisfying

o0 o0
E e, <& and E gl <e.
n=0 n=0

Now that we have the above claim, we can select a subsequence of {gn},en, of
appropriately separated functions (in the sense of H (5 (D) norm). For the base step
of the induction, we take ¢ := 0 and choose ny € Ny to satisfy

O;;‘Ero “ (gno)r ” Lf;(ID)) < g and H (gno)*HLg(T) < &0.

There exists rg < r; < 1 such that

2 e ligen, < 20

The next step is to find ng < n; € N satisfying

()Sstlgr] || (gm)r ” Lg(T) <é& and H (gm)*HLg(T) < é&].

There is r1 < rp < 1 that satisfy

2 Ve lign < o1

Let us prove the induction step. Suppose that for all 0 < k < m — 1 the following
three statements hold

Ossllgk [ (gnk)r“Lg(ﬂr) <er, | (gnk)*”Lg(T) <é& and

3.7
sup | (g”k)r”LP(T) < &k
re1<r<l ¢
where 0 =rg <rj < ... <rp1 <rm<land0 <ny<ny <...<np_2 <

nm—1. Now ny,—1 < n, € Nis chosen to satisfy

0§Sru§prm H (gnm)r”Lg(T) <ém and H (g"m)*“Lf;(T) < &m-

Birkhauser
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There exists 1, < ry4+1 < 1 that satisfy

rm+slllsl;)'<l H (gnm )r ” Lé;(l]r) = Sm -

By the induction hypothesis, it follows that (3.7) holds for all 0 < k < m. We proceed

by induction.
Let us move to the final step of the proof. We check first that

o0
8r = Z )"kgnk
k=0

is a member of de(ID)) for every sequence A := {A}en, € £%°.
That g, € H(D) follows from (3.1) and (3.6). Indeed, if 0 < r < 1, then by (3.3)

[e's) [e'e) N, [e's)

I (fn)r I (fn)r 2
Z”(gnk)r”ooiz—”fﬁroo < —||fr|roo+ o <
k=0 n=o WrllHZ®) T WellHf @) 28 4

for some N, € Ny. We also have

lgall?, = sup  sup [l(gn)rl?,
H¢ @) meNg 'm <r <rm+1 L¢(T)

o0 (3.8)
< sup <|)»m|q + Z el Ikkl") <A +e)rl)?,
meNo m#keNy

where ¢ = min {1, p}. We define a mapping 7' : £*° — H(i[:(]D)) by
T: A g (3.9)
By the above, T is well defined, linear and bounded with ||| < (1 4 ¢)'/4.

Moreover, T is bounded below. To see this, we shall bound | g, || HY (D) from below by

IX]lo up to a constant. Indeed,

o0
vy <&l + Do elll?. meNy
¢ ¢ mkeNy

A = ”)\mgnm

and therefore

— q q
(1= ))<= N8l -

O
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A close inspection of the proof reveals that with the new weight
o o
¢ =Xk + Ze_c Kbupsr + Xy yo for K =T\ U(Ian—H U Ioni42)
k=0 k=0

this procedure can be repeated with previously chosen family of functions {g}’lk }
Since minimal spaces are separable, we actually proved that H 41)7 (D) is not minimal.

Corollary 3.3 If0 < p < oo, then the set of analytic polynomials ‘P is not dense in
HP (D).
¢

Proof This is a consequence of Theorem 3.2. O

We finish with the following result which follows directly from the proof of Theo-
rem 3.2.

Proposition 3.4 If0 < p < oo, then there exists a weight ¢ € W such that the closure
of the set P of all analytic polynomials in H (5 (D) contains an isomorphic copy of co.

Proof The proof proceeds along the same lines as the proof of Theorem 3.2 and will
only be indicated briefly. Fix 0 < p < oo and 0 < 1 < 1/2. There is the weight
¢ € W and the mapping T : £° — qu(]D)) satisfying

(I =Ml < IIT(?»)II?{(;,(D) < T+l (3.10)

where ¢ = min {1, p} and A := {At}en, € €. Since T(e,) € H*(D) for each
n € Np, it follows that there are analytic polynomials p, € P, n € Ny satisfying

I (en) — pnll‘;,m) < /2" neN. (3.11)

By the above,

00
P = Z)\npn € H;;(]D)
n=0

for every A € c¢o. In a similar fashion we define a mapping S: co — H 4[: (D) by
S: A pa. (3.12)
Then (3.10) combined with (3.11) gives

(I =2 (M) < IIS(?»)II‘;Ig(D) < (42 (IMlls)?,

which completes the proof. O
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4 Conclusions

Recall that by Beurling’s theorem (see, e.g., [5, Theorem 7.4]), the analytic polyno-
mials P are always dense in H q’; (T) for every ¢ € W. With Lemma 2.3 at hand,
Theorem 3.1 gives an example of an H-admissible space which is not R-admissible
but yet analytic polynomials are dense in it.

That the weighted Hardy space H qf (D) on the disc is R-admissible follows from
the definition and Lemma 2.3. Indeed,

1ol ) = e | froll Loy = s 1y = 1wy 0o <1,

On the other hand, Corollary 3.3 shows that there exists an H-admissible space which is

R-admissible but not minimal. In conclusion, there is no general relationship between

the density of analytic polynomials and the R-admissibility of an H-admissible space.
We would like to thank both reviewers for their comments.
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