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Abstract

We find growth estimates on functions and their Fourier transforms in the one-
parameter Gelfand—Shilov spaces S;, 7, ¥; and X?. We obtain characterizations
for these spaces and their duals in terms of estimates of short-time Fourier transforms.
We determine conditions on the symbols of Toeplitz operators under which the oper-
ators are continuous on the one-parameter spaces. Lastly, it is determined that X is
nontrivial if and only if s + o > 1.

Keywords Gelfand-Shilov spaces - Ultradistributions - Short-time Fourier
transform - Toeplitz operators

1 Introduction

The Gelfand—Shilov spaces were first introduced as a useful set of functions for the
study of Cauchy problems in partial differential equations. These functions are con-
venient in this setting because of their smoothness, and because of the conditions of
regularity imposed on them. For instance, the initial value problem for some partial
differential equations is ill-posed in the Schwartz space . or its dual ./, the space
of tempered distributions, but is well-posed in suitable Gelfand—Shilov spaces. One
such example is the “inverse heat equation” d,u = aa)%u, a < 0, which among other
examples may be found in [2, 9]. This fact exemplifies the need to determine properties
of functions in those spaces. Gelfand—Shilov spaces can also be useful in the study
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of pseudo-differential operators [1], which in turn have uses in, for instance, quantum
theory [10] and signal processing [7].

The Gelfand-Shilov spaces S7, S and S of Roumieu type (cf. [3, 5, 8]) and X7,
3 and X7 of Beurling type (cf. [15]) can be considered as refinements of the Schwartz
space ., where we impose analyticity-like smoothness and/or decay conditions. The
strength of these conditions depend on the parameters s and o. The smaller s is the
faster the functions must vanish at infinity, and smaller o impose stronger conditions
on the growth of the derivatives (meaning the Fourier transform vanishes faster). In the
one-parameter spaces, functions have exponential decay and their Fourier transforms
tend to zero faster than the reciprocal of any polynomial, or vice versa. In the two-
parameter spaces, both the functions and their Fourier transforms have exponential
decay. If s 4 o is sufficiently small, the only function found in S7 or £7 is f(x) =0,
and the spaces are trivial. There are more general Gelfand—Shilov spaces, such as the
Sﬁ’lz-spaces whose properties are explored in [3], for instance.

In this paper, we are mostly interested in discussing the properties of the one-
parameter spaces S and S, their duals (Sy)" and (S%)’, as well as the corresponding
spaces X and X7 and their duals. More specifically, we establish growth estimates on
elements in these spaces and their Fourier transforms. Additionally, we find estimates
involving the short-time Fourier transform which provide an alternative characteriza-
tion of Gelfand—Shilov spaces. Such estimates exist for the two-parameter spaces (cf.
[12]) and for more general Gelfand—Shilov spaces as well (cf. [4]). Here we extend
characterizations of this type to one-parameter spaces. We find that the short-time
Fourier transform admits exponential decay in one parameter, and tends to zero faster
than reciprocals of polynomials in the other. Corresponding estimates are found for
the duals of one-parameter spaces as well. We also examine Toeplitz operators on
these one-parameter spaces, where the symbol a(x, ) of the operator lies in different
one-parameter spaces in each variable. Toeplitz operators are important in different
fields of mathematics and physics. For example, in [13], they are applied for obtain-
ing estimates of kinetic energy in quantum systems. We find conditions such that the
Toeplitz operator is continuous on S, S° and their respective duals.

We also determine when the two-parameter spaces are nontrivial. These results are
well-known for S -spaces, but for the X -spaces, we find that the space is nontrivial
if and only if s + ¢ > 1, as opposed to the condition s +o > 1, (s, 0) # (%, %) often
cited in other works (cf. [18]). This result, which was initially suggested by Andreas
Debrouwere, directly contradicts versions of this result in previous works.

The paper is structured as follows. In Sect. 2, we introduce notations, definitions
and preliminary propositions regarding Gelfand—Shilov spaces necessary to obtain
results in subsequent sections. These preliminary results can either be found in [3, 5,
8] or are simple enough to be left as an exercise for the reader. In Sect. 3, we obtain
growth estimates for the short-time Fourier transform of functions in S;, S and X,
¥9. In Sect.4, we show how these results can be used to characterize the duals of
these one-parameter spaces via the short-time Fourier transform as well. In Sect. 5, we
find conditions on the symbol of Toeplitz operators so that the operator is continuous
on one-parameter spaces and their duals. Lastly, in Sect. 6, we determine for which s
and o the space X7 is nontrivial.
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2 Preliminaries

We begin by defining the spaces we will deal with in this paper. These are the so-
called Gelfand—Shilov spaces. There is a clear and intuitive correspondence between
the spaces of Roumieu type and those of Beurling type and the order in which the def-
initions are listed is meant to highlight this correspondence. Here, D* = D" ... Dy"

fora = (a1, ...,0,) € N*, where D; = 1.2
J i 0x;

j=1,...,n

Definition 2.1 Suppose s, 0 > 0.
(1) Sg(R™) consists of all f € C°°(R") for which there is an 4 > 0 such that

sup [x*DP f(x)| < Cgh!™lat, Va,p e N, (2.1

xeR”

where Cg is a constant depending only on 8.

(i) X3(R™) consists of all f € C*°(R") such that (2.1) holds for every & > 0, where
Cg = Cj, g depends on / and B.

(iii) S?(R™) consists of all f € C*°(R") for which

sup [x*DP F(x)| < CohP1B1°, Va, B e N, (2.2)

xeR?

holds for some i > 0, where C,, is a constant depending only on «.

(iv) X (R") consists of all f € C*°(R") such that (2.2) holds for every 2 > 0, where
Coy = Cp o depends on £ and «.

(v) S7(R"™) consists of all f € C*(R") for which there are constants # > 0 and
C > 0 such that

sup |xDP f(x)| < Chl*TPla1*B1°, Va, p e N". (2.3)

xeR"

(vi) Z7(R") consists of all f € C*°(R") such that (2.3) holds for all # > 0, where
C = C}, depends only on 4.

Withs,o > 0,s < 51 and o < o1, we see that
o loa o
7 CS) < Esll, 2.4)

S§7 € SN S? and 7 C ¥, N X9, In fact, we have S = S; N §7 (cf. [5]) and
X7 = Xy N X7 (this is a well-known result that follows by analogous arguments, but
an explicit proof can be found in [14] for instance).

We now list some basic properties of Gelfand—Shilov spaces in the form of two
propositions. The first proposition establishes exponential decay of derivatives in
Gelfand—Shilov spaces, and the second establishes how Fourier transforms work in
Gelfand-Shilov spaces. We shall denote by .% the Fourier transform given by

~ 1 .
T _ _ —i{x,§)
FNO=F© = 5n /R F@e ) dx
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for f € .#(R"), and similarly, we denote by .% ! the corresponding inverse Fourier
transform

1 )
z—1 — i{x,&)
(TN = 5 /R SEe e dg
for f € #(R"). For both of the following two propositions, (a) can be found in [3, 5,

8], and (b) follows by analogous arguments.

Proposition 2.2 Suppose s > 0 and f € C°(R"). Then
(a) f € Ss(R") if and only if there are constants Cg, r > 0 such that

1D f(x)] < Cpe 1" 2.5)

for all multi-indices B;
(b) f € Xy (R") if and only if for every r > 0

IDPf(x)| < Cppe ™" (2.6)

holds for all multi-indices B, where C, g > 0 depends only on r and B.

Proposition 2.3 Suppose s,o > 0.

(@) Ifs+o>1, tlzen f e ST(R"Y) if and only sz € S5 (R™). Moreover, f € Ss(R")
ifand only if f € S*(R™). .

(b) Ifs+o > 1, thf’nf € X R ifand only if f € X3 (R"). Moreover, f € X;(R")
if and only if f € Z5(R").

We will now discuss the topology of Gelfand—Shilov spaces. Since spaces involving
inductive and projective limits are frequent, we recall their definitions, see [17].

Definition 2.4 Suppose Vi, j=0,1,2,..., are Banach spaces,
V=V
j=0

and

w=JV;.

Jj=0

(a) Leti; : V — V; beinclusion maps. We say that the projective limit is the space V
with the smallest possible topology such that i ; is continuous for all j. We write
this as

V =projlim V;.
j=0
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(b) Suppose further that V; < V., meaning that V; is continuously embedded in
Vi1, and let zN'j : V; — Vj41 be inclusion maps. We say that the inductive limit

is the space W with the greatest possible topology such that 17]- is continuous for
all j. We write this as

W =indlim V;.
jz0

With these definitions and propositions in mind, we can construct topologies on
Ss, 87, Xy and X7 and define their duals. For more information on topological vector

spaces, see for instance [17].

Definition 2.5 (1) Let V, , y(R") consist of all f € C*°(R") such that

1/s
fllorw = sup [ D f)e™

< 0.
xeR", |a|<N
(2) Let Vr‘fM(R”) consist of all f € C*°(R") such that
1A= swp | DPf&)e "] < co.
’ R, |BI<M

We see that V; , y(R") and V?,, (IR") are Banach spaces, that
Ss(R™) = ind lim (proj lim Vs,r)N(]R")>
r>0 N>0
and that
S°(R") = ind lim ( projlim V.7, (R") |,
r>0 M>0 ’
which implies

SR = J| () Vern@®) |, s"®)=J| [ VIu®"

r>0 \N>0 r>0 \M>0

For the X;- and X7 -spaces, we obtain

r>0

¥ (R") = projlim (proj lim Vs)r,N(R"))
N>
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and

27 (R") = projlim (prA(/)1j>1(i)m Viu (R”))

r>0

which implies

S®) =) Verv®) ], @)= [) Vu®"

r>0 \N>0 r>0 \M=>0

Remark 2.6 While ¥; and X are Fréchet spaces for all s,0 > 0, the same is not
known to be true for Sg and S in current literature.

This leads us to define the dual spaces of S; and S in the following way. Here we
denote a functional u of such a dual space being applied to a test function f in the
appropriate corresponding space by u(f) = (u, f).

Definition 2.7 (i) We say that u € (S,)'(R") if for every r > 0 there exist N > 0
and C > 0 such that

. )l <€ S 11D " oo,

la|<N

for any f € S;(R").
(if) We say that u € (S9)(R") if for every r > 0 there exist N > 0 and C > 0 such
that

. )l <C S 1D fel 1" e

l|<N

for any f € S7(R").
Similarly, we define the dual spaces of X; and X7 as follows.

Definition 2.8 (i) We say that u € (X;)’(R") if there existrg > 0, N > 0and C > 0
such that

u, )l <C Y 11D fM |,

la|<N

for any f € X (R").
(ii) We say that u € (X?)'(R") if there exist ro > 0, N > 0 and C > 0 such that

~ g1/
[, I =C DD fe™ T ||,

le|<=N

for any f € X7 (R").
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Remark 2.9 Since So(R") = CZ°(R"), the space of compactly supported smooth
functions, (cf. [8, p. 170]) we have (Sp) (R") = 2'(R"). Since S;(R") is continuously
embedded and dense in Sy (R") for s < s’, we thus have

(89)'(R") € Z2'(R")
for all positive s. By Proposition 2.3, we therefore have
(879 R" € FI'(R")

for all positive o, where & 2'(R") is the space of continuous linear forms on
FCER") ={f : f € CXRM).

In Definitions 2.7 and 2.8, we can replace the L°°(R")-norm with the L2(R™)-norm
by the arguments of [5, p. 134]. We can extend this further with Holder’s inequality
to obtain the following equivalent definitions of the dual spaces.

Proposition 2.10 Suppose 1 < p < oo.

(i) u € (S5) (R") if and only if for every r > 0 there exist N > 0 and C > 0 such
that

(. )l <C Y 11D e,

la|<N

forany f € S;(R").
(ii) u € (S?)Y (R") if and only if for every r > 0 there exist N > 0 and C > 0 such
that

. )l <€ S ID fl1” ),

la|<N
forany f € S°(R™).

Replacing the L°°-norm with L”-norms, 1 < p < 00, is possible for the X and
39 duals by similar arguments.

For u € (S;), f € S; we will also consider (u, f), which we denote to mean the
continuous extension of the regular inner product of L?(R") given by

. f)a = /R u()FG) dy.

The fact that the L2(R") inner product can be extended continuously in this way
follows from the analysis of [8]. (This is essentially because (S, L2, (Sy)") forms a
Gelfand triple, cf. [6].) The same is true with S°, X; or X in place of S at each
occurrence.

We also recall the following definition of the short-time Fourier transform, which
serves a pivotal role in several of the characterizations in this paper.
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Definition 2.11 The short-time Fourier transform of u € (S;)'(R") with window
function ¢ € S;(R") is given by

Vou(x, £) = 2m) ™2 (u, ¢ (- — x)e' ).
For u belonging to (§7)'(R"), (Xy)'(R") or (X7)"(R"), we define the short-time

Fourier transform by replacing each occurrence of S above with S?, ¥, and X,
respectively.

3 Characterizations by Short-Time Fourier Transform
In this section, we characterize S,- and S?-spaces in terms of their short-time Fourier
transforms. This characterization is detailed in the following theorem, which is the

main result of this section.

Theorem 3.1 Suppose s, o > 0.

(1) Let ¢ € Ss(R™") \ {0}. Then f € S;(R™) if and only if there is an r > 0 such that

Vo f(x, )] < Cy(1+ g Ve 3.1)

for every N > 0.
(ii) Let ¢ € S° (R™M\{0}. Then f € S° (R") if and only if there is an r > O such that

Vo f(x, £)] < Cy(1+ [xD)Ne 617 3.2)

for every N > 0.

For the proof, we will need the following three lemmas. These follow by basic
computations! and are left for the reader to prove.

Lemma3.2 For f € SsR") (f € Z;(R")) and ¢1, 2, ¢35 € Ss(R") (@1, ¢2, ¢35 €
s (R™)), we have

1 —ilx—y
(@3, 0D Vg, f(x, &) = Gy // Vo, f(x — v, & — ) Vgyop3(y, me ™ 70 dy dn.
Lemma 3.3 If's > O then there is a constant C > 1 such that
CHx" + Iy < Iy ly = x VT < eV + 1910, (33)

forevery x,y € R™.

! For Lemma 3.2, see the computations leading to (11.29) in [11].
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Lemma3.4 Forany&,n € R" and any N > 0, there is a constant* C > 0 such that

(1+1g—n*H~V

<CU+EPNA+ PN,

Proof of Theorem 3.1 Suppose that f € S;. For every N > 0, we have

2\N _
A+ Ve f(x, 8)| = Gy

1
- (27.[)n/2

1
- (zn)n/z

/Rn FMP( —x)(1 + [E]H)Ne I8 dy‘

/R” FMP(y —x)(1 — A)YNe™i:8) dy‘

> N / fM$G —x)DY e 05 ay,
Rn

1!
yotiyl=n YO

where y’ = (yo, y) € N7 and the derivatives are taken with respect to y. Integration
by parts together with Leibniz formula yields

I(1+ 16NV £ (x, £)]

1 N!

T Quy? VO%EZNW R
1 N!

- @ v+lyI=N voly! a<2y

D¥ [f(y)m] 108 gy

(2V) [ D=9y

o

2 [
(;) [ s 55=5) ay.

By Proposition 2.2 there are Cy, o, a > 0 such that

[ s GG ay = € [ et gy,

and by Lemma 3.3 there is a ¢ > 0 such that

Hence, withr = ac > 0and Cy o = aE (2V)C/ > 0 we obtain

2 The best such constant is given by C = (

yly!'\a V.o

2 N
— ) , according to [16].
V3 )
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l 5
|(1 + |§|2)Nv¢f(x1 $)| S W Z Z CN,y’,aeirlxll/

Yo+lyl=N a<2y

_ 1/s
< Cye M7,

where Cy = W Zyo+\y\:N Za§2y Cn.y’ o Thus (3.1) holds for every N > 0.
Now suppose that (3.1) holds for every N > 0. This condition implies that f € .
(cf. [12]). In particular f € C°, hence by Proposition 2.2, the result follows if there
is an r > 0 such that (2.5) holds for every multi-index 8.
Consider Vj [D? f1(x, ). Integrating by parts and applying Leibniz formula gives

(=Dl

B S
V¢[D f](-x’é)_ (2 )n/z

/f(y)Dﬁ (me—uy,s)) dy
- Z (r )n/Z/f(y)Da‘f)(y—x)sﬁ "1 gy

= Z Cap&" ™ Vpug f (x. &),

a<p
where Cy g = (—1)l! ). By Lemma 3.2 we therefore have
B o) PY

Vo[DP f1(x, &)
=Y C, g7 / / Vo f(x — 3.6 =) Vpead (v, e "M dydy, (3.4)

a<p

where C,, ; = Q) 2(p, ) Cop.
For now, we consider only the double integral

I = // Vo f(x —y.& —=n)Vpsgd(y. me " dy dn
from the right-hand side of the previous equation. Note that
Vpigd (x, &) = e VA DP P (—x, 8),

and since D¢, ¢ € S;\{0} the first part of this theorem now implies that there is an
r1 > 0 such that

|VD/3¢¢(X &) < Cgn (1+ |§-| )~ Ni—rilx| 1/
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for every N1 > 0 and every f. (Note that all the derivatives of ¢ fulfill Proposition 2.2
with the same exponent, hence we can use the same r; > 0 forevery §.) By assumption,
(3.1) holds for all N > 0. For any given N, pick N > N + n. We now obtain

1= Apw / / (1 + 16 = ) Ne 1" (1 2y Me 0 dydn = Ag n 1y - I

where Ag. y = CnCa, Ny,
I = /e—r|x—y|1/fe—r1\y|1/fdy

and
L= /(1 F1E— PN+ )My,

In order to estimate /1, we let ro = min{r, r;} and apply Lemma 3.3 to obtain ¢ > 0
such that

I < /e—rz(ly—xll/‘+|,V|1/s)dy

< gracll' f eI gy

Ayl 178
—rcl|x
= Be 2RI

where B = fe_’z"'y‘l/sdy < 00. Since N — N1 < —n, Lemma 3.4 gives

L= /(1 +1& =N+ InH)Mdn

<Cca+gPHv /(1 +InHN"Ndy

= By(1+ 517",
where By = C f(l + PN Ndp < 0. Combining these estimates, we get
I < By n(l+ |2~ Nerackel”

for every N > 0, where Bg y = Ag nyBBy. Combining this with (3.4), we obtain

VolDP f1(x. )] < Y Bapnl6# 11 + [N el (3.5)

a<p
for every N > 0, where By g v = C;, s B N -
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We now integrate both sides of (3.5) with respect to &. Note that
Vol )l = @02 |(foaxv) ®)].
where Y = .7 [ ], and since Z[fa1(n) = 71 f (),
@m) ™2 /R ((Fewv) @] d = @y /R (Faxv) (S)dé‘

= (Qm)™"? // fox (MY — n)dnds'

= Qm)~"? / e () dn f vE—n ds‘
= [f ()] ‘/W(E - n)dé"-
Since f v (& —n)dé < oo, we therefore obtain

IDP £l < Cy / VoD F1(x, £)IdE, (3.6)

for some constant Cy > 0. Moreover, if we fix N > |B] + n, then

/ 87711+ 1) "VdE = Dyp < 00
for each o < B and thus, with ¥’ = rsc,

/ VoLD? f1(x. §)Id& <Y BapnDape” ™" 3.7)

as<p

FinallyletCg = qul >w<p Ba,p,N Da,p. Then combining (3.6) with (3.7) now yields

1D f(x)| < Cpe™ "

for every multi-index 8. This completes the proof of (i).
To prove (ii), we first note that by Proposition 2.3, f € S% and ¢ € S° \ {0} if and
only if f € S, and d) € S5 \{0}. By (i), we therefore have f € S° if and only if

1/o

Vs f (. 8) < Cy(1+ g Ne

for every N > 0. Since ngf(x, &) = e’i("'§>V¢f(—$, x), this condition can be
rewritten as

1/o

|V f(—£,x)| < Cn(1+ &7 Ne ]
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Performing a change of variables now yields (3.2). This completes the proof. O

Utilizing Proposition 2.2(b) instead of Proposition 2.2(a), we obtain the follow-
ing characterizations of short-time Fourier transforms in ¥; and X? by analogous
arguments.

Theorem 3.5 Suppose s, o > 0.

(i) Let ¢ € Ty(R™M\{0}. Then f € Z;(R") if and only if for every r > 0 and every
N >0,

Vi f(x, )| < Cry(1 4 [ Ne I,

(ii) Let ¢ € % (RM\{0}. Then f € X (R") if and only if for every r > 0 and every
N >0,

_ _ 1/o
|V f(x, )] < Crn(1 4 |x[H)"Ne BT

Using these short-time Fourier transform characterizations, we can obtain charac-
terizations for the one-parameter spaces similar to those of [3] for the two-parameter
spaces.

Theorem 3.6 Suppose s,o > 0and f € C*°(R").
(@) f e Ss(R") if and only if there is an r > 0 such that

IFl < Ce ™M f@l < ena+ 1PN (3.8)

for every N > 0.
(b) f € S°(R") if and only if there is an r > 0 such that

FOl < Oy + xP)N, £ @) < ce 8 (3.9)

for every N > 0.

Proof Suppose first that f € S;. Then the first inequality of (3.8) holds by (2.5). For
the second inequality, we apply Fubini’s theorem and integrate both sides of (3.1) with
respect to x to obtain

£ &) < Cj |@m)™/? / fe D / ¢(y—x>dxdy‘

= [ Wosw.olas
<CRa+1gP",

- :
where C)y = (27)"/2 ’f ¢)(x)dx‘ and €} = C4Cy [ e~ dx. Hence

1@ <cya+E»H™N
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holds for every N > 0.
Suppose instead that f fulfills (3.8) for some r > 0 and every N > 0. We have

|Vp(x, 8)| < <2n)—"/2f | FOD)Ilg(y — x)| dy.

By assumption, there are Cy, 1, r» > 0 such that

/ IFOIe(G = 0ldy < Co / e ey = gy < ¢yl
for some r > 0, where we use Lemma 3.3 for the last inequality. Hence

Vo f(x, £)] < Ce I,

Using the same strategy once more but starting from the fact that

|V f(x,8)] < (2n>—"/2f |fllgn — &)l dn,
and this time utilizing Lemma 3.4, we obtain

Ve f(x,6) < Cn(+gH7N

for every N > 0. Combining both these inequalities we see that for every N > 0,

Vo f (e, £)]F < Cy(1+ [£[2) Ve

and in particular for N = 2k, k > 0,

_ _ 1/s
|V f(x, E)7 < Cop(1 + |&|P) eI

thus

Vo f(x,8)] < Cr(1+ |§|2)—ke—r’|x|1/s

for all k > 0, where C,/C = /Cy and r’ = r /2. This completes the proof of (a).
To prove (b), simply perform Fourier transforms in light of Proposition 2.3 and

apply (a). O

As for the other results, we state the corresponding theorem for the ;- and X°-
spaces but omit its proof as it follows by analogous arguments.

Theorem 3.7 Suppose s,o > 0and f € C*°(R").
(@) f € Z,(R™) ifand only if for everyr > 0 and N > 0,

1F@)] < Cee™ 1 F @) < v+ DY, (3.10)
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(b) f € Z9(R") if and only if for every r > 0 and every N > 0,

IFOl <Oy +xPDN, 1F@)] < Cre B (3.11)

4 Characterizations of Dual Spaces

We now move on to the characterization of duals to one-parameter spaces Sy and
S?. Note here that when u is a generalized function, % (u) = i denotes the adjoint
operator of the Fourier transform described in Sect.2. The duals of one-parameter
spaces were defined in Sect.2 via the topologies detailed in Definition 2.5 and using
the results of Sect. 3, we now arrive at the following equivalent topologies.

Proposition 4.1 Suppose s,o > 0.

(i) Let ¢ € S;(R™)\ {0}, let

1/s
PP () = sup |Vef e)a +gRVer
x,E€R”

and let B, ny (R") be the Banach space consisting of all f € C*°(R") such that
pir,N(f) is finite. Then
Ss(R™") = ind lim (proj lim BS,,,N(R”)>
r>0 N>0

where the equality holds in a topological sense as well.
(ii) Let ¢ € S (R™M\{0}, let

Vo f (x, )1 + [xHMerE17

gy (f) = sup

x,E€R"?

and let Bﬁ y (R™) be the Banach space consisting of all f € C*(R") such that
qﬁ’,f,’l(f) is finite. Then

§7(R") = ind lim { projlim By ,,(R")
r>0 M>0

where the equality holds in a topological sense as well.

Proof The equivalence of the semi-norms pir’ nand || -|ls,r v, as well as that of qf’;t,;
and || - ||;’! 18 established implicitly in the proof of Theorem 3.1. m]

Proposition 4.1 gives us the following equivalent definitions for the dual spaces
(S5) and (S9)'.
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Corollary 4.2 Suppose s, o > 0.

(1) Let ¢ € Sg(R™) \ {0} and let u € 9'(R"). Then u € (Sy) (R") if and only if for
everyr > 0 there is an N > 0 such that

. )] < Cnp?, N ()

forall f e Sg(R").
(ii) Let ¢ € ST(RM\{0} and u € F D' (R"). Then u € (§°) (R") if and only if for
everyr > 0 there is an M > 0 such that

e, £)] < Cua? ()

forall f e ST(R™).

This brings us to the following characterization of the duals via short-time Fourier
transforms, which is the main result of this section.

Theorem 4.3 (i) Let ¢ € S;(R™) \ {0} and u € Z'(R"). Then u € (S;) (R") if and
only if for every r > 0 there is an No > 0 such that

Vpu(x, £)] < Cr(1 + [ Noere". 4.1

(ii) Let ¢ € ST (RM\{0} and u € F D' (R"). Then u € (§°) (R") if and only if for
every r > 0 there is an Ny > 0 such that

1/o

|Vu(x, £)| < Cr(1 4 |x[H)Noer ¥l 4.2)

Proof Suppose u € (Sy)’, ¢ € S;\{0}. Then by Proposition 2.10 and Leibniz formula,
for every r > 0 there are Ny > 0 and C > 0 such that

|Vpu(x, &) = |(u, (- — x)e' 5]
<C Z || D% (¢(, _ x)gi(~,$)) e,Hl/s”z

le] <No

=C Z Z <a)II(DV¢)(- )X O
jal=No y=a N

<C'(1+ |$|2)N0 Z Z (j)”(Dy(ﬁ)( _ x)er|'|l/s||2’

loe|<No ¥ =«

where C’ depends on r only.

By Theorem 2.2, there is an ryp > 0 such that |[DY¢(y — x)| < Cye_’o‘y_x‘l/s,
hence

Voux, )l < C"(1+ g% S 3 (“)||e—’0"”'”"e""“||2.

la| <Ny v =«
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By Lemma 3.3, there is a ¢ > 1 such that
—roly = x|"* < rolx"* —ro/c - |y|'.
Letr € (0, r9/(2c)). Then
—roly = x|"* < =2cr|y — x|'* < 2¢r|x |/ = 2r|y|',

and

o 1/s _n,.1.(1/s J1/s
Voutx, £ = €1 4 162N 3 3 (%) et

le|<Ng ¥ =

s o s
= C"(1+ [gyMog2r § 3 <y)||e""'” 12

la|<Ny v =«

E C///(l + |%.|2)N082c'r|x|l/x’

where the constants C” and C"” depend on r only.

Clearly, the inequality still holds if we let » > ry/(2c) (the right hand side only
becomes larger), hence we have shown that the inequality is valid for all » > 0, as

was to be shown.

Now suppose that for every r > 0 there is an Ny > 0 such that (4.1) holds. Then

by Moyal’s identity, for every f € S

G, O = 11911521 (Vou, Vo I,

hence

[(u, F)I = ||¢||2_2//|V¢u(x,$)| |V f(x,8)dx d§.

By assumption combined with Theorem 3.1, for every r > 0 there is an Ng > 0 such

that
. )l < Cr||¢||52//<1 T+ 16N [V £ (x, 6] dix dE
Clearly, for any 1 > 0 and Ny > 0, we therefore have
1= CIGIE? [ [ (1 gy MWt

Vo f )+ g DN dx g

— K _ _ _ _ 1/s
< GBI o8 0 () [ [+ 1Py e g gg,
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Now pick r such that » < rq, and pick N such that N1 > Ny. We obtain

@, O] < Cr Il 202, ()

for all r; > r. By picking » > 0 arbitrarily small, we thus obtain

@, < Chyy oy P2 ()

for all 1 > 0. This completes the proof of (i). The proof of (ii) is very similar,
utilizing the fact that ¢ € S is equivalent to ¢ € S,, and the fact that Vyu(x, §) =

(@, p(- — £)e 01y, o

Lastly we include the corresponding result for the dual spaces of ¥ and £, which
follows by analogous arguments.

Theorem 4.4 (i) Let ¢ € T;(R™\{0} and let u € 2'(R"). Then u € () (R") if
and only if there exist ro > 0, C > 0 and Ny > 0 such that

Vpu(x, £)] < C(1+ |g)Nogrolel'”*,

(ii) Let ¢ € °(R™\{0} and let u € F D' (R"). Then u € (%) (R") if and only if
there exist ro > 0, C > 0 and No > 0 such that

Vpu(x, £)] < C(1 + |x|2)Moerolél”

5 Continuity of Toeplitz Operators

We will now look at Toeplitz operators on one-parameter Gelfand—Shilov spaces. To
analyze these, we will need to consider functions in 2n dimensions which belong to
different one-parameter Gelfand—Shilov spaces in different (n-dimensional) variables.
To give them a sense, we begin by examining the case when the functions belong to
different two-parameter Gelfand—Shilov spaces with respect to each variable. These
spaces are defined as follows.

Definition 5.1 Suppose s1, 52, 01,02 > 0. Then Sy »2(R?") consists of every f €
C(R?") for which there is an & > 0 such that

x@g2 D DL f(x, £)

sup hlertaa+BitBal (o 1St (ap!)o2 (B11)71 (B2!))52

for every a1, @2, B1, 2 € N, where the supremum is taken over x, & € R".

We can interpret this as a space where functions belong to Sg;' (R") in the x-variable
and S52 (R") in the £-variable. Note that S5y (R*") = §7 (R*"). With the notations
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S§° = S and S, = S, we can construct similar spaces where the functions belong

to the one-parameter spaces in single variables instead. These are the spaces we will
focus on in this section.

Definition 5.2 Suppose s, r > 0. Then Ssoooot (R™) consists of every f € C*®(R>") for

which there is an 4 > 0 such that

x@g2 DI DL f(x, £)
hlea+B2l (1 1)s (B! = Cprar

sup (.1

forevery oy, oz, B1, B2 € N, where the supremum is taken over x, & € R” and where
Cg, a, 1s a constant depending only on 8 and ;.

In similar ways with o, T > 0, we let S (R?") consist of every f € C®(R*")
for which there is an # > 0 such that
x@ge I DL f(x, £)

sup h|ﬂ1+a2|(ﬂl!)g(a2!).[ =< Cal,ﬂz

(5.2)

for every a1, a2, B1, B2 € N". Here, the supremum is taken over x, £ € R" and Cy, g,
is a constant depending only on o1 and B,. We also consider the duals of these spaces,
which we construct as follows.

Let ||f||§’h’N,M be the supremum in (5.1) taken over x, & € R", ap, 81 € N”, but
only || < N and |$2| < M. With

Vi v R = {f € CO®R™) : [|fII% ), v < 0O},

we observe that

S (R?™) = ind lim ( proj lim Vj, y pr (R*") | . (5.3)
’ h>0 N,M>0

It is therefore natural to set
2 .1 . . 2
(S22 (R") = projlim (%d Llim (Vv a0)' (R ")) : (5.4)

We construct the space (S5o7)’ (R?") analogously.
Similar to the characterizations of S; and S° via Fourier transform in Theorem 3.6,
we can characterize the double spaces Sf,o oé and Sgooéj as follows.

Proposition 5.3 Suppose s, 1,0, > 0and f € C®(R>™).
(a) f e Sfooé (RZ”) if and only if there is an r > 0 such that

f o)l <Oy +ER Ve " fa < 1+ 12y Ve (55)

for every N > 0.
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b fe Sggf’?(Rz”) if and only if there is an r > 0 such that
_ _ 1/t A _ _ 1/o
GOl < Cv+IxD) Ve B 1yl < A+ [y Ve
5.6)
for every N > 0.

Proof This result follows directly from Theorem 3.6. O

With this in mind we now consider Toeplitz operators on one-parameter Gelfand—
Shilov spaces.

Definition5.4 Let s,0 > 0, ¢1, ¢ € Ss(R") and a € Sgud (R?*). The Toeplitz
operator T pg, ¢, (a) is given by

(Tp¢1’¢2 (a)f, M)LZ(RZn) = (a, V¢l f . V¢2M)L2(R2") (57)

for every f € Sg(R™) and u € (Sy)'(R").

If instead ¢1, ¢ € S°(R") and a € Sgooﬁ (R?"), the Toeplitz operator is given by
(5.7) for every f € S (R") and u € (S9)' (R").

We observe that the Toeplitz operator in (5.7) can be expressed as

Tpg,.¢ (@) f = V;; (a- Vg, f)

and that the estimates on a, Vy, f and Vy,u imply that this is a continuous operator
from S;(R") to S;(R") when a € Sgws(R*"), and from S° (R") to S°(R") when
a e Sgoof,> (R?"). We now want to show that we can loosen the restriction on a to

instead be in the duals of S, Soo %S (R?") and Sgo°§ (R?"). To do this, we need the following
lemma.

Lemmab5.5 Let ¢y, ¢2, f € Ss(R") and u € (S;) (R"). Then

F Vo [ - Vgul(n, y) = MV 1 (y, —1) - Veu(—y, n).

Proof We prove this in the case that u € S;(R"). The case that u € (S;) (R") follows
by similar arguments. We have

= Qn)~ / / / / FT@¢1(z — Du(w)ga(w — x)e Ew=YE =1 - qudxdg

=(Qn)™" / / Fw+ng1(w+y —xuw)da(w — x)e " dwdx
— Qm)" / TO1(s — Ouls — V)2l =y —De 0 ds dx

— m) f o1 (uls — G2t =P 57 ds i
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=(Qn)™" / / F@+ Vo1 (Ou@)da(t — yye 10 gz dr

= UMV b1 (y, —n) - Veu(—y, n),

where we apply the Fourier inversion theorem in the second step, apply the variable
substitution s = w + y in the third step, # = s — x in the fourth stepand z = s — y in
the fifth step. O

With this lemma in mind we move on to the main result of this section.

Theorem 5.6 Suppose ¢1, ¢p2 € Ss(R"™). Then the following is true.

(a) The definition of T pg, ¢, (a) is uniquely extendable to any a € (Sso,O 25 (R?) and
is then continuous on Sg(R™).

M) Ifa € (Sf,O 2y (R2") then Tpgy,.4,(a) is uniquely extendable to a continuous
operator on (Sg)' (R™).

Proof For (a), it is sufficient to show that H = Vy, f - Vp,u € Sgao (R*") whenever
f € 8s(R") and u € (Sy)'(R") and for (b), the same statement is sufficient but with
f € (S;) (R") and u € S;(R") instead.

We begin by proving (a). By Theorems 3.1 and 4.3, there exist ro > 0 and Ny > 0
such that

|H(x,§)] = Qm) ™" |V, f(x, O] - [Voppu(x, §)]
< Cy (1 + 52~V Noy = o=l
for every r > 0 and N > 0 and for some constant Cy , > 0. Choosing r < rg and

noting that Ny > 0 gives the first inequality of Proposition 5.3.
By Lemma 5.5,

|H(, y)| = Q) ™" |Ve,d1(y, =) - Veu(—y, n)l.

Applying Theorems 3.1 and 4.3 exactly as before, we now obtain the second inequality
of Proposition 5.3. This completes the proof of (a). To prove (b), simply reverse the
roles of f and u and the result follows. O

We also state the corresponding result for a € (Sgé?f,’)/ (R?"), which follows by
similar arguments.

Theorem 5.7 Suppose ¢1, ¢p» € S° (R"™). Then the following is true.

(a) The definition of T py, ¢, (a) is uniquely extendable to any a € (Sgo’ff;)’ (R2") and
is then continuous on S° (R").

®d) If a € (Sgg?g)/ (R?") then Tpy,.¢,(a) is uniquely extendable to a continuous
operator on (S) (R™").
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We can define the spaces Ef_%é(Rz”) and 2&;??(1&2") as the spaces consisting of
every f € C®(R?") such that for every 4 > 0, (5.1) and (5.2) hold, respectively. We
define the dual spaces as before, but for (Ef?o’é)’ (R?") we replace proj limy,_( with
ind limy~¢ in (5.4), and analogously for the construction of (23’5??)’ (R2"), For these
spaces, we can state the following theorems, which follow by similar arguments to
those in the proof of Theorem 5.6.

Theorem 5.8 Suppose ¢1, ¢ € X (R™). Then the following is true.

(a) The definition of T pg, 4, (a) is uniquely extendable to any a € (Ef%g)’(RQ”) and
is then continuous on %z (R™).

®) If a € (ESO,O 25V (R then Tpg, .4, (a) is uniquely extendable to a continuous
operator on (Z;) (R™).

Theorem 5.9 Suppose ¢1, ¢ € X% (R"). Then the following is true.

(a) The definition of T pg, ¢, (a) is uniquely extendable to any a € (E&%)’(Rz”) and
is then continuous on %° (R").

®) If a € (23’5?2)/ (R2") then Tpgy,.4,(a) is uniquely extendable to a continuous
operator on (X%)' (R™).

6 Non-triviality of 2J-Spaces

In this final section, we divert our attention to the two-parameter spaces X7, and
determine when they are nontrivial. Similar results have already been established for
S -spaces (cf. [8]). By nontrivial we mean that the space contains a function which is
not constantly equal to zero. To establish non-triviality conditions, we will need two
propositions.

The following proposition follows by similar arguments to those in [8, p. 172-175].

Proposition 6.1 If s,0 > 0, 0 < 1 and f € ZJ(R"), then f can be continued
analytically as an entire function in the (n-dimensional) complex plane. Moreover, for
everya,b > 0,

£G4 = Cexp (=alxl'”* +b1y|V0=) ©.1)

for some constant C = Cq .

Remark 6.2 The converse of the above proposition is also true: If s, > 0,0 < 1 and
an entire function f fulfills (6.1) for every a, b > 0, then f € X7. This follows by
analogous arguments to [8, p. 219-220]. Hence this is another characterization of XY
in the case that o < 1.

We also find the following result in [8, p. 228-233].

Proposition 6.3 For positive s and o, the space S (R") is nontrivial if and only if
s+o>1
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With these propositions in mind, we prove the main result of this section. In previous
works the condition “s+o > 1, (s, o) # (1/2, 1/2)” isemployed instead of “s +o >
1”. Here, we prove that the correct conditionis s + o > 1.

Theorem 6.4 Suppose s, o > 0. Then the space £ (R") is nontrivial if and only if
s+o > 1.

Proof Since X7 C S7, it follows by Proposition 6.3 that X is trivial whenever
s 4o < 1. Furthermore, Proposition 6.3 with (2.4) implies that X7 is nontrivial when
s + o > 1. Thus we need only consider the case s + o = 1. Since s and o are both
assumed to be positive, we must have o < 1. By Proposition 6.1, it is then true that

£ @I = Capexp (—alxl" +bly|'"*)

for every a, b > 0, where z = x + iy. Moreover
|£G2)] = Capexp (—alyl"* +blx|')
and therefore
1£(2) - fiz)] < C2,exp ((b —a)(|x|'* + |y|1/3>).

Since this inequality holds for all a,b > 0, then by picking a > b we see that
g(2) = f(2)- f(iz) is bounded and tends to zero as |x|, |y| — 0o. By Proposition 6.1,
f is an entire function, thus so is g. Hence Liouville’s theorem implies that g = 0.
But this implies that f = 0 as well, completing the proof. O
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