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Abstract

For a normalized root system R in RY and a multiplicity function k > 0 let N =
N + ZaeR k(a). We denote by dw(x) = Iyer|(X, o) |k(“) dx the associated measure
inRY. LetL=—A+V,V >0,bethe Dunkl-Schrodinger operator on RV . Assume
that there exists ¢ > max(l, E) such that V belongs to the reverse Holder class
RHY (dw). We prove the Fefferman—Phong inequality for L. As an application, we
conclude that the Hardy space H!, which is originally defined by means of the maximal
function associated with the semigroup e~/%, admits an atomic decomposition with
local atoms in the sense of Goldberg, where their localizations are adapted to V.
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1 Introduction

On R¥, N > 3, let us consider Schrodinger differential operator

N
L =—Daa + V@) ==Y 97+ V(x) M
j=1
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where V € L1200 (RY, dx) is a non-negative potential which belongs to the reverse
Holder class B, with g > %, i.e. the inequality

1 0\ 1
(m/BV(x) dx) §Cﬁ BV(x)dx 2)

holds for every ball B in RV . Define the auxiliary function m as follows:

1 1
— = sup {r >0 : N2 /;(x,r) Vx)dx < 1} . 3)

The integral defining the function m was introduced by Ch. Fefferman (see [20, p.
146, the assumption of the main lemma]). The function is then used in the well-known
Fefferman—Phong inequality ( [20, p. 146], see also Shen [35], [36, Lemma 1.9]) which
we state below.

Theorem 1 (Fefferman—Phong inequality) There is a constant C > 0 such that for all
f € CLRN) we have

N
/ m(x)’|f(x)[Pdx < C Zf |ajf(x>|2dx+/ V@I P dx | . @)
RV o1 RN RV

The proof of (4) is based on the usage of the fact that V € A, for some p > 1 and on
the Poincaré inequality

L FO) = fanPdy < —S1— Vi) PRdx.  (5)
— < X.
Be ) Jpr D TP =BG 0] S

The Fefferman—Phong inequality and the function m itself are very useful tools
which are used in analysis regarding the operator .Z, e.g., in investigating behavior of
its eigenvalues [20], estimating of the fundamental solution of . ( [36, Theorem 2.7])
and studying L”-bounds of the operators vy ve 12 vy, v2el (see
Theorems 0.3, 0.4, 0.5, 0.8 in [36]). It was proved in [15] (see also [16, Theorem 2.11,
Proposition 2.16]) that the integral kernel k; (x, y) of the Schrodinger semigroup e™* £
behaves like the classical heat semigroup for 0 < ¢ < m(x) "2, while for r > m(x) 2
has essentially faster decay. These observations allowed Dziubariski and Zienkiewicz
[15] to study the Hardy spaces associated with . and prove a local character of atoms
(see also [17,18]).

The aim of this article is to prove the Fefferman—Phong inequality for Dunkl-
Schrodinger operators and study its applications for describing behavior of the
corresponding Dunkl-Schrodinger semigroups and their Hardy spaces H'.

The Dunkl theory is a generalization of the Euclidean Fourier analysis. It started with
the seminal article [10] and developed extensively afterwards (see e.g. [8,9,11,12,21,
29-31,38,39]). We refer the reader to lecture notes [32] and [33] for more information
and references. We fix a normalized root system R in R" and a multiplicity function
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k > 0 (see Sect. 2). For & € RN, N > 1, the Dunkl operators T; are the following
k-deformations of the directional derivatives d; by a difference operator:

k B o
Tef () =0 f)+ ) g%mgyﬂm<&g;(@)

aeR

’

where oy, is the reflection on R with respect to the hyperspace orthogonal to «. The
Dunkl operators are generalizations of the directional derivatives (in fact, they are
ordinary partial derivatives for k = 0), however they are non-local operators. There-
fore, in order to obtain counterparts of classical Euclidean harmonic analysis results
in the Dunkl setting, we have to deal with both: local and non-local parts of the opera-
tors under consideration. For instance, the question what would be a good counterpart
of Poincare’s inequality (5) in the rational Dunkl setting seems to be an interesting
problem. Recently various different versions of (5) were proved (see [27,40,41]). The
analysis is more complicated if we compose such operators. Furthermore, there are
other technical problems and open questions in Dunkl theory. One of them is the lack
of knowledge about boundendess of the so called Dunkl translations tx on L? (dw)-
spaces for p # 2. It makes analysis of convolution operators more complicated and
delicate.
In the present paper we consider the Dunkl-Schrddinger operator

L=—A+VonRN, N>1,

where V € leoc (dw) is a non-negative potential and A = Zj.v:l Tez, is the Dunkl
Laplacian. Here and subsequently, {¢;}1<;j<ny denote the canonical orthonormal basis
in RN . Such operators were recently studied by Amri and Hammi in [2] and [3]. An
example of such operator is the so called Dunkl harmonic oscillator —A + Ix2,
whose properties are better understood (see [1,24,28,29], and [33]). Let N be the
homogeneous dimension (see (7)). We shall assume that V satisfies an analogue of (2)
with ¢ > max(1, %) (see Sect. 2.3 for details). In the current paper we prove that a
counterpart of the Fefferman—Phong inequality (4) is true in the Dunkl setting, which
is one of our main results (see Theorem 6). The main difficulty which one faces trying
to prove Theorem 6 is the lack of knowledge about the Poincare’s inequality, which is
the main ingredient of the proof in the classical case. Our idea of the proof is to mix
the methods which are known from the theory of non-local operators (see [18, proof
of Theorem 9.4]), a version of pseudo—Poincare’s inequality (62) (which is very close
to that in [40, Section 5]), together with properties of the counterpart of the function
m, which in the Dunkl setting will be denoted here by m. The careful analysis of the
properties of the function m and the proof of Theorem 6 are the goals of Part 1 of the
paper.

Part 2 is devoted to the application of the Fefferman—Phong inequality to prove
the characterization of the Hardy space H Ll associated with the Dunkl-Schrédinger
operator by the maximal function associated with the semigroup generated by —A+V
and by a special atomic decomposition - see Sect. 6 (Theorem 7) for the details. This
application is inspired by [15] (see also [14] and [17]). The atoms for HLl have the
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structure of local atoms in the sense of Goldberg [23] with localization adapted to the
behavior of the function m. So, in order to obtain our result, we need characterizations
of a family local Hardy spaces in the Dunkl setting proved in [24, Section 5].

2 Preliminaries
2.1 Basic Definitions of the Dunkl Theory

In this section we present basic facts concerning the theory of the Dunkl operators.
For details we refer the reader to [10,32], and [33].

We consider the Euclidean space RY with the scalar product (x, y) = Z]/V: 1XjYjs
where X = (x1,...,xn), Y = (1,...,yn), and the norm |x||> = (x,x). For a
nonzero vectora € RV, the reflection o, with respect to the hyperplane o orthogonal
to « is given by

(x, a)
[07
llee?

ou(x) =x—2

In this paper we fix a normalized root system in R, that is, a finite set R ¢ RY \ {0}
such that RNaR = {+a}, 04 (R) = R, and |la|| = +/2 forall @ € R. The finite group
G generated by the reflections o, € R is called the Weyl group (reflection group) of
the root system. A multiplicity function is a G-invariant function k : R — C which
will be fixed and > 0 throughout this paper. Let

dwx) = [ Itx, )" dx (6)

aER

be the associated measure in RY, where, here and subsequently, dx stands for the
Lebesgue measure in RY. We denote by

N=N+> k) (7

aER

the homogeneous dimension of the system. Clearly,
w(B(tx, tr)) = Nw(B(x,r)) forallx e RN, 7,7 > 0,

where B(x,r) = {y € RV : ||y — x|| < r}. Moreover,

/ £ (x) dw(x) =/ tNfx/t)dw(x) for f € L'(dw) andr > 0.
RN RN
Observe that there is a constant C > 0 such that

ClwBx, M) <V T @)+ < Cw(B(x, 1), ®)

aER
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so dw(x) is doubling, that is, there is a constant C > 0 such that
w(B(x,2r)) < Cw(B(x,r)) forallx € RN, r > 0. )

Moreover, there exists a constant C > 1 such that, for every x € RN and for all
rp>r1 >0,

C—l(r_z)N L wB& ) _ c(r_z)N. (10)

r/ o T w(B(X,r) T\
For a measurable subset A of RY we define
O(A) ={oy(X) : x€ A, @ € R} (11)
Clearly, by (8), for all x € RN and r > 0 we get
w(O(B(x,1r))) < |Glw(B(X,r)). (12)

For £ € RV, the Dunkl operators T¢ are the following k-deformations of the
directional derivatives 9 by a difference operator:

k — o
Tef () =3 f () + ) {j” REAL (afgr (x)

oER

(13)

The Dunkl operators T, which were introduced in [10], commute and are skew-
symmetric with respect to the G-invariant measure dw.

For fixed y € RY the Dunkl kernel E(x,y) is the unique analytic solution to the
system

Te f =&y f, fO)=1 (14)
The function E (x, y), which generalizes the exponential function ™Y, has the unique
extension to a holomorphic function on CN x CN. Moreover, it satisfies E x,y) =
E(y,x) forallx,y € CV.

Let {e;}1<j<n denotes the canonical orthonormal basis in RY and let Tj=T,.In
our further consideration we shall need the following lemma.

Lemma1 Forallx € RN,z € CN and v € N we have
|0y E(x, z)| < [|x]|" exp(||x]||Rezl)).
In particular,
|EGiE,x)| <1 forallé,x e RV,

Proof See [30, Corollary 5.3]. O
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Corollary 1 There is a constant C > 0 such that for all x, & € RN we have
|E(§,x) — 1| < Clix][l[[§]. 15)
The Dunkl transform
Fro = [ Ecitnrmdu.
where

12

Ck :/ e7HX2 dw(x) > 0,
RN

originally defined for f € L'(dw), is an isometry on L%(dw), i.e.,
1/ 122wy = IF fll2awy forall f € L2 (dw), (16)

and preserves the Schwartz class of functions S(RV) (see [7]). Its inverse F~! has
the form

Fle = [ B2 dute)

Moreover,

F(T; )€ =i&F f(E). 7)

The Dunkl translation ty f of a function f € S(RY) by x € R¥ is defined by
wf(y) =c; /RN E(i&,x) E(i§,y) F f(§) dw(§).

It is a contraction on L?(dw), however it is an open problem if the Dunkl translations
are bounded operators on L? (dw) for p # 2.

The Dunkl convolution f * g of two reasonable functions (for instance Schwartz
functions) is defined by

(f *9)®) = o FFHFDIx) = fRN(ff)(S) (F9)(&) E(x.i&) dw() forx e RV,
or, equivalently, by
(fx8)(x) = fRN F(y) xg(=y) dw(y) = /RN fMe&,y) dw(y) forall x € RY,

where, here and subsequently, g(X,y) = txg(—Yy).
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2.2 Dunkl Laplacian and Dunkl Heat Semigroup

The Dunkl Laplacian associated with R and k is the differential-difference operator
A= Z;-V:l T2, which acts on C2(R™)-functions by

Af(X) = Acet f (X) + Y k(@)80 f (%),

aER
0 f®) el f(X) = f(0aX)
f® =" " 2 @x?
Obviously, F(Af) (&) = —||&||>F f(£). The operator A is essentially self-adjoint on

L?(dw) (see for instance [2, Theorem 3.1]) and generates the semigroup H; of linear
self-adjoint contractions on L2(dw). The semigroup has the form

Hfx) =F "V Fre)x = /R @) dw), (18)
where the heat kernel
h,(X, y) — Txhz(—)’), h[(X) — f*l(e*f‘lsllz)(x) — Ckfl(zt)fN/ze*”XHZ/(“t) (19)

is a C*°-function of all variables x,y € RN, ¢ > 0, and satisfies

0 < hi(x,y) = he(y, x), /RN he(x,y) dw(y) = 1. (20)
Let
d(x,y) = min [lo(x) =y
oeG

be the distance of the orbit of x to the orbit of y. Let us denote

—1 d(x, 2
G () = (max(u(Bex, Vi, w(By, vin) exp(— “2Y)

We shall need the following estimates for /,(x, y) - their two step proof, which is
based on Rosler’s formula for the Dunkl translations of radial functions (see [31]), can
be found in [5, Theorem 4.1] and [13, Theorem 3.1].

Theorem 2 There are constants C, ¢ > 0 such that for all X,y € RN andt > 0 we
have

Ix =yl

Ji

Theorem 2 implies the following Lemma (see [13, Corollary 3.5]).

-2
hixy) = C(1+ ) Guetx.y). (22)
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Lemma 2 Suppose that p € C° (RN) is radial and supported by the unit ball B(0, 1).
Set ¢;(x) = t " No(t7'x). Then there is C > 0 such that for allx,y € RN andt > 0
we have

Ix =yl -1

-2
g (9l = C(1+ =) " (max@ (B 0). wBE.0)) 0.1 /1),

2.3 Dunkl-Schrodinger Operator and Semigroup

Let V > 0 be a measurable function such that V € leoc(dw). We consider the
following operator on the Hilbert space L*(dw):

L=—-A+V (23)
with the domain
D(L) = {f € L*(dw) : |E|*Ff() € L*(dw(#)) and V (x) f(x) € L*(dw(x))}

(see [2]). We call this operator the Dunkl-Schrodinger operator. Let us define the
quadratic form

N
Qf.0) =) /R LT OOTj(0 dw(x) + /R VMg dw) (24
j=1

with the domain
12

N
DQ) =1 feLldw) : | D ITjfP| .VVfel*dw)
j=1

The quadratic form is densely defined and closed (see [2, Lemma 4.1]), so there exists
a unique positive self-adjoint operator L such that

(Lf, f)=Q(f, f)forall f € D(L),
moreover,
D(L'Y?) =DQ and Q(f. /) = IL fll 24w
where L!/? is a unique self-adjoint operator such that (L'/2)?> = L. It was proved in
[2, Theorem 4.6], that £ is essentially self-adjoint on C2° (RN ) and L is its closure.

Consequently, L generates the semigroup of self-adjoint contractions on L?(dw). The
semigroup has the form (see [2, Theorem 4.8])

K f(x) = fR kD) du), 25)
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where k; (x, y) is the integral kernel which satisfies
0<k(xy) = h(xy). (26)

Part 1: Fefferman—-Phong inequality in the rational Dunkl setting

3 Reverse Holder Class

In this part, we assume that ¢ > max(1, %) and V > 0 belongs to the reverse Holder
class RH? (dw), that is, there is a constant Cry > 0 such that

1/q
<w(1B)/Bv(x)qdw(x)> ECRHw(lB)/BV(x)du)(x) for every ball B. (27)

For any Lebesque measurable set A we define

(A) = /A V(x) dw(x). (28)

Our goal is to study the properties of the measure 1. The proofs of the results in this
section are standard and they are based on the [22, Chapter 7]. For the convenience of
the reader we present details.

Lemma 3 For all balls B ¢ RY and measurable sets E C B we have

1(E) w(E)\
W(B) SCRH(w(B)) ’ 29

where, here and subsequently, é +4 =1

q

Proof Applying Holder’s inequality, then the reverse Holder inequality (27), we get

1/q
((E) =/NxE<x)V<x)dw(x> < w(E)V (/ V(x)qdw<x)>
R B

E 1/q'
SCRH(ZEB;) w(B).

O

Lemma4 Let ¢ > 0. There is a constant O < y < 1 such that for all x € RN and
r > 0 we have

w(B(x,yr)) _ w(B(Xx,r)\ B, yr)
w(B(x,r) w(B(x,r))

Birkhauser
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Proof Thanks to (6) we obtain

w(Bx.\ Bx.yr) = [ TT iy, )@ ay
B(x,r)\B(x,yr) @R

5/ TT00 = x @)l + 1%, ) 5@ dy.
B(x,r)\B(x,yr)

aeR

For ally € B(x, r) we have |{y — X, a)| < J2r, so

w(B .\ Bex.yr) <2V [ TTa0x @l + e dy
B(x,r)\B(x,yr) «€R
= on2V20 N =y M) TTAR o)l + 0,
a€R

where vy is the Euclidean measure of the unit N-dimensional ball. Consequently,
thanks to (8), we have

w(B(x,r) \ B(x, yr))
w(B(x,r))

<C -y,

where the constant C > 0 is independent of x and r. The claim follows easily. O

Lemma5 The measure  defined in (28) is doubling, i.e. there is a constant C,, > 0
such that for all x € R and r > 0 we have

w(B(x,2r)) < Cuu(B(x,7)).

Proof Let0 < y < 1. Setting B = B(x,r) and E = B(x,r) \ B(x, yr) in (29), we
get

B B 1/q'
By (1 _ w(B(x, yr))) G0,
n(B(x,r)) w(B(x, 1))
Thanks to Lemma 4 for 1 — y small enough we have
w(B(x, yr) )"
C l— ————= 1/2,
il ( w(B(x.r) ) =Y
consequently,
w(Bx,r)) < 2u(B(x, yr)). (€29)
There is n € N such that y" < 1/2. Applying (31) n times we get the claim. O
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As the consequence of the doubling property of 11, we obtain the following corollary.

Corollary 2 There is a constant Cpy > 0 such that for all cubes Q C RN and
measurable sets E C Q we have

1 1/q 1
—_— q /
(w(Q>/QV(") dw(x)) SCRH—w(Q)/QV(x)dw(x), (32)

wE) _ <w<E>>”‘f

Lkl 7 33
w0 =\ 59

Lemma6 There are 0 < y,8 < 1 such that for all cubes Q C RN and measurable
sets E C Q the following implication is true:

p(E) < yu(Q) = w(E) < dw(Q). (34)

Proof Sety’ > 0 small enough in order to have §' = C{m(y’)l/q/ < 1, where Cgyy is
the constant in (33). Then, by (33), we have the implication

w(E) < y'w(Q) = n(E) < 8'1(Q). (35)
Taking Q \ E instead of E in (35) we get
w(E) = (I —yHw(Q) = w(E) = (1 = 8)u(Q). (36)

Note that (36) is equivalent to (34) withy =1 —8"and§ =1 —y'. a

We will need the following classical result from theory of the A, weights (see [22,
Corollary 7.2.4]).

Proposition 1 Let v be the weight and let v be a doubling measure on RN . Suppose
that there are 0 < y, § < 1 such that

V(E) < yv(Q) :>/ v(x)dv(x) < Bf v(x) dv(x),
E 0

whenever E is a v-measurable subset of a cube Q. Then there are constants C,n > 0
such that for every cube Q in RN we have

1 1 1/(1+n) 1 /
(—U(Q)/Qv W(x)dv(x)> SC_\J(Q) Qv(x)dv(x). 37

Proposition 2 There is a constant C > 0 and the exponent p > 1 such that for every
cube Q in RN we have

1 1 1 p—1
(w(Q)/QV(X)dw(X)) <w(Q_)/QV ’ ‘(X)dw(X)> <C. (3
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Proof Note that (34) is equivalent to
W(E) < yu(Q) = /E V(0 dp(x) < SfQ V(0 dp(x). (39)

Hence, applying Proposition 1 to v = V™! and v = pu (the assumption that v is
doubling is satisfied thanks to Lemma 5) we get that there are C, n > 0 such that

1 - )1/(1+77) 1 _1 w(Q)
— | V(x My (x) dw(x <C—— | VX 'V dwx) =C—-.
(M(Q)/Q ) 00 dw) @) Jo ) () dw) wu(Q)

(40)
Finally, it can be checked that (40) is equivalent to (38) with p = 1 + % O
Here and subsequently, we write
N
y=2—-—. 41)

q

The reverse Holder inequality (27) has the following consequence (see [36, Lemma
1.2]), which will be used in the next section many times.

Lemma 7 Assume that V € RH?(dw), where ¢ > max(1, %), andV > 0. There is a
constant C > 1 such that for all x € RY and 0 < r; < ry < 00 we have

ri Vy)d (><C<r‘>y 3 V(y) du(y)
R E— w —_— P E—— w .
wB& ) Jer Y =50) wBE ) Jiary Y

Proof Thanks to Holder’s inequality and the reverse Holder inequality (27), we get

1/q
m B(x.r1) YW dwy) = (m B(x.r1) Vw* dw(Y))
v 1/q
: Ziggz :T;;l/z (w(B(i(, r2)) JBx,r) V* dw(Y))
1/
RH%EQ :?;;1/2 w(B(L, ) JBxr) V(y)dw(y).
Finally, the claim follows from (10). q
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4 The Auxiliary Function m(x)
4.1 Definition and Growth Properties of m(x)

For x € RY we define

r2

S wBE ) Jsan

1

m(Xx)

= sup {r >0 V(y)dw(y) < 1} (42)

(see [36, Definition 1.3]). Thanks to Lemma 7, for all x € RV (and V # 0) we have

2 r2

Vy)dw(y) =0, lim —/——— V(y)dw(y) = +o0,

im —
=0 w(B(x,7)) Jpx.rn r—+oo w(B(x,7)) Jpx.r
43)

so the function m is well-defined and 0 < m(x) < oco. The next lemma is an adaptation
of [36, Lemma 1.4].

Lemma 8 Assume that V € RHY (dw), where ¢ > max(1, g), and V > 0. There are
constants C, k > 0 such that for all X,y € RN we have

Clm(y) < mx) < Cm(y) if Ix —y|| < mx)~", (44)
m(y) < Cmx) (1 + mx)[x — y|)*, (45)
m(y) = C'mx) (1 + m(x)|x — y[) 7. (46)

Proof of (44) By the doubling property of w and u we have w(B(x,r)) ~ w(B(y, r))
and w(B(x,r)) ~ u(B(y,r)) if r > |x — y|. So, by Lemma 7, for any r < m(x)~!
we have

2
;
e V(z)d
w(By, ") Jayn (z) dw(z)
r Y m(x)"2
¢ V(z)d
- <m(x)_l> w(B(y, m(xX)™1)) Jpy.mm1 @ (47)
() _mx~
<C (m(x)l) w(B(x, m(x)~1)) Bxm-1) V(z) dw(z)

, v
f— C, 9
()

where in the last inequality we have used the definition of m. Note that (47) implies
that for

r < min (1, (2C’)—V”) mx) ",

Birkhauser
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we get

r2

1
_— V(z)d -,
WBG. ) Loy DD =3

so the inequality m (y) < Cm(x) follows. Now we turn to the proof of m(x) < Cm(y).
For r > 2m(x)~!, thanks to the doubling property of x and w, then by Lemma 7, we
write

2 2

-
_ V(z)d C—
w(B(y, 1)) JB@y.r () dwz) = w(B(X, 7)) Jpx.r

(Y emm)? (Y
=C ( —1) & Ve dw = ¢ ( ‘1> '
2m(x) w(B(X,2m(x)™") Jpx,2mx)-1) m(X)

where in the last inequality we have used the definition of m(x). Taking

r V(2) dw(z)

r > max (2, (C’/Z)—V’l) mx)~!

we have
")
— V(z)dw(z) > 2,
w(B(y, 7)) JBy.n
s0, thanks to the definition of m (see (42)), the proof is complete. ]

Proof of (45) We may assume || x—y/|lm(x) > 1, otherwise the claim follows from (44).
Letr = m(x)’1 andlet j > 1, j € Z, be such that

27 < Ix —y| < 2/r.

Let 0 < r; < r. Thanks to Lemma 7, then the doubling property of 1« and w together
with (10), we have

;
w(B(y, 1)) Jpy.m)

<C< " >y Ix — I f y
< (2) dw(@)
Ix=yI) wB, Ix=yh)

V(z)dw(z)

B(y,lIx=yl)
y 2
- C< r > Ix —yll V(@) dw(z)
Ix=yll/ wB& Ix=yYI)) Jaxx-y
Y , , 221 2 y oo .
<cC (r—l) -iNej =T V(@) dw(z) < C (r—l) 2N,
2ir Fw(BX, 1) Jax.r) 2ir B
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where C, is the doubling constant for u (see Lemma 5). Therefore, there is a constant

C1 > 1 independent of X,y € RN and r > r| > O such thatif r| < rCl_/, then

r12 rl Y _iN A2 1
o V(z) dw(z) < C(—) 27INCj2¥ < -
w(BY. ) Jpy.r) 2/r 2

Consequently, by the definition of m(y) we have

1

— >rC{’ =

m(y) ~ !

1
m(X)

—=J
1 >

which leads us to
m(y) <mx)C{ < Cm@) (1 +m®)|x -y,

where k = log, Cj. O

Proof of (46) We may assume that ||x — y|| > m(y)~!, otherwise the claim follows
from (44). By (45) we have

m(x) < Cm(y) (1 + |x — y[lm(y)* < Cm(y)"™|x — y|I*.
Thus,

m(x)1/d+6) mx)
[x — yll</0+) = 7 (1 + mx)||x — y[)e/ A+’

m(y) > C’'

so the proof is complete. O

4.2 Associated Collection of Cubes Q

Foracube Q C RY, here and subsequently, let d(Q) denote the side-length of cube Q.
We denote by Q* the cube with the same center as Q such that d(Q*) = 2d(Q). We
define a collection of dyadic cubes Q associated with the potential V by the following
stopping-time condition:

d 2
Q € Q < (Q is the maximal dyadic cube for which ((Q)) / V(y)dw(y) < 1.
w 0

(48)

Fact3 The collection Q is well-defined and it forms a covering of RN built from dyadic
cubes which have disjoint interiors.
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Proof Note that forany x ¢ (J <7, 2/ZN there is a unique sequence {Q ;} ez of dyadic
cubes such that x € Q; satisfying

Q; C Qj41andd(Q;) =2/ forall j € Z.
Further, if follows from (43) and the doubling property of measures d . and dw that

d(Q;)?
j==00 w(Qj) Jo,

A2
V(y)dw(y) =0and lim Q) V(y) dw(y) = oo.
J

o w(Q)) Jo,

Thus the collection given by (48) is well-defined and it forms the desired covering of
RV, O

We list below simple facts about the collection Q, which are consequences of properties
of w, u and m(x).

Fact4 Assume that V € RHY(dw), where ¢ > max(l, E), and V > 0. There is a
constant C > 0 such that for any Q € Q we have

2
o124

=0 Jy V) dw(x) < 1. (49)

Proof 1t is an easy consequence of the doubling property of . Namely, let O be the
parent of cube Q € Q. As the consequence of the stopping-time condition (48), we
get

d(Q)?
w(Q) Jo

d(0)? /
1 = \% d <
<0 Ja (x) dw(x) <

w

(2d(0))?
w(Q)

/N Vx)dwx) <C V(x) dw(x).
Q

O

Fact5 Assume that V € RHY(dw), where g > max(l, %), and V > 0. There is a
constant C > 0 such that for any Q € Q and x € Q™** we have

cld@) M <mx) < cdQ)7". (50)

Proof The proof is essentially the same as that of (44). We provide the details. The
doubling property of © and w combined with (49) imply that there is C’ > 1 such
that

2
L dO)F V(y)dw(y) < C'forallx € Q***. (51

C' = w(B(x,d(Q)) B(x,d(0Q))

Using Lemma 7 with r; = d(Q) and any r, > (C'C)'/7d(Q), we get

—_— V(y)d ,
= DB ) Loy | D
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which implies m(x)~! < (CC")!/7d(Q). Similarly, applying again Lemma 7, this
time with r; = (CC")~1/7d(Q) and r, = d(Q), we obtain
2
—L V(y)du(y) <1
w(B(X,r1) Jax,m) -
which leads to m(x)~! > r; = (CC")"d(Q). g
Lemma 8 together with Fact 5 imply the following proposition.

Proposition 3 Assume that V € RHY(dw), where ¢ > max(1, g), and 'V > 0. The
covering Q defined by (48) satisfies the following finite overlapping condition:

(3Co > 0) (VQ1, Q2 € Q) QT N Q5™ # ¢ = C;'d(Q1) < d(Q2) < Cod(Q)).
(52)

5 Fefferman-Phong Inequality in the Dunkl Setting

The goal of this section is the prove the Fefferman—Phong inequality in the rational
Dunkl setting. This result is crucial in the proof of condition (D) (see Sect. 6) for
potential satisfying (27). The result for £ = 0 is due to C. Feffermann and D.H. Phong
[20] (see also [36, Lemma 1.9]). The proof is inspired by one from [18, Theorem 9.4].

Theorem 6 (Fefferman—Phong type inequality) Assume that V. € RHY(dw), where
q > max(l, g), and V > 0. There is a constant C > 0 such that for all f € D(Q)
we have

/H; IFPm) dut) < CQUF, ). (53)

We need some lemmas before providing the proof of Theorem 6.

Lemma 9 Assume that V € RHY (dw), where ¢ > max(l, %), and 'V > 0. There are
constants C,n > 0 such that for all Q € Q and ¢ > 0 we have w(E;) < CeTw(Q%),
where

E.={ye Q" : V(y <ed(Q)?}. (54)
Proof Let p > 1 be the number from (38). By the definition of E, we write

p—1 p—1
wEyr = ([ aww) = ([ e va@ e vy ane)
E. E;
| - (59)
<ea@ ([ vorHanw)
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Thanks to (49) and the doubling property of w we have

1
d(Q)2 c— v d c’ / V(y)d . 56
Q)< w(0) y)dw(y) < w09 Jy- (y) dw(y) (56)

Consequently, applying (55) and (56) together with (38) we get

1 _1 p=l
w(Ee>"—1sc’s< . / V(y)dw(y)) (/ Vi) 7 dw(y))

< Cew(Q*)P~ .

]

Lemma10 Forall j € {1,2,..., N}, g € C?O(RN), and f € Lz(du)) such that its
weak Dunkl derivative T; f is in L2(dw) we have Ti(fg) € L2(dw). Moreover,

g(x) — g(0u(x))
(x, @)
(57)

Ti(fe)(x) = (T; /H(x)g(x) + f(x)9;8(x) + Z— aj foa(x »é

oER

in L?(dw)-sense.

Proof 1Tt is a standard fact, but for the convenience of reader we provide the proof. Let
us assume first that f € C'(RN). By the definition of T (see (13)) we have

k y ’
Ti(f2)(x) =3, (fg)(x) + Z @, f(x)g(x) £ (06(x)) g (00 (X))

aEeR (x, )
k - o
= f@;9) ) + 3 HXZE + Y (2‘")% 20l ® (Xfof;‘ (x))
aER ’ (58)
k(a) g(x) — g(0u (%))
+ Z 5 ]f( 0q (X ))T
a€R
g(x) — g(oy(x))
= f(x)0;g(x) + (T} f)(x)g(x)+(;e_a]f( 0y (X ))ﬁ'

In order to obtain the general case, let us take ¥ € C2°(RV). By the definition of
T;(fg) and (58) we have

f T (f9) (09 (%) dw(x) = — / FE8Tj ¥ (x) dw(x)
RN RN
- / FOOT; (g9)(x) + /R F009209% (0 dw(x)

5 M@ o [ r 0w o0y 828G 4
]RN

— x, a)
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=/ ij(X)g(X)lﬁ(X)dw(X)vL/ F(X)3;g(X) ¥ (x) dw(x)
RN RN

ke () — 8(0a(x)
+ 3 5% [ a0 SRSy 9 duc)

aE€R

]

Definition 1 Assume that O is a covering of RY by the cubes with pairwise disjoint
interiors and it satisfies the finite overlapping condition (52). By the smooth resolution
of identity {¢o} 03 associated with Q we mean the collection of C°°-functions on

R¥ such that suppgpo € 0%, 0 <o (x) <1,
10%po(x)| < Coud(Q) ™! forall & € NY, (59)

and ZQe@ $o(x) = 1 forallx € RV,

In this part of the paper, we consider the smooth resolution of identity associated with
Q. The existence of {¢pp}pcg is guaranteed by (52) (see Proposition 3).

Lemma 11 There is a constant C > 0 such that forall« € R, Q € Q, and x € Q*
we have

<cdo)".

‘d’Q(X) — ¢ (0a(X)) ‘
(x

, o)

Proof This is the standard fact - we write

_ 1
Po(X) —¢o(0a®) _ 1 / %¢Q (X_21<X,0t)a> dt
0

(x, @) (x, ) llee?

: (x, )
= /0 <(VX¢Q) (x — 2t e a) ,a> dt,

so the claim is a consequence of (59). O

Lemma 12 Assume that V € RH? (dw), where ¢ > max(1, N), and V > 0. There is
a constant C > 0 such that forall j € {1,...,N}, f € Lz(dw) such that its weak
Dunkl derivative T; f is in L%(dw), and 0 € Q we have

172
175(F o)l 2w = € (( /Q * |ij<x>|2dw<x))

1/2
+(/ If(x)l2m(x)2dw(x)) )
O(0%

Let us remind that O(Q*) denotes the orbit of the cube Q*, see (11).
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Proof By Lemma 10 we have

1T (f 2wy = I(Tj )XP0 X 22wy + 11 X)(300) X 12(0wx))
+C Z H f (o (x))¢Q(X) — ¢0(0u(X))

aER (X,Ol)

L2(dw(x)

Thanks to the property that supp o € O*, (59), and Fact 5 we have

1/2
1/2
I1f ®)(360) X 12 @wxy < C ( fQ ) |f(x>|2m<x>2dw(x)> .

Therefore, it is enough to estimate

$0(X) — dg(0a(x) |
/ f(0a(x) 22 A dw(x)
00" (x, o)
B /<9(Q*)ﬂ{x:f2|<x,a>|sm<x)‘} o
+/ .=+
O(0H)N{x: V2| {x,)|>m(x)~1}

for fixed @« € R. We consider [ first. Let us denote

. Po(X) — @9 (0x (X))

(x, )

E:@(Q*)m{x - V2|(x, )] §m(x)_l}ﬂ{x ;éo}.
(60)

Ifx € E, then x € Q* or 0,(x) € Q*, 50, by Fact 5, d(Q)~' < Cm(x) ord(Q)~! <
Cm(o4(Xx)) respectively. Note that

00 N{x : V2|(x, )| <mx) ™'} = 0(Q") N{x : [x—0u(®)| <mx)~'},
so, by (44), we have
d(Q)_1 < Cmax(m(x), m(oq(x))) < C'm(oy(x)) forallx € E.

Consequently, by Lemma 11, we get

$0(X) — o (04 (X)) ‘2
(x, )

<c / | (00 (X)) P (0a () dw(x) = C' f 100 Pm(x)? dw(x).
O(0%) 00

L < /}; ‘f(aa(X)) dw(x) < C/]; | £ (60 (X)) 2d(Q) 2 dw(x)
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In order to estimate />, thanks to property 0 < |¢o (X) — ¢p (04 (X))| < 2, we write

I < 4/ | f (0 ()P, )2 dw(x).
O(QH)N{X: V2|(x,0)|>m(x)~1}

By (46), for x € O(Q*) such that v/2|(x, &)| = ||x — 04 (X)|| > m(x)~" we have
m(x) < Cm(og(x) (1 + m@)||x — 0o (X) N < C'm (06 (X)mX)|(X, &)].
Consequently,
1 < C'm(oq(x)|(x, &),

which leads us to
L<C / | f (06 ) P 1(X, &) |~ 2m (06 (%)% (x, @) |* dw(x)
00"
= C/ | f®)Pm(x)? dw(x),
00"

which ends the proof. O
Proof of Theorem 6 Suppose first that

/RN |f(x)2m(x)? dw(x) < co. 61)

Let y € C® (R™) be a radial non-negative function such that fRN Ydw = 1 and
suppy¥ € B(0,1), and let A > 1 be a large constant (it will be chosen later). For
QO € Q we define the following scaled version of ¥/:

Yo = (A7) Ny (Ad(Q) ).

It follows from Corollary 1 that

|Fy () — 1] < ClIE].

Consequently, by Plancherel’s theorem (see (16)), (17), and Lemma 12,

/Q* V5 * (b0 X — (o H )| dw(x)

N
< (:1472d(Q)2 ZAN |Tj(¢Qf)(X)|2dw(X) (62)
Jj=1

N
<CAT2dQ* | Y / T f ()1 dw(x) + / | P mx)? dw(x)
in’er 0"
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The first inequality in (62) can be thought as a counterpart of the Poincaré inequality
(cf. (5)). By the doubling property of w we have w(B (X, d(Q))) ~ w(Q) ~ w(Q*)
for all x € Q*. Applying Lemma 2, we obtain

2
[ s wopwPaww = [ | swgnwonmanm| au

w(B(x,d(0)))* 1 5 6
= C/‘Q* w(B(x, A*ld(Q)))z w(B(x, d(Q)))2 dw(x)||¢Qf||L1(dw) (63)
<cAN (0 )

Let & > 0 (it will be chosen later) and let E, be defined as in (54). We write

2N AN AN
(Q ||¢Qf”Ll(dw) (Q )”¢Qf||L1(E dw) (Q )||¢Qf||L1(Q*\Eg dw)"
(64)
By the Cauchy—Schwarz inequality and Lemma 9 we have
1
2N 2 2N 2
AN vy = CANE 1601172 4 (65)

Next, by the definition of E, (see (54)) and the Cauchy—Schwarz inequality we get

1 _
AZNw(Q 160 f1171(go\ £, quy = CAN(@)%e™! /Q V@@ H X dw(x).
(66)

Combining (63), (64), (65), and (66) we get
/Q b o | dwx) < ca™
) (Q)2 )
€ ||¢Qf||L2(dw) +— o VX)[(@o /X" dw(x) ). (67)

Consequently, by (62) and (67) we get

N
160 £ 1724y < CAT?d(Q) (Z fQ* T f )1 dw(x) + /O(Q*) If(x)lzm(x)zdw(x))
j=1

N (1 d(Q)* 2
+CA™Y e ||¢Qf||L2(dw)+ e Jo V®)l(po HX)"dwX) |,
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which, for ¢ = (%C*1 A’ZN)I/", leads us to

160 £ 117 24wy < C'A2d(Q)
N
Zf |T,~f<x>|2dw(x>+/
=17 ©

+C'aTa()%e™! /Q Vo N dw®.

(Q*)If(x)lzm(X)zdw(X) 68)

Dividing the inequality (68) by d(Q)? and then use Fact 5, we obtain

N
[ 160n@Pne?au < cay [ imreoPdue
“ =17 (69)

vea [ ipwPnw?due + A [ Vloe P due).
00" o*
Summing up over all O € Q we get
fR FEPm? dwx)
N
<CA > / 1T f 1> dw(x) + |G| / |f (0P m(x)* dw (x)
j=1 RN RN

+CA2N8*‘/ V)| f &) dwx).
]RN

Taking into account (61) and taking A large enough we obtain the claim for f satisfy-
ing (61). For general case, we take aradial function € C° (]RN )suchthat0 <n <1,
n(x) = 1 forall |x|| <1, n(x) =0 forall |x|| > 2, and

|d;n(x)| <2 forallx € RV and j € {1,2,..., N}.
For f € D(Q) and n € N we define f,,(x) = f(x)n(x/n). Note that by (57) we have

fn € D(Q). Moreover, thanks to the fact that f € L?(dw) and (45), the condition (61)
is satisfied for f;,. Therefore, by (53) for f,, we get

/ |f ®)Pmx)? dw(x) = lim / | ) Pmx)* dw(x) < C lim Q(fy, fu)-
RN n—0o0 RN n— 00
(70)

Clearly,
Tim L f = fall 2w = O- (71
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Recall that f, T; f € L*(dw). Applying Lemma 10, we have

im | AT~ f) @ dw(x)

ny,n2—>o0 Jp

<2 lim " T} £ X) 2 In(x/n1) — n(x/n2)|* dw(x)

nip,ny—o0

4, lim @R 0G/m)) + 10, (r(x/n2) ) dwx)

ny,ny—> 00

<2 lim T} f (%) dw(x)

1,200 /miﬂ(ﬂl ,n2) Z||x|[| <2 max(ny,n2)

+32  lim If @7 +n52) dw(x) = 0.
N

nij,ny—>0o00 Jp

Similarly, V (x)!/2 f(x) € L?>(dw(x)), so

ni,ny—>00

lim o VI (fay = fa) @) dw(x)

= lim " V) F 1P n(x/n1) — n(x/n2)* dw(x)

ni,ny—00

< lim V)| fx)|*dwx) = 0.

1127200 Jmin(ny,ng) <[Ix[| <2 max(n1,n2)

Consequently, by (72) and (73) we have

lim Q(fnl _fnza fnl _fnz) =0.

ny,ny— 00

By [2, Lemma 4.1] the form Q is closed, so using (71) and (74), we get
lim Q(fx, fu) = Q(f. f),
n—oo

which, thanks to (70), ends the proof.

Part 2: Hardy spaces associated with Dunkl-Schrodinger operator.

In this part we assume that V leoc

Holder class unless it is explicitly pointed out).

6 Statement of the Results

6.1 Background to the Subject

(72)

(73)

(74)

(dw) (we do not assume is in the reverse

The classical real Hardy spaces H” in R occurred as boundary values of harmonic
functions on Ry x RY satisfying generalized Cauchy—Riemann equations together
with certain L” bound conditions (see e.g. Stein—Weiss [37]). In the seminal paper of
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Fefferman and Stein [19] the spaces H?” were characterized by means of real analysis.
One of the possible characterization assets that a tempered distribution f belongs to
the H?(RN), 0 < p < oo, if and only if the maximal function sup,.q [h; * f(X)|
belongs to L? (RY), where h; is the heat kernel of the semigroup e’ e, An important
contribution to the theory is the atomic decomposition proved by Coifman [6] for
N = 1 and Latter [26] in higher dimensions, which says that every element of H? can
be written as an (infinite) combination of special simple functions called atoms. These
characterizations led to generalizations of the Hardy spaces on spaces of homogeneous
type, in particular, to H? spaces associated with semigroups of linear operators. In
[5] (see also [4,13]) a theory of Hardy spaces H ! in the rational Dunkl setting parallel
to the classical one was developed. The purpose of the remaining part of the paper
is to study an H Ll space related to L. Our starting definition is that by means of the
maximal function for the semigroup e~'%. Then we shall prove that the space admits
a special atomic decomposition. This result generalizes one of [24] where H Ll for the
Dunkl harmonic oscillator —A + ||x||?> was consider. In [25] the authors provided a
general approach to the theory of Hardy spaces associated with semigroups satisfying
Davies—Gaffney estimates and in particular Gaussian bounds. We want to emphasize
that the integral kernel for the Dunkl-Laplace semigroup does not satisfy the Gaussian
bounds. Therefore the methods developed in [25] cannot be directly applied. One may
ask whether the Hardy space H Ll can be characterized by the Riesz transforms 7; L™ 172,
The affirmative solution will appear in a forthcoming article.

6.2 Hardy Spaces Associated with L

Let us introduce the notion of the Hardy space associated with the operator L.

Definition2 Let f € L'(dw). Wesay that f belongs to the Hardy space H 11 associated
with operator L if and only if

ffx) = sulg |K: f ()] (75)
>

belongs to L' (dw). The norm in the space is given by
1A gy = 1L 2t - (76)
Let Q be a collection of closed cubes with parallel sides whose interiors are disjoint
such that _J 0e0 Q = R". Let us remind that d(Q) denotes the side-length of cube Q

and we denote by Q* the cube with the same center as Q such that d(Q*) = 2d(Q).
Assume that this family satisfies the following finite overlapping condition:

(3Co > 0) (YO1, 02 € Q) 07" N Q3™ £ 0 = C;'d(Q1) = d(Q2) = Cod(Q1).
(F)

We define the atomic Hardy space associated with the collection Q (see [18]).
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Definition 3 A measurable function a(x) is called an atom for the Hardy space H éat

associated with the collection of cubes Q if

(A) suppa € B(xqp,r) € Q™ for some Q € Q,x9 € RV, and r > 0,
(B) supyegn la(y)| < w(B(xo,r)) ",
(C) if r < d(Q), then [py a(x)dw(x) = 0.

The atomic Hardy space H, IQ  associated with the collection Q is the space of functions
f € L' (dw) which admit a representation of the form

f0 =) cja;x), (77)
j=1

where c; € C and a; are atoms for the Hardy space H, éat such that Zj‘;l lcjl < oo.

The space Héa[ is a Banach space with the norm

oo oo

1110 = inf > lejl: fx) =Y cjaj(x) and a; are H5" atoms ¢ . (78)
j=I j=1

Inspired by [18], we consider the following two additional conditions on Q and V:

2t
3C,5 > 0¥k e RY, 0 € Q, 1 < d(0)) / / V$)Gas e (. y) dw(y) ds
0 Q***
t )
C AN )
= (d(Q>2)

where ¢ > 0 is the constant from Theorem 2,

(K)

3C,e > 0)(VQ € Q, s e N) sup / kysacoy2 (X, y) dw(x) < Ccs™'—e. (D)
yeQ**** RN

The next theorem is one of the main result of the paper. We provide its proof in
Sect. 9.

Theorem 7 Assume that V € le (dw) and the conditions (F), (D), and (K) hold for

O
V and a covering Q (let us remind that V is not necessary in a reverse Holder class).

There is a constant C > 0 such that for all f € L'(dw) we have
-1
c IIfIIHéat = Ifllg) = CIIfIIHéat- (719)

It Sect. 10 we elaborate that the conditions (F), (D), and (K) hold for potentials
V satisfying the reverse Holder inequality with ¢ > max(l, N and the associated
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collection of cubes (48), so, as a corollary, we obtain the following theorem, which is
our third main result.

Theorem 8 Assume that V € RHY(dw), where ¢ > max(1, %), and 'V > 0. There is
a constant C > 0 such that for all f € L'(dw) we have

CTHF g < 1F gy < CIS D

where Q is the collection of cubes defined in (48).

We want to emphasize that the Fefferman—Phong inequality (53) is used for proving
the condition (D).

7 Local Hardy Spaces in the Dunkl Setting

The following two definitions are inspired by [23] (see also [24]). Recall that { H;};>¢
denotes the Dunkl heat semigroup (see (18)).

Definition4 Let 7 > 0 and f € L'(dw). We say that f belongs to the local Hardy
space HILC’T associated with the Dunkl Laplacian if and only if

fioe,r®) = sup |H f(x)] (80)

0<t<T?
belongs to L' (dw). The norm in the space is given by
1, = 1 o2 - 81)

Definition5 Let 7 > 0. A function a(x) is called an atom for the local Hardy space

ng;j‘T if there is a ball B(x, r) such that

(A) suppa € B(x,r),
(B) supyegn la(y)| < w(B(x, 1),
(C) If r < T, then [py a(x) dw(x) = 0.

1,at
oc, T

A function f belongs to the local Hardy space H, if there are ¢; € C and atoms

aj for H;"; such that Y3 lejl < oo,
oo
f= Zc ia;. (82)
j=1

In this case, set || f|| ;1. = inf [ 23021 c;l ] , where the infimum is taken over all
loc, T

representations (82).

The following proposition was proved in [24] and its proof follows the pattern from
[23].
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Proposition 4 The spaces le’ciTtT and Hch,T coincide and there is a constant C > 0
independent of T such that for all f € L'(dw) we have

—1
< a < .
ANy, < Wl < Cllf g,

1,at

oe.T and

Moreover, there exists a constant C > 0 such that for any T > 0 if f € H,

supp f € B(yo, T), then there are Hll’at

o7 Gfoms a; such that suppa; € B(yo, 4T)
and

Sl 00
f:zlcjaj, Z|C1| SC”f”HIL’:lT (83)
j=

J=1

8 Auxiliary Lemmas

Lemmas in this section are inspired by [18]. It turns out that the presence of the factor

“(1 + M) B in the estimate from Theorem 2 is crucial in the proof of Theorem 7
and its proper usage is the main difficulty and difference between the proofs here and
in [18]. Let {¢0} pc g be a smooth resolution of identity associated with the collection
Q (see Definition 1). The existence of {¢p}pco is guaranteed by (F).

Lemma 13 Assume that V € L12OC (dw), V > 0. There is a constant C > 0 such that

forall Q € Qand f € L' (dw) we have

/}R sup  |H;(¢o H®)[dw(x) < Cligo fllL1 @du)s (84)

N\Q** 0<t<d(Q)?

/ sup K (9o /HX)|dwx) < Cligo flIL1 @qw)- (85)
RN\ Q™ 0<t<d(Q)2

Proof We will prove just (84), thanks to (26) the proof of (85) is the same. We have

/ sup  |Hi(¢g /X)) dw(x)
RM\Q** 0<r<d(Q)?
S (86)
: Z/ o ( / ha(x, Y>I<¢Qf)<y>|dw<y>) dw(x).
=0 RNNQ™ 2-ild(Q)2 <r<277d () \J O

Thanks to Theorem 2 and the fact that for x € RY \ Q* and y € Q* we have
Ix —yll > d(Q), so we obtain

/R sup (/*hz(X, Y)|(¢Qf)(Y)|dw(Y)> dw(x)

N\Q** 2-i~14(Q)2<1<2-id(Q)?
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2—fd(Q)2/ / 1 —ed(x.y)2/ (2T d(0)?
C _ cd(x,y)*/(277d(Q)%)
=ar Jo DV o g wBE 2@

dw(x) dw(y)
< C27 oo flLi w)-

The latest estimate together with (86) implies the claim. O

Corollary 3 Assume that V € L? (dw), V = 0. There is a constant C > 0 such that

loc

forevery Q € Qand f € L'(dw) we have

I60f ., <C| sw 1H@oNI| +Cllgo f L B

loc,d(Q) 0<t<d(0)> L1 (Q**, dw)
For Q € O we define
Q(Q)={Q €Q: Q0" N(Q)™ # 0}, (83)
Q"(Q) ={Q0" € Q : O™ Nn(Q"™ =} (89)

Lemma 14 Assume that V € L%R?(dw)’ V > 0. There is a constant C > 0 such that
forevery Q € Qand f € L'(RY) we have

<C > oo fllLim. (90)
LI(Q**,dw) Q,GQ/(Q)

sup  |K/(9pg) — poK:(g)l
0<1<d(Q)?

where ¢ =30 0) o' f-
Proof Thanks to (59), then Theorem 2 together with (26) and (10) we get

sup K (¢g8)(X) — ¢ (X)K;g(X)]

0<t<d(Q)?
= sup / (Po(y) — po(X))k:(x, y)g(y) dw(y)
0<r<d(Q)? |/R¥N
<C s f IX =Y . pIg )] dwy)
0<r<d(Q)? JRN d(Q)
Ix—yll 7 1 —cdx5)?
<C cd(x,y)"/t d
= 0<,Z‘Z?Q>2/RN d(Q) Tx—yl w(Bly, /)* sl dwy)
> Jt 1 —ed(x.y)?
<C su AN/ g(y)| dw(y)
j=0 2_-’"1d(Q)2<?S2‘fd(Q)2 rY d(Q) w(B(y, \/;))e santy
> 27124(Q) 1 Ced e /IO
<C : cd(x.)*/(277d(Q)*) dw ).
B ;J/IR 40 w(B(y,2772dQ))° gl dw()
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Consequently, by the Fubini theorem,

o0
<C Y 27l guy < Clighp1
L (dw(x)) Jj=0

sup K ($pg)(X) — dpo(X)Krg(x)]
0<r<d(Q)?

O
Lemma 15 Assume that Q and V € L* (dw), V > 0, satisfy the condition (D). Then

loc
there is a constant C > 0 such that for all f € L'(dw) we have

> [xemoswlk( X sorr)|
o) t>0

0"€Q"(Q)

L) = ClfllLt - on

Proof Let us denote the left-hand side of (91) by S. Then, by (F), we get

Sy Y lxew ) sup(Kildor f DL aw)
0€Q 0"€Q"(0) =0

< > D lxew O sup(Kildor f DL
0"€Q 0eQ"(Q") t>0

<Cc >

sup(K:[por f1)

07eg >0 LI(((@"))¢,dw)
<C Y | sup (Kilporf1)
Q”EQ O<t<d(Q”)2 Ll(((Q”)**)C,dw)
o
+> , sup. (Kildor 1) =: S + S,
j=0Q"eQ l|2/d(Q")?<1<27*1d(Q")? LY(((Q")*)° dw)

The estimate Sy < C|| f| 1 (4y) follows from (85) and (F). Furthermore, by the semi-

group property and Theorem 2 together with (26), for 2/d(Q)? < t < 2/t1d(Q)?,
we have

/R kY@ Nl dwy)

ZA;N A%N ktfz./—ld(Q//)Z(X’ Z)kz.i—ld(Q//y(Zs y) dw(z)|(¢Q~f)(y)|dw(y)

1 .—L‘d(x,z)2
= C/RN /RN w(B(x 2j/2d(Q,,)))e2/“d(Q”>2 kyj-14¢072 (@, ¥) dw@)[(dgr [ (¥)| dw(y).

Integrating over the set ((Q”)**)¢ with respect to the x-variable, we obtain

/ sup / ke (x, V)@ /() dw(y) | dw(x)
%% 2/d(Q")?<t<2i+1d(Q")? RN
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SC/ |(¢Q"f)(Y)|/ kyi-14¢gry2 (2, y) dw(z) dw(y).
RN RN

Consequently, by (D) and (85), we get

o0
$H<C Y o flluiam +C Y. D i " loor Flliiaw < CIFllLiaw-

0"eQ j=10"€Q
O
Lemma 16 Assume that V € leoc(dw), V > 0. Forall f € L'(dw) we have
)
/RN /0 VK, | £100 ds dwx) < £l 1wy 92)

Proof The lemma is well-known. We provide the proof for the sake of completeness.
By the perturbation formula we have

t
1L1,|f|<x>—1<t|f|(x>=/O (Hi— VK| f1(x) ds.

so, by (26), we obtain

t
| [ meewvisimaneds < [ myifiodee. o3

Integrating (93) with respect to the x-variable, using the Fubini theorem and the fact
that for all + > 0 we have fRN hi(x,y)dw(x) = 1 (see (20)), we get

t
// VK F15) dw®) ds < £l qw)-
0 JRN

Letting t — oo we obtain the lemma. O

Lemma 17 Assume that Q and 'V € Ll20(: (dw), V > 0, satisfy (K). There is a constant
C > 0 such that for all Q € Q and f € L' (dw) we have

sup  [(H; — K1) (9o f)I

. = Cll¢o fllLt - %94)
0<t=<d(Q)

L'(dw)

Proof Thanks to (84) and (85) it is enough to estimate

sup
0<r=<d(Q)?

(H; — Kt)(¢Qf)|

Ll (0**,dw)
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By the perturbation formula we write

t

H; (o f)(x) — K (9o f)(X) Z/o /RN hi—s(x, V) Ks (0 () dw(y) ds
t

_ /0 /R s VIO (000 du(y) ds

t
+/0 fRN hi—s (X, ) V2(0) K (ho f)(y) dw(y) ds,
(95)

where Vi + Vo = V and Vi = V xg+=. In order to estimate the summand with
V5, we use Theorem 2 and the fact that for y € RY \ 0** and x € Q** we have
Ix =yl = d(Q), so

/ f he—s (%, Y)Va(y) Ky (b £)(¥) duw(y) ds

O<t<d(Q)2
o0 t
< Z sup / / hi—sx, Y)Va(¥) Ks (9o fD(y) dw(y) ds
j=02 —j—1d(Q)?<1=<2-id(Q)> /0 JRY
00 o0 o1y
= sup > / / hi—s X, Y)V2 ) Ks (160 f) ) dw(y) ds
202 —i-1d(Q)?<1<2-1d(Q)? y=p =2 JRY

00 =201y

t—s 1
<C sup / /
jo—i-1d@p<r=aidcop Ji=2t SRV IX —yI? wB(x. Vi =)

med®y)?/ (t_s)Vz(Y)Ksl(¢Qf)|(Y)dw(Y) ds

—j—t 2 __ cdxy?
=C Z f/ L - 1 e 2T ld0D

jiol d(@)?  w(B(x,2UT0/2d(Q)))

V(Y)KS|(¢Qf)I(Y) dw(y)ds.

Therefore, by the Fubini theorem and (92), we obtain

t
sup //I%Nhtfs(xaY)VZ(Y)KS(¢Qf)(Y)dw(Y)dS

0<t<d(Q)? 70

LI(Q** dw)

=C Z 279" l/ / VYKl NIY) dw(y) ds < Cligg fllL guy)-

j,1=0

In order to estimate the summand in (95) containing Vi, we write
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t

' /2
/ / hi—s (X, V1Y) Ks (P /)¥) dw(y) ds =/ +/ coo= (X)) + Jr(X).
0 JRVN 0 12

Clearly, by Theorem 2 and the Fubini theorem, we get

S I S I
H o«??f@z' ! ’”("w("” - ]X=:o H 2’-f*‘d(Q>:l<l?sszd(Q>2| t(x)luL‘Mw(x))
o |, 277d©? R
/ / / 1 TR V) () K, |60 N)I(@) duw(y) ds dw(x)
=C) TRk LK. dw(y) ds du(x
/:O]RN 0 RN
©  r277d(Q)
=C) /O /R VIDK; (0. NIy) dw(y) ds
Jj=0
© - 27d(Q)?
= CZ/O [Q V) /RN ks (y. 2)($0 f)(@)| dw(z) dw(y) ds
Jj=0

00 277d(0)?
< C/Z/RN (@0 /) (@) (/0 fQ V(¥)Gs/c(y, 2) dw(y)d5> dw(z),
j=0

where in the last step we have used (26) and Theorem 2. Consequently, by assump-
tion (K), we get

<CY 2710 Nllriaw < CH @ L )

Ll (dw(x)) J=0

sup |/ (X)]
0<r=<d(Q)?

Similarly, we write

Li(dwx) j=0

.(96)
Ll (dw(x))

sup 1/ (x)]
27771d(Q)2 <1<277d(Q)?

sup  |Jr(x)]
0<r=<d(Q)?

Then, by changing of variables, we have

1/2
[ (x)| = AN/O /RN hs (X, Y)ViI(¥)ki—s (¥, 2) (190 f)(2) dw(y) ds dw(z).
Applying Theorem 2 and (26), we get

sup [Jr (x)|
2-i=1d(0)2<t<277d(Q)?
7

277ld()?
sc[ [ [ Gu1ex VI s 0r21e5: D10 )@ duy) ds ).

) Birkhduser
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Note that for s < £ <277/71d(Q)? we have

e~ Cd Y s y=ed(y.2)?/Q7Td(Q)?) < p=ecd(x¥)?/(29) ,=ed(x,y)?/ Q71 d(Q)?) y=cd(y,2)* /27T d(Q))

< ¢~ Cdxy)?/(25) ,—ed (x.2)* /(277 1d(Q)%)
s0 (97) and the doubling property of w lead us to

sup |1 ()]
2771d(Q)? <1<271d(Q)?

27771d(0)? 1 T
27/TH(Q)
S/I\QN/(‘) /RN gZS/C(X’y)Vl(y)w(B(Z’ Z_J/Zd(Q)))e
(160 fD(z) dw(y) ds dw(z).

Furthermore, by the assumption (K), we get

sup /e (%)
277-1d(Q)? <1<27d(Q)?

s 1 _ e
= /RN w(B(z,2-12d(0))) " yHae? (| f) (@) dw(z).  (98)

Finally, integrating (98) with respect to x-variable and taking (96) into account we see
that the proof is complete. O

9 Proof of Theorem 7

The proof is based on the proof of [18, Theorem 2.2]. Let us remind that {¢p}pcg is
the smooth resolution of identity associated with the covering Q (see Definition 1).

9.1 Proof of the Inequality " Il 1. < ||f||H2
)

Thanks to Corollary 3 and Lemma 17 we have

2 Ibesflny . =C sup [Hi(bo /) +Cll
0<0 ‘ 0eQ |0<1=d(0)? L(Q*, du)
<C sup |(H; — Kt)(¢Qf)|
00 ll0<1=d(0)? LY(Q**, dw)
+C sup  |Ki (o f)l
0eQ l0<r=d(0)? L1(Q**, dw)
+ ClLf L1 aw)
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SClfllpiam +C Y | sup  [Ki(@of)l

0eQ 0<t<d(Q)? L1(Q*, dw)
Then, by Lemma 14 and (91) we get
sup  |Ki(¢o f)l
0eQ 0<t<d(Q)? LY(Q**, dw)
=Y [ s Ko Y @oP)wldu
0eQ Q7 0<1=d(0)? 0'eQ(0
<> / sup |Ki(go Y. (bpf)(x)
QEQ Q**0<l§d(Q)2 Q/EQ/(Q)
~ o (K Y (b )| dwx)
0€Q'(0)
+y / sup o) (K (Y (¢Q~f))<x)\dw(x>
QGQ o 0<t§d(Q)2 Q”GQ”(Q)
+ > po(x) sup |K;(f)(®)|dw(x)
0e0 O 0<r<d(Q)?
= ClifliLraw) + ||sup IK: [
>0 Ll(a’w)

Hence, we have obtained

> leofly < ClIflg-
QeQ

Therefore, by Proposition 4 we get
o0
$o(X) f(x) =Y cj.o(X)aj o(x)
j=0

where a; ¢ are atoms of local Hardy space Hli)ftd( o) (see Definition 5 and Proposi-
tion 4) and

o
YD leiol =Clifly-
0€Q j=0

Since supp ¢p f S QF, Proposition 4 guaranteed that we may get a; o such that

suppa; o € Q***. Consequently, by Definition 3, each a; ¢ is an atom of H g‘t.
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9.2 Proof of the Inequality ||f||H2 < C||f"H1,at
o)

It is enough to check if there is a constant C > 0 such that for all atoms a(x) of H, éat

we have ||a|| H) < C. Suppose that a(x) is associated with a cube Q € Q. We write

a= Z dora. (99)
Q'eQ

Thanks to (F) and the fact that suppa C Q****, there is a number M > 0 inde-
pendent of Q such that in (99) there are at most M nonzero summands and all of
them satisfy d(Q’) ~ d(Q). Let £ > 0 be the smallest positive integer such that
d(Q) > 2-t/2q (Q) for all such a nonzero summands ¢g-a in (99). Clearly, thanks
to (F), £ is independent of ¢ and Q € Q. We write

lall g1 < sup |K;a| + sup  |K:al =11+ I.
0<t§2_ld(Q)2 Ll(dw) t>2_{d(Q)2 Ll(dw)
Further,
I < sup |(K; — Hy)al + sup |Hyal
0<t<2-td(Q)? L' (dw) 0<t<2-%d(Q)? L' (dw)

Thanks to the fact that atom a is, by definition, an atom for HILC 40y We have

sup |Hya| <C.

0<r<2-td(Q)2

<
L' (dw)

sup |Hal
0<1<d(Q)?

L (dw)

Thanks to (94) and (99), we get

sup  |(K; — Hy) Y (pga)|

0<r<2-td(Q)? 0'cQ L (dw)

=
Q'eQ

<C Y lpgalliigw < CMlallpigu < C.
0'eQ

sup  [(K; — H)(¢ga)l
0<r<d(Q’')?

L'(dw)
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In order to estimate />, we repeat the argument presented in the proof of (91). We
provide details. We write

o0
I <

sup |K:a|
2/d(Q)?<1<2/+1d(Q)?

(100)

j==t L(dw)

By the semigroup property, Theorem 2 together with (26), for
2/d(Q)* <1 =2/*d(Q),

we have

/ k(x, y)la(y)ldw(y)
RN
= /RN /RN ki _2i-14(0y2 (X, Dkzj-14(0y2 (2, ¥) dw(@)|a(y)| dw(y)

1 2 /(pj+1 2
<c [ L smazmagye T o @y dv@lawldu)

Therefore, integrating over the x-variable, we obtain

f sup / ki (x, y)la(y)| dw(y) dw(x)
R RN

N 2id(Q)2<t<2i+1d(Q)?2

<c / ja(y)| / Kz 140y (. Y) dw(@) dw(y).
RN RN

Consequently, by the condition (D) and (100), we get

o0
L < c(z n Zj_l_£>||a||L1(dw) < C'llallyiguy < C-
j=1

10 Verification of Conditions (D) and (K) for potentials from the
reverse Holder class

Let us note that the condition (F) for V € RHY(dw), ¢ > max(1l, g), is already
checked, see Proposition 3.

10.1 Verification of Condition (D)

We will begin with the lemma, which holds for all V € leoc(dw) (not necessary
V € RHY(dw)).
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Lemma 18 Assume that V € leoc(dw), V > 0. There is a constant C > 0 such that
forally € RN and t > 0 we have

(Lki (-, ¥) ki (-, y)) < (101

<
tw(B(y. V1)’

Proof Thanks to the fact that operator L is positive and self-adjoint, we have that
the semigroup {K;};>0 is analytic on L2(d w), so the operator LK, /> is bounded on
L*(dw) for all t > 0. Therefore, by the semigroup property and the definition of L
(here Ly denotes the action of L with respect to the x-variable) we have

Lxki(x,y) = Lx /RN kij2(X, 2)kij2(2,y) dw(z) = (LK j2)kij2(-, ¥))(x). (102)
Consequently, by the Cauchy—Schwarz inequality we have

(Lki (- ¥), ke (-, y)) = (LKt jaCkeja (- y) )y ki (- y))

(103)
< ke G 2@uy 1 LK 2 ke j2 (3 Y)Y O M L2 () -
By Theorem 2 and (26) we obtain
TR PR — (104)
1t YN L2 (aw) = w(By, J)I2
Moreover, holomorphy of {K;};>¢ together with Theorem 2 lead us to
ILK:j2(kej2 (- y) O <Clllk Gyl < 1
Rt YRy = B M Ve = 50, gy g
(105)
The claim is a consequence of (103) together with (104) and (105). O

Now we are ready prove that the condition (D) holds for the potential V satisfying
the reverse Holder inequality (27). Fixy € RY and 0 < 7 < d(Q)?. For any r > 0,
by Cauchy—Schwarz inequality, (26), and Theorem 2, we obtain

2
I = (/ k: (%, y)dw(x)) <2 (/ k: (x, y)dw(x))
RN Ix=yll<r

2
+2</ ke (X, y)dw(x))
Ix—=yll>r

< Cw(B(y,r)) k(x,y)? dw(x) + Ctr 2.

Ix=yll=r

2

By (102) and the comment above (102) we have k; (-, y) € D(L). Therefore
Q(kf(" y)7 kl‘('a Y)) = (ka(’ Y)7 kl‘('a Y)>
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Consequently, using (46), then the Fefferman—Phong inequality (53), we get

[ < Cw(B(y, r)m(y) 21 + rm(y))lzTKK/ ki (x, y)?m(x)% dw(x) + Crr >
RV (106)
2K
< Cw(B(y, r))m(y) 21 + rm(y) ™ (Lk, (-, y), k: (-, y)) + Ctr 2.

By (101) and (10) we get

wBy,r) 2 i
— 1+ T+ + Ct
1w(B(y, ﬁ))m(Y) (14 rmy ' (107)

<t YN N2 4 rNt_N/z)m(y)_z(l + rm(y))l% +Cir 2.

+.

If wepluginr =t 5 m(y)¢, we get

] S C(th/Z—lm(y)NS—z +tN8/2—lm(y)N8—2)

(1 + t1/2+8/2m (y)1+8)2’{/(1+’() + Ct—é‘m(y)—za"

Recall that m(y) ~ d(Q)~! fory € Q***. Hence for r > d(Q)* ~ m(y)~? if we
take ¢ small enough, we get

1< Ct_‘”m(y)_251 for some &1 > 0,

which ends the proof.
10.2 Verification of Condition (K)

Assume that V € RH? (dw), ¢ > max(1, %). Thanks to Holder’s inequality we have

2t
I'= /0 /;*** V(Y)g2s/c(x, y) dU)(y) ds

2t 1 1/q
q sy 1/q
5/ (—/ V) dw(y)) w(Q*) (108)
0 \w(Q*) Jgwe

, 1/q'
([Q Gos/e(x, y)4 dw(y)) ds.

Note that fory € Q™** we have w(B(y, d(Q))) ~ w(Q™*), therefore, by Theorem 2,
we have

/ 1/q'
w(Q***)l/q </Q*** g23/c(xv Y)q dw(y))

w(B(y,d(Q))7 1 e dx,y)2/25)
SC(/Q*** wB(y. /o7 w(B(x,ﬁ))e dw(y)

1/,/(109)
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Recall that /s < V2t < +/2d(Q) in the assumption (K), so, thanks to (10), we have

w(B(y,d(@)!/1 _ w(B(y.d(@)"/1 _ (d(Q))WW
w(B(y, /)71 w(B(y, /s5))7/4 NG :

Consequently, (108) and (109) lead us to

48 G )
I1<C — _— V(y)?d ds.
< /O (ﬁ (0 J g N7 dw(y) s

Applying the reverse Holder inequality (27) and the fact that ¢ > max(1, Ny we have

d(@)\V d(Q)
I<Ct( ﬁ) w(Q***)/ V(”dw(”<c< J) ’

where, in the last step, the fact that the measures p and w are doubling and the definition
of O € Q by the stopping-time condition (48) were utilize. The proof is finished (we
setd = y/2).
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