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Abstract

Hardy’s inequality for Laguerre expansions of Hermite type with the index o €
({=1/2} U [1/2, 00))¢ is proved in the multi-dimensional setting with the exponent
3d /4. We also obtain the sharp analogue of Hardy’s inequality with L' norm replacing
H' norm at the expense of increasing the exponent by an arbitrarily small value.
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1 Introduction

The well known Hardy inequality states that

|f (o)l
» |kf|+1 S fllRents
kel

where f (k) is k-th Fourier coefficient of f. Here ReH ! is the real Hardy space com-
posed of the boundary values of the real parts of functions in the Hardy space H' (D),
where D is the unit disk in the plane.
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Kanjin [5] established an analogue of Hardy’s inequality in the context of Hermite
functions {Ay}ren and the standard Laguerre functions {L} }¢en, o > 0, namely

I/, hk>L2(]R)| [{fs E%)Lz(R+)|
) (k + 1)29/3% SIflae. D B S I e Ry
keN keN

where H1(R) and H'! (R4) denote the real Hardy spaces on R and R, respectively.

Hardy’s inequality in the context of Hermite functions was further intensively stud-
ied by many authors. Radha [13] proved a similar inequality in an arbitrary dimension.
In [14] an improved version of Hardy’s inequality was introduced in the multi-
dimensional case, d > 2, by Radha and Thangavelu. The exponent in the denominator
was 3d /4. This led to the hypothesis that in the one-dimensional case the exponent
should be equal to 3/4. It was indeed proved in [8] by Z. Li, Y. Yu and Y. Shi. A gener-
alization of Kanjin’s results, with the spaces H” (R) and H” (R), p € (0, 1], instead
of H'(R) and H' (R, ), was also considered in the context of Hermite functions (see
[2,14]) and in the context of Laguerre functions (see [14,15]).

In this paper we study multi-dimensional Hardy’s inequality in the context of
Laguerre functions of Hermite type {5, },,cn¢. In view of the uniform boundedness of
the derivatives of functions ¢ and [5, Lemma] we have the one-dimensional inequal-

ity

o0

107 6]
> o S M,
k=0

Our aim is to obtain the analogue of this inequality with the power 3d /4, which does
not depend on «, and in dimension d > 1.

The proof of one of the main results, Theorem 4.2, is based on the atomic decom-
position of functions from H 1 (Ri) and relies on a uniform estimate for atoms and
an additional argument of the “weak” continuity of certain operators. Without this
argument, which was often omitted in papers concerning this topic, the proof would
have a gap. We remark that the uniform estimate for atoms does not imply continuity
of operators that appear in analysis that involves the atomic decomposition of A (R%)
(see [3]).

The range of the Laguerre type multi-index « that is considered in Theorem 4.2, is
the set ({—1/2}U[1/2, 00))?. This kind of restraint appeared before (see for example
[11]). Note that the one-dimensional Laguerre functions of Hermite type with the
Laguerre type multi-index equal to —1/2 or 1/2 are, up to a multiplicative constant,
the Hermite functions of even or odd degree, respectively. Therefore, it was fair to
assume that this values of « should be included. Technically, the restraint emerges
from the range of «’s for which the derivatives of the Laguerre functions of Hermite
type are uniformly bounded. It may also be related to the fact that the associated heat
semi-group is a semi-group of L? contractions precisely for this set of o’s (see [12]).

In [6] Kanjin proved that if the exponent in one-dimensional Hardy’s inequality
in the context of Hermite functions is strictly greater than 3/4, then one can replace
H'(R) norm by L'(R) norm and, moreover, the exponent 3/4 is sharp. In Theorem

Birkhauser



Journal of Fourier Analysis and Applications (2019) 25:1855-1873 1857

5.1 we shall prove that this is also the case in the context of Laguerre functions of
Hermite type and extend this result to an arbitrary dimension.

We shall frequently use two basic estimates: fora, A > Owehavesup,. xle A <
oo and (n} —|—...+nd+1)d >m+1-...-(ng+1),wheren; e N,i =1,...,d.

Notation

Throughout this paper we write n = (ny,...,1n4) € N9 for a multi-index and n| =
n1 + --- + ng for its length, where N = {0, 1,....} and d > 1. The Laguerre type
multi-index & = (a7, .. ., ®g), unless stated otherwise, is considered in the full range,
i.e.a € (—1, 00)%. We shall also use the notation Rf{ = (0, 00)4 and Ny ={1,2,...}.
For functions f, g € L*(R%, dx) we denote the inner product by (f, g). Sometimes
we shall use this notation for functions that are not in L>(R% , dx) but the underlying
integral makes sense. We shall use the symbol < denoting an inequality with a constant
that does not depend on relevant parameters. Also, the symbol >~ means that < and 2,
hold simultaneously. Moreover, we will denote asymptotic equality by ~.

2 Preliminaries

The Laguerre functions of Hermite type of order o on Rf{_ are the functions

d
gi ) =[Jefie. x=@.....x0) eRY,
i=1
where @p,' (x;) is the one-dimensional Laguerre function of Hermite type defined by

12
. 2I'(n; + 1) o w12 2/
af )=\ Lal P ! xi/ ) i 0.
Pn; (xi) <F(ni ; 1 n (xt )xl e Xj >

The functions {¢} : n € N} form an orthonormal basis in L2(R, dx).
The one-dimensional standard Laguerre functions {L }ren of order a are

Ck+1)

12
_wr7 LY @/2,=u/2 0.
F(k—i—a—i—l)) ru™'ze u >

L) = (

Note that
o) = Qu)' L8 (u?).

We shall use the pointwise asymptotic estimates (see [9, p. 435] and [1, p. 699])

(uv)*/2, 0<u=<1/y,
(uv) V4, 1/v<u<v/2,
a <
oA WOV +u—v)7V4 b2 <u < 3v)2,
exp(—yu), 3v/2 <u < o0,
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where v = v(a, k) = max(4k + 2« + 2, 2) and with y > 0 depending only on «.

Hence,
uot1/2,0/2 0<u<1/yv,
0 (0)]| < 4, 1//v <u<.v/2,
(pk SNl ul B 4w =)V W2 <u < /32,
u'/? exp(—yu?), V3v/2 <u < oo.

There is the known formula for the derivatives of functions (p,‘f,

20 + 1
2u

d
E@;‘f(u) = —2Vko{ ™t () + (

- u) op (),

where %, = 0.
From (1) it follows that for « > —1/2 we have

o Lo,y S (k4 17112,

and also by (2) forx € {—1,2} U[1/2, 00),

< (k4 1)Y/12,
L®Ry)

d
H Z‘P?(')

ey

@)

3

“)

We introduce the family of operators {R}},c(,1), defined spectrally for f €

L*(R%), by

REF =Y rl"(f oher.

neNd

It is easily seen by means of Parseval’s identity that for every r € (0, 1), the operator

RY is a contraction on Lz(Ri).
The kernel associated with R¥ is defined by

RY(x,y) = Z r‘"'(pf,‘(x)(pff(y), X,y € Ri.
neNd

Note that
d
RE(x,y) = [ R (xi yi)

i=1

and there is also the explicit formula (compare [17, p. 102])

1

, 2(xiyi)'/? 1147 2r1/2
R (i yi) = 2 exp ——Tr(xinry?) log \ T—xivi ). O

(1 —r)rei/2
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where I, denotes the modified Bessel function of the first kind, which is smooth
and positive on (0, 00). Notice that with r = e >0, r(‘“Hd)/zRf‘ (x, y) is just
the kernel G{ (x, y), see [11, (2.3)], for a differential operator L* associated with
{3 }-expansions.

Let H'(R9) be the real Hardy space on R4 (see, for example, [16, I1I]). A measur-
able function a(x) supported in a Euclidean ball B is an H' (RY) atom if ||| LoRd) =

|B|~!, where | B| denotes the Lebesgue measure of B, and fB a(x)dx = 0. Every
function f € H'(R?) has an atomic decomposition, namely there exist a sequence of

complex coefficients {Ai}iooo and a sequence of H L(R9) atoms {ai}?io such that

o o0
£=Y " niai Yl Sl gay- (6)
i=0 i=0

where the convergence of the first series is in H'!(R?).
The Hardy space on Ri is defined by

H'(RY) = {f e L'(RY): 3f € H'(R?), supp(f) C [0, 00)? and f|Ri = f},

with the norm || f| HI®Y) = Il f l 71 (ra)- The properties of H I(Ri) given below
follow from [4, Lemma 7.40] stated in the one-dimensional case therein, however
easily generalizable to the case of an arbitrary dimension. Every f € H' (Ri) has
an atomic decomposition as in (6) with supports of g; in [0, 00)4; we shall call them
H! (Ri) atoms. Note that a ball in Rfi is a ball in R restricted to Ri. We may assume
that every ball associated with an H 1 (Ri) atom has its center in Ri.

For f € Ll(Rﬁ) we define the multi-even extension f, of f by

folxts .o xa) = fUxtls ..., xal), x=(x1,...,xq) € R%

We remark (again see [4, Lemma 7.40]) that f, € H L(R?) if and onlyif f € H! (Rfi),
and | fll 1 @dy = Il fell 1 ey, thus we have

”f”Ll(Ri) S ”f”Hl(]Ri)' @)

3 One-Dimensional Kernel Estimates
We shall estimate the kernels Ry (x;, y;). For the sake of convenience we will write
x, y, « instead of x;, y;, ;.
There are known the asymptotic estimates (see [7, p. 136])
Io(w) Su®, O<u<l,

Iy(u) < u et u>1.
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Hence,
_ oy —a—1 a+1/2 lli 2 2 1—r
r ’ ~ _ _ _ 1— —
(1 —r)~1V2p=e/2= 4 exp (—%% y—x)?%— (x]yi\/;r))z) y = 21\/;;-
(3)

Lemma 3.1 Foro > —1/2 there is

sup [|RE(x, 2@,y S A=Y re©.1).

XG]R+

Proof For 0 < r < 1/2 we use Parseval’s identity and (3) obtaining

sup 1R (. )2y = sup | Y275 e

X€R+ xeR +  keN LZ(R+)
1/2
—2, 2
< (Zz "||<o,?||Loo(R+>> SL
keN

For 1/2 < r < 1 we denote yg = (1 — r)/(24/rx) and estimate the integrals over
(0, yol and (yg, 00). Thus, using the substitution u = (y+/1 + r)/+/1 — r we obtain

Yo
/ R%(x, y)*dy
0

2\ a+l1/2
1 Yo 1
< (2 exp [ — T (1_,,)70173/2/ Y2 ey (= ‘Hyz dy
1—r 1—r 0 1—r

yovI+r
< _r)—a—3/2/ vi-r (1— r)a+1/2u2a+le—u2(1 — )2 du
0
Sa-n72

uniformly in x € Ry and r € (0, 1). Similarly,

oo

o _ 1+r
[ reprasa-nT [ Cew(- o -0y
Yo Yo I—r

Y L+r
5(1—")1f CXP(—:)’Z)CZ)’

o0
Sa-n7'72

uniformly in x € R4 and r € (0, 1). Combining the above gives the claim. O
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Lemma3.2 Fora > 0 it holds

20—1  (A+rx  2Jryla-1 (zi/ffy)

W RY(x,y) =R (x,y)

2x 1—r 1—r Ia(zi/_;/:y)
2y _1 20 —1  (1+r)x
=~ R¢ ,y) — R%(x, y).
& ) < o > r (X, Y)
Proof 1t suffices to use the formula
d o
d_[ot(u) =——1Iy(u) + Iy—1(u)
u u
that holds for @ > 0 (see [7, p. 110]), and differentiate. |

Lemma 3.3 Foro > 1/2 there is

Iy_1(u) 1l < 2a
I (1) -

For the proof in the case o« > 1/2 see [10, pp. 6-7]. If « = 1/2, then it suffices to use
the explicit formulas (see [7, p. 112])

2 \1/2 2 \1/2
1_1/2(1/!):(5) cosh u, 11/2(u):<5) sinhu, wu > 0. 9

Lemma 3.3 is of paramount importance in our estimates wherever the cancellations
are needed. It has been used before in the context of Laguerre functions (see for
example [11]).

Note that Lemma 3.2 works for o > 0, but we want to include the case « = —1/2
as well. Thus, using (5) and (9) we obtain

2

_ 2 _ 11+r 2/rxy
R, 1/2()c,y) = ﬁ(l —r) 1/zexp(— —:(x2+y2)> cosh( ;/:r )

Hence,

—r

2
X <2\/7y sinh (21\/_;?)) — (I +r)xcosh (21\/_;?))) .
(10)

2
<8xR,_1/2(x, y)) = %(1 —r)exp < - i T y2)>
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Using basic estimates for cosh and sinh and combining (10) with (8) and Lemma
3.2 we obtain for ¢ € {—1/2} U [1/2, 00)

(BJCR;.'t ('xv Y))2

(1 =122 ()2 H (A, y) + 271 =D ep (—H202 +3D) v < 27
Tl a=-nTBE2+ P+ A =22 exp <—}%;(y -x)? - Z(chr_ilf:;z)) ; y = Zlfrrx,

where Ay (x,y) = x 2 fora > 1/2and A_j;2(x, y) = y>(1 —r)2.

Proposition 3.4 Fora € {—1/2} U[1/2, o0) we have

sup ||8fo‘(x,-)HL2(R+) <=4 re(,).
XER+

Proof Fix x € R;.If 0 < r < 1/2, then we use (4) and Parseval’s identity obtaining

k
” dx Ry (x, +) ||L2(R+) = H %r (wg)/(X)(pg L2(Ry)

1/2
< (Zzz"||<¢z‘>’||%oo(ﬂh)> S

keN

From now on we assume that 1/2 < r < 1. We use the notation yo = (1 —
r)/(24/rx) again and split the integration over two intervals: (0, yo] and (yo, 00). In
the first case, using (11) and the substitution y = (/1 — r)/(+/1 + r)u, we obtain for
a>1/2

Yo 2
/O (0:R%(x, ) dy

1
S (l _ r)—20{—2x20l—1 (1 + (1 _ r)—2x4) eXp <_1 + sz)
—r
Y0 1
/ Y2+ exp <_1 + Vy2>dy
0 —r
2 ya—1/2 2\ at3/2
1
<A —r)732 * (2 exp | — +rx2
1—r 1—r 1—r

© 2
/ u2a+1 e du
0

SU=n7

For « = —1/2 the corresponding computation is similar. The above estimate, as well
as the following, are uniformin x € R4 and r € (0, 1).
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The case of integration over (yg, 00) is more complicated. Firstly we assume that
yo > x and applying (11) and the substitution y —x = /(1 —r)/(1 + r)t we compute

[} 00 B )
f (R, ) dy S (1 =) / Y2 exp (_w> d
y

0 Yo I—r
e 2
< —r)—5/2/ <t2(1 —7) +x2) e dt
0

SU=n7

Now, we assume that yp < x, and integrate over the interval [2x, co). Similarly,
we obtain

1—r

[} 0 B )
/2 (R @, ) dy S (1 =) /2 Y2 exp (_w> dy

X X
00 1 2
Sa-n7 / (y +x)* exp (—M> dy
r
X ~ i
Sa=n7 [TR2a-neay
0

SU=n7

Finally, we integrate over the interval (yo, 2x) with the restrictions 1/2 < r < 1

and x > yp. Here we shall use the cancellations. Firstly we present the proof for
o > 1/2. By Lemmas 3.2, 3.3, 3.1 and estimate (8) we have

2x
/ (6:R%(x, )  dy
Y

0

X 2
< /2 R;"(x,y)2<x_2 N (2ﬁy 3 (1 +r)x>
y

0 1—r 1—r

Loy (2) o
+y2 —r)_2<1 ——1< - >> )dy

L)

2x 2x 2 1+ 2
sx”/ R?(x,y>2dy+/ R?(x,y>2( vy ’)") dy
Y

0 Yo 1—r 1—r

SxPA -T2
2x N2 _
+(1—r)_3/ exp(— d+nG—x) _ 2xy(l r)>
»

0 1—}" (1+\/;)2
(2yv/r — (1 +r)x)°dy
Sa=n7P
5" (I4+ry* 2x(y+x)(1—r)
1— 3/ - -

) Birkhduser
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<2y«/7 _x-n® )2dy

(14 /r)?
X 2
5(1—r)73/2+(1—r)73/ yzexp(— Y )dy
Yo—X I—r
2
3 x“(1—r)
+(1—V)X exp(—m>
<A-=-n34a- r)_3/2/ yie ™ dy

SU=n72

Now, we consider « = —1/2. We denote z = (24/rxy)/(1 — r). Equality (10) and
the estimate |(1 — cothu) sinhu| < 1, u > 0, yield

(R (x, 1)
< (1= 3exp ( -

1
. tr %+ yz))(zﬁy — (14 r)x coth 2)2 sinh? z
—r

i_:(xz + y2)> <x2 +(2Vry—(+ r)x)2 sinh? z).

<= exp(

Note that

_ 2 I+r
(1—-r) 3x2/ exp(— 7 (xz—l-yz)) dy
¥ —r

0

2 2x
1 1
SU-n?"—exp( - +’"xz)/ exp(— 1y dy
1—r 1—r Yo 1—r
Sa-n7n

Moreover, using the estimate for the hyperbolic sine we obtain

2x 1 2
(1—r)_3£ exp(— 1-’__:(x2+y2))sinh2< Vrx y)(zfy_(1+r)x)

0

_ 2x 14+r 2xy(1 2
<(1 = 3 T N2
Sa-n /yo exp (- (=) (1+f)2)(2fy (1+1r)x)"dy,

but this is the same quantity as in the corresponding estimate in the case « > 1/2. O
Now we can state the multi-dimensional corollary.

Corollary 3.5 Fora € ({—1/2}U[1/2,00)? and j € {1, ..., d}, we have

sup ||8XJR (.X )”LZ(]Rd) ~ ( - r)_(d+2)/4, r e (0, 1)
xe]R

) Birkhduser
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Proof For simplicity we can assume that j = 1. Thus,
3 d
0 RY (x.3) = 5= Ry (v1. ) ]"!R;"f (X7 3i)-
i=
Hence, Lemma 3.1 and Proposition 3.4 imply
d
H Oy RY (x, ')”LZ(Ri) = Haxl RY (x1,+) ”LZ(R+) l_[ H R (xi, ')”LZ(R+)

i=2
S U—r) DA,

uniformly in x = (xq,...,xg) € Ri andr € (0, 1). O

4 Main Results

Proposition 4.1 Fora € ({—1/2} U[1/2, 00))? there is
! (d—4)/4
/O ”R;xa”LZ(Ri)(l_r) dVS 1,

uniformly in H l(R‘i) atoms a.

Proof Letus fix an Hl(Rﬂlr) atom a supportedinaball B. Letx" = (x{,...,x}) € Ri

be the center of B. Note that since RY are contractions on LZ(Ri) we have for every
O<r<l1

o —1/2

”Rr a”L%Ri) = ”a”LZ(Ri) <|B]| .

This finishes the proof in case |B| > 1. From now on, let us assume |[B| < 1.
Minkowski’s integral inequality and Corollary 3.5 imply

||Rfla ”Lz(Ri)

2 \1/2
= (/Rd / (RY (x1,%2, ..., X4, y) —Rﬁ‘(xj,...,x;,y))a(x)dx‘ dy)
B
¢

d i g/ / 2 1/2
= (fRd / (Z/. Ox; R (xl,...,xi_l,s,xi+1,...,xd,y)ds)a(x)dx‘ dy)
$YB N io X

d
5/ laCOIBIYY " sup (o RY (€, )| 2, dx
B i=1 &R "

S |B|1/d(1 _ r)—(d+2)/4.
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Thus, using the above estimates we obtain

1
/ IR all 2 g (1 — )= ar
0 +

1—|B¥4 1
</ BY4(1 —r)_3/2dr+/ \BI7V2(1 — r) @14y
0 1

~J
—|B\2/d

and this quantity is bounded by a constant that does not depend on | B]|. O
Now we can state the main theorem.

Theorem 4.2 Let o € ({—1/2} U [1/2, 00))¢. Then

s Wl

1l g ety
(In| 1)3d/4 ~ RL)
neNd

uniformly in f € H! (Ri).
Proof Firstly we prove that
o
S Gl s
2 (nl+1)
uniformly in H'! (Ri) atoms a.
We shall employ the same argument that is used in [8]. For the Beta function there

is the known asymptotic B(k, m) ~ I'(m)k~™ for large k and fixed m. Let a be an
H! (]Rfi) atom. Using Holder’s inequality and Proposition 4.1 we obtain

e, op)l Lol Bd=4)/4) 1, 2
2 Gug e S 2 ) M a=ntT i g dr
neNd 70

neNd
| 12 12
3d—4)/4 2 2 2
sfo (1 — )@=/ (Zr'”') (Zr'"'|<a,<pz>|) dr

neNd neN?
1
S /O (1= CERA — ™2 R al g dr

<1

Now, we define T(f) = {{f, ¢ )} ,ene for f € Hl(Ri). Our aim is to prove that
T: H'(RY) — €'((|n] + 1)73¢/%), is bounded. Note that (3) and (7) yield

d
£ o =< 10 oty 1 ey S [T+ D721 £ 1 e
i=1
< (nl+ D721 f 1l gy

Birkhauser
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Thus, T': Hl(Ri) — £ ((In| + 1)~?) is bounded. Note also that
= Mernny-ay = 1= llerupny-3a4)- (12)

Let us take f € H 1(]Rff_) and f = Z,’Oio Aja; be an atomic decomposition of
f. Denote f,, = Z?’:O Aia; and note that T'(f;,) is a Cauchy sequence in e(|n| +
l)’3d/4). Indeed, we have for [/ < m,

m m
1T o) = TUD Nt s 1y-2ay < D 1MlIT @t s 1y-2ay S D il
i=l+1 i=l+1

Hence, T (f;;) converges to a sequence g in El((|n| + 1)734/%) and, by (12), also
in ¢'((In| + D79). Since T: H'(RY) — ¢'((In| + 1)79) is bounded we have
T(fm) — T(f) in (|n| + 1)_‘1), therefore g = T (f). To obtain the bound-
edness of T : Hl(Ri) — '((jn] + 1)73/*) we fix ¢ > 0 and take m such that
I7(f = fa)llgr(nj4+1y-34/4) < € and calculate

IT (et u1y-3ai4y = NTCF = Fad gt (qui1y-3a4) + 1T et (nj41)-3474
m
<&+ > IIT @) (s 1y-304)
i=0

<
Se+ ”f”H'(R‘j_)'

This finishes the proof. O

5 L1 Result

In this section we shall prove that the inequality in Theorem 4.2 holds also with
L'(R%) norm replacing H'(R%) norm provided that the exponent in the denominator
is strictly greater than 3d /4. Our reasoning is similar to Kanjin’s in [6]. The main tool
in the proof of this fact is the asymptotic estimate for functions ¢y .

Theorem 5.1 Lete > O and o € [—1/2, oo)d. Then

[(fs @)l

——5— S Il e (13)
i, ~ e
neNd (Inf+ 1)+ e N

uniformly in f € L' (Ri). The result is sharp in the sense that there is f € L' (Ri)

such that F o]
s O
E — T = 0. (14)
3d/4
neNd (|I’l| + 1)

Birkhauser
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Proof Givene > O and @ € [—1/2, oo)d, for the proof of (13) it suffices to verify
that

o
Z gy () <1 xeRe.

3d
pena (n+ 1D+

We shall prove this estimate in the one-dimensional case. This is indeed sufficient,
since

g el el li[i |2 (xp)|

e (Il +1) ERE R ST AT

But ¢ (u) < 1 uniformly in u € Ry, so given o € [—1/2, 00) we are reduced to
proving

ZM<1, ueR,. (15)

3/44¢ ~
k=1 k

Denote k = 4k + 2 + 2 and for u € R define
Ny, = {k eN,:k/2<u’< 3/2/2}.

We have

o
gy (u)] lp (u)] gy (u)|
Z (p3k/4+s = Z ¢3k/4+s + Z (p3k/4+s :
k k k
k=1 ke N, keNy
Note that by (1), if k ¢ N, then log ()| < k-4 uniformly in u and k, and hence the
sum over the complement of A, is bounded uniformly in u € R. We claim that the
same is true for the sum over N,,.
Assume N, # @ and let kg = ko(u) = min{k € Ny : k € N,}. Definition of N,
implies that NV, C [ko, k], where kj = 3ko + 1 + [«]. Thus, (1) yields

*

K3/4+e ~ k3/4+s kl/4(k1/3 + |u? — k|)1/4

keN,

_ XO: (3ko/2)"/*
~ & ké+8(]€1/3 + |u? — £|)l/4

ko

1
< k—3/4—8
~ ™0 ~ ’
,Zk:o (U + u2 — k174

uniformly in u. Note that lu? — k| increases in k prov1ded k > u?. Since u? < 3k0 /2,
we have for k > 3ko/2 or, equivalently, for k > kg* := [3ko/2 + a/4 + 1/4], that

) Birkhduser
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|u? — k| increases in k. Hence,

ko ko

1

S (U2 = kDA™ S (1 2 — R

- ko dt
~ /k;* (144142042 —u?)l/4
< (4kE + 20 + 3 —u?)*

~

uniformly in u. This completes the proof of the claim and hence the justification of
(15) and thus finishes the verification of (13).

Now we pass to the proof of (14). Assume a contrario that the sum in (14) is finite
forevery f € L! (Ri). The uniform boundedness principle implies that

LA
ERACER Y AN

Nd (|n| + 1)3d/4 ~ ”f”Ll(Ri)’
ne

uniformly in f € L! (R‘i). Hence, by an obvious adaptation of [6, Lemma 1] we
obtain

[y (x)] d
Z ”—30[/4 <1, xe€ RS
2 (nl+ 1)

But, as we shall see, it does not hold. In fact, we shall prove that for any x € Ri
we have o 00|
@ (X
neNi

Notice that using the asymptotic estimate for Laguerre polynomials (see [7,
(4.22.19)]) and the known asymptotic for the Gamma function, I'(k+a)/T'(k+b) =
k=P k — oo, where a, b > 0 are fixed, we obtain for u € Ryand g > —1/2

2 1
(p,’f(u) ~ 712k 14 cos (Zﬁu — W) k — oo.

Hence, we reduce verifying (16) to checking that

‘1’[?_1 cos (Zx/n_ixi - wﬂ

n|d

= 0. (17)

d
neN{
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We first prove the one-dimensional case. Fix u € R and notice that, for d = 1,
the corresponding sum in (17) is greater than

© cos (qu n(2/3+1)>
2 7

1 + cos 4+/ku cos w + sin4+/ku sin m
N 2k '

k=1

Thus, (17) holds, since for any # € R ~ {0} each of the two series

st (evk)
5l

converges. Since we could not find a proof of this fact in the literature, we offer a short
argument (for the cosine series and t = 1).

Let H(k) = ZI;=1 1/j denote the k-th harmonic number. Applying summation by
parts, for any K € N we obtain

Zcosk“/_ —H(K)cos«/_+/ H(LuJ)Slznf
k=1

We use the asymptotic H (k) = logk + y + r(k), where r(k) = O(1/k) and y is the
Euler-Mascheroni constant, and plug it into the both summands on the right hand side
of the above formula. The terms resulting from the error parts, namely r(K) cos ~/K
and

K sin /u
/] r(lul) i du

are easily seen to converge with K — oo. This is also true for

K sin \/u K sin \/u K lu] — u sin /u
1 du — 1 du = 1 1 du.
-/1 oglu] N u /1 ogu N u /1 og ( + 0 ) u

Thus we are left with

in Vi
NG

The latter integral, after a change of variable, is also easily seen to converge with
K — o0. This finishes the proof of the convergence of the investigated series.

K
(logK+y)cos«/_+/ (10gu+y) du:ycosl+f Cosﬁdu

1 u
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Now we continue and prove (17) in the multi-dimensional setting. Given x € Ri
and proceeding similarly as before we reduce justifying (17) to verifying that each of
the 3¢ — 1 iterated series

> Y ] {ink (e ) (1)

ni=l1 ng=1 jeJ

converges, where J is any non-empty subsetof {1, ...,d}and?; # 0, j € J. We shall
use the induction over the dimension. Suppose that every series of the form as in (18)
converges. We will prove that also the analogous series in dimension d + 1 converge.
Fix such a series and consider the associated set J C {1, ...,d + 1}. We distinguish
two cases depending on whether d + 1 € J or not.

Ifd + 1 ¢ J, then the investigated series is of the form

3. Z]‘[{gg;} 7)Y (il + k4,
=1 jeJ k=1

ni=l1

It now suffices to use the asymptotic
o
D (nl+ k) =1 4+ o(n 7

and the inductive assumption.
The case d + 1 € J is more involved. We simplify matters, without any loss o
generality, assuming ¢; = 1. The considered series is of the form

cos\/_
Z ZA(‘] )Z(| |+k)d+1

ni=l1 ng=1

(or with the sine in place of the cosine, but this is not an obstacle), where A(J, n) is a
product of the sines or the cosines taken at . /n7, j € J, respectively. In fact, we shall
prove the slightly stronger result that

> vk
3 ‘Z—(mﬁk)dﬂ < 0. (19)

neN‘i k=1

We remark that the cancellation provided by one trigonometric functions are sufficient
in our estimates. Note that we cannot use the triangle inequality in the innermost series,
because the resulting series would diverge.

To verify (19) we check the convergence of the innermost series with a control of
the decrease of its sum in |n|. We will use the following asymptotic estimate
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L] 1 u
=lo (1+—)+r nl),
ZMH g1+ 1) +rutind

k=1

where r,(|n]) = O(|n|~") uniformly in ¥ € R.. Summation by parts and the above
asymptotic yield

|n| +k(|n| (In| + k)4
Ko cos VK K (o cos/u '\
= Z d _/ Z ( d) du
= Inl+k ) (In]+ K) 1\ Il +k ) X dnl +w)
_ cos VK K u cos u
_log(1+|n|)(|n|+1<>d /1 1°g(1+m>(<|n|+u>d> a

cos VK K cos/u '\
+rilind o /1 ru(|n|)(—(|n|+u)d) du

K
Ccos \/_
%

The term with the error part rx (|n|) converges to zero with K — oo, while the
integral term of the error part r, (|n]) is absolutely convergent with proper decrease in
|n|, namely

K
[
1

On the other hand, for the main terms, using integration by parts twice we obtain

cos\/_ K u CoS Ju !
log (1 + Inl)(lnl T K /1 log(l " W)(um +fu>d> a
~ log (1 1 cos 1 cos /u
Inl (In] + l)d 1 (In] +u)d+1
log<1+ 1) cos 1 +2\/?s1n\/__ 2sin 1
Inl/ (In| + D@ (In| + K)4+1 (In| 4+ 1)d+!
+/K sin \/u ((2d + Du — |n|)
1 Vu(|n| 4 u)d+2

du < |n|"@HD,

cosﬁ -1 * !
—_— < Tl nd

du.

Thus, combining the above and passing to the limit with K — oo we get

‘i cos vk ‘ R  (2d + Du + |n|
(CE 1 Vu(n] +wyd+?

< I~

du + |n|_d_1/4
k=1
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This finishes the justification of the convergence of the considered series and thus
the verification of (17). The validation of (14) is completed and also the proof of the
whole theorem is finished. O
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