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Dedicated to H. Blaine Lawson Jr., with admiration, on the occasion of Ch"k)f

his 80th bzrthday updates

Abstract. We show that if an exact special Lagrangian N C C™ has a multiplicity
one, cylindrical tangent cone of the form R* x C where C is a special Lagrangian
cone with smooth, connected link, then this tangent cone is unique provided C
satisfies an integrability condition. This applies, for example, when C = C%}; is the
Harvey-Lawson T™ ! cone for m # 8,9.

1 Introduction

Let N C R™* be a codimension k& minimal surface, with 0 € N. For any sequence
A; — 400 the rescaled surfaces \; N converge subsequentially to a minimal cone €,
called a tangent cone of N at 0. A fundamental problem in the study of minimal
surfaces is to understand if € is unique, or if it depends on the sequence of rescalings.
Foundational results of Allard-Almgren [2] and Simon [26] establish the uniqueness
of the tangent cone assuming at least one tangent cone is smooth and of multiplicity
one away from 0. Results of this nature have important applications for the regularity
theory of minimal surfaces; see [4, 7, 8, 10, 19, 23-25, 28, 29, 31, 33, 34] and the
references therein for related work.

For tangent cones with non-isolated singularities the simplest example is that of
a cylindrical tangent cone € = R¥ x C, where C is a minimal cone with smooth cross-
section. In the case of codimension 1 minimal hypersurfaces, Simon [30] proves that
such tangent cones are unique under some assumptions on the Jacobi fields normal
to C. Recent work of Székelyhidi [32] addresses the uniqueness in some important
cases where Simon’s result does not apply, including when C is the Simons cone in
R8. The goal of the present work is to address the uniqueness of cylindrical tangent
cones for a natural class of higher codimensional volume minimizers called special
Lagrangians.
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Let (X,w, ) be a Calabi-Yau manifold of real dimension 2n, with symplectic
form w and holomorphic (n,0)-form Q. The most basic example of a Calabi-Yau
manifold, and the one relevant for our purposes, is C" equipped with holomorphic
coordinates z; = x; + v/—1ly;, symplectic form w = >, dz; A dy; and holomorphic
volume form 2 = dz; A --- A dz,. In their landmark paper on calibrated geometries
Harvey-Lawson [15] introduced the notion of a special Lagrangian, which is a n-
dimensional submanifold N C X satisfying

wly =0,  Im(Q), =0.

Harvey-Lawson showed that special Lagrangian submanifolds are automatically vol-
ume minimizing in their homology class, and these manifolds now play a distin-
guished role in many aspects of Calabi-Yau geometry, particularly in mirror sym-
metry.

Our first main theorem establishes the uniqueness of cylindrical tangent cones
to special Lagrangians under an integrability assumption.

THEOREM 1.1. Suppose N C C" is a multiplicity 1, closed integral current which
is special Lagrangian, and that 0 € suppN. Suppose that N is exact (see Defini-
tion 2.10) and some tangent cone of N at 0 is of the form € = RF x C where C
is a special Lagrangian cone with smooth, connected link and dim C > 2. Suppose
in addition that C is integrable in the sense of Definition 2.2. Then € is the unique
tangent cone of N at 0.

REMARK 1.2. The proof of Theorem 1.1 also yields an explicit (but likely not opti-
mal) estimate for the rate of convergence; see (4.25).

Roughly speaking, the special Lagrangian cone C is integrable if every infinitesimal
deformation of C corresponding to a harmonic function with linear or quadratic
growth integrates to a genuine deformation through special Lagrangian cones. For
example, C is integrable if C has the stronger property that every harmonic function
on C of linear or quadratic growth is generated by the action of the automorphism
group SU(n — k) x C"*; we call such special Lagrangians rigid. For experts in
minimals surfaces, rigidity in the sense of this paper is analogous to conditions i(a)
and 1(b) in [30, Page 4]; in particular, we do not require any condition analogous to
(e).

An important example of rigid special Lagrangian cones are the Harvey-Lawson
cones [15]

Y = {(zl,...,zm) eC”:z1| == |zml, Arg(im+lzl e Zm) = O}.

for m # 8,9. Thus, Theorem 1.1 yields

COROLLARY 1.3. Suppose N C CF™ s o multiplicity 1, closed integral current
which is special Lagrangian, and that 0 € suppN. Suppose that N is exact and that
some tangent cone of N at 0 is of the form € = RF x CYp- If m # 8,9 then € is
the unique tangent cone of N at 0.
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Note that when m = 3 the work of Haskins shows that the cone C%I 7, is the unique
strictly stable special Lagrangian T2 cone [16].

Finally, we remark that when dim C > 5 we obtain polynomial convergence to
the tangent cone. Recall that for compact sets K1, Ks and a bounded set E we
denote the Hausdorff distance in £ to be

d (K1, Ky; E) = sup{dist(z,y) ;2 € K;NE, y€ KyNE}.

THEOREM 1.4. Under the assumptions of Theorem 1.1, assume in addition that
dim C > 5. Then there constants C,a > 0 such that

d"(p™'N,¢; By) < Cp”.
for all p sufficiently small.

REMARK 1.5. It may be possible to extend the rate estimate of Theorem 1.4 to
the case when dim C = 4 by modifying the proof of Proposition 4.3. The case of
dim C = 3 seems to require a different approach.

REMARK 1.6. Let us also remark on the case of tangent cones of the form R* x C
for dim C = 2. By hyperKahler rotation, one can show that any special Lagrangian
cone in C? is necessarily a union of special Lagrangian planes intersecting at the
origin (possibly with multiplicity). Thus, if C is assumed to have connected link and
¢ has multiplicity one, then in fact € is smooth and the uniqueness of the tangent
plane follows from [2, 26].

Broadly speaking, the general strategy goes back to work of Allard-Almgren [2]
and Simon [26, 30]. We would like to view N as a small perturbation of the tangent
cone € which is controlled by the linearized special Lagrangian graph equation (ie.
the Laplace equation) on €. The main difficulty is that € does not have isolated
singularities and so the linearized problem may not accurately approximate IN. One
needs to prevent the deviation of N from € concentrating near the singular set
R* x {0} C €. In Simon’s work [30] this is overcome by constructing appropriate
comparison surfaces using the work of Hardt-Simon [14]. Székelyhidi [32] employs a
similar, but necessarily more elaborate argument exploiting a discrete replacement
of the Lojasiewicz inequality.

Let us give a heuristic overview of the current paper, which is inspired by Simon’s
paper [30]. Fix coordinates (z,2') € C* x C"* and write z; = x; + v/—1y;. Assume
that some tangent cone of N at 0 is of the form ¢ = R¥ x C where R¥ = {y; =0 :
1 < i < k}. The normalized volume excess is defined to be

VolExy (r) = r "H"(N N B,) — < li%lJr s "H"(N N Bs)>
S—>
=r "H"(NNB,)—r "H"(¢NB,) (1.1)
where H™ denotes the n-dimensional Hausdorff measure. By volume monotonicity
for minimal surfaces, VolExx(r) is an increasing function of r.
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Let us consider the simplified model in which N is a graph over € = R* x C of
a 1-form df in suitable Darboux coordinates. Here f : € — R is a function solving
a uniformly elliptic PDE which is a small perturbation of the Laplace equation.
Since some tangent cone to N at 0 is €, we may assume that f is C° small in
€N ByN{|7/| > 27} for some fixed, small 7 > 0. The assumption that N is exact
means that there is a function 5 : N — R (say normalized to have 5(0) = 0) such
that dg = %)\ where A is the Liouville form on C". One key observation is that the
functions (3, y; are harmonic functions on N, which can be expressed in terms of f

as
_ 1o (] 9]
=2 oR <R2> Y b (12)

where R = /|z|? +|2/|? is the radial function on C™. Denote by || - |12 suitably
defined scale invariant L? norms (see (3.4) for precise formulas). By first integrating
the formula for G,y we obtain a bound

|fI < C (1Bl 2vasy) + 19l z2(vosy + 12 P22 (Bang 52 ;

see Proposition 3.5. Thus, if

181 2(veBy) + 1Yl L2 (vaBy) < CllfllL2(Bang|z 271 (1.3)

then f is controlled on smaller scales by its L? norm on & N By N {|2/| > 27}; this
is a non-concentration type result which implies that N is well controlled by the
Laplace equation on €.

The main decay result, Proposition 4.5 is obtained by using a blow-up argument
to reduce to the spectral properties of €. Assuming f is harmonic on €, we decompose
f into a sum of homogeneous harmonic functions. If the volume excess satisfies

VolExy (2) < C[|fl1 22 (Bynjz|>2r)) (1.4)

then the expansion of f can only contain terms with homogeneous degree at least 2.
Roughly speaking, the assumption of integrability means that the degree 2 terms in
the expansion of f can be removed by modifying the model cylinder € — €', which
is a perturbation of size ~ || f| r2(B,n{|2/|>27})- Thus, we may assume that f contains
only terms of degree strictly larger than 2. But this implies that for some 0 < A < 1
we have

HfHLZ(B%ﬁ{|z’|>T}) <A fllz2(Bang)z|>20))- (1.5)

If such an estimate holds at all scales, then an iteration easily implies the polynomial
convergence of p~' N to €, its unique tangent cone, as p — 0. Thus, we only need to
address the possibility that either of (1.3) or (1.4) fail. If (1.3) fails, then the elliptic
regularity theory applied to f, together with (1.2), implies a fast decay property

1
18I L2(vemyy + 1l 22 (vaBy) < 100 (1Bl z2(vrBy) + Wl 2By
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provided C' is sufficiently large; see Lemma 4.2. By assumption, &,y control f in this
case. If (1.4) fails, and we assume dim C > 5, we show in Proposition 4.3 that the
volume excess decays;

VOIEXN <;> < %VO]EXN(Q)

Thus, f is again controlled by a fast decaying quantity. Applying this trichotomy
iteratively yields Theorem 1.4.

The main technical difficulties in making this heuristic argument rigorous are the
following;

(i) The potential function f is only locally defined, and in general, is not defined
near the singular set of €. Thus, the above iteration needs to include the state-
ment that the potential continues to exist at smaller scales. The necessary
quantitative extension result for the potential is proved in Proposition 3.5.

(ii) In the iteration we need quantitative control of the drift of the model cylinders
¢ - € — €y---. This amounts to showing the summability of ||f|/zz over
dyadic scales. When dim C > 5, the summability is not problematic since we
obtain power law decay in all cases. However, when dim C < 4, we are not able
to prove the power law decay of the volume excess when (1.4) fails. In this
case the estimate

”f”%2(320{|z/|>%}) < C_IV01EXN(2)

is not necessarily summable over all scales (since small scales are counted many
times). We circumvent this issue by replacing (1.4) with an effective version
of the form

VolExy (2) — VolExy (2 - 27°) < Ol fll72(,n(j 21

for some fixed, large b. This necessitates modifying (1.5) since we can no longer
rule out the presence of homogeneous harmonic functions with degree less than
2 in the expansion of f.

Let us now describe the outline of the paper. Section2 collects many of the
basic facts we will need throughout the paper, including the deformation theory of
special Lagrangian cones, the role of various canonical harmonic functions, and the
existence of adapted Darboux coordinate systems. Section 2 also contains the proof
that the Harvey-Lawson cones C%; are integrable (in fact, rigid) when m # 8,9.
Section 3 proves various results concerning the existence of local potentials for N,
as a graph over €, leading to the quantitative existence/non-concentration result
Proposition 3.5. Finally, Sect. 4 proves various results concerning the decay of scale
invariant norms. The main result of this section, Proposition 4.5, establishes the
decay of the potential when concentration can be ruled out. Finally, at the end of
Sect.4 we combine our results to prove Theorem 1.1 and Theorem 1.4. We have
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chosen to give a detailed proof of the more general (and more complicated) case
contained in Theorem 1.1 and sketch the proof of Theorem 1.4, which follows largely
the same lines.

1.1

Notation.  Throughout this paper we will use the following notation:

N is a closed integral current of multiplicity 1, which is special Lagrangian,
and hence area minimizing.

We write C" = C* x C"*. We take standard complex coordinates (z,z') €
CF x C™F, and write 2z; = z; + /—1y; for 1 <i < k, and 2l = af ++/—1y, for
1 <% <n— k. In these coordinates the symplectic form is given by

k n—k
v—1 V-1 -
Wstd = —5— Zdzi Ndz; + 5 Zd% NdZj.

i=1 j=1
B,(p) will denote the ball of radius p centered at p in C". We will also write

B, for the ball centered at 0 € C".
¢ will denote a special Lagrangian cylinder of the form

(== =y =0l xC~RF xCcCFxCF

where C € C" % is a special Lagrangian cone with smooth, connected link.
We will denote by ¥ the link of C, and occasionally write

C = Cone(Y)

to emphasize that C is the cone over Y. We will always assume that n —k > 2.
Let Q,_p = dz] A---Adz],_, be the holomorphic volume form on C"* normal-
ized so that Im(Qn_k)‘C =0 and let Q, = dz1 A ... Adz, be the holomorphic

volume form on C*. Identify RF = {yj = 0:1 < j <k} denote the real k-plane.
Then it is easy to check that € is special Lagrangian in C” for the volume form
Q= Q A Q. In our normalization

w" nieny [(/—1\" —
— =(=1) = — ] QAQ.
n! (=1) < 2 ) "

The Liouville form will be denote by

k n—k
A= Z:}:idy,- —ydxz; + Z :):;»dy; — y}dx;
i=1 j=1

where we note that d\ = 2w.

We denote by 7 = |2/| the radial function in C"*, and by R = /|22 + ||
the radial function in C". We also denote by r%, R% the radial vector fields
on C" % ¢ C™ and C™ respectively.

All integrals, unless otherwise noted, are with respect to the n-dimensional
Hausdorff measure, which we denote by H".
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e If C = Cone(Y) is a special Lagrangian cone with link ¥ a connected special
Legendrian in S?™~!, we will denote by M the moduli space of special Legen-
drian deformations of . Throughout the paper M will be a smooth manifold
and we will denote by exp™ the exponential map induced by the natural L?
metric on M and K will denote a connected compact subset of M.

e Throughout the paper we will use C' to denote a non-negative constant, which
can increase from line to line, but always depends only on the stated quantities.

2 Basic Results

2.1 Harmonic functions on special Lagrangian cones. A well-known re-
sult of McLean [21] says that infinitesimal deformations of a smooth, compact special
Lagrangian N correspond to harmonic 1-forms on N. Joyce [17] proved a vast gen-
eralization of this result for special Lagrangians with isolated conical singularities.
If C c C™ is a special Lagrangian cone with an isolated singularity at 0, then an
important role in the deformation theory for C is played by harmonic functions.
Recall that if C = Cone(X) C C™ is special Lagrangian then the link ¥ is a spe-
cial Legendrian submanifold of $?™~! and conversely. We have the following result
[12, 22];

LEMMA 2.1. The infinitesimal deformation space of a special Legendrian subman-
ifold ¥ C S*™~1 is isomorphic to the space of functions ¢ : X — R satisfying
Asxp = 2mep.

Eigenfunctions of the Laplacian on ¥ give rise to harmonic functions on the
cone C = Cone(X) by the usual separation of variables construction. Indeed, if
v =1r%p(w) is a homogeneous function of order «, then

Acv =12 (Axp — ala+m —2)p). (2.1)

In particular, the infinitesimal deformations of the special Legendrian link ¥ corre-
spond exactly to quadratic growth harmonic functions on C. In general this defor-
mation problem is obstructed [22].

DEFINITION 2.2. Let C = Cone(X) C C™ be a special Lagrangian cone with smooth,
connected special Legendrian link 3. Let

Ha(2) ={¢p: X > R: Axp = ap}.
We say that C is integrable if
(i) dim 9,,,—1(X) = 2m, and
(ii) if dim $2,,(X) = d, then there is an ¢ > 0 and a smoothly varying d-dimensional
family of special Legendrians
M= {zeR: |z < e}

such that any fiber ¥, := 7~ !(z) has dim $,,_1(X;) = 2m, and dim $2,,(Z;) =
d.
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Let us explain the relevance of this definition. A natural way to produce defor-
mations of a special Lagrangian is through the symmetry group SU(m) x C™ acting
on C™. Let

w:C™ — su(m) e C™

be the moment map where we identify su(m) & C™ ~ (su(m)® C™)" using the
standard inner product, which we denote simply by (,). Then we have

LEMMA 2.3 (Joyce [17], Lemma 3.4). Let v € su(m) @& C™, then (u,v) : C™ — R is
a harmonic function on any special Lagrangian submanifold in C™.

In the case C = Cone(X) it is straightforward to check that

e The action of translation along a vector v € C™ gives rise to a harmonic
function of linear growth.

e The action of rotation along a vector field v € su(m) gives rise to a harmonic
function of quadratic growth.

By (2.1) linear growth harmonic functions are in one-to-one correspondence with
eigenfunctions on ¥ with eigenvalue m — 1. Since translation does not fix the cone
dim 9,,,—1(X) = 2m. Thus, condition (7) in Definition 2.2 demands that each linear
growth harmonic function on C is generated by a translation, and hence integrates
to a deformation of C. The second condition (i7) says that every infinitesimal special
Legendrian deformation of ¥ integrates to an actual deformation, and each small
deformation of X is itself integrable. Roughly speaking, (ii) implies that ¥ is a
smooth point in the moduli space of special Legendrian submanifolds of S2™~1 ¢ C™
in a component of maximal dimension.

In principle it seems difficult to determine when a given special Lagrangian cone
is integrable in the sense of Definition 2.2. However, there is a stronger notion which
can be checked in some examples.

DEFINITION 2.4. We say that a special Lagrangian cone C C C™ is rigid if

(i) every harmonic function on C of linear growth is generated by an element of
C™, and

(ii) every harmonic function on C of quadratic growth is generated by an element
of su(m).

Clearly if C is rigid then it is integrable. We have the following lemma:

LEMMA 2.5. Suppose C C C™, m > 3 is integrable in the sense of Definition 2.2. Let
¢ =RFxC. Then every harmonic function which is W2 (€\€ng) and has quadratic
growth is either (1) the pullback to € of a quadratic growth harmonic function on C
or (ii) generated by an element of SU(m~+k). If C is rigid, then every such harmonic
function is generated by an element of SU(k + m).
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Proof. Fix coordinates (21, ..., 2k, Zk4+1; - - - » Zktm)- Write z; = x; —i—\/iyj We may
assume that yj‘ ¢ =0for1 <j<k By S1mon s real analyticity of Fourier Series
[30, Appendix 1], any harmonic function on € = R* x C which is W?(€\€g;,,) and
has quadratic growth is a linear combination of harmonic functions of the following
type:

e quadratic growth harmonic functions on C,

e quadratic growth harmonic functions on R¥,

e linear combinations of functions of the form z; - ¢ where 1 < j < k and ¢ is a

linear growth harmonic function on C.

The first two cases are clear. For the final case, integrability implies that any lin-
ear growth harmonic function on C can be written as a linear combination of the
harmonic functions x;,y;, for k +1 < ¢ < k + m. Thus it suffices to show that the
harmonic functions x;x;,z;y; for 1 < j < k < i < k+ m can be obtained from the
action of SU(k 4+ m). For this, note that if j <k <i<k+m

zjzi| e = @z + yivi)| e vl = (@5mi — yizi)| ¢

since yj} ¢ = 0 for j < k. However, the harmonic functions on the right hand side of
each of these equations is easily seen to be generated by the action of SU(k+m). O

REMARK 2.6. The terms “integrability” and “rigidity” have appeared in several
places in the literature on special Lagrangians, often with different meanings. We
warn the reader that the notions of integrability and rigidity introduced in Defini-
tions 2.2 and 2.4 differ from those in [16, 17].

Suppose that C = Cone(X) is integrable in the sense of Definition 2.2, and let
v be a quadratic growth harmonic function on C. Since ¥ is a smooth point of the
moduli space M of special Legendrians we can pick a smooth Riemannian metric
on M (eg. the the natural L? inner product). Then, for any compact set K C M
there is a § > 0 such that, for any Y., k € K the exponential map

exp! : B5(0) — M

is well-defined, where B5(0) C $2,(2,) = T, M is the -ball.
Let us now describe an example of a rigid special Lagrangian cone (c.f. Defini-
tion 2.4)) discovered by Harvey-Lawson [15].

EXAMPLE 2.7. The Harvey-Lawson 7™~! cone is the special Lagrangian cone in C™
with an isolated conical singularity described by the equations

Chr ={(z1,...,2m) €C™ i |z1| = -+ = |2m], Arg(im“zl - zm) = 0}.

C7%;; is a cone over a flat torus and so its spectrum can be explicitly computed;
see [16, 17, 20]. We have the following result.

LEMMA 2.8. The spectrum of the Ct; = Cone(T™ 1) satisfies
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(i) The dimension of the linear growth harmonic functions on CY}, is given by
dim 9,1 (7™ 1) = 2m
(ii) The dimension of the space of quadratic growth harmonic functions on C'}; is
given by
dim $Ho,, (T™ 1) =m? —m form #8,9
while, for m = 8 we have dim $H16(T7) = 126 and for m = 9 we have dim H1g
(T8) = 240.

Proof. The formula for dim $s,, can be found in [20, Table 6.1] for m < 13 and for
general m [17, Section 3.2]. We were not able to find a reference for the result for
dim $,,,—1 in general (though the result for m < 13 is contained in [20, Table 6.1]).
We only sketch the proof. By the calculations in [16, 17, 20] the eigenfunctions with

eigenvalue m—1 are in one-to-one correspondence with points (k1, ..., ky_1) € Z™ 1
satisfying
m—1 m—1
m> k=Y kikj=m—1. (2.2)
i=1 i,j=1
The quadratic form g(z) = m >/ a? — Z%;ll z;z; on R™™! has eigenvalue 1
with multiplicity 1, and eigenvector (1,1,--- 1), and eigenvalue m with multiplicity
m — 2, with eigenvectors in the orthogonal complement of (1,1,...,1). Let e¢; denote
the standard basis of R™~!. Then =+e;, +(1,1,...,1) give 2m solutions of (2.2).
Thus it suffices to show these are the only solutions. Given any (ki,...,kn,—1) we
can write

(ki, ... kme1) = A1,1,...,1) + ot

where A = ﬁ Z;n:_ll k; and vt is orthogonal to (1,1,...,1). From the eigenvalues
of the quadratic form we deduce that

m—1 m—1
m> k=Y kikj = (m—1) = X(m— 1)+ mlo .
i=1 i,j=1

Thus we see that [A| < 1 and |v*|? < 1. Furthermore, since v+ = (k1 — A, ..., kmn_1—
A) we deduce that each k; € {—1,0,1}, and each k; must be either 0 or have the
same sign as \. It therefore suffices to consider vectors of the form
p- times
—~—
k= (ki,....,km—1) =%(1,0pp—1—p) where a,=1(a,...,a).
Without loss of generality we consider the + case. For such a vector we have ¢(k) =
mp—p? = p(m—p). The only solutions to p(m—p) = m—1for 1 < p < m—1 are given
by p = 1,m — 1. After accounting for the obvious symmetries, the corresponding
solutions are e; for 1 <4 <m—1,and (1,...,1). Including the case of —(1,,0,,—1—p)
yields the desired conclusion. O
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Finally, we have

COROLLARY 2.9. Form # 8,9, the cone C%;; is rigid in the sense of Definition 2.4.

Proof. By Lemma 2.8 we have already verified property (i) of Definition 2.4. To
verify property (i) it suffices to observe that the subgroup of SU(m) preserving
C7, isU(1)™ !, and hence the dimension of the space of quadratic growth harmonic
functions on C%; induced by SU(m) is given by

dimSU(m) —(m—1)=m?*—1—(m—1)=m? —m
and hence by Lemma 2.8, if m # 8,9, C%;, is rigid. O

We end by remarking that it seems to be unknown whether the Harvey-Lawson
cones C¥,;,CY,, are integrable in the sense on Definition 2.2. When m = 8 there is
a 126 — 8- 7 = 70 dimensional space of excess quadratic growth harmonic functions,
while when m = 9 there is a 240 — —9 - 8 = 168 dimensional space. Due to the
rather large number of excess quadratic growth harmonic functions it would seem
surprising if every infinitesimal deformation turned out to be integrable.

2.2 Harmonic functions on exact special Lagrangians.  Suppose that [V is
a closed integral current of multiplicity 1 which is special Lagrangian in C". Since N
is area minimizing [15], Almgren’s big regularity theorem [3, 9] implies N is smooth
outside a set of Hausdorff dimension at most n—2. We will denote by N, the smooth
part of supp(N). By [27, Lemma 33.2] the varifold underlying N is stationary.

DEeFINITION 2.10. An exact special Lagrangian is a multiplicity 1, closed integral
current NV which is special Lagrangian and such that %)\| N,., = df|n,., for some some
function 3 : Nyey — R. If N,y is connected, the function 3 is unique up to addition
of a constant.

REMARK 2.11. In Sect. 4 we will fix scale dependent normalizations for . For this
reason, it is convenient to state the results of the first sections of this paper without
reference to a particular choice of normalization.

Recall that if T" is a k-varifold in R™, then a function u on R is said to be weakly
harmonic (resp. subharmonic) on 7' if, for any smooth function n with compact
support we have

/ (V¥n, Vu)dT (z,w) =0 (resp. <0).
R" xG(k,n)

It is well-known that, since the varifold underlying N is stationary, the coordinate
functions x;, y; define weakly harmonic functions on N in the sense of varifolds (see,
e.g. [6, Chapter 3]). We will also need the following result

LEMMA 2.12. If N is an exact special Lagrangian current then AxB = 0 in the weak
sense, and strongly on Nyeg.
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Proof. The key point is that, on N"®9 we have V3 = (Jz)T, where x denotes the
position vector and (Jz)” denotes the projection to the tangent space of N. Fixing
a smooth, compactly supported function 7 and applying stationarity to the vector
field nJz yields the result. Alternatively, one can argue directly as in Lemma 2.13
below. O

LEMMA 2.13. Let N be an exact special Lagrangian current. Then the functions
22, y2, 3% are weakly subharmonic on N, in the sense of varifolds.

Proof. Note that this claim is obvious when N is smooth, since x;, 3;, 3 are harmonic.
Furthermore, the claim regarding the yf can be easily obtained by applying the
stationarity of N to the (globally defined) vector field yZ% (and similarly for 2?).

Thus we will only prove the statement for 42. The main difficulty is that 3 is only
defined on N, and hence 32 does not obviously have a well-defined gradient vector
field in a neighborhood of N. Since the problem is local, we may use the fact that,
for any R > 0, the functions 3, |V 3| are uniformly bounded in BrN N4, and satisfy
AnB? > 0. Clearly it suffices to prove the result near Nying := N \ Nyeg. Fix any
€ > 0 and let ¢ > 0 be a smooth function with compact support in Bp /s, supported
near Nsing N Br/o. Fix a > 0 to be determined and fix 0 < & < § < 1. Since Nsing
has Hausdorff dimension at most n—2 we can cover N;ng N Bpg/o by countably many
balls By, (p;) (with points p; € Bg/,) such that

Zr?_%a <27 %.
i
Let n; : C" — [0, 1] be a smooth function such that

= 0 in By, (p:)
‘ 1 in Bgri(Pi)

and such that |[Vn;| < 2r;'. Define = [[,7; and note that this product is well-
defined and smooth. Then we have

—/ n(V¥e, VY 52) —/ USOAN/B2+/ PV, VN 5%).
N N N
Now since |3 + |V 3] < C on N N Bi we have

\/N<p<an,vN52>\ gCZri_lH"(NﬂBgm(pi)).

Now since p; € B/, and € < 0 we can arrange that 2r; < R and so By, (pi) C Bg.
Thus, by volume monotonicity we have

H™(N N By, (pi)) < CH™(N N Bg)r}'
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for a constant C' independent of €. Since Ay3? > 0 on Nyeg we obtain
/ n(VNp, VNV B%) > 7027“?,1 > —Ce
N T

provided we take o < 1. Taking € — 0 yields the result. O

2.3 Darboux coordinate systems and local potentials.  The following dis-
cussion is standard; see, for example, [18]. It follows from Weinstein’s tubular neigh-
borhood theorem that if N, N’ C (X,w) are C* close Lagrangian submanifolds then
N’ can be identified with the graph of a closed 1-form o : N — T*N. Since closed 1-
forms are locally exact we can view C'! close Lagrangians as locally corresponding to
smooth functions on N. When N, N’ are special Lagrangian, we have the following
consequence of [18, Proposition 2.13]

LEMMA 2.14. If N is special Lagrangian, and N' is a C'-close special Lagrangian,
then locally N = graph(df) where f is a locally defined function on N satisfying

Af=Q(z,df, V*[)
where Q(z,y,2) = O(|y|? + |2]?) for small y, 2.

We now recall precisely the sense in which special Lagrangians which are close
in an appropriate topology to the special Lagrangian cone C can be described as
graphs of local potential functions.

2.8.1 The case of a cone with smooth link.  Suppose C = Cone(X) C C™ is a
special Lagrangian cone with an isolated singularity at 0 € C™. The link ¥ :=
Cn S?m=1is a Legendrian submanifold of S?"~! with its standard Sasaki-Einstein
structure. Let

m
r? = Z |22
i=1

be the standard radial function. The symplectic form on C™ can be written as
1 — 1
w= 5\/—1887'2 = _ZdeTQ =d(r’*n) = 2rdr Ay + r’dy

where

1

1 m
=53 ;xidyi — yidwi = 5 5 A

is the pull-back of the standard contact form on S?™~!. Since C is a Lagrangian
cone, the Euler vector field r% is tangent to C. Thus, from w|c = 0 we conclude
that

Ny =0, dn|s = 0.
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In particular ¥ is transverse to the fibers of the Hopf fibration. Furthermore, dn is
precisely the pull-back to S~ along the Hopf fibration of the Fubini-Study metric
wps on P~ Thus, at least locally, we can view X as a lift to S?™~! of a Lagrangian
submanifold of P™~!. Let X' = /S be the projection to a Lagrangian submanifold
of (P™ ! wpg). Fix a point z € ¥ and let 2/ € X’ be the image of x under the
projection map. Let {p1,...,Pm-1,4q1,---,qm—1} be local Darboux coordinates for
(P~ wrg) centered on 2’ € ¥’ and such that

m—1

locall
wrps = Y dpiAdg, X =V {pr=- =pp1=0}.
=1

Fixing a local branch of the covering ¥ — Y’ and pulling back along the Hopf
fibration we have d(n — ), pidg;) = 0, while

(n - Zi:pid%) (‘]aar> =1.

Thus we can find a local coordinate p,, on S?"~! so that 7 — > pidg; = dpy, and
(P1y--sPm>q1s- -5 Gm—1) forms a local coordinate system on S?™~!. Furthermore,
since 77‘2 = 0 we can assume that p,, = 0 on ¥ C S?"~!. Define local Darboux
coordinates on C™ by

pi=rpi, di=q, forl<i<m-—1,
Py = —DPms =17

Then we have
m—1
r’n =Y pidg; — q},dp}, (2.3)
=1

and hence (p, ¢}) {1<i<m) form a system of Darboux coordinates on the set of points
U’ = Cone(U). Furthermore, on this set we have

CnU' ={py=-=p, =0}

We will call the Darboux coordinate systems constructed in this way adapted Dar-
boux coordinates.

REMARK 2.15. It is an easy consequence of the implicit function theorem that the
Darboux coordinates can be constructed in such a way that they vary smoothly with
respect to smoothly varying families of special Legendrians.

Fix, once and for all a finite cover of C N S?™~! by contractible open sets U, C
S2m=1 such that V,, := Cone(U,) admits an adapted Darboux coordinate system as
constructed above and such that an still cover C N S?™~ 1. Relative to this choice
we make the following definition.
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DEFINITION 2.16. We say that a Lagrangian N is the graph associated to a local
potential function over an open set U C C if, on the open set V, NU, N is given
in the Darboux coordinate system as the graph of a 1-form df,, for a locally defined
function f,.

Suppose that NV is a special Lagrangian in C" which is given locally in the
Darboux coordinates (p’,¢’') as a graph {p, = 865’. }. Let 2/ € CNS?m~! be a fixed

point and let B denote a suitably chosen ball in C™ containing 2’ so that the
coordinates (p/, ¢') yield a symplectomorphism

¢ (B,w) = (¢(B),wsta)
onto ¢(B), which is open in C™ and suppose that ¢(¢’,0) = z’. Since C = {p’ = 0}
it is straightforward to show that
d , L Of
— t—— | = Jgradf.
dt t:O(ID (q ) 8q/> gra f
Using the additive structure on C” we see that

)
N>y (q’, aqf,> =¢(q',0) + Jgradf(¢') + E,

where E is some vector of length |E| < C|df|?. We remark that in our applications
|df| will be small. This observation easily yields

LEMMA 2.17. Suppose N is a Lagrangian which is the graph associated to a potential
function over an open set U C C and assume that in any local coordinate chart V,,
the potential function satisfies

rtdfo| + | D? fal <e.

Given two Darboux coordinate systems (', V1) and (02, Va) with o' (V1) N? (Vo) C
U, let f; be the corresponding local potential functions of N. Then there are constants
C,e0(C) > 0, depending only on the coordinates ©* such that if ¢ < g then

rHd(fL = f2) < Ce%

Recall that the functions f, are only defined up to a constant. In order to fix
this ambiguity we invoke the exactness of N. Recall that in the adapted Darboux
coordinates, the Liouville form is given by (2.3). Since N is exact, there is a function
B : N — R such that

m—1
dﬂ:TQU‘N: 8fad/ / d<afa)

— og; " " \Oqy,

= (s -ty )
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Thus, there is a constant ¢ depending on the coordinates so that

B(d)=c+ fld)—an ;;]/e

_ 130 (f
- ¢ 2T8r r2 )’

By adjusting f by a constant we can assume c = 0.

DEFINITION 2.18. We say that the exact Lagrangian NN is a graph associated to a
normalized local potential function over U if N is the graph of a local potential
function and the potential functions f are normalized to satisfy

0
B(q) = —%7"3& <;2> .

Throughout this paper all potential functions will be taken to be normalized in this
sense.

REMARK 2.19. Note that a choice of normalization for 3 fixes a choice of normaliza-
tion for the local potentials f. Furthermore, if we change g +— ( + ¢, then the local
potentials are changed by f +— f + c.

2.3.2 The case of a cylinder. We now extend this discussion to the case of a
cylinder € := R* x C c C". We proceed as in Sect.2.3.1 in the C"* factor to find
open sets Uy C S2=F)=1 covering ¥ = CNS2—k)=1 and such that V, = Cone(Uy)
admits an adapted Darboux coordinate system and %UO‘ still cover C N §2(n—k)—1,
For any U, let (p}, qg){lgi@_k} denote the Darboux coordinates. In the C* factor

we take the standard coordinates (x;,y;) so that wgg = Zi.“:l dz; A dy;, and RF C
CF = {y; = --- = y = 0}. These choices yield Darboux coordinates, still denoted
©“, defined on V, = C* x V. The standard Liouville form is given by

k
1 1
5)\ = 7“277 + 5 E (deyj - yjdxj).
j=1

If N is an exact Lagrangian given locally as a graph over € by

of of

in our local Darboux coordinates, then we have
n—1 k
of . . (9Ff 1 of of
dpg = —dq;, —q,d| =) — = id| =— ) — =—dz;
5 ZZ; aql/ Qz Qn 8%/1 9 Z ‘T] 85[,‘]' 8$j .I]

J
k
il 08 1N, OF

/
n
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As in Sect. 2.3.1 above we have

 0F _1.0f

- 2T8r

/
n
where r% is the radial vector field on C"*. In particular, if we set R to be the
radial function on C™ then we see that, since € C {y; =0:1 < j < k} we have

1, of
"a/+ Zfaxj 2R

It follows that

e B0

s ( / ) (2.5)

where ¢ is a constant. The following lemma shows that if we choose the potentials
to be normalized, then the error on the overlaps is quadratically suppressed.

LEMMA 2.20. There is an €y small, depending only on C, with the following effect.
Suppose N is an exact Lagrangian which is the graph associated to a local potential
function over an open set U C (RF x C)N By, in the sense of Definition 2.16. Suppose
moreover that the local potential functions f, satisfy

T_lydfa’ + ’DQfa| e

for e < €. Let (cpi,Vi’),i = 1,2 be two sets of local Darboux coordinates as con-
structed above and let f;,i = 1,2 be the local normalized potential functions. Then,
there is a constant C, depending only on C, such that

sup A - Rl <O
AV

Proof. Fix a point (z.,ws) € *(V{) N ¢*(Vy) N U. By rescaling and translating we
may assume that |z,| = 1 and w, = 0. Fix points ¢; € V; so that

It follows from the obvious generalization of the estimate in Lemma 2.17 to the case
of cylinders that the points ' (g1, df1), *(q2,df2) € N may be joined by a path in
N of length O(g?). Now, recall that d3 = S\ for the Liouville 1-form A. Since A is
uniformly bounded in By C C™ we have

1B(e" (a1, dfr)) — B(#* (a2, df2))| < Ce>.

Since the potentials f; are normalized, it follows from (2.5) that

| f1 (2o, wi) = fo(za,we)| < 1B(0 (a1, df1)) — B(0* (g2, df2))] + %R\%(ﬁ — f2)].
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Now R =1 by assumption, and by Lemma 2.17 we have

%(fl — fa)| < CE%.

Combining these estimates yields the result. O

REMARK 2.21. Following Remark 2.15 it is not hard to see that the constants C, eq
can be chosen uniform for compact sets K C M.

REMARK 2.22. Throughout this paper, f := (f,) will denote a collection of potential
functions defined in the fixed Darboux coordinate charts (¢, V). Any norm of f is
then supremum of the norms of f, in the associated charts; for example

£l L2y = sup £ 22 @wrvey-

For most of our argument it will not be essential that the f, are locally defined with

the exception of Proposition 3.5 where we will use that the Darboux coordinates are
defined in C* x Cone(U,).

3 Existence of Local Potentials

We now establish the existence of local potentials in the sense of the previous section,
together with some estimates for these potentials. The following lemma concerning
multiplicity one convergence is an immediate consequence of Allard’s regularity theo-
rem [1, 27], together with the fact that weak convergence of area minimizing, integral
currents implies varifold convergence [27, Theorem 34.5].

LEMMA 3.1. Suppose N; is a sequence of special Lagrangians such that lim; .., N; =
¢ as closed integral currents. For alln,7 € (0,1], p > 0 there exists k = k(n,T) such
that, for alli > k, the following holds: N; N By, N {r > 2pt} is the graph associated
to a potential function f defined on an open neighborhood of €N By, N {r > 2p7}
satisfying the estimate

sup rHdf| + [ D2 f| < .
CNBy,N{r>2p7}
The next result is a quantitative improvement of Lemma 3.1 which says that if
a special Lagrangian N is sufficiently close to € on an annulus then in fact N is a
graph over € on an extended annulus.

PROPOSITION 3.2. Fiz p >0 and n,7,pu € (0, 15) and v € (3,1), and let K C M be
a compact set in the moduli space of special Legendrians. Let € = RF x Cone(3,)
for some k € K. There exists a number n1 := (K, n, 7, u,y) with the following

property: if N C C" is a special Lagrangian such that
H"(N N By,) <H" (€N Bay) +wp(l—7v)"p" (3.1)
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and N N By, N{r > 2p1} is the graph associated to a potential function f defined in
an open neighborhood of €N By, N {r > 2p1} and satisfying the estimates
sup rYdf| + sup |D%f| < m
eNB,,N{r>2pt}
then N N Bay, N{r > 2yp(pr)} is associated to a potential function F defined on an
open neighborhood of € N Bay, N {1 > 2vp(pr)}, satisfying the estimate
sup r~YdF| 4 |D*F| < n.
€NBay,N{r>2vp(pr)}
Proof. The proof is by contradiction. By rescaling we may assume that p = 1. Fix
w e (0, %0) Suppose we cannot find 7; small so that the graphical extension F' exists
and satisfies the desired estimate. Then there is a sequence of special Lagrangians
N; € C", and cylinders €; = R¥ x Cone(X;) for ¥; € K satisfying (3.1) and having
the property that N; N By N {r > 27} is the graph associated to a potential function
fi satisfying the estimates

sup |dfi| + sup | D? fi| <

S| =

But N; N Bay N {r > 2yut} is not the graph of a potential function satisfying the
desired estimate. Since Y; vary in a compact family there is a special Legendrian
Yoo € K such that ¢; — € = R¥ x Cone(¥4,) smoothly away from R* x {0}. By the
volume condition (3.1), we can take a limit in the sense of closed integral currents
[27, Theorem 27.3], N; — Nu. From the assumption on the potential functions
fi we see that, in compact subsets of By N {r > 27}, N; converges smoothly to &
with multiplicity 1. Let Nsg® denote the regular set of supp(Ns ), which is dense by
[27, Theorem 36.2]. Since Ny = 0 in Bo, Almgren’s regularity theorem gives that
N5'® = supp(Noo )\ Noo® has Hausdorff codimension at least 2 in supp(Nyo).

Denote by N0 the path connected component of N5c® containing
NENEN BaN{r > 27}. We claim that Nl ¢ Indeed, by the regularity theory
for the minimal surface system, both € and N0 are real analytic subsets of C".
Since NV agrees with € on an open subset, the result follows immediately from
the standard fact that a real analytic function vanishing on an open set is identically
Zero.

Next we claim € ¢ NZ9°. Choose any point p; in €N {r < 27} N By, and let
po € NP nenByn{r > 27}, Since N5 has Hausdorff dimension at most n— 2,
we can find a smooth curve y(t),t € [0,1] from pg to pi, lying in €, and such that
~(t) avoids N for ¢ € [0,1). Clearly y(t) € € N NI for ¢ € [0,¢). Let T* > 0
to be the first time such that v(7*) ¢ N29° If T* < 1, then since N is relatively
closed we have v(T*) € Nu. On the other hand, v(T*) ¢ N3 by assumption.
Hence v(T*) € N9, and therefore is necessarily a point in NA9°, a contradiction.
Therefore, v(t) € Nac? for all t < 1, and the claim follows. Now since Noc9 is equal
to € with multiplicity 1 in a large open set, it follows that Nggg’o has multiplicity
one everywhere.
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Now suppose there exists a point p € Bay N supp(Neo)\€. From the preceding
discussion we must have p € By, N {r < 27}, and we may as well assume p is a
regular point of Ny, (since such points are dense). For some § > 0, Bi_+45(p) C Bo,
and so the monotonicity formula yields

H"(Noo N Ba) = H" (€N By) + wp(1 — v+ )",

contradicting the volume assumption. Thus, Ny = [€] with multiplicity 1 in Ba,.
Now the result follows from Lemma 3.1. O

We next state a regularity result for special Lagrangian graphs over €.

LEMMA 3.3. Fiz v € (%, 1) and let K C M be a compact set of smoothly varying
special Legendrians. There exist constants n2(KC), C(IC,~y) with the following effect: if
¢ = RF x Cone(X) for some ¥ € K and N is a special Lagrangian which is the graph
associated to a potential function f over €N By N{r > 27} such that f satisfies the
estimates

sup  rtdf| + D f| <,
€mB2m{r>27}
then we have the estimates
sup  rUdf| +[D*f|<C  sup  rP[f] (3.2)
Ba,N{r>4r} Bn{r>27}
and
sup  |f| < CT_n/2Hf||L2(Bzm{r>2T})- (3.3)
By, {r>4r}

Proof. The first claim is a straightforward consequence of the Cordes-Nirenberg
estimate [5] and the Schauder theory [13]. The second claim follows from the local
maximum principle for solutions of elliptic PDEs [13, Theorem 9.20] together with
scaling and translating. O

At this point we have the necessary ingredients to prove the main quantitative
extension result for the potential. We introduce some notation to make the exposition
more efficient. Suppose N is an exact special Lagrangian which is associated to a
potential function over €N B, N {r > 7p}. We define the following quantities, where
the underline signifies scale invariance:

1
Avn (B, p) = WQBP) /Nme v

T / 5,
NNB,

19l vn,y = p~" ZZ /

NNB,
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18, yllz2(vrB,) = 18l L2 (vnm,) + 1Yl 2(veB,)s

1F12(p,7) = p~t / . (3.4)

enB,N{r>71p}

DEFINITION 3.4. Consider a special Lagrangian cylinder of the form € := R* x C.
Fix v € [1—10, 1). We define the following properties that an exact special Lagrangian
N may possess:

(i) We say that N has the small graph property P; (7, 7,d) with respect to € if N
is the graph associated to a normalized potential f defined on €NByN{r > 27}
satisfying the bounds

sup 1 Hdf |+ | D f| <,
eNByN{r>27}

1£11z2(2,7) < 6.

(ii) We say that N has the volume property P>(v) with respect to € if, for each
point p € (R¥ x {0}) N By, N satisfies the volume bound

H™(N N Ba(p)) < H"(€N Ba(p)) + wn(l —7)"

(iii) We say that N has the harmonic property P3(d) if, on N, the harmonic
functions (3, y; satisfy

18, yllL>(nnBy) < 6.

Finally, for i = 1,2, 3 we say that N has property P; at scale p if p~'N has property
P;.

We now state the quantitative propagation of smallness estimate which will be
a key component of the arguments to follow. Roughly, the estimate says that if N
is the graph over € N By N {r > 27} of a small potential, then N is graphical over
€N By N{r > 7} for a quantifiable 7. < 7 depending on |3, y|r>(nnB,)-
PROPOSITION 3.5. Fix v € [%,1) and let K C M be a compact set of smooth
special Legendrians. Let € = R* x Cone(X,) for some r € K. There exists constants
01, 02,13, C depending only on K, with the following effect:

Suppose N is an exact special Lagrangian in C™ satisfying

e the small graph property Pi(n3, 1071, 81) at scale p with respect to €,
e the volume property Po(7y) at scale p with respect to €,
e the harmonic property and Ps(d2) at scale p.

Define p, = (2 —1072)yp. There exists 7. > 0 satisfying the bound

Cn3 1B, yllze (ves.,) < 72 <2005 18, yll 22 (B,
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such that N is the graph associated to a local potential function F extending f over
CNB,. N{r > pr.} and such that the following estimates hold on €NB, N{r > pr.}

—2
_ r _
2|l < C ((p) 16, 9l vy + 11122 (20,10 1>> ,
and

-2
_ r _
r~HdF| +|D*F| < C ((p) 18, yll2(vnB.,) + 1 £l 22 (20, 10 1))) :

Proof. By rescaling we may assume that p = 1. Fix positive numbers v € [%, 1)

and let p € (0, 1—10) be a constant to be determined. To avoid carrying factors of
10, we will set 7 = 1—10. Fix 72 to be the constant appearing in Lemma 3.3, and
let m1 = n1(KC,m2, 7, 155.7) be the constant appearing in Proposition 3.2. We fix
13 < min{n,n2}. By volume monotonicity the volume bound assumption P5(7)

implies that
H"(N N By(p)) < H*(€N By(p)) + wns" (1 —7)"

for any point p € €9 N By(0), and any s < 2; in particular, N has P(v) at all
scales s < 2. Define sequences {sy}, {ax} by

k41
ar = YH )
Sk = Sg—1 — Qg—1 S0 = 7-

The proof is based on the following two claims:

e Claim 1: Suppose that f is defined on € N By N {r >t} for some 0 <t <1<
s < 2. Then, on this set we have

r 211 < Ca (r2 18, yll e vy + 11222, 7))

for a constant Cy depending only on K.
e Claim 2: There is a 6 > 0 depending only on &, such that if f is defined on
Bas,, N {r > 2a 155} and satisfies

sup r=Ydf| + |D2f| < 2 (3.5)
€NBs., N{r>2a 55 }

and
sup 2| f| < ons, (3.6)
€NBa., N{r>2uk 2}

700
then f is defined on €N Bag,,, N {r > 2ax41 155} and satisfies

sup r71|df| + |D2f| < 19.

€NBasy,, N{r>2a11755}
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Let us first explain the proof of the the proposition, assuming the Claim 1 and Claim
2. Let us first fix the constants. Note that

_ 1_i /+1 > 1_2“/
SE =7 M =z 1_H )
/=0

thus for u sufficiently small we can ensure that 2s; > (2 — —1072) for all k. Fix
0 = 2681 where C4, 0 are the constants appearing in Claims 1 and 2 respectively.
We now consider the following set

I= {k € Zxo : f exists on €N By, N {7" > 2%&} and satisfies (3.5)} .

From our choice of 173 and the volume assumption, Proposition 3.2 implies 0 € Z.
We claim that if £ € 7 and

T\ 2 ons
— 15} 2 < — .
(2% 100) 13, ylle (NNBy) 2°C (3.7)

then k4 1 € Z. Indeed, if (3.7) holds then by Claim 1 we have (3.6) and hence by
Claim 2, k + 1 € Z. The second estimate in the statement follows from Lemma 3.3.
Note that we may choose Jy small so that (3.7) holds for £ = 0. This yields the
proposition, assuming the claims.

Proof of Claim 1: First note that since ﬂ2,yi2 are subharmonic by Lemma 2.13,
the mean-value inequality (see e.g. [6, Proposition 3.8] ) yields the bounds

18Il (nvnBs) < CllBl L2(vnB.) s

||yi||L°°(NﬂBz) < C||QHL2(NmB4)

for a constant C' depending only on n. Fix a point (0,2]) € €N By N {r > t}, and
i

|21

which is a point in €N {r = 1}. Integrating (2.5) along the curve from

(0, zy) to (0,27) with tangent vector % yields

let 2 =

B 1
4172700,0) = 70,59)] < 1w s = 1)
1
and hence

2417210, 2] < sup |1+ Cr21IBl 2 (vea)-
¢N{(z,z"):|z'|=1,2=0}

Note that while f is only locally defined, the curve lies in a single Darboux coordinate
chart as constructed in Sect.2.3. On the other hand by integrating the formula
y = —g—i (c.f. (2.4)) along radial curves in € N {2z’ = 2{} we get the bound in
N BsN{r >t} of the form

r 2L < Calr18, yll e vemy + £ 122(2,1071) (3.8)
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for a uniform constant C'4 depending only on K. Here we used Lemma 3.3 to bound

swp |f] < Clfa(2,1071)).
¢n{(z,2"):2=0, |2’|=1}

Again, while f is not globally defined, the integration takes place in a single Darboux

coordinate chart. This establishes the claim.

Proof of Claim 2: Rescaling by a,;l we obtain a potential for a,;lN defined on

€N By, .-+ N{r > 2455} satisfying

2spay,

sup rdf |+ [D*f] < e
¢nB ka;m{r>2L}

25y, 100

and

sup r 2| f] < oms.
enB,, —in{r>2:5}
k

2s), 100

Covering this set by balls of radius 2 and applying Lemma 3.3 we obtain

sup rYdf| + |D*f| < Céns
eNB,, -1_,N{r>27}
for a constant C' depending on /C,~. Take § = C'~!. Since the volume assumption
Py(7) holds, for each p € R¥ x {0} the ball By(p) satisfies the assumptions of
Proposition 3.2. Therefore we obtain an extension of f to €N By, (p) N{r > 2155 }-
The locally defined normalized potentials glue to a well define normalized potential
in each Darboux coordinate chart, yielding and extension of f to €NB,, ,-1_,N{r >

2sray,

2V 150 - Scaling down by ay, yields the claim. O

4 Decay Estimates

In this section we prove decay estimates which will eventually lead to the uniqueness
of the tangent cone. We begin with the following elementary result

LEMMA 4.1. Let K C M be a compact set in the moduli space of special Legendrians
and suppose that € = R* x Cone(X,,) for some k € K. Then there exists ny = n4(KC, 7)
with the following effect: suppose N is an exact special Lagrangian which is the graph
associated to a potential f defined on €N By, N{r > 2p7} and f satisfies the bounds

sup 1 Hdf| 4+ [D2f| <.
¢NBaN{r>2p7}

Then we have the estimate

k
| YA ¥ < CT L2 7)
NNB,N{r>4p7} i—1 NNB,N{r>4p7}

where C'= C(K) depends only on K.
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Proof. We only sketch the proof. By rescaling we may assume that p = 1. Choosing
n4 small depending on 7 we can ensure that N N By N {r > 47} is part of the graph
over €N By N {r > 27}. From the formulas (2.5) and (2.4) relating for 3,y; and the
potential f, together with Lemma 3.3 the result follows. O

We now state a decay lemma in the easiest case.

LEMMA 4.2. Fiz p >0, 7 € (0, %] Let K € M be a compact set in the moduli space

of smooth special Legendrians. Suppose N is an exact special Lagrangian which s
the graph of a potential function f over (RF x Cone(X,)) N By, N{r > 2p1} for some
Kk € K. Let ng = n4(KC, T) be the constant appearing in Lemma 4.1. Then there exists
a constant 03 = 03(K) > 0 such that if the potential function f satisfies

sup rYdf| + |D2f] < My,
CNBy,N{r>2p7}

and if
(i)
If11L2(2p,7) < 83721073 B, yll L2 (rBs,)-
(i)
p"HMN N B, N {r < 4pr}) < w, 2”107,

then the following estimate holds:

1
18, yllz2(nnB,) < ﬁ”évQHLz(NﬁB@)‘

Proof. We prove the statement for § only, with the statement for y; be obtained by
the same argument. By rescaling we may assume that p = 1. By the mean value
inequality applied to 32, which is subharmonic by Lemma 2.13, we have

5 o 2n+4 9
181z (veinr<aryy < 18122 (vrp,)
n

and so

181 L (N r<ary) (HU(N 0 By N {r < 47}))>

18122 (N By {r<ary) <
< 10_3HQHL2(NmB4)-

By our choice of n4, Lemma 4.1 yields

181 L2 (N Bungr>ary) < Ct2||fll2(2,7)

for C' depending only on K. Taking d3 = C~! and applying (i) yields the result. O
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Recall the normalized volume excess defined in (1.1), and note that VolExx(r)
is invariant under the action of SU(n). For r1 > ro we will denote

VolExy (r1,72) = VolExy(r1) — VolExy(r2) = 0.

The next proposition establishes a quantitative estimate for the volume excess when
the tangent cone € has singularities in codimension at least 5, leading eventually to
Theorem 1.4. The idea of the proof is that, if N is graphical over € on BoN{r > 27},
then H™(N N By N {r > 27}) is essentially equal to H"(€ N By N {r > 27}), up to
small error terms. The remaining region N N By N {r < 27} can be controlled by a
comparison argument, using that N is volume minimizing.

PROPOSITION 4.3. Let K C M be a compact set of smooth special Legendrians and
suppose that € = R¥ x Cone(X,) for some k € K. Suppose that n—k > 5. If N c C"
1s an exact special Lagrangian satisfying

e the small graph property Pi(n,107%,81) at scale p with respect to €,
e the volume property Pg(%) at scale p with respect to €,
e the harmonic property Ps(02) at scale p with respect to €,

where 61(K), 02(K),n = n3(IC, %) are the constants of Proposition 3.5. Then there is
a constant C' depending only on IC such that

VolBs () < € (1£13+(2,107) + 18,9112, + VolExa(20)77 )
Proof. By rescaling, it suffices to assume p = 1. To ease notation, let us denote
My = || fllz=(2,107Y), Mo =18, yllr2(vrs.)-

Since the assumptions of Proposition 3.5 are in effect for v = % we can assume that
N is the graph of a potential on €N Bs N {r > {5} for
2

C™ My < 78 < CMs. (4.1)

We first analyze the portion of N which is obtained from the graph of df. From
Proposition 3.5 we get estimate

rHdf |+ (D21 < C (2B yll e v,y + 1 £1l22(2,1071)) (4.2)

on €N Bs N{r > 7}, and hence, from the bound for 7y we have

sup |df| < C(M;y + My),
CQB%Q{T>1}

sup |df| < C(m0 + rM).
CQB% N{1=2r>7o}

Since the vectors %, % are tangent to € it follows that the graph of df over €N
Bs N {r > 79} necessarily contains all points in N N Bs__ N {r > 79 + C7Z} where
2 2

e < C(M}+ M3)
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and C depends only on K. Set 7 = 79 + C7¢ for simplicity. For the remainder of
the proof C will denote a constant which can increase from line to line, but depends
only on K.

Since € = R¥ x C where C is a cone with dim C = n — k we have

H (€N ByN{r <107}) < CrF. (4.3)

Using (4.2) we see that, for any s < 3 — ¢ we have

(Vs frs o) - (ensn{r> 1)

<Cle+ / MZ 4 4MZ 47k (4.4)
enB.n{r>=1}

Since r™~7dr is integrable near 0 for m > 5, we get a bound

(Vs {rs T -we (enmn{r> TH) | <o, @

for any s < % — €. We now bound the volume of N from above. Since N is special
Lagrangian, and hence volume minimizing, it suffices to construct a competitor
surface.

Write N as the graph over €N By N {r > {5} of a normal vector field V (2, 2’).
Define

Ao graph® (V(z, 2')) if (z,2)e€nBan{r> 4}
graph ™ 120V (z, Z5) if (2,2) € €N BN {r < {5}

where graph™ denotes the normal graph. Note that A can be smoothed near r = 10
if desired. By construction, the current N — A is supported in By N {r < {5} and for
any s < % — &

Massp (N — A) < CT"F 4+ H" <N N BsN {’I“ < %0})

< C(M? + M2) + H"(N N B,) — H*(€ N By) (4.6)

where we used (4.1), (4.3) and (4.5) and n — k > 5.
Applying the co-area formula [27, Lemma 28.1], together with the slicing theory

for integer multiplicity currents [27, Lemma 28.5] we can find an s, € [3,1] and n—1

dimensional integer multiplicity current T such that 0T = 0 such that

T=0 ((N - A)|BS*>
and

Mass(T) < C (MassBé (N —A) — Massp, (N — A)) .
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By the isoperimetric inequality of Federer-Fleming [11] (see also [27, Theorem 30.1])

there exists a current P, with 0P = T and such that

n

Mass(P) < ¢(n)(Mass(T))=—1

for a dimensional constant ¢(n). Now we have

BS*> :8<A\BS* +P).

Thus, by the volume minimization property of special Lagrangians

6(N

H"(N N Bs,) < Massp, (A) + Mass(P)

<Ok 41 (NmBs* N {r > %})

+ c(n) (MassBé (N — A) — Massp, (N — A)) !
<O+ HM (€N B,,) + C(M7 + M3)

n

n

+C<M12+M22+H” (NHBZ) — N (mBg»“

where we used (4.5) and (4.6). Thus, from (4.1) and (4.3), we obtain

VolEx(s,) < C (Mf + M3 + VolEx (Z) >

for a constant C' depending only on K. Volume monotonicity, together with 1 < s, <

% < 2 yields the desired result.

Note that the proof of Proposition 4.3 yields the following simple corollary

O

COROLLARY 4.4. Let K C M be a compact set of smooth special Legendrians and
suppose that € = RF x Cone(X,) for some k € K. If N C C" is an exact special

Lagrangian satisfying

e the small graph property Pi(n,107%,61) at scale p with respect to €,
e the volume property PQ(%) at scale p with respect to €,
e the harmonic property Ps(d2) at scale p with respect to €,

where 6(K), 02(K),n = n3(K, 2) are the constants of Proposition 3.5. Then there is a
constant C depending only on K such that for any T satisfying 7% > ClIB,yllL2(nNnB.,)

we have

HY(NNB,N{r>7})—H"(€NB,N{r >T})‘

1
<C <||fH2L2(2p, 107 + 7k 4 </ r”"“‘5dr> Ilﬁ,yli2(zvms4p)> :



404 T. C. COLLINS, Y. LI GAFA

Proof. This follows from the arguments in the proof of Proposition 4.3 leading
o (4.4). 0

We now come to the main decay result. Roughly speaking, this result says that
if at some scale the special Lagrangian N is well modeled by the linearized special
Lagrangian equation on €, then N gets significantly closer to some possibly different
special Lagrangian cylinder €' after passing to a smaller scale. The cylinder ¢ is
obtained from € by deformation using crucially the assumption of integrability.

PROPOSITION 4.5. Fiz p > 0 and 1,n € (0, %), constants Cq,Co and a compact
set I C M. Let 62(K) be the constant defined in Proposition 3.5. There ezists
Q(IC) S (0, 2) and constants 04 = (54(/C T, 1, 01702) (IC), by = b()(/C,T) € Z~g
with the following effect: if N is an exact special Lagmngzan with harmonic function
B normalized to satisfy Avn(5,4p) = 0 and with respect to this normalization N
satisfies:

(i) There is some Kk € K such that, with respect to € := R¥ x Cone(3,), and at
scale p, N has:
e the small graph property Pi(ns,T,04),
e the volume property Pg(%),
e the harmonic property Ps(d2).
(ii) The harmonic functions (3,vy; satisfy

HQ7QHL2(NNB4,)) < CIT_QHf”LZ(?PaT)-
(iii) For some by < b < 400 the volume excess satisfies the inequality
VolExy (2p, 2 %p) < Callfllz=(2p, 7).

Then, there are constants C(KC,7) > 0 and c¢(IC,7,b) < 1 with ¢(K,T,00) = 0, such
that the following conclusions hold: there are elements a € su(n), and q € H2m(3x)
satisfying the bounds

|alsu(n) + llall L2z, < ClIfll2 (20, 7)
such that if we set N := exp(—a)N and ¢ =RFx Cone(expjzvi q), then:

(c1) We have the decay estimates

< ¢(b)VolExy (2p, 21 %p) +

2 1-b 2
15 = Avg (B, 200) 172 51,y S (D) VOIExN(2p, 2 p)+EHﬁH 2(NNB.,)"

(c2) N s the graph associated to a potential function f defined in an open neigh-
borhood of €N By, N {r > fpr1},

. _ 1
If = Avg(8,26p)[17:(p8,7) < e(b) VolExn (2p,2'"p) + Tollill%z@/% 7),
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and

e DR <
CNBag,N{r>20p7}

Proof. The proof is by contradiction and compactness. By rescaling we may assume
p=1.Fix n,7 € (0,4), by € Z>¢ to be determined, and let 75 = 10773(IC 5), where
n3(IC, %) is the constant appearing in Proposition 3.5. Suppose N, is a sequence of
exact special Lagrangians satisfying (i) — (ii1), Pi(ns,7,64(Ny)), Pa(2), P3(62) with
respect to €, = R¥ x Cone(X,,) for x, € K, n < 13, and §, = 64(N,)) — 0. Without
loss of generality we may assume that &€, converge to € as closed integral currents,
and smoothly on compact sets away from R¥ x {0}. Proposition 3.5 implies that the
potential f, of N, is defined on € N Bz N {r > 7,} with 7, — 0 and satisfies the
estimates ’

[fol S CT20Ifulle2 (2, 7) (1 + 72),
rHdfy| + 1D ] < CT72| fylla (2, 7) (1 47 7)
for all (2,2') e €N Bs N {r>mn}. (4.7)

for C' = C(K). Dividing through by | f,|[z2(2,7) we obtain a sequence of locally

defined potentials fu converging locally smoothly (along a supsequence) to a well-
defined function f by Lemma 2.20. Furthermore, f satisfies Af = 0. From (4.7), the
locally defined functions f, satisfy

|dfu| < C"”_la |f1/‘ <C

for a constant C' depending only on K, 7. Since 7~ “ is integrable (as € = RF x C
with dim C > 2 by assumption) this yields f € Wlif(Bs N (€\Csing)) and we have
the estimate

/mB dF2 +r 22 < C (4.8)

for C' depending only on K, 7. Let C = Cone(X) and denote by
AM=0< A <A< <A<
the distinct eigenvalues of Ay, and, for each j let
9y, (B) :={p:Z = R:Agp+ \jp = 0}.
Fix ¢/ € 95,(X) and define

’Uj(.CL', ’I") = <90]7 fN(x7 T)>L2(E)'
Then since A¢ f = 0 we obtain

0 k—10 . ;
Agrv? + ﬁvj + 7511] A2l = 0.
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Set ¥/ = r%oJ for a;j to be determined, and let us momentarily suppress the depen-
dence on j to ease the notation. Let a be the negative root of a® —(n—k—2)a—\ = 0
and choose ¥ = \/(n — k — 2)2 + 4\ > 0.

Then by direct calculation we have

1 N
Apr? + 0 <T1+Xav> =0.

rltx gr or

From the bound (4.8) we get, for any p < %

/ / (V&I | + 7209 r X drdz < 4oc0.
{r2+lzlP<p?} Jr<p

By Simon’s real analyticity of Fourier series [30, Appendix 1] we deduce that %7 is
real analytic in the variables 72, 2. That is

[ee]
= Z z a;7er2pxz, for %4 |z> < (Bop)?
p=0¢ezt

where ¢ = (01,...,0) € Z’;O is a multi-index, |[¢| = {1 +---+ ¥y, 0p € (0,1) is a fixed
constant depending only on x;, and

0?1 < (Bop)~20710 [ -3 / Gdl
’ rifz]?<p?

We shall write [¢| = {1 + - -+ + £}. Substituting this expression into the formula for

f we have
N

- T Sagretdeds G

{(p.lj)2p+|E| -0y <2} =1

where cpji, ceey <,0§Vj is an orthonormal basis of $),(¥) with A; corresponding to a; as
above and fo is harmonic with strictly faster than quadratic growth. Terms with
2p + || — a;; < 0 are ruled out since p > 0, |[¢| > 0, and «; < 0.

Next we shall make use of the assumption on the volume excess to control the
terms of total degree 2p + |¢| — a; < 2. If such a term occurs then we must have
p=0and |[¢/| = 0,1. From the volume monotonicity formula we have
-t |?
Rn+2°

VolExy, (s) = /

N,NBs

On the other hand, for any exact Lagrangian N we have VI3 = J(z") and hence

2
VolExy, (s) = / 45|

N,nB, R2
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Define

> /811 ~ Yi

O T PC RSN T PR

where we regard y; as functions on N,. From the bound (ii) we see that
18y JiwllL2(n,nBy) < Cy772. Since B,,7;, are harmonic, the mean-value inequal-

ity yields L* bounds on compact sets of N, N By. Thus ﬁy,gjw converge locally
smoothly to harmonic functions 3, 7; on compact subsets of €\ €,y N By. From the
L bound the convergence holds in L?(€N Bs). From the formulas for 3,y; in terms
of f, together with (2.5), (2.4), we have

1 R3 9 f i of
b= OR <R2> o V=g (4.10)
In particular,
1 Ni
ﬂ:_§ Z Z(2p+|f|—0@—2) @y 0" 2p7ajajécpg+ﬁ>27
{(p,l,a;):2p+|l]—cr; <2} =1
k= D > ity o 0T 0]+ sy, (4.11)

{(p.tj):2p+ €| —0; <2} =1

where e}, is the standard unit vector with 1 in the k-th slot, 3>2 is a harmonic function
with strictly larger than quadratic growth and gk is harmonic with strictly larger
than linear growth. Since B, is harmonic and satisfies Avp, (ﬂl,, 4) = 0 we see that
Avg(ﬂ 4) = 0. From the formula for 3 in terms of f , this immediately yields that
the expansion (4.9) does not contain a term of degree 0. Define
I(O,k) = {(jvpvg) : 2p + M’ — € (ka)})
Iy =A{(,p,0) : 2p + €| — aj = k}.

Then we can write
f= f(0,2) + fot foo

where, for example, f(o,z) is obtained by summing over (j,p,{) € I(g2), and fo is
defined analogously using Io. Similarly we can write

B = B2 + B2, 9i = (Fi)(0,1) + (Ui)1 + (9i)>1

We need to exploit the volume excess control to estimate terms arising from f(O,Q).
Suppose f contains a term of total homogeneous degree 0 < 2p + |¢| — «; < 2. Since
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aj < 0 the number of such terms is finite and bounded uniformly in K. Furthermore,
from assumption (7i7) on the volume excess and Fatou’s lemma we have

/ R "2 |V3? < Cy < 400. (4.12)
en{21-*<R<2}
In particular, for v sufficiently large Fatou’s lemma gives

/ R V32 < 5/ R-("2|v3,)2.
en{2i-t<R<2} N,N{2'-*<R<2}

Before proceeding note that if b = +o0, then the bound (4.12) together with (4.11)
implies that expansion of f does not contain any terms with 0 < 2p + [l —aj < 2.
What follows is an effective version of this result for sufficiently large annuli. Indeed,
from (4.11) we see that if 0 < 2p+|¢| — o < 2, then there is a constant C3 = C3(K)

such that
O [0 (]
OR OR \ R?
(4.13)

Fix 6 € (0,3) with § < . Since $2,,(3,) has the same dimension for all k € K
we have 2p + [{| — a; < 2 — §(K) for some 6(K) depending only on K. Thus we can
choose b sufficiently large depending only on X, 8 such that the lower degree terms
are negligible

2
ol , 2 2 2ErH—a-2) o / R-(n+2)
w en{21-*<R<2}

g / FonlP <107 / R j12, (4.14)
CNBe en{2'—*<R<2}
(20) "4 / Bros|? < 107 / R-D|VER  (4.15)
¢NDBag en{21-<R<2}
and
(20723 / @) o> < 102 / R-D|VER. (4.16)
o] J€NBao en{2i-t<R<2}

Since B>2, f>2, 7>2 have degree strictly larger than 2, we have the decay estimates
O [ (Fa <oc
Bo
COR G
BQ@ Bl
o2 [ @i <o [ i (417)

B,

for a depending only on the spectrum of ..
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Let us address the terms fo, ()1, where we note that (§;); = —%fg. From the
bounds of f we evidently have

sup \fg] <C
Q:QB%

for a constant C' depending only on C, 7.

First consider the index set 5. Note that if (j,p,¢) € Iz and |[¢| = 2 then p =
a; = 0 the corresponding harmonic function is generated by su(n). If |¢| = 1, then
2p — aj = 1 and hence p = 0, —a; = 1. However, since X is integrable in the sense
of Definition 2.2, any such harmonic function is generated by the action of su(n) by
Lemma 2.5. Define

N;
J 2p—oy, . J
D D a el

(4,p,0)€l2 =1

so ¢ is a quadratic growth harmonic function on C (note that in fact we must have
p = 0, since ¢ is harmonic). Then fy — ¢ is a harmonic function generated by the
action of some element a € su(n). From the L*° bounds for fs we have

|alsu(n) +1ql2(z) < C

for a constant C' depending only on IC, 7. By the integrability assumption on C and
Lemma 2.5 we can find sequences €, ;, < C||f [|12(2,7) — 0 such that, with respect
to the slightly modified data
]/\\7,, = e 4. N,
R M 1
C.,q = Cone(exps €,9),
¢, :=R" x C.,

then we have:

° ngq e K.

e For v sufficiently large, N, can be written as a graph of a function fy satisfying
Py(n,1,C4,), Pz(%) with respect to €, as well as conditions (ii), (iii), after
possibly replacing C1, Co with 2C1, 2C5.

e Passing to the limit we obtain a harmonic function f on ¢ N B% with fo = 0.

Thus, for 8 sufficiently small depending only on IC, and b sufficiently large depending
on 0, K and v sufficiently large we have:

e From (4.15), (4.16) and (4.17) and the convergence in L? of f3,, i, to 3,7; we
obtain

Hﬁ A/UN (/8’ 29)“[]2 N,NB, o) C(b)VOIEXN (2 21 b) + 10~ 5”5”[/2(]\7 NBy)’
< e(b)VolExy, (2,2'7%) 4 1075 |y,]|2

HyZHLQ N,NBay) L*(N,NB;)"
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Noting that ||3[?

clusion (c1).

e From the bounds (4.14) and (4.17), for v sufficiently large depending on 6, N,
is a graph over an open neighborhood of E,, N By N {r > 07} of a function f,
satisfying Py (n, 7,C9,), Pg(%) and such that

g1 / 2 < e(b)VolExy, (2,217%) + 1071 / f2.
¢, NBeN{r>07} ¢, NBN{r>27}

e From the estimates (4.7) we can choose v sufficiently large depending only on

LN By) < 44|81 L2(F.NBa) (and similarly for y;) yields con-

KC,m, T so that
sup o Hdf| + D <7y
eNByN{r>067}
establishing conclusion (c2). 0

We now come to the proof of the main theorem.

Proof of Theorem 1.1. Suppose N is an exact special Lagrangian in Bjgg such that
MN = N; — € = RF x Cone(X) for some sequence ), increasing to +oo. Let K ¢ M
be a connected compact set with non-empty interior parametrizing smooth special
Legendrian deformations of ¥; we may assume K can be identified with a small
closed ball in Tx,C by the exponential map exp“z\’l.

Given 719 (to be fixed below) we fix n > 0 so that

7 < min {nz(’C),ns </C, 2) ,774(/C,To)ﬂ75(’C)} ‘

Let € > 0 be given. By Allard compactness, for ¢ sufficiently large depending on 7, &
and /C sufficiently small we may assume that N, satisfies:

(i) The volume property P»(2) at all scales s < 1, and with respect to all cylinders
RF x Cone(X,) for k € K.
(ii) We can choose 71y sufficiently small so that

p "H™ (exp(—a)Ny N B, N {r < 4p7p}) < w, 2~ (8)107°

for all p < 4 and for all a € su(n) with |afs,m) < 1.
(iii) The small graph property Pj(n, 79,€) with respect to €.
(iv) The harmonic property Ps(¢).
(v) The volume excess satisfies VolExy(2) < e.

Let b = bo(K,70) € Z>0 and § = 0(K) be the constants appearing in Proposi-
tion 4.5. Let N = Ny to ease notation. We make the following induction statement.

Induction statement, I(sp): For all s € Z>g and s < sg there is a sequence of

scales pg = (%)51(2)52 satisfying

1 0

Ps = ZPS—I or  ps = SPs—1
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and a constant C' independent of s such that, if we define

s—1
o(s) =10 + QZ 105 VolExy (2p¢, 211 py),
=0

then:
(1) There is an exact special Lagrangian Ny and a special Lagrangian cylinder
¢, =RF x Cone(expé/i1 ¢s) defined inductively by Ny = N, ¥y = X, and
Ny = exp(—as)Ny_1, ¢, = RF x Cone(expjz\i1 qs)
for as € su(n), gs € Ham(Xs—1) satisfying

‘G’S’su(n) + ’qS|L2(ZS,1) < QQCP(S - 1)

(2) Define s = 8 — Avn,(5,4ps). With respect to this normalization, N is the
graph associated to a normalized potential f; defined over €, N By, N {r >
2ps70} and we have the estimates

Hﬁsvﬂ”%z(zvmm,,s) < ¢(s), (4.18)
£ ,1172(2ps,70) < Cio(s), (4.19)

sup rtdfs| + D fo| < . (4.20)
CsNBa,, N{r>2ps70}

In particular, with respect to this normalization, and at scale ps, Ny satisfies:
e the small graph property Pj(n, 19, Cp(s)) with respect to €,
e the volume property Pg(%) with respect to €,
e the harmonic property Ps(¢(s)).

We will show that I(s — 1) implies I(s) if C is chosen large depending on K, 7o,
and ¢ is chosen small depending only on K, 7, n,C. Note that from the properties
of N (c.f. property (v)) and since b < 400 we have

p(s) <2Ce, D @(s) < C(C,0,be.
s=0

Thus, as long as I(s) holds, the special Legendrians ¥, € K, provided ¢ is chosen
sufficiently small depending on C, K, 79. The base case, I(0), follows from our choice
of N as above. We now consider a trichotomy of cases, which we separate into
lemmas.

LEMMA 4.6. In the above setting, suppose that I(s — 1) holds and
His_l”(zps—lﬂ TO) g 1072537—(?”@5_17g|’L2(NﬂB4p571)

where 63 = 93(KC) is the constant appearing in Lemma 4.2. Then, I(s) holds provided
C' is chosen sufficiently large depending only on IC, 19 and ¢ is sufficiently small
depending on I, 1p.
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Proof. By the induction assumption and our choice of 7y (c.f. property (ii) above)
we may apply Lemma 4.2 to deduce that at scale ps = ips_l, we have

1
2 2
”ﬁs—l’ y||L2(st1ﬂB4ps) < ﬁ Hgs—l’ g||L2(stlﬂB4pS,1) :

Set Ny = Ny_1 and €5 = €,_;. Then statement (1) of I(s) is trivially satisfied. Since
subtracting the average decreases the L? norm, 3 = 351 — Avn.(Bs_1,4ps) has

1
2 2
”QS’Q||L2(NSHB4,,S) < ﬁHﬁs,layHLz(NS_mBMH)

which easily implies (4.18).

We now apply Proposition 3.5 with v = % to conclude that if € is chosen suf-
ficiently small depending on KC, 79, then f,_; extends to Ba, N {r > 2p,7p} and
satisfies

His,lHﬁz (2ps,7'0) < C(”QS,pQH%2(NS_1QB4,,S,1) + ||i571||%2 (2ps_177—0)
2

<208, 1 yllze(v._unBa,, )

as well as

sup T_lfdfs_1| + ‘szs—l‘ < 2CHQS_17QHLQ(NSAOB@S,I)
€ NBa,, N{r>2p,70} ‘

for a constant C' depending only on X, 79. Now the normalized potential is given by
fs = fs—l - AUNS (ﬁs—lv 4ps)-

Since I(s — 1) holds, we obtain (4.20) for ¢ small depending on 7, K, 9. By the
mean-value inequality we have

ot [ o (A B 49 OB,y om,, ) (421
sMNB2, , N{r>2ps7o
for a constant C' depending on I, 7p. All together we have

113206, 70) < CIB,_, ul 3o,

for C depending only on K, 79. Provided the constant C is chosen large, depending
only on IC, 7, this implies (4.19). Taken together these estimates imply property (2),
and hence I(s) holds. 0

Next we consider the case when the volume excess is dominant.
LEMMA 4.7. In the above setting, suppose that I(s — 1) holds and
10720375118, _ > yllzevesa,, ) < If 411251, 70),
18, 19y W Fen mma,, ) I 1220, ) < VOIEXN(205-1, 2'"0p ).

Then, I(s) holds provided C is chosen sufficiently large depending on K,y and ¢ is
sufficiently small depending on C, K, 19.
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Proof. Set ps = %ps—1 and let Ny = Ng_1 = N and C;=Cs 1 = E, where we briefly
suppress the dependence on s to ease the notation. Then part (1) of I(s) is trivially
satisfied. From the mean-value inequality for subharmonic functions we have

”ﬁs—l|’i2(]\AfﬁB4ps) < 44”/85—1”%12(]([034%_1)'

Now since 3s = Bs—1 — Avg(Bs—1,4ps), and subtracting the average decreases the
L? norm the assumption of the Lemma yields

H&Hi%ﬁﬂB‘;ps) < 44V01EXN(2p8—17 21_bp5—1)'

Thus (4.18) holds provided C is chosen large. Now by volume monotonicity we have
VolExx (2ps_1,2"%ps_1) < . By Proposition 3.5 we conclude that if ¢ is sufficiently
small depending on I, 7y then f;_; extends to €N By, N{r > 2ps70} and satisfies
1f,_ 1172 (2ps, 70) < CVOIExN (2p5-1,2" " pa1),
and
sup rYdfs_1| + |D*fs1| < C (VolExN(2p5_1, 2171),05_1)) :

ENBa,, N{r>2ps70}

where we used the assumptions of the Lemma, and C' is a constant depending on
K, 0. Now since fs = fs—1 — Avg(Bs—1,4ps) this implies (4.20) provided ¢ is small
depending on I, 79, 7. To obtain (4.19) we can apply (4.21) to conclude

I1£ 1172 (205, 70) < CVolEx (2p5-1,2" "ps_1)

for C' depending on K, 79. Thus, provided C is large depending on IC, 79, and ¢ is
small depending on C, K, 79, we conclude the I(s) holds. O

Finally, we come to the main case of the induction

LEMMA 4.8. In the above setting, suppose that I(s — 1) holds and

_ -1
(107%6375)  IIf,_,I(2p5-1,70),

2 2
Hés—l’ys—IHLQ(stlmB‘lps_l) + ||is—1||L2(20571770)'

18, _1:Ylle2(vn,, )
VolExy (2ps-1, 21_bps—1)

NN

Then, 1(s) holds provided C is chosen sufficiently large depending on IKC, 19, and € is
sufficiently small depending on C, K, 1.

Proof. Since I(s— 1) holds, we can apply Proposition 4.5 provided ¢ is chosen small
depending on K, 03(K), 79, C, n. Here we use that

VolExy (2ps—1,2'"ps—1) = VolExn,_, (2ps-1,2" "ps_1)

by SU(n) invariance. Let ps = (g) ps—1. Proposition 4.5 yields the following conclu-
sions:
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e There exist special Lagrangians Ny and € satisfying part (1) of I(s), provided
C' is chosen sufficiently large depending on K, 7p.
e We have the estimate

1
b
18, yll72(v.rm,,. ) < VOIExn (2p5-1,2" Pps1) + TOHQS_I,QH%Z(NS,m&pH)

which easily implies (4.18).
e N, is the graph associated to a normalized potential function fs defined on
Cs N By, N{r > 2ps1} satisfying

_ 1
1£,1Z2 (205, 70) < VolBxn (20512 ps1) + 15 1£, 122 (2p5-1,70)

as well as
sup rYdfs| + |D*fs| <
CNB2p,M{r>2p,70}
which yields (4.19) and (4.20). O

We can now finish the proof. Since one of Lemmas 4.6, 4.7, or 4.8 must hold at
each scale, we conclude that the induction statement I(s) holds for all s € Z > 0,
as long as C is chosen large depending on K, 7y and ¢ is chosen sufficiently small
depending on C, K, 9. We note that for any m € Z>o we have the summability of

error bounds
[ee]

d(m) := Z p(s) < C (10_m€ + VOIEXN(me,l))

sS=m
for a constant C' depending on C, 6,b. By part (1) of I(s) we conclude:

e For each s there is an element a4 € su(n) so that Ny = exp(—as)N.
e There is an element a € su(n) so that,

Héusu(n) < C&, and, for all m |dm - d‘su(n) < C<I>(m) (4.22)

e There is a special Lagrangian cylinder ¢ = RF x Cone(i), where £ 3 5 =
expg/‘ q for g € 99, (2) satisfying
lqllz2(s) < Ce. (4.23)
e We have a Hausdorfl distance estimate in By
dH(eXp(dm)Cm,exp(&)/Q\l; By) < C®(m).
e By part (2) of I(s) and Proposition 3.5, for any m € Z>q, Ny, can be written
as the graph of a function f,, defined on €N By, N {r > 2p,, 7y} for
T = ®(m)s

satisfying
sup Y df | + | D? frn] < C®(m)5. (4.24)
ENBay,, M{r>2pmTm}
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e The estimate (4.24) implies that every tangent cone of N agrees with exp(d)&
on By N {r > 6} for any § > 0. On the other hand, since ¢ may be chosen
arbitrarily small in (4.22) and (4.23), this implies @ = 0 and ¢ = ¢. By volume
monotonicity this is already sufficient to yield the uniqueness of the tangent
cone.

e Furthermore, since |df,,| controls the distance from N, to €, (4.24) implies a
Hausdorff distance bound,

A" (Ny, € Bap. O {r > pmTin}) < Cpm®(m)i.
e From Corollary 4.4 we have a volume bound
H"(Nm N By, N {r > pmtm})  H'(EN By, N{r > pmTm})
Pin Pm
All together, these considerations together with Lemma 4.9 below imply the
Hausdorff distance bound

d(N,¢; B, ) < Cpm (cb(m)fn + volExN(2,om)%) .

< CP(m)7.

It is not hard to show that this bound implies the rate estimate
d(N,¢; B,) < Cp (pa + VolExN(pa)ﬁ) (4.25)
for some a > 0. O
In the proof of Theorem 1.1 we used the following simple result.

LEMMA 4.9. Suppose N C C" is a connected special Lagrangian in B, with 0 € N,
and suppose we have a special Lagrangian cylinder of the form ¢ = R¥ x Cone(X) C
C™. Suppose in addition that there are constants €,§ > 0 and T € (0,2) such that we
have the following estimates:

p "H" (NN B, N{r>pr}) —H"(CNB,N{r>pr})| <6,

AT (N, & B, N {r > pr}) < pe.

Then we have the Hausdorff distance bound

3=

4¥(N,€ By) < p+ pC (5" [H(N 1 B,) ~ H(€N By))) + 7 +9)
for a constant C' depending only on €, n.

Proof. The proof is straightforward. By rescaling we may assume p = 1. Suppose
there exists a point p € N such that dist(p, &) = v > . Since N is connected we
assume that dist(p,0B;) > . Consider the ball B,_.(p) C B;. Clearly By,_.(p) is
disjoint from N N By N{r > 7}. Thus, from volume monotonicity we have

H' (NN B1) Zwp(y—e)"+H'(NNBiN{r>rt})
>wp(y— )" +HY(ENB) —Cr" % -4

for a constant C' depending only on €. Reorganizing yields the result. O
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Next we prove Theorem 1.4.

Proof of Theorem 1.4. The proof is similar to the proof of Theorem 1.1, making use
of the volume excess decay estimate in Proposition 4.3, and exploiting the b = 400
case of Proposition 4.5. We only sketch the argument. We modify the induction
statement I(sg) as follows:

e Replace the rate function ¢ with the power law decay
o(s) =10 %¢.

e Clause (1) of the induction statement remains the same.
e To clause (2) we add the estimate

VolEx . (2ps) < C?p(s). (4.26)

To simplify the exposition, let us denote by s = 8 — Avn, (0,4ps) and

2
Bs = Hﬁs?QHL?(NsmB%)’
Fs = £ 112 (2ps, 0),
Vs := VolExn_ (2ps),
where f5 is the normalized potential relative to our choice of . In case the assump-
tions of Lemma 4.6 hold we obtain from the same argument

1
s < —Bs— ) d s < s—
B 100[3 1, and Fy<COBsq

for C' depending on K, 9. This yields the desired estimates for C sufficiently large
depending on /C, 79. On the other hand, from Proposition 4.3 we have

V< C(Foa+ B+ V)

for a constant C' depending on K. Now by the assumption of Lemma 4.6 we have
Fs—1 < 0Bs_1 for 6 < 1. Thus we get

V, <20B, 1+ OV < 200p(s) + CV, 7 Copls).

Now provided ¢ is sufficiently small depending on C, and C is sufficiently large
depending on C (and hence on K) we have V, < C%¢(s) as desired.
We replace Lemma 4.7 with a slightly modified statement

LEMMA 4.10. Suppose that I(s — 1) holds and that
885—1 < fs—ly
Bs—l +fs—1 < Cz_lvs—l-

Then I(s) holds provided Cy = 10*°C? and C is chosen sufficiently large depending
on K, 19, and € is chosen sufficiently small depending on C, K, 1g.
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Proof. From Proposition 4.3 we get

Vi < C(Foo1 +Bso1 + V1) < CV 1 (CyH + V1))

for C' depending only on K. Choosing Cy = 10*C?, and C large depending on K and
¢ small depending on C, K we can arrange

1

|
OVs1(Co1+ V) < 07!

yielding the desired decay. The remainder of the argument proceeds in the same way
as in Lemma 4.7 to obtain

By <4'C5 W1 < (s)
by our choice of Cs. Finally, by Proposition 3.5 we have

fs g C(fs—l + Bs—l) g gvs—l
Cs

for C' depending only on K, 79. Now by the induction assumption and our choice
of Cy we have F, < l%gcp(s) and hence the desired conclusion holds provided C is
chosen large depending on K, 7. O

Finally, we replace Lemma 4.8 with
LEMMA 4.11. Suppose that I(s — 1) holds and
By <01 Foy,
Vi1 < Co(Bs—1 + Fs-1)-

Then, I(s) holds provided Cy = 10*C? and C is chosen sufficiently large depending
on K, 19, and ¢ is sufficiently small depending on C, I, 1q.

Proof. The b = 400 case of Proposition 4.5 implies

1 1
Bs < EBs—l and Fs < Efs—l

thus it suffices to establish the decay of the volume excess. Since ps = g pPs—1 in this
case and 0 < % we have

1
Vs < VOIEXN(§pS_1)

and by Proposition 4.3 we have
1 _n_
VolEx N <2ps_1> <C <f5_1 + Bs—1 + Vs":f> .

From the assumptions of the lemma we obtain

1 1

Vs K C(1+ CoVI ) (Fomt 4+ Bo1) S C(1+ CoVI)(C + 1)p(s — 1).
Choosing C is large depending on I, 79 and then ¢ small depending on C we can

arrange that CQVE <1, and Vs < %QQQO(S — 1) which is the desired conclusion. O
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It follows that I(s) holds for all s and from the improved rate estimate and the
arguments in the proof of Theorem 1.1 we obtain the desired polynomial convergence.
O
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