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ON ARITHMETIC SUMS OF AHLFORS-REGULAR SETS
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Abstract. Let A, B C R be closed Ahlfors-regular sets with dimensions dimyg A =:
« and dimyg B =: 3. I prove that

dimy[A+60B] > a+ - é:—g
for all # € R\ E, where dimy E = 0.
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1 Introduction

This paper contains the following sum-product result for Ahlfors-regular subsets of
R:

Theorem 1.1. Let A, B C R be closed Ahlfors-regular sets with dimg A = « €
[0,1] and dimp B = (3 € [0,1]. Then

dimy[A +6B] > a+ § - 5=2
for all § € R\E, where dimpg F = 0.

The paper also contains a d-discretised version of Theorem 1.1, see Theorem 3.6,
and Remark 3.8. I will next review other statements of similar nature in previous
literature. Three close relatives are Bourgain’s discretised sum-product theorem [4],
Dyatlov and Zahl’s estimate [6] for the additive energy of Ahlfors-regular sets, and
Hochman’s projection theorem [9] for self-similar sets.

Bourgain in [4], see also his earlier paper [3], proved lower bounds for the dimen-
sion of A + 0B without assuming that A, B are Ahlfors-regular. He showed that if
a=p£¢€(0,1), and E C R has dimension dimyg F > k > 0, then

dimg[A+60B] > a+e (1.2)
for some 0 € E, where € > 0 only depends on a = 3, and x > 0. Without the Ahlfors-

regularity assumption, the dependence of “¢” on “k” in (1.2) is inevitable, see the
next example. As Theorem 1.1 shows, the dependence disappears for Ahlfors-regular

sets.

ExaMPLE 1.3. Fix n € N and & € (0, 1] such that n?® € N. Let 4,, := {k/n:1 <
k <n}and E, := {k/n* :1 <k <n?}. Then A, + E,A, C {k/n'*?": 1<k <
2n1t25} . Thus, if § € (0,1), and Ns(A) is the §-covering number of A, we have

Ns(A, + E,A,) < 2n'2%, c e E,. (1.4)

For 0 < § < n~'72% the same inequality remains true, up to an absolute constant, if
we replace A,,, E,, by the 6-neighbourhoods A, () and E,(d). Now, choose § := n~2.
Then, if HZ_ stands for s-dimensional Hausdorff content, it is easy to check that

HY2(A,(n72)) =1 and HE (E.(n~?)) > 1.

Therefore, informally speaking, A, (n~?) is the n~2-neighbourhood of a %—dimensio—
nal set, and E,(n~2) is the n~2-neighbourhood of a k-dimensional set. Noting that
ntt2 = (n=2)1/2+% the inequality (1.4) roughly says that A,(n~2) 4+ E,(n"2)A,
(n=2) is at most (5 + x)-dimensional.

The construction described above can be “iterated” to produce compact, Cantor
type, non-Ahlfors-regular sets A, E,; C [0, 1] such that dimy A = %, and dimyg E,, =
k, and dimp(A + E,A) < i + k. In particular, lim o dim(A4 + E,A) = dim A.
This shows that the Ahlfors-regularity assumption in Theorem 1.1 is necessary, even
when A = B. The “iteration” procedure is explained further in [13, Example 4.1] in
a slightly different, but very similar, context.



GAFA ON ARITHMETIC SUMS OF AHLFORS-REGULAR SETS 83

w0

We have now seen that the size of “€” in (1.2) depends on “k”, and this depen-
dence vanishes for Ahlfors-regular sets (as long as x > 0). Theorem 1.1 has another
key difference compared to Bourgain’s result: Bourgain initially proved (1.2) only
in the case a = dimyg A = dimyg B = 3, while Theorem 1.1 makes no assumptions
on the relative sizes of @ and . A variant of Bourgain’s result (1.2) (for general
sets) is simply false in the total absence of such assumptions: it is not difficult to
construct (non-Ahlfors-regular) sets A, B C [0,1] of dimensions dimg A = 1 and
dimy B = i such that dimg[A + 0B] = % for all 6 € E, where dimg E = i.
The construction is based on arithmetic progressions, just like Example 1.3. If
A, ={k/yn :1 <k < /n}and B, = E, = {k/V/n: 1<k < Yn} for some
n € N such that /n € N, then

L2 (Ap(nh) ~ 1,
o HLY(Ba(n™Y) = HLY (En(n~1)) ~ 1, and
o Nyt (Au(n™Y) + Ey(n™)Bu(n ™)) ~ /it = Nys (A (n71)).

The last point is the scale n~! analogue of the equation dimy(A + EB) = dimy A.
Again, an iterative construction as in [13, Example 4.1] is required to pass from the
approximating sets A,, E,, B, to A, E, B.

While Bourgain’s result (1.2) was initially proven only in the case o = f3, the
case o # [ has been recently studied in [17]. Based on evidence in finite fields [18],
the following conjecture seems plausible for general sets:

CONJECTURE 1.5. Let k > 0, and let A, B, E C [0, 1] be compact sets with dimy B >
k, dimg B + dimyg E > dimy A + k, and dimpg A < 1 — k. Then (1.2) holds for some
0 € E, and for some € > 0 depending only on k.

To understand why the lower bound in Theorem 1.1 might be plausible—while
a similar statement for non-Ahlfors-regular sets fails in multiple ways—one should
next compare Theorem 1.1 to the bound of Dyatlov and Zahl [6] on the additive
energy of Ahlfors-regular sets. In [6, Theorem 6], it was shown that if A C [0,1] is
an Ahlfors-regular set with dimg A = « € (0, 1), then there exists a constant € > 0,
which depends on both “a” and the Ahlfors-regularity constant of A, such that

(Ha)4({(l‘1,$2,x3,x4) S A4 : |(.’E1 + xz) — (.733 + ZE4)| < 5}) g (5a+6, 0<d<1.

For more recent improvements and generalisations of the work of Dyatlov and Zahl,
see the papers [20] by Rossi and Shmerkin, and [5] by Cladek and Tao. It follows
from the estimate above that dimp[A+ A] > a+e¢. More generally, one can show that
dimg[A + 0A] > o + € for every 0 € [5,1], where € only depends on « € (0,1), and
the regularity constant of A. Does this imply that the zero-dimensional exceptional
set mentioned in Theorem 1.1 is not really necessary? No, because the constant “c”
in the uniform lower bound essentially depends on the regularity constant of “A”.

EXAMPLE 1.6. Consider a 3-dimensional self-similar set Ay on [0,1] with “N” gen-
erating intervals of common length N2, placed in arithmetic progression. Then,
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Ap is %—Ahlfors—regular for every N > 1, but the constant increases when N — oo,

and also dimpg[Ay + An] — % as N — oo. Regardless, Theorem 1.1 shows that

dimyg[An + 0AN] > % for every 0 € [0, 1]\ E, where dimy E = 0.

Even though the largest “€” in dimp[A + A] > a + € depends on the Ahlfors-
regularity constant of A, it is known that A + A+ --- + A contains an interval,
and in particular dimp[A + --- + A] = 1, if the number of copies of A in the sum
is sufficiently large, depending on the dimension and Ahlfors-regularity constant of
A. This is due to Astels [1], and a recent higher-dimensional generalisation is due
to Feng and Wu [8] (Ahlfors-regularity is not sufficient in R, but one rather needs
to assume that A has positive thickness, which is implied by Ahlfors-regularity for
A C R.) While these results of Astels or Feng-Wu are not used in the proof of
Theorem 1.1, an idea of “iteration” is also present, see Section 1.1, and enables one
to upgrade e-improvements to more substantial ones, at the cost of throwing away
a zero-dimensional set of exceptional directions £ C R.

The examples above indicate that Theorem 1.1 illustrates a phenomenon slightly
distinct from those discussed by Bourgain, and Dyatlov-Zahl. In some ways, a closer
relative is Hochman’s projection theorem [9] for self-similar sets: a special case of his
result shows that if A, B C R are self-similar sets with common contraction ratios,
then

dimp[A + 0B] = min{dimy A + dimy B, 1}

for all # € R\ E, where dimy E' = 0. In fact, even the packing dimension of E is zero.
The assumption about common contraction ratios is needed to ensure that A x B is
also a self-similar set: this is relevant, because Hochman’s projection theorem states,
generally, that if K C R? is a self-similar set without rotations, then dimy my(K) =
min{dimg K, 1} for all § € R\E, where dim F = 0, and my(x,y) := x + 0y.

I briefly mention that the case with (dense) rotations can also be handled with
different methods, see [19]. More generally, the product of self-similar sets is self-
affine, and there are numerous papers containing strong projection theorems for
self-affine sets and measures, see [2, 7, 10, 19].

The starting point of the current paper was an attempt to generalise Hochman’s
projection theorem from self-similar sets K C R? to Ahlfors-regular sets K C R2.
The attempt failed in various ways, and Theorem 1.1 was the best outcome I could
recover. The initial goal still seems plausible, however, so I pose it as a question:

Question 1. Let K C R? be a closed Ahlfors-regular set. Is it true that dimy my(K)
= min{dimy K, 1} for all § € R\E, where dimg F =07

An affirmative answer to Question 1 would be an improvement over Marstrand’s
classical projection theorem [11] for Ahlfors-regular sets. Partial evidence for Ques-
tion 1 can be found in [16], where an analogous result is proved for Assouad dimen-
sion in place of Hausdorff dimension. (The result for Assouad dimension does not
require “K” to be Ahlfors-regular, which is essentially due to the possibility to shift
attention from “K” to its more regular tangents.)
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1.1 Proof outline.  The uniform lower bound dimyg[A + A] > dimyg A + € for
Ahlfors-regular sets, discussed above, can be deduced from certain inverse theorems
in additive combinatorics; there are several of these, for example by Hochman [9],
Sanders [21], and most recently by Shmerkin [22]. Similar ideas are also present in the
works of Bourgain [3, 4]. To be precise, Dyatlov-Zahl [6] applied Sanders’s theorem
[21], while Rossi-Shmerkin used Shmerkin’s inverse theorem [22]. I deliberately wrote
“can” in the opening of the section, since Cladek-Tao [5] avoid the use of inverse
theorems.

The idea of inverse theorems is, briefly, the following: if dimy[A+ B] < dimyg A+e
for a sufficiently small constant ¢ > 0, then A needs to have 1-dimensional branch-
ing on scales where B has positive-dimensional branching. If dimg B > 0, then B
necessarily has positive-dimensional branching on many scales, and hence A has
1-dimensional branching on many scales. However, if A is a-Ahlfors-regular with
a < 1, then A cannot have 1-dimensional branching on any scales. If follows that
dimy[A + B] > dimg A + €.

As we have seen in Example 1.6, there is an inevitable dependence between the
Ahlfors-regularity constant of A, and the number “¢”. This dependence is hidden in
the argument above: the statement that “A cannot have 1-dimensional branching
on any scales” is only true, if the scales are chosen appropriately: the leaps between
consecutive scales need to be big enough, depending on the regularity constant of
A. The leap size is one of the parameters in the inverse theorem (of either Hochman
or Shmerkin), and the theorems only become applicable if the threshold “€” in the
inequality dimyg[A + B] < dimg A + € is small enough, depending on the leap size.

To prove Theorem 1.1, a bootstrapping scheme is required. The following outline
is not in 1-to-1 correspondence with what really happens in the proof, but I hope
that some ideas are transmitted. The main idea is to assume “inductively” that one
has already established a weaker version of Theorem 1.1: one has already managed
to show that

dimpg[A+60B] > o+ x (1.7)

for a certain parameter x > 0, for all pairs of Ahlfors-regular sets A, B with fixed
dimensions «, (3, and regularity constants C'4,Cp, and for all § € [0, 1] outside a tiny
exceptional set F C [0, 1]. The set F may naturally depend on the choices of A, B.
In the “base case” y = 0 (or alternatively x = €, depending on C4), one simply has
E = (). To quantify the “tininess” of E in general, one formulates a d-discretised
version of the theorem, so F' = Ejs. Then, one shows that HZ (F) < 0", where 7 > 0
can be chosen arbitrarily small (one eventually wants to let 7 — 0 to establish the
O-dimensionality of exceptions), and 1 > 0 is an auxiliary parameter. For the details
of how to set this up, see Theorem 3.6.

Next, one makes a counter assumption: there exists a pair of Ahlfors-regular sets
A, B, with exactly the same parameters «, 3,C4,Cp as above, such that

dimg[A+60B] < a+x+e with x+e<g. 32 (1.8)
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for all € E C [0,1], where, roughly speaking, HZ (F) > §7/2. This means that
FE is allowed to be fairly tiny, but is assumed to be substantially larger than the
“tininess” of E in the inductive hypothesis. Hence, combining (1.7) and (1.8), one
finds that

a+x <dimg[A+0B] <a+x+e (1.9)

for a typical direction 6 € E. Now, fix §y € E such that (1.9) holds, and view A x B
as a subset of [A+60yB] x R =: A’ x R (after a change of coordinates). Then A’ has
the following two properties:

(1) a+x <dimg A’ <a+x+e,

(2) A" is a union of translates of A. This implies that A’ has > «a-dimensional
branching on all scales. For a clarification of what this means, see the statement
of Theorem 4.76, and the remark after it.

Recalling that A x B C A’ x R, up to a change of coordinates, one more precisely
rewrites A x B = A’ x B’, where B’ represents the intersection of A x B with the
“typical fibre” under the map 7y, (z,y) = = + 6py. From the upper bound in (1.9),
one infers that dimy B’ > dimp(A x B) — (a+ x +€) = §— x — €. Recall from (1.8)
that x + € < 3(1 — ) /(2 — ), so in fact dimyg B’ > 3/(2 — ).

Next, fix another direction ¢; € E such that |#y — 01| ~ 1. Then, writing 6 :=
01 — 6y, one roughly observes that A+ 6B = A’ + 0B’, so in particular

(1.9) (1)
dimg (A’ 4+ 0B') = dimp(A+6,B) < a+yx+e < dimgA +e  (1.10)

This places us in a position to use Shmerkin’s inverse theorem, as described in the
second paragraph of this section. See Theorem 4.76 for the precise statement of
Shmerkin’s result. The leap size (hence the choice of €) will only depend on C'4. The
conclusion is that if € > 0 is small enough, then A’ has 1-dimensional branching on
all the scales where B’ has positive-dimensional branching. The fraction of scales
such that B’ has positive-dimensional branching is at least dimg B’ > 8 — x — €.
Consequently A’ has 1-dimensional branching on at least that many scales.

On the other hand, property (2) of the set A’ says that A" has > a-dimensional
branching on all scales (this is where the dependence between the leap size and
the Ahlfors-regularity of A comes in). Ignoring “€”, this allows us to compute the
following lower bound on the dimension of A’:

@
a+yx >dimg A’ >1-dimgB +a-(1—-dimgB) > (B-x)+a-(1-6+X).

Rearranging, we find that y > (1 — «)/(2 — «), which contradicts (1.8). Hence the
counter assumption in (1.8) must be false, and in fact dimp[A 4+ 6B] > o+ x + ¢
for some § € E. Repeating this argument ~ ¢! times will eventually conclude the
proof of Theorem 1.1.
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1.2 Notation. Open balls in either R? will be denoted B(z, 7); in this paper
always d € {1,2}. If f, g are real-valued non-negative functions of some parameter
x € X, the notation f < g means that there exists an absolute constant C' > 1
such that f(z) < Cg(z) for all z € X. If A € R% is a bounded set, and § > 0,
then Nj(A) refers to the smallest number of balls B(x,§) C R? required to cover
A. If A is a finite set, its cardinality is denoted |A|. For § > 0, the open Euclidean
-neighbourhood of a set A C R? is denoted A(8). For § > 0, a tube of width § > 0 is
a set of the form 7, ' (I), where my(z,y) = z+ 0y, 0 € [0,1], and I C R is an interval
of length 0. Note that if T = 7r9_1[a: — /2,2 + /2] C R? is a tube of width §, where
0 € [0,1], then £(6/4) C T C €(6/2) with £ :=m, ' {z}.

2 Some Definitions

We start by recalling the notion of entropy. If u is a probability measure on some
space (), and F is a pu measurable partition of §2, the F-entropy of p is defined by

H(p, F) =Y u(F)1og 1

FeF

Here O - 10g% := 0, and “log” refers to logarithm in base 2. Typically, the measures
of interest are probability measures R, and F is the partition into dyadic intervals of
length § > 0; this partition is denoted by Ds := {[kd, (k 4+ 1)0) : k € Z}. In addition
to F-entropy, we will also need the following conditional entropy of u:

H(u, F | €)=Y u(BE)H(ug, F).
Ee&

Here pp := u(E)~! - ulp, and £, F are u measurable partitions of . In the applica-
tions below, every E € £ is a finite union of certain sets in F. In this special case,
the conditional entropy can be rewritten as

H(M>f|g):H(:uvf)_H(:u78)v (2'1)

as an easy calculation shows (or see [14, Proposition 3.3]). The deepest fact we will
need to know about entropy is the estimate H(u, F) < log |F|, which is an immediate
consequence of Jensen’s inequality.

We then proceed to other definitions.

DEFINITION 2.2 (Projections). For § € R, we define the maps mp: R? — R by
7T9(-'L',y) ::$+9y7 (x7y) GRQ'

DEFINITION 2.3. Let K C R, let 0 < r < R < o0, and let = € K. For 6 € [0, 1], we
define the following multiplicity number:

myg(z | [r, R]) :== Ny (B(z,R) N K, N, {my(x)}).
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Here K, refers to the r-neighbourhood of K. Thus, mgg(x | [r, R]) keeps track of
the (smallest) number of r-balls needed to cover the intersection between B(z, R) N
K, and the line 7, '{my(x)}. Often the set “K” is clear from the context, and we
abbreviate mg g =: mg. We also allow for the case R = oco: then B(z, R) := R2.

DEFINITION 2.4 (High multiplicity sets). Let 0 < r < R < oo, M > 0, and let
0 €[0,1]. For K C R?, we define the high multiplicity set

Ho(K,M,[r,R]) :={z € K :mgp(z | [r,R]) > M}.

Note that the same latter “H” will stand for both high-multiplicity sets, and
entropy; the correct interpretation should always be clear from context. We will
next verify some elementary but useful facts about the multiplicity numbers and
high multiplicity sets. The first observation is that

M >M >0 = Hy(K,M' [r,R]) C Hy(K,M,|r, R]) (2.5)
for all 6, K,r < R, since if mgg(z | [r, R]) > M’, then also mgg(x | [r, R]) > M.
The next lemma answers the questions: what happens to the multiplicity numbers

and high multiplicity sets if we change the radii r and R?

LEMMA 2.6. Let K CR?, z € K, § € S, C > 1, and assume that Cr < R. Then,

mgg(x | [r,R]) <C -mgg(x|[Cr,R]) and
mK,g(IL’ ‘ [7’, R]) < mK’g(JI ‘ [7’, CR]) (27)

In particular,
Hy(M,[r,R]) C Hg(%, [Cr,R]) and Hyp(M,[r,R]) C Ho(M,[r,CR]) (2.8)
for all M > 0. Here we abbreviate Hy(...) := Hy(K,...).
Proof. Clearly K, C K¢y, so
mp(z | [r,R]) < No(B(x, R) N Ko Ny Hmg(2)}).

The right hand side above only differs from mg g(z | [Cr, R]) in the appearance of
“N,.” instead of “N¢,”. But evidently

Ny(AnmyH{t}) < C - Neo(AnmH{t}),  AcCR?
and we have proven the first inequality in (2.7). The second inequality is a restate-

ment of N,(B(z, R) N K, N7, {my(x)}) < N,(B(z,CR) N K, N7, {mp(z)}). The
inclusions in (2.8) are direct consequences of the inequalities in (2.7). O
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Warning 2.9. The first inequality in (2.7) is not reversible. Writing out the defini-
tion,

my g(z | [Cr, R])) = Now(B(x, R) N Koy Ny Hmp(2)})

counts the intersections between m, '{mg(2)} and K¢, and there might be many
(many!) more of those than intersections between 7, '{mp(z)} and K,. In other
words, it is possible that mg g(x | [Cr, R]) > mgg(x | [r, R]) for individual points
r € K.

DEFINITION 2.10 (Rescaling map). Let zg € R or zg € R?, and r > 0. By definition,
the rescaling map with parameters zg,rq is the map T, ,,(2) := (2 — 20)/r0, which
sends the ball B(zg, ) to the unit ball B(1) = B(0, 1).

We next record how the high multiplicity sets interact with rescaling maps.

LEMMA 2.11. Let K C R? be arbitrary, let 0 < r < R < 0o, M > 0, and 0 € [0, 1].
Then,

TZOJ‘O(HQ(K7 M7 [’f’, R])) = HB(TZ()yTO(K)’M’ [ - R])v 20 € R27 To > O

07 To

Proof. Let y = Ty, »,(2) € Tsy o (Ho(K, M, [r,R])). Thus z € Hp(K, M, [r, R]), that
is,

Ny (B(z, R)N K, N, Y{me(2)}) > M. (2.12)

We are supposed to prove that y € Hy(T, r,(K), M,[Z, £]), or in other words

ro’ To

Nr (B(y, £)n (Tzo’rOK)TLO N, {mo(y)}) > M. (2.13)

To

To see this, one first needs to spend a moment to check that
B(y, %) N (TZCHTOK)TL N We_l{ﬂ'G(y)} =1%o (B(z, R) N Ky N 7"9_1{779(2)})‘

I omit the details. After this, one can apply the equation

Nr (T, (A)) = Np(A), AC RQy

To

to the set A = B(z,R) N K, N7, {m(2)} to infer (2.13) from (2.12). This proves
the inclusion “C” of the lemma, and the other inclusion follows in a similar fashion.
O
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3 Technical Version of the Main Theorem

In this section, we reduce the proof of the main result, Theorem 1.1, to a more
technical statement. We begin with a few additional definitions.

DEFINITION 3.1 ((7,C)-Frostman measure). Let 7 > 0 and C' > 1. A Borel measure
v on R is called a (7, C)-Frostman measure if v(B(x,r)) < Cr™ for all x € R and
r > 0.

DEFINITION 3.2 ((a, C)-regular measure). Let a > 0 and C' > 1. A Borel measure
pu with K :=spt u C R is called («, C)-regular if

(1) pis an («a, C)-Frostman measure, and
(2) No(KNB(z,R)) <C(R/r)*forallz€Rand 0 <7 < R < 0.

DEFINITION 3.3 (Ahlfors-regular set). Let 0 < a < 1. A closed set A C R is called
a-regular if H*|4 is («, C)-regular for some C' > 1.

REMARK 3.4. A more common definition of Ahlfors-regularity is the following: for
a > 0, an H* measurable set A C R is a-regular if there exists a constant C' > 0
such that

CIr* <HYANB(z,r)) < Cr* =z €A 0<r<diam(A). (3.5)

A set A C R satisfying (3.5) is also a-regular according to Definition 3.3. Indeed,
first note that H?*| 4 is clearly (a, C')-Frostman. Second, if z € R, 0 < r < R < o0,
and N := N, (AN B(xz, R)), then there exists an (r/2)-separated set {z1,...,zn} C
AN B(z, R) of cardinality N. Consequently, if also 4R < diam(A), we may use (3.5)
to infer that

2

CIN(r/2)* Z (AN B(x;, %)) < H (AN B(z1,4R)) < 4“CR®.

This yields N < 8*C?(R/r)%. If 4R > diam(A), then we should first find a point = €
R such that N ~ N,(ANB(z,diam(A)/4)). Then we may use the previous argument
to deduce that N < 8*C?(diam(A)/r)* < 32°C%(R/r)®. Hence, we conclude that
A is a-regular according to Definition 3.3. The converse implication is also true,
but this this is not so relevant, so we leave the details to the reader. Our definition
of Ahlfors-regularity has the useful property that the constants remain precisely
unchanged under rescaling.

With these definitions in hand, we can state the main technical result of the
paper:

Theorem 3.6. Let o, 3,7 € (0,1], Co,Cg > 0, and let 0 > /(2 — «).

(A1) Let piq be an (o, Cy)-regular measure with K, = spt 1o C R.
(A2) Let pug be a (8, Cg)-regular measure with Kz := spt ug C R.
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Write p := pio X pg and K :=sptp = Ko X Kg C R?. Then,

Ho ({0 € [0,1] : p(B(1) N Hp(K,677,[5,1])) = 6"}) < 6" (3.7)
for all 0 < 6 < do(a, 3,0,7,Cq,Cg) and 0 < n < no(e, 8, 0,7, Cq, C3).

REMARK 3.8. Theorem 3.6 easily implies a “single-scale” version of Theorem 1.1.
It reads as follows, using the same notation as in Theorem 3.6, and assuming addi-
tionally that K C B(%) Let 0 < d < dp and 0 < n < 1o, and let E C [0,1] be an
arbitrary set with HZ_ (E) > §". Then, there exists 0 € E such that

Nj(mg(K')) > gotn—a=b (3.9)

for all subsets K' C K with p(K') > 6". T will sketch the argument for deducing (3.9)
from Theorem 3.6: the full details are very similar to the deduction of Theorem 1.1,

and these details follow up next.
Pick 6 € E such that

u(B(1) N Ho(K, (C18)77,[C28,1])) < 36", (3.10)

where C1,Cy ~¢, ¢, 1 are suitable constants to be determined soon. This is possible
by (3.7) (adjusting 0,7 slightly to take Cp,Cy into account), and the assumption
HI(E) > ¢". Now, assume that (3.9) fails for this particular 6, and some set K’ C K
with p(K’) > §7. By the regularity of y, we have Ng(K') Z¢., ¢, 67 P. Since (3.9)
fails, the set K’ can be covered by a collection 7 of |7| < 67"~ tubes of the
form T = 7, ' (I) for some interval I C R of length |I| = 4. Informally speaking, the
“typical” tube in 7 now intersects 2 Ns(K')/|T| Zc.,c, 677 discs in the minimal
d-cover of K’. To be more precise, the sub-family Zjigh of tubes in 7 failing this
property (say Ns(K'NT) < c¢-6 7 for T € Tign), can cover at most a fraction of
Tu(K') of the p measure of K'. The reason is that u(K'N7T) < ¢ 67Tt for all
T € Tignt, and hence

S WK NT) Se- st T < e 61 < e p(K).
T eTiignt

If ¢ ~¢c,,c, 1is chosen appropriately, we have now shown that every tube in 7"\ Zjigns
intersects 2c,,c, 0 7 discs in the minimal d-cover of K’ (hence also K), and
these tubes cover, altogether, a subset K{j C K’ of measure u(K{)) > su(K’). If
C1,Cs ~¢, ¢, 1 are chosen appropriately, it follows from the definition of high mul-
tiplicity sets that

K\ C Hy(K,(C16)77,[Ce8,1]) == u(B(1)N Hy(K,(C16)~7,[C20,1])) > u(KY).
Since p(K() > 367, this contradicts (3.10) and completes the proof of (3.9) for K'.

We now prove Theorem 1.1, assuming Theorem 3.6.
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Proof of Theorem 1.1, assuming Theorem 3.6. Let A, B C R be closed non-empty
Ahlfors-regular sets, with a := dimp A € (0,1) and § := dimg B € (0,1]. Let
Po = H|a and pg = HP| 5. Then i, is (Cy, @)-regular for some C,, > 1, and %
is (Cj, B)-regular for some Cg > 1. Let us first reduce matters to proving

dimy{0 € [0,1] : dimpu[A+ 0B] < a+ - =2} = 0. (3.11)
Indeed, if

dimp{0 € R : dimy[A + §B] < O‘"’ﬁ'ﬁ} >0,

then the same holds with “R” replaced by either “[—r,0]” or “[0,r]” for some r > 0.
In the former case we define B, := —rB, and in the latter case we define B, := rB.
In both cases B, is f-regular, although with different constants. Moreover, B, fails
(3.11), and this completes our reduction.

Assume then that (3.11) fails for A, B. In other words, there exist 7, > 0, a
subset £ C [0, 1] with HZ (E) > 0, and a constant

0<(<a+f8-52—¢ (3.12)
such that
dimyg[A +60B] < ¢, 0eckL.

We may assume with no loss of generality that A, B C [0,1]. Fix 0 < n < €/2. We
claim that there exist arbitrarily small scales § > 0 such that the following holds:
there exists a set E5 C E with HZ (Ejs) > 0", and for every 6 € Es a collection of
dyadic intervals Zy C Ds with cardinality |Zs| < 6~¢, and the following property:

(o x pg){(z,y) € Ax B :mp(x,y) € ULg}) > 20", 0 e Es. (3.13)

The proof is entirely standard, but let us give the details nevertheless. For all 8 € F,
we assumed that dimyg (A x B) < (. Consequently, for any dy > 0, there exists a
countable collection of dyadic intervals Jp of lengths < 0y such that mp(Ax B) C UJp,
and

<t (3.14)

JeJy

Since the push-forward measure py := 79 (1o X p13) is supported on mg(A x B) C UJp,
we have pp(UJy) 2 (CoCs)~ L. Consequently, by the pigeonhole principle, there

~

exists a dyadic scale § = 277 - §p, with j = j(#) > 0, such that
1o(UTj0) Z (CaCp) ™t - (L+5) 72,

where Jjg = {J € Jp : |J| = 277 - §}. If the largest scale “5p > 07 was chosen
small enough, depending only on Cy,Cgs,n > 0, then (C,Cs) (1 + j)72 > 47,
and consequently 1p(UJj9) > 2 - 6" Evidently [J;9] < 6= by (3.14). Now we
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can set Zyg := Jj g, and the requirements |Zy| < 6=¢ and (3.13) are satisfied. The
only problem is that the choice of j(f), and hence § = 27 - §y depends on the
choice of # € E. To fix this, and find the subset Es C E with HI (Es) > 4",
another application of the pigeonhole principle is needed: one considers the sets
E; :=={0 € E : j(#) = j}, for j > 0, and uses the sub-additivity of HZ, to pick
jo > 0 with the property HL (E;,) = HI(E)/(1 + jo)% If & > 0 was initially
chosen small enough, now depending on H7_ (F) > 0 and 7, the right hand side
is substantially larger than §”. Finally, we set 6 := 277 - §y and Ejs := Ej,. Then
HI(Es) > 0", and (3.13) is satisfied for all 6 € Ej.

Now, fix > 0, as above, and let 7y := {we_l{l} : 1 € Iy}, 0 € Ejs. These are
collections of tubes of width § (recall how we defined this in Section 1.2), and the
sets Hp == {(z,y) € A x B : mp(z,y) € ULy} appearing in (3.13) are covered, each,
by the union U7y. Writing 1 := pq X pg, a tube T € Ty is called light if

w(T) < 56t

Then the union of light tubes has y-measure no larger than 57 . |Ty| < §". Con-
sequently, by (3.13), at least half of the p measure of Hy is covered by non-light
tubes. Fix a non-light tube T' € 7y, and write v := o+ 3, so that p is (v, C,)-regular
for some C, ~ C,Cs. Then, with K := A x B C [0, i]Q, we may infer from the
non-lightness of T that

Ns(KNT)z Cyt-g7tetn,

Let 0 < v—( —n (the right hand side here is positive, see the calculation in (3.17)),
and take 0 > 0, above, so small that Ns(K NT) > 100 - (36)~7 for every non-light
tube T' € 7y. Then, we claim that

KNT C Hy(K,(36)77,[30,1]), T € Tp non-light. (3.15)

To see this, fix a non-light tube T' € 7y, and z € K NT. Then, since K = A X B C
[0, 4], we have K C B(z,3), and therefore

myo(z | [30,1]) = N3s(B(z,1) N Kss Ny {mp(2)}) > 185 - Ns(K NT) > (36) 7.

This proves (3.15). Since the total p measure of non-light tubes exceeds 67, by (3.13),
we conclude that

w(B(1) N Hy(K, (36)77,[30,1])) > 6", 0 € Ey,
and consequently
HI ({0 € [0,1] : u(B(1) N Hp(K,(30)77,[36,1])) > &"}) > HI (Es) > 0". (3.16)
Here o0 < v — ¢ — n can be chosen arbitrarily close to the value

(3.12) 11—« 8 €

T=¢—n > (a+8)—(a+B- 575 —€—n=5,+5% (3.17)
In particular, we may take o > /(2 — ). But once we do this, (3.16) contradicts
the statement of Theorem 3.6 for § > 0 and n > 0 small enough. This completes the
proof of Theorem 1.1. O
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3.1 Proof of Theorem 3.6. In this section, we reduce the proof of Theorem 3.6
to the following (even) more technical proposition:

PROPOSITION 3.18. Let o, 3,7 € (0,1], Cy,C3 > 0, and assume that

8
0->ﬁ'

Then, there exist ( = ((«, 3,Cq,0,7) > 0 such that ¢ stays bounded away from zero
as long as o stays bounded away from (3/(2 — «), and the following holds. Assume
that there exists a parameter ng > 0, and a scale Ag > 0, such that

HL({0 € 0.1] : pu(B(1) N Hy(spt p. A7, [A,1])) = A™}) < A, 0.< A < Ag,

whenever p = pio X pig is a product of an (o, Cy)-regular measure fi,, and a (3, Cg)-
regular measure pug. Then, there exists a parameter 1) > 0 and a scale dg > 0, both
depending only on «, 3,Cy,Cg, 0,7, Ag, 1Mo, such that

HL({0 € [0,1] : p(B(1) N Hy(sptp, 6+, [5,1]) > 6"} < 8%, 0< 6 <o,
whenever p = i, X g satisfies the same hypotheses as above.

The main point here is that, at the cost of decreasing ¢ and 7, we may decrease the
(relative) multiplicity from A~=7 to §=(7=9), where ¢ > 0 stays bounded from below
until “o” reaches /(2 — «) (from above). Proposition 3.18 will prove Theorem 3.6,
once it is coupled with the following trivial “base case”, where ¢ is assumed to be
sufficiently large:

PROPOSITION 3.19. Let ¢ > 1.1. Then, there exists an absolute constant Ay > 0
such that

Hy(spt pu, A7, [A1]) = 0, 0<A <Ay 0e]0,1],
for all measures ;. on R2.

Proof. Fix o > 1.1. Then, note that if K C R? is an arbitrary closed set, for example
K = spt u for some measure on R?, then

mg (2| [A,1]) := Ns(B(z,1) N K5 N 71'9_1{77'9(1,‘)}) <10A7 <A™
for every x € R? and 6 € [0, 1], as soon as A%! < 1/10, that is A < 10710, O
Let us then prove Theorem 3.6, using Propositions 3.18 and 3.19 .

Proof of Theorem 3.6. Fix «, 3,7 € (0,1] and Co,Cs > 0. Let ¥ := ¥(a, 3, Ca,
Cs,7) be the infimum of those o > (/(2 — «) such that we know how to prove
Theorem 3.6 for these fixed values of parameters. In other words, ¥ is the in-
fimum of those ¢ > (3/(2 — a) with the property that there exists a threshold
Ao = Ao(a, 8,0,7,Co,Cg) > 0, and a parameter 1y = no(a, 5,0,7,Cqo,Cg) > 0,
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such that the following holds for all product measures jt = o X pg as in (Al)-(A2),
and for all 0 < § < Ag:

HT ({0 € [0,1] : u(B(1) N Hy(spt p, 677, [6,1])) > 6™}) < 6™, (3.20)

We claim that in fact ¥ = 3/(2 — «) for all 7 > 0, which will prove Theorem 3.6.

Assume to the contrary that ¥ > 3/(2 — a). Then, let 0 > ¥ be such that
o—( < X, where ¢ := ((«, 3, Cy, 0, T) is the parameter appearing in Proposition 3.18.
This can be done, since ¢ is bounded away from zero when o stays bounded away
from /(2 — «), and now this is true for all ¢ > ¥ (even o > X)), by the counter
assumption.

Since o > X, there exist parameters Ay > 0 and 7y > 0 such that (3.20) holds
for this specific “o”, and for all product measures 1 = 1o X p1g satisfying (A1)-(A2).
This is precisely what Proposition 3.18 asks for, and therefore the proposition yields
new parameters n > 0 and dp > 0 such that (3.20) holds with “o” replaced by
“o — (7, with “ny” replaced by “n”, for all 0 < § < §p, and again for all product
measures [t = fio X pig as in (A1)—(A2). By definition of the number “X”, this means
that in fact ¥ < o — (, and a contradiction has been reached. This completes the
proof of Theorem 3.6. O

4 Proof of Proposition 3.18

The proof of Proposition 3.18 uses many rescaling arguments, and we start by check-
ing that the class of “products of regular measures” is invariant under rescaling
maps.

REMARK 4.1. Let T}, ,,: R? — R? be a rescaling map, with 2y = (z¢,%0) € R? and

ro > 0. Then T, ,, can be written as a product of rescaling maps on R, namely

Teoro(9) = (5529, 550) = (T (0, Tyoro ), (2,9) € R,

Let 1t = p1o X pg be a product of an (a, Cy )-regular measure o and a (3, Cg)-regular
measure fg. Then, writing v := a + (3, the rescaled and renormalised measure

MZO,TO = 740_’y : Tﬂﬂoﬂ"o:u - (r()_aT&?o,To:u'Oé) X (T[)_ﬂTyoﬂ“olu’ﬁ) = lu’a@oﬂ“o X M@Zloﬂ”o (4'2)

can again be expressed as a product of a (a, Cy)-regular and (3, Cg)-regular mea-
sures

RN B
Haxo,ro = To TIOJ‘O#OI and KByo,ro = To Tyo,roﬂﬁ'

In other words, p., -, is a product of two new regular measures with precisely the
same constants as 1, and pg.
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Notation 4.3. If 41 is a (7, C,)-regular measure on R? (nearly always a product of
two regular measures on R in this paper), and B = B(z,7) C R? is a disc, we write

pp:=r"-Tpp,

which is another (v, C,)-regular measure on R?. More accurate notation would be
KB, but the index “4” should always be clear from context.

We then repeat the statement of Proposition 3.18:

PROPOSITION 4.4. Let o, 8,7 € (0,1], Co,Cg > 0, and assume that
o> 52 (4.5)

Then, there exist ( = ((«, 3,Cq,0,7) > 0 such that { stays bounded away from zero
as long as o stays bounded away from (3/(2 — «), and the following holds. Assume
that there exists a parameter ng > 0, and a scale Ag > 0, such that

HT({0 € [0,1] : w(BQ) N Hp(spt 11, A7, [A1])) > ATV < A 0 < A < A,
(4.6)

whenever p = pi X pig is a product of an (o, Cy)-regular measure fi,, and a (3, Cg)-
regular measure jig. Then, there exists a parameter 1 > 0 and a scale 9 > 0, both
depending only on o, 3,Cy,Cg, 0,7, Ag, o, such that

HT ({6 € [0,1] : u(B(1) N Hy(spt p, 6, [5,1])) > 6"}) <67, 0< 6 <y,
whenever p = 1, X jg satisfies the same hypotheses as above.

REMARK 4.7. This remark is a continuation of the proof outline presented in Sec-
tion 1.1. The proof of Proposition 4.4 proceeds roughly in the manner we described
there, with A = spt p1o, B = spt uug, and “exceptional set”

E={0€[0,1]: u(B(1) N Hy(spt u, 67, [5,1])) > 6"}

We make the counter assumption HZ (F) > 0", and fix 6y € E. The purpose here is
to point out two technical difficulties which we glossed over in Section 1.1. The first
one is related to the following sentence above (1.10): Recalling that Ax B C A’ x R,
up to a change of coordinates, one more precisely rewrites A x B = A’ x B’, where
A= A+ 0yB, and B’ represents the intersection of A x B with the “typical fibre”
under the map mp,(x,y) = = + Opy. This was a rather inaccurate description: even
though A x B C A’ x R, the fibres (A x B) N 776701{t} are not so uniform, in general,
that we could rewrite A x B = A’ x B'.

We do the following instead, imitating an idea which first appeared in [15]. We
fix a small scale § > 0, and let T = 7r9_01 (I) be an arbitrary tube of width 6'/2. Then,
it roughly speaking turns out that there exists a product set of the form A’ x B/,
where A" = 7y, ((A x B) N'T), with the property

Ns(A' 4 (6, — 60)B') ~ Ns(ms((A x B)N'T)), 0 — 60| <62 (4.8)
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This corresponds to (4.98) in the actual proof (in reality, one needs to replace A’ x B’
by a “fat” subset G C A’ x B’, but this is only a minor technical problem). To
summarise: rewriting A x B = A’ x B’ is hopeless, but instead it is possible to
associate to (A x B)N'T a product set A’ x B’ = 1y, ((Ax B)N'T) x B, in the sense
that (4.8) holds.

In Section 1.1, the next step was to fiz another direction 01 € E such that
|6o — 01| ~ 1. In reality, with (4.8) in mind, we rather need to find §; € E such that
|01 — 6o| ~ 6'/2. This is non-trivial: our only assumption on E is that H7 (E) > 6",
and it may be impossible to find a pair of points 0y, #; € E with separation |0y—6,| ~
61/2, for a given scale § > 0. This issue is resolved by pigeonholing another scale
§ € [6, 1], which is not too much larger than d, and for which we can find two points
0o, 01 € E such that |0y — 61| = 61/2. This is accomplished in Section 4.3.

After such a scale § has been located, the steps mentioned above for the pair
(6,6%/2) are, in reality, carried out for the pair (4,6'/2). In particular, the tube
T = 7r9701 (I) will have width |I| = 6'/2. Tt will be chosen (in Section 4.6) in such a
manner that

Nj(m, (A x B) N'T)) ~ Ny(mg,((A x B) N'T)) = Ng(A'), (4.9)
see (T2). Via an analogue of (4.8) at scale d, this roughly implies that

(4.8) (4.9)

N5(A"+ (01— 60)B') '~ Ns(mo,((Ax B)NT)) ~" N5(A').
This equation is a more accurate analogue of (1.10) from Section 1.1. It can still be
used in the same manner to draw conclusions about the “branching” structure of A’

and B’.

We begin the proof of Proposition 4.4. We fix the parameters o, 8,7 € (0,1],
Cq,Cp > 0, and we let Ag, 19 > 0 be constants such that (4.6) holds for all products
1= o X pg of an (o, Cy)-regular measure p, and a (3, Cg)-regular measure fig.

4.1 Choosing constants. We take a moment to list and specify a few other
constants. First of all, we write v := o+ 8 and C := 5C,Cg. Then p = pq X pg is
a (v, C,)-regular measure on R%. Second, we note that the condition o > 8/(2 — «)
is equivalent to

D(a,8,0) =2—-a)c—pF=(1—-a)o+a—v+0c>0.

We specify small constants €, p,(p € (0,1), and a large integer my € N, such that
the following inequality holds for all m > mg:

¥ =0 +106 < (1 —a—€)(oc —10(e + o)) + (1 — p)(1 — L) _ 10Ca ),
(4.10)

Since y —o0 = (1 —a)o+a— D(a,5,0) < (1 — a)o + «, it is qualitatively clear
that the constants €, p, (g, and mg can be chosen so that (4.10) holds, but let us be
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more specific about their dependencies. The constant p > 0 should be chosen first:
if0<p< % -D(a, B,0), then

y—o=(1—-a)c+a< (l—a)a—l—(l—p)a—w,
since a < 1. Next, the remaining three constants €,y € (0,1), and my > 1, can
be chosen in an arbitrary order such that (4.10) holds for all m > myg. Evidently
€,(p only depend on «, 3 and p (hence on «a, 3, and D(«,3,0)). The constant mg
additionally depends on the regularity constant “C\”.

The notation “(y” suggests that this constant should have something to do with
the constant ¢ = ((a, 3,Cy,0,7) > 0, whose existence is the main claim in Propo-
sition 3.18. To specify this connection, we should state Shmerkin’s inverse theorem
[22, Theorem 2.1], but the statement is so long that we postpone the full details
to Theorem 4.76. However, the theorem begins with the following words: For every
e >0 and mgy > 1 there exists kK = k(e,mo) > 0 and m > mq such that the following
holds for large enough N. Now, the number { > 0 from the claim of Proposition 3.18
can be taken to be any parameter satisfying

0 < O-¢ < min{(y, k(e,mp)}, (4.11)

where €, {y, mg are familiar from the discussion above, and O = O(7) > 0 will be a
constant depending only 7. In particular, since these constants together only depend
on «a, 3,0,7, and C,, the same will be true for the constant ¢ > 0.

It is not a mistake (as far as I know!) that the constants e, p,(p,my do not
depend on the regularity constant “Cjg” appearing in Proposition 4.4. This constant
is present in C = 5C,Cpg, and will also influence the thresholds for the parameters
“n” and “0y”.

4.2 The counter assumption. Now that we have clarified the roles of future
constants, we make a counter assumption: the conclusion of the proposition fails for
a certain product measure p = o X pg, where g is (o, Cy)-regular, pg is (3, Cp)-
regular, for a certain small scale ¢ € (0, Ag], and a certain parameter n € (0, no]:

HT ({0 €[0,1] : u(B(1) N Hy(K,57°7¢,[5,1])) > 67}) > 67, (4.12)

Here K := spt p. The reader should think that § < Ag and 1 < 79, and additionally
that 7 is small compared to the previously fixed small constants €, ng,( < (o, 7. We
should be on the safe side, if we assume that

0<n<C™ - (afeprne¢)® (4.13)

for a suitable absolute constant C > 1, so in particular “n” will not depend on Ag.
The threshold for 6 > 0 for which (4.12) leads to a contradiction will only depend
(in principle effectively) on the parameters «, 8,Cy, Cg, 0,7, Ao, and ng, but this
dependence will not be tracked explicitly.
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REMARK 4.14. On several occasions, we will need to assume that the scale § > 0
has a special form: very commonly § > 0 needs to be a dyadic number, and later
on a fortiori we need that § = (27™) for some integer N > 1, where m > myq
is the integer produced by Shmerkin’s inverse theorem with initial data e and mg
(see above (4.11)). Such assumptions are harmless: if our counter assumption (4.12)
involves a parameter ¢ > 0, which is not of the correct form, then there exists a
parameter ¢’ € [0, Cd] of the correct form, where C' > 1 only depends on the usual
parameters listed above. But now

Hy(K, 577+, [6,1]) € Hy(K, & - (577, [, 1]) € H(E, (8/) 7+, [5',1]),

where the first inclusion follows from Lemma 2.6, and the second inclusion is true
as soon as & > 0 is so small that & > (&')°. Using this inclusion, we may find
arbitrarily small values of §’ (a scale of the “correct form”) such that the counter
assumption (4.12) holds with “2¢” in place of “(”. We can then use this variant of
(4.12), instead, to derive a contradiction. In the sequel, we will assume that § (and
a certain other scales “6” derived from §) is of the “correct form” without further
remark.

Since the set F := {0 € [0,1] : u(B(1) N He(K,5777¢,[5,1])) > §"} is assumed,
by (4.12), to have 7-dimensional Hausdorff-content bounded from below by §"7, we
may find (see [12, Theorem 8.8]) a (7, C'd~")-Frostman probability measure v with
sptv C E. Here C > 0 is an absolute constant. From this point on, the counter
assumption (4.12) will only be used via the following:

W(B(1) N Hy(K, 577, [5,1])) > 6", 0 € spt. (4.15)

Notation 4.16. We will denote by “O” a generic large constant which may de-
pend on a, 3,Cy,Cg,C, 0, 7. In similar spirit, we will denote by “w” a small pos-
itive constant, which is bounded away from zero in a manner depending only on
a,f3,Cq,Cp,C,0,7. In fact, w = O~!. If either O or w only depends on a subset of
the parameters above, this will occasionally be emphasised by writing, for example,
“O(a, #)” instead of “O”.

The precise values of the constants “O” and “w” may vary from line to line. This
will often lead to inequalities of the form “20 < O”, which are not typos.

4.3 Pigeonholing a branching scale for v. The measure v may have “no
branching” between the scales /2 and 8. Defining this defect carefully is not worth
the effort, but we roughly mean the possibility that

N(sptv,0) ~ N(sptv,§/?).

Fortunately, it follows from the 7-Frostman property of v that opposite behaviour
must occur at some scale § > §, which also satisfies the (roughly) converse inequality
§ < gwlafor), Finding the scale 6, and making these statements more precise, is the
goal of this section. The final conclusion will be (4.28).
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Recall that v is a (7, Cd~")-Frostman probability measure satisfying (4.15). Re-
call that € = €(a, 3,0) > 0 was one of the constants fixed in Section 4.1. We define
the following increasing scale sequence: 0y := 6(179/2 and

0jy1 = 5;/(1+€), j=>1.

Thus §; = §'/2, and §; = 5(1)/(1+6)J = (6Y/2)/+9" for j > 0. Recall that Dy, is
the partition of [0,1) into dyadic intervals of length 0; (if these numbers are not
dyadic to begin with, the closest dyadic numbers would work as well). We mention
that Ds,,, consists of intervals longer than those in Ds,. We will prove the following
lemma:

LEMMA 4.17. There exists an index j < O(«, 3,0,7), and a Borel set G C [0,1]
with v(G) > w(«, 3,0, 7) such that the renormalised measure v = v(G)~! - v|g has
the following properties:

e v is a (1,06 ")-Frostman measure with O = O(«, 3,0,7) > 1,
o If] € Dj+1 with 17(]) > 0, then

pr(J) < g@l@Ben) ] e Dy (I). (4.18)

Here vy = v(I)~" - 0|7, and D, (I) refers to the intervals in Ds, which are contained

in I. Note that the length of these intervals is |J| = 0; = 5;1{ = |1

The relation between Lemma 4.17, and our search for the scale “6”, is simply
that

5= 6]2-+1, hence 911 = 512,

Since 1 < 14-¢ < 2, we then have § < §; < §'/2. The inequality (4.18) informally says
that the measure © has non-trivial branching between the scales ¢; and d;41 = 5172,
and so in particular between the scales § and §1/2.

We begin the search for jp and G. Since v is a (7, C0~")-Frostman probability
measure on [0, 1], we have the uniform bound

v(Ip) < C6 55 Iy € Dy,
which gives the following lower bound for the entropy of v at scale dg:

H(v,Ds,) = Z v(Ip) log ﬁlo) >logé, " —logC —logd~" > log 572,
1o€Ds,,
(4.19)

In the final inequality, we used that §;" = §-T(+a/2 — §-7/2 . 5=7/2 and the
logarithm of the second factor exceeds the “error term” log C + logd™" if § > 0 is
sufficiently small, and n < 7¢/2 (as is implied by (4.13)).
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Now, let n ~ 1 (therefore n < O(c, 8,0, 7)) be the smallest integer satisfying

1 T
S — 4.2
214+ et — 4 (4.20)

This is not too important, but then in fact n ~ e¢~!-log(1/7). Then, observing that

1/(1+e)™ )
0/( " s1/2(1+e)

Ds, consists of intervals of length 6 1 we have

H(v,Ds,) <log|Ds, | <logd V/RU+)"] < 1og5=7/4,

Combining this estimate with (4.19), and using the conditional entropy formula (2.1)
repeatedly to the nested partitions Dy, , we find that

n—1

log6~7/* < H(v,Ds,) — H(v,Ds,) = > _ H(v, D5, | Ds,,.,).
j=0
Consequently, there exists j € {0,...,n — 1} with the property
> w(I)-H(v;,Ds) = H(v,Ds, | Ds,,,,) > log ™™/, (4.21)

1€Ds; o

Here v; = v(I)~tv|; for any I € Ds.

_ J+1
statement of Lemma 4.17, we set § = 2

j+1
Let us record that

with v(I) # 0. As we discussed after the
(note that 6;41 > 01 = 6/2 g0 6 > 9).

§ < oM+ < g7/, (4.22)

by (4.20), or equivalently § > 6*7 . Indeed, since “n” is the smallest number satisfy-
ing (4.20), we have 1/(2(1+¢)""2) > 7/4, and hence 1/(14+¢)" ™1 > (1+¢)71-7/2 >
7/4. Thus 6 remains somewhat comparable to §, in a manner depending only on the
fixed parameter “7”. Motivated by (4.21), we set

7i=1/(4n) ~ €-7/log(1/T) > er?,

and we note that 7 > w(«, 3,0, 7).
The choice of the index j € {0,...,n — 1} at (4.21) roughly tells us that for
many “long” intervals I € Ds, ., with v(I) > 0, the re-normalised restriction vy
is not concentrated on very few “short” sub-intervals of I in the family Ds . By
restricting v a little bit, we may replace the word “many” by “all”, as we will see

next. In fact, since certainly
H(v;,Ds,) <logs™',  1€Ds

417

we may infer from (4.21) that there exists a collection of arcs Gj 11 C Ds,,, of total
v-measure

v(UGj1) > 7/2 (4.23)
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with the properties v(I) > 0 and H(vy,Ds;) > log 677/2 for all T € G;11. Indeed, if
this failed, then

> v()H(vr, Ds;) < S v logsTt+ > v(I)-logsT/?

I€Ds; H(...)>logé—7/2 H(..)<logé=7/2

logdt +logd~ T2 = =logd 7,

M\\]l

which contradicts (4.21). We write G41 := UGj11, and we renormalise v to Gj1:

vy = I/(GJ+1 |GJ+1
Observe, by (4.23), that 7 is a (7,05~ ")-Frostman probability measure with the
additional feature that if I € Ds,, is an arc with 71(I) > 0, then

H(71,1,Ds,) = H(vr,Ds,) > log 67/, (4.24)

It is worth noting that vy = vy for all I € Gj11 (= {I € Ds,,, : vi(I) > 0}).
The inequality (4.24) means that the measure 7; cannot be completely concentrated
inside any single interval of length &§; = |I|'*¢. What we would prefer is, a fortiori,
that v; = vy ; satisfies a Frostman-type estimate at the smaller scale ¢;, as stated
n (4.18). This will be achieved by renormalising 7; further to the measure v, which
finally satisfies Lemma 4.17.

Fix I € Ds,,, with v1(I) > 0, write Ds (I) := {J € Ds, : J C I} for I € Dj,q,
and then estimate

(4. 24)
log 6~ 7/2 Z vi(J) logﬁ
JE€Ds, (1)
< Z VI(J)logd_?/‘l—i— Z V]logﬁ.

vi(J)>867/4 vi(J)<87/4
Since vy is a probability measure, the first term is bounded from above by % log 67/,
and consequently the second term has the lower bound

Y. wi(J)log 5z > log ™™, (4.25)

vi(J)<7/4

On the other hand, if the total v7-measure of the intervals in the sum above, namely
Gr=1{JeDs(I):0<vi(J) < 674} ¢ Ds,, is denoted by my := v(UGr) we have

(4.25)

log§~ ™/ < Z vi(J)log -5 = mi Z v )

vi(J)<sm/4 Jeg;

< mylog <Z Wi) = mylog|Gr| — mrlogmy,

Jegr
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by Jensen’s inequality applied to the discrete probability measure J — vi(J)/m;
on Gr. Since my € (0, 1], the second term satisfies [m;logmy| < 1, and on the other
hand |G;| < |Ds,(I)] < 671, by a crude estimate. Assuming that 6 > 0 is so small
that log0=7/4 — 1 > 1og677/%, we find from the estimate above that

logd™™" > log |G|™" > log 5T/ L omy log my > log 5_%/8,

and consequently v7(UGr) = my > 7/8. In other words, if we define

gj = U gr C D(sj and G = Gj = Ugj C Gj+1,

1€Gj 1
then
n(G)= > w()-v(UG) = 7/8.
1€G; 1

Therefore, the measure

R = _ 1
V= m . V1|G = l/(G) . V‘G

remains a (7,00~ ")-Frostman probability measure with the feature that if (1) > 0
for some I € D;,,,, then

pr(J) <674 T eDs (). (4.26)

Note that v was finally defined by restricting the original measure “o” to a certain

union G of dyadic intervals (of length §;), whose total v measure is bounded from
below by > w(a, 3,0, 7). Thus v remains a (7, 06~ ")-Frostman probability measure
with the property

p(B(1) N Hp(K,677%,[6,1])) > 6", 0 €sptv C E. (4.27)

We have now proven Lemma 4.17.

Since 7 satisfies roughly the same hypotheses as v (and additionally the Frostman
property (4.26)), we redefine v := ¥ to simplify notation. We also recall that ¢ := (5]2 1
(so if j = 0, simply 6 = §). We also write Dy := Ds, for the dyadic partition of [0, 1)
into intervals of length 6 = 6', and we write Dy /2 := Ds,,, (the dyadic partition to

intervals of length §'/2 = §;,1). Then, (4.26) implies that

I €Dyppand v(I)>0 = wv(J) < glafo) < jwleBar) for JE€D14e)2(1),
(4.28)

where D(14¢)/2(I) C Ds, are the dyadic intervals of length §; = (5]11{ = §l+e)/2
contained in I. To close the section, we observe that it is well possible that 6 =
5]2-+1 =4 :chis happens if the index j € {0,...,n — 1} fixed at (4.21) happens to be
j=0,s00 = 6g+1 = (51/2)2 = ¢. This will lead to a simpler special case of the proof
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below. On the the other hand, if § > 6, then § = 5j2-+1 for some j > 1. Consequently
§ > 63 = /049 and hence 6 is “much longer” than d: in fact

g_ < §i-1/0+e), (4.29)

Note that the right hand side is a positive power of 4.

4.4 High multiplicity sets at scale §. Now we have found a scale § € [§, §*]
such that the measure v has non-trivial “branching” between the scales ¢ and 6%/2, as
quantified in (4.28). The following problem now materialises: our counter assumption
(4.15) concerned the scale §, and there is a risk that all the information is lost when
replacing “8” by “6”. We resolve the issue by proving the following lemma:

LEMMA 4.30. There exists a subset S C [0,1] with v(S) > w - 6" with the property
1p(s)(B(1) N Hp(Ts)(K),0 7 O [6,1]) >w- 6", 6eS.  (4.31)

Thus, modulo replacing “¢” by “O - ¢”, which is harmless for our purposes,
the counter assumption (4.15) at scale “9” can be used (in cooperation with our
hypothesis (4.6)) to infer similarly bad behaviour at scale “6” for the dilated regular
set Tp(5)(K), and the renormalised measure pip(5) supported on Tp)(K). As we
discussed in Remark 4.1, the measure pp(s) is of the same form as p, with precisely
the same constants. In particular our inductive hypothesis (4.6) may later be applied
to pp(sy and Ty (K).

Note that if 0 = §, then every 0 € spt v already satisfies (4.31) (with O(«, 3,0, 7)
= 1 and p, K in place of up(s), Tp(5)(K)) by virtue of our initial counter assumption
(4.15). In this case the argument in the present section will not be needed. So, for the
time being, we will assume that § > &, which implies by (4.29) that § is substantially
larger than 6.

In this case, we will apply Proposition 4.32, whose statement we include here,
but whose lengthy proof is postponed to Section 5:

PROPOSITION 4.32. Let 6 € [0,1], and let 1 < M < N < oo be constants, let
0 <r < R<1,and let u be a (v,C,)-regular measure with K := sptp C R2
Abbreviate s := p|ps) for s > 0. Then, there exist absolute constants c¢,C > 0
such that

p1(Ho(K,CN,[r,1])) < p1(Ho(K,cM, [4R, 5]))
+CC2 - pa(Ho(K, ey, [4r, TR))). (4.33)

We will apply the proposition to the (v, C,)-regular measure p1 = f1o X p1g with the
parameters M < N such that

CN =67 and c- & =(5/8)"7,
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from which we may solve that

(4.22)
>

M = & <é>a N=¢ (%)a AT e L S I PIY)

)

In the final inequality, we first took ¢ so small that (cf /C) > ¢, and then we used
that 6 < 0“(") or, (see (4.22)) more precisely § > 6%7. It will be convenient to
abbreviate

C:=0(r)- (>0, (4.35)

where the implicit constant O(7) is determined by (4.34). This constant is the one
which appears in (4.31), and it is also the one which was already mentioned in
(4.11). More precisely, at the end of the day, we will require from the parameter “(”
appearing in Proposition 3.18 that

0<6-C=6-0(7)-¢ < min{C, (e, mo)}. (4.36)

For the scales r < R appearing in the statement of Proposition 4.32, we will take
r:=0and R:=0§/4 > 6 (by (4.29), and assuming that 0 < ¢ < dp(€) = do(av, 5, 0)).
With these choices, (4.33) yields the following inequality for every 6 € [0, 1]:

u(B(1) N Ho(K, 577, [5,1])) < pn(B(1) N Ho(K, 57, [3,5]))

+COC2 <B(4) N H, <K (g) 146, 45})) .

Now, recalling from (4.15) (or to be precise (4.27)) that the left hand side is bounded
from below by > §" for all § € spt v, we obtain

1< [ WBO) 0 H 0, 5,5]) a0
0

+oC?. /01 y (B(4) N Hy (K (g)fﬂ , 146, 45])) v (6). (4.37)

Our plan is, next, to use the “inductive” hypothesis (4.6) to show that the second
term is < 0"/2 if 6 > 0 and 1 > 0 are chosen sufficiently small. This will eventually
show that

/1 p(B(1) N Hy(K, 6%, [8,5])) dv() > 1 - 67, (4.38)
0

which is already nearly the same as (4.31). To deal with the term on line (4.37), we
let K be a minimal cover of K N B(4) by discs of radius 4. By the (v, C,)-regularity
of u, we have |K| < C,, - §77. Then, we decompose

(431)<0C?- Y /01 u (B N Hy <K (g) 7148, 48])) dv(0).  (4.39)

Bek
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To treat the individual terms on the right hand side, we consider the rescaled and
renormalised measures up = (40)~7 - Tpu familiar from Notation 4.3, and we write
—0 — —
" <B N Hy (K (g) , [49, 45])) = (40)"up (B(1) N Hy (Tp(K), A7, [A,1])),
(4.40)

for any 0 € [0, 1], where A := §/4. This equation is easily deduced from Lemma 2.11
with 79 = 40. As we explained in Remark 4.1, see (4.2), the push-forward up can
be expressed as a product of an (a, Cy)-regular measure jiq g, and a (3, Cg)-regular
measure (i3 g. Therefore the hypothesis (4.6) is applicable to the measure pp, as-
suming that A = 6/6 < Ag, as we may (by (4.29), and taking § > 0 sufficiently
small, depending this time on «, 3,0, Ag). The conclusion is that the 7-dimensional
Hausdorff contents of the sets

Ep:={0€[0,1]: up (B(1)N Hp (Tp(K),A™",[A1])) = A"}, BeK,

satisfy the uniform upper bounds H7_ (Eg) < A™ = (§/6)™. Since v is a (1,05~ ")-
Frostman measure, hence absolutely continuous with respect to H7, with density
bounded by O~ ", it follows that

o (4.29)
v(E) <06~ "-HI (E) <06 "- (%)n < 0§ . 5A-1/+)mo

Since 1 — 1/(1 4+¢€) > €¢/2 > w(a,B,0) > 0, we may ensure that the right hand
side is bounded from above by (5”/(6400?,) by choosing 1 < eny/8, and then § > 0
sufficiently small. Therefore, splitting the integration to Ep and [0, 1]\ Ep, and for
¢ € Ep using the uniform upper bound pp(B(1)) < C, we find that

/OIMB (B(l) N Hy (TB(K), (g)",[g,l])) () < 3;5;3’ Bek

~

Plugging this back into (4.39), and recalling that |KC,| < C, - 677, and (4.40), we
find

w39y <cc2. -0kl <&
39 =€ e =3

As we discussed earlier, this concludes the proof of (4.38).
Based on (4.38), and recalling that v is a probability measure, there exists a
subset S C S' of measure v(S) > w - §" with the property

w(B(1) N Hy(K,6 € [5,5]) >w- 0", €S, (4.41)
For tidiness’ sake, let us replace “5” by “1” with the following trick: notice that

1(B(5) N Hy(K, 572 [55,5])) > w(B(1) N He(K,57%¢,[55,5])), 6 € [0,1],
(4.42)
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using first the inclusion Hy(K, M, [r, R]) C Hy(K, %, [5r, R]) from Lemma 2.6, and
then assuming that 6 > 0 is sufficiently small that % -6¢ > 6%. But now, using
Lemma 2.11, the left hand side of (4.42) can be rewritten as

5 upy(B(1) N Ho(Tpes (K), 6 7%, [3,1))). (4.43)

Here i := pp(s) is a product of an (a, Cy)-regular measure and a (8, Cg)-measure
supported on K := Tg(5)(K), and according to (4.41), we have

A(B(1) N Hy(K,6-°M% [5,1])) > £-67,  H€S.

This completes the proof of Lemma 4.30. Since the coming arguments would see no
difference between p, i, or K, K, or (,2(, or w,w/5, we save a little on notation and
assume that (4.41) already holds with “1” in place of “5”, that is we assume

w(B(1) N Hy(K,5 7%, [5,1])) >w- 6", 60€S, (4.44)

where v(S) > w - §". Note that if § = §, then (a stronger version of) (4.44) follows
immediately from our initial counter assumption (4.15). From this point on in the
proof, the reader may essentially forget about the difference between the scales § and
§: we will work with the properties (4.28) and (4.44). The second one is automatically
satisfied with § = 6, but securing the first one necessitated the “change of scale”
operation witnessed above.

4.5 Removing very high multiplicity subsets. The plan of this section is
to use the hypothesis (4.6) to remove from Hg(K,5 °%¢,[§,1]) points with (“very
high”) multiplicity 67, while still retaining the lower bound (4.44) for at least 3 of
the points in S. More precisely, we will prove the following:

LEMMA 4.45. If§ > 0 and n < no are sufficiently small, then there exists a subset
S S of measure v(S) > 1. v(S) with the property

w(B(1) N Hy(K,6°t [5,1)NGy) >w-6", 0€8,

>

where
Gy 1= B()\ [Hy(K, (5"/%)77, [58"/2,5]) U Hy(K, (5'/%)77, [56,50'%])|

Proving Lemma 4.45 is possible, because the “inductive” hypothesis (4.6) tells
us that the points with multiplicity > 077 have small p measure compared to the
lower bound u(B(1) N He(K,567°1¢,[5,1])) > w - 6" obtained in (4.44). Here we will
of course need that 1 < 7, recall (4.13). We also recall that § < 6“("), so the
assumption “§ > 0 is sufficiently small” in Lemma 4.45 can be arranged by taking
0 > 0 sufficiently small.

We begin the proof of Lemma 4.45. First, we claim that using (4.6), and if
8172 < Ay is sufficiently small, then
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HE({6 € [0,1] : u(B(1) N Hy(K, (6'%)77,[56'/2,5])) = 5- (§'/2)}) < (8'/2)™.
(4.46)
This would be a direct consequence of (4.6) without the factors of “5”. As stated,
(4.46) also needs a rescaling argument, just like the one between (4.42)-(4.43), and
literally applying (4.6) to the measure jp5). We omit the details.

As a consequence of (4.46), and the (7,06~ ")-Frostman property of v, the v-
measure of those # € [0, 1] appearing in (4.46) is bounded from above by

057" (812 < O . §«TImo=n
This bound is smaller than v(S)/10 > w - §7/10 if n < w(7)np/2, and 6 > 0 is

assumed sufficiently small. Therefore, with appropriate choices of 1 and 9§, for all
“0” in a subset 5" C S of v-measure v(S’) > 2v(S), the reverse of (4.46) holds, that
is,

u(B(1) N Hy(K, (6"2)7°,[56,5])) < 5. (/%) S g ge s
But, according to (4.44), taking n < w(7)ny and § > 0 small enough, as usual, the
upper bound on the right is smaller than 3-u(B(1)NHy(K,5-7¢, 8, 1])). Therefore,

1(B(1) N Hy(K, 5[5, 1)\ Hp(K, (5/2)7,[56"/2,5])) > w- 6", 0 € S
(4.47)

We then repeat a similar operation to remove, further, the following subsets:
B(1) N Hp(K, (6Y%)77,[55,55/2)).
The argument is similar to the one above: we will first check that

v({0 € [0,1] : u(B(1) N Hp(K, (6Y/%)7,[56,56/2))) > L. w . o"}) < L. (9.
(4.48)

Here the constant “w” is temporarily the same as in (4.47): the point of (4.48) is
that for at least % of the v measure of the directions # € S’, at most % of the set
appearing in (4.47) can lie in the set shown in (4.48). Hence the set in (4.48) can,
and will, be removed from the set in (4.47) without reducing its measure too much.

To prove (4.48), we essentially repeat our treatment for the term (4.37) above:
we let K be a minimal cover of B(1) N K by discs of radius radius 50'/2. By the
(7, C)-regularity of u, we then have |[K| < C., - (56/2)~7. We write

<> / D du(6). (4.49)

1
[ (B ) 0 Ha(r, (5172)7 55,58/7)
0 BeK

Applying Lemma 2.11 as in (4.40), the individual terms on the right can be rewritten
as

w(BN...) = (56Y2) . up(B(1) N Hy(T(K), (6Y%)77,[6"/2,1])), Bek, (4.50)
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where pp is the renormalised and rescaled measure associated to the disc B, which is
again a product of some (o, Cy)-regular measure and some (3, C3)-regular measure.
Now, assuming that (51/ 2) < Ay, the hypothesis (4.6) applies to the measures pup
individually, and shows that

HL ({6 € [0, 1) : pp(B(1) N Hy(Tp(K), (5"/2)77,[8"/2,1])) = (8'/2)™}) < (6'/2)™
(4.51)

for every B € K. This, and the (7,00 ")-Frostman property of v, implies that if
17 < w(7)no is small enough, then the v measure of the points 6 € [0,1] in (4.51) is
no larger than Q5" (/%) < 53’7/(203). Combining this estimate with (4.50), and
noting the uniform upper bound pg(B(1)) < C,, we arrive at the following upper
bound for (4.49):

(4.49) < K]+ (58V/2)7 - [(8Y2) + Cy - g] < 6%,
By Chebyshev’s inequality, this shows that
V({0 € [0,1] : u(B(1) N Hy(K, (572)7, 55,56'/%])) > § -w-67}) < 2. %0,

Recalling that v(S") > $v(S) > w - 67, the right hand side is at most § - v/(S) if
d > 0 is chosen sufficiently small. This proves (4.48).

Now, after discarding at most half of (the v measure of) the points in S’, we

finally arrive at a set S C S’ C S with measure v(S) > 1v(S) such that a converse

of (4.48) holds for all # € S. In other words, we may upgrade (4.47) to
w(B(1) N Hy(K,6t [5,1)NGy) >w-6", 0€8, (4.52)
where
Gy = B(1)\ [H9<K, (6'/2)77, [56"/2,5]) U Hy (K, (6"/%)77, [56, 551/2]>} :
This completes the proof of Lemma 4.45. We now abbreviate
Ky = B(1)NHy(K, 67t [5,1) NGy, 0€S. (4.53)

To end this section, we claim that there exist two points 6y,6; € S C S with
separation

512 < |y — 0] < §/2 (4.54)

with the property u(Kg, N Kp,) > w - §%. The scale & has been chosen so that this
is possible; it may be a good idea to recall (4.28) at this point. Since

w- TS v(S) = 3 vl -vi(S),

I€D1/2
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and v is a probability measure, there exists an arc I € Dyj3 = Dji» of length 6'/2
with the property v;(S) > w - 0" Write Sy := I'NS. Then, u(Ky) > w - " for all
0 € S; according to (4.52), and hence

w87 < /S n(Ko) v (0) < /B 0 €81 € Ko} du(a

IN

1/2
C,y . (/( )V]({(90,91) eESrxSr:xe K@U N K91}) d,u(a:))
B(1

c . (//slxs, (K, O Ko, ) dur(61) dw(ag)) "

On the other hand, we infer from (4.28) and the upper bound u(Kp, N Kp,) <
u(B(1)) < C, that

/ / (Ko, N Ky,) dvr(01) dvr(6o) S Cy - gwlaBor)
S JSiNB(0o,601+9/2)

Therefore, if n > 0 is sufficiently small, depending only on «,3,0,7, and § > 0
is small enough, there must exist a pair of points 6, 6; € S; C S such that 0; ¢
B(fy, 61+9/2) and such that u(Kg,NKp,) > w-6*". If one cares to track the constants,
then the number “w(a, 3,0,7) > 0” here is the one coming from (4.28), and there
w(a, B,0,7) 2 €2, so the requirement for n mentioned in (4.13) is sufficient.

We now fix such a pair of points g, 0; € S C S for the rest of the proof, and we
write

K = Ko, N Ky, . (4.55)

As we will see in the next section, the existence of the set K will lead to a contra-
diction, and this will complete the proof of Proposition 3.18.

4.6 The geometry of the set K. In this subsection, we will establish a few
properties of K, as in (4.55), at scales § and 6172, We list the desired properties
imprecisely in (T1)—(T2); the rigorous versions of these properties are stated later,
in Lemma 4.74, once all the relevant notation has been set up in the course of this
section.

We aim to find a tube Ty C R? of the form Ty = 7T9_01(I) with |[I| ~ 6'/2, such
that

(T1) Nji2(K N'To) =M Z (5Y/2)77, and N5(K N'To) ~ M- (5'/2)77,
(T2) Ns(mp,(K N'To)) S (64/2)°=7 for both j € {0,1}.
The set K NTy (after some extra pruning) will eventually play the role of the set

A’ x B’ discussed in the proof outline, Section 1.1, see also Remark 4.7.
Finding a tube T with the properties (T1)—(T2) is based on the fact that

K c BA)NHy (K577, [5,1) NGy,  je{0,1}, (4.56)
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recall (4.55). We start by claiming the following:
Nj(mo,(K)) S Cy-6°777¢, je{0,1}. (4.57)

To see (4.57), fix 0 € {0y,01}, and let Ty be a minimal cover of K by tubes of the
form T = 7, {I}, where I € D5(R). (We will write “T” for -tubes and “T” for
6'/2-tubes.) Then, each T € 7Ty contains a point zp € K C Hy(K,5-7%¢, [5,1]),
hence B(z,1) N 7T9_1{7['9(J,‘T)} C B(2)NT, and

N5(Ks N B2)NT) > mgg(ar | [6,1]) > 57+,
This implies that
o] - 57 < N3(K5 N B(2)) S Cy -8,

and (4.57) follows by rearranging.

We next consider the projections of K at scale 6'/2, but we first do an initial
reduction. Let Ks.,. be a minimal cover of K by discs of radius 6172, so in particular
KNB#( for all B € Kg/2. Since K C KN B(1), and u(K) > w - §*, we have

w -6 (6Y2)77 < K512 < Nsue(K N B(1) < C, - (5Y2)77. (4.58)
A disc B € Kj1/> is called heavy if
WBNEK) > (u(K)/2C,) - (8'2) = w- 6" - (5')7. (4.59)

Then, the total p measure of the light (that is, non-heavy) discs if bounded from
above by |Kgi2| - (W(K)/2C,) - (6%/2)7 < u(K)/2. Therefore, if we replace K by the
intersection

En |J B (4.60)
BeK;1/2 heavy

then p(K) > (w/2)- 6%, and the key property (4.56) of K remains valid (it is worth
emphasising here that the high-multiplicity set in (4.56) is defined relative to K,
not K). These are all the properties we will need in the sequel, so, without loss of
generality, we may assume that all the discs in Ks1,. are heavy.

Now, in order to consider the 7y, and 7y, projections of K at scale 6172, let T51/2
be a minimal cover of K by tubes T = 7r9_01(1) with I € D512 (R). It will be good to
keep in mind that |y — 61| < 6/2 by (4.54), so the 7, and 7, projections of K are
virtually indistinguishable at scale §'/2: for example

N2 (19, (K)) ~ N2 (m, (K)).

Also, even though the tubes in 75i,. were defined via the projection mg,, they still
satisfy the following property for both j € {0, 1}: the sets 7y, (B(1)NT) have bounded
overlap as T € 75,/ varies.
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We now claim the following upper bound, assuming that § > 0 and n > 0 are
sufficiently small:

Nj12 (g, (K)) ~ |T512| S €y - (8Y/2)77774€, (4.61)

The proof goes as follows. Every tube T € 75,. meets at least one (heavy!) ball
Bt € Kj51/2. We will shortly see that

Nj(mg, (K N B)) > (62772 j € {0,1}, B € Ksi/s, (4.62)

so in particular this holds with B = Bry. Since the sets 7y, (K N Br) have bounded
overlap as T varies in Tj,», it follows from (4.57) and (4.62) that

Cyy - 57777 2 Ni(mg, (K) 2 [Ture] - (8/2)7 7%,

and then (4.61) follows by rearranging terms.

Let us then prove (4.62). Fix B € Ky /2, and keep in mind that u(B N K) >
w - 0% . §7/2 since all the balls in Kz, are heavy. Let us first check that (4.62)
follows if we manage to show the next claim: if T = 7, 1(I) is an arbitrary tube of

width |I| = 6, then
Ns(BNKNT;) < (572 °¢  BeKsp. (4.63)
Indeed, since u(B N K) > w -6 - (§/2)7 for all (heavy) discs B € Kj,2, we have
Ns(BNK)>w- 6. (64/2)™
by the (v, Cy)-regularity of . Combining this lower bound with (4.63) implies that

it takes > w - 647 - (61/2)777+¢ tubes of the form T5 = 7, *(I), with |I| = §, to cover

BN K. This implies (4.62) for §,7 > 0 small enough that w - §47 > 5512.
It remains to establish (4.63). Fix a tube T := 7T9_]_1(I) with |I| = ¢, and assume
to the contrary that B € K5 /. is a disc with '

Ns(BNK NTy) > (84/2)~7¢. (4.64)

Then, if zo € BN K N Ts is arbitrary, note that B C B($0,55_1/2). From this,
combined with (4.64), and assuming ¢ > 0 sufficiently small in terms of ¢, it follows
easily that

micg, (o | [56,56"%]) := Nyz(B(wo,56"%) N Ky5 0wy H{mg, (20)})
> (6'/%)7, (4.65)
see Figure 1 for further details. In other words zo € KnNH,y (K, (6Y%)7,[58,56'2).
However, by the definition in (4.55), the set K is a subset of Ky, and this Ky , by

its definition in (4.53), contains no points of Hy, (K, (6'/2)77,[58,55'/2]). Therefore
(4.63) holds, and this completes the proof of (4.61).
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B(zo, 55/2)

Figure 1: One of the heavy discs B € Kj1/2 intersected with a tube T5 = W(;jl (I), and a point
2o € BN K NTj. The grey discs form a minimal d-cover for BN K N Ty, as in (4.64), and
their 5-times enlargements, shown in dotted lines, all intersect the red line my N, (w0)}-
This gives (4.65).

We have now shown, in (4.61), that K can be covered by < C., - (81/2)7—r=4¢
tubes of the form T = 7r9_01 (I), I € Dj1/2(R), whose collection we denoted Z5,/.. This
implies that the average tube in 75,,. meets

)

B (458 _ _
Z C,;l . "Cgl/2| . (51/2)'yfa+4§ > w- 5477 . (51/2)fa+4(

discs in Kji/2. For technical convenience, we wish to arrange that the statement
above holds for every tube in 75./», and this can be accomplished by another pruning
argument, as follows. We say that a tube T € T, is heavy if

{B€Ksip: BNT £ 0} > w- 5% (§1/2)~0+4C

for a suitable constant w > 0. Since [Kz 2| > w - 6% - (6Y/2)77 by (4.58), and
|T51/2] S C-(51/2)77774C as we just argued, the union of the light (non-heavy) tubes
in 75.,. intersects at most half of the discs in Kji/», assuming that the “w” constant
in the definition of heaviness above is chosen appropriately. We now redefine s -
to be those discs in (former) Ks,» which intersect a heavy tube, and we redefine K
to be the part of K covered by the union of the (remaining) discs in Kzi/.. We also
restrict Z5.,. to the heavy tubes. With this new notation, and taking 6,7 > 0 small
enough so that w - 6% > (§1/2)¢,

{B€Ksip: BNT £ 0} >w- 6% (§/2)70HC > (/27045 T e T, ,.
(4.66)

Moreover, Kjzi,. continues to satisfy the estimates from (4.58), namely |Ks./.| ~
(61/2)=7. The tubes in T,» need not quite cover K any longer. This is because some
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disc in K51/» might have been initially half-half covered by a light tube and a heavy
tube; then the ball was selected to the new Ky /2, but is not covered by the heavy
tubes it touches. To fix this, we inflate the tubes in 7. by a factor of 3 without
changing notation: then 7/, consists of tubes of width 36'/2, and

K= |J EnBc |J T (4.67)
Be’Cgl/Q Te%l/z
We also write
Kp = U KNBCT, T € T, (4.68)
BeK;1/2
BCT

Since the tubes in 75./. are heavy (and since “T” now already refers to the 3-times
inflated tubes), the cardinality of this union is bounded from below by (4.66), for
every T € T51)».

We would next like to show that for “most” of the tubes T € 7j,,., the projections
7o, (K1), for both j € {0,1}, are fairly small at scale 4, say

Nj(mo, (K)) < (827775, je{0,1}. (4.69)

The only clue available is (4.57), which controls the 7y -projections of the whole set
K. For j € {0,1} fixed, this can be easily used to show that there are only few tubes
T € 7512 such that (4.69) fails. Namely, if 752 ; C T2 is the sub-family of “bad”
tubes for which (4.69) fails, then it follows from (4.57), and the bounded overlap of
the projections 7y, (Kt), T € T2, that

(T30 4] - (8Y2)77775€ < Ny(mp, (K)) S Cy - 87777, je{0,1},
and hence
(T2 4l < (8Y/2)777F5, (4.70)

assuming that d is so small that the constants (implicit and C,) are bounded from
above by (5'/2)7¢. So, now we know that (4.69) can only fail for few tubes in ...
What we really wanted was, instead, that (4.69) holds for “most” tubes in Z.,..
To deduce the latter statement from the former, we need to show that the families
T51/2 j of “bad” tubes above only constitute a small fraction of all the tubes in 75, ..
According to (4.70), this follows if we manage to show that

|T51,2| > (61/2)71+2C, (4.71)

The proof of (4.71) is extremely similar to the proof of the lower bound in (4.62).
Instead of showing (4.71) directly, we prove that

N5, (KENT) < (6Y2)C,  TeT,, (4.72)
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which is roughly a reverse of (4.66). Once (4.72) has been established, (4.71) follows

(assuming that d,n > 0 are small enough, as usual), since the union of the tubes in

T5./2 covers all the discs in Kzi,2 by (4.67), and [Ks2| > w- 6% - (§/2)77 by (4.58).
To prove (4.72), fix 1o € K N'T arbitrary, and note that

g, (0 | [58%2,5]) = Nugiso (B(xo, 5) N Ks02 N 75 {mg, (20)}) 2 Nyuja(K N'T),
(4.73)

using that K ¢ K C B(1), and the width of T is 3§'/2. The geometry of the
inequality in (4.73) is similar to the one depicted in Figure 1, the main difference
being that the scales “6” and “0'/2” are replaced by “6'/2” and “17. Since K C
Ky, C Gy, by (4.56), we have

Zo ¢ H@O (Kv (51/2)_07 [551/27 5])7

and hence the left hand side in (4.73) is no larger than (6%/2)~7. For § > 0 sufficiently
small, this yields (4.72).

Combining (4.70)—(4.71), we see that if § > 0 is small enough, then only a small
fraction of the tubes in 75,2 lies in 7512 o U 7512 ;. In particular, we may find a
tube Ty € 751/2\[751/270 U 7—31/2’1}- We gather the relevant properties of Ty for future
reference:

LEMMA 4.74. There exists a tube T C R? of the form Ty = 7r9_01 (Io), where Iy C R
is an interval of length 36'/2, such that Ty has the following properties:

(K1) {B € Kz, : B C To}| > (61/2)79%5C by (4.66), and all the balls B € Kz,
here are heavy, that is, (BN K) > w - §*1-§7/2, recall (4.59).

(K2) The set Ky := K, is a subset of Gy, N Gy,, and has small T, -projections at
scale § in the sense that Ns(mg, (Ko)) < (61/2)7=775¢ for both j € {0,1}, see
(4.69).

The properties (K1)—(K2) are, finally, the precise versions of (T1)—(T2).

4.7 Statement of Shmerkin’s inverse theorem. We pause the main line of
the proof for a moment to introduce Shmerkin’s inverse theorem, and some associ-
ated notation.

DEFINITION 4.75 (6-measures and L?-norms). Let § € 27 be a dyadic rational.
Then, any probability measure supported on the discrete set § - Z N [—1, 1] is called
a d-measure. The L?-norm of a 6-measure  is defined by

1/2
Il o= (Z u({z})2> :

IS4
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Theorem 4.76 (Shmerkin). Given ¢ > 0 and mo € N, there are k = (e, mg) > 0
and m > mg such that the following holds for all large enough N € N. Let § =
(2=™)N | and let n1,m9 be d-measures such that

[l % M2z = 6% ([m |2 (4.77)

Then, there exist (§-separated) sets U C sptn; and V' C sptne such that

Imluliz: = 0¢|mllee  and  n2(V) > 65,

and the following properties hold:
(A) there is a sequence (R})N gt < {1,...,2™}N=1 such that

N(UNI,2-6H)m) = Rl

for all dyadic intervals I of length 2~™¢ intersecting U,
(B) there is a sequence (R2)N- ;' < {1,...,2"}¥=1 such that

N(V N I,2-6Fm) = g2

2—ms

for all dyadic intervals I of length intersecting V.

For each s € {0,...,N — 1}, either R? = 1 or R} > 20=9™ and the set S = {s :
Ri > 2(1_5)’”} satisfies

m|S| > log|nz|| 7 — €log, d. (4.78)

REMARK 4.79. The numbers R’ are the branching numbers of the measures 7;; this
terminology is heuristically useful, but imprecise, since the numbers R’ may depend
on the specific choices of U and V. If this imprecision is tolerated, and if R. > 29™
for all s € {0,..., N — 1}, then we might say that “n; has a-dimensional branching
at all scales”. This terminology was used in the proof outline, Section 1.1.

4.8 Deriving a product structure from Ky. We the return to the main line
of the argument. Based on the properties (K1)—(K2) of the set Ko = K, we will
construct a pair of d-measures 71,72 which eventually contradict the statement of
Shmerkin’s inverse theorem. This contradiction will show that our counter assump-
tion (4.12) must be false, and the proof of Proposition 3.18 will be completed.

To simplify notation a little, we assume without loss of generality that T is the
tube

Ty = 7r0—01 (IO), where Iy := [07 381/2]

We will also assume that 3§'/2 is a dyadic rational. Let 73 be a minimal cover of K
with tubes of the form wg_ul(l), where I € D5(R); a more accurate notation would be
’279075, but the choice between 6y and 61 at this point is completely arbitrary. Then
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the tubes in 7 are all contained in Ty, or in other words I C Iy, since Ko C Ty,
recall (4.68). Moreover,

T3] < (8/2)7 ¢ (4.80)

according to property (K2). We also let Kj1,2(To) := {B € Kg12 : B C Ty}, and we
write

(K1) _ _
M := |K51,2(To)| > (8/2)70+5¢, (4.81)

For purposes in the distant future, we next want to remove from 75 a few tubes which
have a relatively sparse intersection with Ky. To make this precise, and motivate
the numerology, we introduce some notation. For B € Kj,2(Tp), let

K5(B) be a minimal cover of Ko N B by discs of radius d, (4.82)

so in particular Bs N KNB # ) for all By € K5(B). Recall that each disc B € Kj/»
satisfies (B N K) > w - 64 - 57/2 by (K1), so the (v, C,)-regularity of x implies

w- 8 (YT < K5(B)| < O - (0Y)TY, BeKspa(To).  (4.83)

By discarding at most % of the p measure of Ky N B, we may assume that all the
discs in K3(B) are heavy, meaning this time that

W(Bs) > w- 6.8, BseKs(B). (4.84)

We then define Kp to be the union of the heavy discs in 5(B) intersected with K.
We let K5 to be the union of all the families K3(B), with B € Kj,2(Tp). Thus

w- ST (52T < K| < ¢ - (52 (4.85)

We also recall from (4.63) that if T'=T5 = 71'0701 (I) is an arbitrary tube with |I| = 6,
in particular if T' € 75, and if B € K51/2(To) C K1)z, then

{Bs € K5(B) : TNB;s # 0} < Ns(BNKNT) < (5/2)77<. (4.86)
Therefore, it is reasonable to define that T" € 7 is B-dense if
{B5 € K5(B) : TN Bj # 0}] > (3% 77+7, (4.87)
and otherwise T' is B-sparse. In particular, a B-dense tube satisfies
W(Kpn2T) > w- 5% . (§1/2)=o+7C. 57, (4.88)

since 2T contains > (§1/2)~o+7¢ discs in Kg5(B), all of which are heavy in the sense
(4.84). Then, we say that T' € T5 is Ko-sparse if

{B € Ks1/2(To) : T is B-dense}| < M- 55¢
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Otherwise T is Ko-dense. This numerology is also sensible, because each tube T' € T
can meet at most M discs in Ks./2(Tp) (namely all of them). We next claim that
only a small fraction of all the discs B € K; intersect some Ko-sparse tube, which
will allow us to restrict attention to Ko-dense tubes in the sequel. Using the uniform
upper bound (4.86), every fixed Ko-sparse tube T € T satisfies

{Bs € K5 : TN B; # 0}
< Z ‘{Bg S /Cg(B) :T'N By # ®}| + Z

BeK;1/2(To) BeK;1/2(To)
Tis B-dense T'is B-sparse
< [m- 585] . (51/2)7074' LM (51/2)—o+75
<92.9M- (51/2)7¢7+7C_‘

Since the number of Ky-sparse tubes is bounded from above by 75| < (81/2)o—7—6¢
by (4.80), we conclude that the number of discs in K5 which meet some sparse tube
is bounded from above by < M - (§1/2)77%<, Recalling from (4.85) that

IKs| > w - 54 .o . (51/2)—7’

we may finally infer that if §,7 > 0 are small enough, there exist > % - |5/ discs in
K5 which intersect some K(-dense tube in 75. After this observation, we discard all
Ko-sparse tubes from 75 without changing notation; in other words, we assume in
the sequel that all the tubes in 75 are Ko-dense, and in particular if T' € 7, then
(4.88) holds for at least M - §5¢ choices of discs B € Kj1/2(To).

Before proceeding, we claim the following almost converse to (4.80):

[ T5] > (8/2)7 7+, (4.89)

assuming that 6,7 > 0 are sufficiently small. Indeed, according to (4.81) and (4.86),
every tube T' € T; intersects < 9 - (67/2)79~¢ discs in Kj. But since the tubes in
75 in total intersect > I - [K5| > w - 6% - 901 - (61/2)=7 discs in K3, the lower bound
(4.89) follows.

Recall that the tubes in 75 have the form 7" = 7T9_01(IT), where I C Iy = [0,35'/?]
is a dyadic interval of length 6. Therefore, the left end-points of the intervals I,
with I € T, form a certain finite subset A; C & -Z N Iy. In other words, A; consists
of those points x € 6 - ZN Iy such that T}, := 779_01([:1:, x+0)) € T5. In particular, keep
in mind that such tubes T, are all Ky-dense (this will be needed in Section 4.11,
which is still relatively far away). We record the following corollary of (4.80) and
(4.89):

_ - (4.89) (4.80) _ _
(827 <A =T < (813 (4.90)
Let II; be the uniformly distributed probability measure on A;. Then
spt I, = A; € 0,302 N6 - Z. (4.91)
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This measure is a d-measure in the sense of Definition 4.75. We note that

(4.89

1/2
) i
IIHll\L2:<ZH1({a})2) = A [TV = TR < (812 R (4.92)

a€A;

We next define another discrete measure, associated to the y-coordinates of the discs
B € K51/2(Ty). In fact, for every B € Ks1/2(Ty), let

yp € (51/2 : Z) A 1o (B),

where 7 (x,y) = y is the projection to the y-coordinate. This point exists, since
Too(B) is an interval of length 26'/2. We also note that mo(B) C [—2,2], since B
intersects K, hence B(1). Next, let Ay := {yp : B € Kz}, and let Iy be the
uniformly distributed probability measure on Ay. Then

sptTlp = Ay € [2,2] (51/2 : Z) . (4.93)

Thus I is a 6%/2-measure, and

1/2
(4.81) _ .
Iz L2 = (Z Hz({a})2> - |A2|—1/2 ~MY2 < (51/2)(0—50/; (4.94)

a€As

Now II := IIy x Il is a discrete probability measure supported on A; x A, but
it is not evident that IT has anything to do with the set Ko = Kr,. To clarify the
connection, we need to define a certain subset of A; x Ay of substantial II-measure.
Recall that that every point « € A; was the left end-point of a certain é-interval
I, = [z, +0) C [0,36"/?] such that T}, = 7r9_01 (I;) € T5. Similarly, recall that every
point y € Ay was contained in the mo-projection of a certain disc By € K51,2(Ty).
With this notation, we define

G :={(z,y) € A1 x Ay : T, N B; # 0 for some B; € K5(By)}. (4.95)

Morally, G consists of those tube-disc pairs (T, B) € T5 x Kj12(To), where T in-
tersects (the d-neighbourhood of) K inside B. Note that if x € Aj, then T} is a
Ko-dense tube, so T, N By # § for some Bs € Kz1,:(B) (see (4.87)) for > 9 - §8¢
distinct discs B € Kj1,2(Tp). In other words,

Tz} N Gl > M- 5%, ze A,

and consequently (recall that |Ag| ~ 1)

_ ’G‘ > <8¢
I(G) = A 25 (4.96)
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4.9 From projections to convolutions. = While constructing the sets A1, A2, G
above, all the arguments were based on the structure of Ky = K’TO relative to tubes
which were pre-images of intervals under the 7y, -projection. Next, we exploit the
information available for the mp, -projection in (K2), namely that

Nj(mg, (Ko)) < (8'/2)7~76C, (4.97)

The plan is, roughly speaking, to use (4.97) to show that the convolution between
II; and (f; — 6p)II3 has nearly the same L?-norm as Iy, where (6; — 6g)Ily refers
to the push-forward of IIy under the map y — (61 — 6p)y. This will be quantified in
(4.101). To get started, we claim that there exists an absolute constant C' > 0 such
that

70,-0,(G) C [mo, (Ko)] s (4.98)

where G C A; x Ay is the set defined in (4.95), and the right hand side refers to
the Cd-neighbourhood. To prove (4.98), fix (z,y) € G, so that T, N Bs # 0 for
some Bs € Kj/2(By), where B, € Kj1/2(Ty). Here T, = 779_01(117) for some interval
I, € Ds(R), whose left end-point is . Then we know the following:

(1) z € I, and y € 7o (By) by definitions of T, and B,,.

(2) There exists a point (z9,y0) € T, N Bj, and B € K5(By), so B NKoN DBy # 0
(recall from (4.82) that K5(By) was a minimal §-cover of KoNB,). In particular,
dist((z0,y0), Ko) < 8 and dist((zo, yo), By) < 6.

From (2), we first deduce that mp, (x0,v0) € I, hence
(0 + foyo) — x| < 9.

Also, from (1)—(2) it follows that |yo —y| < 61/2. Therefore, recalling also from (4.54)
that |6y — 01| < 6'/2, we find

|70, (20, Y0) — o, 6, (7, y)| = [(z0 + 1y0) — (z + (01 — 60)y)|
< [(xo + Ooyo) — z| + 101 — bo| - |yo — y| S 0.

Since g, (20,%0) € [ms, (Ko)]5 by (2), we conclude the proof of (4.98). Combining
(4.97)-(4.98), we obtain

Ni(o,—0,(G)) < (3Y/2)7 7. (4.99)

We abbreviate 6 := 0; — 6y from now on. Combined with the lower bound (4.96) for
the II-measure of G, we will shortly infer from (4.99) a lower bound for the L?-norm
of the projection myll. To make this perfectly precise, we will need an additional
piece of notation. We would prefer 7y to map R? inside the discrete set § - Z. So, let
us, in place of 7y, consider the map 7g: R? — ¢ - Z,

o == [2] + [0y],
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where [r] € §-Z and 0 < ¢ < § are determined by r = [r] + ¢. Now it follows from
(4.99) that

|70(G)| < (8427775, (4.100)

The benefit of considering the projection 7y is that the 7g-projection of Il can be
expressed as the following convolution:

77'9(1_[) = [Hl] * [HHQ] = H1 * [HHQ]

where [01I3] refers to the push-forward of IIs under the map y +— [fy] (recall from
(4.91) that I1; is already supported on 6-Z, so [IT;] = IT). Note that both IT; and [011s]
are discrete measures supported on 4 - Z, so the same is true for their convolution.
From the facts (IT; x I12)(G) = II(G) 2 6% (recall (4.96)) and (4.100), we can deduce
the following lower bound for the (discrete) L?-norm of this convolution:

1/2
< N mMe){z)) < [m(@)V2 | Y m)({z})?
2€To (G) 2€8-7
< (6Y/2)@760/2 Iy % [G1L,) | £z,

or in other words

_ - (4.92) _ -
Ty # [0T15] || 2 2 (87/2) (22072 > 7 55¢ Iy || e, (4.101)

The lower bound (4.101) will eventually place in a position to apply Shmerkin’s
inverse theorem, Theorem 4.76. Since || = |6, — 6| < 6'/2 by (4.54), both II; and
[fIT5] are probability measures supported on [~56'/2,56Y/2]N¢§-Z C [-1,1] N4 - Z.

To close this section, we record an upper bound for the L?-norm of [fII5]. This
is based on the following elementary observation: since 6] > 6(+9/2 by (4.54), we
have

Hyed /2. Z: [0y =2} <692,  2€46-L. (4.102)

Indeed, if [fy1] = [Byo], then certainly |0] - [y1 — yo| < 6, hence |y1 — yo| < 61/27/2,
But any fixed interval of length ~ 6%/27¢/2 contains < §~¢/2 points from 6/2-7Z, and
this implies (4.102). Now, recall from (4.93) that IIy was defined to be the uniform
probability measure on the set Ay C [~2,2] N 62 Z, and |As| ~ M, so Ty ({y}) ~
IN~! for all y € Ay. Hence, it follows from (4.102), and [[0A]| < |Ag| ~ 90, that

1/2

ST Pz | S (w25
z€[A-]

I[611]]]2

4.81 _ _
— 5—6/2 . m—1/2 ( S ) (51/2)(0—5C)/2—€ < (51/2)0/2—3C—e‘ (4103)



122 T. ORPONEN GAFA

4.10 Applying Shmerkin’s inverse theorem. We now arrive at the core of
the proof of Proposition 3.18: the proof will be formally concluded in this section,
although some technicalities will spill over to the next one. In (4.101), we have seen
that II; and [fII5] are 5-measures with the property

Ty [OTTo]) | 2 69Ty 2. (4.104)

This places us in a position to apply Shmerkin’s inverse theorem, Theorem 4.76.
We have already fixed the parameters “¢” and “mg” a while ago, in Section 4.1. In
particular, they were chosen so that the following holds for all m > my:

y—0+10{ < (1 —a—e€)(o —10(e + () + (1 — p)(1 — 30(23(”) — o ).
(4.105)

?

The constants “e, p, (y” only depended on «, 3, o, while “my” additionally depended
on Cy (as is evident from the inequality above). Now, Theorem 4.76 tells us that

(APl

associated with these two parameters “e¢” and “mg” there correspond constants
k = k(e,mp) > 0, and m > myg, such that if

6= (2™ (4.106)

for some sufficiently large integer N > 1, and and if 11,7, are any J-measures
satisfying

[l * m2l| > 8% [l 22, (4.107)

then interesting things start to happen. We have previously established that our
specific 0-measures 7 = II; and 1y = [01l5] satisfy (4.104), and (4.107) follows if
6( = 60(7)¢ < (e, mp). This is indeed one of the restrictions on the parameter
“¢” which we imposed in (4.11) (and this was made completely precise in (4.36)), so
interesting things do happen: there exist sets U C spt Iy = A; and V' C spt[AIl] =
As such that

I (U) > 6% and [AT1)(V) > &, (4.108)

(the first condition is equivalent to “||(TI1)|¢|[zz > 0¢||T1]|z2" since TIj is the uni-
formly distributed measure on A;) and the following properties hold:

(A) there is a sequence (RN ' < {1,...,2"3N=1 such that
N(UNI,2-6+)m) = Rl

for all dyadic intervals I of length 27™# intersecting U,
(B) there is a sequence (RZ)Y ' < {1,...,2m}¥=1 such that

N(VNI,2-6F0m) — g2

for all dyadic intervals I of length 27™¢ intersecting V.
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For each s € {0,...,N — 1}, either R? = 1 or R} > 200=9™ and the set S = {s :
R! > 2(1=9m} gatisfies

m|S| > log [|[011:]1| 2 — elog(1/3). (4.100)

Based on the information above, we compute a preliminary lower bound for the
cardinality of the set U, and hence Ay D U. The cardinality of U equals the product
of the “branching” numbers R, s € {0,..., N — 1}, and hence

N-1
(A = U] = ] By = [T 209 = I Re = 20-9"SIx I &L
s=0 s€eS s¢S s¢S

From (4.109) and (4.103) we can obtain a decent lower bound on the first factor,
but the second factor needs more work. It turns out that, thanks to the regularity
of the measure p 4, we can prove an “almost uniform” lower bound on the numbers

R

S

LEMMA 4.110. For any p € (0,1) (in particular the constant p = p(«a, 3,0) chosen
in Section 4.1), there exists a subset of indices

GCc{N/2,....N—1} with |G|> (1 - [275+4€ + ﬁ}) A an)

ap apm
with the property that
Rl >2U0=pam s g (4.112)
Before proving Lemma 4.110, we use it to conclude our estimation for |A;|:
|A| > o(1—e)mlS| o H R! > o(1=e)m|S|  o(1=p)am(|G|-|S|)
seG\S
> g(l—a=em|S| o(1-p)am|G| (4.113)
From (4.109) and (4.103), we further infer that

_ (4.103) . .
m|S| = log [[0T1] || 77 — elog(1/8) >~ (§ — 3¢ — 2¢)log(1/).

Comparing the ensuing lower bound for |A1| with the upper bound obtained in
(4.90), and noting that 2-"/2 = §1/2 with our notation (by (4.106)), we obtain

(51/2)0—7—65

27¢+4e
(4§0) ’A1| (4'111)§(4'113) 5—(1—0(—5)(0’/2—36—26) . (51/2)—(1—p)a<1—[ gt; %])
This inequality however contradicts our choices of parameters at (4.105), assuming
that 6¢ = 60(7)¢ < (p. Finally, therefore, a contradiction has been obtained: (4.104)
cannot hold, hence (4.12) cannot hold for 6,7 > 0 small enough (depending on all the
constants «, 3, Cy, Cg, 0, T, Ag, Mo, as we have seen). The proof of Proposition 3.18
is complete.
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4.11 Lower bounds for branching numbers. It remains to prove Lemma 4.110.
We start by defining the following collection of tubes:

Ty = {my ' (21;) sz € U}. (4.114)

Here I, € D5(R) refers to the dyadic interval whose left endpoint is x € U C A;.
So, 7Ty is a sub-collection of 75, except that all the tubes have been thickened by a
factor of 2. We also write Ty := U7y. We claim the following: if § > 0 is sufficiently
small, then there exists a disc By € Kj1,2(Tp) such that

((By N Ty) > (81/2)7+26¢+He, (4.115)

The proof is based on our arrangement that all the tubes 7' € 75, and in particular
T € Ty, are Kp-dense. We recall from (4.88) that this means that

WEKpNmpl(2L) > w- 6% (Y3457 ml2l) e Ty, (4.116)

holds for at least 9t 6% different choices of B € Ks:,.(Tp). As the following compu-
tation shows, this will imply that the average disc B € Kj,2(Ty) satisfies (4.115).
Before we begin, it will be useful to recall that 9 := |Ks.,.(To)| by (4.81), and to
note that since II; is the uniformly distributed measure on Ay,

.108)
>

(4 _ (4.90) _ =
‘U| 626’A1| > (51/2)0*’7+2<+46. (4117)

With these facts in mind, we estimate as follows:

1 1 _ _
o 2. MBNTY) 2> oo >, wKpnm (L)
B€eK51/2(To) zelU B€K51/2(To)
(4.116) w SF _ o
> Yoo 58 sAn . (§1/2\—o+TC | 5
> Zm M- 55 . 64 . (5/2) 5
zeU
(4.117)

> w. §4n (51/2)%25&46'

If 6,7 > 0 is small enough that w - 67 > §°/2, this proves the existence of a disc
By € Kj1,2(Ty) satisfying (4.115).

Recall that p = pa X pp, where py is (o, Cy)-regular, and pp is (3, Cg)-regular.
Recall also that v = o + 3. By Fubini’s theorem,

(8122064 < u(By N Tyy) < / . )ALA({i‘ €R:(z,y) € BoNTy}) dup(y).

Since pp(moo(Bo)) < 2C5 - (61/2)8, we infer that there exists yo € Too(Bo) with the
property

pa{z € R (z,y0) € ByNTy}) > (54/2)+27CHe, (4.118)
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for § > 0 small enough. Let us abbreviate U := {Z € R : (Z,y0) € Bo N Ty}. We
observe that

Uc 7T0(B(]) =:1,

which is an interval of length 26'/2. For slight technical convenience, we actually
prefer that |I| = 6172, and this can be arranged: if U is replaced by its intersection
with either the left or the right half of I, then (4.118) remains valid, and this new U
fits inside an interval of length precisely 6'/2. With this reduction, we assume that
diam(U) < |I| = 6'/2.

At this point we pause and clarify the connection between the sets U and U
(where the latter was defined around (4.108), and, more importantly, was used to
define the tubes 7y in (4.114)). We claim that

U + yobo C Usy, (4.119)

where the right hand side refers to the 26-neighbourhood of U. To see this, fix z € U,
and observe that (z,y9) € Ty by definition. In other words (z,yo) € 719_01(2[36) for
some z € U. Since z € I, this implies that |Z + fgyo — | < 26, and (4.119) has
been verified. This inclusion means that we may easily obtain (lower) bounds for
the branching numbers R} associated to U by studying the set U instead.

The following proposition will quantify that U has nearly a-dimensional branch-

ing at almost all scales:

PROPOSITION 4.120. Let py be an (a, Cy)-regular measure on R, C,, > 1, and let
§ = 27N be a dyadic number, for some m, N > 1. Assume that U C [0,1) is a
Borel set with ps(U) > 6* for some positive parameter w € (0,1). Fix p € (0,1),
and consider those good scales s € {0,..., N — 1} with the property

max  No-mein (U NT) > 20-p)am+s, (4.121)
I€D, me

Then, the number of good scales is no smaller than

(1- &+ 2]~ (4.122)

Proof. We start by covering U by a collection U C Dy of dyadic intervals, and we
discard those intervals which do not intersect spt 4. The union of the remaining
intervals has the same p4 measure as U, and it also suffices to prove (4.121) for
this smaller set. So, we assume with no loss of generality that every interval I € U
intersects spt 4. This allows us to pick one point ;7 € I Nsptua C U Nsptua
for each I € U, and write i for the uniformly distributed probability measure on
{zy: 1 € U}. Since pa was assumed to be (a, Cy)-regular, and u(U) > 6, we have
U] > C - 59~ Therefore

H(ji,Ds) > log(Ct - 6“7%) = (o — w)ymN —log Cy > (a —w)mN — Cy.  (4.123)
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We then decompose the d-entropy of i by repeated applications of (2.1) (note that
H(fi, Do) = 0, since sptn C [0,1)):

N-1
(@ —w)mN = Cq < H(it,D5) = )  H(ft, Da-me+1) | Dy-ms)
s=0
N-1
= > A(I) - H(ig, Do-miesn).
SIO IGDz—vns

Here ji; = ji(I)~'1|; as usual. In particular, ji; is a probability measure supported
on I Nsptua (no closure is needed, since fi is a discrete measure). To make further
progress, we derive a uniform entropy upper bound from the (a, C,)-regularity of

HA:
H(fir, Dy-m+n)) < log No-me+n (I Nspt pa) <log(Co - 2°™) < am
+Co, I € Dyms.
As a consequence of the preceding inequality, we also see that
H (i, Dy-mst1) | Dog-ms) < am + Cyq, 0<s<N-1 (4.124)
Now, a scale index s € {0,..., N — 1} is called bad if
H(fi,Dy-ms+1) | Da-ms) < (1 — p)am + 3,

and good otherwise. Note that if an index s € {0,...,N — 1} is good, then in
particular H(fif, Dy-me+1) > (1 — p)am + 3 for some interval I € Dg—m:, which
implies (4.121). So, it remains to show that there are not too many bad scales. We
observe that

(4.123) N-1
(@—w)ymN —Co < H(fi,Ds)= >  H(i,Dy-mi+v) | Dyns)

s=0
:2+Z (4.125)

s bad s good

Let AN be the number of bad scales, so the number of good scales is (1 —A)N. With
this notation, and using (4.124), the right hand side is bounded from above by

AN - [(1—=p)am + 3]+ (1 = AN - [am + Cy] < (1 — Ap)amN + (3 + Cy,)N.
Comparing this upper bound with the lower bound in (4.125), we obtain
(I =Xp)amN > (o« —w)mN — (3+ Co)N — Cy > (v —w)mN — 5C, N,

or in other words

)< [i+5ca}.

— |ap apm

Since the number of good scales is (1 — A) N, we obtain (4.122). 0
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We can then prove Lemma 4.110, or in other words (4.111)—(4.112). Recall from
(4.118) that U C I satisfied py (U) > (§1/2)2+27¢+He —. (§1/2)2+« where

w = 27C + 4e.
Since I is an interval of length §'/2, the rescaled and re-normalised measure
pri=(87%)7" Typa

is an (a, Cy)-regular measure, and T7(U) C [0,1] is a Borel set with up(T7(U)) >
(61/2)«. Therefore, Proposition 4.120 can be applied to p; and the set TH(U). The
scale “6” at which the proposition is applied is now 6+/2, which in our notation
(namely 6 = 27"V) can be written as

51/2 — o—m(N/2).

Now, the conclusion (4.121) of Proposition 4.120 would literally say something about
the intersections of T7(U) with dyadic intervals of lengths between §'/2 and 1. In
the following, we already translate this information back to U, and scales between
§ and §/2 (these correspond to indices s € {N/2,..., N — 1}): there exists a family
of good indices G C {N/2,...,N — 1} such that

| Inax No—term (T N T) > 207Plam+3 g e g (4.126)
€Dy—ms

and

ol 2 (- [ ) ¥

ap apm

This is the lower bound we claimed in (4.111). Finally, a combination of (4.126) and
the inclusion (4.119) finally allows us to estimate from below the branching numbers
R!. Assume that s € G C {N/2,...,N — 1}, so that (4.126) holds, and let I € Dy,
be some dyadic interval with

(4.119) _
No-mis+1 (Uys N (L +yobp)) > No-me+n (U + yobo) N (I + yobo))

= N2—m(s+1)(U | I) Z 2(1—p)o¢m+3.
Since 27™(#*1) > §, this implies that

max N2—m,(s+1)(U N I/) Z 2(1_P)am.
I'éEDy—ms

The left hand side is a lower bound for R!, by the definition of these branching
numbers. This proves (4.112) for all s € G, and hence completes the proof of Propo-
sition 3.18.
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5 Proof of Proposition 4.32

We repeat the statement:

PROPOSITION 5.1. Let 6 € [0,1], and let 1 < M < N < oo be constants, let
0 <r <R<1, and let u be a (v,C,)-regular measure with v € [0,2], C, > 0,
and K := spt u C R%. Abbreviate jis := | sy for s > 0. Then, there exist absolute
constants ¢, C' > 0 such that

w1 (Hg(CN, [r,1])) < p1(Hp(eM,[4R,5])) + CCi - pua(Hp (%, [4r,TR))).  (5.2)

Here we abbreviated Hy(K, M, [r, R]) =: Ho(M,[r, R]). During the proof, we will
also abbreviate mg g =: my. These notions were introduced in Definitions 2.3 and
2.4 .

Proof of Proposition 5.1. For t € R, write
F.(t) = N(B2)NK,Nm,'{t}) and Fg(t) = Nr(B3)NKrnm, {t})(5.3)

where K refers to the s-neighbourhood of K. We also define the following variant
of F’ R:

Fgr(t) == Nap(B(4) N Kyp Ny Ht}), teR.

The first point to observe about the definition fo F), is that if x € B(1), then
B(z,1) C B(2), and hence

mg(x | [r,1]) = No(B(z,1) N K, Ny H{mg(2)}) < Fr(mo ().
In particular,
z € B(1)NHy(CN,[r,1]) = F.(mg(zx)) > CN. (5.4)
Similarly,
z € B(1)\Hg(cM,[AR,5]) = Fg(m(z)) < cM, (5.5)
because if x € B(1), then B(4) C B(x,5), and hence
Fr(mg(x)) = Nar(B(4) N Kyg Ny {me(2)}) < mg(x | [4R, 5)).

There is also a useful relationship between F,.(¢) and the push-forward measure
tg = w1, which reads as follows: if I C R is an interval of length r, then

po(I) S Cyr™ - sup Fr.(t). (5.6)

te3l
Indeed, by the (v, Cy)-regularity of ;, an upper bound for py (1) is given by 4C,r7-n,
where “n” is the largest number of disjoint r-discs centred at B(1)N K N, Y(1). A1l
of these r-discs are contained in B(2) N K, N 7r9_1(3I). Now, the average line wg_l{t},
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with ¢ € 31, meets > n/3 of these discs, since the probability of hitting each disc
individually is % Hence, for some t € 31, it holds

() = N,(B@) N K, Ny 1) 2 .

This proves (5.6).
Let Kr be a boundedly overlapping cover of K, N B(2) by discs of radius R,
centred at K. Thus B C KrNB(3) for all B € K. For Br € Kp, fixed, we define

Fy(Bp)(t):=N,(Br N K.Nm; {t}) and  F.(Br)(t) =N (4B N K4y {t}).

We claim the following inequality for every t € R:

F(t)<C1 Y F.(Bp)t), (5.7)
BreKr

where C7 > 0 is an absolute constant. This inequality means that an upper bound
for the r-discs intersecting , 1{t} can be obtained by finding an upper bound on
both R-discs intersecting 7, ' {¢}, and an upper bound for r-discs intersecting r, *{t}
inside any given R-disc. To prove (5.7), fix t € R, and let {z1,...,2;,} be a maximal
r-separated subset of B(2) N K, N7, '{t}, so that F,.(t) < m. For every 1 < j <m,
the point z; € K, lies in BR N K, N ng{t} for some Br € Kgr. Consequently,

Rt)sm< Y Hl<j<mia; €Bpnk nm 1S Y F(Br)W).
BreKr BreKr

where the final inequality used the r-separation of the points x;. This proves (5.7).
Next we claim that, for every t € R,

{Br € Kr : F;(Bg)(t) # 0} < C2FR(t), (5.8)

where C5 > 0 is another absolute constant. Indeed, for every Br € Kpr with
F,(Br)(t) # 0, there exists zp, € Br N K, N 7w, {t} C B(3) N Kp N, {t}.
Since the discs Br have bounded overlap, the points xp, obtained this way are es-
sentially R-separated (more precisely: contain an R-separated subset of comparable
cardinality), and consequently

Fr(t) = Nr(B(3) N Kr N, {t}) 2 {Br € Kr : F(Br)(t) # 0},

as stated in (5.8).
We combine (5.7) and (5.8) to reach the following useful inequality, for any
H>1:

F(t)<Ci Y, Fu(Br)(t)+ C1CoHFR(t),  teR.
BreKr
F.(Br)(t)2H
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In particular, choosing H := N/M and C > 2C,Cs (this “C” is the absolute constant
referred to in the statement of the proposition), we find that if Fr(t) < M for some
t € R, then

F.(t) < Cy > F(Bg)(t)+CN/2.
BreKr
F.(Br)(£)=N/M

In particular, we derive the following key observation, again valid for any ¢ € R:

Fi(t)>CNand Fr(t) <M = F()<2Ci Y F(Bg)®)

BreKgr
F.(Br)(t)=N/M

(5.9)
To apply (5.9), we start by making the “trivial” estimate
i (Ho(CN, [r,1])) < pr (Ho(eM, [4R,5])) + i (Ho(CN, [r, 1)\ Ho(cM, [4R, 5])).
Consequently, (5.2) will follow once we manage to prove that
p1(Ho(CN, [r,1])\Ho(cM, [4R, 5))) < CF - pa(Hy(cqy, [4r,7R])).  (5.10)

Let = € B(1) N Hy(CN, [r,1])\Hg(cM, [4R,5]) be arbitrary. Then, we infer from
(5.4)-(5.5) that

Fi(mg(x)) > CN and Fg(mg(x)) < cM.

In particular, the left hand side of (5.10) satisfies

11 (Ho(CN, [r, 1))\ Hy(cM, [4R, 5))) < / 1 050 and Fayenny (B dita(t). (5.11)

Let D,(R) be the collection of dyadic intervals of R of length r. We decompose the
integral on the right as

> /1{t:Fr(t)ECN and Fr(t)<car} (D) dpig(t).
IeD,(R) I

Fix I € D,(R), and assume that there exists at least one point to € I with Fy.(tg) >
CN and Fg(tp) < c¢M (otherwise the corresponding term is zero). For such an
interval I € D, (R), we simply apply the estimate (5.6) to evaluate

/Il{t:FT(t)zCN and ﬁR(t)ScM}(t) d,ug(t) < ,ug([) < C»Yr'y . f:gI;Fr(t). (5.12)

Let t; € 31 be a point which nearly attains the supremum on the right, say, up to a
constant 2, and moreover F(t1) > Fy.(tp) > CN.

Recall from (5.3) that Fg(t) := Ng(B(3) N Kr N, {t}). We claim that if

the absolute constant ¢ > 0 is chosen small enough, then Fr(t;) < M. Indeed, let
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{21,...,2m} C B(3)N7, {t1}NK R be a maximal R-separated set, with m ~ Fp(t;).
Then, since |t; — to| < 2r, the line We_l{to} intersects B(5) N K4r in 2 m points,
which are 4R-separated. Consequently

cM > ﬁR(to) = N4R(B<5) NKspN 7T0_1{t0}) z m ~ FR(tl),

and the claim follows. Therefore, F,.(t;) > CN and Fg(t1) < M, and we are in a
position to apply (5.9) to the point ¢;:

F.(t1) < 204 > F.(Bg)(t1). (5.13)
BreKr
Fo(Br)(t)>N/M

We next claim that if Bg € Kg is one of the discs appearing in the sum in (5.13),
that is, F,.(Bg)(t1) > N/M, then

c
Fo(Br)(t) < -2 /5 LR e (5) 4T 0l ) ). (5.14)

rY

To prove this, we first claim that

To(plspy)([t1 — 2,1 + 2r])
Z & Ne(BrO KNy {th}) = & - F(Br)(t)- (5.15)

To see this, note that every point x € B N K, N 7r9_1{t1} lies at distance < r from
a point in 2Bg N K N7, ([t1 — 7, t1 + 7)), and

B(xz,r) C 3Br N w;l([tl —2r,t1 + 2r]),

since r < R. Hence, mg(u|3p,)([t1 — 2r,t1 + 2r]) exceeds, by a constant factor, the
total p-measure of discs B(z,r) obtained in this way. This measure is bounded from
below by the right hand side of (5.15).

To deduce (5.14) from (5.15), it remains to observe that

[t1 —2r,t1 +2r] C {s: F.(Bgr)(s) > ¢cN/M}, (5.16)

assuming that the absolute constant ¢ > 0 was chosen small enough. To see this,
recall that

F.(Bg)(s) = Ny (4Br N Ky N, H{s}).

The point is that since F,.(Br)(t1) > N/M (we are only considering these terms in
(5.13)), there exist > N/M points in BgN K, N7, *{t1}, which are r-separated. Now,
if s € [ty — 2r,t1 + 2r], then m, '{s} intersects K4, whenever 7, '{t1} intersects K,
and these intersections occur inside 4Bg. Hence F,.(Bg)(s) = F,(Bg)(t1) > N/M
for all s € [t; — 2r,t1 + 2r]. This completes the proof of (5.16), hence (5.14).

We record at this point that

x € 3Bp and Fr(Bg)(mp(z)) > eN/M =z € Hp(c, [4r,7R]). (5.17)
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This is so, because if x € 3Bg, then B(z,7TR) D 4Bg, and hence
mg(z | [47, TR]) > Nup(4Br N K4p N1y {mg(2)}) = F,(Bg)(m(2)).

Combining (5.12)—(5.14), we first learn that

/ 1{t:FT (t)>CN and Fg(t)<cM} (t) dpg(t)

S 02 Z / {s:F.(Bgr)(s) >cN/M}( s) dmo(p1l3B, ) (5)-
BreKr

Summing over I € D,(R), using the bounded overlap of the intervals 5/, applying
(5.17), and finally using the bounded overlap of the discs 3Bg C B(4), Br € Kg,
we find that

/ Lir (1)>0N and Fa(ty<enry () Ao (t)

N 02 Z / {8:Fu( BR)(s)>cN/M}( s) dmg(pl3B,)(s)
Brekr

<C2 > u3BrN Hy(c, [4r,TR]))

= vy M> Y
BreKr

Recalling (5.11), this concludes the proof of (5.10), and the proof of the proposition.
d
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