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A PROOF OF RINGEL’S CONJECTURE
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Abstract. A typical decomposition question asks whether the edges of some graph
G can be partitioned into disjoint copies of another graph H. One of the oldest
and best known conjectures in this area, posed by Ringel in 1963, concerns the
decomposition of complete graphs into edge-disjoint copies of a tree. It says that
any tree with n edges packs 2n + 1 times into the complete graph Ko, 1. In this
paper, we prove this conjecture for large n.

1 Introduction

The study of decomposition problems for graphs and hypergraphs has a very long
history, going back more than two hundred years to the work of Fuler on Latin
squares. Latin squares are n x n arrays filled with n symbols such that each symbol
appears once in every row and column. In 1782, Euler asked for which values of n
there is a Latin square which can be decomposed into n disjoint transversals, where
a transversal is a collection of cells of the Latin square which do not share the same
row, column or symbol. This problem has many equivalent forms. In particular, it
is equivalent to a graph decomposition problem.

We say that a graph G has a decomposition into copies of a graph H if the
edges of G can be partitioned into edge-disjoint subgraphs isomorphic to H. Euler’s
problem is equivalent to asking for which values of n does the balanced complete
4-partite graph K, ».» have a decomposition into copies of the complete graph on
4 vertices, K4. In 1847, Kirkman studied decompositions of complete graphs K,
and showed that they can be decomposed into copies of a triangle if, and only if,
n = 1 or 3 (mod 6). Wilson [WILT75] generalized this result by proving necessary
and sufficient conditions for a complete graph K, to be decomposed into copies of
any graph, for large n. A very old problem in this area, posed in 1853 by Steiner,
says that, for every k, modulo an obvious divisibility condition every sufficiently
large complete r-uniform hypergraph can be decomposed into edge-disjoint copies
of a complete r-uniform hypergraph on k vertices. This problem was the so-called
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“existence of designs” question and has practical relevance to experimental designs.
It was resolved only very recently in spectacular work by Keevash [KEE14] (see the
subsequent work of [GKLO)] for an alternative proof of this result). Over the years
graph and hypergraph decomposition problems have been extensively studied and
by now this has become a vast topic with many exciting results and conjectures (see,
for example, [GAL09, WOZ04, YAPS8S)).

In this paper, we study decompositions of complete graphs into large trees, where
a tree is a connected graph with no cycles. By large we mean that the size of the tree
is comparable with the size of the complete graph (in contrast with the existence of
designs mentioned above, where the decompositions are into small subgraphs). The
earliest such result was obtained more than a century ago by Walecki. In 1882 he
proved that a complete graph K,, on an even number of vertices can be partitioned
into edge-disjoint Hamilton paths. A Hamilton path is a path which visits every
vertex of the parent graph exactly once. Since paths are a very special kind of tree
it is natural to ask which other large trees can be used to decompose a complete
graph. This question was raised by Ringel [RIN63], who in 1963 made the following
appealing conjecture on the decomposition of complete graphs into edge-disjoint
copies of a tree with roughly half the size of the complete graph.

CONJECTURE 1.1. The complete graph Kon41 can be decomposed into copies of any
tree with n edges.

Ringel’s conjecture is one of the oldest and best known open conjectures on graph
decompositions. It has been established for many very special classes of trees such
as caterpillars, trees with < 4 leaves, firecrackers, diameter < 5 trees, symmetrical
trees, trees with < 35 vertices, and olive trees (see Chapter 2 of [GAL09] and the
references therein). There have also been some partial general results in the direction
of Ringel’s conjecture. Typically, for these results, an extensive technical method is
developed which is capable of almost-packing any appropriately-sized collection of
certain sparse graphs, see, e.g., [BHPT16, MRS16, FLM17, KKOT19]. In partic-
ular, Joos, Kim, Kithn and Osthus [JKKO19] have proved Ringel’s conjecture for
very large bounded-degree trees. Ferber and Samotij [FS16] obtained an almost-
perfect packing of almost-spanning trees with maximum degree O(n/logn), thus
giving an approximate version of Ringel’s conjecture for trees with maximum degree
O(n/logn). A different proof of this was obtained by Adamaszek, Allen, Grosu,
and Hladky [AAGH20], using graph labellings. Allen, Bottcher, Hladky and Piguet
[ABHP19] almost-perfectly packed arbitrary spanning graphs with maximum degree
O(n/logn) and constant degeneracy' into large complete graphs. Recently Allen,
Bottcher, Clemens, and Taraz [ABCT19] found perfect packings of complete graphs
into specified graphs with maximum degree o(n/logn), constant degeneracy, and
linearly many leaves. To tackle Ringel’s conjecture, the above mentioned papers de-
veloped many powerful techniques based on the application of probabilistic methods

LA graph is d-degenerate if each induced subgraph has a vertex of degree < d. Trees are exactly
the 1-degenerate, connected graphs.
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and Szemerédi’s regularity lemma. Yet, despite the variety of these techniques, they
all have the same limitation, requiring that the maximum degree of the tree should
be much smaller than n.

A lot of the work on Ringel’s Conjecture has used the graceful labelling approach.
This is an elegant approach proposed by Résa [ROS66]. For an (n+1)-vertex tree T' a
bijective labelling of its vertices f : V(T') — {0, ...,n} is called graceful if the values
|f(x) — f(y)| are distinct over the edges (x,y) of T. In 1967 Résa conjectured that
every tree has a graceful labelling. This conjecture has attracted a lot of attention in
the last 50 years but has only been proved for some special classes of trees, see e.g.,
[GAL09]. The most general result for this problem was obtained by Adamaszek,
Allen, Grosu, and Hladky [AAGH20] who proved it asymptotically for trees with
maximum degree O(n/logn). The main motivation for studying graceful labellings
is that one can use them to prove Ringel’s conjecture. Indeed, given a graceful
labelling f : V(T') — {0,...,n}, think of it as an embedding of T" into {0,...,2n}.
Using addition modulo 2n+1, consider 2n+1 cyclic shifts Ty, ..., T, of T', where the
tree T; is an isomorphic copy of T whose vertices are V(T;) = {f(v)+i | v € V(T)}
and whose edges are E(T;) = {(f(z) +1, f(y) +1) | (x,y) € E(T)}. It is easy to
check that the fact that f is graceful implies that the trees T; are edge disjoint and
therefore decompose Koy 1.

Rosa also introduced a related proof approach to Ringel’s conjecture called “p-
valuations”. We describe it using the language of “rainbow subgraphs”, since this
is the language which we ultimately use in our proofs. A rainbow copy of a graph
H in an edge-coloured graph G is a subgraph of G isomorphic to H whose edges
have different colours. Rainbow subgraphs are important because many problems
in combinatorics can be rephrased as problems asking for rainbow subgraphs (for
example the problem of Euler on Latin squares mentioned above). Ringel’s conjecture
is implied by the existence of a rainbow copy of every n-edge tree T" in the following
edge-colouring of the complete graph Ks, 1, which we call the near distance (ND-)
colouring. Let {0,1,...,2n} be the vertex set of Ko,,41. Colour the edge ij by colour
k, where k € [n], if either i = j+ k or j = i+ k with addition modulo 2n + 1. Kotzig
[ROS66] noticed that if the ND-coloured Ko,41 contains a rainbow copy of a tree
T, then Ka,4+1 can be decomposed into copies of T' by taking 2n + 1 cyclic shifts of
the original rainbow copy, as explained above (see also Figure 1). Motivated by this
and Ringel’s Conjecture, Kotzig conjectured that the ND-coloured Ks,1 contains a
rainbow copy of every tree on n edges. To see the connection with graceful labellings,
observe that such a labelling of the tree T is equivalent to a rainbow copy of this
tree in the ND-colouring whose vertices are {0,...,n}. Clearly, specifying exactly
the vertex set of the tree adds an additional restriction which makes it harder to
find such a rainbow copy.

In [MPS20] we gave a new approach for embedding large trees (with no de-
gree restrictions) into edge-colourings of complete graphs, and used this to prove
Conjecture 1.1 asymptotically. Here, we further develop and refine this approach,
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Figure 1: The ND-colouring of Ko and a rainbow copy of a tree T" with four edges. The
colour of each edge corresponds to its Euclidean length. By taking cyclic shifts of this tree
around the centre of the picture we obtain 9 disjoint copies of the tree decomposing Ko (and
thus a proof of Ringel’s Conjecture for this particular tree). To see that this gives 9 disjoint
trees, notice that edges must be shifted to other edges of the same colour (since shifts are
isometries).

combining it with several critical new ideas to prove Ringel’s conjecture for large
complete graphs.

Theorem 1.2.  For every sufficiently large n the complete graph Koni1 can be
decomposed into copies of any tree with n edges.

To prove Theorem 1.2, instead of working directly with tree decompositions, or
studying graceful labellings, we prove for large n that every ND-coloured Koy, 11
contains a rainbow copy of every n-edge tree (see Theorem 2.1). Then, we obtain
a decomposition of the complete graph by considering cyclic shifts of one copy of
a given tree (as in Figure 1). The existence of such a cyclic decomposition was
separately conjectured by Kotzig [ROS66]. Therefore, this also gives a proof of the
conjecture by Kotzig for large n.

As outlined in Section 2, our proof introduces three key new methods (discussed
later as M1, M2 and M3). Firstly, when dealing with trees with very high degree
vertices, we use a completely deterministic approach for finding a rainbow copy of
the tree. This approach heavily relies on features of the ND-colouring and produces
something very close to a graceful labelling of the tree.

Secondly, we need techniques to embed 99% of any tree T’ randomly into the ND-
colouring in a rainbow fashion. Our techniques here are based on the probabilistic
methods in [MPS20], except we need the random embedding to maintain some degree
of independence between the vertices and the colours used for this embedding. High
degree vertices in T' force dependencies between the vertices and the colours used
on any randomized embedding of large subgraphs of T. These dependencies were
a major barrier to generalising previous random approaches to Ringel’s Conjecture
to trees with high degree vertices. Maintaining some independence between vertices
and colours here is a subtle task and a critical part of our proof.

Finally, having embedded 99% of the tree T', we complete the embedding using
absorption. This is a particularly challenging task, and so we prepare for it during
our initial embedding by carefully constructing an absorbing structure which assists
with the precise task of completing the embedding while using each unused colour
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exactly once. Absorption is a general outline introduced by Rédl, Rucinski and
Szemerédi [RRS06], which has since been implemented in many different settings
using a variety of creative constructions. The novelty of our use is in the interplay
of our constructions with the randomized parts of our embedding, the constructions
themselves, and the use of absorption to embed graphs with high degree vertices.

Our theorem is the first general result giving a perfect decomposition of a graph
into subgraphs with arbitrary degrees. As we mentioned, all previous comparable
results placed a bound on the maximum degree of the subgraphs into which the
complete graph was decomposed. Therefore, we hope that further development of
our techniques can help overcome this “bounded degree barrier” in other problems
as well.

2 Proof Outline

From the discussion in the introduction, to prove Theorem 1.2 it is sufficient to prove
the following result.

Theorem 2.1.  For sufficiently large n, every ND-coloured Kopy1 has a rainbow
copy of every n-edge tree.

That is, for large n, and each (n + 1)-vertex tree T, we seek a rainbow copy
of T in the ND-colouring of the complete graph with 2n + 1 vertices, Koy, 11. Our
approach varies according to which of 3 cases the tree T" belongs to. For some small
d > 0, we show that, for every large n, every (n + 1)-vertex tree falls in one of the
following 3 cases (see Lemma 3.5), where a bare path is one whose internal vertices
have degree 2 in the parent tree.

A T has at least 657 non-neighbouring leaves.

B T has at least dn/800 vertex-disjoint bare paths with length 1.

C Removing leaves next to vertices adjacent to at least 6% leaves gives a tree
with at most n/100 vertices.

As defined above, our cases are not mutually disjoint. In practice, we will only
use our embeddings for trees in Case A and B which are not in Case C. In [MPS20],
we developed methods to embed any (1 — €)n-vertex tree in a rainbow fashion into
any 2-factorized Ko,+1, where n is sufficiently large depending on e. A colouring
is a 2-factorization if every vertex is adjacent to exactly 2 edges of each colour. In
this paper, we embed any (n + 1)-vertex tree 7" in a rainbow fashion into a specific
2-factorized colouring of Ka,11, the ND-colouring, when n is large. To do this, we
introduce three key new methods, as follows.

M1 We use our results from [MPS19] to suitably randomize the results of [MPS20].
This allows us to randomly embed a (1 — €)n-vertex tree into any 2-factorized
Koy 41, so that the image is rainbow and has certain random properties. These
properties allow us to apply a case-appropriate finishing lemma with the un-
covered colours and vertices.
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M2 We use a new implementation of absorption to embed a small part of T" while
using some vertices in a random subset of V(Ka,+1) and exactly the colours
in a random subset of C(Ka,+1). This uses different absorption structures for
trees in Case A and in Case B, and in each case gives the finishing lemma for
that case.

M3 We use an entirely new, deterministic, embedding for trees in Case C.

For trees in Cases A and B, we start by finding a random rainbow copy of most
of the tree using M1, as outlined in Section 2.1. Then, we embed the rest of the tree
using uncovered vertices and exactly the unused colours using M2, which gives a
finishing lemma for each case. These finishing lemmas are discussed in Section 2.2.
We use M3 to embed trees in Case C, which is essentially independent of our
embeddings of trees in Cases A and B. This method is outlined in Section 2.3.
In Section 2.4, we state our main lemmas and theorems, and prove Theorem 2.1
subject to these results.

The rest of the paper is structured as follows. Following details of our notation, in
Section 3 we recall and prove various preliminary results. We then prove the finishing
lemma for Case A in Section 4 and the finishing lemma for Case B in Section 5 (to-
gether giving M2). In Section 6, we give our randomized rainbow embedding of most
of the tree (M1). In Section 7, we embed the trees in Case C with a deterministic
embedding (M3). Finally, in Section 8, we make some concluding remarks.

2.1 M1: Embedding almost all of the tree randomly in Cases A and B.
For a tree T in Case A or B, we carefully choose a large subforest, 7" say, of T,
which contains almost all the edges of T'. We find a rainbow copy T’ of T in the
ND-colouring of Ko,4+1 (which exists due to [MPS20]), before applying a finishing
lemma to extend 1" to a rainbow copy of T. Extending to a rainbow copy of T is
a delicate business — we must use exactly the n — e(T ) unused colours. Not every
rainbow copy of T” will be extendable to a rainbow copy of T'. However, by combining
our methods in [MPS19] and [MPS20], we can take a random rainbow copy 1" of T"
and show that it is likely to be extendable to a rainbow copy of T'. Therefore, some
rainbow copy of T' must exist in the ND-colouring of Ko,11.

As T" is random, the sets V := V (Ko, 11)\V(T) and C := C(Ka,+1)\C(T) will
also be random. The distributions of V and C will be complicated, but we will not
need to know them. It will suffice that there will be large (random) subsets V C V
and C C C which each do have a nice, known, distribution. Here, for example,
V C V(K2n+1) has a nice distribution if there is some ¢ so that each element of
V(Kap+1) appears independently at random in V' with probability ¢ — we say here
that V' is g-random if so, and analogously we define a g-random subset C' C C(K2p41)
(see Section 3.2). A natural combination of the techniques in [MPS19, MPS20] gives
the following.

Theorem 2.2.  For each € > 0, the following holds for sufficiently large n. Let
Kopi1 be 2-factorized and let T be a forest on (1 — €)n vertices. Then, there is a
randomized subgraph T' of Kopt1 and random subsets V. C V(Kapy1)\V(T') and
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C C C(Kaymi1)\C(T') such that the following hold for some p = p(T’) (defined
precisely in Theorem 2.5).

A1 T is a rainbow copy of T' with high probability.
A2V is (p+ €)/6-random and C is (1 — €)e-random. (V and C' may depend on
each other.)

We will apply a variant of Theorem 2.2 (see Theorem 2.5) to subforests of trees

in Cases A and B, and there we will have that p > ¢. Note that, then, C' will likely
be much smaller than V. This reflects that 7" C Kop41 will contain fewer than n
out of 2n + 1 vertices, while C'(Ks,11)\C(1") contains exactly n — e(1") out of n
colours.

As explained in [MPS20], in general the sets V' and C' cannot be independent,
and this is in fact why we need to treat trees in Case C separately. In order to finish
the embedding in Cases A and B, we need, essentially, to find some independence
between the sets V and C (as discussed below). The embedding is then as follows for
some small § governing the case division, with € = §% in Case A and € > § in Case B.
Given an (n + 1)-vertex tree 7' in Case A or B we delete either en non-neighbouring
leaves (Case A) or én/k vertex-disjoint bare paths with length k = §~1 (Case B) to
obtain a forest T7”. Using (a variant of) Theorem 2.2, we find a randomized rainbow
copy 1" of T" along with some random vertex and colour sets and apply a finishing
lemma to extend this to a rainbow copy of T

After a quick note on the methods in [MPS19] and [MPS20], we will discuss
the finishing lemmas, and explain why we need some independence, and how much
independence is needed.

Randomly embedding nearly-spanning trees. In [MPS20], we embedded a (1 — €)n-
vertex tree T into a 2-factorization of Koy, 11 by breaking it down mostly into large
stars and large matchings. For each of these, we embedded the star or matching
using its own random set of vertices and random set of colours (which were not
necessarily independent of each other). In doing so, we used almost all of the colours
in the random colour set, but only slightly less than one half of the vertices in the
random vertex set. (This worked as we had more than twice as many vertices in
Koy 41 than in T.) For trees not in Case C, a substantial portion of a large subtree
was broken down into matchings. By embedding these matchings more efficiently,
using results from [MPS19], we can use a smaller random vertex set. This reduction
allows us to have, disjointly from the embedded tree, a large random vertex subset
V.

More precisely, where ¢,e > n™", using a random set V of 2¢qn vertices and a
random set C' of gn colours, in [MPS20] we showed that, with high probability, from
any set X C V(Kap41)\V with | X| < (1 — €)gn, there was a C-rainbow matching
from X into V. Dividing V randomly into two sets V; and V5, each with gn vertices,
and using the results in [MPS19], we can use V to find the C-rainbow matching (see
Lemma 3.18). Thus, we gain the random set V5 of gn vertices which we do not use

1
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for the embedding of T', and we can instead use it to extend this to an (n+1)-vertex
tree in Ka,4+1. Roughly speaking, if in total pn vertices of T" are embedded using
matchings, then we gain altogether a random set of around pn vertices.

If a tree is not in Case C, then the subtree/subforest we embed using these
techniques has plenty of vertices embedded using matchings, so that in this case
we will be able to take p > 10™3 when we apply the full version of Theorem 2.2
(see Theorem 2.5). Therefore, we will have many spare vertices when adding the
remaining en vertices to the copy of T'. Our challenges are firstly that we need to
use exactly all the colours not used on the copy of 77 and secondly that there can
be a lot of dependence between the sets V and C. We first discuss how we ensure
that we use every colour.

2.2 M2: Finishing the embedding in Cases A and B. To find trees using
every colour in an ND-coloured Ks,+1 we prove two finishing lemmas (Lemma 2.6
and 2.7 ). These lemmas say that, for a given randomized set of vertices V' and
a given randomized set of colours C, we can find a rainbow matching/path-forest
which uses exactly the colours in ', while using some of the vertices from V. These
lemmas are used to finish the embedding of the trees in Cases A and B, where the
last step is to (respectively) embed a matching or path-forest that we removed from
the tree T to get the forest T”. Applying (a version of) Theorem 2.2 we get a random
rainbow copy 1" of T/ and random sets V = V(K,,)\V(1") and C = C(K,)\C(T").

In order to apply the case-appropriate finishing lemma, we need some indepen-
dence between V and C, for reasons we now discuss for Case A, and then Case B.
Next, we discuss the independence property we use and how we achieve this indepen-
dence. (Essentially, this property is that V and C contain two small random subsets
which are independent of each other.) Finally, we discuss the absorption ideas for
Case A and Case B.

Finishing with matchings (for Case A). 1In Case A, we take the (n+ 1)-vertex tree
T and remove a large matching of leaves, M say, to get a tree, T say, that can be
embedded using Theorem 2.2. This gives a random copy, T’ say, of T" along with
random sets V C V(Kapy1)\V(T) and C' C C(Kan41)\C(T") which are (p + €)/6-
random and (1—e)e-random respectively. For trees not in Case C we will have p > e.
Let X C V(T’ ) be the set of vertices we need to add neighbours to as leaves to make
1" into a copy of 7.

We would like to find a perfect matching from X to V := V (K, 1)\V(T") with
exactly the colours in C' := C(Ka,.1)\C(T"), using that V C V and C C C. (A
perfect matching from X to V is such a matching covering every vertex in X.)
Unfortunately, there may be some # € X with no edges with colour in C leading to
V. (If C and V were independent, then this would not happen with high probability.)
If this happens, then the desired matching will not exist.

In Case B, a very similar situation to this may occur, as discussed below, but in
Case A there is another potential problem. There may be some colour ¢ € C' which

does not appear between X and V, again preventing the desired matching existing.
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This we will avoid by carefully embedding a small part of T’ so that every colour
appears between X and V on plenty of edges.

Finishing with paths (for Case B). In Case B, we take the (n + 1)-vertex tree T
and remove a set of vertex-disjoint bare paths to get a forest, 7" say, that can be
embedded using Theorem 2.2. This gives a random copy, T’ say, of T" along with
random sets V' C V(Ka,1)\V (") and C C C(K2y,11)\C(1") which are (p + €)/6-
random and (1 — €)e-random respectively. For trees not in Case C we will have
p > €.

Let ¢ and X = {x1,...,z0,91,...,y} C V(T') be such that to get a copy of
T from 7" we need to add vertex-disjointly a suitable path between z; and y;,
for each i € [f]. We would like to find these paths with interior vertices in V :=
V (Ka2n+1)\V(T") so that their edges are collectively rainbow with exactly the colours
in C := C(Kgny1)\C(T"), using that V' C V and C C C. Unfortunately, there
may be some z € X with no edges with colour in C leading to V. (If C and V/
were independent, then, again, this would not happen with high probability.) If this
happens, then the desired paths will not exist.

Note that the analogous version of the second problem in Case A does not arise
in Case B. Here, it is likely that every colour appears on many edges within V', so
that we can use any colour by putting an appropriate edge within V' in the middle
of one of the missing paths.

Retaining some independence. To avoid the problem common to Cases A and B,
when proving our version of Theorem 2.2 (that is, Theorem 2.5), we set aside
small random sets Vj and Cj early in the embedding, before the dependence be-
tween colours and vertices arises. This gives us a version of Theorem 2.2 with
the additional property that, for some p < €, there are additional random sets
Vo C V(Ko 1)\(V(T)UV) and Cy € C(Kapy1)\(C(T") U C) such that the follow-
ing holds in addition to A1 and A2.

A3 1} is a p-random subset of V(Kap41), Co is a p-random subset of C(Ka2p+1),
and they are independent of each other.

Then, by this independence, with high probability, every vertex in Ks,1 will have at
least 1%2n/2 adjacent edges with colour in Cy going into the set Vg (see Lemma 3.15).

To avoid the problem that only arises in Case A, consider the set U C V(T") of
vertices which need leaves added to them to reach T' from 7”. By carefully embedding
a small subtree of T” containing plenty of vertices in U, we ensure that, with high
probability, each colour appears plenty of times between the image of U and Vj.
That is, we have the following additional property for some 1/n < § < p.

A4 With high probability, if Z is the copy of U in T’, then every colour in
C(Kap+1), has at least {n edges between Z and V.

Of course, A3 and A4 do not show that our desired matching/path-collection
exists, only that (with high probability) there is no single colour or vertex preventing
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its existence. To move from this to find the actual matching/path-collection we use
distributive absorption.

Distributive absorption. To prove our finishing lemmas, we use an absorption strat-
egy. Absorption has its origins in work by Erdés, Gyérfds and Pyber [EGP91] and
Krivelevich [KRI97], but was codified by R6dl, Rucinski and Szemerédi [RRS06] as a
versatile technique for extending approximate results into exact ones. For both Case
A and Case B we use a new implementation of distributive absorption, a method
introduced by the first author in [MON19].

To describe our absorption, let us concentrate on Case A. Our methods in Case
B are closely related, and we comment on these afterwards. To recap, we have a
random rainbow tree 7" in the ND-colouring of Ky, +1 and a set X C V(T ), so that
we need to add a perfect matching from X into V = V(Kau41)\V (") to make 7"
into a copy of T. We wish to add this matching in a rainbow fashion using (exactly)
the colours in C' = C(Kapy1)\C(T).

To use distributive absorption, we first show that for any set cccC (Kop41) of
at most 100 colours, we can find a set D C C’\C’ and sets X’ C X and V! C V with
|D| <103, |[V'| < 10* and |X'| = |D| + 1, so that the following holds.

B1 Given any colour ¢ € C, there is a perfect (D U {c})-rainbow matching from
X to V.

We call such a triple (D, X', V') a switcher for C. AS |C| = | X|, a perfect (C\D)-
rainbow matching from X\ X’ into V\V’ uses all but 1 colour in C\D. If we can
find such a matching whose unused colour, ¢ say, lies in C , then, using B1, we can
find a perfect (D U {c})-rainbow matching from X’ to V'. Then, the two matchings
combined form a perfect C-rainbow matching from X into V, as required.

The switcher outlined above only gives us a tiny local variability property, re-
ducing finding a large perfect matching with exactly the right number of colours to
finding a large perfect matching with one spare colour so that the unused colour lies
in a small set (the set C'). However, by finding many switchers for carefully chosen
sets C, we can build this into a global variability property. These switchers can be
found using different vertices and colours (see Section 4.1), so that matchings found
using the respective properties B1 can be combined in our embedding.

We choose different sets C for which to find a switcher by using an auxillary graph
as a template. This template is a robustly matchable bipartite graph — a bipartite
graph, K say, with vertex classes U and Y U Z (where Y and Z are disjoint), with
the following property.

B2 For any set Z* C Z with size |U|—|Y|, there is a perfect matching in K between
Uand Y UZ".

Such bipartite graphs were shown to exist by the first author [MON19], and,
furthermore, for large m and ¢ < m, we can find such a graph with maximum
degree at most 100, |[U| = 3m, |Y| = 2m and |Z] = m + ¢ (see Lemma 4.2).
To use the template, we take disjoint sets of colours, C' = {¢, : v € Y} and
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C" ={c, : v € Z} in C. For each u € U, we find a switcher (D, X,, V) for the
set of colours {¢, : v € Ng(u)}. Furthermore, we do this so that the sets D,, are
disjoint and in C\(C' U C"), and the sets X,, and V,,, are disjoint and in X, and V,
respectively. We can then show we have the following property.

B3 For any set C* C C” of m colours, there is a perfect (C* U C" U (Uyey Dy,))-
rainbow matching from U,ecy Xy, into Uyep V.

Indeed, to see this, take any set of C* C C” of m colours, let Z* = {v : ¢, € C*}
and note that |Z*| = m. By B3, there is a perfect matching in K from U into
Y U Z*, corresponding to the function f : U — Y U Z* say. For each u € U, using
that (Dy, Xy, Va) is a switcher for {¢, : v € Ng(u)} and uf(u) € E(K), find a
perfect (D, U{cf(y)})-rainbow matching M, from X, to V. As the sets Dy, Xy, Vi,
u € U, are disjoint, Uyepy M, is a perfect (C* U C" U (Uyepy Dy,))-rainbow matching
from Uyecpy Xy into Uyep Vi, as required.

Thus, we have a set of colours C” from which we are free to use any ¢ colours,
and then use the remaining colours together with C’ U (UyepyD,,) to find a perfect
rainbow matching from U,cpy X, into UycyV,,. By letting m be as large as allowed
by our construction methods, and C” be a random set of colours, we have a useful
reservoir of colours, so that we can find a structure in 7" using £ colours in C”, and
then finish by attaching a matching to U,cy X,,.

We have two things to consider to fit this final step into our proof structure,
which we discuss below. Firstly, we can only absorb colours in C”, so after we have
covered most of the colours, we need to cover the unused colours outside of C”
(essentially achieved by C2 below). Secondly, we find our switchers greedily using
random sets of vertices and colours. This greedy selection means that the remnants
of these random sets (those vertices/colours not used in the switchers) no longer
have a good random distribution, and so they are less useful for other parts of our
embedding. However, we must use these remnant colours as we have exactly the
right number of colours to use for the full embedding. Inherently, as they are left
over from our construction of the switchers, there are more remnant colours that
we could hope to absorb. Therefore, we add further sets of random vertices/colours
and find a rainbow matching using a very high proportion of vertices/colours so that
the new remnant vertices/colours are greatly reduced (essentially achieved by C1
below). There are then few enough remnant colours to be absorbed to finish the
embedding (if, as discussed above, they lie in C").

Creating our finishing lemmas using absorption. To recap, we wish to find a perfect
C-rainbow matching from X into V. To do this, it is sufficient to find partitions
X =X{UXoUX3, V=VUlUVzand C = C; UCy U Cs with the following
properties.

C1 There is a perfect Ci-rainbow matching from X into V;.
C2 Given any set of colours ¢! C C; with |C'] < |C4| — | X1], there is a perfect
(Cy U C")-rainbow matching from Xs into V2 which uses each colour in C".
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C3 Given any set of colours C” C C5 with size |X3| — |C3], there is a perfect
(C" U C3)-rainbow matching from X3 into Vj.

Finding such a partition requires the combination of all our methods for Case A.
In brief, however, we develop C1 using a result from [MPS19] (see Lemma 3.18),
we develop C2 using the condition A4, and we develop C3 using the distributive
absorption strategy outlined above.

If we can find such a partition, then we can easily show that the matching we
want must exist. Indeed, given such a partition, then, using C1, let M; be a perfect
C4-rainbow matching from X; into Vi, and let ¢! = C1\C(M;). Using C2, let My
be a perfect (Cy U C’)-rainbow matching from X into Vo which uses each colour in
C’, and let C" = (Co U C")\C(M) = Co\C(M). Finally, noting that |C”| + |Cs| =
|C| — | X1| — | X2| = | X3/, using C3, let M3 be a perfect (C” U C3)-rainbow matching
from X3 into V3. Then, M; U My U Ms is a C-rainbow matching from X into V.

The above outline also lies behind our embedding in Case B, where we finish
instead by embedding ¢ paths vertex-disjointly between certain vertex pairs, for
some /. Instead of the partition X; U X5 U X3 we have a partition [(] = I; U [ U I3,
and, instead of each matching from X; to V;, i € [3], we find a set of vertex-disjoint
xj,y;-paths, j € I;, with interior vertices in V; which are collectively Cj-rainbow.
The main difference is how we construct switchers using paths instead of matchings
(see Section 5.1).

2.3 M3: The embedding in Case C. After large clusters of adjacent leaves
are removed from a tree in Case C, few vertices remain. We remove these large
clusters, from the tree, T" say, to get the tree 7", and carefully embed 7" into the
ND-colouring using a deterministic embedding. The image of this deterministic em-
bedding occupies a small interval in the ordering used to create the ND-colouring.
Furthermore, the embedded vertices of 7" which need leaves added to create a copy
of T are well-distributed within this interval. These properties will allow us to embed
the missing leaves using the remaining colours. This is given more precisely in Sec-
tion 7, but in order to illustrate this in the easiest case, we will give the embedding
when there is exactly one vertex with high degree.

Our embedding in this case is rather simple. Removing the leaves incident to a
very high degree vertex, we embed the rest of the tree into [n] so that the high degree
vertex is embedded to 1. The missing leaves are then embedded into [2n + 1]\[n]
using the unused colours.

Theorem 2.3. (One large vertex).  Let n > 10%. Let Ky,,1 be N D-coloured, and
let T be an (n + 1)-vertex tree containing a vertex vy which is adjacent to > 2n/3
leaves. Then, Kopy1 contains a rainbow copy of T'.

Proof. See Figure 2 for an illustration of this proof. Let 7" be T with the neighbours
of v1 removed and let m = |T”|. By assumption, |T’| < n/3+1. Order the vertices of
T —wvy as va, ..., vy so that T(vy,...,v;] is a tree for each i € [m]. Embed v; to 1 in
Ko,,41, and then greedily embed v, ..., vy, in turn to some vertex in [n] so that the
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Figure 2: Embedding the tree in Case C when there is 1 vertex with many leaves as neigh-
bours.

copy of T" which is formed is rainbow in Ks,1. This is possible since at each step
at most |T"| < n/3 of the vertices in [n] are occupied, and at most e(7”) < n/3 —1
colours are used. Since the N D-colouring has 2 edges of each colour adjacent to each
vertex, this forbids at most n/3 4+ 2(n/3 — 1) = n — 2 vertices in [n|. Thus, we can
embed each v;, 2 < i < m using an unoccupied vertex in [n] so that the edge from
v; to v1,...,v;_1 has a colour that we have not yet used. Let S’ be the resulting
rainbow copy of 77, so that V(S’) C [n].

Let S be S’ together with the edges between 1 and 2n + 2 — ¢ for every ¢ €
[n]\C(S"). Note that the neighbours added are all bigger than n, and so the resulting
graph is a tree. There are exactly n—e(T") edges added, so S is a copy of T Finally,
for each ¢ € [n]\C(S’), the edge from 1 to 2n+ 2 — ¢ is colour ¢, so the resulting tree
is rainbow. O

The above proof demonstrates the main ideas of our strategy for Case C. Notice
that the above proof has two parts — first we embed the small tree 7”, and then we
find the neighbours of the high degree vertex v;. In order to ensure that the final
tree is rainbow we choose the neighbours of v; in some interval [n + 1, 2n] which is
disjoint from the copy of T”, and to which every colour appears from the image of
v1. This way, we were able to use every colour which was not present on the copy of

T’'. When there are multiple high degree vertices vy, ..., v, the strategy is the same
— first we embed a small rainbow tree T containing vy, ..., v, then we embed the
neighbours of vy, ..., vp. This is done in Section 7.

2.4 Proofof Theorem 2.1. Here we will state our main theorems and lemmas,
which are proved in later sections, and combine them to prove Theorem 2.1. First,
we have our randomized embedding of a (1 — €)n-vertex tree, which is proved in
Section 6. For convenience we use the following definition.

DEFINITION 2.4. Given a vertex set V C V(G) of a graph G, we say V' is (-replete in
G if G[V] contains at least £ edges of every colour in G. Given, further, W C V(G)\V,
we say (W, V) is L-replete in G if at least ¢ edges of every colour in G appear in
G between W and V. When G = Koy, we simply say that V and (W, V) are
{-replete.
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POLY POLY

Theorem 2.5. (Randomised tree embeddings). Let 1/n < { < p < n < ¢ < 1
and & < 1/k < log ™' n. Let Ko, 1 be ND-coloured, let T' be a (1 — €)n-vertex forest
and let U C V(T") contain en vertices. Let p be such that removing leaves around
vertices next to > k leaves from T gives a forest with pn vertices.

Then, there is a (andom subgraph T" C K2”+1A and disjoint random subsets
V,Vo C V(Kon+1)\V(T") and C,Cy C C(K2n+1)\C(T") such that the following hold.

D1 With high probability, 1" is a rainbow copy of T' in which, if W is the copy of
U, then (W, Vy) is (§n)-replete,

D2 Vy and Cy are p-random and independent of each other, and

D3 V is (p + €)/6-random and C is (1 — n)e-random.

Next, we have the two finishing lemmas, which are proved in Sections 4 and 5
respectively.

POLY POLY POLY

LEMMA 2.6. (The finishing lemma for Case A). Let 1/n < £ K p < n < e < p <
1. Let Kopy1 be 2-factorized. Suppose that V, Vi are disjoint subsets of V(Kap+1)
which are p- and p-random respectively. Suppose that C,Cy are disjoint subsets in
C(Kany1), so that C is (1 — n)e-random, and Cy is p-random and independent of
Vo. Then, with high probability, the following holds.

Given any disjoint sets X, Z C V(Kapn+1)\(VUW) with | X| = en, so that (X, Z)
is (&n)-replete, and any set D C C(Kapt1) with |D| = en and Co U C C D, there is
a perfect D-rainbow matching from X into VU VyU Z.

Note that in the following lemma we implicitly assume that m is an integer.
That is, we assume an extra condition on n, k and €. We remark on this further in
Section 3.1.

POLY POLY

LEMMA 2.7. (The finishing lemma for Case B). Let 1/n < 1/k < p < n < € <
p < 1 be such that k = 7 mod 12 and 695|k. Let Ko, 1 be 2-factorized Suppose
that V, Vi are disjoint subsets of V(Kap41) which are p- and p-random respectively.
Suppose that C,Cy are disjoint subsets in C'(Kapt1), so that C is (1 — n)e-random,
and Cy is p-random and independent of V. Then, with high probability, the following
holds with m = en/k.

For any set {z1,...,Zm, Y1, Ym} C V(Kont+1)\(V U W), and any set D C
C(Kan+1) with |D| = mk and C' U Cy C D, the following holds. There is a set of
vertex-disjoint x;,y;-paths with length k, i € [m], which have interior vertices in
V U Vy and which are collectively D-rainbow.

Finally, the following theorem, proved in Section 7, will allow us to embed trees

in Case C.

Theorem 2.8. (Embedding trees in Case C). Let n > 106, Let Kopt+1 be ND-
coloured, and let T be a tree on n+1 vertices with a subtree T' with ¢ := |T'| < n/100
such that T has vertices vi,...,vpy so that adding d; > log4n leaves to each v;
produces T'. Then, Kon11 contains a rainbow copy of T.
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We can now combine these results to prove Theorem 2.1. We also use a simple
lemma concerning replete random sets, Lemma 3.14, which is proved in Section 3.
As used below, it implies that if Vy and Vi, with V3 C Vj C V(Ka,41), are p- and
p/2-random respectively, then, given any randomised set X such that (X,V}) is
with high probability replete (for some parameter), then (X, V1) is also with high
probability replete (for some suitably reduced parameter).

Proof (Proof of Theorem 2.1). Choose &, u,n,9, 1,7 and € such that 1/n < 13 <
" < i L5<L I < 7 LEX log~'n and k = 6! is an integer such that k = 7
mod 12 and 695|k. Let T" be an (n + 1)-vertex tree and let Ks,11 be ND-coloured.
By Lemma 3.5, T is in Case A, B or C for this 0. If T" is in Case C, then Theorem 2.8
implies that Ky, 1 has a rainbow copy of T'. Let us assume then that 7" is not in
Case C. Let k = 6%, and note that, as 7" is not in Case C, removing from 7" leaves
around any vertex adjacent to at least k leaves gives a tree with at least n/100
vertices.

If T is in Case A, then let € = 6%, let L be a set of en non-neighbouring leaves in
T, let U = Np(L) and let 7" = T — L. Let p be such that removing from 7" leaves
around any vertex adjacent to at least k leaves gives a tree with pn vertices. Note
that each leaf of 7" which is not a leaf of 7' must be adjacent to a vertex in L in T
Note further that, if a vertex in T is next to fewer than k leaves in T', but at least k
leaves in 7", then all but at most k — 1 of those leaves in 7" must have a neighbour
in L in T. Therefore, p > 1/100 — (k + 1)e > 1/200.

By Theorem 2.5, there is a random subgraph T’ C Kop4+1 and random subsets
V,Vo C V(Kan1)\V(T") and C,Cy € C(Ka,11)\C(T") such that D1-D3 hold.
Using D2, let Vi, Vo C Vp be disjoint (p/2)-random subsets of V (Kay41).

By Lemma 2.6 (applied with ¢ = £/4,u' = pu/2,n = n,e = ¢,/ = (p+ €)/6,
V =V,C =C,Vj =V, and C} a (u/2)-random subset of Cy) and D2 -D3, and
by D1 and Lemma 3.14, with high probability we have the following properties.

E1 Given any disjoint sets X, Z C V(Kap+1)\(VUV}) so that | X| = en and (X, Z)
is ({n/4)-replete, and any set D C C(Kap41) with |[D| = en and Co UC U D,
there is a perfect D-rainbow matching from X into VUV U Z.

E2 7" is a rainbow copy of 7" in which, letting W be the copy of U, (W, V5) is
(én/4)-replete.

Let D = C(K2n+1)\C(T'), so that Cy U C C D, and, as T” is rainbow by EZ2,
|D| = en. Let W be the copy of U in T”. Then, using E1 with Z = V5 and E2, let
M be a perfect D-rainbow matching from W into VUV UV CV UV As VUV
is disjoint from V(T’ ) T" U M is a rainbow copy of T. Thus, a rainbow copy of T
exists with high probability in the ND-colouring of Ks,1, and hence certainly some
such rainbow copy of T" must exist.

If T is in Case B, then recall that k = 6! and let m = en/k. Let Py,..., Py, be
vertex-disjoint bare paths with length & in T'. Let 7" be T with the interior vertices of
P;, i € [m], removed. Let p be such that removing from 7" leaves around any vertex
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adjacent to at least k leaves gives a forest with pn vertices. Note that (reasoning
similarly to as in Case A) p > 1/100 — 2(k + 1)m > 1/200.

By Theorem 2.5, there is a random subgraph 17 C Ky, 11 and disjoint random
subsets V, Vo C V(Kop1)\V(T") and C,Cy € C(Kapy1)\C(T") such that D1-D3
hold with £ =&, u= 1, n =17 and € = €. By Lemma 2.7 and D1 -D3, and by D1,
with high probability we have the following properties.

F1 For any set {z1,...,Zm, Y1, Ym} S V(Ko,+1)\(V U Vp) and any set D C
C(Kap+1) with |D| = mk and Cp U C C D, there is a set of vertex-disjoint
paths z;, y;-paths with length k, ¢ € [m], which have interior vertices in V UV}
and which are collectively D-rainbow.

F2 T’ is a rainbow copy of T".

Let D = C(Kopy1)\C(T"), so that Co U C C D, and, as 1" is rainbow by F2,
|D| = en. For each path P;, i € [m], let z; and y; be the copy of the endvertices
of P, in T". Using F1, let Q;, i € [m], be a set of vertex-disjoint z;,y;-paths with
length k, ¢ € [m], which have interior vertices in V' UV and which are collectively
D-rainbow. As V UV is disjoint from V(1"), T" U (Uie[m)Q:) is a rainbow copy of
T. Thus, a rainbow copy of T exists with high probability in the ND-colouring of
Koy +1, and hence certainly some such rainbow copy of 7' must exist. O

3 Preliminary Results and Observations

3.1 Notation. For a coloured graph G, we denote the set of vertices of G by
V(G), the set of edges of G by E(G), and the set of colours of G by C(G). For
a coloured graph G, disjoint sets of vertices A, B C V(G) and a set of colours
C C C(G) we use G[A, B,C] to denote the subgraph of G consisting of colour C
edges from A to B, and G[A, C] to be the graph of the colour C' edges within A. For
a single colour ¢, we denote the set of colour ¢ edges from A to B by E.(A, B).

A coloured graph is globally k-bounded if every colour is on at most k edges.
For a set of colours C, we say that a graph H is “C-rainbow” if H is rainbow and
C(H) C C. We say that a collection of graphs Hy, ..., Hy is collectively rainbow if
their union is rainbow. A star is a tree consisting of a collection of leaves joined to a
single vertex (which we call the centre). A star forest is a graph consisting of vertex
disjoint stars.

For any reals a,b € R, wesay x =a+bif z € [a — b,a + b].

Asymptotic notation.
Forany C' > 1 and x,y € (0, 1], we use “x <¢ y” to mean “z < %”. We will write

“x?&yy” to mean that there is some absolute constant C' for which the proof works
with “m‘zgy” replaced by “z <¢ y”. In other words the proof works if y is a small
but fixed power of z. This notation compares to the more common notation x < y
which means “there is a fixed positive continuous function f on (0, 1] for which the
remainder of the proof works with “x < y” replaced by “x < f(y)”. (Equivalently,
“r < y” can be interpreted as “for all x € (0, 1], there is some y € (0, 1] such that



GAFA A PROOF OF RINGEL’S CONJECTURE 679

the remainder of the proof works with x and y”.) The two notations “xp%yy” and
“r < y” are largely interchangeable — most of our proofs remain correct with all
instances of “<” replaced by “<”. The advantage of using “&” is that it proves
polynomial bounds on the parameters (rather than bounds of the form “for all € > 0
and sufficiently large n”). This is important towards the end of this paper, where
the proofs need polynomial parameter bounds.

While the constants C will always be implicit in each instance of “ngy”, it is
possible to work them out explicitly. To do this one should go through the lemmas
in the paper and choose the constants C' for a lemma after the constants have been
chosen for the lemmas on which it depends. This is because an inequality * <¢ y in
a lemma may be needed to imply an inequality * <¢ y for a lemma it depends on.
Within an individual lemma we will often have several inequalities of the form x%y
There the constants C' need to be chosen in the reverse order of their occurrence in
the text. The reason for this is the same — as we prove a lemma we may use an
inequality * <¢ y to imply another inequality 2 < y (and so we should choose
C’ before choosing C).

Throughout the paper, there are four operations we perform with the “xp%yy”
notation:

POLY

(a) We will use 1L a9 - - - Ly, to deduce finitely many inequalities of the form
“p(x1,...,2k) < q(x1,...,2)” where p and g are monomials with non-negative
coefficients and min{i : p(0,...,0, i1, ...,25) =0} <min{j : ¢(0,...,0, 2,41,

S xk) = 0}, e.g. 100021 < x3z323 is of this form.

(b) We will use w?&yy to deduce finitely many inequalities of the form “x <¢ y”
for a fixed constant C.

(c) For z<y and fixed constants C1, Cy, we can choose a variable z with z <,
2 <L0, Y-

(d) For n~1<1 and any fixed constant C, we can deduce n™! <¢ log™'n <¢ 1.

See [MPS19] for a detailed explanation of why the above operations are valid.
Rounding. In several places, we will have, for example, constants ¢ and integers n, k
such that 1/n <el /k and require that m = en/k is an integer, or even divisible
by some other small integer. Note that we can arrange this easily with a very small
alteration in the value of e. For example, to apply Lemma 2.7 we assume that m is
an integer, and therefore in the proof of Theorem 2.1, when we choose € we make
sure that when this lemma is applied with € = € the corresponding value for m is an
integer.

3.2 Probabilistic tools. For a finite set V, a p-random subset of V is a set
formed by choosing every element of V' independently at random with probability p.
If V is not specified, then we will implicitly assume that V' is V/(Ka,+1) or C(Kapt1),
where this will be clear from context. If A, B C V with A p-random and B ¢-random,
we say that A and B are disjoint if every v € V is in A with probability p, in B
with probability ¢, and outside of AU B with probability 1 —p— ¢ (and this happens
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independently for each v € V). We say that a p-random set A is independent from
a g-random set B if the choices for A and B are made independently, that is, if
P(A=A'ANB=B')=PA=A)P(B = B) for any outcomes A" and B’ of A and
B.

Often, we will have a p-random subset X of V' and divide it into two disjoint
(p/2)-random subsets of V. This is possible by choosing which subset each element
of X is in independently at random with probability 1/2 using the following simple
lemma.

LEMMA 3.1. (Random subsets of random sets). Suppose that X,Y : Q — 2V where
X is a p-random subset of V and Y |X is a g-random subset of X (i.e. the distribution
of Y conditional on the event “X = X'” is that of a q-random subset of X'). Then
Y is a (pq)-random subset of V.

Proof. First notice that, to show a set X C V is (pg)-random, it is sufficient to show
that P(S C X) = (pq)¥l for all S C V' (for example, by using inclusion-exclusion).
Now, we prove the lemma. Since X is p-random we have P(S C X) = pl5l. Since
Y|X is g-random, we have P(S C Y|S C X) = ¢!5. This gives P(S CY) = P(S C
Y|S C X)P(S C X) = (pg)!¥! for every set S C V. O

We will use the following standard form of Azuma’s inequality and a Chernoff
Bound. For a probability space Q@ = [[; ;, a random variable X : @ — R is
k-Lipschitz if changing w € € in any one coordinate changes X (w) by at most k.

LEMMA 3.2. (Azuma’s Inequality). Suppose that X is k-Lipschitz and influenced by
< m coordinates in {1,...,n}. Then, for any t > 0,

P(IX — E(X)| > t) < 2em=.

Notice that the bound in the above inequality can be rewritten as P (X # E(X)+
t) < 2emiz

LEMMA 3.3. (Chernoff Bound). Let X be a binomial random variable with parame-
ters (n,p). Then, for each e € (0,1), we have

P(|X — pn| > epn) < 265

For an event X in a probability space depending on a parameter n, we say “X
holds with high probability” to mean “X holds with probability 1—o0(1)” where o(1)
is some function f(n) with f(n) — 0 as n — co. We will use this definition for the
following operations.

e Chernoff variant: For e > n~!, if X is a p-random subset of [n], then, with
high probability, |X| = (1 £ ¢)pn.

e Azuma variant: For ¢ > n~! and fixed k,if Y is a k-Lipschitz random variable
influenced by at most n coordinates, then, with high probability, Y = E(Y)+en.
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e Union bound variant: For fixed k, if X7,..., X} are events which hold with
high probability then they simultaneously occur with high probability.

The first two of these follow directly from Lemmas 3.2 and 3.3, the latter from the
union bound.

3.3 Structure of trees. Here, we gather lemmas about the structure of trees.
Most of these lemmas say something about the leaves and bare paths of a tree. It
is easy to see that a tree with few leaves must have many bare paths. The most
common version of this is the following well known lemma.

LEMMA 3.4. ([MON19)]). For any integers n,k > 2, a tree with n vertices either has
at least n/4k leaves or a collection of at least n/4k vertex disjoint bare paths, each
with length k.

As a corollary of this lemma we show that every tree either has many bare paths,
many non-neighbouring leaves, or many large stars. This lemma underpins the basic
case division for this paper. The rest of the proofs focus on finding rainbow copies
of the three types of trees.

POLY POLY

LEMMA 3.5. (Case division). Let 1> § > n~!. Every n-vertexr tree satisfies one of
the following:

A There are at least dn/800 vertez-disjoint bare paths with length at least 5.

B There are at least §°n non-neighbouring leaves.

C Removing leaves next to vertices adjacent to at least 5+ leaves gives a tree with
at most n/100 vertices.

Proof. Take T and remove leaves around any vertex adjacent to at least 6% leaves,
and call the resulting tree 7”. If 7" has at most n/100 vertices then we are in Case
C. Assume then, that 7" has at least n/100 vertices.

By Lemma 3.4 applied with n’ = |T'| and k = [§~!], the tree T" either has at
least 0n/600 vertex disjoint bare paths with length at least 6~ or at least dn/600
leaves. In the first case, as vertices were deleted next to at most §*n vertices to get
T' from T, T has at least dn/600 — 6*n > 6n/800 vertex disjoint bare paths with
length at least 67!, so we are in Case B.

In the second case, if there are at least dn/1200 leaves of 7" which are also leaves
of T, then, as there are at most 64 of these leaves around each vertex in 7", T has
at least (9n/1200)/6~* > §5n non-neighbouring leaves, so we are in Case A. On the
other hand, if there are not such a number of leaves of T” which are leaves of T', then
T’ must have at least dn/1200 leaves which are not leaves of T', and which therefore
are adjacent to a leaf in 7. Thus, T has at least dn/1200 > §5n non-neighbouring
leaves, and we are also in Case A. O

We say a set of subtrees 71, ...,7; C T divides a tree T'if E(17)U---U E(T}) is
a partition of E(7"). We use the following lemma.
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LEMMA 3.6. ([MON19)]). Let n,m € N satisfy 1 < m < n/3. Given any tree T with n
vertices and a vertex t € V(T'), we can find two trees Ty and Ty which divide T so
that t € V(T1) and m < |Ty| < 3m.

Iterating this, we can divide a tree into small subtrees.

LEMMA 3.7. Let T be a tree with at least m vertices, where m > 2. Then, for some
s, there is a set of subtrees Ty, ..., Ts which divide T so that m < |T;| < 4m for each
i € [s].

Proof. We prove this by induction on |7T'|, noting that it is trivially true if | 7| < 4m.

Suppose then |T| > 4m and the statement is true for all trees with fewer than
|T| vertices and at least m vertices. By Lemma 3.6, we can find two trees 77 and
S which divide T so that m < |T1| < 3m. As |T'| > 4m, we have m < |S| < |T,

so there must be a set of subtrees Tb,...,Ts, for some s, which divide S so that
m < |T;| < 4m for each 2 < i < s. The subtrees T1,...,Ts then divide T, with
m < |T;| < 4m for each i € [s]. O

For embedding trees in Cases A and B, we will need a finer understanding of the
structure of trees. In fact, every tree can be built up from a small tree by successively
adding leaves, bare paths, and stars, as follows.

LEMMA 3.8. ([MPS20]). Given integers d and n, p > 0 and a tree T with at most
n wertices, there are integers £ < 10*du=2 and j € {2,...,¢} and a sequence of
subgraphs Ty CTh C --- C Ty =T such that

G1 for each i € [(|\{1,7}, T; is formed from T;—1 by adding non-neighbouring
leaves,

G2 Tj is formed from T;_1 by adding at most un vertex-disjoint bare paths with
length 3,

G3 T is formed from Ty by adding vertez-disjoint stars with at least d leaves each,
and

G4 |To| < 2un.

The following variation will be more convenient to use here. It shows that an
arbitrary tree T can be built out of a preselected, small subtree T} by a sequence
of operations. It is important to control the starting tree as it allows us to choose
which part of the tree will form our absorbing structure.

For forests T" C T, we say that T is obtained from T” by adding a matching of
leaves if all the vertices in V(T')\V(1”) are non-neighbouring leaves in 7.

LEMMA 3.9. (Tree splitting). Let 1 > d~* > n~'. Let T be a tree with |T| = n
and U C V(T) with |U| > n/d>®. Then, there are forests T;mall C Tgtars C Timatch C
Tfaths C Tmatch — T satisfying the following.

H1 |77 < n/d and U NTymal > n/db.

H2 T5%™ is formed from Tfman by adding vertex-disjoint stars of size at least d.
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H3 T2t s formed from T5%S by adding a sequence of d° matchings of leaves.

H4 Tfaths is formed from TénatCh by adding at most n/d vertez-disjoint paths of
length 3.

H5 Tt s formed from Tfaths by adding a sequence of d® matchings of leaves.

Proof. First, we claim that there is a subtree Ty of order < n/2d? containing at least
n/d® vertices of U. To find this, use Lemma 3.7 to find s < 32d? subtrees 11, ..., Ts
which divide T so that n/16d? < |T;| < n/2d? for each i € [s]. As each vertex in
U must appear in some tree T;, there must be some tree T}, which contains at least
|U|/32d* > n/d® vertices in U, as required.

Let T" be the n-vertex tree formed from 7' by contracting T} into a single vertex vy
and adding e(T}) new leaves at vy (called “dummy” leaves). Notice that Lemma 3.8
applies to T with d = d, u = d~3,n = n which gives a sequence of forests T, ..., T}
for ¢ < 10%d" < d®. Notice that vy € T}. Indeed, by construction, every vertex which
is not in T{ can have at most ¢ leaves in T, = T". Since vy has at least e(T}) > ¢
leaves in 77, it must be in Tj). For each i = 0,. .., ¢, let T} be T with T}, uncontracted
and any dummy leaves of vy deleted. Let T5' = Ty, Tymatch = 77 | T} aths _ Ty,
Tmatch — 77 Let 77!l be TY together with the T}-leaves of any v € T} for which
| N7 (v)\Nry (v)| < d. We do this because when we uncontract T}, the leaves which
were attached to vg in Tf) are now attached to vertices of Tj. If they form a star of
size less than d we cannot add them when we form T5%" without violating H2 so
we add them already when we form T fmau. Since we are adding at most d leaves
for every vertex of T}, we have |75l < d|Ty| + |T}| < n/d so H1 holds. This
ensures that at least d leaves are added to vertices of T5™a!! to form T5%™ so H2
holds. The remaining conditions H3 — H5 are immediate from the application of
Lemma 3.8. 0

3.4 Pseudorandom properties of random sets of vertices and colours.
Suppose that Ko,1 is 2-factorized. Choose a p-random set of vertices V- C V (Koy,41)
and a ¢g-random set of colours C' C C'(K2,+1). What can be said about the subgraph
Kop1+1]V, C] consisting of edges within the set V' with colour in C'? What “pseudo-
randomness” properties is this subgraph likely to have? In this section, we gather
lemmas giving various such properties. The setting of the lemmas is quite varied, as
are the properties they give. For example, sometimes the sets V and C are chosen
independently, while sometimes they are allowed to depend on each other arbitrarily.
We split these lemmas into three groups based on the three principal settings.
Dependent vertex/colour sets. In this setting, our colour set C' C C(Koy,+1) is p-
random, and the vertex set is V(Kap,41) (i.e., it is I-random). Our pseudorandomness
condition is that the number of edges between any two sizeable disjoint vertex sets
is close to the expected number. Though a lemma of this kind was first proved in
[APS17], the precise pseudorandomness condition we will use here is in the following
version from [MPS20]. A colouring is locally k-bounded if every vertex is adjacent to
at most k edges of each colour.
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LEMMA 3.10. ([MPS20]). Let k € N be constant and let e,p > n~/10, Let K,
have a locally k-bounded colouring and suppose G is a subgraph of K, chosen by
including the edges of each colour independently at random with probability p. Then,
with probability 1 —o(n="), for any disjoint sets A, B C V(Q), with |A|,|B| > n3/4,

lec (A, B) = plA||B|| < ep|Al| B.

If VC V(Kap4+1) is a p-random set of vertices, then the edges going from V to
V(Kant1)\V are typically pseudorandomly coloured. The lemma below is a version
of this. Here “pseudorandomly coloured” means that most colours have at most a
little more than the expected number of colours leaving V.

LEMMA 3.11. ([MPS20]). Let k be constant and e,p > n~ Y19 Let K,, have a locally
k-bounded colouring and let V' be a p-random subset of V(K,,). Then, with probability
1 —o(n™Y), for each A C V(K,)\V with |A| > n'/*, for all but at most en colours
there are at most (1 + €)pk|A| edges of that colour between V and A.

A random vertex set V' likely has the property from Lemma 3.11. A random colour
set C' likely has the property from Lemma 3.10. If we combine these two properties,
we can get a property involving C' and V that is likely to hold. Importantly, this
will be true even if C' and V' are not independent of each other. Doing this, we get
the following lemma.

LEMMA 3.12. (Nearly-regular subgraphs). Let p,~ > n! and let Kopni1 be 2-
factorized. Let V. C V(Kapt1), and C C C(Kopy1) with V' p/2-random and C
p-random (possibly depending on each other). The following holds with probability
1—o(n™t).

For every U C V(Kap1)\V with |[U| = pn, there are subsets U’ C U, V' C
V,C" C C with |U'| = |V'| = (1 £9)|U| so that G = Ko 1|U', V', C'] is globally
(14 7v)p*n-bounded, and every verter v € V(G) has dg(v) = (1 4+ 7)p*n.

POLY POLY POLY

Proof. Choose o and € so that p,v > a > ¢ > n~". With high probability, by
Lemma 3.10, Lemma 3.11 (with k = 2, n’ = 2n + 1, and p’ = p/2) and Chernoff’s
bound, we can assume the following occur simultaneously.

(i) For any disjoint A, B C V(Ko,y1) with |A],|B| > (2n + 1)/, |Ec(A, B)| =
(14 )plA||B.
(ii) For any A C V(Kan41)\V with |A| > (2n+41)'/4, for all but at most en colours
there are at most (1 + €)p|A| edges of that colour between A and V.
(iii) |[V|=(1xe)pn

Let U C V(Ko,:1)\V with |U] = pn be arbitrary. Let C' C C be the subset of
colours ¢ € C with [E.(U, V)| > (1 + €)p|U|. Note that, from (ii), we have IC| < en.

Let Ut C U and V* C V be subsets of vertices v with dg,  v.c(v) > (1+
a)p*n, and let U~ C U and V™~ C V be subsets of vertices v with di,, . uv,c)(v) <
(1 — a)pn.



GAFA A PROOF OF RINGEL’S CONJECTURE 685

Now, |[Ec(UT, V)| > |[UF|(1 + a)p?n > (1 + €)p|UT||V| by the definition of U™
and (iii). Therefore, as, by (iii), [V| > (1 —€)pn > (2n+1)%/%, from (i) we must have
|Ut| < (2n +1)3/* < en. Similarly, we have |[U~|,|[V*|,|[V~| < en.

Let U = UtUU~ and Let V = VTUV~. We have |U\U|, |[V\V| > (1£¢)pn=+2en.
Therefore, we can choose subsets U/ C U\U and V' C V\V with |U'| = |V'| =
pn — 3en = (1 £)pn. Note that, by (iii) and as |U| = pn, |[U\U'|, |[V\V’| < 4en. Let
" = C\C and set G = Ko, 41[U’, V', C"]. For each v € U' UV’ we have dg(v) =
(1+a)p*n42|C|£|U\U'|£|V\V'| = (1£7)p*n. For each ¢ € C’ we have |E.(U, V)| <
(1+e)p|U] < (14 7)p*n. O

Deterministic colour sets and random vertex sets. The following lemma
bounds the number of edges each colour typically has within a random vertex set.

LEMMA 3.13. (Colours inside random sets). Let p,~y S ! and let Koni1 be 2-
factorized. Let V- C V(Kapy1) be p-random. With high probability, every colour has
(1 £ )2p?n edges inside V.

Proof. For an edge e € F(Ka,11) we have P(e € E(Ka,+1[V])) = p?. By linearity
of expectation, for any colour ¢ € C(Kayi1), we have E(|E.(V)]) = p*(2n + 1).
Note that |E.(V)| is 2-Lipschitz and affected by < 2n + 1 coordinates. By Azuma’s
inequality, we have P(|E.(V)| # (1 £ ~)2p?n) < e 7'P'/100 — 5(p=1) The result
follows by a union bound over all the colours. O

Recall that for any two sets U, V' C V(@) inside a coloured graph G, we say that
the pair (U, V') is k-replete if every colour of G occurs at least k times between U and
V. We will use the following auxiliary lemma about how this property is inherited
by random subsets.

LEMMA 3.14. (Repletion between random sets). Let q,p > n ! and let Kopiq be
2-factorized. Suppose that A, B C V(Kap4+1) are disjoint randomized sets with the
pair (A, B) pn-replete with high probability. Let V. C V(Kapy1) be g-random and
independent of A, B. Then with high probability the pair (A, B NV) is (¢gpn/2)-
replete.

Proof. Fix some choice A’ of A and B’ of B for which the pair (A’, B") is pn-
replete. As V is independent of A, B, for each edge e between A and B we have
Plen BNV # 0|A = A',B = B') = q. Therefore, for any colour ¢, conditional
on “A = A',B = B"”, we have E(|E.(A,BNV)|) = q|E.(A, B)| > gpn. Note that
|E.(A, BN V)| is 2-Lipschitz and affected by < 2n + 1 coordinates. By Azuma’s
inequality, we have P(|E.(A, BUV)| < gpn/2|A = A’, B = B') < e='P"7/100 — (1),
Thus, with probability 1 — o(1), conditioned on A = A’ B = B’ we have that
(A,BNYV) is (gn/2)-replete.

This was all under the assumption that A = A’ and B = B’. Therefore using
that (A, B) is pn-replete with high probability, we have
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P((A,BNV) is (gn/2)-replete)

> > P((A,BNV)is (qn/2)-replete] A= A, B=B') P(A= A", B=B)
(A",B’)
pn -replete
> > (1-o(1)-P(A=A,B=B)=1-01).
(A’,B") ]
pn-replete
Independent vertex/colour sets. The setting of the next three lemmas is the
same: we independently choose a p-random set of vertices V and a ¢g-random set of
colours C'. For such a pair V,C we expect all vertices of the vertices v in Kon41 to
have many C-edges going into V. Each of the following lemmas is a variation on this
theme.

LEMMA 3.15. (Degrees into independent vertex/colour sets). Let p,q > nloand
let Kopt1 be 2-factorized. Let V- C V(Kay11) be p-random, and let C C C(Kopt1)
be g-random and independent of V.. With probability 1 — o(n™1), every vertex v €
V(Kan+1) has |[No(v) N V| > pgn.

Proof. Let v € V(Kap41). For any vertex z # v, we have P(z € Ng(v) NV) = pq
and so E(|N¢(v) N V]) = 2pgn. Also |N¢(v) N V] is 2-Lipschitz and affected by
3n coordinates. By Azuma’s Inequality, we have that P(|N¢(v) N V] < pgn) <
2e~P'a* /1000 — ,(n=2) The result follows by taking a union bound over all v €
V(Kan+1)- O

LEMMA 3.16. Let 1/n < n < . Let Koni1 be 2-factorized. Suppose that Vo C
V(Kany1) and Dy C C(Kany1) are p-random subsets which are independent. With
high probability, for each distinct u,v € V(Kap4+1), there are at least nqn colours
c € Dy for which there are colour-c neighbours of both w and v in Vj.

Proof. Let u,v € V(Kay11) be distinct, and let X, , be the number of colours
¢ € Dg for which there are colour-c neighbours of both u and v in V. Note that
E(Xyp) > wen, Xy, is 2-Lipschitz and affected by 3n — 1 coordinates. By Azuma’s
Inequality, we have that P(X,, , < pn/2) < 2e=#77/1000 — (2. The result follows
by taking a union bound over all distinct pairs u,v € V(Kap41)- O

Lemma 3.15 says that, with high probability, every vertex v has many colours
¢ € C for which there is a c-edge into V. The following lemma is a strengthening of
this. It shows that, for any set Y of 100 vertices, there are many colours ¢ € C' for
which each v € Y has a c-edge into V.

LEMMA 3.17. (Edges into independent vertex/colour sets). Let p > ¢ > n~! and
let Kony1 be 2-factorized. Let V C V(Kapy1) and C C C(Kapy1) be p-random and
independent. Then, with high probability, for any set Y of 100 vertices, there are qn
colours ¢ € C for which each y € Y has a c-neighbour in V.
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Proof. Fix Y C V(Kap41) with |Y| = 100. Let Cy = {c¢ € C : eachy € Yhas ac-
neighbour in V'}. For any colour ¢ without edges inside Y, we have P(c € Cy) > p'%!
and so E(|Cy|) > p'%%n — ('g')) > 2¢gn. Notice that |Cy| is 100-Lipschitz and
affected by 3n 4+ 1 coordinates. By Azuma’s inequality, we have that P(|Cy| <

qn) < e /10° = o(n=190) The result follows by taking a union bound over all sets
Y Q V(K2n+1) with |Y| = 100. ]

3.5 Rainbow matchings. We now gather lemmas for finding large rainbow
matchings in random subsets of coloured graphs, despite dependencies between the
colours and the vertices that we use. Simple greedy embedding strategies are insuf-
ficient for this, and instead we will use a variant of Roédl’s Nibble proved by the
authors in [MPS19].

POLY POLY

LEMMA 3.18. (]MPS19]). Suppose that we have 0,p,v,n,¢ with 1 > 6 > P>y >

POLY

Land n> (.
Let G be a locally (-bounded, globally (1 + ~y)on-bounded, coloured, balanced bi-
partite graph with |G| = (1 £v)2n and dg(v) = (1 £~v)dn for allv € V(G). Then G
has a random rainbow matching M which has size > (1 — 2p)n where

Plee E(M)) > (1 — 9p)$ for each e € E(G). (1)

We remark that in the statement of this lemma [MPS19], the conditions “|G| =
(1 £74)2n and dg(v) = (1 £v)dn for all v € V(G)” are referred to collectively as
“G is (,0,n)-regular”. The following lemma is at the heart of the proofs in this
paper. It shows there is typically a nearly-perfect rainbow matching using random
vertex/colour sets. Moreover, it allows arbitrary dependencies between the sets of
vertices and colours. As mentioned before, when embedding high degree vertices
such dependencies are unavoidable. Because of this, after we have embedded the
high degree vertices, the remainder of the tree will be embedded using variants of
this lemma.

LEMMA 3.19. (Nearly-perfect matchings). Let p € [0,1], 3 > nt, and let Koni1
be 2-factorized. Let V- C V(Kapi1) be p/2-random and let C' C C(K2n+1) be p-
random (possibly depending on each other). Then, with probability 1 — o(n™1), for
every U C V(Kop+1)\V with |U| < pn, Kont1 has a C-rainbow matching of size
|U| — Bn from U to V.

Proof. The lemma is vacuous when p < [3, so suppose p > 3. We will ﬁrst prove the

lemma in the specnal case when p < 1 — 3. Choose p > 3 >a> ¥ > n~l. With
probability 1 — o(n~1), V and C satisfy the conclusion of Lemma 3.12 with p,~v,n

Using Chernoff’s bound and p < 1 — 3, with probability 1 —o(n~!) we have |V| < n.
By the union bound, both of these simultaneously occur. Notice that it is sufficient
to prove the lemma for sets U with |U| = pn (since any smaller set U is contained
in a set of this size which is disjoint from V as |V| < n). From Lemma 3.12, we
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have that, for U of order pn, there are subsets U’ C U,V’' C V,C’' C C with
|U'| = |V'| = (1+7)pn so that G = Ko, 1[U’, V', ("] is globally (1+)p?n-bounded,
and every vertex v € V(@) has dg(v) = (1£7)p?n. Now G satisfies the assumptions
of Lemma 3.18 (with n’ =pn, § = p, p' = a, v/ = 2y and £ = 2), so it has a rainbow
matching of size (1 — 2a)pn > pn — fn.

Now suppose that p > 1 — 3. Choose a (1 — 3/2)p/2-random subset V/ C V and
a (1—//2)p-random subset C' C C. Fix p' = (1—/2)p and ' = (3/2 and note that
p’ < 1— . By the above argument again, with high probability the conclusion of
the “p’ < (1—p’)” version of the lemma applies to V', C’,p’, 3. Let U be a set with
|U| < pn. Choose U' C U with |U'| = |U| — n/2. Then |U’| < pn — pn/2 < p'n.
From the “p’ < (1 — )" version of the lemma we get a C’-rainbow matching M
from U’ to V' of size |U'| — Bn/2 = |U| — pn. O

The following variant of Lemma 3.19 finds a rainbow matching which completely
covers the deterministic set U. To achieve this we introduce a small amount of
independence between the vertices/colours which are used in the matching.

LEMMA 3.20. (Perfect matchings). Let 1 > v > n~!, let p € [0,1], and let Kop i1
be 2-factorized. Suppose that we have disjoint sets Vgep,Vina C V(Kaont1), and
Cleps Cina C© C(Kaong1) with Vgep p/2-random, Cgep p-random, and Vipg, Cing -
random. Suppose that Vi,q and Cing are independent of each other. Then, the fol-
lowing holds with probability 1 — o(n™1).

For every U C V(Kan41)\(Viep U Vina) of order < pn, there is a perfect (Cgep U
Cina)-rainbow matching from U into (Vgep U Vipag).

Proof. Choose 3 such that 1 > ~ > 8> n~!. With probability 1 — o(n™!), we can
assume the conclusion of Lemma 3.19 holds for V' = Vg, C = Cyep, with p =p, 8 =
B,n =n, and, by Lemma 3.15 applied to V = Vj;,q,C = Cipg with p=qg=~vy,n=n
that the following holds. For each v € V(Ka,11), we have |N¢,,,(v) N Vipa| > 7?0 >
On. We will show that the property in the lemma holds.

Let then U C V(K2p41)\(Viep U Vina) have order < pn. From the conclusion of
Lemma 3.19, there is a Cgep-rainbow matching M, of size |U| — fn from U to Vgep.
Since |Ng,,,(v) NVipa| > Bn for each v € U\V (M;) we can construct a Cjyg-rainbow
matching My into Vj,q covering U\V (M) (by greedily choosing this matching one
edge at a time). The matching M; U My then satisfies the lemma. O

We will also use a lemma about matchings using most of an exact set of colours.

LEMMA 3.21. (Matchings into random sets using specified colours). Let p > q >

POLY

B> n~! and let Ko, 1 be 2-factorized. Let V C V(Kaui1) be (p/2)-random. With
high probability, for any U C V(Kap+1)\V with |U| > pn, and any C C C(Kapy1)
with |C| < gn, there is a C-rainbow matching of size |C| — pn from U to V.



GAFA A PROOF OF RINGEL’S CONJECTURE 689

Proof. Choose v such that > ~y > nl By Lemma 3.11 (applied with n’ =
2n + 1), with high probability, we have that, for any set A C V(Ka,41)\V with
|A| > pn > (2n 4 1)/4, for all but at most yn colours there are at most (1 +7)p|A]
edges of that colour between A and V. By Chernoff’s bound, with high probability
|V| = (1£~)pn. Assuming these, we will show that the property in the lemma holds.

Fix then an arbitrary pair U, C as in the lemma. Without loss of generality,
|U| = pn. Let M be a maximal C-rainbow matching from U to V. We will show that
|M| > |C|— fBn, so that the matching required in the lemma must exist (by removing
edges if necessary). Now, let C/ = C\C(M). For each ¢ € C’, any edge between U
and V with colour ¢ must have a vertex in V (M), by maximality. Therefore, there
are at most 2|V (M)| < 4gn edges of colour ¢ between U and V. From the property
from Lemma 3.10, there are at most yn colours with more than (1 + ~)p|U| edges
between U and V. Therefore, using |V| = (1 £ v)pn,

|U[|V] < 4gn|C'| 4+ (2n + 1)yn + (1 +)p|U|(n — |C"])
< (4gn — p*n)|C’| + 3yn* + (1 + ) (1 + 29)|U||V],

and hence
IC'Ip*n/2 < |C'|(p” — 4g)n < (1 +7)(1+2y) — D|U||V| + 3yn® < Tyn’.

It follows that |C'| < 14yn/p? < Bn. Thus, |M| = |C| — |C'| > |C| — Bn, as
required. O

3.6 Rainbow star forests. Here we develop techniques for embedding the high
degree vertices of trees, based on our previous methods in [MPS20]. We will do this
by proving lemmas about large star forests in coloured graphs. In later sections,
when we find rainbow trees, we isolate a star forest of edges going through high
degree vertices, and embed them using the techniques from this section. We start
from the following lemma.

LEMMA 3.22. ([MPS20]). Let 0 < € < 1/100 and ¢ < €*n/2. Let G be an n-vertex
graph with minimum degree at least (1 — €)n which contains an independent set on
the distinct vertices vy,...,vp. Let dy,...,dp > 1 be integers satisfying Zz’e[ﬁ} d; <
(1 —3€)n/k, and suppose G has a locally k-bounded edge-colouring.

Then, G contains disjoint stars Si,...,Sy so that, for each i € [¢], S; is a star
centered at v; with d; leaves, and Uie[g]Si 18 rainbow.

The following version of the above lemma will be more convenient to apply.

POLY POLY

LEMMA 3.23. (Star forest). Let 1 > n >~ > n"! and let Kopi1 be 2-factorized.
Let F be a star forest with degrees > 1 whose set of centers is I = {iy,... iz} with
e(F) < (1—n)n. Suppose we have disjoint sets J,V C V(Kapy1) and C C C(Kap+1)
with |V| > (1 —=7v)2n, |C| > (1 —~v)n and J = {j1,...,je}-

Then, there is a C-rainbow copy of F with iy copied to jy, for each t € [{], whose
vertices outside of I are copied to vertices in V.
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Proof. Choose € such that n S>> ~. Let G be the subgraph of K, consisting of
edges touching V' with colours in C. Notice that 6(G) > (1—4v)2n > (1—¢€)(2n+1).
Since V and J are disjoint, J contains no edges in G. Notice that, as J and V are
disjoint, € > 7, and |V| > (1 —7)2n, we have £ = |J| < 2yn 41 < €2(2n + 1)/2.

Let k=2 and let dy,...,dy > 1 be the degrees of i1,...,7, in F. Notice that n > e
implies Zle di =e(F)<(1—n)n <(1-3¢)(2n+1)/k. Applying Lemma 3.22 to G
with {v1,...,v0} =J,n' =2n+1, k=2, =1/, ¢ = e we find the required rainbow
star forest. O

The above lemma can be used to find a rainbow copy of any star forest F' in a
2-factorization as long as there are more than enough colours for a rainbow copy
of F'. However, we also want this rainbow copy to be suitably randomized. This is
achieved by finding a star forest larger than F' and then randomly deleting each
edge independently. The following lemma is how we embed rainbow star forests in
this paper. It shows that we can find a rainbow copy of any star forest so that the
unused vertices and colours are p-random sets. Crucially, and unavoidably, the sets
of unused vertices/colours depend on each other. This is where the need to consider
dependent sets arises.

POLY 1 POLY

LEMMA 3.24. (Randomized star forest). Let 1 > p, « > v>d ', n! andlog ' n >
d~'. Let Kop i1 be 2-factorized. Let F be a star forest with degrees > d with e(F) =

(1 — p)n whose set of centers is I = {iy,...,ip}. Suppose we have disjoint sets
V,J C V(Kapt1) and C C C(Kaopy1) with |[V| > (1 —7)2n, |C| > (1 —v)n and
J={jr,--. Jet

Then, there is a randomized subgraph F' which is with high probability a C-
rainbow copy of F, with iy copied to j; for each t and whose vertices outside I are
copied to vertices in V. Additionally there are randomized sets U C V\V(F'),D C
C\C(F") such that U is a (1 — a)p-random subset of V and D is a (1 — a)p-random
subset of C' (with U and D allowed to depend on each other).

POLY POLY

Proof. Choose 1 such that p, o > 1> ~. Let F' be a star forest obtained from F by
replacing every star S with a star S of size e(S) = e(S)(1 —n)/(1 — p). Notice that
e(ﬁ) = (1 —n)n, and, for each vertex v at the centre of a star, S say, in F, we have
dp(v) = e(S) =e(S)(1—n)/(1 —p) =dp(v)(1 —n)/(1 — p). By Lemma 3.23, there
is a C-rainbow embedding F’ of F with 4; copied to J¢ for each t and whose vertices
outside I are contained in V.

Let U be a (1—a)p-random subset of V. Let F/ = F'\U. By Chernoff’s Bound and
log ™' n,p,y > d~t, we have P(dp (v) < (1=y)(A—ptap)dz (v)) < e~ (I=ptap)y*d/3 <
e~ 198" for each center v in F. Note that, for each centre v, (1—7)(1 —ptap)dg, (v) =

POLY POLY

(1—9)(1—=p+ap)dr(v)(1—n)/(1—p) > dr(v), where this holds as p,a > n > ~.
Taking a union bound over all the centers shows that, with high probability, F’
contains a copy of F. Since F” was rainbow, we have that C(F")\C(F') is a (1 —a)p-
random subset of C'(F”). Let C' be a (1 — a)p-random subset of C\C(F") and set
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D = CU(C(F)\C(F")). Now D and U are both (1 — a)p-random subsets of C' and
V' respectively. O

3.7 Rainbow paths. Here we collect lemmas for finding rainbow paths and
cycles in random subgraphs of Ko, 1. First we prove two lemmas about short paths
between prescribed vertices. These lemmas are later used to incorporate larger paths
into a tree.

POLY POLY

LEMMA 3.25. (Short paths between two vertices). Let p > p > n~! > 0 and
suppose Kony1 is 2-factorized. Let V. C V(Kapy1) and C C C(Kapt1) be p-random
and independent. Then, with high probability, for each pair of distinct vertices u,v €
V(Kany1) there are at least un internally vertezx-disjoint u, v-paths with length 3 and
internal vertices in V' whose union is C-rainbow.

POLY POLY

Proof. Choose p > 11> n~! > 0. Randomly partition C' = C; U Cy U C3 into three
p/3-random sets and V' = V; U V3 into two p/2-random sets. With high probability
the following simultaneously hold.

e By Lemma 3.10 applied to C3 with p = p/3,e = 1/2,n = 2n+1, for any disjoint
vertex sets U,V of order at least p?n/10 > (2n + 1)%/%, we have ec, (U, V) >
p|lU||V|/6 > 10~3p°n2.

e By Lemma 3.15 applied to C;,V; with p = p/2,q¢ = p/3,n = n we have
|Ne, (v) N V;| > p*n/6 for every v € V(Kaony1), i € [3], and j € [2].

We claim the property holds. Indeed, pick an arbitrary distinct pair of vertices
u,v € V(Kapt1). Let M be a maximum Cs-rainbow matching between N¢, (v) N
(Vi\{u}) and N¢,(u) N (Va\{v}) (these sets have size at least p?n/6 + 1 > p>n/10).
Each of the 2e(M) vertices in M has 2n neighbours in Ky, 11, and each colour in M
ison 2n+1 edges in Ky, +1. The number of edges of K,1 sharing a vertex or colour
with M is thus < 7Tne(M). By maximality, and the property from Lemma 3.10, we
have Tne(M) > ec,(U, V) > 10~3p°n?, which implies that e(M) > 10~*pn > 4un.
For any edge vivo in the matching M, the path uvivev is a rainbow path. In the
union of these paths, the only colour repetitions can happen at u or v. Since Koy 11
is 2-factorized, there is a subfamily of un paths which are collectively rainbow. [

We can use this lemma to find many disjoint length 3 connecting paths.

LEMMA 3.26. (Short connecting paths). Let p > q > nt >0 and let Kopi1 be
2-factorized. Let V' be a p-random set of vertices, and C' a p-random set of colours
independent from V. Then, with high probability, for any set of {x1,y1,...,Zqn, Ygn}
of wvertices, there is a collection Py, ..., Py, of vertex-disjoint paths with length 3,
having internal vertices in V, where P; is an x;,y;-path, for each i € [gn|, and
P U---UP,, is C-rainbow.

Proof. By Lemma 3.25 applied to C,V with p = p,u = 10¢,n = n, with high
probability, between any x; and y;, there is a collection of 10gn internally vertex
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disjoint x;, y;-paths, which are collectively C-rainbow, and internally contained in
V. By choosing such paths greedily one by one, making sure never to repeat a colour
or vertex, we can find the required collection of paths. ]

4 The Finishing Lemma in Case A

The proof of our finishing lemmas uses distributive absorption, a technique intro-
duced by the first author in [MON19]. For the finishing lemma in Case A, we start
by constructing colour switchers for sets of < 100 colours of C'. These are |C| perfect
rainbow matchings, each from the same small set X into a larger set V' which use the
same colours except for one different colour from C' per matching (see Lemma 4.1).
This gives us a small amount of local variability, but we can build this into a global
variability property (see Lemma 4.3). This will allow us to choose colours to use from
a large set of colours, but not all the colours, so we will need to find matchings which
ensure any colours outside of this are used (see Lemma 4.4). To find the switchers
we use a small proportion of colours in a random set. We will have to cover the
colours not used in this, with no random properties for the colours remaining (see
Lemma 4.5). We put this all together to prove Lemma 2.6 in Section 4.5.

4.1 Colour switching with matchings. = We start by constructing colour swit-
chers using matchings.

LEMMA 4.1. Let 1/n < 8 < & . Let Kopyq be 2-factorized. Suppose that Vo C
V(Kany1) and Dy C C(Kany1) are p-random subsets which are independent. With
high probability, the following holds.

Let C,C C C(Kapi1) and X,V ,Z C V(Kany1) satisfy |C|,|V| < Bn, |C] < 100
and suppose that (X, Z) is (€én)-replete. Then, there are sets X' C X\V, C' C Do\C
and V! C (Vo U 2)\V with sizes |C|, |C| — 1 and < 3|C| respectively such that, for
every ¢ € C, there is a perfect (C' U {c})-matching from X' to V'.

Proof. With high probability, by Lemma 3.16 we have the following property.

I For each distinct u,v € V(Kap+1), there are at least 1008n colours ¢ € Dy for
which there are colour-c neighbours of both u and v in Vj.

We will show the property in the lemma holds. Let C,C C C(Kg,.1) and
X,V,Z C V(Kopy1) be sets with |C|,|V| < Bn, |C] < 100 and suppose that
(X,Z) is (&n)-replete. Let ¢ = |C] < 100 and label C' = {¢ci,...,¢/}. For each
i € [f], using that there are at least &n edges with colour ¢; between X and Z,
and € > 3, ¢ < 100 and |V| < fBn, pick a vertex z; € X\(V U {z1,...,2i_1})
which has a ¢;-neighbour y; € Z\(V U {y1,...,5i-1}). For each 1 < i < ¢ — 1,
using I, pick a colour d; € Do\(C U C U {dy,...,d;—1}) and (not necessarily dis-
tinet) vertices 2, 2/ € VO\(V U {y1,...,ye, 21, 2i-1,21,...,2_1}) such that z;z
and x;41%, are both colour d;. Let C' = {di,...,dy—1}, X' = {x1,..., 2/} and
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21 22 ,
Y1 yfz. 22 Ys
d, dy
() Cy d, Cg

Figure 3: An example of the graph we find in Lemma 4.1 when ¢ = 5. The key property

Ts

it has is that for any colour ¢;, there is a matching covering x1,...,x, using ¢; and all the
colours dy,...,dy_1.

V'={y1,...,ye, 21, 2e-1, 2], ..., Zp_, }- See Figure 3 for an example of the edges
that we find.

Now, for each j € [¢], let M; = {z;y;} U{zizi 1 i < j}U{wip12) 1 j <i<l—1}.
Note that M; is a perfect (C'U {¢;})-matching from X' to V', and thus X', ¢’ and
V' have the property required. O

4.2 Distributive absorption with matchings. = We now put our colour switch-
ers together to create a global flexibility property. To do this, we find certain disjoint
colour switchers, governed by a suitable robustly matchable bipartite graph. This is
a bipartite graph which has a lot of flexibility in how one of its parts can be covered
by matchings. It exists by the following lemma.

LEMMA 4.2. (Robustly matchable bipartite graphs, [MON19]). There is a constant
ho € N such that, for every h > hg, there exists a bipartite graph H with mazimum
degree at most 100 and vertez classes X and YUY, with | X| = 3h, and |Y| = |Y'| =
2h, so that the following is true. If Yo C Y’ and |Yy| = h, then there is a matching
between X and Y UY).

LEMMA 4.3. Let 1/n LB < n < & . Let Kopiq be 2-factorized. Suppose that
Vo C V(Kon+1) and Dy C C(Kopt1) are p- and n-random respectively, and suppose
that they are independent. With high probability, the following holds.

Suppose X,7Z C V(Kapt1) are disjoint subsets such that (X, Z) is (§n)-replete,
a < G and C C C(Kaopt+1)\Do is a set of at most 26n colours. Then, there is a set
Xo of |Do| + an vertices in X such that, for every set C' C C of an colours, there
is a perfect (Do U C")-rainbow matching from Xg into Vo U Z.

Proof. With high probability, by Lemmas 3.3 and 4.1 (applied with 3’ = 1033, i/ =
n, & = £/2, and an n-random subset of V(Ka,41) contained in V) we have the
following properties.

J1 9n/2 < |Do| < 2nn.

J2 Let C,C C C(Koni1) and X,V,Z C V(Kany1) satisty |C|,|V]| < 1038n,
|C| < 100 and suppose that (X,Z) is (¢én/2)-replete. Then, there are sets
X' CY\V, ' C Dy\C and V! C V U Z\V with sizes |C|, |C| — 1 and < 3|C|
such that, for every ¢ € C, there is a perfect (C' U {c})-matching from Y to
|48
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We will show that the property in the lemma holds. For this, let X, Z C V(Kap,41)
be disjoint subsets such that (X,Z) is (&n)-replete, let a« < [ and let
C C C(Kan+1)\Dop be a set of at most 20n colours. Let h = 24n, and, using J1,
pick a set Dy C Dy of (3h — an) colours. Noting that |Dq| > 2h and |D; U C| < 4h,
we can define sets Y, Y’ of order 2h with Y C Dy and D; UC C Y UY’ (where
any extra elements of Y/ are arbitrary dummy colours which will not be used in the
arguments). Using Lemma 4.2, let H be a bipartite graph with vertex classes [3h]
and YUY, which has maximum degree at most 100, and is such that for any Y C Y’
with |Y| = h, there is a perfect matching between [3h] and Y U Y. In particular,
since |Di| = 3h —an and Y C Dy, we have the following.

J3 For each set C' C C of an colours, there is a perfect matching between [3h)]
and D;UC’ in H.

For each i € [3h], let D; = N (i) N C(Kap+1) (i.e. D; is the set of non-dummy
colours in N (7)). Using J2 repeatedly, find sets X; € X\(X; U---UX;_1), C; C
D)\(D;UC1 U---UCj—1) and V; € (Vo U Z2)\(V1 U---UV;_1), with sizes |D;|,
|D;| — 1 and at most 300, such that the following holds. (To see that we can repeat
this application of J2 this many times, note that h = 28n and & > 8 and so at
each application we delete O(h) vertices from X or Z, leaving a pair which is still

(&én/2)-replete.)

J4 For every c € D;, there is a perfect (C; U {c})-rainbow matching from X; into
V.

Greedily, using J1, that h = 28n, 3,7 < ¢ and (X,Z7) is ({n)-replete, find a
(Do\(D1UC1U- - -UC4p,))-rainbow matching M with |Do\(D1UC1U---UCs5p,)| edges
from X\ (X U---UX3p) into Z\(X;U---UXp). Let Xo = (XNV(M))UX U---UX3.
Note that | Xo| = |Do| — |D1| — 323" (|1 X;] — |Ci|) = | Do| — | D1|+3h = | Do| + an. We
claim this has the property required. Indeed, suppose C’ C C'is a set of an colours.
Using J3, let M’ be a perfect matching between [3h] and D; U C’ in H, and label
DUl ={c1,...,c3p} so that, for each i € [3h], ¢; is matched to ¢ in M’. Note that
the colours ¢; are not dummy colours. By the definition of each D;, ¢; € D; for each
i € [3h].

By J4, for each ¢ € [3h], there is a perfect (C; U {¢;})-matching, M; say, from
X; to V;. Then, M U My U ---U Mgy, is a perfect matching from Xy into Vo U Z
which is (C(M)UD;UC"UC,U---UCsp,)-rainbow, and hence (DU C’)-rainbow, as
required. O

4.3 Covering small colour sets with matchings. We find perfect rainbow
matchings covering a small set of colours using the following lemma.

LEMMA 4.4. Let 1/n < v <AL 1. Let Kopy1 be 2-factorized. Suppose that
X,V C V(Kapt1) are disjoint, (X, V) is (10vn)-replete and |X| < An. Suppose
that C C C(Kaop1) is such that every vertex v € V(Kap+1) has at least 3\n colour-
C' neighbours in V. Then, given any set C' C C(Kapt1) with at most vn colours,
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there is a perfect (C' U C)-rainbow matching from X to V which uses every colour
in C".

Proof. Using that (X, V) is (10vn)-replete, greedily find a matching M; with |C’|
edges from X to V which is C’-rainbow. Then, using that every vertex v € V(Ka,+1)
has at least 3An colour-C neighbours in V', greedily find a perfect C-rainbow match-
ing My from X\V (M) to VAV (M;). This is possible as, when building M greedily,
each vertex in X\V(M;) has at most 2|.X| < 2An neighbouring edges with colour
used in C' N C(M; U Ms) (as the colouring is 2-bounded) and at most | X| < An
colour-C' neighbours in V(M) U V (Ms). The matching M; U M then has the re-
quired property. O

4.4 Almost-covering colours with matchings. @ We find rainbow matchings
using almost all of a set of colours using the following lemma.

LEMMA 4.5. Let 1 > p > q > Y, M > v > 1/n and let Kop+1 be 2-factorized.
Suppose we have disjoint sets V,Vy C V(Kapt1), and D, Dy C C(Kopy1) with V' p-
random, D q-random, and Vy, Dy v-random. Furthermore, suppose that Vo and Dg
are independent of each other. Then, the following holds with probability 1 —o(n~1).

For every U C V(Kapt+1)\(VUVy) with at most (q+~+n—v)n vertices, and any
C C C(Kapt1) with DU Dy C C with |C| > |U| + vn, there is a perfect C-rainbow
matching from U into V U Vj.

Proof. Choose (8 such that v > I] > n~L. Partition V = Vi U V5 so that V;p and
Vy are (p/2)-random. Partition Dy = D; U Dy with Dy (v — v/4)-random and Do
(v/4)-random. We now find properties K1 — K4, which all hold with probability
1 —o(n™1), as follows.

By Lemma 3.21 with V =V, p' = ¢/2, ¢ = v+ 2n, = 3, and n = n, we have
the following.

K1 For any U C V(Ka,41)\V1 with |U| > gn/2 and any C' C C(Ka,41) with
|C'| < (v + 2n)n, there is a C'-rainbow matching of size |C’| — fn from U into
.

By Lemma 3.19 with V = V5, C = D, p = ¢, 8 = 3, and n = n, we have the
following.

K2 For any U C V (Koi41)\Va with |U| < gn, there is a D-rainbow matching from
U into V, with size |U| — fn.

By Lemma 3.15 with V = Vy, C = Da, p = 7, ¢ = v/4, and n = n we have the
following.

K3 Every vertex v € V(Kap41) has |[Np,(v) N Vp| > yvn/4.
By Lemma 3.3, we have the following.

K4 |Di|=(y—v/4+8)n <~n, |D| = (¢ £ B)n and |D2| < vn/3.
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We now show that the property in the lemma holds. For this, let
U C V(Kap+1)\(VUV) have at most (g+v+n—v)n vertices, and let C' C C(Kap11)
satisfy DUDy C C and |C| > |U|+vn. Note that we can assume that |C| = |U|+vn,
so that, using K4, |C\(DU Ds)| < |U|+vn—|D| < (¢g+~v+n—v)n+vn—(q—
B)n = (y+n+ B)n < (v + 2n)n. Notice that, by K4 and as D C C, we have
|U| > |C| —vn > gn/2. Therefore, by K1, there is a (C'\(D U D3))-rainbow match-
ing M of size |C\(D U D3)| — fn from U into V;. Now, using K4, |U\V (M;)| =
|U| — |C\(DUDs3)|+ pn < |D|+|D2] —vn+ pn < (¢+ B)n+vn/3 —vn+ Bn < gn.
By K2, there is a D-rainbow matching Ms of size [U\V (M;)| — fn from U\V (M)
into Va. Notice that |U\(V (M) UV (Ms))| < fn. From K3, we have that |[Np,(v)N
Vo| > yvn/4 > 36n > 3|U\(V (M) UV (Mz))| for every vertex v € V(Kapy1). By
greedily choosing neighbours of u € U\(V (M;)UV (Mz)) one at a time (making sure
to never repeat colours or vertices) we can find a Dy-rainbow matching Ms into Vj
covering U\(V (M) UV (Ma)). Indeed, when we seek a new colour-Dy neighbour of
a vertex u € U\(V(M;) UV (Mz)) there are at most 2 neighbours of u of each colour
used from Dy in Vp, ruling out at most 2|U\(V (M) UV (Mz))| colour-Dy neighbours
of u in Vj, while at most |U\(V (M;) UV (Mz))| vertices have been used in Vj in the
matching. Now the matching M7 U My U Mj satisfies the lemma. O

4.5 Proof of the finishing lemma in Case A. Finally, we can put all this
together to prove Lemma 2.6.

Proof of Lemma 2.6. Pick v, A\, f and « so that 1/n Crv<LIALf<La<tand
recall that £ < < 1< e < p< 1. Let V1, V4, V4 be disjoint (p/3)-random subsets
in V' and let Wy, Wy, W3 be disjoint (1/3)-random subsets in V. Let Dy, Do, D3 be
disjoint (u/3)-, /- and a-random disjoint subsets in Cy respectively.

We now find properties L1-L4, which collectively hold with high probability as
follows. First note that (1 —n)e + (u/3) +n — v > e. Thus, by Lemma 4.5 applied
with V =V/, Vo =Wy, D=C, Dy =Dy, p =p/3, g=1—n)e, vy =p/3,1=n
and v = v we get the following.

L1 For any U C V(Ko,+41)\(V{ UW1) with |U| < en and any set of colours C" C
C(Kap+1) with CUD; C €', and |C'| > |U|+vn, there is a perfect C’-rainbow
matching from U into V/ U W;.

By Lemma 3.15, we get the following.
L2 Each v € V(K2,.1) has at least 3%n colour-Ds neighbours in Wh.

By Lemma 4.3 applied with Vo = W3, Dg = D3, ¢/ = /3, =¢/3, 1 = a,a =~
and 3’ = 23, we have the following.

L3 For any disjoint vertex sets Y, Z C V(Kap+1)\W3 for which (Y, Z) is (£n/3)-
replete, any v < 23 and any set C' C C(Kap+1)\Ds3 of at most 43n colours, the
following holds. There is a subset Y’ C Y of | D3| +~yn vertices so that, for any
¢’ C C with |C’| = yn, there is a perfect (D3 U C’)-rainbow matching from Y”
into Z U Wjs.
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Finally, by Lemma 3.3, the following holds.
L4 28n > |Dy| > fn/2 and 2an > |Ds| > an/2.

We will now show that the property in the lemma holds. Let then X,Z C
V(Ka2n+1)\(V U V) be disjoint and let D C C(Ka,41), so that |X| = |D| = en,
CoUC C D and (X,Z) is (&n)-replete. Let Z;, Z be disjoint (1/2)-random sub-
sets of Z. Note that, by Lemma 3.3, (X, Z;) and (X, Z3) are with high probability
(&/3)-replete. Thus, we can pick an instance of Z; and Zs for which this holds. Let
Vi = VIUW,, Vo = VoUW, UZ; and Vi = Vi3UW3UZs. Set v = (|D2|/n)— A, so that,
by L4, 23 > v > 0. Then, by L4 and L3 applied with C=DY =X\,Z =12
there is a set X3 C X with size |D3| + yn = |D3| + |D2| — An and the following
property.

L5 For any C' C Dy with |C'| = yn = |Ds| — An, there is a perfect (D3 U C”)-
rainbow matching from X3 into V3.

Let C = D\(DQ U Dg), Cy = Dy and C3 = D3, and note that C U D; C (.
Let X’ = X\ X3, so that |X'| = (e + \)n — |D3| — |D2| = |Cy] + An. Using L4,
we have |X3| < |Dso| + |D3| < €n/10, and hence (X', Zy) is (én/6)-replete. Let
X}, € Xo be a (An/|X']|)-random subset of X'. By Lemma 3.3, |X}| < (A +v)n
and (X}, Z1) is (10vn)-replete. Choose disjoint sets X7 and Xo of X’ with size
| X'|— (A+v)n = |C1|—vn and (A+v)n respectively, and so that X} C X5. Note that
(X2, Z1) is (10vn)-replete. Therefore, by Lemma 4.4 (with v = v, N = A+ v < B,
X = X9,V =V, and C = Cy = Dy) and L2, the following holds.

L6 For any set C' C C(K,) of at most vn colours, there is a perfect (C" U Cy)-
rainbow matching from X5 to Vo which uses every colour in C”.

We thus have partitions X = X;UXoUX3, C = C1UCUCs and V = Vi UVLU V3,
for which, by L1, L6 and L5, we have that C1-C3 hold. Therefore, by the discussion
after C1-C3, we have a perfect C-rainbow matching from X into V. 0

5 The Finishing Lemma in Case B

Our proof of the finishing lemma in Case B has the same structure as the finishing
lemma in Case A, except we first construct the colour switchers in the ND-colouring
in two steps, before showing this can be done with random vertices and colours.
In overview, in this section we do the following, noting the lemmas in which the
relevant result is given and the comparable lemmas in Section 4.

e Lemma 5.2: We construct colour switchers in the ND-colouring for any pair of
colours (cq, ¢2) — that is, two short rainbow paths with the same length between
the same pair of vertices, whose colours are the same except that one uses ¢;
and one uses cs.

e Lemma 5.3: We use Lemma 5.2 to construct a similar colour switcher in the
ND-colouring that can use 1 of a set of 100 colours.
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Py dl d2
a d4 d3
7 d; do y—i—c—k—x

C2
dy ds -

Figure 4: Two «, y-paths used to switch colours between ¢; and cs.

e Lemma 5.5: We show that, given a pair of independent random vertex and
colour subsets, many of these switchers use only vertices and (non-switching)
colours in the subsets (cf. Lemma 4.1).

e Lemma 5.6: We use distributive absorption to convert this into a larger scale
absorption property (cf. Lemma 4.3).

e Lemma 5.8: We embed paths while ensuring that an (arbitrary) small set of
colours is used (cf. Lemma 4.4).

e Lemma 5.9: We embed paths using almost all of a set of colours, in such a way
that this can reduce the number of ‘non-random’ colours (cf. Lemma 4.5).

e Finally, we put this all together to prove Lemma 2.7, the finishing lemma in
Case B (cf. the proof of Lemma 2.6).

5.1 Colour switching with paths. = We start by constructing colour switchers
in the ND-colouring capable of switching between 2 colours. We use switchers con-
sisting of two paths with length 7 between the same two vertices. By using one path
or the other we can choose which of two colours ¢; and co are used, as the other
colours used appear on both paths.

DEFINITION 5.1. In a complete graph Ko, 41 with vertex set [2n+1], let (xg,aq, ...,
ay) denote the path with length ¢ with vertices xozy ...zs where, for each i € [¢],
x; = xi—1 +a; (mod 2n +1).

LEMMA 5.2. (1 in 2 colour switchers). Let 1 S n! and suppose that Kon11 is ND-
coloured. Suppose we have a pair of distinct vertices x,y € V(Kant1), a pair of
distinct colours c1,cy € C(Kaopt1), and sets X C V(Kapt1) and C C C(Kapt1) with
|X| <n/25 and |C| < n/25.

Then, there is some set C' C C(Kan+1)\(C U {c1,ca}) with size 6 so that, for
each i € {1,2}, there is a (C' U {¢;})-rainbow x,y-path with length 7 and interior
vertices in V (Kopy1)\X.

Proof. Since 2n + 1 is odd we can relabel ¢; and ¢o such that c¢; + 2k = ¢y for
some k € [n] (here and later in this proof all the additions are (mod 2n + 1)).
We will construct a switcher as depicted in Figure 4. Find distinct di,do, d3,dy €
[n)\(C U {c1,c2}) such that dy + do = d3 + dg + k and (1, ¢1,dy, da, —d3, —d4) and
(1,¢1 4+ k,dy,da, —ds, —dy4) are both valid paths (that is, they have distinct vertices)
starting at 1. This is possible, as follows.

Pick dy,da,ds € [n]\(C U {c1,c2}) distinctly in turn so that (1,cy,d1,ds, —d3)
and (1,c; + k, dy,d2, —d3) are both valid paths with the first one avoiding 1+ c¢; + &
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and the second one avoiding 1 4 c2. Note that, as we choose each d;, we add one
more vertex to each of these paths, which have at most 4 vertices already, so at
most 12 colours are ruled out by the requirement these paths are valid and avoid
the mentioned vertices. Furthermore, there are at most |C| + 4 < n/20 colours in
CU{e1, ca} or already chosen as some d;, j < i. Thus, there are at least n/2 choices
for each d;, and therefore at least (n/2)? choices in total.

Now, let dy := dy + ds — d3 — k. Note that there are at most n?(|C|+5) < n3/20
choices for {d;, da,ds} so that dy € C' U{cy,co,dy,da,ds}. Therefore, we can choose
distinct dq, ds, d3 € [n]\(C’U {Cl UCQ}) so that dy ¢ cu {61, co,dy, ds, dg}, in addition
to (1,¢1,d1,do, —ds) and (1,¢1 + k,dy,d2, —ds3) both being valid paths which avoid
1+c1+k and 1+ ¢, respectively. Noting that 14+c¢1+di+dys—ds—dgs =1+c¢1 + k,
(1,¢1,d1,da, —ds, —dy) is therefore a valid path. Noting that 1 +¢; + k + dy + da —
d3 —dy=14c1+2k=1+co, (1,¢1 + k,dy,da, —ds, —dy) is therefore a valid path,
with endvertex 1+ co. Therefore, its reverse, (1 + cg,dy, ds, —da, —di, —c1 — k), is a
valid path that ends with 1. Moving the vertex 1 to the start of the path, we get
the valid path (1, ¢, dy, ds, —da, —dy).

Let I be the set of i € [n]\(CU{e1, c2,d1,ds,ds,dys}) such that x and y are not on
(x+1,c1,dy,do, —ds, —dy), or (x+1,co,dy,d3, —do, —dy), and that y—i—cy —k—x ¢
C U{cy,c9,dy,da,ds,ds}. Note that these conditions rule out at most 12, 12, and
|C| 4+ 6 values of i respectively, so that [I| > n — 2|C| — 12 — 24 > n/2.

For each i € I, add x and y as the start and end of (z + i, ¢1,d1, d2, —ds, —dy)
respectively, giving, as k = d; + d2 — d3 — d4 the path

-F)’i = (xaiaclvdladQ,_d3)_d47y -1 — 1 — k— CL')

Then, add z and y as the start and end of (x + i, ca,dy, d3, —da, —dy) respectively,
giving, as d4 + d3 — dy — do = —k = ¢1 — co + k the path

Qi = (z,i,¢2,dy,d3, —do, —d1,y —i — ¢y — k — x).

Let C; = {i,dy,da,ds,ds,y — i — c; — k}. Note that P; and @; are both rainbow
x,y-paths with length 7, with colour sets (C; U {c1}) and (C; U {c1}) respectively
(indeed, when we add —d;,1 < i < 4 to get the next vertex of the path the colour
of this edge is d; and “—” just indicates in which direction we are moving).

Each vertex in X can appear as the interior vertex of at most 6 different paths
P; and 6 different paths @Q;. As |I| > n/2 > 12|X]|, there must be some j € I for
which the interior vertices of P; and @Q; avoid X. Then, C' = Cj is a colour set as
required by the lemma, as demonstrated by the paths P; and @);. O

The following lemma uses this to find colour switchers for an arbitary set of 100
colours {ci,...,c100} in the ND-colouring between an arbitrary vertex pair {z,y}. A
sketch of its proof is as follows. First, we select a vertex x1 and colours dy, ..., digg
so that ¢; + d; = x1 — « for each i € [100]. By choosing the vertex between x and
x1 appropriately, we can find a {¢;, d;}-rainbow z, x;-path with length 2 for each
i € [100]. This allows us to use any pairs of colours {¢;, d; }, so we need only construct
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a path which can switch between using any set of 99 colours from {di,...,do}-
This we do by constructing a sequence of (d;, d;+1)-switchers for each ¢ € [99] and
putting them together between x; and y.

LEMMA 5.3. (1 in 100 colour absorbers). Let 1 > nl Suppose Koni1 is ND-
coloured. Suppose we have a pair of distinct vertices x,y € V(Kony1), a set C C
C(Kan+1) of 100 colours, and sets X C V(Kopt1) and C" C C(Kaopy1) with | X| <
n/10% and |C'] < n/103,

Then, there is a set C C C(Kaoni1)\(C U C") of 694 colours and a set X C
V (Kan+1)\X of at most 1500 vertices so that, for each ¢ € C, there is a (C'U{c})-
rainbow x, y-path with length 695 and internal vertices in X.

Proof. Let ¢ = 100, zy = x, and z; = y, and label C = {cy,...,¢}. Pick 21 €
[2n 4+ 1)\ (X U {x0, z¢}) so that 1 — 2o+ ¢; € [n]\(CUC’) and x1 — ¢; € 2n+ 1\ X
for each i € []. Each such condition forbids at most n/10% + 100 vertices and we
have at most 2¢ = 200 conditions so we can indeed find x; satisfying all of them.
For each i € [{], let d; = x1 — 29 + ¢; and y; = x1 — ¢; = xp + d;. Then,

e ci,...,¢pd,. .., dgare distinct colours in C' U ([n]\C"),
® I0,%1,T¢,Y1,. ..,y are distinct vertices in {x,y} U ([2n 4+ 1]\ X), and
e for each i € [{], xoy;x1 is a {¢;, d; }-rainbow path.

Let C" = {dy,...,dg}. Pick distinct vertices xo,...,xp_1 € [2n + 1]\(X U {z0, 21,
o, Y1,---,ye}) and let X' = {xo,x1,..., 20, Y1, .-, Yo}

Next, iteratively, for each 1 < ¢ < £ — 1, using Lemma 5.2 find a set X; of
at most 12 vertices in [2n 4+ 1]\(X U X’ U (Uj«;X;)) and a set C; of 6 colours in
[\ (CUC"UC"U(Uj<;Cj)) so that there is a (C;U{d;})-rainbow x;, z;41-path with
length 7 and internal vertices in X; and a (C; U {d;41})-rainbow x;, z;41-path with
length 7 and internal vertices in Xj.

Let C = C"U (Uiee—1)Ci) and X = X' U (Ujep—11Xs), and note that IC| =
0460 —1) =694 and | X| <2041+ 12(¢ —1) < 1500. We will show that C' and X
satisfy the condition in the lemma.

Let then j € [¢]. For each 1 < i < j, let P; be a (C; U {d;})-rainbow x;, z;11-
path with length 7 and internal vertices in X;. For each j < i < ¢ —1, let P; be a
(C; U{d;41})-rainbow x;, x;41-path with length 7 and internal vertices in X;. Thus,
the paths P;, i € [¢ — 1], cover all the colours in C” except for d;, as well as the
colours in each set C;. Therefore, as xg = x and xy = v,

moijlplePngPg e Pg,lxg

is a (CU{c;})-rainbow x, y-path with length 2+7 x 99 = 695 whose interior vertices
are all in X, as required. O

The following corollary of this will be convenient to apply.

COROLLARY 5.4. Let 1 > n~! and suppose that Kony1 s ND-coloured. For each
pair of distinct vertices x,y € V(Kap+1) and each set C C C(Kaut1) of 100 colours,
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there are £ = n/107 disjoint vertex sets X1,...,X; C V(Kopy1)\{z,y} with size at
most 1500 and disjoint colour sets C1,...,Cp C [n]\C with size 694 such that the
following holds.

For each i € [{] and ¢ € C, there is a C; U {c}-rainbow x,y-path with length 695
and interior vertices in X;.

Proof. Tteratively, for each i = 1,...,¢, choose sets X; and C; using Lemma 5.3 (at
the ith iteration letting X = X; U---UX;_1, C'=C1U---UC;_1). O

The following lemma finds 1-in-100 colour switchers in a random set of colours
and vertices.

POLY

LEMMA 5.5. (Colour switchers using random vertices and colours). Let p, q > w>
n~! and suppose that Kont+1 is ND-coloured. Let X C Vo1 be p-random and C' C
C(Kanyt1) g-random, and such that X and C' are independent. With high probability
the following holds.

For every distinct x,y € V(Kapt1), C' C C(Kapt1) with |C'| = 100, and X' C
X, C" C C with | X'|,|C"] < un, there is a set C C C\(C" U C") of 694 colours
and a set X" C X\ X' of at most 1500 vertices with the following property. For each
c € C', there is a (C' U {c})-rainbow x,y-path with length 695 and internal vertices
in X",

Proof. We will show that for any distinct pair x,y € V(Ka,41) of vertices and set
C' C C(Kapy1) of 100 colours the property holds with probability 1 — o(n=1%%) so
that the lemma holds by a union bound.

Fix then distinct z,y € V(Ka,+1) and a set €’ C C(Kap41) with size 100. Fix
¢ =n/107 and use Corollary 5.4 to find disjoint vertex sets X; C V(Kau11), i € [£],
with size at most 1500 and disjoint colours sets C; C C(Kap+1), @ € [¢], with size
694 so that for each ¢ € C" and i € [{] there is a C; U {c}-rainbow x,y-path with
length 695 and internal vertices in Xj.

Let I C [¢] be the set of i € [¢] for which X; C X and C; C C. Note that || is

POLY

1-Lipschitz, and, for each i € [¢], we have P(X; C X,C; C C) > p'%%0¢5% > . By
Azuma’s inequality, with probability 1 — o(n~'%2) we have |I| > 10%un.

Take then any X' C X and C” C C with size at most un each. There must be
some j € I for which X’NX; =0 and C"NC; = 0. Let C = C; C C\(C'UC") and
X" = X; C X\X'. Then, as required, for each ¢ € C’ there is a (C U {c})-rainbow
x,y-path with interior vertices in X”. O]

5.2 Distributive absorption with paths. = We now use Lemma 5.5 and dis-
tributive absorption to get a larger scale absorption property, as follows.

LEMMA 5.6. Let 1/n < i < L < €. Let Kopi+1 be 2-factorized. Suppose that Vy is
an e-random subset of V(Kany1) and Cy is an e-random subset of C(Kap11), which
is independent of V. Suppose £ = un/695 and that ¢/3 € N. With high probability,
the following holds.
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Suppose that {x1,...,xey1,...,y} C V(K2n+1), a<nand C C C(Ka+1)\Co
s a set of at most nn colours. Then, there is a set C C Cy of 695¢ — an colours such
that, for every set C' C C of an colours, there is a set of vertex disjoint x;,y;-paths

which are collectively (C’ UC")-rainbow, have length 695, and internal vertices in Vp.

Proof. By Lemma 5.5 (applied to X =V, C = Cy with p = q¢ =€ and ¢/ = 3pu), we
have the following property with high probability.

N1 For each distinct ,y € V(Ka,41), and every C' C C(Ka,41) with |C’] = 100,
and X’ C Vp, C" C Cy with | X'|,|C"| < 3un, there is a set C C Cp\(C" U C")
of 694 colours and a set X" C Vj\ X’ of at most 1500 vertices with the following
property.

For each ¢ € (', there is a (C'U{c})-rainbow z, y-path with length 695 and internal
vertices in X”.

We will show that the property in the lemma holds. Suppose then that {x1,...,
Ty Y1y -y Ye} S V(Kopt1), @« <nand C C C(Kapt1) is a set of at most nn colours.
Let h = ¢/3. By Lemma 3.3, with high probability |Cy| > en/2 > pn. Therefore we
can pick a set Cy C Cy of (3h — an) colours. Note that |Co| > 2h and |CoUC| < 4h.
By the same reasoning as just before J3, by Lemma 4.2 there is a bipartite graph,
H with maximum degree 100 say, with vertex classes [3h] and Co U C such that the
following holds.

N2 For each set " C C of an colours, there is a perfect matching between [3A]
and CoUC" in H.

Iteratively, for each 1 < i < 3h, let D; = Ng (i) and, using N1, find sets C; C
Co\(CLU---UC;—1) and V; C Vp\ (V1 U---UV;_q), with sizes 694 and at most 1500,
such that the following holds.

N3 For each ¢ € D;, there is a (C; U {c})-rainbow z;, y;-path with length 695 with
internal vertices in Vj.

Note that in the ith application of N1, we have X' =V, U---UV;_; and C" =
C1U---UC;_1, so that | X'] <1500¢ < 3un and |C'| < 694¢ < 3un, as required.

Let C = CoUCy U---UCy,. We claim C has the property required. Indeed,
suppose O/ C C'is a set of an colours. Using N2, let M be a perfect matching
between [3h] and CoUC’ in H, and label Co U ¢’ = {c1,...,c3p} so that, for each
i € [3h], ¢; is matched to 7 in M.

By N3, for each i € [3h], there is an x;, y;-path, P; say, with length 695 which
is (C; U {c})-rainbow with internal vertices in V;. Then, P,..., Py, are the paths
required. O

The following corollary of Lemma 5.6 will be convenient to apply.

POLY

COROLLARY 5.7. Let 1/n <n<p<eand 1/k & 1. Let Kopiq be 2-factorized.
Suppose that Vy is an e-random subset of V(Kap41) and Cy is an e-random subset
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of C(Kany1), which is independent of Viy. Suppose that £ = pn/k and 695|k. With
high probability, the following holds.

Suppose that {x1,...,x0,y1,...,ye} € V(Kont1), @« < n and C C C(Kaopt1) is
a set of at most nn colours. Then, there is a set C C Cy of kl — an colours such
that, for every set C' C C of an colours, there is a set of vertex disjoint x;,y;-paths

which are collectively (C’ U C")-rainbow, have length k, and internal vertices in Vj.

Proof. Let V1,Va C Vp be disjoint and (e/2)-random and let C{; C Cy be (e/2)-
random. Let ¢ = un/695 = ¢ - k/695. We can assume that 3|¢'; as discussed in
Section 3.1. By Lemma 5.6 (applied with ¢ = €/2, p = p, n = n, Cj = C| and
Vg = V1) and Lemma 3.3, with high probability we have the following properties.
O1 Let {z1,..., 20,41, ye} C V(Kont1), @ < nandlet C' C C(Ka,+1) be a
set of at most nn vertices. Then, there is a set C' of 695¢ — o/n colours such
that, for every set C” C C of o/n colours, there is a set of vertex disjoint x;, v;-
paths which are collectively (C’ U C")-rainbow, have length 695, and internal
vertices in V7.
02 |Va| > un/4.
We will show that the property in the lemma holds. Suppose therefore that {z1,...,
Ty Y1y -5 Ye} S V(Kopt1), @« <nand C C C(Ka,41) is a set of at most nn colours.
Let &' = k/695 € Nand, let {z; ; : i € [¢],j € [k']} be a set of vertices in V3, using O2.
Apply O1 to the pairs (z;,21), (2ij,zij+1) and (z i), @ € [¢], 1 < j < k', and
take their union, to get the required paths. O

5.3 Covering small colour sets with paths. We now show that paths can
be found using every colour in an arbitrary small set of colours.

LEMMA 5.8. Let 1/n < € < f3, let 1/n < 1/k < 1 with k = 3 mod 4. Let Kopi1

be 2-factorized. Suppose that Vo C V(Kapt1) and Cy C C(K,,) are S-random and

independent of each other. With high probability, the following holds with m = 5{n/k.

For any set C C C(K,+1)\Co of at most En colours, and any set {x1,...,Tm, Y1,

s Ym} C V(Kant+1)\Vo, there is a set of vertex-disjoint paths x;,y;-paths, i € [m],

each with length k and interior vertices in Vo, which are collectively (C'UCy)-rainbow
and use all the colours in C.

Proof. Let V1,Vy C Vj be disjoint and (3/2)-random. Let C1,Cy C Cj be disjoint
and (4/2)-random. By Lemma 3.3, and Lemma 3.13, with high probability, the
following properties hold.
P1 ‘Cl| Z Bn/3
P2 Vj is (8%n/4)-replete.
By Lemma 3.26 applied with p = /2, ¢ = 4§, V. = V4 and C' = Cy, with high
probability, we have the following property.
P3 For any m’ < 4¢n and set {x1,91,. .., T/, Y } C V(Kopt1) there is a collec-
tion Py, ..., Py, of vertex-disjoint paths with length 3, with internal vertices in
Vo, where P; is an x;, y;-path, for each i € [m/], and PyU- - -UP,, is Cy-rainbow.
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We will now show that the property in the lemma holds. Let then C' C C(K,,41)
\Cp have at most {n colours and let X := {x1,...,Zm, 1, .-, Ym} C V(Kopt1)\Vo.
Take ¢ = (k — 3)/4, and note that this is an integer and ¢m > &n. Using P1, take
an order ¢m set C' C C'UCy with C C C" and label C' = {¢; j : i € [m],j € [¢]}.

Using P2, greedily find independent edges s; jt; ;, ¢ € [m],j € [¢], with vertices
in V1, so that each edge s; jt; ; has colour ¢; ;. Note that, when the edge s; ;t; ; is
chosen at most 2mf < 2mk < 10&n vertices in Vi are in already chosen edges.

Using P3 with m' = m(¢ + 1), find vertex-disjoint paths P; ;, i € [m], 0 < j < ¢,
with length 3 and internal vertices in V2 so that these paths are collectively Cs-
rainbow and the following holds for each i € [m)].

e P is a x;s;1-path.
e Foreach 1 <j </, P;jisat;;,s;;r1-path.
e P,is at;y,y;-path.

Then, the paths P; = Up<j<¢P; j, i € [m], use each colour in ¢’ C C'UC}, and hence
C', and otherwise use colours in Cy, have interior vertices in Vj and, for each i € [m],
P; is a length 3(¢ 4+ 1) + ¢ = k path from z; to y;. That is, the paths P;, i € [m],
satisfy the condition in the lemma. O

5.4 Almost-covering colour sets with paths.  We now show that paths can
be found using almost every colour in a set of mostly-random colours.

LEMMA 5.9. Let 1 > p > ¢ > Y, M > 1/k > 1/n with k = 1 mod 3, and let
m < 1.01gn/k. Let Koni1 be 2-factorized. Suppose we have disjoint sets V,Vy C
V(Kaont1), and D, Dy C C(Kapt1) with V' p-random, D q-random, and Vy, Dy -
random. Suppose further that Vo and Dgy are independent of each other. Then, the
following holds with high probability.

For any set C C C(Ky41) with D U Dy C C of mk + nn colours, and any set
X ={x1,.. , ZTm Y1, Ym} S V(Kont1)\(VUW), there is a set of vertez-disjoint
paths x;, y;-paths with length k, i € [m], which have interior vertices in V UV and
which are collectively C'-rainbow.

Proof. Let ¢ = (k — 4)/3 and note that this is an integer. Let m' = m + nn/6k.
Using that p > q,m, take in V vertex disjoint sets V', Vq,...,Vp, such that V' is
(p/2)-random and, for each i € [¢], V; is (m//2n)-random. Take an (77y)-random
subset D{j C Dy. Take in D vertex disjoint sets C1,...,Cy so that, and, for each
1 <i <20 C;is (m'/n)-random. Note that this latter division is possible as 2/ -
m'/n <20-1.02qn/k < q.

By Lemma 3.13, with high probability the following holds.

Q1 V' is (p?n/4)-replete.

By Lemma 3.26, applied with p’ = vn and ¢’ = 2¢/k to D} and a (yn)-random
subset of V{, with high probability the following holds.
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Q2 For any set {x1,y1, ..., Tam, Yam} S V(Kap41) there is a collection Py, ..., Py,
of vertex-disjoint paths with length 3, having internal vertices in V{, where P;
is an x;, y;-path, for each i € [2m], and Py U --- U Py, is D{-rainbow.

By Lemma 3.3, with high probability the following holds.

Q4 |[DyUCI U ---UCy| <2m/l +nn/2.
Q5 For each j € [4], |V;| <m/ + n’n/k>.

By Lemma 3.19, applied for each i € [2¢] and j € [{] with p’ = m//n and 3 = n?/k?,
with high probability the following holds.

Q6 For eachi € [2] and j € [¢] and any vertex set Y C V(Ka,41)\V with [Y] <m/
there is a Cj-rainbow matching from Y into V; with at least |Y'|—n?*n/k? edges.

We will show that the property in the lemma holds. Set then C' C C(K,,+1) with
DU Dy C C so that |C] = mk +nn and let X := {z1,...,Zm,¥1,-..,Ym} C
V(K1) \(VoUV).

Note that, using Q4,

|C\(D{UCLU -+ U Cy)| > mk +nn —2m'l —nn/2
=B+ 4)m+nn/2—2m'l > 30(m —m') +nn/2 +m'l
= —3lnn/6k +nn/2 +m't > m'¢,

and take disjoint sets C1,...,C) C C\(DyUC1 U --- U Cy) with size m’. Let C' =
CiU---UCY. Greedily, using Q1, take vertex disjoint edges z.y., ¢ € C’, with vertices
in V' so that the edge w.y. has colour c. Note that these edges have 2m'/ < gn
vertices in total, so that this greedy selection is possible. Let M be the matching
{xcye: c € C'}. For each i € [¢], let Z; = {x.:c€ Cl} and Y; = {y. : c € C/}.

For each i € [¢ — 1], use Q6 to find a C;-rainbow matching M; with m/ —n?n/k?
edges from Z; into V;, and a Cj;¢-rainbow matching, M/ say, with m’ —n?n/k* edges
from Y; into V;_1. Note that, by Q5 these matchings overlap in at least m’ —4n?n/k>
vertices. Therefore, putting together M with the matchings M;, M/, i € [¢] gives at
least m/ — ¢ - 4n?n/k* > m vertex disjoint paths with length 3¢ — 2. Furthermore,
these paths are collectively rainbow with colours in (C\D}). Take m such paths, Q;,
i € [m]. Apply Q2, to connect one endpoint of @; to x; and another endpoint to y;
using two paths of length 3 and new vertices and colours in Vp and DY, respectively
to get the paths with length £ = 3¢ 4 4 as required. O

5.5 Proof of the finishing lemma in Case B. = We can now prove Lemma 2.7.

Proof of Lemma 2.7. Pick &, 3, )\, a so that 1/k < 13 < I} AL a< “ < n <
e < p < 1. Let VI, V4, Vi C V be disjoint sets which are each (p/3)-random. Let
Wy, Wa, W3 C V} be disjoint sets which are each (p/3)-random. Let Dy, Dy, D3 C Cj
be disjoint and (x/3)-, - and a-random respectively.

Set m1 = (e — 5§ — A\)n/k, may = 5én/k and ms = An/k. By Lemma 3.3, with
high probability we have that |Ds| < 26n. By Lemma 5.9, applied with p’ = p/3,
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q:(1_,’7)67’7:/1’/37nlzgan:nak:kam:mla V/:V]-/7‘/E):W1’D:C’
Dy = Dy, with high probability we have the following.

R1 For any set C C C(K,4+1) with CUD; C C of mik+&n = (e—4€ — \)n colours,
and any collection of vertices {z1,...,Zm,, Y1, Ym, } S V(Kan+1)\(VYUWL),
there is a set of vertex-disjoint x;, y;-paths, i € [m], each with length &, which
have interior vertices in V] U W; and which are collectively C-rainbow.

By Lemma 5.8, applied with m = mo, V) C W5 a G-random subset and Cy = Da,
with high probability, we have the following.

R2 For any set C C C(K,,4+1)\D2 of at most £n colours, and any set {x1, ..., Tm,,
Yy Yms | C V(Kont1)\Wa, there is a set of vertex-disjoint z;, y;-paths, i €
[ma], each with length k and interior vertices in Ws, which are collectively
(C U Dy)-rainbow and use all the colours in C.

By Corollary 5.7, applied with o/ = 28, p/ = A\, ¢ = a,n=n, k =k, { = mg,
Vo € W3 an a-random subset and Cy = D3, with high probability we have the
following.

R3 For any {x1, ..., Tm,, Y1, - Yms ), 3 < 28 and C C C(Kaypy1) with |C| < 283n,
there is a set Dy C Dj of msk — Bn colours such that, for every set C' C C
of Bn colours, there is a set of vertex-disjoint x;, y;-paths, i € [m3], which are
collectively (D% U C")-rainbow, have length k, and internal vertices in Wi.

Let m = en/k, so that m = my + mg + mg. We will show that the property in the
lemma holds.

Suppose then that x1,...,Zm, Y1, .., Ym are distinct vertices in V(Kap41)\(V U
Vo) and D C C(Kap41) so that [D] = en and C UCy C D. Let V4 = V] U Wq,
Vo = ViU Wy and Vi = V4§ UWs. Let [m] = I; U Ia U I3 be a partition with | ;| = m;
for each i € [3]. By R3 (applied with C' = Dy and 3 = (|Ds|/n) — 4€), there is a set
Dj C D3 of msk — | Da| + 4&n colours with the following property.

R4 For every set C' C Dy of |Dsy| — 4&n colours, there is a set of vertex disjoint
xi, yi-paths, ¢ € I3, which are collectively (D5 U C”)-rainbow, have length k,
and internal vertices in Wj.

Let C; = D\(D2 U D%), Cy = Dy and C3 = Dj. We now reason analogously to
the discussion after C1-C3. Note that C U D; C C; and

|C1| = |D| — | D3| — (msk — | D2| + 4&n) = mk — msk — 4&n
= (m1 + ma)k — 4én = myk + En. (2)

Therefore, using R1, we can find my paths {Py,..., P, } such that P; is an z;, y;-
path with length k, for each i € I, so that these paths are vertex disjoint with
internal vertices in V; = V1/ U Wy and are collectively C1-rainbow.

Let C" = C1\(Uiex, C(F;)), so that, by (2), |C'| = {n. Using R2, we can find mo
paths {P1,..., Py, } such that P; is an z;, y;-path with length k, for each i € I, so
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that these paths are vertex disjoint with internal vertices in Vo = Vi U Wy and are
collectively (Cy U C”)-rainbow and use every colour in C”.

Let C" = Cy\(Usex,C(F;)), and note that |C”| = |Cy UC"| — mok = |Da| +&n —
mok = |Da| —4&n. Using R4 and that C3 = D}, we can find mg paths {Py,..., Py, }
such that P; is an z;,y;-path with length k, for each ¢ € I3, so that the paths
are vertex disjoint with internal vertices in V3 = V5 U W3 which are collectively
(C3 U C")-rainbow.

Then, for each i € [¢], the path P; is an z;, y;-path with length k, so that all the
paths are vertex disjoint with internal vertices in V3 U Vo U V3 C Vy UV and which
are collectively D-rainbow, as required. O

6 Randomized Tree Embedding

In this section, we prove Theorem 2.5. We start by formalising what we mean by a
random rainbow embedding of a tree.

DEFINITION 6.1. For a probability space §2, tree T" and a coloured graph G, a ran-
domized rainbow embedding of T" into G is a triple ¢ = (Vj, Cy,T};) consisting of a
random set of vertices Vy : 2 — V(G), a random set of colours Cy : 2 — C(G), and
a random subgraph Ty : 2 — E(G) such that:

o V(Ty) € Vy and C(T,) C Cp always hold.
e With high probability, Ty is a rainbow copy of T'.

We will embed a tree bit by bit, starting with a randomized rainbow embedding
of a small tree and then extending it gradually. For this, we need a concept of one
randomized embedding extending another.

DEFINITION 6.2. Let G be a graph and T C 15 two nested trees. Let ¢ = (Vdm Cop,
Sg,) and ¢ = (Vg,,Cy,,Ss,) be randomized rainbow embeddings of 77 and T
respectively into G. We say that ¢9 extends ¢, if

o Ty CTy,, Cy C Cy,, and Vy, C Vg, always hold.
o V(T )\V(Ty,) € Vs, \Vs, and C(Ty, \C(Ty,) € Cy,\Cy, always hold.

The above definition implicitly assumes that the two randomized embeddings
are defined on the same probability space, which is the case in our lemmas, except
for Lemma 6.3. When ¢; and ¢2 are defined on different probability spaces €14, and
4, respectively, we use the following definition. We say that an extension of ¢ is
a measure preserving transformation f : Qy, — Qgp, (i.e. P(f71(A)) = P(A) for any
A C Q). We say that ¢y extends ¢ if “for every w € Qg4, we have Ty, (f(w)) C
Ty,, Cop, (f(w)) C Cy,, Vg, (f(w)) C Vi, and V(Ty,)\V (T4, (f(w))) is contained in
Vi \Va, (f(w)) and C(Ty,)\C(Ty,(f(w))) is contained in Cy,\Cy, (f(w))”. Such a
measure preserving transformation ensures that ¢ = (Ty, o f,Cy, o f,Vy, o f) is
a randomized embedding of T defined on €4, which is equivalent to ¢; (i.e. the
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probability of any outcomes ¢; and ¢} are the same). It also ensures that ¢ is an
extension of ¢} as in Definition 6.2.

The following lemma extends randomized embeddings of trees by adding a large
star forest. Recall that a p-random subset of some finite set is formed by choosing
every element of it independently with probability p.

POLY POLY

LEMMA 6.3. (Extending with a large star forest). Let p > 6> v>d Y n ! and
log~'n > dL. Let T1 C Ty be forests such that Ts is formed by adding stars with > d
leaves to vertices of Th. Let Kopt1 be 2-factorized and suppose that |To| = (1 — p)n.
Let p1 = (Vy,,Cy,,Ty,) be a randomized rainbow embedding of Ty into Ko, 1 where
Vg, and Cy, are both y-random.

Then, ¢1 can be extended into a randomized rainbow embedding ¢o = (Vy,, Cy,,
Ty,) of Ty so that Vi, and Cy, are (1—p+ 3)-random sets (with Vi, and Cy, allowed
to depend on each other).

1

Proof. Choose a such that 3> a > ~. Let 6 = |T}|/n and F = Ty\T1, noting that
F is a star forest with degrees > d and e(F) = (1 —p — 0)n. Let I C V(T1) be
the vertices to which stars are added to get 7> from T7. Let 2 be the probability
space for ¢1. We call w € Q successful if Ty (w) is a copy of 71 and if we have
[V, ()], |Cg, (w)| < 4yn (using 6 < d~! < 7). Using Chernoff’s bound and the
fact that ¢; is a randomized embedding of T} we have that with high probability a
random w € ) is successful.

For every successful w, let J“ be the copy of I in Ty, (w). We can apply Lemma 3.24
with F' = F7 J = Jw, V= V(K2n+1)\V¢1 (u)), C= C(K2n+1)\C¢1 (w), p' = p+9,a =
a,v = 4v,d = d and n = n. This gives a probability space Q“, and a ran-
domized subgraph F“, and randomized sets UY C V/(Kap41)\(Vy, (w) U V(FY)),
DY C C(Kan+1)\(Cy, (w) UC(FY)) (so F¥, U, D¥ are functions from Q“ to the
families of subgraphs/subsets of vertices/sets of colours of Ko,4+1 respectively). From
Lemma 3.24 we know that, for each w, F*“ is with high probability a copy of F,
and that U* and D* are (1 — «)(p + #)-random subsets of V(Kop,41)\Vy, (w) and
C(K2n41)\Cg, (w) respectively which are always vertex/colour disjoint from F*.
Setting T = F* U T}y, (w) gives a subgraph which is a copy of 75 with high prob-
ability (for successful w). For every unsuccessful w, set 7% = Ty, (w), and choose
UY CV(Kont1)\Vy, (w), D* € C(K2n41)\Cs, (w) to be independent (1 — o) (p + 0)-
random subsets (in this case letting 2 be an arbitrary probability space on which
such U¥, D¥ are defined).

Let Qo = {(w,0') : w € Q' € Q¥} and set P((w,w’)) = P(w)P(w'). Notice
that €2 is a probability space. Let Tj, be a random subgraph formed by choosing
(w,w’) € Qy (randomly with the above probability), and setting Ty, = T%(W').
Similarly define U = U¥(w’) and D = D¥(w’). Notice that V\Vy, is (1 —y)-random
and that U|Vy, is a (1 — a)(p + 6)-random subset of V\V;,. By Lemma 3.1, U is a
(1—a)(1—v)(p+6)-random subset of V (Ka,11). Similarly, D is a (1—a)(1—~)(p+6)-
random subset of C(Kay,41). Since 8> a, v, we have (1—a)(1—~)(p+0) > p— 3,



GAFA A PROOF OF RINGEL’S CONJECTURE 709

and therefore can choose (p — 3)-random subsets U’ and D’ such that U’ C U and
D' C D. Now Vy, 1= V(Kay41)\U' and Cy, = C(Kap+1)\D' are (1 —p+ (3)-random
sets of vertices/colours. We also have that with high probability T}, is a copy of Tb
since

P(Ty,(w,w')is not a copy of Tb)

< P(w unsuccessful) + P(w successful and T, not a copy of Tb).

Thus the required extension of ¢1 is g2 = (Ty,, Vy,, Cp,) together with the measure
preserving transformation f : Qs — Q with [ : (w,w’) — w. O

The following lemma extends randomized embeddings of trees by adding con-
necting paths.

POLY

LEMMA 6.4. (Extending with connecting paths). Let p > ¢ >n ! Let Ty CTh be
forests such that Ts is formed by adding qn paths of length 3 connecting different com-
ponents of T1. Let Kopq1 be 2-factorized. Let o1 = (Vy,,Cp,,Ty,) be a randomized
rainbow embedding of Ty into Kopi1 and let U C V(Ko 41)\Vy,, D € C(Kan41)\Co,
be p-random, independent subsets. Let Vy, = Vy UU and Cy, = Cy, U D.

Then, ¢1 can be extended into a randomized rainbow embedding ¢o = (Vy,,Cy,,
T¢2) Of TQ.

Proof. Let € be the probability space for ¢;. We say that w € Q is successful if
Ty, (w) is a copy of T} and the conclusion of Lemma 3.26 holds with V- =U, C = D,
p=p,q=qandn =n. As ¢; is a randomized embedding of 77, and by Lemma 3.26,
we have that, with high probability, w is successful.

For each successful w, let x%,yf,..., x5, ya, be the vertices of Tj, (w) which
need to be joined by paths of length 3 to get a copy of T5. From the conclusion of
Lemma 3.26, for each successful w, we can find paths P/, i € [gn], so that the paths
are vertex disjoint and collectively D-rainbow, and each path P is an z;, y;-path

7

with length 3 and internal vertices in U. Letting Ty, = Ty, (w) U P U --- U Py

qn>

(Vg,, Cs,,Ty,) gives the required randomized embedding of T5. O

The following lemma extends randomized embeddings of trees by adding a se-
quence of matchings of leaves.

LEMMA 6.5. (Extending with matchings). Let £~1,p, q Sn Ll LetT) C Ty be forests
such that Ty is formed by adding a sequence of £ matchings of leaves to Ty. Let
Koni1 be 2-factorized. Suppose |Ty| — |T1| < pn. Let ¢1 = (Vy,,Cy,,Ty,) be a ran-
domized rainbow embedding of T into Kopi1. Let Uing € V(Kon+1)\Ve, s Dina €
C(K2n+1)\Cy, be g-random, independent subsets. Let Ugep € V (Kaon41)\(Ve, UUina)
be p/2-random, and Dgep C C(K2,41)\(Co, U Ding) p-random (possibly depending
on each other).

Then ¢y can be extended into a randomized rainbow embedding ¢ = (Vy,, Co,, Ts,)
of Ty into Vi, = Vi, UUjpng U Ugep and Cy, = Cy, U Dipg U Dgep.
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Proof. Without loss of generality, suppose that |Ty| — |T1| = pn. Define forests
Ti,...,Ty,and p1,...,p¢ € [0, 1] such that each T} is constructed from T; by adding
a matching of p;n leaves. Randomly partition Udep = {U(}ep, ol Ufep} and Dgep =
{Déep7 . ,Df;ep} so that each set Ug,, C V(Kan+41) is p;/2-random and each set
Dflep C C(Kap+1) is pi-random. Randomly partition Us,g = {Uilnd, e Ufnd}, Dinag =
{D} ,....,D! ;} so that each set U} , and D! ,is (q/¢)-random.

Let €2 be the probability space for ¢1. We say that w € Q is successful if Ty, (w) is
a copy of T} and, for each i € [¢], the conclusion of Lemma 3.20 holds for U, deps Uind
Dflep, Dgnd, p=pi, v =¢q/l and n = n. As ¢ is a randomized embedding of T3, and
by Lemma 3.20, we have that, with high probability, w is successful. Note that, for
this, we take a union bound over ¢ events, using that the conclusion of Lemma 3.20
holds with probability 1 — o(n~!) in each application.

For each successful w, define a sequence of trees 7§, T, . .., T. Fix Ty = Ty, (w)
and recursively construct T34, frqm Ty ‘by adding an appropriate (Dilep uD: .-
rainbow size p;n matching into Udep Y Uina to make 77 into a copy of Tj; (which
exists as the conclusion of Lemma 3.20 holds because w is successful). Letting

Ty, (w) =T} gives the required randomized embedding of T}. Ol

The following lemma gives a randomized embedding of any small tree.

POLY

LEMMA 6.6. (Small trees with a replete subset). Let ¢ > v > v > & > n~ L. Let
T be a tree with |T| = yn containing a set U C V(T) with |U| = vn. Let Kopt1
be 2-factorized with Vi, Cy q-random sets of vertices and colours respectively. Then,
there is a randomized rainbow embedding ¢ = (Ty,Vy,Cy) along with independent
q/2-random sets Vo C Vy\V(Ty), Co C Cp\C(Ty) with (Vo,Ug) En-replete with high
probability (where Uy is the copy of U in Ty).

Proof. Choose « such that ¢ >Sa> v, v. Inside V, choose disjoint sets Vp, Vi, V2
which are ¢/2-random, a-random, and 100v/g-random respectively. Inside Cy choose
disjoint sets Cp, C1, Cy which are ¢/2-random, ¢/4-random, and ¢/4-random respec-
tively. Notice that the total number of edges of any particular colour is 2n+1 and the
probability that any such edge is going from V5 to ViUV is 2a(100v/q)+(100v/q)? <
300c(v/q). Therefore by Lemmas 3.15 and 3.2 the following hold with high proba-
bility.

R1 Every vertex v has |[N¢, (v)NVi| > agn/4 > 3|T| and |N¢, (v)NVa| > (100v/q)-
qn/4 > 4|U|.
R2 Every colour has at most 400a(v/q)n < 0.1|U| edges from V5 to Vi U V.

Using R1, we can greedily find a rainbow copy Ty of T"in V3 U Vo U C1 U Cy with U
embedded into V5. Indeed, embed one vertex at a time, always embedding a vertex
which has one neighbour into preceding vertices. Moreover, put a vertex from T\U
into V7 using an edge of colour from C and put a vertex from U into V5 using an
edge of colour from Cy. Let Uy be the copy of U in Ty. By R2, and as |Ug| = vn,
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(Ug, V(Kant+1)\ (V1 UV2)) is 0.9vn-replete. Indeed, for every colour there are at least
|Ug| edges of this colour incident to Uy and at most 0.1|Ug| of them going to Vi UV5.

Consider a set Vj C V(Ka,41) which is (m) - (g/2)-random and in-
dependent of Vi, Vs, Cy, C1, Cs. Notice that Vj\(V4 U Va) is ¢/2-random. Thus the
joint distributions of the families of random sets {Vj\ (V1 U Va), Vi, Vo, Co, C1, Ca}
and {Vp, V1, Va,Cy, C1,Ca} are exactly the same. By Lemma 3.14 applied with
A ="Uy, B = V(Kont1)\(Vi U V2),V =V, the pair (U, Vi\(Vi U V2)) is &-replete
with high probability. Since (Uy, Vi \ (Vi UV2)) has the same distribution as (Uy, V),
the latter pair is also &-replete with high probability. O

Now we prove the main result of this section—Theorem 2.5. It finds a rainbow
embedding of every nearly-spanning tree. Given the preceding lemmas, the proof is
quite simple. First, we decompose the tree into star forests, matchings of leaves, and
connecting paths using Lemma 3.9. Then, we embed each of these parts using the
preceding lemmas in this section.

Proof of Theorem 2.5. Choose (8 and d such that 1 > ¢ > i > ¢ > W >dt> 13
with k1 'ﬁﬁ d-1. By Lemma 3.9, there are forests TISmall C T2St6“”S C Tgnamh C
TPaths ¢ pmateh — 77 gatisfying H1 — H5 with d = d,n = (1 — €)n and U = U. Fix
U =Un Tlsmall.

Fix p/ = 1 — |T5%|/n = (|T'| — |T5%*5|) /n + €. We claim that p’ > (p + €)/2.
To see this, let T be the tree with |T”| = pn formed by deleting leaves of vertices
with > k leaves in T”. Let A C V(T7™!) be the vertices to which leaves need added
to get T5%' from Tlsmall, and, for each v € A, let d, > d be the number of such
leaves that are added to v. Then we have that Y. _,d, = |T5%| — |T3mall|, Let
d! be the number of these leaves added to v which are not themselves leaves in
T'. Note that, for each v € A, at least d,, neighbours of v lie in V(T")\V (T5%).
Thus, we have >, d;, < |T"| — |T5%"5|. Moreover, for each v € A with d, —d}, > k
we deleted d, — d,, leaves attached to v when we formed T" from 7", otherwise we
deleted nothing. In both cases we deleted at least d, — d, — k leaves for each v € A.
Therefore, using that |A| < |T§™2| < n/d, we have

T =T 2 (dy — ), — k) = [T5%5] = [T3™ = > (d), + k)
vEA veEA

> T3 = (k+ 1)n/d = > d,.
veEA

Thus,
pn = |T"| < |T'| = T3 + (k+ D)n/d+ ) _d,
vEA

<2(|T) — |T5%"|) 4+ en = 2p'n — en,

implying, p’ > (p +€)/2.



712 R. MONTGOMERY ET AL. GAFA

For each 7 € {2,...,5} (and the label * meaning “small, stars, match or paths”
appropriately), let p; = (|T;| — |T;",|)/n. Set ps = € — 3. These constants represent
the proportion of colours which are used for embedding each of the subtrees (with
pg representing the proportion of colours left over for the set C' in the statement of
the lemma). Notice that p’ = ps + ps + ps + ps + 3. For each i € [6], choose disjoint,
independent 2u-random sets Vi . C! 4 Do the following.

ind’ ~in
e Apply Lemma 6.6 to T3l U = U', V; = ViMd, Cy = CiM, q = 2p,
v = |Tf™U|/n, v = |U'|/n and & = €. This gives a randomized rainbow

embedding ¢1 = (Ty,, ind Cind) of Temall and p-random, independent sets
Vo C Vi"\V(Ty,), Co C C{"\C(Tp,) with (Ug,» Vo) §n-replete with high

probability (where Uj is the copy of U in Ty, ).

Notice that ¢ = (V" U ... U Vgnd Cindy ... U Cind Ty, ) is also a randomized
embedding of 75™a!, Then, do the following.

e Apply Lemma 6.3 with 7} = T5mall Ty = 75 ¢ = ¢, p=p/,3 = 3,7 =
12p,d = d,n = n. This gives a randomized embedding ¢o = (Vy,,Cy,, Tp,) of
TQStarS extending (25,1, with Ve, = V(K2n+1)\V¢>2, Cdep = C(K2n+1)\0¢2 (p/—ﬂ)—
random sets of vertices/colours.

Notice that ¢} = (Vy,\(V4"d U -+ U VEnd), Cp,\(Ci U -~ U CE), T,,) is also a
randomized embedding of T5%™. Indeed, recall that by our definition of extension
we embed vertices of 752"\ T3 outside of the set V" U- - - UV using the edges
whose colours are also outside of C’f”d U---u C’é"d. Moreover, by our constriction,
V(Tp,) is disjoint from Vi"4uU- - UV and C(Ty,) is disjoint from C3¢U---uCid.

Using that p3 + ps + p5s + ps = p' — [/ and Lemma 3.1, randomly partition

Caep = Cg’ep U C’fl‘ep U C’Sep U Cgep with the sets Cflep pi-random subsets of C(Ko,41).

Using that p'— 3 = (p3+pa+p5+ps)/2+ (' —5)/2 = p3/2+pa/2+ps/2+(p+e) /6,
inside Ve, we can choose disjoint sets Vj’ep, Vjep, Vd‘r’ep, Vdﬁep which are p-random for
P =p3/2,p4/2,p5/2, (p+ €)/6 respectively. We remark that some of the random sets

(V2,C% VS CS . thp, and Cﬁep) will not actually be used in the embedding,

and are defined only for notational convenience.
e Apply Lemma 6.5 with T, = T3 Ty = T5'S, Ve, = V2 Caep = Ci ),
Ving = V2 .. Cina = C’E’nd, ¢1 = ¢, £ = d,p = p3,q = 2u,n = n. This gives

ind’

. - _ match : 3 3
a randomized embedding ¢3 = (Vy,, Cy,, Ty,) of T3 into Vi), UV, U Vi,
Vdg'ep UV3,UCy, extending ¢o.

e Apply Lemma 6.4 with Ty = TP*S 7 — pmatch 'y — yd o 0 = O

ind’ ind?

¢ = ¢3, p = 2u,q = (2k)~',n = n. This gives a randomized embedding
¢a = (V,, Cy,, Tp,) of T} A into VA U Vigys Cb U Cy, extending ¢s.

ind
e By Lemma 6.5 with T, = Tgatch 7y = TP Voo, = V7| Cuep = C35,,
Vind = Viogs Cinda = Clqs 01 = ¢4, £ = d,p = ps5,q = 2u,n = n, we get a
randomized embedding ¢5 = (Vy,, Cy,, T,) of Tiateh into V2 U Vdg’ep U Vg,

ind
C’;’ep U C5nd U Vg, extending ¢y.

]
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Now the lemma holds with 77 = Ty, Vo = Vo, Cy = Cp (recall that these sets are
from the application of Lemma 6.6 above), V = Vd6€p, and C' C Cgep a (1—n)e-random
subset. O

7 The Embedding in Case C

For our embedding in Case C, we distinguish between those trees with one very high
degree vertex, and those trees without. The first case is covered by Theorem 2.3. In
this section, we prove Lemma 7.1, which covers the second case and thus completes
the proof of Theorem 2.8.

For trees with no very high degree vertex, we start with the following lemma
which embeds a small tree in the N D-colouring in a controlled fashion. In particular,
we wish to embed a prescribed small portion of the tree into an interval in the cyclic
ordering of Ko, 1 so that the distance between any two consecutive vertices in the
image of the embedding is small.

LEMMA 7.1. (Embedding a small tree into prescribed intervals). Let n > 10°. Let
Kopy1 be ND-coloured, and let T be a tree with at most n/100 vertices whose vertices
are partitioned as V(T) = Vo U Vi U Vo with |Vi|,|Va| < 2n/log*n. Let Iy, I, I
be disjoint intervals in V(Koni1) with |Io] > 7|Vo|, |I1] > 8|Villog®n and |I5| >
8|V log® n.

Then, there is a rainbow copy S of T in Kopy1 such that, for each 0 < i < 2, the
image of V; is contained in I;, and, furthermore, any consecutive pair of vertices of
S in I, or in I, are within distance 16log®n of each other.

Proof. Let k € {|2logn|,|2logn| — 1} be odd. Choose consecutive subintervals
..., I{Vl‘ in I; of length k3, and choose consecutive subintervals I3, ... ,IéVZ‘ in I
of length k3. Partition C(Ka,41) as CoUCFU---UCFUCS U+ U Ck so that, for
each m € [n] and ¢ € [k],

Cy if m is odd,
m € Ct if miseven and m =i mod 2k + 1,
Cy if miseven and m=i+k mod 2k + 1.

Note that, for every p € [2], i € [k], j € [|V,]], and v ¢ I, the vertex v has at least
1/22k+1)] > k colour-C7, neighbours in I (since C, contains only even colours
and k is odd). Here we call a vertex u a colour—CI’; neighbour of v if the colour of the
edge vu belongs to C’;,.

Order V(T) arbitrarily as v1,..., v, such that {vq,...,v;} forms a subtree of
T for each i € [m]|. We embed the vertices vy, ..., v, one by one, in m steps, so
that, in step i, we embed v; to some u; € V(Kap41). Since Tlvy,...,v;] is a tree,
for each 4, there is a unique f(i) < 4 for which vy;yv; € E(T). We will maintain
that the edges u;uy(;) have different colours for each i. At step i (the step in which
ui,...,u;—1 have already been chosen and we are choosing ;) we say that a vertex
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x is free if x & {uy,...,u;—1}. We say that an interval I’ is free, if it contains no
vertices from {uy,...,u;—1}. We say that a colour is free if it does not occur on
{uf(j)uj :2 < j <i—1}. The procedure to choose u; at step i is as follows.

e If v; € Vp, then u; is embedded to any free vertex in Iy so that, if i > 2, up;u;
is any free colour in Cj.
e For p € [2], if v; € V), then u; is embedded into any free interval I, so that, if

i > 2, us;u; uses any free colour in Cg, for j as small as possible.

The lemma follows if we can embed all the vertices in this way. Indeed, as we have
exactly the right number of intervals to embed one vertex per interval, consecutive
vertices in I (or ) are in consecutive intervals I?, and hence at most 16 log® n apart.
Since Cy contains all the odd colours, vertex uy(;) has > [|lo|/2] —1 > 3|Vp| colour-
Co neighbours in Iy. At each step at most |Vp| of the vertices in Iy are occupied,
and at most |Vp| colours are used. Since the N D-colouring is locally 2-bounded, this
forbids at most 3|Vp| vertices. Therefore, there is always room to embed each v; € V)
into Iy. To finish the proof of the lemma, it is sufficient to show that, throughout
the process, for each p € [2], there will always be sets Cj which are never used.

CLAM 7.2. Let p € [2], i € [m] and s € [k]. At step i, if there are > |V,|/2° free
intervals I}, then no colour from C, has been used up to step i.

Proof. The proof is by induction on i. The initial case ¢ = 0 is trivial. Suppose it is
true for steps 1, ...,7—1 and suppose that there are still at least |V},|/2° free intervals
Ig. Now, by the induction hypothesis for p’ = p, 7 =i—1 and s’ = s—1, colours from
Cs~! were only used when there were fewer than [V,| /257! free intervals I}, and hence
at most |V,| /257! vertices were embedded using colours from C5~!. In each free inter-
val, us(; has at least k colour-C~! neighbours. and hence at least k|V}|/2% colour-
C’;_l neighbours in the free intervals in total. As the N D-colouring is locally 2-
bounded, this gives at least k|V},|/2571 > |V,|/2571 colour—C;_1 neighbours adjacent
to us(;) by edges of different colours. Therefore u ;) has some colour C’;_l—neighbour
u; in a free interval so that u F(HUiis a free colour. Thus, no colour from Cg is used in
step 1. ]

Taking s = k, we see that colours from C¥ and C§ never get used while there
is at least one free interval. As there are exactly as many intervals as vertices we
seek to embed, the colours from C¥ and C} are never used, and hence the procedure
successfully embeds T'. O

Now we are ready to prove Case C. Letting T” be a tree T' in Case C with the
neighbouring leaves of vertices with > log* n leaves removed, we embed T using
the above lemma. Then, much like in the proof of Theorem 2.3, leaves are added
to high degree vertices one at a time. In order to make sure we use all the colours,
these leaves are located in particular intervals of the ND-colouring. In the proof, for
technical reasons, we have three different kinds of high degree vertices (called type 1,
type 2 and type 3 vertices), with vertices of a particular type having its neighbours
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1

\/V2 0.91n
Iy

0.92n
0.96n

Figure 5: Embedding the tree in Case C.

chosen by a particular rule. (We note that we may have no type 2 vertices.) We
embed the vertices of different types into 3 disjoint intervals.

Proof of Theorem 2.8. See Figure 5 for an illustration of this proof. If d; > 2n/3 for
some 7, then the result follows from Theorem 2.3. Assume then that vq,..., v, are
ordered so that 2n/3 > dy > ... > dy. Note that dy + ... +dy =n+1—|T'| >
99n,/100+ 1. Choose the smallest m with 0.05n < dy +. ..+ d,,. From minimality, we
have dy+...4+dy, < d1+0.05n. Let Vi = {v1,...,om}, Vo = {vms1, ..., 00}, and Vp =
V(TH\(V1 U Va). Let Iy = [0.83n,0.9n], I; = [0.7n,0.71n], and Iy = [0.91n,0.92n].
Then, it is easy to check that |Iy| > 7|Vp|, |I1| > 8|Vi|log®n and |I5| > 8|Va|log®n
(for the last two this comes from the fact that each v; € V;UV4; is joined to d; > log4 n
leaves. Therefore, using n > 10°, we have |V;| < n/log*n < 0.1n/log®n).

By Lemma 7.1, there is a rainbow embedding of 7" in [yUI; Ul with V; embedded
to I;, for each 0 <+ < 2, and consecutive embedded vertices in I, and in Iy, within
distance 16log® n of each other. Say the copy of T” from this is S’.

For odd m, relabel vertices in V; so that, if u; is the image of v; under the
embedding, then, for each i € [m], the vertices in the image of V; appear in I; in
the following order:

U, U3, U5y« + -y Um—2, Umy Um—1, Um—3, - - -, UG, U4, U2.

For even m, relabel vertices in V; so that, if u; is the image of v; under the embedding,
then, for each i € [m], the vertices in the image of V} appear in I; in the following
order:

ul’ u3a u57 A 7uu_37um_l’ U’I’I’L7um—27 AR u67 u47u2'

Relabel the vertices in Vo so that, if u; is the image of v; under the embedding,
then for each i € [(]\[m], the vertices in the image of V5 appear in I5 in the order
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Um+t1, - - -, ug. Finally, relabel the integers d;, i € [¢], to match this relabelling of the
vertices v;, i € [¢]. We uses this new labelling to embed neighbours of w;,7 < ¢ into
three disjoint intervals (that are also disjoint from V' (S")): [1,u;) if ¢ < m is odd,
(ug2,0.82n] if ¢ < m is even and [0.96n,1.92n] if m < ¢ < {.

For each 1 < ¢ < m, if ¢ is odd we say that wu; is type 1, and if 7 is even we
say that wu; is type 2. For each m < i < ¢, we say that u; is type 3. Note that, if
m = 1, then there are no type 2 vertices. Furthermore, note that, if m = 1, then
V(S C {us} UlpU Iy C {u1} U [0.83n,0.92n], while, if m > 1, then V(S’) C
[ul, UQ] Ulgpul, C [ul, UQ] U [0.83n, 0.9271].

Let C(K2,+1)\C(S") = C1 U --- Uy so that, for each i € [{], |C;| = d;, and, if
© < j, then all the colours in C; are smaller than all the colours in C;. Note that
this is possible as |C'(K2,+1)\C(S")| =n—|E(T")| = d1 +. ..+ dy. Futhermore, note
that, if i, j € [¢] with i < j — 2, then max(C;) < min(C;) — d;11 < min(C;) — log®* n.

For each i € [{], do the following.

o If u; is a type 1 vertex, embed the vertices in U; := {u; — ¢ : ¢ € C;} as
neighbours of u;.

o If u; is a type 2 or 3 vertex, embed the vertices in U; := {u; + ¢ : ¢ € C;} as
neighbours of u;.

Notice that, from the definition of the ND-colouring, we use edges with colour in
C; to attach the neighbours of w;, for each i € [¢]. Therefore, by design, the graph
formed is rainbow. We need to show that the sets U;, i € [f], are disjoint from each
each other and from V(S’), so that we have a copy of T

Cramm 7.3. If m = 1, then max(C,,) < 0.68n, while, if m > 1, then max(C,,) <
0.11n.

Proof. If m = 1, then, as at most 0.01n colours are used to embed 7" and dy < 2n/3,
we have max(C),) < 0.67n 4+ 0.01n = 0.68n. Suppose then that m > 1, and hence
d1 < 0.05n. By the minimality in the choice of m, we have that di + ... + d,, <
0.05n + 0.05n = 0.1n. Therefore, max(Cy,) < 0.1n 4 0.01n = 0.11n. O

From the claim, as the vertices ui,...,uy are in [0.7n,0.71n] and max(C;) <
max(Cp, ), for each i € [m], for each type 1 vertex u;, we have U; C [u; —max(C;), u; —
min(C;)] C [0.02n,0.71n] C [1,0.71n]. For each type 2 vertex wu;, we have U; C
[u; + min(C}), u; + max(C;)] C [0.7n,0.82n].

Now, for each type 3 vertex u;, we have, as i > m, that min(C;) > 0.05n. There-
fore, as max(C;) < n, we have U; C [u; + min(C}), u; + max(C;)] C [0.96n, 1.92n].
Furthermore, by the ordering of w1, ..., us, for each m+1 <i < j < ¢, we have
u; < u; and max(C;) < min(Cj) so that u; + max(C;) < u; + min(C}). Thus, the
sets U;, m + 1 < i < { are disjoint sets in [0.96n, 1.92n].

CrLAmM 7.4. If u; is a type 1 vertex with i < m — 2, then min(U;) < max(U;y2). If
w; is a type 2 vertex with i < m — 2, then max(U;) < min(Uj42).
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Proof. If u; is a type 1 vertex with ¢ < m — 2, then u;y9 is also a type 1 vertex,
which appears consecutively with u; in the interval I; in the embedding of T”, and
hence u; o — u; < 16log®n < log* n. Therefore,

min(U;) = u; — max(C;) > u; — min(Cyyz) + log*n
> Ujpo — min(CH_Q) = maX(UZ‘+2).

On the other hand, if u; is a type 2 vertex with ¢ < m — 2, then u;2 is also a type
2 vertex, which appears consecutively with u; in the interval I; in the embedding of
T’, and hence u; — u;4o < 16log® n < log* n. Therefore,

max(U;) = u; + max(C;) < u; + min(Cyy9) — log* n < ujo + min(Cyya) = min(Uj o).

By the claim, the sets U;, ¢« < m and ¢ is odd, are disjoint and lie in the interval
[1,max(U1)] C [1,u1). If m > 2, then, by the claim again, the sets U;, i < m and i
is even, are disjoint and lie in the interval [min(Us), 0.82n] C (ug, 0.82n].

In summary, we have shown the following.

e The sets U;, i < m and i is odd are disjoint sets in [1,u1).

e If m > 2, then the sets U;, i < m and i is even, are disjoint sets in (ug, 0.82n].

e The sets U;, m < i < £, are disjoint sets in [0.96n, 1.92n].

o If m = 1, then V(5’) C {u;} U[0.83n,0.92n|, while, if m > 2, then V(S’) C
[u1, u2] U [0.83n,0.92n).

Thus, both when m = 1 and when m > 2, we have that U;, i € [¢], are disjoint sets
in [2n 4+ 1]\V(5’), as required. O

8 Concluding Remarks

Many powerful techniques have been developed to decompose graphs into bounded
degree graphs [BHPT16, MRS16, FLM17, KKOT19, JKKO19]. On the other hand,
all these techniques encounter some barrier when dealing with trees with arbitrarily
large degrees. Having overcome this “bounded degree barrier” for Ringel’s Conjec-
ture, we hope that our ideas might be useful for other problems as well. Here we
mention two such questions.

The closest relative of Ringel’s conjecture is the following conjecture on graceful
labellings, which is also mentioned in the introduction. This is a very natural problem
to apply our techniques to.

CONJECTURE 8.1. (Kétzig-Ringel-Rosa, [ROS66]). The vertices of every n-vertex
tree T can be labelled by the numbers 1,...,n, such that the differences |u — v|,
wv € E(T), are distinct.
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This conjecture was proved for many isolated classes of trees like caterpillars, trees
with < 4 leaves, firecrackers, diameter < 5 trees, symmetrical trees, trees with < 35
vertices, and olive trees (see Chapter 2 of [GAL09] and the references therein).
Conjecture 8.1 is also known to hold asymptotically for trees of maximum degree
at most n/logn [AAGH20] but solving it for general trees, even asymptotically, is
already wide open.

Another very interesting related problem is the Gyarfas Tree Packing Conjecture.
This also concerns decomposing a complete graph into specified trees, but the trees
are allowed to be different from each other.

CONJECTURE 8.2. (Gyérfés, [GL78)). Let T, ..., T, be trees with |T;| = i for each
i € [n]. The edges of K,, can be decomposed into n trees which are isomorphic to
T, ...,T, respectively.

This conjecture has been proved for bounded degree trees by Joos, Kim, Kithn and
Osthus [JKKO19] but in general it is wide open. It would be interesting to see if any
of our techniques can be used here to make further progress.
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