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Abstract. We will study metric measure spaces (X, d, m) beyond the scope of spaces
with synthetic lower Ricci bounds. In particular, we introduce distribution-valued
lower Ricci bounds BE; (k, 00)
e for which we prove the equivalence with sharp gradient estimates,
e the class of which will be preserved under time changes with arbitrary ¢ €
Lip,(X), and
e which are satisfied for the Neumann Laplacian on arbitrary semi-convex sub-
sets Y C X.
In the latter case, the distribution-valued Ricci bound will be given by the signed
measure kK = kmy + {oyy where k denotes a variable synthetic lower bound for
the Ricci curvature of X and ¢ denotes a lower bound for the “curvature of the
boundary” of Y, defined in purely metric terms. We also present a new localization
argument which allows us to pass on the RCD property to arbitrary open subsets
of RCD spaces. And we introduce new synthetic notions for boundary curvature,
second fundamental form, and boundary measure for subsets of RCD spaces.
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1 Introduction

Background Synthetic lower bounds for the Ricci curvature as introduced in the foun-
dational papers [LV09, Stu06a, Stu06b] by Lott & Villani and the author, opened
the door for the development of a far reaching, vast theory of metric measure spaces
(X,d,m) with lower bounded Ricci curvature. The theory is particularly rich if
one assumes in addition that the spaces are infinitesimally Hilbertian. For such
spaces, Ambrosio, Gigli & Savare in a series of seminal papers [AGS14a, AGS14b,
AGS15, Gigl8] developed a powerful first order calculus, based on (minimal weak
upper) gradients of functions and on gradient flows for semiconvex functionals, in
particular, energy on L?(X,m) and entropy on Ps(X,d). This was complemented
by a huge number of contributions by many others, leading e.g. to sharp esti-
mates for volume growth and diameter, gradient estimates, transport estimates,
Harnack inequalities, logarithmic Sobolev inequalities, isoperimetric inequalities,
splitting theorems, maximal diameter theorems, and further rigidity results, see
e.g. [EKS15, KS19, CM16, Gigl3, Ketlba, Ket15b, ES17] and references therein.
Moreover, deep insights into the local structure of such spaces have been obtained
[MN19], [BS18] and also an impressive second order calculus could be developed
[Gigl8].
Objective The purpose of the current paper is to enlarge the scope of metric measure
spaces with synthetic lower Ricci bounds far beyond uniform bounds. We will study
in detail mm-spaces (X, d, m) with variable Ricci bounds k : X — R. More precisely,
we will present the Fulerian and the Lagrangian characterizations of “Ricci curvature
at x bounded from below by k(x) and dimension bounded from above by N” and
prove their equivalence.

Most importantly, we will also study mm-spaces with distribution-valued Ricci
bounds. The crucial point will be to present a formulation of the Bakry-Emery
inequality BEj(k,oc) for k € W—1°(X)

e which allows us to prove its equivalence with sharp gradient estimates,

e the class of which will be preserved under time changes with arbitrary ¢ €
Lip;,(X),

e and which is satisfied for the Neumann Laplacian on arbitrary semi-convex
subsets Y C X.

In the latter case, the distribution-valued Ricci bound will be given by the signed
measure

k=kmy + Logy (1)

where k denotes a variable synthetic lower bound for the Ricci curvature of X and
¢ denotes a variable lower bound for the “curvature of the boundary” of Y, defined
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in purely metric terms. We introduce new synthetic notions for boundary curvature,
second fundamental form, and boundary measure for subsets of RCD spaces.

In our approach, the technique of time change will play a key role. In operator
language, “time change” with weight e¥ means that £, the Cheeger energy for the
mm-space (X,d,m), is now considered as a quadratic form on L?(X,e*¥m). This
changes the underlying geometry and — with appropriate choices of ¥ — it allows
non-convex sets to be made convex (“convexification”).

The distribution-valued Ricci bound BE;(k,00) with x as in (1) will imply a
gradient estimate for the Neumann heat flow (VP );>0 on Y of the type

‘vpg/gf}(x) <EY [e—%fo” k(BY )ds—7 [y £(BY )Ly | \Vf(Bf)]]. (2)

Here (PY, B} )sey >0 denotes reflected Brownian motion on YV and (LZY);>¢, the
local time of dY’, is defined via Revuz correspondence as the positive continuous
additive functional associated with the surface measue ogy .

Note that

e for non-convex Y, no estimate of type (2) can hold true without taking into
account the curvature of the boundary;

e cven for convex Y, estimate (2) will improve upon all previous estimates which
ignore the curvature of the boundary.

For instance, for the Neumann heat flow on the unit ball of R™, the right hand side
of (2) will decay as Coe~ 't for large t whereas ignoring ¢ will lead to bounds of
order (Y.

We also present a new powerful localization argument which allows us to pass
on the RCD property to arbitrary open subsets of RCD spaces.

Outline Besides this Introduction, the paper has five sections, each of them of inde-
pendent interest. Let us briefly summarize them.

In Section 2, we define and analyze metric measure spaces with Ricci curvature
bounded from below by distributions. Our BE;(#, o) condition for k € W~1°(X)
is the first formulation of a synthetic Ricci bound with distribution-valued x which
leads to a sharp gradient estimate.

Section 3 is devoted to the study of mm-spaces with variable Ricci bounds. The
main result will be the proof of the equivalence of the Eulerian curvature-dimension
condition (or “Bakry-Emery condition”) BEy(k, N) and the Lagrangian curvature-
dimension condition (or “Lott-Sturm-Villani condition”) CD(k, N) — as well as four
other related conditions. This provides an extension of the seminal paper [EKS15]
towards variable k (instead of constant K) and of the recent paper [BHS19] towards
finite V (instead of N = o0).

In Section 4 we present two extensions of our recent work [HS19] with B. Han
on transformation of the curvature-dimension condition under time-change, both
of fundamental importance. Firstly, we prove that for ¢ € Lip},.(X) N Dipe(A),
time change with weight % leads to a mm-space (X’,d’,m’) with X' = {¢ > 0}
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which satisfies RCD (', N') for suitable k', N’. This is of major general interest since
it allows for localization within the class of RCD-spaces. Secondly, we prove that
for arbitrary ¢ € Lip,(X), time change with weight e¥ leads to a mm-space with
distribution-valued Ricci bound & given in terms of the distribution-valued Laplacian
A, This will be a crucial ingredient in our strategy for the proof of the gradient
estimate in the final Section 6.

In Section 5 we extend the existence result and the contraction estimate for gradi-
ent flows for semiconvex functions from [Stul8a] to the setting of locally semiconvex
functions. The contraction estimate for the flow will be in terms of the variable lower
bound for the local semiconvexity of the potential. And we will prove the fundamen-
tal Convexification Theorem which allows us to transform the metric of a mm-space
(X,d,m) in such a way that a given semiconvex subset ¥ C X will become locally
geodesically convex w.r.t. the new metric d’. Moreover, in a purely metric manner,
we introduce the notion of variable lower bound for the curvature of the boundary.
In the Riemannian setting, such a bound will be equivalent to a lower bound for the
second fundamental form of the boundary.

The paper reaches its climax in Section 6 with the proof of the gradient estimates
for the Neumann heat flow on not necessarily convex subsets Y C X. The proof of
these gradient estimates is quite involved. It builds on results from all other sections
of the paper.

e Given a semi-convex subset Y of an RCD(k, V)-space (X, d, m), to get started,
we perform a time-change with weight e? in order to make Y locally geodesi-
cally convex in (X,d’) := (X,e?¥ ®d). The choice ¢ = (¢ — )V with V =
+d(.,9Y), any € > 0, and ¢ being a lower bound for the curvature of 9Y will
do the job, see Section 5.

e Under the assumption that ¢ € Djyc(A), the transformation formula for time
changes provides a RCD(k’, N')-condition for the time-changed space (X, d’, m’),
Section 4.

e Together with the local geodesical convexity of Y this implies that also the
restricted space (Y,d{,m{ ) satisfies the RCD(k’, N’)-condition. Making use
of the equivalence of Eulerian and Lagrangian characterizations of curvature-
dimension conditions, we conclude the BE(k’, N')-condition for (Y,d} m{),
Section 3.

e To end up with (Y,dy my) requires a “time re-change”, i.e. another time
change, now with weight e~%. In general, however, ¢ will not be in the do-
main of the Neumann Laplacian AY . Ricci bounds under time re-change thus
have to be formulated as BE; (, o0)-condition for some x € W~1°°(X) in terms
of the distributional Laplacian AY ), Section 4.

e The BE;(k, c0)-condition will imply the gradient estimate |VPY f| < PF|Vf|
for the Neumann heat flow (VP} );>0 on Y in terms of a suitable semigroup
(Pf)t>0, Section 2.
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This “taming semigroup” (Pf*)¢>o will be represented in terms of the Brownian mo-
tion on Y by means of the Feynman—Kac formula involving the integral fg k(Bs)ds
(taklng 1nt0 account the effects of the Ricci curvature in Y), and the integral
fo s (taking into account the effects of the curvature of 9Y').

Basic concepts and notations Throughout this paper, (X, d, m) will be an arbitrary
metric measure space, that is, d is a complete separable metric on X inducing the
topology of X and m is a Borel measure which is finite on sets of an open covering.
Moreover, we assume that (X, d, m) is infinitesimally Hilbertian and that m is finite
on bounded sets.

To simplify notation, we often will write LP(X) or LP(m) or just L instead of
LP(X,m) and, similarly, Lip(X) instead of Lip(X,d). The space of Lipschitz func-
tions with bounded support on X will be denoted by Lip,,(X) whereas as usual
Lip,(X) denotes the space of bounded Lipschitz functions. The number Lipf will
denote the Lipschitz constant of f.

Let us briefly recall that the energy functional (“Cheeger energy”) € : L?(X) —

[0, 00] is defined as
= / IDf|* dm
X

in terms of the minimal weak upper gradient |Df| (which in the sequel often will
also be denoted by |V £]). The set Lip,,(X) is dense in Wh2(X) := D(€) := {f €
L*(X) : &(f) < oo}. The minimal weak upper gradient |Df| gives rise to a map
WA(X) — LY(X), f— T(f) == |Df|* = |Vf|* such that £(f) = [T(f)dm. By
I/Vllo’c2 (X) we denote the set of all (m-equivalence classes of) measurable functions f
on X such that each point in X has a neighborhood U such that f = fiy m-a.e. on
U for some fy € W12(X). By the Lindelof property of complete separable metric
spaces (and by using truncation by means of standard cut—off functions on metric
balls) it follows that f € VVli)C2 (X) if and only if there exist an exhausting sequence
of open sets U, C X and a sequence of f,, € W2(X) such that f = f, m-a.e. on
U,, for each n.

Our assumption that (X,d, m) is infinitesimally Hilbertian simply means that
the energy € is a quadratic form or, in other words, that its domain W12(X) is
a Hilbert space. In this case, by polarization, £ and I' extend to bilinear maps
L Wh2(X) x WH3(X) — LY(X) and £ : WH2(X) x WH2(X) — R with (¢,)) —
Jx T(6,v) dm.

Indeed, the bilinear form £ is a quasi-regular Dirichlet form on L?(X,m), [Sav14].
Its generator A is the “Laplacian” on the mm-space (X, d, m). The associated semi-
group (“heat semigroup”) (e!);>p on L?(X,m) will extend to a positivity preserv-
ing, m-symmetric, bounded semigroup (P;)¢>0 on each LP(X, m) with

1]

Lo (X)L (Xom) = 1 for each p € [1, o0],

strongly continuous on LP(X,m) if p < co. Quasi-regularity of £ implies that each
f € WhH2(X) admits a quasi continuous version f (and two such versions coincide
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q.e. on X). Thus in particular, for each f € [,y o] L (X, m) and ¢ > 0, there exists
a quasi-continuous version P, f of P, f (uniquely determined q.e.). The m-reversible,
continuous Markov process (Px, Bt)a: €X 450 (with life time () associated with £ is
called “Brownian motion” on X. It is uniquely characterized by the fact that

Pyjof(x) = Ee[f(Br) Lip<cy) s Py f(z) = B [f(Bar) Lize<cy] - (3)

(The factor 2 arises from the fact that by standard convention, the generator of the

Brownian motion is %A whereas the generator of the heat semigroup in our setting
is A.)

2 W —1>°_yalued Ricci bounds

The goal of this section is to define and analyze metric measure spaces with Ricci
curvature bounded from below by distributions. In particular, we will give a meaning
to this extended notion of synthetic lower Ricci bounds and — most importantly —
we will prove that these Ricci bounds lead to sharp estimates for the gradient of the
heat flow. These results are of independent interest.

In the context of this paper, they are of particular importance since in Section 6
we will prove that the Ricci curvature of a semiconvex subset Y of an RCD-space
(X,d, m) is bounded from below by the W~ (X)-distribution

k=kmy +Logy

where k denotes a variable synthetic lower bound for the Ricci curvature of X and /¢
denotes a lower bound for the “curvature of the boundary” of Y while o5y denotes
the “surface measure” on dY'. In particular, the Ricci curvature of Y will be bounded
from below by a function if and only if Y is convex.

2.1 Taming Semigroup. In the sequel, we also need certain normed spaces,
denoted by WHIH(X), WL(X) and W~1%°(X). We will define these spaces tailor
made for the purpose of this paper. Our concept will be based on the 2-minimal
weak upper gradient |D f|.

DEFINITION 2.1. We put
W (X) = {f € W2(X)+ ||If1+ 1DSI|| e < o0}
and W (X) == ={fe Wllof H\Df|HLOC < 00}. Moreover, we put
W (X) = {f € L'(X) : fiuy € WH(X) for n € N and sup ||fiu| + |Dfpa]l 1 < oo}

where fi,; := (f An)V (—n) denotes the truncation of f at levels +n, and

1l = =7

Ll
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REMARK 2.2. i) The precise definition of these spaces will not be so relevant for
us. What we need are the following properties: W11+ (X) contains all squares of
functions from W12(X); Wh*°(X) includes Lip,(X); T extends to a continuous
bilinear map W (X) x W (X) — L'(X, m).

ii) WbH°(X) is a Banach space. If the mm-space (X,d,m) satisfies some
RCD(K, oo)-condition, according to the Sobolev-to-Lipschitz property, the space
W1eo(X) will coincide with the space Lip,(X) and the space W, "> (X) will coincide
with the space Lip(X).

iii) W (X) is a normed space but in general not complete. For instance, the
functions f;(r) = y/rV(1/j), 5 € N, on X = [-1,1] will constitute a Cauchy
sequence in W 1H(X) but their L!-limit f..(r) = /7 is not contained in W+ (X).
For Riemannian (X,d, m), the completion of W1*(X) will coincide with W11 (X).

For general (X, d, m), the definition of W!(X) is quite sophisticated and allows
for ambiguity, see e.g. [ADM14]. For a detailed study of the spaces W1P(X) for
p € (1,00), see [GH16].

iv) For f € WhIT(X), there exists a unique |Df| € L'(X) with

|Df| = |D fy| m-a.e. on {|f| <n} foreachneN.

Indeed, by locality of the minimal weak upper gradient, the family |D fi,j|,n € N, is
consistent in the sense that |D f,,)| = [Df;)| m-a.e. on the set {|f\ < min(n,j)} for
each n,j € N. Hence, |Dfy,],n € N, is a Cauchy sequence in L'(X) and therefore,
it admits a unique limit in L'(X), denoted by |Df]|.

LEMMA 2.3. f,ge W'2(X) = fgeWhit(X).
Proof. Tt suffices to prove the claim for f = g. Given f € W12(X), put h = f2. Then

obviously h € L'(X). Moreover, b2 € Wh2(X) for each n since ‘h[na]‘ <n ‘f‘ and
’Dh[nz]} <2n ’Df‘ Finally,

s%p/‘Dh[nz]‘dm§2/]f\ |IDf]dm < HfHIQ/V12

This proves the claim. O

LEMMA 2.4. The map I’ extends to a continuous bilinear map T' : W1t (X) x
WL (X) — LY(X) and & extends to a continuous bilinear form

E: WHH(X) x Whe(X) — R, (f,g)H/ I'(f,g)dm.
X

Here and in the sequel continuity on W, *°(X) is meant w.r.t. the semi-norm f +—
oA -
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Proof. (]Df[n}])n is a Cauchy sequence in L'(X) for f € WH'T(X). Hence,
(F(f[n},g))n is a Cauchy sequence in L'(X) for g € W™ (X). Denoting its limit by
I'(f,g), yields

ol [ X olim=tm [ e lim <Dl o

DEFINITION 2.5. W~12°(X) := WLt (X)', the topological dual of W1+ (X).

More precisely, this space should be denoted by W~=5®~(X). We prefer the
notation W~1°°(X) for simplicity — and in view of the fact that W'+ (X)" =
Wh(X) in ‘regular’ cases.

REMARK 2.6. L°°(X) continuously embeds into W~1°°(X) via

(¢, kY wis -t 1= /¢>k;dm (Vo € WHT(X))

for each k € L*°(X).

COROLLARY 2.7. A continuous linear operator A : W,"*°(X) — W~1(X) can be
defined by

(6, ApYyprns e = — /X L(¢,¢p)dm (V¢ € WHH(X)).

On W (X)ND(A), this operator obviously coincides with the usual Laplacian A.

EXAMPLE 2.8. Let (X, d, m) be the standard 1-dimensional mm-space with X =R
and let 27 for n € Nand i = 1,...,2"! be the centers of the intervals of length
37" in the mid-third construction of the Cantor set S C [0,1]. Choose p(z) =
(3 — |2|)+ or, more sophisticated, choose a nonnegative function ¢ € C*(R) with
{¢ > 0} = (—1/2,1/2) such that the closures of {A¢y > 0} and {A¢ < 0} are
disjoint. Put

Jj o2r !t
@()_Jlggocb( =3 > 373" — 1)), (4)
n=1 i=1

Then ® € WH°°(R), more precisely,

1
12lloo = gllelloe,  IVElloo < [VPlloo.

But A® is not a signed Radon measure.

To prove the latter, for each j € N, choose a C'-function fi < 1 on R with
fi=1on {A®; >0} and f; = 0 on {®; # ®}. Then with C := [ (Ago(q:))+d:c >
0,

/ /f; (A®), /fj (AD;), = OlfjA<1>jdx:/ol(Aq>j)+dx
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Jj 2r ! 1
—ZZ?)”/ A<p3”(x—x)))+dm20(2j—l)—>oo
n=1 i=1 0

as j — oo. Thus fol d(Aq))Jr = 0o. Furthermore, by scaling

/ogk d(éq))Jr -

for all £ € N. This proves that (éq)) 4 is not a locally finite measure and thus A®
is no Radon measure.

PROPOSITION 2.9. Given k € W~1%°(X), we define a closed bilinear form £ on
L*(X) by

gﬂ(f? g) = S(fa g) + <fg7 H>W1,1+7W71,00

for f,g € D(E") := W12(X). The form is bounded from below on L*(X) by —C(C+
1) where C := ||kl 1. (x)-

Associated to it, there is a strongly continuous, positivity preserving semigroup
(Ptﬁ)tZO on LQ(X> with

HPtHHLQ"LQ < eC(CJrl)t'

REMARK 2.10. (i) The form £" is not only lower bounded, it is a “form small per-
turbation of £”. Indeed, for every § > 0 and all f € Wh2(X)

2
D) = (-0 )~ (C+ ) 113

(ii) If k € L*>(X) then (Pf)¢>0 is given by the Feynman-Kac formula associated
with the Schrédinger operator —A + k with potential :

Pif(z) =Eg[e” Jo n(Bze)ds £( By Ligtecy]

where (P, (Bt)t>0) denotes Brownian motion starting in z € X.

Note that P,-a.s. for m-a.e. z, the random variables f(Bg;) and f (Bas)ds do not
depend on the choice of the Borel versions of f and x, resp., since E (f f(Ba) 1 {2t<C}] =

Jx 9 Pifdmand E [fo (Bas) 1gas<cyds| = fot [x 9 Psk dmds for g € L*(X,m).

Proof of Proposition and Remark (i). The lower boundedness and more generally
the form smallness easily follow from

2w | < O Pl < C IR +2C 17l - E()M2
< (C+C/8)- |fI3: +5-(f).
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In particular, this implies that £%(f) > —(C'+C?)||f||? for all f and thus by spectral
calculus

(f,PEf)2 > e CFOY )2,

According to the first Beurling-Deny criterion, the semigroup (P/);>¢ is positiv-
ity preserving if and only if

feD(E") = [fl€D(E) and E°(|f]) < E(]),

see [Dav89], Theorem 1.3.2. This criterion obviously is fulfilled. Indeed, £ (|f])
ER(f) for f € WH2(X) = D(EF).

ol

Of particular interest will be to analyze the semigroup (Pf*):>o in the case where
k = —Ay for some ¥ € Lip(X). Recall that this semigroup is well understood in
the “regular” case where ) € D(A) N L*>(X). Indeed, then

Py f(z) = Eg[ez o AVBI £(BY 14, ] (5)

or, in other words, Py f(x) = E, [efot AY(B2:)ds £( By,) 1{2t<C}}' For general 1, however,
this Feynman—Kac formula a priori does not make sense. We will have to find an
appropriate replacement of it.

ProprosITION 2.11. (i) Given ¢ € Lip(X), put kK = —At. Then the closed, lower
bounded bilinear form £ on L*(X) with domain W1?(X) is given by

E*(f.9) =E(f.9) +E(fg,9). (6)

(For the last expression here we used the fact that £ extends to a continuous bilinear
form Wt (X) x Lip(X) — R, Lemma 2.4, and that fg € WH'T(X) for f,g €
W'2(X), Lemma 2.3.)

The strongly continuous, positivity preserving semigroup on LQ(X ) associated to
it satisfies

| P2z < e(LipY)*t

(ii) Put ta := e~ 2¥m. Then the unitary transformation (= Hilbert space isomor-
phism)

d: LXX,m)— LXX,t), fef=e’f
maps the quadratic form €%, densely defined on L?(X,m), onto the quadratic form

& (g) 1= £ 9) = [ [Mlo) = T(w)] a,
densely defined on L*(X,m) and bounded from below by —(Lip¥)? ||g|[%..
(Since ) is bounded on bounded sets, I' coincides with the Gamma-operator for the

metric measure space (X,d,m) and ® maps WHY2(X,d,m) bijectively onto
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Wh2(X,d, m). Moreover, & is just a perturbation of the canonical energy on (X,d,m)
by a bounded zeroth order term.)

(iii) The semigroup (P});>o on L*(X, ) associated with the the quadratic form
" is related to the semigroup (Pf);>o on L*(X, m) via

Prf.=e¥ Pr (e_d’f).

Furthermore, it can be represented in terms of the heat semigroup (Pt)tzo on
L?(X,®) by the Feynman-Kac formula with potential —I'(¢). Since the latter is
a bounded function, the semigroup is bounded on each LP(X,m) with

(Lip9)2¢
HLP(X,rﬁ)—>LP(X,rﬁ) <e?

[tes
for all p € [1,00]. This allows us to conclude that for each v € Lip,(X), the original
semigroup satisfies

< [1-2/p| oscyt(Lipw)?t

HPH‘ LP Xm)—>LP(Xm) — . (7)

Proof. The norm estimate in (i) follows from the fact that

E"(f. f) = E(f. f) — Lipy - / T(f%)Y2dm > —(Lipy)* - || f|2-

and the estimate in (iii) from

1/p
I iy = (f €77 (PG5 D) ) < 08 cirs o]
< = nfl(1=2/p)y] (Lip¥)*t psupl[(1-2/p)y ||fHLP
The rest is straightforward. O

A more explicit representation for the semigroup (Pf):;>o will be possible by
extending the Fukushima decomposition which in turn is an extension of the famous
Ito decomposition. In the Euclidean case with smooth 1, the latter states that

B(Bi) = b(Bo) + /0 V(B.)dB, + / A(B,)ds

This indicates a way how to replace the expression % fg At)(Bs)ds appearing in (5)
by expressions which only involve first (and zero) order derivatives of .

LEMMA 2.12 (“Fukushima decomposition”).

(i) For each v € Lip,,(X) there exists a unique martingale additive functional
MY and a unique continuous additive functional which is of zero quadratic variation
NY such that

(Bt) = (By) + MY + NY (Vt €10,¢)) Pg-as. for q.e. z € X. (8)
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(ii) For each v € Lip(X) there exists a unique local martingale additive func-
tional M"Y such that for each z € X,

MY = lim M}" (Vt €[0,()) Pg-as. for qe.z € X

n—oo
where M¥» denotes the martingale additive functional associated with the function
Yy, = Xn - ¥ € Lipys(X) according to part (i) and where x,(.) = [1 — d(B,(2),.)]+
for n € N.
(iii) The quadratic variation of MY is given by

(M¥), = /0 ['(¢)(Bs)ds (Vt €10,()) Pj-a.s. for q.e. z € X

for any choice of a Borel version of the function I'(¢)) € L>® (X, m).

For the defining properties of “martingale additive functionals” and of “contin-
uous additive functionals of zero quadratic variation” (as well as for the relevant
equivalence relations that underlie the uniqueness statement) we refer to the mono-
graph [FOT11].

Proof. Assertion (i) is one of the key results in [FOT11]. Indeed, it is proven there as
Theorem 5.2.2 for general quasi continuous ¢ € D(€) and it is extended in Theorem
5.5.1 by localization to a more general class which contains Lip(X). Also assertion
(iii) for ¢ € Lip,y(X) is a standard result, see [FOT11], Theorem 5.2.5. Let us briefly
discuss its extension to general 1 € Lip(X).
Given ¢ € Lip(X) and z € X, we define v, = x, - ¥ with cut-off functions x,, as
above and stopping times 7y := inf{t > 0: B; & Bx(z)} for A € N. Then we put
M} = M

t/\T>\

for any A < n. Thus M* is a martingale with E,M} = 0 and
t/\’T>\
(M), = / ['(¢)(Bs)ds P,-a.s. for q.e. € X.
0

It follows that for q.e. z, the family (M) ey is an L2-bounded martingale w.r.t. P,
with

Em[(M?)Z} <E, [ /0 tF(@b)(Bs)ds} = /0 t P, oL (4)(z)ds < (Lipy)? - t.

Thus the limit M; := lim)_, Mt)‘ exists and is a martingale w.r.t. P, for q.e. z € X.
Moreover, (M); = limy oo (M?*); = fotr(l/J)(Bs)dS. O
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PROPOSITION 2.13. Given ¢ € Lip,(X), put
N} = (By) = (Bo) — My’ (9)

with Mtw as defined in the previous Lemma, part (ii). Then with (P[}g)tzo as defined
in Proposition 2.9, for each [ € Upe[lm] LP(X,m),

Pt72f(33) =E; [GN‘wf(Bt) 1{t<(}] for m-a.e. z € X. (10)

Proof. In order to derive the representation formula (10) with the additive functional
N given by (9), we will replace the (non-existing) Feynman-Kac transformation with
potential %é¢ by

(a) a Girsanov transformation with drift —I'(¢, .),
(b) together with a Feynman-Kac transformation with potential %F(zp),
(c) followed by a Doob transformation with function e¥.

Each of these transformations provides a multiplicative factor in the representation
of the semigroup which together amount to

e~ ME+5 (M) | =5 [y D) (Bads | (Be)—¥(Bo) _ N

Let us perform these transformations first under the additional assumption that
1 € Lipy,(X) in which case all details can be found in the paper [CZ02] since in this
case P € D(E) and ppyy = I'(1) m is a Kato class measure (indeed, it is a measure
with bounded density).

(a) In the first step, we pass from the metric measure space (X,d,m) to the
metric measure space (X,d,m) with i = e~?¥m or, equivalently, we pass from the
Dirichlet form £(f) = [T'(f)dm on L*(X, m) to the Dirichlet form E(f) = JT(f)dm
on L?(X, ). This amounts to pass from the heat semigroup (P;);>0 to the semigroup
(P,)¢>0 given by Girsanov’s formula

pt/gf(x) =&, [f(By)] =E, [e‘Mf—é(M“t f(By) 1{t<<}] for m-a.e. x € X

with M? being the martingale additive functional as introduced in the previous
Lemma.

(b) In the second step, we pass from the Dirichlet form &£(f) = JT(f)dm on
L?(X, ) to the Dirichlet form £%(f) = JIT(f) = T(v) - f2]dm on L*(X, ). This
amounts to pass from the semigroup (P)s>o to the semigroup (Pf)s>q given by
Feynman—Kac’s formula

Pfiyf(z) = Ey[ex o TOBIE £(B) 14 )]
=E, [e*M’Tp J(B) i<y for m-a.e. x € X.

(c) In the final step, we pass from the Dirichlet form E%(f) = ST —T() -
f?]dimon L*(X, 1) to the Dirichlet form £%(f) = [ [(f)+T(f%,v)]dm on L*(X, m),
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see previous Proposition. This amounts to pass from the semigroup (pf)tzo to the
semigroup (Pf*):>0 given by Doob’s formula

K —(x) DK — 0)— ZJJ t
Pt/2f(37) =¥ )Pt/Q(ewf)(‘r) =K, [e (Bo) =M +4(B:) f(Bt) 1{t<<}]
= E, [N F(B) 1jeqy)

for m-a.e. x € X. This proves the claim in the case ¢ € Lip,,(X).
For general ¢ € Lip(X), we choose cut-off functions x,,,n € N, as in the previous
Lemma and put ¢, = xp-¥ and Kk, = —A,,. Then by the previous argumentation,

Pt'}gf(m) =E, [eN*’W F(B) 1<y for m-a.e. x € X
for each n € N. It remain to prove
Pt%f(x) — Py f(z) for m-a.e. x € X (11)
as n — oo as well as
Ex[ f(Bt) Li<cy] — Eo [e B J(Bi) i<y for m-a.e. z € X.  (12)

To prove the latter, let us first restrict to f € LP(X, m) for some p € (1, 00]. Then

E[e™" F(B) Lp<gy] = Eae™ f(B) Lpeqy]| S Ea [ + M) [F1(B) Licoinry |-

For every ¢, s € (1,00) with % + % + 1 =1, by Hélder’s inequality

P
E, [eNt ’f’(Bt)l{C>t>'rn}:| < AUlleee . [ IfI(Bt)1{<>t>m}}
i Yv_ s
< eQH’gZJHLOO-F (Lipy)? [6 M — 2 (M¥), |f|(Bt) 1{t>7'n}:|
. 1/s
< Alblln 5 g [ =500y )

}1/10

E. [If1(By) 1{t<¢} P {C> > ] 1

< 2Vl +5 (Lipy)? (Pt/2|f|p)1/p( ) Po[{¢>1t> 7} 1/q

SEMEEE M gy s

a super-martingale. Thus obviously E; [eN?w | f1(Be) 1{C>t>rn}] — 0 for m-a.e. x € X

for m-a.e. x € X. For the last estimate we used the fact that e

as n — oo. Analogously, we can estimate

Pn (L 2
Er [N FI(BO) 1cntnr,y | < IV Iet 800 (o 12 @) - P [{C > ¢ > ma}]

< AV TR (o 17) P () - Ba [{C > > 7]

— 0
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for m-a.e. x € X as n — oo. This proves (12) in the case f € LP(X,m) for some
p € (1, 00]. The claim for f € L'(X, m) follows by a simple truncation argument and
monotone convergence.

To prove (11), it suffices to consider the case f € L?*(X,m). The assertion for
f € LP, p # 2, follows by density of LN LP in L? and by boundedness of P/ (as well
as boundedness of P/, uniformly in n) on L, cf. previous Proposition. To deduce
(11) in the case p = 2, Duhamel’s formula allows us to derive

t
/ g(Prf — Pov f) dm = — /0 E(PFg- DI o — by ds
for all f,g € L?. Thus

| [ a(pes =P gy am| < Linw — ) - | t / o D(Frg - Py ) dmds

t 1/2
< (up@) + Wlse) - [ [ [ v(Pro) +|Profdm]

1/2
x [/ D (P f) + ‘Pt’i"sf}Qdm} ds.
X
Form boundedness of £% w.r.t. £ implies
K K 2 K K K
[ 1 (Pr)+ |Prof dm < © (£5(Prg) + [ Pl

for all s € [0,t]. Hence, fg [x T (Prg) + ‘Ps’fg|2dm ds < Cy - ||lg||%. and thus

t
/ / T(PLg) + | Prg| dmds — 0
0 JBnii(2)

as n — o0o. Similarly,
¢
, 2
| [ res) « PP am < © (£ (i) + 1Pl ) < Gl
0
uniformly in n. This proves ‘ S g(Pt"i f =Py dm‘ — 0 as n — oo which is the

claim. O

COROLLARY 2.14. (i) Given ¢ € L*>°(X) and ¢ € Lipy(X), the semigroup (P}):>0
for k = ¢ — A is given by

Plof(x) = Eg[e” @BV 1By 1, 4] (13)

for each [ € e o0 LY (X, m) and for m-a.e. v € X.

(ii) Even more, letting 15[‘ f denote a quasi continuous version of P/ f, then
~ _ [t P
Ppiof(w) =By [e o OBIENT£(B ) 14, ]

holds true for q.e. xz € X.
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Proof. (i) Define a semigroup (Q¢):>o by the right hand side of (13), i.e. Q2 f(z) :=

E. [e*ft: ¢(BS)dS+N:pf(Bt)]. We will prove that it is associated with the quadratic
form &£F. Put kg = —A1. From the probabilistic representations of Q:f and P f,
we easily deduce

t
PR - Quf = /0 P (6 Qr_sf) ds

(“Duhamel’s formula”) and thus

t—0

t
lim % / (f = Quf)fdm — €™ (f) = lim % /0 / (Prof) ¢ (Qisf) dmds = / f2¢dm.

(Note that £" is obtained from £ by perturbation with a bounded potential. Hence,
both Q; and P*° are strongly continuous semigroups on L2.) Therefore,

tim 1 [ (7~ Quf) f dm = £5(f)

for all f € D(E") and thus Qif = Pff for all ¢ and all f.
(ii) follows by standard arguments for quasi-regular Dirichlet forms. 0

REMARK 2.15. Throughout this subsection, the assumptions ¢ € Lip(X) (or ¢ €
Lip, (X)) always can be replaced by 1 € W (X) (or ¢ € Wh(X), resp.). In the
Fukushima decomposition, then one has to choose a quasi-continuous version 1/; of
1 to guarantee well-definedness of the contribution 9(B;) — 1 (By).

2.2 Bochner Inequality BE;(k,00) and Gradient Estimate. For n € N,
we define the Hilbert space V*(X) := (— A + 1)_n/2 (L*(X)) equipped with the
norm

1l =l (=2 +D)"2f]]
Of particular interest are the spaces V1(X) = D(&) = W12(X), V3(X) = D(A),
and V3(X) = {f € D(A): Af € Dom(€)}.

DEFINITION 2.16. Given k € W~1%°(X), we say that the Bochner inequality or
Barky-Emery condition BE;(k, 00) holds true if I'(f)1/? € VY(X) for all f € V?(X)
and if

D)2 AN G dm = (T()Y26,K) s o1

(14)

- [ T2 6)dm -
X {r(f)>0}

for all f € V3(X) and all nonnegative ¢ € V1(X).

Note that equally well also the first integral in the above estimate can be re-
stricted to the set {I'(f) > 0}.
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Theorem 2.17. Given k € W~1°°(X), the Bochner inequality BE; (k, o) is equiv-
alent to the following gradient estimate GEq(k,00): Vf € V1(X), Vt > 0:

T(P.f)Y? < PF(T(f)Y?) wm-a.e. on X. (15)

(
1

+ 6)1/2 — 5172 as an

Proof. a) Assume that BE;(k,00) holds true. Put ns(r r+
(X). f € V3(X), and

) =
approximation of r/2. For fixed § > 0, nonnegative ¢ € V
t > 0 consider

5 ol /M“%(BJM

as an absolutely continuous function on (0, ). Then

[ o) dm - / ST(Pf)? dm

= hm/ng” ) dm — /¢n5 (P:f)) dm
= %{% [at - a(()é }
=ty [ [0 (7) + 2 [ b0 T AL dm]ds

t
= [ @t 4 [ () (L AL d]ds
0 {T(£.)>0}

where we have put ¢5 = PF¢ and f; = P,_sf. The crucial point now is that the
semigroup (P;);>o preserves the class V3(X) where f is chosen from, and that the
the semigroup (Pf);>0 preserves the cone of nonnegative elements in V!(X) where
¢ is chosen from. Assuming BE;(k, 00) and applying it to fs and ¢, in the place of
f and ¢ implies that in the last integral the expression in [...] is nonpositive. This
proves the claimed gradient estimate (15) for f € V3(X). The assertion for general
f then follows by approximation. Indeed, each f € V!(X) is approximated in V-
norm by the sequence fy, := Py, [ € V3. Moreover, the map V! — L2, g +— I'(g)"/?
is continuous, and so is P/ : L? — L?. Hence,

(P f)"? = lmD(Pfa)'/? < PE(D(fa)"/?) = PF(D(H?).

b) Now let us assume that the gradient estimate holds true. Let us first derive the
assertion on domain inclusion which in our formulation is requested for BE;(k, c0).
Using the gradient estimate, we conclude that

L e mergp g an < b |

X

D)2 = D) 2| T ()2 di.
(16)
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By spectral calculus, it is well known that for ¢ — 0 the LHS of (16) converges
monotonically to £%(I'(f)/?) and

(N2 eDEr) %ir%% [r(f)1/2 — PET(H)Y2| ()2 dm < co.
- X

To deal with the RHS of (16), first observe that T'(P, f)Y/? — T'(f)'/? as t — 0 since
t t

T) 10| = | [ 2r(ns AR <2 [ PELG) P ds < O
0 0

for f € V3(X). Moreover, obviously each of the integrals [ ...dm in (16) can be

replaced by f{F(f)>0} ...dm. But on the set {I'(f) > 0}, the chain rule for the "
operator yields

1 12 1/2 —1
- [r(H2 - T - r7 DA
Thus for ¢ — 0, the RHS of (16) converges as follows

1/}( [I‘(f)l/z _ F(Ptf)l/Q} F(f)l/Q dm — — /{F(f)>0} D(f,Af)dm = /X(Af)Q dm.

Combining the asymptotic results for both sides of (16), we obtain
EXI(NH?) < [Af]7: < oo,

in particular T'(f)Y/? € D(EF) = VI(X) for f € V3(X). Since the class of these
f’s is dense in VZ(X) = D(A), it follows that T'(f)Y/? € D(EF) = WH2(X) for all
f € D(A). This yields the domain assertion requested for BE;(k, 00).

c) To derive the requested functional inequality for BE;(x, 00), we integrate the
gradient estimate for f € V3(X) w.r.t. ¢s dm and subtract [ ¢; I'(f)Y/2 dm on both
sides. Here for arbitrary ¢ € V1(X) and § > 0, we put

_ L(f)'/?
b5 =¢- NG
This yields
1 1/2 _ pr 1/2 1 /2 1/2
[ [ = pery P osdm< [ o2 - ven] o5 dn.
In the limit ¢ — 0, this gives
EN(T(f)V2, <_/ L A dm.
( (f) ¢6) > (0(f)>0) (f)1/2 (f f) ¢6 m
One easily verifies that for § — 0 this converges to
EN(T(HYV2,0) < — L p JAf)dd
O o <= [ gt An

which is the claim. O
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COROLLARY 2.18. The Bochner inequality BE;(k, 00) with k € W~1°°(X) implies
5(F(f)1/2) < ||Af||%2 - <F(f)7 H>Wl,l+’W71,oo

for all f € D(A) and thus

1

EM(NY2) < 7= (IAfIE + (C + C2/8) - £())

for each 0 € (0,1) with C := ||k||y-1.=.

Localization In the sequel, we will also localize various statements. Ding this will
require some care since in general X will not be locally compact. Given a space
G(X) of functions (or of m-equivalence classes of functions) on X we denote by
Gsloc(X) the set of all functions g (or m-equivalence classes of functions, resp.) on
X “which semi-locally lie in G(X)” in the sense that for each bounded open subset
B C X there exists a gg € G(X) such that g = gg on B (or m-a.e. on B, resp.).
This way, e.g. we define the spaces W2 (X).

sloc

We denote by WSTolc’OO(X ) the set of all x such that for all bounded open sets
B C X there exist kg € W~1°°(X) which are consistent in the sense that (¢, rp
Yt -t = (¢, Kp)wia+ w-1.= for all such B, B’ and for all ¢ € Wh*(X) with

support in B N B’. In this case, we say that x = kg on B and put

(9 ’{>W;;1+,WSTOIC*°° = (9, ’iB>I/V1a1+,W*1=°o
provided ¢ is supported in B.

LEMMA 2.19. The Bochner inequality BE;(k,00) is equivalent to the fact that
()2 e VI(X) for all f € V*(X) and

- /X LD, 0) + ()T, AN G dm = (D)6, )y ypoame (17)

for all f € V3 (X) and all nonnegative ¢ € V,1(X).

sloc

The domain inclusion requested for BE; (k, c0) obviously implies the inclusion for
the localized domains: T'(f)Y/2 € VI (X) for all f € V2 (X).

sloc

Proof. “=7: Given ¢ € V,L(X) and f € V3 (X), there exists bounded open B C X
such that ¢ = 0 on X \ B and there exists fg € V3(X) with f = fg on B. Applying
(14) to fp and ¢ implies (17) for f and ¢.

“«<": Given nonnegative ¢ € V!(X), by partition of unity we can find countably
many nonnegative ¢, € ViL(X) such that ¢ =3, ¢,,. Applying (17) to each ¢,, and
the given f € V3(X), and adding up these estimates yields (14) for the given ¢ and
I 0
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3 Equivalence of BE2(k, N) and CD(k, N)

Throughout this section, (X,d,m) will be a metric measure space, N € [1,00) a
number, and k: X — R will be a bounded, lower semicontinuous function. We
present the FEulerian and the Lagrangian characterizations of “Ricci curvature at x
bounded from below by k(x) and dimension bounded from above by N” and prove
their equivalence. Put Ky = inf, k(z) and K; = sup, k().

Without loss of generality, we will assume that (X, d, m) satisfies the Riemannian
curvature-dimension condition RCD (K, co) for some constant KX € R. Among others,
this will guarantee that the space is infinitesimally Hilbertian, that the volume of
balls does not grow faster than e“"”, and that functions with bounded gradients
have Lipschitz continuous versions (“Sobolev-to-Lipschitz property”). Moreover, it
implies that T'(u)Y/? € D(&) for each u € D(A).

In the sequel, as usual Po(X) will denote the space of probability measures p on
X with [d?(.,z)dp < oo equipped with the L?-Kantorovich-Wasserstein distance
Wa. We say that a measure 7 € P(Geo(X)) represents the Wa-geodesic (pir)rejo,1 if
pr = (ep)ym for v € [0,1]. Here Geo(X) denotes the set of d-geodesics v : [0,1] — X
and e, : Geo(X) — X, t +— =, denotes the projection or evaluation operator.

Thanks to our a priori assumption RCD(K, o0), there exists a heat kernel

(Pt (=, y))x,yex,tzo on X such that

Pf(x) = / £ () pil, ) dimy)

defines a strongly continuous, non expanding semigroup in LP(X, m) for each p €
[1,00). For p = 2, this actually can be defined (or re-interpreted) as the gradient
flow for the energy € in L?(X, m). Moreover,

dP; p(y) = [ / pi(,y) dp(z)| dm(y)

defines a semigroup on Po(X). The latter can be equivalently regarded as the gradi-
ent flow for the Boltzmann entropy Ent in the Wasserstein space P2(X ). Here and in
the sequel, Ent(p) := [ulogudm if = um and Ent(u) := oo if 41 is not absolutely
continuous w.r.t m.

DEFINITION 3.1. We say that a metric measure space (X, d, m) satisfies the curvature-
dimension condition with variable curvature bound k and dimension bound N,
briefly CD(k,N), if for every po,pu1 € P2(X) N D(Ent) there exists a measure
m € P(Geo(X)) representing some Wa-geodesic (pr)rejo,1) connecting o and fi1
such that

d
— —Ent(u,)

d
—Ent(ur) r=1— dr

dr

r=0-+

1 ' . 2
> /0 /Geo(X) k(v ) |7)? doe () drr + N [Ent(,ul) - Ent(,uo)] ,
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The (k, N)-convexity of the entropy allows for various straightforward reformu-
lations, cf. [Stul8b].

LEMMA 3.2. The following are equivalent:

(i) the mm-space satisties CD(k, N);
(ii) for every pg,p1 € P2(X) N D(Ent) there exists a measure w € P(Geo(X))
representing some Wa-geodesic (u,«)re[o,l] connecting o and py such that

d
- dent(NT)

d
dent(NT) B

/ / E(y) |7 de () dTJr/ —Ent( ,ur dr;
Geo(X) dr

(iii) for every po,p1 € Po(X) N D(Ent) there exists a measure w € P(Geo(X))
representing some Ws-geodesic (Mr)re[o,l] connecting o and p; such that for
all m € (0,1)

Ent(p,) < (1 —r)Ent(puo) + 7 Ent ()
! _ 1rd 2
ot (b + g [me)] s

where g(.,.) denotes the Green function on [0, 1].

Moreover, in (ii) as well as in (iii), the phrase “for every pg, 1 € P2(X) N D(Ent)
there exists a measure w € P(Geo(X)) representing some Wa-geodesic (pur)re(o1)
connecting g and py such that ...” can equivalently be replaced by “for every
measure w € P(Geo(X)) representing some Wa-geodesic (jur),e[o,1] With endpoints
1o, 41 of finite entropy ...”.

Proof. Firstly note that the addendum follows from the uniqueness of the measure
representing a Wa-geodesics connecting a given pair of measures of finite entropy
[GRS16].

(ii) = (i): Trivial since fol [%Ent(us)]gds > [Ent(p) — Ent(,ug)]Q.

(i) = (iii): Given a Wa-geodesic (ir)qcpo,1) and its representing measure 7 €
P(Geo(X)), apply (i) to ps, fts+s in the place of ug, 1 to deduce for a.e. s € (0,1)

d? 9 1rd 2
S Bt(u) 2 /G o KO dm() & [t

(where the LHS has to be understood as the distributional second derivative of a
semiconvex function). Integrating this w.r.t. the measure g(s,7)ds on (0,1) yields
(ii).

(iii) = (ii): Given a Wa-geodesic (ur)rcjo,1] and its representing measure m €
P(Geo(X)), we add up the estimate (iii) together with its counterpart with 1 —r in
the place of r to obtain
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Ent(u,) + Ent(p1—r) < Ent(uo) + Ent ()

1 ) 1rd 2
—/0 [g(r,s) + g(1 —r,s)] </GBO(X) k(ys) A1 dme(7) + [%Ent(us)} )dS-

Dividing by r and then letting r — 0 yields (ii). O

DEFINITION 3.3. We say that (X,d,m) satisfies the 2-Bochner inequality or 2-

Bakry—Emery estimate with variable curvature bound k and dimension bound N,
briefly BEo(k, N), if

/X;F(f)Agb—F(f,AdemZ/X[k‘r(f)Jri,(Afﬂﬁbdm

for all f € D(A) with Af € D(E) and all nonnegative ¢ € D(A) N L (X, m) with
Ap € L®(X,m).

Our first main results states that also for variable curvature bound k and finite
N, the Eulerian and Lagrangian approaches to synthetic lower Ricci bounds are
equivalent. For constant k, this has been proven in joint work [EKS15] of the author
with Erbar and Kuwada. For variable £k and N = oo, it has been proven in joint work
[BHS19] with Braun and Habermann. In particular, in the latter work a formulation
of the transport estimate has been given in terms of the following quantity:

t 1/2
Wa k(:uv v, t) = inf E|e Jo k(B3B3 )ds dQ(B%ta B%t)
’ (B,B?)
where the infimum is taken over all coupled pairs of Brownian motions (B!)o<s<as
and (B2)g<s<on with initial distributions p and v, resp.

Theorem 3.4. The following are equivalent:

(i) the curvature-dimension condition CD(k, N);

(ii) the evolution-variational inequality EVI(k,N): for all pg,p1 € Po(X) with
finite entropy and for w € P(Geo(X)) representing the unique Wa-geodesic
connecting them:

1d*

2 dt WQ(Pt*l‘LOaHI)Q

t=0

> Ent(po) — Ent(u1) + /01(1 —) (/Geo(x) k(v) 512 dme () + %[%Ent(ur)r) dr;

(iii) the differential transport estimate DTEqa(k, N): for all ug, 1 € Po(X) with
finite entropy and for w € P(Geo(X)) representing the unique Ws-geodesic
connecting them:

1d*

2 dt 1t=0 2(F po, Fiyn)

1 ' ) )
Z /0 /GeO(X) k(’%‘)|7|2 d'ﬂ'(’)/) d?" + N [Ent(,uo) — Ent(,ul)] ;
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(iv) the transport estimate TEo(k, N): for all g, 1 € P2(X) and all 0 < s < ¢:

2
Ent (P} po) — Ent(Pr )| dr;

1 t
W2,k(u07/~tla t)2 < WQ,k’(/'LOHUJb 5)2 - N/
(v) the gradient estimate GEy(k, N): for all f € D(E) and all t > 0:
2
D(RJ) + e 29 (AR )” < PRI

(vi) the Bochner inequality BEs(k, N).

Here and henceforth, % (t) := limsup,_o(f(t + h) — f(t))/h denotes the upper
derivative.

Proof. (i) = (ii): Using the equivalent CD(k, N) formulation from the previous
Lemma 3.2(iii) and passing there to the limit » — 0, one easily sees that (i) implies
dr

| _o Bnt(ur) < Ent(u1) — Ent(uo)

[ o nreintar s & [a -0 [en) o

Thus the claim (ii) is an immediate consequence of the fact that

dr dr

dr

[AG+15], Thm. 6.3.

(ii) = (i). We follow the standard path of argumentation. Given two probability
measures g, u1 of finite entropy, let (NT)TE[OJ}’ represented by 7, denote the unique
Wy geodesic connecting them and note that the standing CD(K,co)-assumption
implies that the u,’s also have finite entropy. Consider the heat flow starting in p,
with observation point pg as well as with observation point ;. Note that

d+
1—rdt t=0

Ent(p,) Wa (P o, 1),

>
r=0 — 2dt lt=0

0< =—| Walpo, Pfpr)? + Wa (P pir, p11)°

r dt lt=0

since Wa (o, 111)% = 2Wa(po, pir)? 4+ 7= Walpar, p1)? whereas Wa (g, p1)? < 2Wa(po,
Prus)? + ﬁWg(P;‘pr,m)Q. Applying the EVI(k, N) with p,,puo as well as with
ey 41 in the place of pg, p1 thus yields
gt
o< lzrd”
- 2 dth=0

< (1= 7) [Ent(r) — Ent(p)

[ ( / o FOA () + [jsEntws)f) ds|

* r d+ *
WQ(MO) Pt /J*T)z + 5 %‘tZOWQ(Pt MT,/.Ll)Q
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+r [Ent(,u,r) — Ent (1)

[a-9 ( Jo o HOE () + }V[jsEnt(us)f) as|

= Ent(u,) — (1 — r) Ent(uo) — r Ent(u)

-/ C(rs) ( / o FO () + - [jsEntms)f) ds.

This proves the CD(k, V)-estimate.

(i) = (iii): For t > 0 let ¢, denote a Wa-optimal pair of Kantorovich poten-
tials for the transport from P;"uo = us m to Pfu; = vy m. Then following [AG+15],
Thm. 6.3 and Thm. 6.5, by Kantorovich duality for a.e. t > 0

dt 1 . 1
s 2Wz( P o, P; M)QZggt_s/[d)t(m—us)w}t(vt—vs)}dm

= —E(gbt,ut) - 5(¢t,vt)-

Moreover,
—E(br,ur) < ﬂEnt( by —E(pr,ur) < —ﬂEnt( by
ty Ut) > d’l“ /-1/1“ T:O’ ty Ut) > Cl'f' /-‘Lr _
Thus
dt 1 dr d+
P ui)? < —Ent(u! — —Ent (! 1
7 3 V2P o, )™ < —-Ent(py)| = —-Ent(u)] (18)

where (4%.),c[0,1], represented by 7!, denotes the Ws-geodesic connecting puf := Py pio
and p! := P} uy. Together with (i) this implies

dt 1 1 2
S waPru, Pv) / o ORI e Q) (Bt ) — B )]
Geo(X

for a.e. t and thus

- [*WQ(PS p, Piv)? — *Wz(/ioaul) < —/ (/ / k()2 dmet () dr
s 12 2 Geo(X

+N [Ent(Pt*uo) - Ent(Pt*ul)} 2) dt.
Passing to the limit s — 0 finally yields the claim (iii) since Ent(Pug) as well as
Ent(P}19) are continuous in ¢ and since 7! weakly converges to w and k is lower
semicontinuous.

(iii)joc = (i). This implication can be proven with the “trapezial argument” from
[KS18]. Note that thanks to the local-to-global property of the CD(k, N)-condition,
for this implication it suffices that the differential transport inequality holds locally,
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that is, for each z € X there exist 6 > 0 such that DTE(k, N) holds true for all
o, p1 which are supported in Bs(z).
Given po, p1 of finite entropy and € € (0, %) as well as t > 0, note that

1 1 1
Wa (o, p1)?* = EWQ(/J/O),U’E)2 + mWQ(M67M1—6)2 + EW2(M1—67M1)2

whereas
2 1 * N2 1 * ¢ 2 1 * 2
Wa(po, 1)~ < ;W2(M07Pt te) +EWQ(Pt fre, P pin—c) +EW2(Pt M-, 1)°-
Thus
1d* dt 1d*
< 2 P* . 2 T Wo(P* . P e 2 - P* e 2‘
O_edtWQ('MO’ "} Lhe) +1—2€dt 2 (P e, P p1—e) "‘edtW?(tHl s 1)

Estimating the first and third term on the RHS by means of EVI(K, co) (which is
true as consequence of our standing a priori assumption) and the second term by
means of DTE(k, V) yields

0.< 2 [But(ne) — Bnt(uo) — K Walpo, )?]

2

1o [(1 — 2¢)? / a /G . k() 7|2 dme () dr + % [Em(ug - Ent(m_e)} 2}

2
+= [Bnt(un-0) — Ent(un) — K Wa(pr—c pn)?].

In the limit € — 0, this gives the CD(k, N)-inequality (i).

(iii) < (iv). The proof of this equivalence follows the argumentation for proving
Theorem 5.6 and Corollary 5.7 in [BHS19).

(v) = (iii);ee: This follows similar as in the proof of Theorem 5.16 in [BHS19]
from a localization argument.

(v) < (vi): The proof follows the standard line of argumentation via differen-
tiating the forward-backward evolution. More precisely, for bounded, nonnegative
¢ € D(E) and fixed ¢t > 0, put a(s) := fd)PSQkF(Pt,Sf) dm. This function is abso-
lutely continuous in s with

d(s) = / b5 [(A — 20)T(f) — 20(fo, Af,)] dim

for a.e. s € [0,t] where we have put ¢s := P?¢ and fs :== P,_,f. Assuming (vi)
implies

d(s) 2 [ 0 (AL dm
and thus

/ $(PPFT(f) — D(P.f)) dm = a(t) — a(0)
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t
> [ [orr@ngpan
N Jo
) t
> e2K1t/ /d)(PSAPt_Sf)zdm
N 0
_ 2t op 2
N
Varying over ¢, this yields (v). Conversely, assuming (v) yields
2 2 . L720 opy 2
3 [ o@ptim—tim [ Te & (AP, f)? dm]
o1
<tim ;[ [ o(BPT() = DB dim
— [l =200 - 20(£.A9)] dm
for all bounded nonnegative ¢ € D(E) and all sufficiently regular f.
(i) = (vi). We will first derive an estimate of the form (4.2) in [EKS15] for

Wa(Pj i, Pfv). Given measures p, v € Po(X) of finite entropy and numbers A, ¢ > 0
we can estimate similar as in (18)

From Lemma 3.2 we easily deduce

dt dr
CBm(ut)| _ — A Ent(ul)
T

dr

< (= 1) (Bnt(h) — Ent(uh) )

r= r=1 "

1 . 1 rd 2
[ -rends ( /. oy PO )+ 5 [ B ) dr

where 7} denotes the measure on P(Geo(X)) representing the geodesic (1) repo)
from Ppu to Py,v. Adding up these inequalities and using Young’s inequality we
obtain

£ lVV (P, Py i< (a=1)- (Ent(ut) — Ent(u} ))

dt 2 2\t Hy I\t = 0 1

_ /01[1 — 7+ Ar] (/GCO(X) k() |3 dﬂf‘('y) + % [%En‘c(uﬁ)} 2)dr

1
<- / =7t A / k()32 dmd () dr
0 Geo(X)

N 5 [t 1
Z(N=1)- - -
+4()\ ) /0 1—r+)\rdr

1
- —/ [L—r+ ] / k(v 412 dmd ()dr + (0 = 1) Tog A.
0 Geo(X) 4
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Introducing the function

1
k(e y) = lim inf{/ [1—7r+ ArJk(yr)dr: v € Geo(X), 70 € Br(z), 11 € BR(y)}
- 0
and denoting by ¢} the Ws-optimal coupling of P} i and Py,v, the latter estimate
can be rephrased as

at 1

* * N
E §W2(Pt s P)\tV)QS_/ k)\(l',y) d2(l‘,y) dqg‘(‘ruy)—’_Z()‘_l) log A. (19)

XxX
Slightly extending the scope of [BHS19], we define

. _ t 1 2 s 1/2
Wopalpowt) i= inf | Ble0ORPhI0 (B, B, )|

where the infimum is taken over all coupled pairs of Brownian motions (B})o<s<ar
and (Bz)ogsgg,\t with initial distributions p and v, resp. Following the proof of
Theorem 4.6 in [BHS19], from (19) we conclude

v * * < = .
= 2W2,k,>\(Pt w, Pyv)” < 1 (A—=1) log A
and thus
* * 2 2 N
Wk AP, Pyv)* < Wap,v)* + 5()\ —1) log A - t. (20)

To proceed, we now will make use of a subtle localization argument. Recall from
[AGS08] or from [BHS19], Lemma 2.1, that we may assume without restriction that
k is continuous (even Lipschitz continuous). Given z € X and € > 0, choose § > 0
and K, such that K, < k < K, + € in Bys(z). Then following the proof of Theorem
4.2 in [Stul8b], we conclude that for each p < 2, there exists 7' > 0 such that for all
t,\ >0 with ¢(14+ ) < T and for all yu, v with support in Bs(2)

Wy (Ef 1, Pyv)? < em(FemarLL Wk (P 1, Pyv)®. (21)

Combining this with the previous estimate (20) yields
N
Wy (P} Pi)? < e” Um0 AW (,0)® 4+ (A= 1) log A+t (22)

This is very similar to the estimates (4.1) and (4.2) in [EKS15] which are used
there as key ingredients for deriving gradient estimates — the main difference being
now that p < 2 on the LHS of (22). Given a bounded Lipschitz function f on X
and putting Grf(r) = supyep, (s %, following the proof of Theorem 4.3 in
[EKS15], instead of their estimate (4.7) we now obtain with p = é,,v = 6, and ¢ > 2
being the dual exponent for p
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/ ‘f(xl) - f(y/)‘ th)\(:E/ay,) < / (P/\t‘GRﬂq)l/q : Wp(Pt(sxa PAtéy)

[1flloo

+2 T2

- WZ(Piby, Pady). (23)

Choosing a sequence (yn)nen such that y, — =z and |VPf(z) =

lim sup,, %ﬁ@") as in [EKS15], and putting A\, = 1 + ad(z,y,) leads to

s R = gt

(Pr,of(x) — Pif(y))

N
< (BIGRA") (@) - e 090y [1 4 a2

Optimizing w.r.t. @ and passing to the limit R — 0 then yields

2t

5 (AR @)+ |VEf[*(2) < (BIVFD) ™ (@) - e 20, (24)

Integrating this estimate w.r.t. ¢(z)dm(xz) with a bounded nonnegative ¢ €
Lip(X) supported in Bs(z) and then differentiating it at ¢ = 0 yields the following
perturbed, local form of the Bochner inequality

= [ SEOTU) +oT( AN dm > (K. o) [oT()dm+ ¢ [ 6(A0)? dm
~a=2) [or@()"*)dn

> [e-2or(pydm+ 5 [ 687 dm
~(a=2) [ 9T dm

provided f € D(A) N Lip(X) with Af € D(E). Covering the whole space by balls
Bs/2(2) of the above type, we can find a partition of unity consisting of functions ¢
of the above type which allows us to deduce the perturbed Bochner inequality on
all of X, cf. the analogous argumentation formulated as Theorem 3.10 in [BHS19].
Since € > 0 and ¢ > 2 were arbitrary we finally obtain the Bochner inequality in the
following form:

- [5r@ ) +oran i [kor(in+ . [oar?an

for all f € D(A)NLip(X) with Af € D(€) and all bounded nonnegative ¢ € Lip(X).
Following the argumentation in the proof of Lemma 2.19, one verifies the equivalence
to the Bochner inequality BEs(k, V) in its standard form. This proves the claim. O
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4 Time-Change and Localization

This section is devoted to prove the transformation formula for the curvature-
dimension condition under time-change. In contrast to our previous work with Han
[HS19], we now also will consider weight functions e¥ where 1 is no longer in Djo(A)
but merely in Lip,(X). This will result in W ~1*°-valued Ricci bounds involving the
distributional Laplacian Au.

Moreover, we deal with weight functions + = e¥ where the local Lipschitz func-
tion ¢ may degenerate in the sense that ¢ = 0 is admitted. Choosing ¢ to be an
appropriate cut-off function, this allows us to “localize” the RCD-condition: we can
restrict a given RCD-space (X,d, m) to any subset X' := {¢ > 0} C X.

4.1 Curvature-Dimension Condition under Time-Change. Assume that
a metric measure space (X,d, m) is given which satisfies RCD(k, N) for some lower
bounded Borel function k£ on X and some finite number N € [1,00). Given ¢ €
Lipjoe(X) NDioc(A), we define a new metric and a new measure on X by d’ := e¥ ©d
and m’ := e?¥m, resp. Recall that

1
<ew ® d) (z,y) := inf {/0 ¥ () |9s|ds : v € AC(X), vo = x,71 = y}.

REMARK 4.1. Since both metric and measure are transformed in a coordinated man-
ner, the Cheeger energy on the new mm-space (X, d’, m’) coincides with the Cheeger
energy on the old space:

&) = [ 1D sPant = [ 1DfPdm =)

The point is that this energy now is regarded as a quadratic form on L?(X, m’). The
new Laplacian thus is given by A’f = e 2V Af.

Brownian motion (P, B})zex >0 on the new mm-space (X, d’, m’) is obtained by
“time change” from the Brownian motion (P, Bt)zex >0 on (X, d, m):

PQ; = Py, B; = BT(t)? CI = J(C)

and vice versa By = B ), ( = 7(¢") with

t t
o(t) ::/ e2V(Bgs, (1) ::/ o~ 20(B) g6
0 0

such that 7(o(t) = o(7(t) = t.
Note that in the case of bounded %, the new Brownian motion (P,, B;) has
infinite lifetime ¢’ if and only if (P, B;) has infinite lifetime (.
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Theorem 4.2. [HS19] i) For any number N’ € (N, o0], the “time-changed” metric
measure space (X,d’,m') satisfies BEy(k', N') with

N — 2)(N' —2)
N' — N

N Y PR N r(¢)]. (25)

ii) Assume that k is lower semicontinuous, Then (X,d’,m’) satisfies RCD(k', N”)
for any lower bounded, lower semicontinuous function k' on X and any number
N’ € (N, 0] such that

(N —2)(N' —2)
N' — N

K <e | k—Ayp— () m’-a.e. on X'

REMARK 4.3. i) Let us re-formulate the previous Theorem in terms of ¢ := e™¥.
That is, assume that ¢ € Lip;,.(X) N Dipe(A) is given with ¢ > 0 on X and define

a metric and a measure on X by d’ := é ®dand m' := #m, resp. Observe that for

Y = —log ¢,

¢ € Lipjoe(X) NDioe(A), ¢ >0 <= 9 € Lip)yo(X) N Dioe(A)
with A(¢?) = e 2 (4 (1)) —2A%)). Thus the metric measure space (X, d’, m’) satisfies
RCD(k', N) for any lower bounded, lower semicontinuous functions £’ on X and any

number N’ € (N, 0o] such that

(N —2)(N' —2)
N — N

E < k¢? + %AQSQ - [2 + I'(¢) m-ae on X' (26)

ii) Another remarkable way of re-formulating the previous result is in terms of

pim o= L (V-2

with N* :=2+4 w provided N* > 2. Then estimate (26) can be re-written

as

K < p_ﬁ [k — p ! Ap} m’-a.e. on X' (27)

N*—2

Recall that in the case N* = 2, estimate (27) states

E<e [k‘ - Azp} m’-a.e. on X'
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4.2 Localization. @ We are now going to relax the positivity assumption on ¢,
admitting ¢ also to vanish on subsets of X.

Theorem 4.4. (i) Given ¢ € Lip,,.(X) such that the set {¢ > 0} is connected.
Define a metric measure space (X', d’,m) by
/ !/ 1 / 1
X' = {¢>O}, d :g®d’ m = ﬁmb(/
Then d’ is a complete separable metric on X' and w’ is a locally finite Borel measure
on (X',d"). The metric measure space (X',d’,m’) is infinitesimally Hilbertian.

The sets Lip,.(X’,d) and Lip,,.(X’,d") coincide. For [ € VV;’S(X’7 d,m) =
VV&;?(X’, d’,m’), the minimal weak upper gradients |Df| and |D’f| w.r.t. the mm-
spaces (X,d,m) and (X',d’,m’), resp., coincide.

(ii) Assume in addition that ¢ € Lip),.(X) N Dipe(A). Then the metric measure
space (X' d',m’) satisfies RCD(k’, N') for any number N’ € (N, o] and any lower
semicontinuous function k' on X' with

1
K < ke? + §A¢2 — N*T'(¢) m'-a.e. on X’

(N-2)(N'-2)

where N* := 2 + NN

Proof. (i) The crucial point is the completeness of the metric d’. Since the metrics
d’ and d are obviously locally equivalent on X', this will follow from the fact that
lim d = Vz € X').
S (x,y) =00  (Vz )
To see the latter, let points z € X’ and z € 0X' be given and let (1)1 be any

absolutely continuous curve in (X, d) with 9 = z and v; = z. Without restriction,
we may assume that v has constant speed. Let L = Lip¢. Then

t t
1 1 1
— 1y dsz/ ds — 00
L stz [ 1
ast — 1.

(ii) It is easy to check that the RCD(k’, N’) condition has the local-to-global
property, see [Stulb] for the proof in the case N’ = co. Therefore, it suffices to prove
that X' is covered by open sets B such that the Boltzmann entropy is (k’, N')-convex
along Wi-geodesics with endpoints supported in B. We are going to verify this for
B:=B.(z) :={ye X' :d(y,z) < r} with

B, (B5.(2)) :={z € X :d(z,B5.(z)) <r} C X".
Given such a ball B = B/.(z), we choose ¢ € Lip},.(X)NDioc(A) with ¢pp = ¢ in
B.,.(2), ¢pp =11in X \ BT(BIQT(Z)), and ¢p > 0 in X. See the subsequent Lemma 4.5

for the construction of such ¢p’s. According to the previous Theorem 4.2, the mm-
space (X, (%B ®d, ém) satisfies RCD(K', N’) with N’ and k' as claimed. Thus the
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Boltzmann entropy is (k’, N')-convex along 2-Kantorovich-Wasserstein geodesics
(#1t)eejo,1) wor.t. the metric d)iB ® d. If the endpoint measures o and p; are sup-

ported in g;(z), however, these are exactly the 2-Kantorovich-Wasserstein geodesics
w.r.t. the metric é ® d. This proves the claim. O

For the reader’s convenience, we quote an important result concerning cut-off
functions from [AMS16], Lemma 6.7.

LEMMA 4.5. Given a locally compact RCD(K’, oo)-space (X, d, m) and open subsets
Dy, D1 C X with Dy C D1, there exist ¢ € Lip,(X)ND(A) with A¢p € L>°(X) and
¢=1in Dy, »=01in X \ Dy, and ¢ > 0 in X.

COROLLARY 4.6. Assume that a metric measure space (X,d, m) is given which sat-
isfies RCD(K, N) for some finite numbers K, N € R.

Then for any open subsets Dy, D; C X with Dy C Dy, there exists a metric
measure space (X', d’, w’) satisfying RCD(K', N') for some finite numbers K', N' € R
such that

Dy C X' C Dy, d’ = d locally on Dy, m’ =m on Dy.

Proof. Previous Theorem, part (ii), plus existence of cut-off functions with bounded
Laplacian according to previous Lemma. O

4.3 Singular Time Change. In the previous paragraph we dealt with an ex-
tension of Theorem 4.2 where 1) = — log ¢ is allowed to degenerate in the sense that
it attains the value oo on closed subsets of arbitrary seize. Now we will deal with
the extension towards ¢ which are no longer in Dj,.(A) but merely in Lip,(X).

Assume that a metric measure space (X,d, m) is given which satisfies BEy(k, N)
for some lower bounded function & on X and some finite number N € [1, 00).

Theorem 4.7. Given 1p € Lip,(X), the “time-changed” metric measure space
(X,d",m’) with d’ := e¥ ©®d and m’ := *¥ m satisfies BE (k, 00) for

k= [k — (N =2)(¢)] m— A (28)

Proof. i) Without restriction, assume that k is bounded. Choose K € R, with
k> —K on X. Given v € Lip,(X) ND(£), we will approximate it by ¢, := Py 1.
Thanks to the BEy(— K, N) assumption, the heat semigroup preserves the class of
Lipschitz functions and of course it always maps L? into D(A). Thus 9, € D(A)
with sup,, Lip, < oo and with ¢, — 1o := ¢ in D(E) and in L*>. To see the
latter, observe that by Ito’s formula,

L+ %(Ewd(Bt,x))Q < E, cosh (ﬁd(Bt,w)) < efft/e
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since Acosh (\/K/Nd(.,z)) < K - cosh (\/K/Nd(.,z)) by Laplace comparison.
Thus

2N

IPub(o) — 60)] < Lip - Bod(Bar, ) < Lipts | 2 (et 1),

ii) For n € NU {00}, consider the mm-space (X, d,, m,) with d,, := ¢¥» ®d and
m, = e2¥» m. Let (P")¢=0 and (P, B*)zex >0 denote the heat semigroup and the
Brownian motion, resp., associated with it. Note that Bf* = B, () with 7,(t) being
the inverse to

on(t) ::/0 e*¥ (By)ds.

Also note that due to the BE; (— K, 0o)-property, the lifetime of the original Brownian
motion is infinite and thus also the lifetime of any of the time-changed Brownian
motions. Moreover, as n — 0o, obviously 7,,(t) — 7(t) (even uniformly in w), thus
B} — B a.s. and

Prf(@) = Ea[£(B3)] — Ba[f(B5)| = P*f(@) (29)

for every bounded continuous function f on X and every x € X.
iii) According to Theorem 4.2, for finite n, the the mm-space (X, d,,, m,,) satisfies
the BE; (ky,, 00)-condition with

in = €2 k= (N = 2| V[ — Auiy. (30)
In particular, the associated heat semigroup (P}*):>0 satisfies
VP f| < PE(|Vaf]) (31)

with the Feynman—Kac semigroup Ptk" given in terms of the Brownian motion on
<X7 dna mn) by

Plug(a) = By [ (500 g (1)
As already observed before, this can be reformulated as
Plao(a) = Be |3 ik Bl g (B, )]
in terms of the Brownian motion on (X, d, m). Moreover,

1

t Tn ()
/ kin(B;, (5))ds = 2/ [k — (N —2)|Vp,|* — Ay, ] (Bs)ds
0 0

=A, (Tn(t)) - N, (Tn(t))
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with A, (t) == 1 [ [k — (N — 2)| Vb, |?] (Bs)ds and

Nalt) = 5 [ A (Byds = v (B) = b (Bo) = Ma)

the additive functional of vanishing quadratic variation in the Fukushima-Ito de-
composition of ¥, (B;) whereas M,, denotes the martingale additive functional.
iv) Since ¢, — ¢ in D(E) as n — oo, obviously
1 t
An(t) — A(t) = 2/ Tk — (N — 2)|V[2] (Bs)ds
0

P,-a.s. for m-a.e. x. Moreover, A, is Lipschitz continuous in ¢, uniformly in n, and
Tn(t) = Too(t) (uniformly in w). Thus P,-a.s. for m-a.e.

Ap (Tn(t)) — Aso (Too(t))

as n — oo.

To deal with the convergence of N, (Tn(t)), let Ny, and M., denote the additive
functional of vanishing quadratic variation and the martingale additive functional,
resp., in the Ito decomposition

$(Bt) = ¥(Bo) + Moo(t) + Noo (),

see (9). As n — oo, of course, 1V, (By) — ¥ (By) (uniformly in w) and

Yn(Br, 1)) = n(By) — ¢(Bt)

P,-a.s. for every .
Furthermore,

B[ Mo (7 (1) — Moo (1))
< 2B [ M (1 (1)) — Moo (0)|” + 2B [ Moo (70(9)) ~ Mac(roe(8)]

T (6)VToo (t

Too (t) )
_ 2Em/0 [V = O (Be)ds + 2B | Vu[2(B.) ds

n (E)AToo (£)
=Ct-E(Wn =)+ Ct-EW) - ||[tn — Voo

— 0

as n — oo and thus M, (7,(t)) = M (T (t)) Py-a.s. for m-a.e. x.
v) Define the taming semigroup (P}*):>0 by

Pg(a) = By [e A== Ot C0 g5 o ))) (32)

with A, and N4 as introduced above. Then for every bounded, quasi continuous
function g on X

P g(x) — Pfg(x)
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as n — oo for m-a.e. z € X. (Note that quasi continuity of g implies that ¢ — g(B;)
is continuous P a.s. for m-a.e. z € X.) Moreover, recall from Proposition 2.11 (iii)
and estimate (55) that

k. Co+Cy
|Pfrg(a)| < e gl

uniformly in n for m-a.e. x € X with constants Cp,C; depending only on ¥, on
sup,, osc(y, ), and on sup,, Lip ¢,,. For any test plan IT on X, therefore

1 1
ki Y| ds — e V.| ds .
/ /0 P g(ys) ] ds dIT(4) / /0 Prg(rs) [is] ds dIi(y) (33)

vi) Now assume that f € D(A)NLip(X). Since the mm-space (X, d, m) satisfies
an RCD-condition, it implies |V f| € D(€) N L*°(X). By quasi-regularity of the
Dirichlet form (£,D(E)), therefore |V f| admits a quasi continuous version. Thus
applying (31), (29), and (33) to a quasi continuous version g of |V f| yields

/ P2 f (1) — P f (30) | dT(y) / | PP () = PP f(30)] dT(y)

IN

1
/ /0 PE 9, 1) [3s] ds dTT()

IN

1
2=l / /0 PF* Voo f1(7) 3] ds dII()

1
. / /0 PFV oo f|(7s) 35| ds ()

for any test plan IT on X. Therefore, PF|V..f| is a weak upper gradient for P f.
Hence, in particular,

Voo S| < PPV oo f1.

By density of D(A) N Lip(X) in D(£), this Ll-gradient estimate extends to all
f € D(&). According to Theorem 2.17, the latter indeed is equivalent to the L!-
Bochner inequality BE; (x, 00) with

k= [k— (N —2)|Vi]* | m — Av. (34)

This proves the claim in the case ¢ € Lip,(X) N D(E).

vii) In the general case of 1) € Lip,(X), let us choose a sequence of 1; €
Lip,(X) ND(E), j € N, with [[¢j|lec < [|#]loo, Lip®; < Lipt and 9; = ¢ on Bj(z)
for some fixed z € X. For j € N, let (thj )t>0 denote the heat semigroup on the mm-
space (X,e%®,e?¥im) and let (P”);>¢ denote the associated taming semigroup
defined as in (32) with ¢ now replaced by ;. Then obviously

[PYf = P f](2) < 1o - Pa (B # Bj(2) for some s < te2lVl=) — 0
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as j — oo as well as

‘Pt'{g - Ptﬁjg

(2) < ||glloo - €T P, <BS Z Bj(z) for some s < teQW’”‘”) — 0.

Thus for any f € D(A N Lip(X) and any test plan IT on X, as j — oo,

/ |PY (1) — P f(70)] dII(7) « / [P f() = P £(v0)] dII(7)

// |V £1(35) [5s] ds dT1()

= [ [ Po19sio0) o dsany),
0

Arguing as in the previous part vi), this proves that the mm-space (X, e?®,e?¥ m)
satisfies BE1 (K, 00) with k = [k — (N — 2)|Ve[?]m — Av. 0
COROLLARY 4.8. For 1 € Lipy(X), the heat flow P/);>¢ on the metric measure space
(X,d",m) withd' := e¥ ®d and m’ := e*¥ m satisfies

[V'Plaf|(@) < Ea |- |V'£|(BY)] (35)
with

1

A= 5 [ = (= 2P )] (Bds + MY + 0(Bp) — ()
0

where (M’ ;ﬁ)tzo denotes the martingale additive functional in the Fukushima de-
compositions of (¢Y(By))>0-
Equivalently, this can be re-formulated as

[VEof|() < B [em - [V£](B)] (36)

now with V in the place of V' and with A’ replaced by

1 t
A= / [k — (N — )T ()] (Bl)ds + M"Y,
0
EXAMPLE 4.9. Let (X,d, m) = (R?, dgyc, mLep) be the standard 2-dimensional mm-
space. Define functions ¢;, j € N, and ) : R? — R by

Vj(w1,2) = @j(21) - n(22), Y(21,72) = P(21) - N(22)

with ®,®; as defined in (4) for some ¢ € C?*(R) and with n € C%(R) given by
n(t) := (t* —1)3t for t € [-1,1] and n(t) := 0 else. For each j € N, the time-changed
mm-space (]RQ,dj,mj) with d; = e¥i © deue, my; = e2¥i mep corresponds to the
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Riemannian manifold (R, g;) with metric tensor given by g; := €2¥i gg,c. Its Ricci
tensor is bounded from below by

]{Zj = —¢ 2V A’(/J]

cf. previous Theorem. cf. Propostion 4.2. (Note that the measure-valued Ricci bound
is given by k;jm; = —Aq;.) In the limit j — oo, we will end up with a mm-space
(R?, do, Moo ) with distributional Ricci bound given by

k= —A1.

5 Gradient Flows and Convexification

This section is devoted to extensions of the results from [Stul8a] on existence of
gradient flows and from [LS18] on convexification of semi-convex subsets towards
functions with variable lower bound for the convexity ([Stul8a]) or domains with
variable lower bound for the curvature of the boundary ([LS18]), resp. Of particular
importance is the fact that these lower bounds may change sign. Even the case of
constant positive lower bounds leads to new insights not covered by previous results.

5.1 Gradient Flows for Locally Semiconvex Functions. The goal of this
subsection is to extend the existence result and the contraction estimate for gradient
flows for semiconvex functions from [Stul8a] to the setting of locally semiconvex
functions. The contraction estimate for the flow will be in terms of the variable
lower bound for the local semiconvexity of the potential.

Let (X, d, m) be alocally compact metric measure space satisfying an RCD(K, co)-
condition (cf. Definition 3.1) for some K € R. Assume moreover, that we are given
a continuous potential V' : X — R which is weakly ¢-convex for some continuous,
lower bounded function ¢ : X — R in the following sense: for all z,y € X there
exists a geodesic (7,)r¢[o,1] connecting them such that for all r € [0, 1]

1
Vin) < (1= r)Vir) + rV(m) - /O U)g(r $)ds - (0,m)  (37)

where g(r, s) := min{(1 — s)r, (1 — r)s} denotes the Green function on [0, 1].

We say that a curve (zt);c(0,00) in X is an EVIy-gradient flow for V' (where EVI
stands for “evolution-variational inequality”) if the curve is locally absolutely contin-
uous in ¢ € (0,00) and if for every ¢ > 0, every y € X, and every geodesic (7;),¢0,1]
connecting x; and y,

1
LA ) > Vi) - V) + /0 (=) ) dr- (e y).  (38)
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Theorem 5.1. For every xg € X, there exists a unique EVl,-gradient flow for V
starting in xo (and existing for all time). Flows starting in xo and yo satisfy

(e, yp) < e do (v )dsg (g y0) (39)

for all t > 0. Here {(z,y) := sup,, fol {(vy)dr with sup,, taken over all geodesics
(V)tepo,1) in (X, d) with vo =z, 11 = y.

Proof. Existence and uniqueness of an EVIy-gradient flow (®¢(x))>o for any = € X
with A := inf ¢ follows from our previous work [Stul8a]. Following the previous proof,
one also can deduce the refined EVIy-property. Indeed, this will follow as before by
a scaling argument from the EVIg _,,-property for the heat flow on the weighted
metric measure space (X,d, e 'm) which (obviously) satisfies the RCD (K +n/, 00)-
condition. If we now compare two flows, then we can apply (38) twice: first to the
flow (z¢):>0 and with y; in the place of y; then to the flow (y):>0 and with x; in
the place of y. Adding up both estimates yields (after some tedious arguments to
deal with weakly differentiable functions with double dependence on the varying
parameter)

—5 g & @nm) 2 o) - d (2 u).

Alternatively, one can argue as follows: Given ¢ > 0, let X be covered by balls
B; = By, (z;) such that ¢; < ¢ < {; + € on By, (2;). Thanks to the Localization
Theorem 4.6, for each i there exists an RCD-spaces (X;,d;, m;) with B, (z;) C X;
whose local data on By, (z;) coincide with those of the original one. Thus as long
as the flow does not leave B, (z;), we can consider the original flow also as an EVI-
gradient flow for V' on the mm-spaces (Xj;,d;, m;).

Given any (X,d)-geodesic (7t)e[o,1) and 7, s € [0, 1] with v, s € By, (2;) we thus
conclude that

%’t:od(q)t(%)’q’f(%)) < —Lid(w,y) < —d(vo,’n)'/s (£(vg) — €) dg.

Adding up these estimates for consecutive pairs of points on the geodesic (v¢):co,1]
finally gives

d 1
%‘ log d(®¢(70), @¢(11)) < —/ £(7q) dg + €.
t=0 0
Choosing v optimal, we therefore obtain for arbitrary zg,x; € X and for all ¢ > 0

%logd(q)t(:co),@t(m)) < —Z(‘I’t($0)a‘1’t(ﬂfl))+€'

Thus
d(q)t(xO); q)t(:rl)) < e—fOtZ(CPS(CCO),Cbs(Il))ds-‘FEt . d(q)t(x0)7 q)t(a?l))

Since € > 0 was arbitrary, this yields the claim. O
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As pointed out in [Stul8a] in the case of constant ¢, the existence of EVI-flows
for V' can be regarded as a strong formulation of semiconvexity of V.

COROLLARY 5.2. Every weakly ¢-convex function is indeed strongly ¢-convex in the
sense that the inequality (37) holds for every geodesic (Vt);c(o,1) in X.

A closer look on the proof of the previous Theorem 5.1 shows that appropriate
re-formulations of the results also hold true for flows which are defined only locally.

Theorem 5.3. Assume that continuous functions V and £ : Y — R are defined on
an open subset Y C X and that V is f-convex on Y in the sense that the inequality
(37) holds for every geodesic (Vt);c(0,1) contained in Y.

(i) Then for each xg € Y there exists a unique local EVly-gradient flow (x¢)e(o,r)
for V' with maximal life time 7 = 7(xg) € (0,00]. If 7 < 0o then x; = lim;_,, xy
exists and x, € JY.

(ii) For any pair of initial points xo,yo € Y and their EVI,-flows (z¢)i>0, (Y¢)t>0,
the estimate

d(ze,y) <e” Is H@ay:)dsd (20, o)

holds for all t < T* where T* = T*(x,yo) denotes the first time where a geodesic
connecting x; and y; will leave Y .

Proof. (i) Existence and uniqueness of a local EVIy-gradient flow are straightforward.
Applying the estimate to points xg and yg := x5 proves that the flow (z;); has finite
speed. Assuming 7 < oo, the family (z;);<, will be bounded and therefore admits a
unique accumulation point for ¢ — 7, say =, € Y. Assuming that 7 is the maximal
life time for the flow implies that x, € 9Y.

(ii) Follows exactly as in the case of the globally defined gradient flow. O

The Hessian along Geodesics On a Riemannian manifold (M, g), the Hessian D?f
of a smooth function f : M — R can be regarded as a bilinear form D?f : TM x
TM — R or equivalently as a quadratic form on the tangent space T'M. With the
latter interpretation, for £ = (z,v) € TM with z € M and v € T, M,

1 d?

2 = — 0 —
DI = e

FOm)l =g (40)

for any v € Geoy(M) with 49 = v. Here Geo, (M) denotes the set of all geodesics
v :(a,b) — M with 0 € (a,b) and v9 = z. (As usual, ‘geodesics’ are constant speed
and minimizing.)

DEFINITION 5.4. Given a geodesic space (X,d), an open set Y C X and functions
V:Y - Rand \:Y — R. We say that the Hessian of V along geodesics (or the
geodesic Hessian of V') is bounded from below by X, briefly

D,V >X onY,
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if for every unit speed geodesic v : (a,b) — Y the function Ao~y : (a,b) — R is
locally integrable and u :=V o~y : (a,b) — R is locally absolutely continuous with

u” > Xo~y on (0,1) in distributional sense.
EXAMPLE 5.5. A function V : X — R is strongly K-convex if and only if
D&,V >K onX.

PROPOSITION 5.6. Given a geodesic space (X,d), an open set Y C X, a continuous
function V : Y — R, and a number x € R. Then

D&,V >-rV onY

if and only if for all geodesics 7 : [0,1] — Y of length < R, := 7/\/k and for all
se (0,1),

V(ys) < ol (131) - V() + o (151) - V(). (41)

Indeed, it suffices to verify the latter for s = 1/2, and at each point x € X for all
sufficiently short geodesics with vy /5 = .

Proof. By definition D&,V > —kV on Y if and only if for each geodesic 7 : (a,b) —

Y the function u := Vo~ : (a,b) — R is absolutely continuous and satisfies v > —ku

on (a,b) in distributional sense with % := |§|? k. Straightforward calculations and

comparison results for Sturm-Lioville equations yield that this is equivalent to
(=) . (=) .

V() <o ((E=r)13]) - Viw) +ox (=) [3]) - V) (42)
foralla <r < s <t <bwith (t—7r) ¥ < R, := m/y/k. The latter obviously follows
from (41) by linear rescaling of the interval [r, ] onto [0, 1]. Conversely, (41) follows
from (42) with a = 1,b = 1 by passing to the limit r \, 0, /" 1 and using continuity
of V. O

5.2 Convexification. In this subsection, we will prove the fundamental Con-
vexification Theorem which (via time-change) allows to transform the metric of a
mm-space (X,d, m) in such a way that a given semiconvex subset Y C X will be-
come geodesically convex w.r.t. the new metric d’. We will prove this in two versions:
first, for closed sets Y, then for open sets Z.

Throughout this section, we fix a locally compact RCD(K, co)-space (X, d, m).
Given a function V : X — (—o00, o0, we denote its descending slope by

|[V™V|(x) := limsup Viy) = Vi)l
Yy—T d(l‘,y)
provided z is not isolated, and by |V~V|(z) := 0 otherwise. Moreover, we put

IVIV]:= V= (=V)].
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DEFINITION 5.7. We say that a subset Y C X is locally geodesically convex if
there exists an open covering | J;c; Ui D X such that every geodesic (’Ys)se[o,l} in X
completely lies in Y provided ~vg,v1 € Y NU; for some i € 1.

Every geodesically convex set is locally geodesically convex but not vice versa.

EXAMPLE 5.8. Let X denote the cylinder Rx St and Yy = {(¢,¢) : t = 0, || < 7/2}.
Then Y := By (Y)p) is locally geodesically convex but not (geodesically) convex.

Theorem 5.9. Let V., £ : X — R be continuous functions and assume that for each
€ > 0 there exists a neighborhood D, of the closed set Y := {V < 0} such that

ol —e<|VV|<1l+4+einD\Y;
o V is ({ —¢)-convex in D \'Y.

Then for every € > 0, the set Y is locally geodesically convex in (X,d’) for d’ =
(e—0)-V
e Gd.

REMARK 5.10. (i) The above Theorem provides a far reaching extension of our
previous result in [LS18] which covers the case of constant negative £. Now we also
admit variable ¢ and ¢’s of arbitrary signs.

(ii) Note that in the case of positive ¢, the set Y will already be convex in the
old metric space (X, d) and it will be “less convex” in the new space (X,d’).

(iii) In the above Theorem, without restriction, we may put V' =0 in Y. More-
over, for both functions V' and ¢ it suffices that they exist as continuous functions
on D\ Y for some neighborhood D of Y.

Proof. Let € > 0 be given and put d’ = e =0V @ d.
(i) In order to prove the local convexity of Y in (X, d’), let z € 9Y be given and
choose € > 0 sufficiently small (to be determined later). In any case, assume that

(1££)? < 2. Choose § > 0 such that

e 1—-e<|VV|[<1+4e€inBs(2)\Y;
e V is geodesically (¢(z) — €)-convex in Bs(z) \ Y;
o [l(x) —L(z)] <eforall zeBs(z)\Y.

Our proof of the local convexity of Y will be based on a curve shortening argument
under the gradient flow for V: Assume that (v4)ac(0,1] was a d’-geodesic in By,3(z)
with endpoints vg,71 € Y and v, € Y for some a € (0,1). Then we will construct a
new curve (Vg)ae[o,l] with the same endpoints but which is shorter (w.r.t. d’) than
the previous one — which obviously contradicts the assumption. For each a € [0, 1],
we consider the gradient flow curve (®(va)) i>o for V starting in ®o(7,) = 7, and
we stop it as soon as the flow enters the set Y. Then we put 70 := &7, (v4) where
Ty = inf{t >0: <I)t('ya) S Y}

(ii) To get started, let us first summarize some key facts for the gradient flow
for V, that is, for the solution to #; = —VV(z;) in the sense of EVI-flows. For

x € Bs(2)\Y, let (q)t(x))te[o,r) denote the EVI-gradient flow for V starting in « with
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maximal life time 7 = 7(x) in Bs(z) \ Y. Note that V(z) < (1+¢€)d for x € Bs(z)\Y
and for a.e. t,

%@(t,x) = |V V(®(t,z) > —(1+¢)? and < —(1—e)%

We easily conclude that 7(x) < oo for x € Bs/3(2) and, since (1£6)2 < 2,

(I)T(z) ({/C) ey N B(;(Z).

In particular, 7(z) = Ty(x) = lim, o T5.(z) with T, (z) := inf{t > 0: V(P¢(z)) < r}
for » > 0.

(iii) To proceed, it is more convenient to parametrize the flow not by time (as
we did before) but by “height”, measured by the value of V. That is, for r > 0 we
put &,(z) = @1, (2)(x) with T;.(z) as above. Moreover, for z € Y we put T;.(z) := 0
and ®,(z) := z for all r > 0.

The (¢(z) — €)-convexity of V implies

d((i)r(a:), ‘i)r(y)) < o6 @) (Tr(2)+T-(y))/2 d(z,y), (43)

see [LS18], Lemma 2.13 (or, more precisely, estimate (10) in the proof of it).
(iv) Given any rectifiable curve (v4)sep0,1] in Bs/s(z) let (79)4ep0,1] be the curve

in Bs(x) \ Y° defined by 79 = ®o(7,). Then
’72| < e(e—4(z))To(7a) . |¥al

S e(2€_€(7a))(1:t6)2v("/a) . |

S 6(6//275(’7&))‘/(7&

Yal

) |;Va|‘

Indeed, for every ¢ > 0 one can choose € > 0 such that (¢//2—¢(x)) > (2¢e—{(x))(1£
€)? for all € Bs(z) \ Y. Here and above, the sign in the expression (1 + €)? has to
be chosen according to the sign of (2¢ — ¢(x)).

Measuring the speed of the curves now in the metric @’ = (¢ =9V ®d, the previous
estimate yields

Fal” < |Hal

and, moreover, |30|" < |¥,|" whenever v, € Y and |¥,| # 0. This proves the claim. O

In the previous Theorem, we used the gradient flow w.r.t. a function V' (which
shares basic properties with the distance function d( ., dY")) as a path-shortening flow
on the exterior of Y in order to prove that the closed set Y is locally geodesically
convex w.r.t. the new metric d’.

To make a given open set Z C X locally geodesically convex w.r.t. a new
metric d’, we will proceed in a complementary way: we will use the gradient flow
w.r.t. a function V' which shares basic properties with the negative distance function
—d(.,0%) as a path-shortening flow in the interior of Z. This is the content of the
Second Convexification Theorem.
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Theorem 5.11. Let V,/ : X — R be continuous functions and assume that for each
€ > 0 there exists 6 > 0 such that

el —e<|VV|<1+e€ontheset {—§ <V <0};
e V is (¢ — €)-convex on the set {—d <V < 0}.

Then for every e > 0, the open set Z := {V < 0} is locally geodesically convex in
(X,d") for d’ = =0V o d.

Proof. Given € > 0, we choose 6 > 0 as above. Then for each r € (0,4], we can
apply the First Convexification Theorem 5.9 with V' as above, with the closed set
Zy = {V < —r} in the place of Y, and with D, := Z \ Z,. This yields that the
set Z, is locally geodesically convex w.r.t. the metric d’ := e(c9V © d. Having
a closer look on the proof of Theorem 5.9, we see that we can choose an open
covering | J;c; Us O X, independently of r, such that every d’-geodesic (7s) sefo,1] in
X completely lies in Z, — and thus in particular in Z — provided ~y, 71 € Z, NU; for
some i € I. This proves the claim: every d’-geodesic (vs) sef0,1] completely lies in Z
provided v9,71 € Z N U; for some ¢ € 1. O

5.3 Bounds for the Curvature of the Boundary. The canonical choice for
the function V in both of the previous Convexification Theorems is the signed dis-
tance function V =d(.,Y)—d(.,X \Y) (or suitable truncated and/or smoothened
modifications of it). In the Riemannian setting, a lower bound for the Hessian of
this function has a fundamental geometric meaning: it is a lower bound of the fun-
damental form of the boundary. In the abstract setting, this observation will provide
a synthetic definition for the variable lower bound curvature of the boundary.

DEFINITION 5.12. Let a closed set Y C X and a continuous function £ : X — R be
given, and put V(z) :=d(z,Y) —d(x, X \'Y). We say that Y is locally ¢-convex or
that ¢ is a lower bound for the curvature of Y if for every € > 0 there exist an open
covering | J;c; U; D 0Y and continuous functions V; : U; — R for i € I such that

e (1-eV<V;<(1+¢€)V onU;

el—e<|V V| <1l+eonU;

o V; is (¢ — €)-convex on Us.
We say that Y is locally f-convex from outside (or that Y is locally /-convex from
inside) if the three latter properties are merely requested on U; \'Y (or on U; N Y7,
resp.) instead of being requested on Us.

REMARK 5.13. The previous approach does not only allow us to define lower bounds
for the curvature of the boundary (interpreted as lower bounds for the “second
fundamental form of the boundary”) but also to define the second fundamental form
sy itself as well as the mean curvature pgy: the former as the Hessian (restricted
to vectors orthogonal to VV') and the latter as the Laplacian of the signed distance
function V =d(.,Y) —d(.,X \Y). That is,

oy (£, ) == Hy(f, f) = T/, T(V, ) = 5T, T()
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provided V' € Djo.(A) and T'(f, V) =0, and
poy = AV.

This concept of curvature bounds for the boundary has been introduced in [LS18],
restricted there to the case of constant, nonpositive £. As already observed there, the
two most important classes of examples are Riemannian manifolds and Alexandrov
spaces. In these cases, if not explicitly specified otherwise, m always will denote the
corresponding n-dimensional Riemannian volume measure £" or the n-dimensional
Hausdorff measure H". The proof of the next result is literally as in [LS18].

ProroOSITION 5.14. Let X be a Riemannian manifold, Y a closed subset of X with
smooth boundary. Then ( is a lower bound (or interior lower bound or exterior
lower bound, resp.) for the curvature of 9Y if and only if the real-valued second
fundamental form of 0Y satisfies

sy > ¢.

LEMMA 5.15. Let (X,d) be an Alexandrov space with generalized sectional curva-
ture > K. Put pg = 2\’;? if K > 0 and pg = oo else. Moreover, given z € X put
p(z) :==sup{r > 0:|V*td(,,2)| = 1in B,(2)}. Then for each r € (0, px A p(z)), the
curvature of the boundary of Y := X \ B,(z) is bounded from below by

-4 ifK=0
¢ = —cotg(r) :={ —VK cot(vVKr), if K >0 (44)
—v—K coth(v—Kr), if K <0.

Proof. Given z € X and r € (0, px), put
%(rzfdQ(ﬂc,z)), fK=0

V(z) = Vis(z) = m(cos (VKd(z,2)) — cos (VKr), it K >0 (45)

m@:o&zh (\/ —Kr — cosh (\/ —Kd(.Z',Z))), if K <0.

Then obviously {V <0} =Y and |[V™V| =1 on dY (and close to 1 in a neighbor-
hood of 9Y"). Moreover, by comparison results for Hessians of distance functions in
Alexandrov spaces

D% d*(z,2) <2, if K=0
D%, cos (\/I?d(x, z)) > —K cos (\/Ed(a:,z) , it K >0
D%, cosh (V=Kd(z,z)) < (—K) cosh (V—-Kd(z,z)), if K <0.

Thus DZ,V > —cotk(r) on Y (and > —cotx(r) — € in a neighborhood of 9Y).
This proves the claim. O
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LEMMA 5. 16 Let (X,d) be an CAT space with generalized sectional curvature < L.
Put pr, = f if L > 0 and pr, = oo else. Then for each r € (0, pr,), the curvature of

the boundary of Y := B, (z) is bounded from below by
1, ifL=0
¢ = cotr(r) :== { VL cot(/Lr), ifL>0 (46)
v/ —L coth(v/—Lr), if L < 0.

Proof. Given z € X and r € (0, pr), put

_%<T2_d2(”§’z)>’ if L=0
V(x):= _W(COS (ﬁd(az, z)) — cos (\Er), if L>0
__¢—Lsm;(¢iLr)(COSh(VK_LT'_COSh(VK—Ld(w,zD),if[/<(l

Then obviously {V <0} =Y and |[V~V| =1 on dY (and close to 1 in a neighbor-
hood of 9Y"). Moreover, by comparison results for Hessians of distance functions in
CAT spaces

DE. . d*(z,2) > 2, if L=0
Déeo cos (\/>d (z,2) ) —L cos (\Ed(x, z)), if L >0
D, cosh (vV=Ld(z,z)) > (—L) cosh (v/—Ld(z, z)), if L <O0.

Thus DE,,V > cotr(r) on dY (and > cotr(r) — € in a neighborhood of dY’) which
proves the claim. O

PROPOSITION 5.17. Let (X,d) be an Alexandrov space with generalized sectional
curvature > K. Put px =

set Y C X satisfies the “exterior ball condition” with radius r < pg. That is,

X\Y = ] B(2)

z€Y,

with Y, = {z € X : d(2,Y) = r, p(2) > r}. Then Y is locally {-convex with
{ = —cotgr.

Proof. For x € X, put

V(z) :=sup V,.(x)
z€Y,

with V;., as introduced in Lemma 5.15. Then obviously Y = {V < 0} and

sing d(z, YY)
sing r

V=VI(x) = V(L )| (2)
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for all x € X. Hence, 1 — e < |V V|(z) < 1 for all z € U\ Y for a suitable
neighborhood U of 0Y. Moreover, for each z € Y,., by comparison results for Hessians
of distance functions in Alexandrov spaces,

cosi d(z, 2)
DeoViz(2) > T singr
and therefore,
COSK T
D? > —
Geov(w) = singr ¢
for all z in a suitable neighborhood U of dY. This proves the claim. O

Analogously, we conclude

PROPOSITION 5.18. Let (X,d) be a CAT space with generalized sectional curvature
< L. Put pp, = 2\% if L > 0 and p;, = oo else. Assume that a closed set Y C X

satisfies the “reverse exterior ball condition” with radius r < pr,. That is,

Y = ﬂ B.(2)

z2€Z

for some compact set Z C X. Then Y is locally ¢-convex with { := coty, r.

Proof. Similar as in the proof of the previous Proposition, put
V(z) = sup ( — Vi) (2)
z€Z

with V,. ., defined as before, but now with L in the place of K. Then it is easily seen
that V< 0on Y and V > 0 on X \ Y. Moreover, by comparison results for the
Hessian of distance functions under upper curvature bounds,

cosy, (sup,cy d(z, 2))

D%,V (z) > > cotr(r + ¢)

sing, r
for all z € B(Y'). Furthermore,
w < |V V|(2) < w
sing, r sing, r
for all x € B.(9Y). 0

The Convexification Theorems 5.9 and 5.11 from the previous subsection imme-
diately yield

Theorem 5.19. i) Assume that ¢ € C(X) is an exterior lower bound for the curva-
ture of Y. Then for every € > 0, the set Y is locally geodesically convex in (X,d’)
for d' = eV © d where V =d(.,Y).

ii) Assume that ¢ € C(X) is an interior lower bound for the curvature of 9Y . Then
for every € > 0, the set Y is locally geodesically convex in (X, d") for d’ = e(¢=0"V &d
where V = —d(., X \Y).
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>

Figure 1: Euclidean plane: convex disc, nonconvex complement.

Figure 3: Conformally changed plane: decomposition into two convex subsets.

REMARK 5.20. The Convexification Theorems 5.9 and 5.11 provide a method to
make a given set convex by local changes of the geometry. By construction of this
transformed geometry, the given set will be “as little convex as possible”. Indeed,
in regions where the set already was convex, the set will be transformed into a less
convex set.

ExamMpLE 5.21. Let X = R” for n > 2, equipped with the Euclidean distance and
the Lebesgue measure. If we apply the previous results to the complement of a ball,
say Y = R"\ B,(z), then we see that Y (as well as Y°) will be locally geodesically
convex in (R™, e(179% @ d) for any € > 0 where

1 |z — 2|
v=—tv=5(1-"5),
On the other hand, applying the previous results to a ball, say Z = B,(z), then
we see that Z (as well as Z) will be locally geodesically convex in (R”, e('=9% @ d)
for any € > 0 with the same 1 as before. The same “convexification effect” will be
achieved by choosing
|z — 2|

() = —log
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in a neighourhood of 9B, (z). In the case n = 2, with this choice of 7, in a neighorhood
of OB, (z) the space (R",e¥ ®d) will be a flat torus. In particular, B, (z) will be a
totally geodesic subset. This provides a simple explanation why both, B, (z) and its
complement, are convex.

6 Ricci Bounds for Neumann Laplacians

6.1 Neumann Laplacian and Time Change. Let a metric measure space
(X,d,m) be given; assume that it is geodesic, locally compact, and infinitesimally
Hllbertlan Observe that due to the local compactness, W'?(X) = {u € VVI})C2 (X):
Jx[T(u) + u?]dm < co}.

By restmctzon to a closed set Y C X, we define the mm-space (Y,dy,my).
Here dy denotes the length metric on Y induced by d and my denotes the measure
m restricted to Y. The Cheeger energy associated with the restricted mm-space
(Y,dy,my) will be denoted by €Y and its domain by F¥ = D(EY) = WL2(Y).
To avoid pathologies, throughout the sequel, we assume that ¥ = YO, m(Y) > 0,
m(dY) =0, and that dy <ocoon Y x Y.

The minimal weak upper gradients (and thus also the I'-operators) w.r.t. (X, d, m)
and w.r.t. (Y, dy, my) will coincide a.e. on Y, i.e. Y (Y?) = Foe(Y?) and I'Y (u) =
['(u) a.e. on YO for all u € FY_(Y?). Moreover,

wh2(x

2 \Y c wh2(y) c wh(y9) (47)

where W12(Y0) := {u € Froc(Y fyo )+ u?] dm < oo} and

£ (u) = /Y D) dm (48)

for all u € WH2(Y). In particular, the restricted mm-space (Y,dy,my) is also in-
finitesimally Hilbertian.

The heat semigroup associated with the restricted mm-space (Y, dy, my) will be
called Neumann heat semigroup and denoted by (PY );>o. The associated Brownian
motion will be called reflected Brownian motion and denoted by (PY, BY).

REMARK 6.1. i) In literature on Dirichlet forms and Markov processes (in particu-
lar, in [CF12]), Chapter 7, “reflected Brownian motion” on the closure of an open set
Y? C X is by definition (and by construction) the reversible Markov process associ-
ated with the Dirichlet form Y given by (48) with domain W12(Y?) c L3(Y, my).

ii) In general, the sets W12(Y) and W'2(Y") do not coincide, see subsequent
Example. In [LS18], Section 4.2, equality of W12(Y) and W2(Y?) was erroneously
stated as a general fact. Instead, it should be added there as an extra assumption.
Equality holds if Y is regularly locally semiconvex, see Proposition 6.4 below, and

of course also if Y has the extension property W12(Y?) = Wt2(X ‘Yo'
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EXAMPLE 6.2 (Based on private communication with T. Rajala). Given X =[—1,1]?
with Euclidean distance d and 2-dimensional Lebesgue measure m, put

Y - X \ U Bg,” (./,Un7 0)
neN

where {x,}nen denotes a countable dense subset of [—1,1]. Then WY2(Y) #
WhH2(Y9). For instance, the function u(z,y) = sign(y) belongs to W1H2(Y?) but
not to WH2(Y).

Indeed, functions in W12(Y?) can have arbitrary jumps at the z-axis since V" has
two disconnected components, one being a subset of the open upper half plane, the
other one being a subset of the open lower half plane. On the other hand, functions
in W12(Y) will be continuous along almost every vertical line which does not hit
one of the small balls By-n(7,,0), n € N, (which is the case for more than half of
the vertical lines).

DEFINITION 6.3. An open subset Z C X is called regularly locally semiconvex if
there exists an open neighborhood D of dZ and functions V, { € D{™(A) such that
V is f-convex and V = —d(.,0Z) in DN Z.

Here and in the sequel, we put D{o™(A) := {f € Dioc(A) with f,'(f),Af €

C(X)} and DL™(A) := {f € Dioe(A) with f,T(f),Af € C(X) N L>®(X)}.
Note that D" (A) C Lip,(X) provided the Sobolev-to-Lipschitz property holds.

PROPOSITION 6.4. Assume that (X,d, m) satisfies RCD(K, N) for some K,N € R
and that Y is regularly locally semiconvex. Then

WLQ(Y) — W1,2(Y0)
and |Dyu| = |Du| m-a.e. on Y for every u € WH2(Y?).

Proof. i) To simplify the subsequent presentation, we assume that the defining func-
tions ¢,V for the regular semiconvexity of Y can be chosen to be in D™ (A)
and not just in D{™(A). Under this simplifying assumption, for any € > 0 also
Y = (e =)V € D"(A) and thus the time-changed mm-space (X,d’,m’) with
d =e¥ ®d and m’ = ¥ m will satisfy RCD(K’, 00) with some K’ € R. The general
case can be treated by a localization and covering argument.

ii) Recall that a function u € L?(Y, my) is in W12(Y") with weak upper gradient
g € L*(Y,my) if and only if for each test plan IT in (Y,dy, my)

1
/C () — u(0)| dI1(y) < /C /0 g0 [l dt dTI().

where C := C([0,1],Y). Now observe that any test plan II in (Y,dy, my) can also
be regarded as a test plan in (X,d, m). (Indeed, for each curve v € C([0,1],Y) C

C([0,1], X), the speed w.r.t. (X,d) will be bounded by the speed w.r.t. (Y, dy).) And
IT is a test plan in (X,d, m) if and only if it is a test plan in (X,d’,m’). Moreover,
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g is a weak upper gradient w.r.t. (X,d, m) implies that ¢’ = e g is a weak upper
gradient w.r.t. (X,d;m’) and vice versa since

el = P00 4y

iii) Now let us fix a test plan II in (Y,dy,my). For n € N, define II/, to be
the “piccewise geodesic test plan” in (X,d’,m’) such that ((e;).IL,) tefo.1] is the
Wj-geodesic which interpolates between the measures (e;/,)«II for i = 0,1,...,n
Thanks to the RCD-property of (X,d’,m’), such a piecewise geodesic interpolation
indeed is a test plan.

For each t € [0,1], we know that 74 € Y? for Il-a.e. «y since (e;).Il < C'm and

m(9Y) = 0. Geodesic convexity of Y w.r.t. d’ thus implies
% eY?  (vtelo,1])

for Il,-a.e. 7. In particular, thus for each n € N and each € > 0, there exists a

compact set Y, C Y such that I1,(C.) > 1 — e. where C, := C([0,1],Y:). Put
1
() := =———1I,,(. ).
2 = 1 Tl 1€

iv) Given the compact set Y, C Y, there exists u. € WH?(X,d’, m’) such that
u = ue, |D'u| = |D'ue| m-a.e. on a neighborhood of Y.

Since II¢ is a test plan in (X, d’,m’), we obtain for each n € N and each € > 0

1 1
/C /0 (Dul () i di dIL, () = /C /0 D'al() i dt dIT, ()

1
> 7, / / (D" (v0) [Ael” dt I, ()
C. JO
> 7, /C luc(m1) — te(70)] dITS (7)

= /C ‘u(fyl) — u('yo)‘ dHn(’Y)

In the limit € — 0 this yields

// | Du|(7¢) 3| dt dIL, (y /\u Y1) — u(0)| I, (y /}u ) — u(y0)| dII(7)

Since by assumption |Du| € L?(Y, my), according to the subsequent Lemma we may
pass to the limit n — oo and finally obtain

[ [ 19wt felaeaney = [ ) - utao) s

This proves the claim: v € W2(Y) with minimal weak upper gradient m-a.e. dom-
inated by |Dul. 0
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LEMMA 6.5 (Private communication by N. Gigli). Assume that (X,d, m) satisfies
RCD(K, N) for some K,N € R. Then for every test plan II in X and every g €

L*(X, m)

Jim | / ) [l de i) = | / 9() il dt dTT() (49)
where II,, denotes the “piecewise geodesic test plan” such that ((et)*Hn) re(0,1] is the
Ws-geodesic which interpolates between the measures (e; /n)*H fori=0,1,...,n

Proof. First of all, observe that it obviously suffices to prove the claim for test plans
supported on bounded subsets of X. Secondly observe, that it suffices to consider
bounded continuous functions g. Indeed, given any g € L?(X,m) and ¢ > 0, there
exists g. € Cp(X) with ||g — ge||z2 < e. Since I, is a test plan, this implies

(//01[9(%)—95(%)] 4| dtdTL,, (y / l9(72) = g (ve)| dtdTL,, (v / 4| 2dtdIL,, (+)

<e-supC, -sup A,
n n

for each n € NU {co} with Il := II where C,, is the compression of the test plan
II,, and

A, = / Pt / (o Pdtdi(y) <

Due to the RCD(K, oo)-assumption, the compression of II,, is bounded by the com-
pression of II times a constant depending on K and the diameter of the supporting

set of II. Thus
1
//0 [9(ve) = ge ()] |l dtdILy () — 0

uniformly in n € NU {oo} as ¢ — 0.
It remains to prove (49) for bounded continuous g. This will be an immediate
consequence of the weak convergence

dmn(y) = [Ye|dtdl,(y) — [fe|dtdlI(y) =: dm(y) (50)

as measures on the space X := [0,1] x C([0,1] — X). To prove the latter, we first
observe that the total mass of the measures 7, is uniformly bounded on X since

(Jon) < [ sramen ffrcumr s o

Properness of X (due to the RCD(K, N)-assumption) and uniform boundedness of
the supporting sets of II,, then guarantees the existence of a subsequential limit 7.
Lower semicontinuity of the map v +— |¥| implies that wo, < 7. Now assume that
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oo # 7. Then in particular o # 7 on the set {(¢,7) : || # 0}. Once again using
the lower semicontinuity of v +— |%| this will imply

iiminf [ [ [Pttt () = [ Viddmo > [tildm = [[ piPaanc)

which is a contraction to (51) from above. Thus 7w = 7 and hence (50) follows and
so does in turn (49). 0

Given a bounded continuous 1 € W2(X), let us consider the mm-space (Y, d,
m},) with m}, = €2 (m|y) = (e?¥m)|y and d}, = (dy)’ = (d’)y. On the level of
the mm-spaces, it is clear that restriction and time-change commute. Hence, the
time change of the reflected Brownian motion is equivalent to the reflected motion
of the time changed process; and the time change of the Neumann heat flow is the
Neumann version of the time changed heat flow.

Now let us have a closer look on the transformation of the curvature-dimension
condition under time change and restriction.

PROPOSITION 6.6. Assume that (X,d, m) satisfies the RCD(k, N)-condition for some
finite number N > 2 and some lower bounded, continuous function k. Moreover,
assume that Y is locally geodesically convex in (X,d") where d’ = ¢¥ © d for some
Y € Lipy(X) N D" (A). Then for any (extended) number N’ > N, the mm-space

loc

(Y, d}, mi,) satisfies the RCD(k’, N')-condition and the BEy(k', N')-condition with

N —2)(N' - 2)
N — N

K = e—%[k—mp—( V|2

Proof. i) To get started, we first employ the equivalence of the Lagrangian and Eu-
lerian formulation of curvature-dimension conditions as formulated in Theorem 3.4
to conclude that (X,d, m) satisfies the BEy(k, IV)-condition.

ii) Next we apply our result on time change, Proposition 4.2 or [HS19], Theorem
1.1, to conclude that (X, d’, m’) satisfies the BE2(k’, N')-condition with the given N’
and k'

iii) Once again referring to Theorem 3.4 for the equivalence of the Lagrangian
and Eulerian formulation, we conlucde that (X,d’,m’) satisfies the RCD(k’, N')-
condition.

iv) In the Lagrangian formulation, it is obvious that a curvature-dimension con-
dition is preserved under restriction to locally geodesically convex subsets. Since by
assumption Y is locally geodesically convex in (X,d’), it follows that (Y,d},m})
satisfies the RCD(k’, N’)-condition.

v) In a final step, we once again employ Theorem 3.4 to conclude BE(k', N'),
the Eulerian version of the curvature-dimension condition. O
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6.2 Time Re-Change. We are now going to make a “time re-change”: we
transform the mm-space (Y, d}-, m}) into the mm-space (X, dy, my ) by time change,
now with — in the place of ¢ and with (k’, N') in the place of (k, N).

The main challenge will arise from the two conflicting requirements:

e |[Vi| # 0 on 9Y in order to make use of the Convexification Theorem
e i) € D(AY) (which essentially requires |[V¢/| = 0 on 9Y) in order to control
the Ricci curvature under the “time re-change”.

To overcome this conflict, we have developed the concept of W1 >-valued Ricci
bounds which will allow us to work with the distribution AY. More precisely,
the crucial ingredient in our estimate will be the distribution Ayw‘ oy = AV —
AYpmly € W1 defined as

AV 6], ) = /Y T, f)+ Ap fldm  (Vf e WHHY)).  (52)

Note that this distribution indeed is supported on the boundary of Y in the sense
that 1) = ¢’ on a neighborhood of Y implies

ATy = AT 5y (53)

Theorem 6.7. Assume that (X,d,m) satisfies the RCD(k, N)-condition for some
finite number N > 2 and some lower bounded, continuous function k. Moreover,
assume that Y is locally geodesically convex in (X,d") where d’ = ¢¥ © d for some
v € DEM(A) with v = 0 on 9Y. Then the mm-space (Y,dy,my) satisfies the
BE; (k, o0)-condition with

k=kmy + A, (54)

Proof. i) Let 1 € D(A), put d’ = e¢¥ ®d and N’ = 2(N — 1). Then according to
Theorem 4.2, the mm-space (X, d’, m’) satisfies the BE2(k’, N')-condition with

E =e 2k — Ay —2(N - 2)|Vy|?.

Since by assumption Y is locally geodesically convex, according to the previous
Proposition, the mm-space (Y, d}-, m} ) also satisfies the BEa(k’, N')-condition with
the same k.

On the space Y, let us now perform a time change with the weight function —
(“time re-change”) to get back

dy = efw ® dg/, my = 6721/) @mg/.
According to Theorem 4.7, the mm-space (X, dy, my ) will satisfy BE;(k, c0) with
p= K = (N = 2)| V' m + ALy

= [k~ Ay — 4V — TP my + Ay
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= k= 4N = 2| VY my + Ayt (55)

ii) In a final approximation step, we now want to get rid of the term —4(N —
2)|V1)|2 my in the previous distributional Ricci bound k.

Given v as above, we define a sequence of functions ,, with the same properties
as ¢, with 1, = ¢ on By,,(9Y), with |V1),| being bounded, uniformly in n, and
with

|Vipp| — 0 m-a.e.onY

as n — oo. This can easily be achieved by means of the truncation functions from
Lemma 4.4.

Then according to (34) in the previous part of this proof, for each n € N the
mm-space (Y, dy,my) satisfies the BE; (ky,, 00)-condition with

fin = [k — 4(N — 2)|V, [} my +éy¢n\ay
= [k — 4(N — 2)|Vep,|*] my + AYWW

where the last equality is due to (53). Since the mm-space under consideration
does not depend on n, this obviously implies the BE;(k,c0)-condition with x =
k my + éyw‘ay' U

Summary. Let us illustrate the strategy of the argumentation for the proof of the
previous Theorem 6.7 in a diagram.

(X,d,m) CD(k,N) = BEs(k,N)
time change, ionvexiﬁcation (2
(X,dl',m’) CD(K',N") <« BEy(k',N')
restriction tolconvex subset [}
(Y, d’i,m’y) CD(K',N") = BEy(k',N’)
time re%change [}
(Y, dyl, my ) BE; (k, o0)

where m' = 62¢m7 d/(.CU, y) = (edj © d)(xa y) = inf’Yon,’Yl:y fOl 6¢(73)|’3/8|d8'

COROLLARY 6.8. Under the assumptions of the previous Theorem, the (“Neumann”)
heat semigroup on (Y, dy, my) satisfies a gradient estimate of the type:

‘VPtYf}(x) <E, {efé 2 R(BY )ds+NZY Wf(B%;)‘ } (56)
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1 t
NP = NPV — 2/ Ay(BY)ds
0

= wBY) () - - 3 [ s (57)
2 0

where MY¥ and NY¥ denote the local martingale and local additive functional of
vanishing quadratic variation w.r.t. (PY, B)) in the Fukushima decomposition of

W(B]).

ExaMPLE 6.9. Consider a time-change of the standard 2-dimensional metric mea-
sure space (R2 dgy, Mpep) induced by a function v : R? — R where 9(z1,22) =
@(z1) - n(x2) for some ¢,n € C3(R) with n(0) = 0 and 7’(0) = 1. Recall that the
time-changed mm-space (R?,d’,m’) with d’ := e¥ ® dgye,m’ := e?¥ myp satisfies
BE; (k, c0) with

k — _€—2¢Aw: _6—2g077(80//77+g0nl/)‘

Now consider the restriction to the upper halfplane Y = R x R, which is convex
w.r.t. dgye but higly non-convex w.r.t. d’. According to Theorem 6.7 (applied to d’
and dg,c in the place of of d and d’, resp., and with v replaced by —), the boundary
effect amounts in an additional contribution in the Ricci bound given by

Indeed, the distribution in turn can be identified with the signed measure since for
sufficiently smooth f : R? — R,

(A Y], f) =/Y [v¢+fA¢}dm
:/R [go/ﬂh [n’f’+fn”]d:c1] dl‘z:/R [cp(xl)n’(o)f(xl,()) dzs.

6.3 Boundary Measure and Boundary Local Time. LetV : X — R de-
note the signed distance function from Y (being positive outside Y and negative
in the interior of Y), i.e.,

Vi=d(.,Y)—d(., X \Y).

Then V*:=d(.,Y) and V™ :=d(., X \Y).
We say that Y has the W't -extension property if WHH(Y) = WhH (X)),
that is, if every function u € W1 (Y) can be extended to a function v’ € WH1+(X)

such that u/|y = u. We say that Y has regular boundary if it has the W!*-extension
property and if V' € DL (A).
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LEMMA 6.10. Assume that Y has regular boundary.

i) Then the distribution ~AYV gy 1S given by a nonnegative measure o sup-
ported on JY, denoted henceforth by oy and called surface measure of Y.

More precisely, there exists a nonnegative Borel measure ¢ on X which is sup-
ported on 0Y and which does not charge sets of vanishing capacity such that for all
bounded, quasi-continuous f € D(E)

_ _/AY .:
| Jdo = (AYV |, f) - A;Facfy+AVf]mn

__/ [D(V, f) + AV f] dm.
X\Y

ii) The local additive functional of vanishing quadratic variation N?V'~V as
defined in (57) (with —V in the place of ) coincides with the PCAF (= “posi-
tive continuous additive functional”) associated to ogy via Revuz correspondence
(w.r.t. the Brownian motion (PY, B}) on Y) which henceforth will be denoted by
L9 = (LYY )1>0 and called local time of Y. In other words,

1 t

L?”:&«B{)—LWBX)+72/1Avafym+Jogunmmmgﬂe
0

Proof. i) The equality [, [[(V, f) + AV fldm = — [\ [[(V, f) + AV f] dm obvi-

ously holds for all V€ D(A) and f € D(£). On the open set X \ Y, locality of A

implies

—/ F(v,f>dm=—/ (VY. f) dm
X\Y

{V>0}

1
= lim — (PVT=VT)fdm
=0t Jiv>o

1
> lim - (PV = V) fdm
=0t Jrvsoy

= / AV fdm
{V>0}

for nonnegative f € D(€). In other words, [, [F(T/, f+AV f] dm > 0. This extends
to all nonnegative f € WhHt(X) if T'(V),AV € L*>(X). Moreover, due to the
extension property which we assumed, it extends to all nonnegative f € Wi+ (Y).
Thus

_<AYV’8Y’ f> >0

for all nonnegative f € W1+ (Y). According to the Riesz-Markov-Kakutani Repre-
sentation theorem, the distribution —AYV‘ gy therefore is given by a Borel measure
on X, say 0. Obviously, this measure is supported by 9Y".
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Moreover, on each set X’ C X of finite volume, this measure o has finite energy:
’/ fdo| = (A V], )] < C I lwiss < C-m(X)2 ()2

for all f € D(E) which are supported in X’. Thus o does not charge sets of vanishing
capacity, [FOT11] , Lemma 2.2.3.

ii) The fact that —AYV| y 1S a nonnegative measure (of finite energy) implies
that AYV is a signed measure (of finite energy). Hence, AV and N¥"V are related
to each other via Revuz correspondence. And of course the signed measure AV my
corresponds to the additive functional (f(;f AV (BY)ds)>o. 0

LEMMA 6.11. Assume that the “integration-by-parts formula” holds true for Y with
some measure o on 0Y (charging no sets of vanishing capacity): Vf € D(A),g €
D(€)

[ tGgyams [ agin= [ B(v)gdo (59)
Y Y oY
with § and T'(f,V) denoting the quasi continuous versions of g and T'(f, V), resp.
Then o = oyy.

Note that for f € D(AY), the above formula — with vanishing RHS — is trivial.

Proof. Applying the Integration-by-Parts formula to f =V yields

/F(V,g)dm—i—/Angm: gdo

Y Y Yy

which proves that the distribution —AYV} sy 1s represented by the measure o and
thus o = ggy O

EXAMPLE 6.12. Let X be a n-dimensional Riemannian manifold, d be the Rieman-
nian distance, m be the n-dimensional Riemannian volume measure, and Y be a
bounded subset with C!-smooth boundary. Then cgy is the (n — 1)-dimensional
surface measure of JY'.

LEMMA 6.13. Assume that v = £V with V as in Lemma 6.10 above and ¢ &€
DO (A).
i) Then
_éyw‘ay =Llogy.

ii) Moreover, with (Ntay’w)tzg and (Ntav“p)tzo defined as in (57),

t t
NV = / UBY)dNDY = — / UBY)dLo.
0 0
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Proof. i) For each quasi continuous f € WhT(X) N Wh2(X)
(AUl £) = [ [PV.)+ V) flam

:/ [F(V,Zf)+AV£ﬂdm+/ [D(6,V )+ ALV ] dm
Y Y

:_<AYv\ay,gf>_/ TV f) + AV f] dm
X
=/ Lf dogy + 0

oY

where for the last step we also have chosen £ to be quasi continuous.
ii) Fukushima decomposition w.r.t. Brownian motion on Y and Leibniz rule for
stochastic integrals applied to ¥ = £V yield

dip(BY) = ANIYV %mp(BtY )dt + loc. mart.
= dNPY %(EAV)(Bf )dt + %(VAE)(BtY )dt +T(¢, V) (BY )dt + loc. mart.
as well as
dp(B)) = 0B )av (BY) + V(B! )d¢(BY ) + T'(¢,V)(B) )dt + loc. mart.

Taking into account that

1
i(VAE)(BtY )dt = Vdl(B}Y') 4 loc. mart.
since V =0 on 9Y, we end up with

AN = 0(BY)av (BY) — < (€AV)(BY )dt = —0(BY )dL{""

1
2
This is the claim. O

Recall from Definition 5.12 that a function £ : X — R is a lower bound for the
curvature of 9Y if for each ¢ > 0 there exists an exterior neighborhood D of 9Y
such that V' is (¢ — €)-convex in D.

Theorem 6.14. Assume that (X,d, m) satisfies the RCD(k, N)-condition for some
finite number N > 2 and some lower bounded, continuous function k. Moreover,
assume that Y has a regular boundary and that { € D™ (A) is a lower bound
for the curvature of 0Y. Then the mm-space (Y,dy,my) satisfies the BE;(k, c0)-
condition with

k=kmy +loyy.
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Proof. According to Theorem 5.19, for each € > 0, we can apply the previous Theo-
rem 6.7 with ¢ := (¢ — £) V. In this case, obviously 1 € D" (A). Thus (Y, dy, my)
satisfies the BE; (k, co)-condition with

k=kmy + A ((e =) V)] -

Since this holds for every € > 0, it follows that (Y, dy, my ) satisfies the BE;(k, c0)-
condition with

K = kmy—AY(EV)‘ay.

According to the previous Lemma, the distribution —AY (¢ V)‘ gy 18 given by the
weighted measure £ ogy. This proves the claim. O

COROLLARY 6.15. Under the assumptions of the previous Theorem, the heat semi-
group on (Y, dy,my) satisfies the following gradient estimate:

\VPt’//Qf}(w) <EY [e—éfo‘ k(BY )ds—1 [ 0(BY )dL?Y Wf(Bf)’]' (59)

Recall that (LYY );>0, the local time of Y, is defined via Revuz correspondence
w.r.t. the (“reflected”) Brownian motion (PY, BY );, onY as the PCAF associated
with the surface measue ogy .

REMARK 6.16. i) The first estimate of the above type (59) has been derived in the
setting of smooth Riemannian manifolds by E. P. Hsu [Hsu02] in terms of Brownian
motions and their local times. For more recent results of this type in the setting of
(weighted) Riemannian manifolds, see [Wanl4], e.g. Thm. 3.3.1.

ii) In the setting of smooth Riemannian manifolds, inspired by the integration
by parts formula, B. Han [Han2018] was the first to propose the definition of a
measure-valued Ricci tensor which involves the second fundamental form integrated
with respect to the boundary measure.

iii) For the sake of clarity of presentation we have restricted ourselves in this
subsection to the choice V' = £(.,0Y). However, instead of that, one may choose
any sufficiently regular function V' which coincides with the signed distance function
in a neighborhood of the boundary. More generally, the Convexification Theorem
allows us to choose any function V' with |[VV|(z) — 1 for x — 9Y.

iv) Note that the previous Theorem and Corollary require that the underlying
space (X,d, m) satisfies the RCD(k, IV)-condition for some finite N and that our
proof strongly depends on finiteness of N. However, the value of N does not enter
the final estimates.

Let us finally illustrate our results in the two prime examples, the ball and
the complement of the ball. To simplify the presentation, we will formulate the
results in the setting of RCD(0, N) spaces for N € N with the CAT(1)-property (or
RCD(—1, N) spaces with the CAT(0)-property). The extension to RCD(K, V) spaces
with sectional curvature bounded from above by K’ is straightforward.
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EXAMPLE 6.17. i) Consider Y = B,(2) for some z € X and r € (0,7/4) where
(X,d,m) is an N-dimensional Alexandrov space with nonnegative Ricci curvature
and sectional curvature bounded from above by 1 (in particular, m = H"). Then

Vs

In particular, Lip(Pt’;Qf) /Lip(f) < sup, EY [efmﬁr L?Y]

cot r LC’)Y

|VPt1//2f‘($) < E? [ei

and

\Y% x)
‘ t/2f } < Ei/

t/Q‘Vf } x)
ii) Consider Y = X \ B,(z) for some z € X and r € (0,00) where (X,d,m) is a
N-dimensional Alexandrov space with N > 3, with Ricci curvature bounded from

below by —1, and with nonpositive sectional curvature (in particular, m = H™).
Then

[efcotr-LfY] < eit% cot? r+1 (60)

‘th};éf}(l') S]EY|: t/2+ LBY ’Vf(Bt}/)ﬂ
In particular, Lip(Pt}//Qf) / Lip(f) < sup, EY[ t/2+35; Lay] and

’V t/2f} x)

< ]EY[ t+1 Ldy] < eCt-i—C/\/{S' (6].)
t/Q‘Vf} x)

T

Let us emphasize that in the latter setting, no estimate of the form
W t/2 ‘ x)
t/Q‘Vf ‘ x)

Ct

can exist.

Proof. i) It remains to prove the second inequality in (60). Put
1
sinr

Then V =0 and |VV| =1 on 9Y. Thus

Vix) =

(cosr — cosd(z, 2)).

1 t
V(BY) =V(BY)+ M"Y + 2/ AV (BY)ds — L%
0
where MY"V is a martingale with quadratic variation (M), f L(V)(BY)ds <t.
Note that [V(B}) — V(BY)| < s=(1 — cosr) < r and, by Laplace comparison,
%fg AV (BY)ds > % cot r. Therefore

e cotr L%Y < ecotthy’Vf% cot? r+1
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and hence
E. e cotr LYY 6% cot? r— It cot? r+1 Eye” cotr MYV — “Otz MY < e =1t 1” cot? r+1
X —= —
ii) Put
V(z) = LN_I (d27N(a:, z) — rsz).
N -2
Then V =0 and |[VV| = 1 on 9Y. Moreover, |V(B})—V(BY)| < 1~ and AV <0

by Laplace comparison. Thus
L9 <v(BY) - v(BY) + M"Y
with (MY"V); <t and, therefore,

EoetH” < cht [, 500 }1/2. [E,e2(VED-VED) 2

< ot B [VBN-VEBY)]

where the last inequality follows from the fact that |2(V(BY) — V(B}))| < 1. To
estimate E, [V(BS/ ) —V(BY )], we apply the Laplace comparison to the function

2 2N =2 22N 2-N\)?
V) = g (e =)
which yields

N
AVi(y) <2+ Ni_d(y, z) cothd(y, z) < 5.

Therefore, taking into account that V' (z) < 0,

2. [V(BY) - V(B < V() + B [VA(B ]” :

[ / AV BY)ds} i

SEI[2/(; (AV?)  (B; )ds] < /3t

Thus EyerL¥" < CtHC'VE O
COROLLARY 6.18. In the setting of the previous Example 6.17 i), the effect of the
boundary curvature results in a lower bound for the spectral gap:
N -1
2

Let us emphasize that without taking into account the curvature of the boundary,
no positive lower bound for \; will be available.

A > cot?r.
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Proof. In the gradient estimate for the heat flow on the ball Y = B,.(2), the boundary
curvature causes an exponential decay:

‘thyfﬁ(-f) S e—t(N—l)COtZT-i-l PtY‘Vf}Q(ﬁ)

for each f and x € Y, and PtY‘Vf‘Q(a:) — ﬁ Iy ‘Vf‘Qm as t — 0o. On the other
hand, by spectral calculus

VP 1] (2) = e |V 1] ().

for the eigenfunction f; corresponding to the first non-zero eigenvalue Ap. O
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