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Dynamics of a diffusion epidemic SIRI system in heterogeneous environment
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Abstract. This paper studies the dynamical behaviors of a diffusion epidemic SIRI system with distinct dispersal rates. The
overall solution of the system is derived by using LP theory and the Young’s inequality. The uniformly boundedness of the
solution is obtained for the system. The asymptotic smoothness of the semi-flow and the existence of the global attractor
are discussed. Moreover, the basic reproduction number is defined in a spatially uniform environment and the threshold
dynamical behaviors are obtained for extinction or continuous persistence of disease. When the spread rate of the susceptible
individuals or the infected individuals is close to zero, the asymptotic profiles of the system are studied. This can help us to
better understand the dynamic characteristics of the model in a bounded space domain with zero flux boundary conditions.
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1. Introduction

In recent years, the epidemic systems have attracted more and more attention from mathematical biolo-
gists. The epidemic systems can not only describe phenomena in real life, but also help people understand
the natural world. Particularly, understanding of dynamic behavior can provide some guidance for some
control of infectious diseases, such as SARS in 2003, HIN1 in 2010, Ebola in 2016, and COVID-19 in 2019
[1]. The established epidemic mathematical systems have played a significant role in the prediction and
control of infectious diseases. Many control strategies have been developed for different control objectives,
including harvesting control [2-4], threshold control [5,6] and impulsive control [7,8]. It is known that the
disease transmission is often accompanied by a diffusion process in practical cases. According to different
routes of disease transmission and related characteristics of phytopathology, some different forms of sys-
tem have been established, such as hyper-infectivity diffusion epidemic system [9], age-structure diffusion
epidemic system [10,11], multiple infection stages diffusion epidemic system [12,13], spatial heterogeneity
diffusion epidemic system [14] and so on.

All the coefficients in most of the above-mentioned systems are constants. However, in real world,
the spread of diseases are significantly affected by various environmental factors, for example, spatial
position, water resource, temperature and so on. The host movement and spatial heterogeneity can also
affect the spatial spreading of disease, and this requires a hybrid dynamic system. These two factors
related to host—pathogen interactions seem to have received a little attention. Therefore, in recent years,
by considering the above factors, many scholars have investigated the dynamic behavior of a reaction
diffusion disease model with a environmental heterogeneity, to better control disease transmission.

Recently, by considering distinct dispersal rates of susceptible population and infected population, the
dynamics of infectious disease system has been studied to show some interesting results. For example,
Allen et al. [15] investigated the roles of diffusion system with spatial heterogeneity and the dynamics of
the disease system. The research work in [15] showed that if the spatial environmental factors in the model
need to be modified, low-risk locations can be selected, and further analysis can be achieved by limiting the
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range of spatial activities of susceptible people to eliminate the spread of infectious diseases. Subsequently,
in [16,17], the asymptotic dynamical behaviors of the diffusion endemic system were studied. Especially,
the results of [16] indicate that artificial control of the area of activity of infected individuals cannot
effectively eradicate the spread of infectious diseases, and the diffusion rates of susceptible individuals and
infectious individuals play different roles in determining the disease dynamics. Furthermore, by assuming
that the disease transmission rate and recovery rate in the system are both spatiotemporal variables and
continuous functions of time periodicity, it was shown in [18] that the spatial heterogeneity in the system
and the temporal periodicity could improve the persistence of infectious diseases. Recently, Peng et al.
[17] studied a linear source diffusion model with spatially heterogeneous environment, indicating that a
varying total population can enhance persistence of infectious disease. Wu et al. [19] considered a diffusive
host—pathogen model with heterogeneous parameters and distinct dispersal rates for the susceptible and
infected hosts. Meanwhile, with considering the standard incidence infection mechanism, some diffusion
epidemic models have been also studied. For example, it was found that controlling the diffusion rate of
the susceptible individuals could help to control the disease, while controlling the diffusion rate of the
infectious individuals could not eliminate the disease [20]. When considering total population varying
in contrast, Li et al. [21] analyzed an spatial reaction diffusive SIS model under linear source. Zhu et
al. [22] studied a spontaneous infection reaction diffusive SIS epidemic model under logistic source. Zhu
et al. [23] discussed a spontaneous infection reaction diffusive SIS epidemic model with linear source in
spatially heterogeneous environment. The asymptotic profiles of endemic steady state were investigated
when the diffusion rate of susceptible population and infected population was small or large [21-23].
Recently, Li et al. [24] explored model in [21] to be one with logistic source. The main results in [21,24]
showed that varying total population can enhance the persistence of infectious disease if the diffusion rate
is large or small. When considering spontaneous social infection and disease transmission, Tong and Lei
[25] extended the diffusive SIS model in [15] by adding the effect of spontaneous infection and investigated
the asymptotic profiles of endemic steady state. Spontaneous social infection is an infection mechanism
that differs from other disease transmission. When considering spontaneous social infection with linear
source, a recent work [23] further investigated the effects of the movement and spatial heterogeneity on
disease transmission. Wang et al. [26] studied a reaction diffusion cholera model with distinct dispersal
rates in the human population. As far as we know, the research on a diffusion SIRI epidemic system
with the 22(&)SE

S+YR+YI
works.

In real life, the rapid spread of the disease is mainly caused by the close contact with infected in-
dividuals and susceptible individuals, and by the large-scale flow of infected individuals and susceptible
individuals in society. However, it is noted that the recovered individuals are those who are undergoing
treatment or are still in the recovery phase, and their own vitality has been greatly reduced. At the same
time, to minimize the impact of disease transmission, the control measures are taken for the recovered
individuals, for example, centralized quarantine, home quarantine, etc. This implies the mobility of the
recovered individuals in the society almost is zero. Therefore, based on this practical measure, we let the
diffusion coefficient of the recovered individuals be zero.

Motivated by the above discussions, the main purpose of this paper is to perform the dynamic analysis
of a reaction—diffusion epidemic model with distinct dispersal rates. Currently, many forms of incidence
functions for reaction—diffusion epidemic model have been developed, including [27-43]. However, these
models did not include the class of recovered individuals and ignored the movement of recovered (latently
infected) individuals. For some epidemic diseases, the infected individuals can recover incubation before
showing symptoms. The track of the recovered individuals with no symptoms can spread the disease,
which makes the disease harder to be controlled. Therefore, it seems imperative to include the recovered
subclass and explore the influences of recovered individuals movement on disease spread. In addition, the
host movement is taken into consideration. Thus, in this paper, we design a reaction—diffusion epidemic
model (2.1) with linear source. The main contributions of this paper include three points:

function in heterogeneous environment and linear source has not been found in existing
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1. Using LP theory and the Young’s inequality, we give the overall solution for the model and obtain the
uniformly boundedness of the solution. Using linear differential operator, we discuss the asymptotic
smoothness of the semi-flow and the existence of the global attractor.

2. We define the basic reproduction number Ry to spread the disease model in a spatially uniform
environment and obtain the threshold dynamics of epidemic system for extinction or continuous
persistence of disease.

3. If the susceptible diffusion rate or the infected diffusion rate is close to zero, we study the asymptotic
profiles of the system using the principle eigenvalue method. We show that the recovered individuals
can eliminate susceptible individuals by restricting movement, while limiting the mobility of infected
hosts.

This paper is organized as follows. In Sect.3, the well-posedness of (2.1) is established, and the
existence of global compact attractor of (2.1) is discussed. The R of reaction—diffusion epidemic (2.1) is
given in Sect. 4. In Sect. 5, the threshold dynamics of (2.1) are investigated. The asymptotic profiles of
(2.1) are considered in Sect.6, and the last section gives some discussions.

Notations: Denote 27 := C(Q, R}) as a positive cone. For 1 < p < oo, L,(2) is the Banach
space of functions u, and the p'" power of the absolution value is integrable on domain Q. ||u|[z» =

1

Q
addition, for convenience, we use the following notations throughout this paper

» »
(f|u|pdu> 1 < p < oo;|jul|p~ = esssuplul,p = +oo. Young’s inequality: ab < ea? + e b?. In

h = maxh(z) and h = min h(x),
TEQ z€Q

where h(x) = A(x), a(x), B1(2), (), Y(x), clx), m(x).

2. Model description

In this paper, we consider a reaction—diffusion epidemic model with distinct dispersal rates

Sy = dsAS + A(w) — a(z)§ — ZDSL _ BWSE 4 c 0t >0,

I = d; AT + g{gfé + %iifg — ()1, x e t>0,
Ry = c(x)] — m(x)R, z e t>0, (2.1)
o= =0 v € 09,

S(x,0) = So(x), I(x,0) = Iy(x), R(z,0) = Ro(x), x € Q,

where S, I and R represent the density of the susceptible individuals, the infected individuals and the
recovered individuals, respectively. dg > 0 denotes measuring the mobility of the susceptible individuals.
dr > 0 is measuring the mobility of the infected individuals. A(z) represents the recruitment rate of
the susceptible individuals. a(z) and m(z) denote the natural death rate of the susceptible individuals
and recovered individuals, respectively. v(z) denotes the remove rate of the infected individuals. ¢(x)

gﬂgfé is the function

for indirect transmission between the susceptible individuals and infected individuals. %iﬂi? represents

the function for indirect transmission between the susceptible individuals and recovered individuals.

In addition, the positive coefficients A(x), a(zx), 81(z), f2(x),v(x), c(z) and m(x) in (2.1) are continu-
ous, strictly and uniformly bounded on 2. For the smooth boundary 952, the habitat 2 C R,, represents a
bounded domain. & denotes the derivative along the outward normal n. (Sy(z), In(z), Ro(z)) > 0, z € Q
represents the initial data of the system. More detailed explanations on the parameters can be found in
[26,44,45], and the references therein.

represents the shedding rate of the recovered individuals from infected individuals.
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3. Well-posedness of system (2.1).

In this section, a unique global positive solution of diffusion system (2.1) is given and a compact global
attractor of system (2.1) is also obtained.

3.1. Existence analysis of the global solution for (2.1)

Now, we will give the existence of the global solution of reaction—diffusion system (2.1) by using some
inequality techniques.

Lemma 3.1. Let the solution (S,I,R) € Q x [0,400) of system (2.1) start from any initial data uy =
(So(z), In(x), Ro(x)) € 2. Then, system (2.1) has a unique positive global solution.

Proof. We prove the validity of Lemma 3.1 in the following three steps.

Step 1. We prove that S of system (2.1) is a unique positive global solution.

Take the solution (S, I, R) of reaction—diffusion system (2.1) starting from the initial data ug. From
the S equation of reaction—diffusion system (2.1), we know that % < dsAS + A(x) — a(x)S. Then, we

can rewrite it as the following system

{zt =dsAz+ A(x) —a(x)z, (z,t) € Qx (0,+00),

2z =0, x € 0N

(3.1)

Obviously, system (3.1) admits a unique globally asymptotically stable positive steady state. Using the
Comparison Theorem, and choosing U = limsup z, we know that

t—o0

limsup S < U, uniformly for z € Q.

t—oo

Therefore, there exists 2 > 0 depending on initial data such that
ISIf<2,t>0 (3.2)

holds, then, we know that S of reaction—diffusion system (2.1) is a unique positive global solution for
time ¢ > 0.

Step 2. We prove that I of (2.1) is a unique positive global solution for ¢ > 0.

By the second equation of (2.1), through analysis, it is difficult for us to directly find the solution I.
Then, we denote 75(t) as the semigroup generated by d;A—~(z) in C(2). Using Lemma 7.1 in “Appendix
A”, we have

t
Br(x)S (x, )1 (z, 1) Ba(x)S (x, ) R(z, 1)
I ="T(t)1 To(t — dp.
Okl *O/ 0 [T e g0 e Ry 5 S+ 1
Taking norm computation, we know that there is a number 3 = maX{E, @}, such that
t
1] < e[ To(2))| +ﬁ/6_“t_“)(llf(w,u)l\ +[|R(z, p)[)dp, (33)
0

where the positive number A denotes the principal eigenvalue of —d;A + y(z).
In addition, from (2.1), by Lemma 7.1 in “Appendix A”, we get

t

R= e Ro(a) + c(o) [ exp{-m(a)(t ~ )} (.
0
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We set a positive number m = min {%m} to satisfy

t

IRI| < ™| Ro|| + 2 / e~ I (2, )| dp (3.4)
0
It follows from (3.3) and (3.4) that

t t
11| < e Toll + 8 / N1, )| + (e~™ || Rol| + / e =0| 1z, 0)]|d0)]dy
0 0
t
= e M|Iol| + 8 / N1 (2, )l
0
t t t
+ﬁ||RoH/ef)‘(tfl‘)efm"du—l—ﬂé/e”‘(t*“)/efm(“fe)HI(x,H)Hdeu
0 0 0
t t
< |loll + 8 / 0| 1 (e, 1) |dpe + ]| Roll / e
0 0

t

t
+ fee M / || 1(z, 0)| / e—HmE .
0

0
Since
t t t t
/ A=) / 01z, 0) | A6 = / e\ Iz, )| / A,
0 0 0 0
we have
t
t Bee=™t [ em||I(z,0)||do
11l < 1ol +B/B*A(t*”)llf(x,u)lldu+ﬂ|lRoH’C+ b
0
t t
. :
< |Ioll + 8 / e )|, o) g + DTl e / D )l 3D
m A—m
0 0

t
<Gty / 11z, wlld,
0

where K = 1*EW_LM,C’1 = ||Io]| + w and Cy = B+ /\E_ﬂm. Meanwhile, we know that A > m holds.
Further, using Gronwall’s inequality, we obtain
|T]] < Cye®?t > 0. (3.6)

Then, the solution I of (2.1) is a unique positive global solution for ¢ > 0.

Step 3. We prove that the solution R of (2.1) is a unique positive global solution for ¢ > 0.
From (3.4) and (3.5), we know that

eC Cot 1— —mt
IRI| < e[ Ry|| + 20 =™

> 0. (3.7)
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Then, for ¢t > 0, we can obtain that R is a unique positive global solution. Consequently, based on (3.2),
(3.6),(3.7) and Lemma 7.1 in “Appendix A”, let (So(z), Io(x), Ro(x)) € Z% be any initial value of (2.1),
then the solution (S, I, R) € 2x[0,400) of (2.1) is a unique positive global solution. This proof is finished.

O

3.2. Uniform boundedness of solution

In order to better analyze the dynamics of system (2.1), we give the following Lemma.

Lemma 3.2. For any solution (S,I,R) € 2, of reaction—diffusion system (2.1) starting from the initial
condition uy = (So(x), In(x), Ro(z)) € Z4, the following inequality

[[S1| 2o ) + [ zoe (@) + [|R]|Loo () < A (3.8)
holds, where A** > 0 is independent of ug € 2.

Proof. We will prove this Lemma in two steps.
Step 1. We prove that the solution of reaction—diffusion system (2.1) satisfies the L' bounded estimate.
By using above Lemma 3.1, it is easy to know that there exists .#y = ||U(x)|| such that

1S]|L1(e) < Ao, (3.9)

where . is a positive function independent of the initial condition (So(z), Io(x), Ro(x)) € Z%.
In addition, adding the first equation to the second equation of reaction—diffusion system (2.1), inte-
grating all equations, and using the divergence theorem, we can get

%/Ndx: /A(a:)dx—/oz(x)Sda:—/’y(x)Idx < |Q|Z—%/Ndx,
Q Q Q Q Q

where S + I = N, S denotes min{«a(z),v(z) : x € Q} and || denotes the volume of Q. Then, we have

<2

A,
P R R

where Sy(x) 4+ Ip(z) = Np. For the convenience of calculation, we set .41, = ‘ lA He L f Nodx, which

is a positive function independent of (Sy(z), Io(x), Ro(x)) € 2. Thus, we know that (S, I) of (2.1) fulfills
the L! bounded estimate.
Now, we will prove that R of (2.1) satisfies the L' bounded estimate.
From the third equation of reaction—diffusion system (2.1), we can obtain
0

at Rdx = /[c(:r)] —m(z)R|dx < 11 fm/Rdx.

Q

Then, there exists a positive function .#;5 := MT“ + e 2 [ Rodx such that

IR () < Ao. (3.10)

Hence, we set #1 = max{.#11, #52}, which is a positive function independent of (So(x), In(x), Ro(z)) €
Z+, then we have

1Sy + |1 o) + | Rl L) < A4,

thus, the solution of (2.1) satisfies the L' bounded estimate.
Step 2. We prove that (S, R, T) of (2.1) fulfills the L?" bounded estimate.
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For i > 0, there exists .#5: > 0 such that the solution (S, 1, R) satisfies
||I||L2i(Q)+||R||L2i(Q) < Moy Nt >T (3.11)

for T > 0, where .#5 > 0 independent of (Sy(z), Io(x), Ro(z)) € Z4.
We will prove that (3.11) holds by using the method of Mathematical Induction.

(1). If ¢ =0, it is easy to know that (3.11) holds.
(2). If i = k — 1, (3.11) holds. Then, there are T' and .#5r—1 > 0 such that

||I||L2k71(9) + HRHLQkfl(Q) < Mop—1,¥t > T. (3.12)

Next, we need to verify (3.11) holds when ¢ = k. Multiplying the second equation of reaction—
diffusion system (2.1) by I2"~1 and integrating over region , we can get

1 0 ok ok _1 IQk_l
12 -1 k
——dx I*" d.
//82 s+t /7(‘1’) .
Q

In addition, based on Ref. [39], it is easy to show that

dr / I*"Aldz = —d; / (VI(VIZ Nz = — (28 — 1)d; / (VIVI)I* 2dx
Q

Q Q
2 2k 12
:_(22k 2d1>/|VI “Ade.
Hence,
19 2" e = 2k 71 2 S 2"
2k'8t/I - @k/WI d"wr/ﬂl 2y ey L
¢ g , (3.13)
+/52(1’)le2 _1dx_/’)/(f,r)_[2 dx,
Q Q
where 2, = 2,@ zdj
By system (2.1), there exists time ¢y > 0 such that
S _
/51(1’)m1—2kdx S ﬁl /Idex, for t > t()
Q Q
and
/@@)#F“lmx < E/RF’“*ldI, for ¢ > to. (3.14)
Q

Using Young’s inequality: ab < eaP + € » b?, where a, b, ¢ > 0, 1% + % = 1. In this paper, we choose p = 2F

then we have

k
andq—Qk T

/RI2 —1dx<e/32 dx—l—Cq/IQ dx, for t > to,
Q Q

where C, == ¢7 =¢_ 2’”1, we can estimate (3.14) by setting € = 47%.
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Thus, (3.13) can be estimated by

1 N .
27%/1%3; < —.@k/|V12k_1|2d$+%/Rdel“f‘Ck/Idexy (3.15)
Q Q Q Q

where Cy, = (1 + B32C, .
Multiplying the R equation of reaction—diffusion model (2.1) by R?" 1 and integrating over {2, we can

obtain
ok 2k 1 . 2k — 2k 1 . 2k
o8 8t/R dx—/ (x)R* ~Idx /m(x)R dz < c/R Idx m/R dz. (3.16)
Q Q Q

Again using Young’s inequality, we have

/RQk_lldx < %/RQ’“dx+OEZ/IZ’“dx7
C
Q Q

0
where C¢, == ¢ = € 1. We set €2 = 2,p= 57— and ¢ = 2%, then, (3.16) becomes
Qkat/R2 ol:c<*/R2 dx—i—cCeQ/IQ dx—m/R2 da. (3.17)
Combining (3.15) with (3.17) yields
Qik%/([?" + R )de < —@k/|w2’“—1|2dx +Ek/12kdx - %/Rdex (3.18)
Q Q Q

for t > tg, where £}, = Cy + cCles.
By using interpolation inequality, we know that for any € > 0, there is a positive number C, such that

1€113 < ellVEl[3 + Cel[€llE,

where € € W12(Q). Let e = £, £ =12 then

—gk/|v12k’l|2dx < —2Ek/12kdx+2Ek063 /IQk_ldx
Q Q Q
Thus, inequality (3.18) becomes
2
1 ; .
73& /(12’“ + R )dx < z/(ﬂk + R2")da + 2E,C,, /Izk’ldx for ¢ > to,
Q Q Q

where . = min{Ey, 3 }.
From (3.12), we have
limsup/ﬂk*ldx < Mo _;.
t—o0

Q

Then, we can further obtain

2’“ 2EkCE3<% k_
where Mor = "\ —————+.

([ 2x ) + Bl por ) < Ao,
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According to the continuous embedding L(2) C LP(Q),q > p > 1, for p > 1, there exists .#, > 0
independent of the initial condition (Sy(z), Ip(z), Ro(z)) € £, such that

]| zr) + ||Rl|r(o) < Ay (3.19)

By using Lemma 2.4 in [38], there exists .#Z* > 0 independent of (Sy(z), In(x), Ro(x)) € 2 such that
[[1]| e () < 4. Then, by (3.10), we have

cH*

IRl (@) < + e ™ Ro|Q (3.20)

and
1S oo () < Ao. (3.21)
From Eq. (3.19), Eq.(3.20) and Eq.(3.21), there exists .#** > 0 independent of (So(z), Io(x), Ro(x)) €
2, for (S, 1, R) of reaction—diffusion system (2.1), we can obtain the following inequality
I[S]| 2o @) + ||z @) + [|Rl[pe (o) < 27
Thus, Lemma 3.2 holds. This proof is completed. O

3.3. Asymptotic smoothness of solution semiflow

Note that there is no diffusion term with the third equation in reaction—diffusion system (2.1). This means
that the solution map ¢(t) is not compact. The compact nature of many solutions cannot be directly
applied to system (2.1). To overcome this problem, we here discuss the asymptotic smoothness of solution
semiflow of (2.1) in “Appendix B”. Similar to Lemma 2.5 in [38], we have the following Lemmas.

Lemma 3.3. [38] For time t > 0, any bounded set B belongs to Xy, that is, B C X and set S :=
{fot exp{—m(z)(t — p)}e(x)I(x, p; up)dp : up € %}, then set S is precompact in C(Q) where uy =
(So(x), Io(), Ro(x)).

Lemma 3.4. Fort > 0, there is the semiflow generated ¢(t) of the solution of reaction—diffusion system
(2.1) such that ¢(t) : 4y — Z4. Then, ¢(t) is a k-contraction.

Proof. For ¢t > 0, we consider the following the semiflow generated ¢(t):

o(t) = ¢1(t) + 2(t),

where
t

¢1(t)U0 = S(x7t;SO)J(x,t;I0)7/e_m(w)(t_”)c(x)l(x,u; IO)d:u’
0
and

¢2(t)ug = {0, 0, exp{—m(z)t}Ro(z)} .
Then, using Lemma 3.3, for any ¢ > 0, we can show that ¢;(¢)Z is precompact. Hence, k(¢1(t)%) = 0.

Moreover, we consider the following the operator norm of the semiflow generated ¢(t), which can be
estimated as

el 0]l 2
16201l = sup rirgy - < explomi@)t) sup o

< exp{—mt}.

For t > 0, we have
K(6()B) < exp{—mt}(B).
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Hence, the semi-flow generated ¢(t) is a k-contraction on the domain 27y, which is the contraction
function exp{—mt}. This proof is completed. O

Similar to Lemma 2.7 in [38], we have

Lemma 3.5. System (2.1) admits a connected global attractor in the domain 2.

4. Steady state and R of (2.1)

Next, we derive Ry and the steady state of (2.1) with distinct dispersal rates. From (2.1), we know that
the steady state fulfills the following system

dsAS + A(z) — a(z)S — glf}fé - %‘E%)i? =0, z€Qt>0,
Bi(x)SI | Ba2(z)SR _
drAT + G850 4 B8R ()1 =0, T €0t >0, 1)
c(x)I —m(z)R =0, xreQt>0,
g% = % =0, x € 0.

From (4.1), we can know that (2.1) has a unique positive disease-free steady state (DFSS)Qq = (U, 0,0).
In addition, (2.1) has a positive endemic steady state (PESS) Q1 = (Six, Lis, Rus)-
Based on Ref. [31], we linearize (2.1) at the disease free steady state Qq, then

S; = dsAS — ax)S — fi(x)] — fa(x)R, x€Q,t>0,
I = d; AL+ B1(x)] + Pa(x)R — y(x)], x e t>0,

Ry = c(x)] — m(x)R, z€Qt>0, “.2)
g% = 2711 =0, x € 0N

Observe that the second and third equations (4.2) do not contain variable S, then a system is considered
as follows
I = d; AT + By ()T + Ba(x)R — y(x)I, =z € Q,t>0,
Ry = ¢(x)I — m(z)R, x€Q,t>0, (4.3)
2L =, z € 09

Now, denote 7 (t)¢ = (I(z,t,¢), R(z,t,¢)) as the solution semiflow of (4.3) for ¢ € C(2,R?). Since
(4.3) and Ref. [33], 7 () is a positive Cp-semigroup with generator. Then, we choose a semigroup generated
7 (t) in B, where

c(x) —m(x)

Let £ := —FB~! be the generation operator, we can obtain

P <d,A+61(x) —(2) B2 () ) _ (f(ff)—v(x) Om(x)>

o0

Lo(x) = / Flz)Kdt = F(x) / Kdt,
0 0
where K = 7 (t)¢(z), ¢ € C(,R?),z € Q. Then, the Ry of (2.1) is defined as

RQ = ’I”(,ﬁ)7

where (L) = sup{|A|}, A is a part of 0(L), (L) denotes the spectrum of L. Obviously, 4 is a resolvent-
positive operator. Using Refs. [33,36], we have the follow Lemmas.
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Lemma 4.1. Let s(#) = sup{ReA} be the spectral bound of the operators B for A € o(%B). Then, Ry — 1
has the same sign as that of s(B).

Lemma 4.2. Let Ao be the principal eigenvalue of the problem

driy —7($)s0+70(51(w) + %) =0, ze, (4.4)
92 =, x €09,

then Ry = )%0

Proof. According to Theorem 3.3 in [36], express the following matrices

Fi1, Fiz Vi1, V1o
F = dV:= ,
(7:21, fzz) o <V21, V22>

where
Fi1 = pi(x), Fig := Pa(x), For := 0, Fap := 0,
Vi1 :=vy(x), V12 := 0, Va1 := —c(x), Vag := m(x).
Due to Fa1 = 0, Faa = 0, based on Ref. [38], we can get that
Ro=1(—B'F) =r(-B;'Fy),

where
By i=d;A — (Vi1 — V12V, Vo1) = diA — ()
and
Fy = Fi1 — F12Vi Va1 = Bi(z) + w
Thus, for ¥y € C(Q,R?), we can obtain
-8y Fap = ~lard <o) (o) + S22
and
R i= () = (=018 = 2(2) (o) + S )

Furthermore, R satisfies

s =A@ (o) + D) o = Rog g € OO,
that is,
Thus, Lemma 4.2 holds. O

From Lemma 4.2, based on Ref. [38], Ry is defined as
. / (B1(2) + <2220 ) 2aq
Ro = = sup

TR ©EH(Q),07#0 JdrIVol? +yp2da
Q

(4.5)

Equation (4.5) implies that Ro depends on the positive diffusion coefficient d; (see Theorem 2 in [15] and
[38]). Then, we are now ready to state the following main results.
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Theorem 4.1. Let O(x) = (1 () + c@ba@) yhe following properties are satisfied.

m(x)

1. Ry is decreasing in measuring the mobility dy of the infected individuals with

lim R = max{ﬁl(m) 4 d0)B(@) Q}

i W) T )mla)
and
[ O(z)p*dx
lim Ry =2
dI—lg-lOO 0= f y(z)p2dx
Q
2. If domain Q is a favorable environment for the recovered individuals in the situation, that is,
f O(x)p?dx
1
f v(z)p2dz -

then Rog > 1 for all d; > 0.
3. If domain Q is a non-favorable environment for the recovered individuals in the situation, that is,

f O(z)p?dx

1
f’y 2dx<’

and the condition il((;)) + ff&%gg > 1, then there is d} such that Ro > 1 when d; < dj, and Ro < 1
when dy > dj.

Lemma 4.3. Let JZ; be the principal eigenvalue of the eigenvalue problem

{d1A¢ V(z)¢p+O(x)p =nd, =z €,

2 _ € 00, (4.6)

then Ro — 1 and s(%) have the same sign as that of #g, where O(z) = By (z) + 228

Com(z)

Proof. To establish this Lemma 4.3, we can easily verify that there admits a least eigenvalue £ of (4.6).
Its corresponding ¢ can be chosen in domain €2, that is,

diAp —y(z)p + O(x)p = Hyp, forallz € (4.7)

and the other condition 92 = 0 for all variable a € 9, where O(z) = 81 (z) + Balz)e(z)

In the following, we consider
1
di2d = 5(@)6 + Ow) 76 = 0 (43)

for all variable z € Q2 and the condition % = 0 for all variable x € 0f2.

Multiplying (4.7) by ¢ and (4.8) by ¢, integrating by parts on 2, and subtracting the equation, yields

1
<1 — Ro) Q/G)(x)gbcpdw = %Q/qbcpdsc.

Observe that [ ©(z)¢edz and [ ¢gpdx are both positive, the condition (1 — R%)) and ., have the
Q Q
same sign, which ensures that Rg > 1 if % > 0 and Ry < 1 if J# < 0. The proof is completed. O
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Choosing I = eMpy, R = eM1p3 and taking it into (4.2), we get the following equations
Mg = dr Aty + Br(z)h2 + B2(2)h3 — v(2)h2, T € Q,

Mg = e(x)hg — m(z)s, x €, (4.9)
% =0, x € 082

Recall that when Ry > 1 and the characteristic value of the operators s(#), the principal eigenvalue of
2 of (4.9) is discussed. From the above theorem, we obtain two important results for the existence of the
principal eigenvalue of (4.9).

Lemma 4.4. Suppose that Ry > 1, s(A) is the principal eigenvalue of system (4.9).

Proof. Let Ly =d;A+ (ﬁl (x) + %) — v(x) be a family of linear operators on domain C(Q2). We
know that s(£)) is decreasing continuously. Observe that X is principal eigenvalue problem of Lyu = Au,
then we have

J(Bu(z) + SELE — 4| Vpf2 — y(2)p?)dx

s(Lx) = sup 2
pEH ()70 ({ @2dx

It is clear that s(£y) < 0 if X is large. Indeed, by the condition Ry > 1 and using Lemma 4.3,
s(Ly) = H#y > 0 ensures there exists a unique A such that s(£)) = A. Let ¥ > 0 be an eigenvector
associated with s(£y), then we have L3¢ = M. By using Theorem 2.3 in [36], we have A = s(#). The
proof is completed. O

5. Threshold dynamics of system (2.1)

Theorem 5.1. If Rg < 1, then the disease-free steady state (DFSS) Qo of system (2.1) is globally asymp-
totically stable.

Proof. We prove Theorem 5.1 in two steps.

Step 1. We prove that the DFSS Qg of (2.1) is locally stable.

Recall that Theorem 3.1 in [36] and Theorem 4.1 in [26], we can easily know that DFSS Qg of system
(2.1) is locally stable.

Step 2. We prove that the point Qo of system (2.1) is global attractive.

To establish Step 2, we fix the positive solution Ry of system (2.1). Since (3.1), there are a positive time
t; and a positive function U such that the inequality 0 < .S < U + ¢ for all t > t1. If (I, R) < (z1,22) on
domain QX [t1, +00), using Comparison Principle, we know that (21, z2) satisfies the following cooperative
systems

921 — 4, Az + L@ Uteo)zr 52(96)7(%-50)@ —v(x)21, T €Qt>1,

ot U+teo+zi+zz U+teo+za+z1
&2 = c(x)21 — m(x)z, et >t (5.1)
% =0, x € 0N).

Since % < 1, by using Comparison Principle again, a new system is obtained as

% =djAus + f1(x)ug + Po(x)ug — y(x)u; =0, x € Qt>ty,

% = c(x)u; — m(x)us, x € Qt>t, (5.2)
du — 0, z € 09

In order to prove Step 2, represent the linear semigroup induced of (5.2) by 7., (¢), and the associated
generator with (5.2) by %,,. Indeed, we transform into prove that

|| 72, ()] < €eot, for some € > 0,
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where w,, is defined as

7. (t
|- AU}
t——+o0 t
We set
Wey = maX{S(Beo), Wess (,Teo (t))}v
where

o 075 (1)
Wess(Zz, (1)) := lim —

t——+4oo

where g(+) is the measure of non-compactness.

Using Lemma 3.4, we know that wess(7z,) < —m. Then, there exists a sufficiently small number ¢
such that we, < 0. Thus, w,, has the same sign as s(%,) if wess(7e,) < —m. Then, s(%,,) has the same
sign as 7. To this end, we consider

{ A6 —(@)o + (B(2) + 2L4) 6 = #0, weq, 53)

2 =0, x € 0.

From Lemma 4.1 and R < 1, we know that .#° continuously depends on €g, which implies that L%/eg <0
when ¢ is small. Thus, we have w,, < 0, that is,

(u1,u2) — (0,0) uniformly for z € Q as t — +o0.
Moreover, there exists a point (0,0) satisfying
(21,22) — (0,0) uniformly for z € Q as t — +o0.
In other words, there exists a point (0,0) such that
I — 0 and R — 0 uniformly for = € Q as t — +oo.
By Eq.(3.1), we know there is the function U(x) that fulfills
S — U(z) uniformly for z € Q as t — +oo.

Then, DFSS Qo of system (2.1) is globally attractive.
From Step 1 and Step 2, we can get that the point Qg of system (2.1) is globally asymptotically stable
if Ryp < 1. The proof is completed. O

Theorem 5.2. For any ug = (So(z), In(x), Ro(x)) € 24 with Iy(xz) # 0 or Ro(x) # 0. If Rg > 1, then
there is a positive number ¢ such that the solution (S,I, R) of (2.1) uniformly fulfills
liminf S > 6, liminf I > §, liminf R > 4,

t——+oo t——+oo t——+oo

for variable x € Q. Namely, system (2.1) exists a positive endemic steady state (DFSS).
Proof. To establish Theorem 5.2, let
Zo = {p = (p1,92,p3) € 2 : 2 # 0 and 3 # 0}
and
0Zo =23\ Zo ={p = (p1,92,93) € Z} 1 2 =0 or p3 = 0}.

With these settings, 2, = 2 U 02y with 2 being relatively open in 275. Let M9 := {p € 02 :
O(t)p € 02p,t > 0}, where O(t) : 2 — 2 is the semi-flow generated. To establish Theorem 5.2, we
make the following three claims.
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Claim 1. We claim that 2y is positively invariant set with respect to ®(¢), that is, ®(¢)Zy C %, for all
t>0.

Let ug € 2o, observe that Ip(x) # 0 and Ro(z) # 0, since the second equation of reaction—diffusion
epidemic system (2.1), then % > d;AI — v(z)I. Further, we consider the solution I of the system is an

upper solution of the problem

ze =diAz —y(x)z, x€,t>0,

2z =, €N, t>0, (5.4)
z(z,0) = zo, x € Q.

By system (5.4), using Maximum principle, and Iy(x) # 0, we have
z>0forall z € Qandt>D0.
Furthermore, employing Comparison Principle, we can obtain
I>z>0forall z€Qandt>D0.

According to the third equation of reaction—diffusion epidemic system (2.1), we have
t

R = exp{—m(z)t}Ro(z) + / exp{—m(z)(t — s)}c(z)I(x, s)ds. (5.5)
0
From (5.5), we have R > 0 for all z € Q and ¢ > 0. Hence, ®(t)ug € 2o.

Claim 2. We claim that the w limit set w(yp) is the singleton {Qq} for every ¢ € M 0.

For convenience, set S(x,t;¢) = Sy, I(z,t;¢) = I,, R(x,t; ) = R,. Suppose that R, = 0, from the
third equation of reaction—diffusion epidemic system (2.1), we have I, = 0. Furthermore, there exists a
function U(x) such that

S, — U(x) uniformly for z € Q.

If the solution I, = 0, we need to establish that the solution R, = 0. If not, we can easily know that there
exists a time ¢y > 0 such that the solution R(x,t;¢) # 0. From (5.5), we have the solution R, > 0 for
all time t > to. By the second equation of reaction—diffusion epidemic system(2.1), we have that I is the
positive solution, which contradicts with ¢ € M. Then, we know that I, = 0 for all £ > ty. Furthermore,
from the third equation of reaction-diffusion epidemic system(2.1), we have R, — 0 for € Q. Thus,
S, — U(x) uniformly for x € Q.

Claim 3. We claim that Qo of system (2.1) is a uniform weak repeller, that is, there exists a positive
constant ¢ such that limsup ||®(t)¢ — Q|| > ¢ for all p € Zp.
t—+oo

To the contrary, suppose that Claim 3 is not satisfied. Thus, for any positive constant d, lim sup ||®(¢)¢p—
t——+oo

Qol| < 4. In other words, there exists a positive number ¢, that fulfills S, > —4 for all time ¢ > ¢5. Hence,
we consider the upper solution (I, R,) of system (2.1) as follows

W = dr Ay, + B0 | gy (2) G — y(a)y, x € Dt >t

U—d+y1+y2 U—6+ya+y1
% = c(z)y1 — m(2)y2, x € Q,t >t (5.6)
% =0, x € 01,

and we have
Gt > dilyy + Bi(@)ys + Ba(@)ye —y(@)yr, @ € it >t
% = c(x)y1 — m(x)ys, z € Q,t>to, (5.7)

9 =, z € 09.
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Denote the principal eigenvalue by %07 and consider its the eigenvalue problem as follows
ArAG = (@)6 + (Bi(e) + 2E4D) 6 = 09, @ e Qt> 1y,
x € 0.

Thus, it shows that .#;" is continuous. Then, choosing a positive number ¢ such that 7% > 0 if Ry > 1.
Furthermore, using Lemma 4.4, for ¢ > t5, we consider the eigenvalue problem as follows

Ao = d1 Ay + Br(z)h2 + B2(2)hs — v(2)2, T € Q,t > 1o,
Mg = e(x)hg — m(z)s, x € Qt > to, (5.9)
9 =, x €99,

(5.8)

which implies that the principal eigenvalue J#;° associated with positive eigenvector (¢da(x), ¢d3(x)). To
this end, we choose o > 0 such that

a(pda(z), pis(x)) < (I(z,t2; ), Rz, t2; ©)).
Let (I(x,t2), R(x,t2)) = a(pdz(x), pdz(x)) be the initial data of system (5.9). Then, the linear system
(5.8) exists a solution
(1.0 Y2.0) = 0B (), pB3()) )71,
Using Comparison Principle, we can obtain
(Ips Ry) > (Y1, Y2,0) 0N £ X [ta, +00),
which implies that when ¢ — +o0,
I, — 400 and R, — +o0,
which is a contradiction to Lemma 3.2.
A function p : 25 — [0,400) is considered as

p(p) = mm{ggg pa2(), min w3(x)}, 0 € 27,

where o = I and @3 = R. Thus, p=1(0, +0c) C 25, and we have two cases: one case is p(¢) = 0 for
p € Zy. The other case is p(¢) > 0, and then, p(®(t)¢) > 0. Thus, using the definition of semi-flow,
we know that the generalized distance function p is a semi-flow ®(t) : 23 — 2. So far, it shows that
any forward orbit of ®(t) in M9 converges to Qo of system (2.1), and then, there exists the stable subset
Ws(Qo) of Qo such that Wi (Qo) () Zo = 0.

Further, we consider that Qg in domain 27 is an isolated invariant set, i.e., there is no set of Qg in
0%p. Using Theorem 3 in [31], we know that there has a positive number §; satisfies

min{p(¢)} > d1,
where ¢ € w(p) for any ¢ € Zp. That is, for Vo € 25, we have
litniiorgflw > 41 and ltigﬁgg’]%s(J > 4.
By Lemma 3.2, we can find that there are positive function .#** and time ¢3, then the inequality 1, < M™**

and the inequality R, < .#** hold. From the first equation of system (2.1), for t > t3 and z € 2, we
can obtain

S; > dsAS + A — (a+ By + Botl**)S

Further, by using Comparison Principle, we have

liminf S, > 65 := 4 .
t——+oo a+ﬁ1%**+ﬁ2%**
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Hence,

liminf S > ¢, liminf I > ¢, liminf R > ¢,

t——+oo t——+oo t——+oo

where 6 = min{dy, d2}. Up to now, the uniform persistence is proved. Based on Theorem 4.7 in [29], we
know that (2.1) admits at least a DFSS in Zj. The proof is completed. O

6. Asymptotic profiles of system (2.1)

In this section, we only consider that if one of the two positive diffusion rates dg and d; of system (2.1)
tends to zero. From (4.1), (S, I, R) is a DFSS of (2.1) if only if the point (S, I) satisfies

dsAS+A—aS— g8 P8al —0, reQt>0,
dAT + g8y ol 1=, z €0 t>0, (6.1)
?Ti:%:o’ x € 00

and the solution R = % We here denote the principal eigenvalue by #°(D,¢) and then, consider the
following system

{DA(,O—}-EQO—,%Q/J, z €, 6.2)

92 =, x €9,

where D > 0 and & € C(Q). #°(D,€) is continuous function with the two variables D and &. For
¢ € H(Q) with [, p*dz = 1, we have

HO(D,€¢) = —inf /(D|V<p|2—fg02)dx . (6.3)
Q

Then, from Eq. (6.3), we know that .#°(D, ¢) is decreasing on the variable D. In addition, for € €2, we
denote that

Jim (D, ¢) = max{€(x)},

and it is increasing on the variable £.

6.1. Profile as dg — 0

Lemma 6.1. Let Py = #° (dz, (B + %)w - 7) and A—aS— $‘+I(61lfi)<p - gfilsﬁj)(p =0,

m m

then the nonlinear problem

dIAcp+((51+620 A x €€,

m ) a(S+(1+2)e)+(Bi+22%)p ’Y> ¢ =0,

%:0’ x € 0N

(6.4)

has the following results:

1. If Py < 0, there is no positive solution of system (6.4).
2. If Py > 0, there is a unique positive solution of system (6.4).

Theorem 6.1. Let Py = #° (d], (B + %)w - 'y)), we have the following statements:
1. If Py < 0, there is a positive number d§* such that (6.1) does not have the DFSS if dg < d%*.
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2. If Py > 0, there exists a positive number d§" such that system (6.1) exists a DFSS (S, 1) if dg < d§*.
Furthermore, S — Sy, and I — I, as ds — 0 uniformly on . System (6.4) has a unique positive
solution (Six, Lix)-

6.2. Profile as df — O

We denote l~by the spatial average of [, that is, = f‘fgl;‘lm, where [ € C (Q).

Lemma 6.2. Let Py = #° <d1, ((B1 + %)w - 7)), then the nonlinear nonlocal problem

drAp + (51 + %) — —4  — —y|p=0, zEQ,
aS+a(1+%)¢)+<ﬁl+%o>w
g—ﬁ =0, x € 0f)

has the following properties:

(6.5)

1. If P1 <0, there is no positive solution of system (6.5).
2. If Py > 0, there exists a unique positive solution of system (6.5).

Theorem 6.2. Let Py = 7 ° (dl, (B + %)w — fy)), we have the following statements:

1. If P1 <0, there is a positive number d such that system (6.1) has not solution if the diffusion rate
ds > dj.

2. If P1 > 0, there exists a positive number d§ such that system (6.1) exists (S,I) > 0 if dg > d.
Moreover, S — Sis and I — I.. uniformly on region Q as ds — oo, then system (6.4) ezists a
unique (S, L) > 0.

(03

Theorem 6.3. Assume that (51 + %) (w) —~ >0, let H be defined by (6.9), then there

exists a positive numbers dj for some x € Q such that (6.4) has I > 0 if d; < dj and af1(I)I + a(1 +
%)T+(E+%)f—»f[ as dy — 0.

6.3. The proof of main results

Proof. To establish Lemma 6.1, the first case of Lemma 6.1 is studied. To prove this by using the

reduction to absurdity, suppose that (6.4) has a solution ¢ > 0 if Py < 0. Multiplying both sides of first
equation of system (6.4) by ¢, and then integrating it over {2, we can obtain

ﬁC A B
_dIQ/|V<P|2dx+Q/ (514‘7,21) O‘(S‘F(l-i-%)tp)—i—(ﬂl_y%)@_’y ©2dz = 0.

From
0=A—aS— - Bi15¢ - = G255 >A—aS— 615;0 - ﬂQwaa
S+(1+5)e S+(1+5)e I+2)e (I+2)e
we have
A <S’—>é
a(l+ )+ 0+ fors a
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—d; / |V|*dz +/ ((ﬁl + ﬁ;;) oﬁ@' — 'y) p3dz > 0. (6.6)

Q Q

Then, we can conclude

From (6.6), we get
—d1f|V<p|2dx—|—f ((m i %) a(1+%)2ﬂ1+ﬁ2% _7) e
Q Q

| ¢*dx
Q

Po > > 0,

which is a contradiction with Py < 0. The proof of first case of Lemma 6.1 is completed.

In this second case of Lemma 6.1, we will prove it in two steps as follows:

Step 1. We prove that system (6.2) has a positive solution. To establish this by using the method of
upper/lower solution, we prove the positive eigenfunction of (6.2) by ¢ tending to Py. Next, we claim
that e¢ and M are a pair of lower and upper solutions for € > 0 and M > 0. f(p) is given by

ﬂzc) a(l+E)+ 61+ fs )
-7 P

m «

flp) =drAp + <<ﬂ1 +

Then,

Bac A
fleo) = | @raoe+ | (m+20) e
0= |l Cm ) a(Sreir8) o) re (Bt 2)o

f(ﬁlJrﬁQC) A B A
" a(3+6(1+£)¢)+6(5l+%)¢ <a5‘+(1+§)¢)+(ﬂl+%)¢
> 0.

If € is a small positive number, Py > 0, and M is a large positive number, we have f(M) < 0. Thus, there
is a positive solution of system (6.4) if Py > 0.

Step 2. We prove that the positive solution of system (6.4) is unique.

On the contrary, suppose that (6.4) has two positive solutions ¢ and ¢y with ¢; € [ed, M],i = 1,2.
For a sufficiently small number ¢, a sufficiently large number M, and m, M > 0, ¢,, is the lower solution
and ¢y is the upper solution of (6.4), namely,

Pm < Q1,92 < PM,

where @, is a minimal solution of system (6.4) in interval [, ¥a], @ is a maximal solution of system
(6.4) in interval [©m, ©ar].

We first multiply both sides of system (6.4) with ¢ = ¢, by v and with ¢ = @ by @, and we
can obtain

fac . o
Q/(ﬁl+ 51)9"””%(0( ) = G(M))dz =0

where G(j) := a(§+(1+ﬁ)w?)+61+%)Wj ,j = m, M. By implicit differentiation, we know that the function

S(p;) is monotonous, which in turn implies that ¢a; = ¢y,,. This leads to a contradiction with ¢ > ¢,
Thus, the positive solution of system (6.4) is unique. The proof of the second case of Lemma 6.1 is
completed. O
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Proof. To establish Theorem 6.1, notice that .7 (d;, (B + %)w — 'y) is the principal

[e3

eigenvalue of system (4.6). From (3.1) that U — S as dg — 0, we have

a0 L | (o 2) A ] ) = (an (a0 29) -9)).
' om a<S+(1+ﬁ)<p)+(ﬁl+%)@ ! ' o !

Then,
H0 (d],((ﬁ1+€ic> —'y)) < Po, as dg — 0, (6.7)

_ & B8 _ _PSEe ; :
where A — oS 015y  TH(te)e = 0. Based on Lemma 4.1 and Lemma 4.3, if Py < 0, there is a

positive number dg* such that

Ry < 1if ds<d§*.

Moreover, Q) is globally stable for Ry < 1. Based on Theorem 5.1, (6.1) has no DFSS if dg < d%*. The
proof of the first case of Theorem 6.1 is completed.

Now, the second case of Theorem 6.1 is considered. From (6.7), we prove that when Py > 0, there is
a positive number d§" such that Ry > 1 if dg < d%". From Theorem 5.2, we know that (2.1) has a PESS,
which implies (S, 1) > 0 if dg < d¥". Next, we prove that

S — Sy and I — I, as dg — 0.

To establish this result, firstly, we prove that (S, ) of system (6.1) has a priori estimate.

For the first equation of (6.1), we know that dsAS < A — «S. Thus, we have ||S|| < C;, where
C = max{A(z):x€Q}

= nin{a(s)wen) - From the first and second equations of (6.1), we have

/ﬂdx _ /(A —aS)de < ||A]||).
Q Q

Hence,

|| A[]]€2]

171l < min{y(z) : x € Q}

By the second equation of reaction—diffusion system (6.1), we know the variable I is uniform boundedness
and then, obtain the elliptic estimate of the variable I. Furthermore, similar to the above discussion, we
easy to know that for all positive number dg, there exists Cy > 0 fulfills ||I]]2,, < C3, where p is a positive
number. Setting p > n, and based on ||S|| < C1, there is a sequence dg, with dg, — 0 such that the
corresponding solution (Sk, Ij;) of (6.1) that fulfills the estimate as follows

Sk — Six weakly in LP(Q).

When k — oo, we know that I — I, weakly in domain W27P(Q) and I — I, strongly in domain C'()
such that Iy — I... Due to I, — I, in domain C'(2) and the first equation of reaction—diffusion system
(6.1), we obtain Sy — S, in C(Q). Hence, we have I > 0. The proof of the second case of Theorem 6.1
is completed. O

Proof. To establish Lemma 6.2, the first case of Lemma 6.2 is now studied. To the contrary, if P; < 0,
system (6.5) exists a positive solution ¢, and then, we consider a principal eigenvector of (6.5) problem
as follows

c A
A0 | dr, (ﬁ1+€i) - - ——— || =0
a5+&(1+;)<p+<51+€§f><p
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& anti a8 _BSe  PSge ;
where S satisfies A — a.S T(to),  F(te)p = 0. It is easy to know that

J{O d], <ﬂl+ﬂ26) — A _ — 5 <¢%/0 <d1,(51+ﬂ26’7)).
m G ~ < a Bac m
045+04(1+m>90+<ﬁ1+m)<p
Moreover,
F(1+S)+61+ 68
0 (d],((ﬂl—i-ﬁQC) —'y)) <L}£/O dr, (61+ﬁ20) Oé( >~ ! 2 — — P
m m «a

Then, we have P; > 0, which is a contradiction with P; < 0. The proof of the first case of Lemma 6.2 is
completed.
Next, the second case of Lemma 6.2 is considered. By A—aS— - ﬁls‘pc — = ﬁQS’%f = 0, we know
SH(1+2)e  SH(I+S)e
that S is monotonous. By using implicit function theorem, there is a compact map f; : 25 — 27 such

that S = é + ¢ f1(p). Define P;(w) as follows

Pi(w) = A" <d17 <(/6’1 + ﬂ;f) qu —7)) :

Again using #°(D,¢) is monotonous, P;(w) is continuous and strictly decreasing, and then we have
P1(0) = P1 > 0 and Py(c0) = Py(dy, —v) < 0. To this end, there is a unique positive number w** such
that P (w**) = 0. Denote a eigenvector by ¢ > 0 corresponding to P;(w**) = 0, then we have

{d1A80+<(51+ﬁ,ff> Aéz** —’Y>S0=07 x €,
x € 0N

(6.8)

So for some positive number 7, we know that the solution 7¢ > 0 of (6.5) and satisfies

o :7-/ <af1(g0) +a (1 + %) + <ﬁ1 + iiC)) pdz.
Q

Since w** is uniqueness, it ensures system (6.5) exists at least a positive solution. The proof of the second
case of Lemma 6.2 is completed. 0

Proof. To establish Theorem 6.2, now the first case of Theorem 6.2 is studied. Noticed that

A
A0 | dr, (51+%LC>N — ———— 7| | =0
aS+&(1+;)<p+(ﬁ1+%f>go
we have
A
f%/o d17 (51_’_626),\; — . — - <'%/0(d17(51+62c_7))a
m aS+a(1+§)ap+<ﬁ1+%)w "
then

VA <d1’ <ﬂ1+€72:—V>) < P1, as ds — o0,
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where S satisfies 4 — a.$ — S+?1lfg)w — szlsjg)w = 0. If P; < 0, then there exists a positive number
d, for dg > d% such that #° < 0. Observe that #° and Ro — 1 have the same sign, it implies that for
ds > df, we have Ry < 1. Using Theorem 5.1, if dg > df, then system (6.1) does not have a positive
solution. The proof is completed.
Now, the second case of Theorem 6.2 is considered. If P; > 0, from Theorem 5.2 that (2.1) has a
DFSS. In other words, there exists a positive numbers d¥, system (6.1) has (S,I) > 0 when dg > d%.
Next, we will show that the convergence of the solution (S,1) when dg — co. Due to Theorem 6.1,

we get
{Sa>a+=} is uniformly bounded in C(2)
and for a positive number dg, we have
{I4q-+} is uniformly bounded in W?*P(9).
Thus, we can obtain
S and I are uniformly bounded in W27 (Q).

Therefore, there exists a sequence dg, such that the corresponding (S, I,) > 0 of (6.1) when dg, — oo,
namely,

(S, Ix) = (Six, L) weakly in W2P(Q) x W2P(Q).

Since S, is constant, then AS,, = 0. Then, (6.5) has a unique positive solution (S.«, I.«). The proof is
completed.

Now, we study the solution of (6.4) if d; is small. In what follows, we consider that there exists x € Q
such that

2o — 5> 0.
m (6%

ﬁgc Z -
max{(ﬂl—&—m) g_’_H—v}—O. (6.9)

Clearly, for many points in region €2, the above maximum can be fulfilled. Hence, let a nonempty set be

_ (g B\ A
N_{mEQ'(ﬁl—’—m)Z_;_H ’y—O},

then, we know that the set A/ includes all points if d; — 0. The proof of the second case of Theorem 6.2
is completed. O

<ﬁ +52C) G(1+2) 48+ 5hs
1 =

We need to find H such that

Proof. To establish Theorem 6.3, as the rate d; — 0, we have

Bac

20| dy, <ﬂl+> A — - <%0<dlv(<ﬂ1+>_7>)
m 2 Ba2c m
(51+m)§0

a8 +a(1+ L)p+

<"

-

a(1+2)+Bi+ s
dr, (51—&-&0)&( >~ ' ’
m «

ey oled) heE W

—max{zeQ:#°|d, <ﬂ1—|—
m a
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& s WG _BSp  _BSge ~ iti x *
where S satisfies A —a.S Ot o) Bty = 0. Hence, there is a positive number dj for all d; < d

such that P; > 0. Using Lemma 6.2, system (6.5) exists a unique I > 0 if d; < d}. From (6.2), we have

- =0.

P

/520) A
Atap(Dr+a(1+ )T+ (BI+ Z)I

%O dI7 <ﬂ1+
m

By the monotonicity of #°(D, &), we can show that afy (1)1 + a(1 + %)f+ (E + %)fis decreasing on
d]. Thus,

a?l\(I/)IJr(lJrC)f+&<5;+626>1:HH0forsomeHo>Oasd1HO.
m m

Further,

A
o= g fan | (2 A,
! A+af1(1)1+a(1+;;)l+<51+ﬁ)I

_ G\ _A
_max{(ﬁl—&—m)g_'_Ho 7}.

From (6.9), we have Hy = H. It follows that aml +(1+ %)f—i— (E—i— %)T—) Hy as df — 0. The
proof is completed. 0

7. Conclusion and discussion

This paper studied the dynamics of the reaction—diffusion epidemic system with distinct dispersal rates.
The overall solution for the diffusion epidemic system was given, and the uniformly boundedness of the
solution was obtained by using LP theory and the Young’s inequality. Then, the asymptotic smoothness
of the semi-flow and the existence of the global attractor were discussed using linear differential operator.
In addition, the basic reproduction number, Ry, was defined to spread the disease model in a spatially
uniform environment, and the asymptotic profiles of the system were studied when the spread rates of
the susceptible and the infected individuals were close to zero.

In this paper, by using the spectral radius of the next generation operator, the Ry was given. The
information on how system depends the parameters was investigated by employing variational formula.
In addition, Theorem 4.1 indicates that how the dispersal rate of the infected individuals affects Rg. It
was shown when R > 1, the system is uniformly persistent and exists a positive steady state.

Furthermore, the asymptotic profiles of the DFSS were studied when the dispersal rate of susceptible
or infected hosts tends to zero. From Theorem 6.1, when Py < 0, there exists a positive number d§
such that Ryp < 1 when dg < d§¢. It was found that the recovered individuals could be eliminated by
limiting the movement of the susceptible individuals. We gave the local basic reproduction number as
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Riocal(w) = (61 + %)2 — . It follows that

Py = A" <d;,<(ﬁl+@c> AR R R v))
m «

= sup / (V(Rioear(z) — 1)* — dr|Vep|?) dz : ¢ € H' () with /(dex =1
Q Q

Furthermore, the asymptotic profiles of the DFSS were studied when the dispersal rate of susceptible
or infected hosts tends to zero. From Theorem 6.1, when Py < 0, there exists a positive number d
such that Ry < 1 when ds < d§. It was found that the recovered individuals could be eliminated by
limiting the movement of the susceptible individuals. We gave the local basic reproduction number as
Riocal(x) = (1 + %)% — . It follows that

Py = 4" <d1,<<ﬂ1+5772:> oLt ) O P _’7>>

(07

(7.2)
= sup /(W(Rzocal(ﬂi) — 1)302 — d;\V<p|2)dx NS Hl(Q) with /<p2dx =1

Q Q

And hence, if Rjpeai(x) < 1 for x € Q, then Py < 0 regardless of the value of d;. Limiting dg can eradicate
the recovered individuals directly from Theorem 6.1.

Suppose that Rijpeqr(x) > 1 for z € 2, which implies the limiting case

B+ % >y (7.3)

for U - A/a as dg — 0, then (7.2) may be positive number or negative number. From (7.2), it is shown
that Py is decreasing on d;. Then, we obtain

1
PO i ’Y(Rlocal(x) - 1) = ﬁ /V(Rlocal(x) - 1)d$, dI — +00.
Q

—_~—

Notice that v(Riocai(x) — 1) < 0 is equivalent to

/ <ﬂl + 6772;) dz < /’ydx, (7.4)
Q Q

it shows that it is the limiting case when U — 2 and dg — 0. Then, below we give biological explanation:
Suppose that the © itself is not favorable sites for the recovered individuals in the sense that (7.4), then
we know that the recovered individuals can be eliminated by limiting the movement of the susceptible
individuals, although there are pathogen favored sites in domain € exist in the sense that (7.3).

In addition, Theorem 6.2 and Theorem 6.3 indicate that limiting the mobility of the infected hosts,
the infected individuals concentrate on certain points, which are the recovered individuals’s most favored
sites. It is indeed the set of locations where infected individuals will stay in the sense that (1 + -£)I +

(B + %}7 — H as the diffusion rate dy — 0.
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Appendix A

Let 2 := C(Q, R?) be a functional space and satisfy the following norm form:

l[]] 2= := max{sup |¢1], sup |@2|, sup [p3]}, ¢ = (@1, 2, 03) € Z.
x€EQ e zeN

Fori=1,2, let A4; : Z(A;) — C(Q, R) be the linear operator, which is described by
Arp = dsAp, Asp := diAp,

where
D(A;) = {p € Np=1 W>P(Q) : g—f =0on dQ and A;p € C(Q,R)},

which implies that A; is the infinitesimal generator and it is a strong and continuous semigroup. Let
eit > 0,5 =1,2, in C(, R), then the infinitesimal generator A : 2" — 2 is defined by

Ao

AQS(I) = A2¢2 a¢ = (¢1a ¢27 ¢3) € Q(A)’ (75)
0

then, the infinitesimal generator A is a strong and continuous semigroup. Let (et)s0 in 27, D(A) =
P(A1) x 9(As) x C(Q, R) C &, the nonlinear operator % : 2" — £ is defined by

Br(x)p1d2 Bo(x)p103
A =) = G o it bt s
Z(¢)(z) = Bi(z)p1l Bo(z)pr¢s )
1+ d2 + @3 * 1+ ¢2 + @3 V(@)¢2
c(x)p2 — m(x)ps

where ¢ = (¢1, P2, d3) € Z4. Thus, the Cauchy problem of system (2.1) in 275 can be described by:

(7.6)

%u(m,t; uo) = Au(z, t;uo) + . F (u(z, t;up)), u(z, 05 up) = uo. (7.7)

Some properties of system (2.1) on 27 are given below:
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Lemma 7.1. For ug € 2(A) C 2%, there exists Tynay > 0 such that the problem (3.20) has
t

u(x, t;up) = e Aug + /e(t_s)Agz(u(x, s;u0))ds, t € [0, Trnax)

0
with Tyae < +00, where the variable A and the variable & are defined by Eqs. (7.5) and (7.6). Moreover,
when Tar = +00, . liTm [|u(z, t, up)|| = oo, which implies that system has nonnegative solution.

For detailed explanation, please refer to Lemma 4.16 in Ref. [26].

Appendix B

Based on Refs. [26,38], for any initial condition uy € 27, we denote the solution u(z,t) of (2.1) as follows
uw(z, t;uo) = (S(x, t;u0), I(z, t;up), R(z, t;u)).
In addition, based on Ref. [26], we denote the semiflow generated of (2.1) as ¢(t) : 27y — 275 ,t > 0, that
is,
d(t)uo := u(z, t;up) = (S(x, t;uo), I(x, t;u0), R(x, t;uo)),

and denote k(-) as a Kuratowski measure of non-compactness. Then, we have k(%) := inf{r}, the
Kuratowski measure & exists a finite cover of diameter less than r, where set 4 is bounded. Then, if
the Kuratowski measure k(%) = 0, we know that % is pre-compact.

In other words, we need to claim that ¢(t) is a k-contraction. Its equivalent condition is as follows.
For any time ¢ > 0, there exists the Kuratowski measure x(t) : R+ — Ry and satisfies the inequality
0 < k(t) < 1 such that set # is bounded, {¢(s)%#,0 < s < t} is bounded and the inequality x((t)#) <
K(t)k(AB).
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